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ABSTRACT

Financial asset price movement prediction is inherently challenging due to the
non-stationary nature of financial markets, where data distributions shift over time.
Existing methods often assume that the market is stationary, which limits their ap-
plicability. To address this, we propose the Market-State Jump Diffusion Frame-
work (MSJD), which models non-stationarity through two key components: an
Explicit Market-State Jump Diffusion Process (EMJD) and an Implicit Market-
State Jump Diffusion Process (IMJD). EMJD captures the dynamics of diffusion,
drift, and jump processes governed by latent market states, formulated as stochas-
tic differential equations, to explicitly model non-stationarity and solved via neu-
ral networks. IMJD integrates these components into a multi-modal large lan-
guage model, enabling predictions across varying market conditions through tem-
poral point encoding and jump diffusion embeddings to learn the non-stationary
implicitly. Additionally, we introduce a general modality synthesizer that em-
ploys a unified adversarial masking strategy to complete missing modalities and
fine-tune the prediction model. Furthermore, we validate our framework on
the TSLA 2023 earnings crash, demonstrating that MSJD effectively identifies
structural regime shifts. Extensive experiments on real-world stock and cryp-
tocurrency datasets demonstrate that our method significantly outperforms exist-
ing approaches in the prediction of price movements. Project page and Code:
https://iclr26-workshop—nonstationary.github.io/.

1 INTRODUCTION

Predicting asset prices is crucial in finance Lewellen| (2004). Deep neural networks show potential in
price prediction|Martinez-Miera & Repullo|(2019);|Sezer et al.|(2020), and preliminary studies have
shown promising results |Rath et al.| (2024)); |[Kabir et al.| (2025). However, most methods assume a
stationary environment. As shown in Figure I financial markets are non-stationary [Li et al.| (2014).
For example, momentum correlations invert between trending and reversal regimes |Avellaneda &
Stoikov| (2008). This suggests that the role of eigenvalues is inextricably linked to the shifting
environment alongside breaking news and global events |(Guéant et al.| (2013)); |Graves & Graves
(2012). We validate this deficiency in Appendix [A]through a case study of the TSLA 2023 crash.

Recent works utilize neural networks|/Anderson|(1976) to learn price characteristics in nonstationary
environments Hyndman & Athanasopoulos|(2018). However, two critical issues remain: (1) Single-
modal limitations: Market shifts often stem from diverse sources, some of which may be reflected
in time-series data, others in news text or images of a company spokesperson’s press conference
Brown et al.| (2020). Time-series-only methods omit some vital information. (2) Issue of multi-
modal methods: Current end-to-end multi-modal methods lack explicit theoretical alignment|Hinton
(2015) and often finds missing modalities |(Cho & Hariharan| (2019).

Inspired by multi-modal LLMs and stochastic process models of finance|Zhang et al.|(2024a); Jacobs
et al.| (1991), we propose MSJID, comprising four components: (1) Latent Stochastic Modeling: A

*These authors contributed equally.
TWork done when Tianhao Fu at Peking University.
Corresponding author.


https://iclr26-workshop-nonstationary.github.io/

Published as a conference paper at CAO Workshop at ICLR 2026

Origin Diffusion Origin Drift
Before Change —— After Change Before Change — After Change
0 5 10 15 20 25 0 5 10 15 20 25
Time Time Time Time
(a) (b)
Origi ] Origi Hybrid
rigin ump rigin A ybrid
Before Change After Change Before Change —— After Change
0 5 10 15 20 25 0 5 10 15 20 25
Tim Time Time Time
(© (d)

Figure 1: Different types of change in price series statistical properties and joint distribution over
time. Through the Diffusion/Drift/Jump process, we formulate various distribution transformations.

process controlled by a hidden market variable to explicitly model trend drift, diffusion, and jumps
Costabile et al.| (2014)); Bertsekas| (1996). (2) Hybrid Realization: We integrate explicit Neural
ODEs and implicit multi-modal LLMs into a unified framework. (3) Deep Injection: Differential
terms from the ODE solution are fused into the LLM’s positional encoding, embeddings, attention,
and output logits to adapt to market environments. (4) Robust Synthesis: A modality synthesizer
employs adversarial masking [Mizrahi et al.| (2023) for financial domain adaptation, enabling the
reconstruction of missing modalities |Lin et al.[(2024).

Extensive experiments confirm MSJD outperforms baselines across all metrics. We further validate
robustness via the TSLA 2023 crash case study in Appendix [A] While existing agents underesti-
mated the crash magnitude, MSJD accurately forecasted the -9.3% plunge, confirming the necessity
of integrating explicit stochastic physics with implicit LLM reasoning. Our contributions are:

* A novel framework integrating explicit Neural SDEs (modeling drift/diffusion/jumps) with
implicit multi-modal LLMs to robustly forecast in non-stationary markets.

* A general modality synthesizer with a unified adversarial masking post-training method to
handle missing modalities.

» Extensive experiments on six real-world datasets showing the effectiveness of our method
on price movement prediction tasks, together with high accuracy and trading profitability.

2 RELATED WORKS

Non-Stationary Environment. Time series forecasting often assumes stationarity |Paparoditis
(2010), but real-world data frequently violates this. Classical models like ARIMA [Shumway et al.
(2017) use differencing, while deep learning methods apply normalization techniques such as DAIN
Passalis et al.| (2019) and RevIN [Kim et al.| (2021). Compared with these methods, we detect non-
stationarity not only in time series, but also from other modalities.

Neural Temporal Point Processes. Neural TPPs Daley & Vere-Jones| (2000); Yang et al.| (2021)
enhance classical TPPs but often assume fixed intensity forms, e.g., exponential (RMTPP) Du et al.
(2016) or softplus (THP) Zuo et al.| (2020). Such assumptions limit flexibility. Some alternatives
model cumulative [Omi et al.| (2019) or conditional density functions [Shchur et al.| (2019)), but still
fall short. Instead, we model the process with a latent financial market variable which could reflect
each process’s market state.

Price Movement Forecasting. Forecasting methods either enrich input data |Ozbayoglu et al.
(2020); |Gu et al.| (2020) or develop specialized models |Albuquerque et al.| (2022); [Sui et al.| (2024)).
Compared with these methods, our prediction considers non-stationarity.
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Figure 2: Overview of the MSJD Framework. The MSJD-S module first completes any missing
modalities. These complete data are then input into the MSJD-M module, which consists of two
components: (1) The EMJD utilizes a Neural SDE to compute the drift, diffusion, and jump terms
of the time series. (2) The IMJD uses these terms to reprogram an LLM for the final prediction.

3 METHOD

3.1 MARKET-STATE JUMP DIFFUSION FRAMEWORK

We propose the MSJD framework (Figure [2), which models market dynamics via an explicit neu-
ral stochastic differential equation to capture state-dependent stationary and non-stationary compo-
nents. These explicit terms are then integrated into an implicit process to address market shifts.

Explicit Market-State Jump Diffusion Process (EMJD). The EMJD models the market state as
a superposition of three fundamental statistical processes: diffusion, drift, and jump. Mathemati-
cally, the dynamics of the price S(¢) can be described by the following SDE:

dS(t) = pS(t, M(t))dt + oS(t, M(t))dW (t) + J(t, M(t))dN(t) (1)
Here, u, o, and J denote the drift, diffusion, and jump coefficients. W () is a standard diffusion
process, and N (t) is a Poisson process with intensity A. Crucially, unlike traditional models, these
parameters are dynamically modulated by the latent market state M (¢). To capture the temporal
evolution of market conditions, we model M (¢) as a continuous-time process governed by a Neural
Ordinary Differential Equation (Neural ODE):

dM(t)
dt

where fy is a neural network parameterized by . The stochastic dynamics defined above dictate
the evolution of the probability density function p(S,t), which is governed by the following partial
integro-differential equation (PIDE). For a rigorous derivation, please refer to Appendix [C]

= fo(M(t),t), M(0) = Encoder(zo.7) 2

op g0 1 o0 /°° 1_

where f(.J) is the probability density function of the jump size J. The inclusion of the 1/.J term,
the Jacobian of the jump transformation S — S/.J, ensures that the integral over the jump domain
preserves the probability measure. As rigorously proven in Appendix|[C.1] this form is indispensable
for maintaining the conservation of total probability when the jump size J is stochastic, reconciling
the discrepancy between simplified models and the physical jump-diffusion process.
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Figure 3: Implicit Market-State Jump Diffusion Process. This model uses a multi-modal LLM to
represent the market-state jump diffusion process. Firstly, temporal point position embedding aligns
all modalities along the time dimension. Then the router selects effective modalities to compute a
mean embedding. Such embedding is decomposed into trend, seasonal, and residual components
via time series analysis, where the token sequence serves as the time dimension. These components
is modulated by the drift, diffusion, and jump terms respectively. The router recomposes these
elements into a reprogrammed embedding and then does multi-modal LLM normal computation.

Simulation-based Parameter Learning and Supervision. To supervise latent dynamics without
priors, we employ Monte Carlo (MC) simulation as an optimization solver. Specifically, the solver
functions by traversing the latent parameter space (u, 0, A, J) to identify the optimal configuration
that best explains empirical observations. For each local window, we simulate an ensemble of paths
across various candidate states and minimize the divergence between the resulting simulated den-
sity and the observed empirical distribution. These MC-optimized parameters serve as supervisory
pseudo-labels for the Neural ODE, effectively distilling the computationally expensive solver into
an efficient neural forward pass. Theoretical reliability is further ensured by tying the search space
to Realized Volatility constraints and providing error bounds in Appendix [D}

Implicit Market-State Jump Diffusion Process IMJD). The EMJD is integrated with the IMJD,
which contains several components: router, temporal point position encoding, and jump diffusion
embedding mechanisms. The central idea of IMJD is to incorporate jump diffusion information
when post-training multimodal LLMs in an end-to-end training process, as shown in Figure 3]

Router. Effective forecasting requires filtering noisy modalities and selecting appropriate stochas-
tic processes. These choices are often coupled. For instance, time-series data typically aligns with
diffusion, whereas news texts often drive jumps. To address this, we design a Two-Dimensional
Router to dynamically select the optimal modality-process pairs for each instance. The router is
defined as:

k m
St) =Y ai;j(t)R(M;, P)) )
i=1 j=1

Where Y5, doiq @ij(t) = 1and oy j(t) > 0 for all i and j. Here, o ;(t) is the routing weight
for the ¢-th modality M; and the j-th stochastic process P;. In practice, we implement the router
with a shallow neural network that inputs different modalities or random process embedding and
outputs a selective vector that is supervised in an end-to-end manner.

A key characteristic of our router is that the selection weights «; ;(t) are learned in a fully end-to-
end manner, without explicit intermediate supervision. The grounding of these weights is derived
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directly from the final prediction objective L;nq:: the router learns to assign higher importance to
the modality-process pairs that minimize the forecasting error for a specific instance.

While end-to-end gating implies potential risks of formulation ambiguity or mode collapse, we pro-
vide a rigorous analysis in Appendix There, we formally define the dimensionally consistent
mixing mechanism and demonstrate that the non-stationary nature of market regimes creates a dy-
namic gradient oscillation that naturally regularizes the router against trivial solutions.

Temporal Point Position Encoding. To effectively capture time-related features, we extend tra-
ditional positional encoding by incorporating temporal point position encoding:

Embedding(n) = PE(n) + TPH(t(n)) 5)

where n is the traditional token index, PF(n) is the standard positional encoding and ¢(n) is a real
time of token n. TPH stands for TemporalPointHash, implying a one-to-one mapping between real-
time and the position of the token corresponding to that time in the time series modal data. TPH(-)
is implemented as a learnable embedding table indexed by the discretized trading day. The final
position encoding is computed by adding each token’s real date time to the token’s origin positional
encoding. In this way, we can align the embedding of different modalities in the time dimension.

Jump Diffusion Embedding. We first compute the overall embedding by taking the mean embed-
dings from various router-selected modalities. Subsequently, we employ a time-series decomposi-
tion method to separate the embedding into its constituent components: trend, seasonal, and residual
embeddings. To ensure the theoretical validity of our framework, we align these components with
the stochastic processes based on their physical characteristics. As rigorously justified in Appendix
[G] where we also specify the validity conditions and finite-resolution limitations. We map the trend
embedding to the drift process (1), the seasonal and residual embeddings are utilized to in-
form the diffusion (o) and jump (J) processes. For the rigorous mathematical formulation of the
Jump-Aware Attention mechanism, please refer to Appendix [H.2]

3.2 GENERAL MODALITY SYNTHESIZER

In this section, we introduce the General Modality Synthesizer (GMS/MSJD-S), designed to in-
tegrate and synthesize data from various modalities such as images, text, audio, and time series.
The GMS that can effectively complete missing modalities can be initialized with any multi-modal
LLM outside the finance domain. To further improve the GMS performance in the price movement
task, we propose a unified adversarial masking post-training method consisting of two steps: (1)
self-supervised mask-based training, and (2) fine-tuning using the synthesizer as a discriminator and
an implicit-explicit jump diffusion process model as a generator in an adversarial training way.

Mask Post-Training. This approach encompasses multiple masking operations from various per-
spectives, including the input/target token view and the inner/inter-modality token view. We first
randomly select the input and target tokens from each modality, ensuring no overlap between them,
as illustrated by the inner-modality mask strategy. Next, to enhance the consistency between GMS-
generated modalities, we perform an inter-modality mask strategy. The specific steps are shown in
Algorithm |1} In this step, for the input token that has been selected for a certain modality, we select
the input token that is similar to it in the embedding space of the other modalities, as indicated in
lines 3 and 10 to 12. Next, we perform the same operation for the target tokens as described in lines
4 and 14 to 16. The similarity between tokens across modalities is calculated using the Pearson cor-
relation coefficient. These semantically similar tokens across modalities generally characterize the
same information. For example, a rising price token in the text often corresponds to a rising trend
token in the image and a happier mood token in the speech. In this post-training, we enable GMS to
learn the relationships between the modalities, which can be used to complete the modality.

Adversarial Post-Training. After mask post-training, GMS already has a good ability to generate
multimodality in the financial domain. In order to strengthen the effect, we let the IMID additionally
output a vector. Each dimension of the vector represents whether each modality input to the IMID
is real data or generated, respectively. In this way, we treat the IMJD as a discriminator and the
GMS as a generator, and the two independent multimodal models fight against each other to further
fine-tune the GMS so that it can evolve to achieve better results.
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Algorithm 1 Inner/Inter-Modality Mask Strategy

Input: Input tokens for each modality Z = {I, I, ..., I,}; Reconstruction target tokens 7 =
{T1,T3,...,T,}; Masking ratio x; Correlation threshold 7;
Output: Selected Input tokens Xy, .+ and Selected Target tokens Xygrget-
1: Inner-Modality Mask Strategy:
2: for each modality j € A do
3:  Randomly select a subset X;"p“t C I; such that |X7-mp“t| = Wintra - |1;]-
4: Randomly select a subset X Jt @9t C T; such that |X ;‘"9 | = pintra - |T;| and
ijnput N tharget — (Z)
5: end for
6: Inter-Modality Mask Strategy:
7. Let yJ’:"P o\ ;"p “! and )};f{”’g =T\ X ; a79¢ he the unselected tokens.
8: Let k be the index of the reference modality.
9: for each modality j € A do
10:  for each token y; € V""" “" do

11: Compute correlation scores corr (y;, xy) for all zy € X"
12: if minxkeX):'nput corr(y;j, xr) > 7 then

13: ADD y; to X"

14: end if

15:  end for

16:  for each token y; € y;aTQEt do

17: Compute correlation scores corr(y;, vy ) for all z, € X9,
18: if ming, o ytarger corr(y;,xy) > 7 then

19: ADD y; to X{79¢,

20: end if

21:  end for

22: end for

23: return Xjpput, Xiarget.

3.3 TRAINING AND OPTIMIZATION

The training process is divided into two steps. First, the MSJD-S (synthesizer) is trained through
mask post-training. The second step is to train the MSJD-M by returning the supervisory signals.
Note that during the second step, the synthesizer also fine-tunes itself adversarially by using the
modal discrimination vectors output by the MSJD-M, similar to traditional GAN Loss. In addition,
during step 1, most parameters are frozen except for the Position Embedding and Layer Normaliza-
tion (less than 5% of the overall parameters). The overall loss function £ of MSJD-M in step-22
comprises two components: Target reconstruction 10ss Lecon and the modality gan loss. The re-
construction loss is typically the mean squared error (MSE) between the predicted returns and the
actual returns. Notably, we could also make MSJD-M output an uncertainty score. Details refer to
Appendix [l}

4 EXPERIMENTS

In this section, we present extensive experiments to answer the following questions. QI1: How
does MSJD perform in predicting movements? Q2: How do key components contribute to the
performance of MSJD? Q3: Can MSJD adapt to non-stationary environments?

4.1 EXPERIMENTAL SETUP

Multi-Modal Dataset. Follow FinAgent Zhang et al.| (2024c)), we demonstrate the performance
of MSJD in the prediction of financial asset price movement in five US stock markets and one
cryptocurrency market with image, text, audio and time series data.
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Table 1: Performance comparison of our MSJD against state-of-the-art baselines across six different
datasets. For each evaluation metric, we highlight the top-three performing methods. Red indicates
the best result, yellow indicates the second-best, and green indicates the third-best.

Categories Models AAPL AMZN GOOGL MSFT TSLA ETHUSD
ARR?T SRt MDDJ ARRtT SRT MDD| ARRfT SRt MDD| ARRf SRt MDD| ARRf SRT MDDJ] ARRT SRt MDD/
Market B&H 13.0 0.6 1478 4233 1.08 17.38 2247 0.71 1297 2249 0.84 1297 374 0.72 32.65 29.26 0.87 23.21
Rule-based MACD 11.86 0.72 10.38 1427 0.71 7.84 -18.0 -0.89 20.07 1523 0.77 834 -49 -0.02 14.15 10.24 047 2432
KDJ&RSI 217 0.17 11.88 19.38 0.65 17.27 2439 2.13 2.03 1884 1.06 7.78 2.14 0.17 2473 8.87 0.51 16.95
ZMR -3.91 -0.22 8.88 18.73 0.84 7.89 3251 1.45 9.86 0.71 6.22 -7.28 -0.09 199 29.35 1.23 13.11
ML&DL-based LGBM 1693 1.47 252 2934 072 17.41 2477 0.7 1298 19.28 0.67 1296 1557 0.84 3.88 2491 0.72 22.96
LSTM 1097 0.54 1195 1591 0.64 17.41 1897 0.6 1575 16.48 0.64 11.75 17.36 0.78 36.09 1.03 215
Transformer 17.11 0.96 32,66 1.11 4.96 13.69 046 1436 1744 146 2.59 397 104 8.17 31.0 1.02 1293
RL-based DQN 792 0.04 14.88 2743 1.17 344 139 11.84 19.86 1.02 5.67 31.0 0.84 28.12 29.81 1.18
PPO 1326 0.61 14.78 23.83 0.64 16.89 28.1 122 1596 20.22 0.87 8.46 33.64 0.74 1537 2594 031 11.12
LLM-based FinGPT -5.46 -0.17 16.23 1.03 189 1224 048 12.86 21.07 0.68 9.84 3843 0.75 21.57 21.56 0.68 25.56
FinMem 2378 1.11 1039 31.6 097 100 2561 145 8.14 251 109 746 50.04 092 9.62 1.27 15.59
FinAgent 143 104 65.1 1.61 12.14 1.78  8.45 5.57 2.0 12.14 43.08 12.72
FinVision  14.79 1.20 14.38 42.14 12.09 - - - 25.57 141 1328 - - - - - -
FinCon 27.35 1527 24.85 090 25.89 2508 1.05 17.53 31.63 1.54 15.01 82.87 1.97 29.73 - -
Ours MSJD 356 1.8 86 688 191 1038 59.63 8.15 46.66 1.93 95.14 2.25 11.34 46.01 2.14 9.05
' AAPL AMZN GOOGL
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Figure 4: Performance comparison over time between MSJD and other benchmarks across all assets.

Evaluation metrics. We compare MSJD with other SOTA methods in terms of the following 6
financial metrics, which include 1 profit metric: annual return rate (ARR) |Fama & French| (1993)), 3
risk adjusted profit metrics: SR Sharpe|(1966), Calmar ratio (CR) [Vyachkileva (2018)), Sortino ratio
(SOR) [Sortino & Pricef (1994), and 2 risk metrics: maximum drawdown (MDD) |Chekhlov et al.
(2005)), volatility (VOL) |Black & Scholes| (1973). It is important to note that our method outputs
a price movement signal rather than a direct trading signal. To form an investment strategy for
comparison with other multimodal LLM-based agents, we construct a daily frequency long-short
portfolio based on the predicted movement.

Comparative Methods. We compare our performance with traditional trading strategies and ad-
vanced algorithmic approaches, including (1) Rule-based: Buy-and-Hold (B&H) Fama & French
(1992), Moving Average Convergence Divergence (MACD) |Vaidyal (2020), LSTM [Hochreiter
(1997), (2) DL&RL-based methods: LGBM |Ke et al. (2017), Transformer |Vaswani| (2017), PPO
Schulman et al.[(2017). and (3) LLM based methods: FinGPT |Yang et al.|(2023), FinMem |Yu et al.
(2025), FinAgent Zhang et al.|(2024c) and FinVision Fatemi & Hu|(2024).

Implementation Detail. We initialize our MSJD-S and MSJD-M using Next-GPT [Wu et al.
(2023) coupled with Time-LLM to process time series. Note that the two models MSJD-S and
MSJD-M do not share weights. We use NJDSDE Zhang et al.| (2024b) to solve our proposed EMID
with an additional market state variable, which is trained with a traditional Monte Carlo solution
label, refer to Appendix [J.2] for the mathematical specification of the process. For the MSID-S
post-training procedure, follow the 4M Mizrahi et al.| (2023)), we set the mask ratio to 0.5, with 50



Published as a conference paper at CAO Workshop at ICLR 2026

Table 2: Ablation studies over different components.

P E A R AT MT TSLA ETH

SRt MDD, SRt MDDJ

1.33 16.52 1.57 13.51
1.34 15.68 1.65 12.93
1.63 15.68 1.77 12.36
1.84 13.47 1.80 12.07
1.96 12.36 1.82 11.28
v 225 1134 214 9.05

SENENENENEN
SENENENEN
SENENEN
SENEN

v
v

Table 3: Non-Stationary Ablation study. The superscript indicates the improvement.

Method AAPL AMZN | GOOGL
FinAgent(Stationary) 1.99 1.89 2.10
FinAgent(Non-Stationary) | 0.87 1.33 1.41
FinAgent(Hybrid) 1.43 1.61 1.78
MSJD(Stationary) 2.08 2.13 2.11
MSJD(Non-Stationary) 1.64 1.69 1.83
MSJD(Hybrid) 1.86 1.91 1.97

epochs. For the MSJD-M train procedure, we set the number of epochs to 72. All experiments are
conducted on 16 NVIDIA H100 GPUs. To ensure reproducibility and realistic performance estima-
tion, we strictly adhere to a chronological evaluation protocol with transaction costs. Please refer to
Appendix K] for detailed evaluation protocols.

4.2 COMPARISON WITH BASELINES (Q1)

As illustrated in Table [T] and Figure ] the MSJD framework demonstrates superior performance in
all evaluation metrics compared to other SOTA methods. The improvement indicates that MSJD is
more effective in capturing complex market dynamics and generating accurate price movement pre-
dictions. Furthermore, MSJD exhibits robust risk management capabilities, with MDD consistently
below 12%. For the ETHUSD dataset, MSJD achieves an ARR of 46.01% and an MDD of 9.05%,
demonstrating its strong generalization across different financial instruments.

4.3 EFFECTIVENESS OF EACH COMPONENT (Q?2)

Table 2] validates individual component contributions. Temporal Positional Encoding (P) establishes
a baseline SR of 1.33. Jump Diffusion Embedding (E) and Attention (A) add refinement, while
the Router (R) significantly boosts SR by 13% via dynamic process selection. Finally, incorporat-
ing Post-Training strategies (AT/MT) yields a cumulative 69% improvement, confirming the strong
synergy of the full MSJD framework.

4.4 NON-STATIONARY ADAPTATION (Q3)

We categorized data into steady-state and non-stationary based on intraday price variance. As shown
in Table [3] while pure non-stationary methods suffer a 21% SR degradation due to overfitting and
stationary models fail in high volatility, MSJD maintains a consistent SR across regimes. This
confirms its robustness against distribution shifts.

5 CONCLUSION

We present MSJD for financial price prediction in non-stationary environments. Our solution explic-
itly models market dynamics through jump-diffusion processes, while implicitly encoding these pat-
terns in multimodal LLMs. Extensive experiments across six financial instruments validate MSJD’s
effectiveness in handling distribution shifts and missing modalities.
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A ANALYSIS OF MODEL ROBUSTNESS IN NON-STATIONARY MARKETS: A
REAL-WORLD CASE STUDY

To demonstrate the superior robustness of MSJD in handling market non-stationarity compared to
existing LLM-based and Time-Series approaches, we conduct a detailed case study on a significant
“black swan” event: the Tesla (TSLA) stock crash of October 2023. This event represents a
classic Jump-Diffusion Regime Shift, where market dynamics abruptly transitioned from a diffusion-
dominated phase to a jump-dominated phase following a Q3 earnings miss.

Predictive Superiority (Fig. & b). As shown in Figure [5(a), traditional momentum models
(LSTM, PatchTST) failed catastrophically, continuing to predict an upward trend due to histori-
cal inertia. Even the LLM-based baseline (FinGPT), while identifying negative sentiment, treated
the event linearly, predicting a conservative decline of only -2.1%. In contrast, MSJD accurately
forecasted the -8.4% crash (close to the actual -9.3%), reducing the prediction error by over 70%
compared to baselines. Figure[5(b) confirms that MSJD was the only model to capture the magnitude
of this extreme distribution shift.

Mechanism Analysis: The Physics-Semantics Bridge (Fig. |Sc & d). Why did MSJD succeed?
The answer lies in the synergistic interaction between its explicit and implicit channels:

¢ Physics Channel (Fig. [Bf): The explicit EMID module acted as a "Risk Sentry.” On
Oct 18, the internal jump intensity A(t) surged from 0.05 to 0.92, crossing the critical
threshold. This physically signaled a regime shift, forcing the model to abandon mean-
reverting assumptions.

* Semantics Channel (Fig. 5d): Crucially, the router mechanism dynamically re-allocated
attention. During the stable period (Oct 16-17), the model attended primarily to Price His-
tory (grey line). However, upon the crash (Oct 19), the attention weight for News/Text
(green line) spiked significantly. This proves that the model intelligently “switched” its
focus to the semantic source of the crash (the earnings report) rather than relying on mis-
leading historical prices.

B THEORETICAL ANALYSIS OF NON-STATIONARITY AND MSJD
ADAPTATION

In this section, we provide a formal proof of the non-stationary nature of financial time series mod-
eled under our framework and demonstrate theoretically how the explicit inclusion of the Market
State variable M (t) allows the MSJD to adapt to these distribution shifts. This serves as the theo-
retical foundation for the mathematical derivations provided in subsequent appendices.

B.1 DEFINITION OF NON-STATIONARITY IN FINANCIAL CONTEXT

Definition 1 (Weak Stationarity). A stochastic process representing asset returns is said to be
weakly stationary if its first and second moments are time-invariant. Specifically, for the instan-
taneous return process dR(t) = dS(t)/S(t), stationarity requires E[dR(t)] and Var(dR(t)) to be
constant for all ¢.

Proposition 1. Financial time series governed by the Market-State Jump Diffusion (MSJD) process
are non-stationary.

Proof. We consider the rigorous Stochastic Differential Equation (SDE) formulation. While Eq.
equation[I]in the main text provides the general form, the explicit jump dynamics are given by:
dS(t) = p(t, M(t))S(t)dt + o(t, M(t))S(t)dW (t) + S(t)(J — 1)dN (t) (6)
where S(t) is the asset price, M (¢) is the latent market state, W (¢) is a standard Brownian motion,
and N (¢) is a Poisson process with intensity A. J is the jump size random variable.
Dividing by S(¢), we obtain the dynamics of the instantaneous returns dR(t):
ds(t)

S = p(t, M(t))dt + o(t, M(t))dW (t) + (J — 1)dN(t) (7
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Figure 5: Real-World Case Study: TSLA Oct 2023 Crash. (a) MSJD (red) captures the crash
trend while momentum baselines (purple/grey) fail. (b) Only MSJD predicts the correct magnitude
of the drop (-8.4%). (c) Physical Mechanism: The SDE module detects a spike in Jump Intensity
A. (d) Semantic Mechanism: The model explicitly shifts attention from Price History (grey) to
News Signals (green) during the event, validating the adaptive multimodal fusion.

Now, consider the first moment (expected instantaneous return) conditioned on the current state
M(t):
ds(t)

S(t)

Crucially, the drift coefficient p(¢, M (t)) is not constant; it is a function of the time-varying latent
variable M (t), which evolves according to the Neural ODE described in the method section.

E

M(t)] = (ut, M(t)) + \E[J — 1]) dt ®)

Similarly, the instantaneous variance is given by:

ds(t)
Var (S’(t)

M(t)> = (0%(t, M(t)) + AE[(J — 1)?]) dt )

Since u(t, M(t)) and o (t, M (t)) are functions of time ¢ (mediated through the evolving market state
M (t)), the first and second moments of the return process are time-dependent. Thus, the condition
for weak stationarity is violated (E; # E;,). The process is inherently non-stationary. U

B.2 LIFTING THE VEIL: ADAPTATION VIA CONDITIONAL STATIONARITY

The core contribution of MSJD is resolving this non-stationarity by explicitly modeling the param-
eter dynamics via the market state M ().

Theorem 1 (Conditional Density Adaptation). The time-evolution of the probability density func-
tion p(S,t) is governed by a state-dependent Partial Integro-Differential Equation (PIDE). Condi-
tioning on M (t) transforms the non-stationary prediction into a conditionally stationary problem.
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Analysis. As we will derive in detail in Appendix [C](see Eq. (5) and Eq. (13) therein), the evolution
of the density p(.5, t) follows:

Ip O 1 50 / *

= S—=+ 05— =\ S/J,t) —p(S,t)| f(J)dJ] 10
In standard Jump-Diffusion models (e.g., Merton), parameters x and o are static scalars. In MSJD,
these are functional operators p(¢, M (t)) and o (¢, M (t)).

The ”Veil” of non-stationarity corresponds to the unknown latent path of M (¢). Our framework
addresses this through two coupled processes:

1. Explicit Dynamics (EMJD): The Neural SDE explicitly solves the trajectory of M (),
allowing the model to compute the instantaneous drift p(¢, M (t)) and diffusion o (¢, M (t)
coefficients specific to the current time step.

2. Implicit Encoding (IMJD): The multi-modal LLM approximates the conditional distribu-
tion by learning a mapping from observable data D to the jump-diffusion embeddings.

Mathematically, while the marginal distribution p(S,t¢) drifts unpredictably (Non-Stationary), the

conditional distribution p(S, t|M (t)) is locally defined and tractable. By minimizing the divergence
between the true market distribution and our parameterized model:

Hlein Dk, (pmle(StH 1S0:¢) Hp9(5t+1 |So:t, M(t))) (11

MSIJD effectively “lifts the veil” by conditioning the generative process on the explicit market state
M (t), thereby recovering predictive stability in a non-stationary environment.

C DERIVATION OF THE PROBABILITY EVOLUTION EQUATION

In this section, we provide the derivation of the partial integro-differential equation (PIDE) govern-
ing the time evolution of the probability density function p(S, t), as presented in Eq. (2) of the main
text.

PRELIMINARIES
Recall the Stochastic Differential Equation (SDE) for the asset price S(t) defined in Eq. (1):

dS(t) = uS(t, M(t))dt + oS(t, M(t))dW(t) + S(t)(J — 1)dN(t) (12)
Note regarding notation: While Eq. (1) in the main text abbreviates the jump term as
J(t, M(t))dN (t), the form of Eq. (2) (specifically the p(S/.J) term) implies a multiplicative jump
structure. Thus, we rigorously formulate the jump such that when an event occurs (dN(t) = 1),

the price updates as S(t1) = S(¢7) - J, where J is the jump size random variable with probability
density function f(J).

THE INFINITESIMAL GENERATOR

Let g(S) be a bounded, twice-differentiable test function. By applying It6’s Lemma for jump-
diffusion processes, the infinitesimal generator A of the process applied to ¢(S) is given by:

dg 1 50 829 *
Ag(S) :N5%+§U S @‘f‘)\ [9(S - J) = g(S)]f(J)dJ 13)
—_— 0
Drift Diffusion

Jump

Here, we omit the explicit dependence on M (t) for brevity, assuming x4 and o implicitly depend on
the market state.
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DERIVATION VIA THE ADJOINT METHOD

The time evolution of the expectation of the test function satisfies:

d
@E[Q(St)] = E[Ag(S;)] (14)
Rewriting this in terms of the probability density function p(S, t):
a o0 o0
5 [ aws.0ds = [ ags)p(s.0as (15)
0 0

We analyze the Right-Hand Side (RHS) term by term using integration by parts, assuming p(.S, t)
and its derivatives vanish at the boundaries:

1. Drift Term:

9 dg B oo 9
| nsggnsas == [ a(s) slusn(s. olas (16)
2. Diffusion Term:
00122629 _/oo 9? 122
/O 575 gaan(S.0dS = [ a(8) 5 | 5o*5*(5.0)| ds (17)

3. Jump Term: The jump component expectation is:

A7t - s ) sis s (8)

Using Fubini’s theorem to swap integrals and performing a change of variables for the first part (let
y =S - J, which implies S = y/J and dS = dy/J):

[T ([ st ngan) as (19)

Swapping the notation variable y back to S for consistency:

Jump Term (Weak Definition)

= /OOO 9(S) ()\ /OOO [W —p(S, t)] £ dJ) ds 20

To rigorously verify this formulation, we analyze the arrival term (the first term in the brackets).
By applying the change of variables S’ = S/J (which implies S = S’ - J and dS = JdS’), we
transform the integration domain to align with the pre-jump” state S’. Note that the Jacobian of
this transformation contributes the 1/.J factor seen in the text:

Jump Term (Arrival Part) = )\/OO f(n </0° g(S)p(S/J, t)}dS) dJ
0 0

J

5[5 ( / mg(S’J)p(S',wl(st’)) @
_ )\/ODO £0) (/OOO g(S’J)p(S’,t)dS’) dJ

Substituting this back and combining with the departure term (where no change of variable is
needed), we recover the standard infinitesimal generator form for a multiplicative jump process:

Total Jump Effect = )\/OOO p(S, 1) (/Ooo[g(S -J) — g(S)]f(J)dJ) ds (22)
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THE KOLMOGOROV FORWARD EQUATION (PIDE)

Combining all terms, the equation holds for any arbitrary test function g(.S). Therefore, the integrand
(the terms multiplying ¢(.5)) must sum to zero. This yields the evolution equation for p(.S, t):

2 oo
) — slusn(s. 0+ g [gorstaso| o [T PR s sy as
(23)

This matches Eq. (2) in the main text. (Note: The Jacobian term 1/J typically appears in the density
transformation for multiplicative jumps, though it may be implicitly handled or simplified in certain
presentations).

C.1 NUMERICAL ANALYSIS OF THE EMJD SOLVER
C.1.1 CONVERGENCE OF THE ASSET PRICE SDE SOLVER

For the asset price process defined in Eq. (I), we employ the Euler-Maruyama (EM) discretization
scheme. Given the drift ¢ and diffusion o are continuous and satisfy the global Lipschitz and
linear growth conditions (facilitated by the bounded outputs of our neural network), the EM scheme
achieves:

« Strong Convergence: The solver satisfies E[|S7 — S7|] < CAt'/2, ensuring the pathwise
approximation is reliable for risk management and uncertainty estimation.

* Weak Convergence: For the probability density evolution, the scheme achieves O(At)
convergence for the expected payoff and density functions, which justifies the use of Monte
Carlo samples as supervision labels.

C.1.2 CONSISTENCY OF THE PIDE JACOBIAN TERM

The 1/J term in Eq. arises from the change-of-variables formula applied to the jump integral.
Let the jump transformation be g(S) = S - J. The intensity of jumps leaving state .S is Ap(.S, t),
while the intensity of jumps arriving at S from a pre-jump state S’ is A [ p(S’,¢) f(J)dJ'. Since
S = S'J, the inverse mapping is S’ = S/J, and the transformation of the volume element d.S’
yields the Jacobian d.S” = (1/.J)dS. This confirms that the 1/.J term in the main text is theoretically
consistent with the conservation law of the Kolmogorov forward operator for jump-diffusions.

D DISCRETIZATION ERROR BOUND OF NEURAL ODE SOLVER

In this section, we provide a theoretical analysis of the error bound for the discretized Neural ODE
solver, which serves as the deterministic backbone for our Explicit Market-State Jump Diffusion
(EMJD) process. We consider the explicit Euler method used in our numerical implementation.

PROBLEM SETUP

Consider the continuous dynamics of the latent market state, denoted generally as z(t) (correspond-
ing to the latent variable M (t) or the embedding state in our framework), governed by the Neural
ODE:
dz(t)
dt

where f : RY x R x RP — R¢ is the neural network function parameterized by 6.

= f(Z(t), 2 9)7 Z(O) =2 (24)

The discrete numerical solution is obtained using the Euler method with a fixed step size h > 0. Let
ty =to+ khfork=0,1,..., N, where T' = Nh. The update rule is given by:

Zit1 = 2 + hf(2r, tr,0), 2o =20 (25)

We define the global discretization error at step k as Ey, = ||z(tx) — Zk||.
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ASSUMPTIONS AND THEOREM

Assumption 1 (Lipschitz Continuity). The function f(z, ¢, ) is Lipschitz continuous with respect
to z. That is, there exists a constant L > 0 such that for all z;,z, € R% and ¢ € [0, T:

||f(Z17ta9)_f(Z27t79)H SLHZI_ZQH (26)

Assumption 2 (Boundedness). The second derivative of the true solution z(¢) is bounded. To avoid
confusion with the market state variable M (¢) in our main text, we denote this upper bound by K.

Specifically, there exists K > 0 such that ||%|| < K forall t € [0,T].

Theorem 1. Under Assumptions 1 and 2, the global discretization error of the Neural ODE solver
using the Euler method satisfies the following bound for allk =0, ..., N:

Kh
Ej, < ——(elte—to) _ 1 2
k 2L(e ) (27)

This implies that the global error is of order O(h), confirming the first-order convergence of the
discretization.

Proof. We perform a Taylor expansion of the true solution z(t) at time ¢:

dz h2 d?z
z(trt1) = z(tg) + h— () + EWl

g \th (&k) (28)

where &, € [tk, toy1]. Since % = f(z(t),t,0), we substitute this into the expansion:

2
Z(tk+1) = Z(tk) + hf(z(tk),tk, 9) + %Z(Ek) 29)

Subtracting the discrete update rule g1 = 2 + hf(Zk, tr, 6) from the true solution equation:

. . h?
Eii1 = ||z(ty) — 21 + h[f(z(tk),tk, 6‘) - f(zk,tk, 9)] + ?Z(&c) (30)
Applying the triangle inequality and Assumption 1 (Lipschitz continuity):
h2
Epyr < ||z(tk) — 2ill + Bl f(2(tk), t, 0) = f (2, th, O)I| + - |2(€0) | Gn
2
< B+ hLE o+ K (32)
Kh?
= (1+hL)By + = (33)

This creates a geometric recurrence relation of the form Ey 1 < aE) + b, where a = 1 + hL and
b= KTM Since zg = 2z (initial condition is exact), we have Ey = 0. Solving the recurrence:
k 2 k
a®—1 Kh*(1+hL)*—1 Kh &
E,<b = =—((1+hL)* -1 34
ESb T S S e =1 2p (R 4

Using the inequality 1 + = < e® (where * = hL), we have (1 + hL)F < eFhl = l(te—to),
Substituting this back yields the final bound:

Kh _
B < Z(EL(% to) _ 1) 35)

Since the term (eZ(**~*) — 1) is bounded for a finite time horizon, the error E, scales linearly with
hyie., Ex = O(h). 0
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E THEORETICAL ANALYSIS OF THE NUMERICAL SOLVER

E.1 CONVERGENCE PROPERTIES OF THE ASSET PRICE SDE

For the asset price dynamics defined in Eq. (1, we utilize the Euler-Maruyama (EM) discretization
scheme to facilitate parameter learning and Monte Carlo supervision. Let At denote the time step.
Under the condition that the drift (M (t)) and diffusion o(M (¢)) are Lipschitz continuous—which
is guaranteed by the bounded activation functions (e.g., Tanh or Sigmoid) in our Neural ODE and
LLM layers—the following convergence properties hold:

« Strong Convergence: The discrete approximation S satisfies E[|S(T) — S(T)|] <
CAt'/?, ensuring that the simulated paths accurately track the stochastic trajectories for
individual market scenarios.

* Weak Convergence: For the probability density evolution, the scheme achieves a weak
convergence order of E[g(S(T))] —E[g(S(T))] = O(At) for any test function g. This jus-
tifies the validity of using Monte Carlo-derived probability densities as supervisory signals

for the Neural Solver.

E.2 DERIVATION AND CONSISTENCY OF THE JACOBIAN TERM IN PIDE

The inclusion of the 1/.J term in the PIDE is a direct consequence of the conservation of probability
mass during a discontinuous jump. Consider a price transition from an initial state S’ to a post-jump
state S such that S = g(S’) = 5" - J.

To find the probability of the system arriving at state .S from all possible S’, we perform a change of
variables in the jump integral. According to the transformation rule for probability density functions:

as’
S,t) =p(S',t) | == 36
p(5,1) = p(5',1) | =5 (36)
Given the inverse mapping S’ = S/J, the Jacobian of the transformation is ‘%’ = 1/J. Conse-

quently, the arrival rate at state S must be scaled by 1/.J to account for the stretching/compressing
of the state space. This theoretically reconciles the PIDE formulation in the main text with the
Appendix, ensuring that [ p(S,¢)dS = 1 is maintained at all times ¢ > 0.

F THEORY OF MARKET-STATE JUMP DIFFUSION PROCESS

The theoretical underpinning of our market dynamics model is the jump-diffusion process, a so-
phisticated class of stochastic processes designed to offer a more faithful representation of financial
asset prices than continuous-path models like Geometric Brownian Motion. While continuous mod-
els can effectively capture the normal, incremental fluctuations of market prices, they are structurally
incapable of accounting for the sudden, sharp, and discontinuous movements that arise from signif-
icant, unexpected information shocks. Such events, including major policy announcements, corpo-
rate defaults, or geopolitical crises, manifest as ’jumps” in the price trajectory. The jump-diffusion
framework explicitly integrates these phenomena into the asset price dynamics.

The evolution of an asset’s price, X;, under a general jump-diffusion process is described by a
stochastic differential equation (SDE). This equation extends the standard It process by incorporat-
ing a term for discontinuous jumps. In its general form, the price change d.X; is expressed as:

dXt = M(Xt, t)dt + U(Xt, t)th + dZt (37)

Here, the total price change is decomposed into a deterministic drift component, a continuous
stochastic diffusion component, and a pure jump component dZ;. The drift term, pu(X¢, t)dt, rep-
resents the expected, predictable trend in the asset price over an infinitesimal time interval dt. The
diffusion term, o (X, t)dW;, captures the continuous, random volatility of the asset price. This
component is driven by W;, a standard Wiener process, which is characterized by normally dis-
tributed increments W; — W, ~ N (0,t — s) for t > s, representing Gaussian noise. The function
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o(Xy,t) is the volatility or diffusion coefficient, which scales the magnitude of these continuous
random movements.

The critical element, Z;, is a compound Poisson process that models the cumulative effect of the
jumps up to time ¢. It is defined as the sum of a series of random jump sizes J;:

Py
Zi=) Ji (38)
i=1

The number of jumps that have occurred by time t is governed by P;, a homogeneous Poisson
process with a rate parameter, or intensity, A. This intensity A represents the average number of
jumps expected per unit of time. The probability of observing exactly & jumps within a time interval
of length ¢ is given by the Poisson distribution:

k _ —)\t
B =) = WD (39)

The jump sizes J; are assumed to be independent and identically distributed (i.i.d.) random vari-
ables, which are also independent of the Wiener process I, and the Poisson process P;. A widely
adopted model for the jump size, following Merton’s seminal work, is the log-normal distribution.
If we define the log-jump size as Y = In(1 + J), then Y is assumed to be normally distributed,
Y ~ N(us,0%). This formulation ensures that the asset price remains positive and captures the
often-asymmetric nature of market shocks. To ensure the process is a martingale under an appropri-
ate measure, financial models often work with a compensated process. The expectation of the jump
size is denoted k = E[e¥ — 1] = e#7+2%7 — 1. The SDE for the log-price, S; = In(X,), can then
be written in its full form by applying It6’s lemma with jumps:

1
ds; = (u - 502 - Ak> dt + odW,; + Y,dP, (40)

This equation provides a comprehensive classical description of asset returns, balancing a compen-
sated drift, continuous volatility, and discrete jumps.

Our framework advances this classical model by positing that its core parameters—drift, volatility,
jump intensity, and jump size distribution—are not static but are themselves dynamic functions of
the prevailing market state. We define the market state as a rich, time-varying representation of the
market environment, learned from a multitude of data sources. This transforms the static parameters
of the classical model into dynamic, state-dependent functions: p(St), o(St), A(St), s (St), and
07(S;). Consequently, the expected jump size also becomes state-dependent:

k(Sh) = E[J|S,] = exp (MJ(st) + ;a?,(st)) 9 @l

This leads to our proposed Market-State Jump-Diffusion (MSJD) SDE, which governs the evolution
of the log-price in a manner that is continuously conditioned on the comprehensive market context:

dS(t) = pS(t, M(t))dt + oS(t, M(£)dW (£) + J(t, M(£))dN () 42)

Where p represents the drift coefficient, o denotes the diffusion coefficient, M (¢) is a Market state
latent variable, W () is a standard diffusion process, J(¢) is the jump size, and N (t) is a Poisson
process with intensity A. It is important to note that each process here receives an additional market
state latent variable process compared to the traditional jump diffusion.
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G THEORETICAL JUSTIFICATION OF DECOMPOSITION-PROCESS
ALIGNMENT

In this section, we provide a rigorous theoretical justification for the revised mapping strategy in our
Implicit Market-State Jump Diffusion (IMJD) module, aligning time-series decomposition compo-
nents with the stochastic properties of asset prices.

G.1 TREND COMPONENT AND DRIFT DYNAMICS

In standard stochastic differential equations as defined in Eq. (1)), the Drift term (¢, M (t)) rep-
resents the instantaneous expected return, which dictates the deterministic growth path of the asset
price. Mathematically, the cumulative effect of drift over time is:

t
Trend(t)z/ w(u, M(u))du (43)
0

Time-series decomposition algorithms (e.g., STL or HP filter) are designed to extract the low-
frequency, persistent direction of the signal, which corresponds precisely to this integral of the drift
coefficient. Therefore, mapping the Trend Embedding to the Drift Process (1) is theoretically
consistent with financial mathematics, as both characterize the long-term deterministic evolu-
tion of the market.

G.2 SEASONAL/RESIDUAL COMPONENTS AND DIFFUSION/JUMP PROCESSES

The stochasticity of the market is captured by the Diffusion and Jump terms. After the deterministic
Trend (Drift) is removed, the remaining signal consists of seasonal patterns and high-frequency
residuals:
t N(t)
S(t) — / jdu = / o (u, M(u))dW () + S J; (a4)
0 i=1
In financial econometrics, the Diffusion term oSdWW (t) represents continuous volatility. Since
volatility often exhibits periodic clustering (e.g., intraday or day-of-the-week effects), the Seasonal
component S, (t) serves as a robust proxy for the state-dependent diffusion coefficient o.

Furthermore, according to the Lévy-Ito Decomposition theorem, any Lévy process can be separated
into a continuous Gaussian part (Diffusion) and a discontinuous jump part. The Residual compo-
nent R(t), which remains after filtering out the smooth trend and periodic cycles, is statistically
heavy-tailed and non-Gaussian. Thus, mapping the Residual Embedding to the Jump Process (.J)
is theoretically justified, as residuals capture the abrupt, discontinuous shocks (jumps) that
cannot be explained by continuous diffusion or deterministic drift.

G.3 CONDITIONS OF VALIDITY AND FINITE-RESOLUTION LIMITATIONS

While the alignment between time-series decomposition and SDE components is robust in general,
strict theoretical equivalence requires specific conditions. Here, we specify the validity boundaries
and limitations under finite settings.

Condition of Validity: Spectral Separability. The mapping of the Trend Embedding to the Drift
Process 11(t) assumes that the drift coefficient evolves on a slower time-scale than the stochastic
fluctuations driven by the Brownian motion W (¢). Let F[-] denote the Fourier transform. The
validity condition holds if the spectral support of the drift, supp(F|[u]), is approximately disjoint
from the high-frequency band dominated by the diffusion term cdW:

o0
[ 1F P o @s)
where w, is the cut-off frequency of the decomposition filter (e.g., STL). Under this Spectral
Separability assumption, the smoothing operation effectively recovers the integral of the drift,
J pdt, with negligible leakage from the diffusion term. Conversely, if the market exhibits “high-
frequency drift” (e.g., rapid policy shocks), the decomposition may erroneously attribute it to the
diffusion/residual component.
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Limitation 1: Finite-Resolution Bias (Jump-Diffusion Confounding). In continuous time
(dt — 0), jumps JdN (t) are distinguishable from diffusion odW (¢) by their singularity. How-
ever, in a finite-resolution setting with sampling interval At, a small jump J may be statistically
indistinguishable from a large standard deviation event. The limitation is defined by the detection
threshold. A jump is separable only if:

|J| > - o(t)/Atlog(1/At) (46)

where ~y is a constant related to the modulus of continuity of Brownian motion. For finite At,
”small jumps” below this threshold are inevitably absorbed into the Diffusion/Seasonal component
(interpreted as continuous volatility), creating a discretization bias. Our framework mitigates this by
using multi-modal inputs to implicitly detect jump precursors that are invisible in pure price series.

Limitation 2: Finite-Sample Estimation Error. The extraction of the Seasonal component
(mapped to Diffusion o) relies on the assumption of periodicity over a finite window size 7T'. As
T is finite, the spectral estimation of the seasonal limit cycle suffers from an error of order O(7~1).
This implies that in extremely short data windows, the distinction between “seasonal volatility” and
“transient drift” may become ambiguous.

H DETAILED IMPLEMENTATION OF JUMP-DIFFUSION INJECTION
MECHANISMS

Here, we provide the step-by-step implementation of the embedding decomposition, the process-
based recombination, and the jump-aware attention mechanism.

H.1 MULTI-MODAL EMBEDDING DECOMPOSITION AND PROCESS MAPPING

First, we compute the unified raw embedding E,,, by averaging the projection outputs from the
router-selected modalities (Image, Text, Audio, Time-Series). Let ¢,,(-) denote the embedding
layer for modality m:

Eraw = = Z ¢m, (Xm ) (47)
me{img, txt, aud, ts}

Subsequently, we employ a time-series decomposition layer (STL-based) to separate E,, into its
constituent components. To align these with the SDE formulation established in Section 3.1:

.. T
[Etrenda Eseasonala Eresidual} = DeCOl’I’lpOSlthl’l(Eraw)

(48)

Crucially, we map these components to their physical SDE counterparts: Trend — Drift (1), Sea-
sonal — Diffusion (¢), Residual — Jump (J). The final injected embedding Eompined is @ weighted
sum, where the weights are dynamically modulated by the outputs of the Explicit Neural SDE mod-
ule (W, Wo, W)t

Ecombined = W,u . Etrend + WU : Eseasonal + WJ : Eresidual (49)
This formulation ensures that the latent input to the LLM backbone is explicitly structured by the

physics of the diffusion and jump processes.

H.2 JUMP-AWARE ATTENTION MECHANISM

To inject jump dynamics directly into the attention layers, we introduce a temporal modulation factor
~(t). Unlike standard scaling, ~y(¢) is derived from the detected jump intensity relative to the time
scale, defined heuristically as y(¢) o J(t)/t. The attention scores are modified as follows:

Qo v(t))KT)
Vi,

where © denotes element-wise multiplication. Mechanism Interpretation: The factor v(¢) dynam-
ically adjusts the attention horizon based on market volatility:

A = softmax ( (50)
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Figure 6: Market-State Jump Diffusion Framework overview, including the uncertainty estimation
head. After the entire training procedure, an uncertainty head predicts the mean and variance of the
return distribution during inference.

 High Volatility / Jump Regime: ~(t) increases, sharpening the attention distribution to
focus heavily on recent, high-magnitude features (short-term memory).

* Low Volatility / Drift Regime: ~(¢) decreases, flattening the distribution to allow the
model to attend to longer-term historical trends (long-term memory).

This mechanism effectively allows the ”Jump” signal to act as a gatekeeper for the model’s temporal
focus.

I JumP DIFFUSION OUTPUT UNCERTAINTY

Note that to enable explicit uncertainty quantification of the model, we add a regression head to the
features of the last layer of the LLM to output uncertainty. This uncertainty is calculated based on
jump diffusion, as follows.

To capture the uncertainty associated with predictions, we extend the model to predict not only the
expected returns 7 but also the associated uncertainty. This is a crucial feature for risk management.
The mean pip.q and standard deviation oprq of the predictive distribution are computed using a
multi-layer perceptron (MLP) that takes a concatenated vector of the explicit dynamic embeddings
and the final output token logits from the LLM as input.

InputVec = CONCAT (Embeddingjump, Embeddingasis, Embeddingdigusion, logitsoulpul) 51

Itpred; 108 (Toreq) = MLPuncertainey (InputVec) (52)

Note that the MLP predicts the log-variance to ensure that the predicted variance ogred is always
positive. The predictive distribution is then modeled as a Gaussian:

p(r|M, 0) = N (r|pipreas Oorea) (53)

where 6 denotes the model parameters. The model is trained to maximize the log-likelihood of
the true returns under this predicted distribution (i.e., minimizing the negative log-likelihood). This
approach allows the model to learn to output higher uncertainty opq during periods of high mar-
ket volatility or when its internal dynamic components (e.g., jump intensity) are high, providing a
valuable, model-aware confidence score. The complete framework is illustrated in Figure [6]

To capture the uncertainty associated with predictions, we extend the model to predict not only the
expected returns 7 but also the associated uncertainty o. Specifically, the mean p and standard devi-
ation o are computed using a multi-layer perceptron (MLP) that takes as inputs the jump embedding,
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drift embedding, diffusion embedding, and output token logits L:

My, 0 = MLP (Ejum];n Edrifh Ediffusionv L) (54)
The predictive distribution is modeled as:
p(rlM,0) = N(7,0%) (55)

where 0 denotes the model parameters. The uncertainty o is learned jointly with the returns, enabling
the model to quantify the confidence of the prediction.

J TRAINING AND OPTIMIZATION

The training process of the MSJD-M involves optimizing both the prediction of returns and the
associated uncertainty. The overall objective function £ comprises three components: the gan loss,
the reconstruction loss Lrecon and the uncertainty regularization term Lyncertainty

L= Egan + aﬁrecon + 5£uncertainty (56)

where « and (8 are hyperparameter that balances the trade-off between prediction accuracy and
uncertainty estimation. The reconstruction loss is typically the mean squared error (MSE) between
the predicted returns and the actual returns:

N
1 A

Liecon = N ;(7’1 - Ti)z (57)
Follow DeepAR, the uncertainty regularization term ensures that the predicted uncertainties are
meaningful and calibrated:

N

1 i — ’121 2
;Cuncertainty = N Z (log Ui2 + w> (58)

i=1 i

By minimizing this combined loss function, the model simultaneously learns to predict accurate
returns and reliable uncertainty estimates, thereby enhancing its overall predictive performance and
robustness. Through the integration of these components, our proposed MSJD-M module is capable
of accurately modeling market dynamics, handling multi-modal inputs, and quantifying uncertainty,
all of which are critical for improving the accuracy and robustness of financial predictions, particu-
larly in the context of jump price movements.

The training of our MSJD framework is a multi-stage process designed to systematically build the
capabilities of each component before the final end-to-end integration. The procedure involves three
key phases: supervised pre-training of the Neural SDE, self-supervised training of the Modality
Synthesizer, and the final end-to-end fine-tuning of the entire framework.

J.1 THEORETICAL ANALYSIS OF ROUTER MECHANISM: IMPLEMENTATION AND
DIAGNOSTICS

Regarding the router’s architecture (token vs. sample level), regularization strategies, and diag-
nostics to ensure diversity. We clarify the rigorous definition, implementation details, and stability
guarantees below.

Router Architecture and Sample-Level Granularity. We explicitly define the router as a
Sample-Level gating mechanism, operating per time-step ¢ (i.e., per trading day) rather than at the
token level. This design choice aligns with the frequency of financial decision-making. Mathemati-
cally, let h; be the concatenated multimodal representation at time ¢. The router weights ¢; ;(t) are
computed via a lightweight gating network:

a; ;(t) = Softmax (W, - hy + by) (59)

where W, and b, are learnable parameters. This generates a probability distribution over the expert
pairs (M;, P;), determining the contribution of each process-specific predictor R(M;, P;) to the
final forecast ;.
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Exact Loss and Regularization Analysis. The network is trained end-to-end with the objective:

1

T
%11(51 T ; Liask | Ye+1, Z i j(t) R(M;, Pj) (60)
= 1,]

Regarding explicit regularization (Entropy/Sparsity): We conducted ablation studies comparing
our unconstrained approach against standard load-balancing losses (Lque = AgH(«)). Empiri-
cally, we found that implicit regularization via market non-stationarity outperforms explicit con-
straints. In a stationary environment, unconstrained routers risk mode collapse. However, financial
data exhibits frequent "Regime Shifts” (e.g., News shocks — Jump expert; Steady growth — Drift
expert). This Regime-Dependent Specialization naturally forces the gradient V, L to oscillate,
preventing convergence to a trivial static solution without requiring manual entropy hyperparameter
tuning.

Gating Diagnostics and Mode Collapse Prevention. To rigorously verify the absence of mode
collapse, we analyze the Gating Entropy H (o) = — > «a; jloga; ;:

* Distribution Dynamics: We observe that () is time-varying. It peaks during “regime
transitions” (high uncertainty, effectively an ensemble) and drops during distinct market
trends (sparse selection), confirming the router is not stuck in a degenerate uniform or
singleton mode.

* Regime Correlation: The weight of the Jump-Diffusion component shows a significant
Pearson correlation (> 0.6) with market volatility metrics. This confirms the router is
actively performing temporal feature selection driven by the underlying market physics.

J.2  EMJD MODULE SUPERVISION: GROUND TRUTH GENERATION AND OBJECTIVES

Regarding the need for a scientifically checkable definition of the supervision signals for the Explicit
Market-State Jump Diffusion (EMJD) module. Specifically, we clarify how ”Monte Carlo solution
labels” are derived without circularity and define the exact loss functions used to supervise the SDE
parameters.

Breaking Circularity: Statistical Ground Truth Generation. To avoid circularity, the Ground
Truth” parameters are derived via ex-post Maximum Likelihood Estimation (MLE) on historical
sliding windows, strictly independent of the neural network’s forward pass. For a given time step ¢
with a look-back window of size w, we extract the historical log-returns sequence r;_,,.;. The target

labels © g1 = (fit, 5¢, M) are estimated as follows:

t t
) 1 . 1 .
fum —= D Tk iR | D (ke — At 1)

k=t—w k=t—w
The Jump Intensity label M\ € {0, 1} is determined by a thresholding rule based on the instanta-

neous volatility: A\, = I(|r;| > 36,), indicating a statistically significant anomaly (Jump). These
statistically derived values serve as the immutable “Teacher” signals for the Neural SDE.

Supervision Targets and Loss Functions. The EMJD module functions as a predictor Fy(M;) —
(0,00, Ag), mapping the current market state embedding M; to the SDE parameters. The training
minimizes a composite objective Lgyp:

* Parameter Regression Loss (Lpqrqm): We directly supervise the estimated coefficients
using Mean Squared Error (MSE) for continuous parameters and Binary Cross-Entropy
(BCE) for the jump probability:

['param = ||/L9 - ,&t”2 + ||0'9 - a'tH2 + EBCE(A«% 5\t) (62)
* Distribution Matching Loss via Monte Carlo (L4;s:): To ensure the generated paths

conform to the physical process, we generate a target distribution Py;¢ by simulating the
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SDE using the ground-truth parameters g7 (1,000 Monte Carlo paths). The network’s
predicted distribution Py (derived from ©y) is constrained to match Py;¢ via the Kullback-
Leibler (KL) divergence:

Laist = D (Prrc(Se+1)||Po(St41)) (63)

The total objective Ltotqr = Lparam + BLdist ensures that the learned embeddings encode explicit
physical meanings (Drift/Diffusion) rather than arbitrary latent vectors, making the SDE formulation
structurally valid.

K DETAILED EXPERIMENTAL CONFIGURATION

To ensure reproducibility and fair comparison, our experimental setup is aligned with the rigorous
standards set by recent financial agent literature (e.g., FinAgent|Zhang et al.| (2024c))).

K.1 DATA SPLITTING AND WALK-FORWARD PROTOCOL

Financial time series are non-stationary; thus, random shuffling is strictly prohibited. We employ a
chronological split:

* Training Period: 70% of the timeline. Used for training the Neural SDE solver and tuning
the Router weights.

* Validation Period: 10% of the timeline. Used for early stopping and checking the conver-
gence of the PIDE solver.

 Testing Period: 20% of the timeline. Strictly held-out for performance reporting.

We do not use an expanding window for re-training during the test phase to simulate a deployed
model scenario, but the market state M () is inferred dynamically at each step.

K.2 BASELINE IMPLEMENTATION AND FAIRNESS PROTOCOL

To ensure rigorous reproducibility and eliminate confounding variables, we adhere to a strict Fair-
ness Protocol across all comparative experiments:

» Categorization & Implementation:

— Traditional Baselines (LSTM, Transformer, ALSTM): Implemented using stan-
dard PyTorch libraries with a consistent sliding window of T' = 20. We classify
LSTM/ALSTM as Stationary approaches as they assume a fixed data distribution dur-
ing training.

— LLM Agents (FinAgent, FinCon): We utilize the official open-source implemen-
tations provided by the respective authors. For FinAgent Zhang et al.| (2024c), we
use the exact “Roller-Coaster” prompt template and dual-reflection mechanism to en-
sure optimal performance. For FinCon, we replicate the multi-turn interaction setup
described in their original paper.

» Hyperparameter Parity: To prevent “cherry-picking,” we perform a grid search for all
baselines over the same search space (e.g., learning rate € {le — 3,5e¢ — 4, le — 4}, hid-
den dim € {64,128,256}). We report the best test performance for each baseline after 5
independent runs.

* Unified Execution Environment: Crucially, all models (including MSJD and baselines)
are evaluated within the identical event-driven backtesting engine. This means they share
the exact same transaction costs (0.1%), slippage models, leverage rules (5x), and liquida-
tion logic. No model receives preferential treatment in trade execution.

K.3 REALISTIC TRADING CONSTRAINTS AND LEVERAGE PROTOCOLS
To ensure a rigorous evaluation that disentangles model predictive quality from leverage-induced

gains, we implement a realistic event-driven backtesting environment with the following strict con-
straints:
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» Transaction Costs & Slippage: Unlike idealized forecasting metrics, our financial metrics
(ARR, Sharpe, MDD) are derived with market friction. We deduct a transaction fee of 10
basis points (0.1%) per turnover to simulate exchange commissions and bid-ask spreads.
Additionally, execution prices are perturbed by Gaussian noise A/(0,0.01%) relative to the
closing price to account for liquidity latency and slippage.

 Shorting Constraints: Short selling is permitted but restricted to a maximum position size
of -100% (1x short) to reflect typical regulatory margin requirements, preventing infinite
loss scenarios.

* Justification for 5x Leverage: While 5x leverage is aggressive for passive investing, we
explicitly utilize it as a stability stress test. In high-volatility regimes, high leverage ex-
poses minor predictive errors as catastrophic drawdowns. Crucially, we evaluate model
quality using the Sharpe Ratio, a risk-adjusted metric that is theoretically invariant to
leverage scaling. The fact that MSJD achieves a superior Sharpe Ratio (Table 1) while
maintaining a lower Maximum Drawdown than baselines under this high-leverage setting
demonstrates its intrinsic predictive superiority and risk-awareness, rather than mere return
amplification.

K.4 MODALITY SYNTHESIZER DATASETS

The General Modality Synthesizer (GMS) is pre-trained using a Masked Modality Modeling (MMM)
objective. The pre-training corpus includes:

» Text: The StockNet dataset (social media) and a proprietary crawl of financial news
(Reuters/Bloomberg headlines) from 2015-2023.

* Image: 1-day candlestick charts generated from OHLCV data corresponding to the text
timestamps.

* Audio: Earnings call transcripts converted to mel-spectrogram features (as raw audio prox-
ies) to simulate audio-modality processing.

K.5 STRICT TEMPORAL ALIGNMENT AND AFTER-HOURS HANDLING

Given that significant corporate events (e.g., earnings calls, press releases) frequently occur outside
standard market hours, we implement a rigorous timestamp alignment protocol to eliminate look-
ahead leakage:

* Market Hours Definition: We define the standard trading session as 9:30 AM to 4:00 PM
EST.

o After-Hours Shift (The ”Next-Day” Rule): Any multi-modal data point z; (includ-
ing earnings call audio and late-breaking news) with a release timestamp T cieqse >
4:00 PM EST on day ¢ is strictly indexed to the next trading day ¢ + 1. It is treated as
“pre-market” information for the subsequent session and is masked out from the feature
set of day ¢.

* Pre-Market Inclusion: Conversely, information released between the previous close and
9:30 AM on day ¢ is included in the input vector for day t.

This protocol ensures that the model’s information set at any decision point ¢ is strictly identical to
what would have been available to a real-world trader, physically preventing the leakage of post-
close outcomes into closing price predictions.

L ADDITIONAL EXPERIMENTS AND ROBUSTNESS CHECKS

Here, we conducted supplementary experiments focusing on modality alignment, comparison with
state-of-the-art (SOTA) time-series forecasting models, and statistical significance testing to answer
the following questions: Q4: How does EMJD outperform traditional stochastic processes? QS5:
How effective is the GMS in handling missing modalities? Q6: What is the prediction performance
of MSJD across different time horizons? Q7: How does MSJD perform in real-time prediction
speed?
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Table 4: Comparison with Alternative Stochastic Processes on TSLA Dataset.

Method ARR?T SRt MDD/
GBM-based Framework  78.50 1.82 15.67
OU-based Framework 82.30 1.94 14.21
MSJD (Proposed) 95.14 2.25 11.34

Table 5: Impact of Missing Modalities on ETHUSD Dataset.

Missing Modality With GMS Without GMS
SRt MDDJ| SRt MDDJ

Text 214 9.05 1.82 1254
Image 210 9.20 1.76  13.10
Audio 208 930 1.72 13.50

L.1 COMPARISON WITH TRADITIONAL STOCHASTIC PROCESSES (Q4)

In this section, we isolate the efficacy of the Jump-Diffusion mechanism by comparing MSJD with
two alternative stochastic specifications on the TSLA dataset: (1) Geometric Brownian Motion
(GBM) Bratian et al.| (2022), where we constrain the jump intensity A — 0 to test purely continuous
market dynamics; and (2) Ornstein-Uhlenbeck (OU) Maller et al.[|(2009). Crucially, acknowledging
that raw equity prices are non-stationary, we apply the OU process specifically to the latent volatility
state rather than price levels, serving as a mean-reverting control baseline.

The results, shown in Table[d] reveal that MSJID significantly outperforms both the continuous GBM
and the mean-reverting OU frameworks in terms of ARR and SR, while maintaining a lower MDD.
This empirical evidence confirms that high-growth assets are driven by momentum (Drift) and dis-
continuous shocks (Jump) rather than simple mean-reversion, validating the MSJD’s ability to cap-
ture complex non-stationary behaviors.

L.2 IMPACT OF MISSING MODALITIES (Q5)

To evaluate the effectiveness of the GMS in handling missing modalities, we intentionally removed
different modalities from the input data and compared the performance of the MSJD framework with
and without the GMS on the ETHUSD dataset. The results are shown in Table 3l The results show
that the GMS significantly mitigates the impact of missing modalities. When a modality is missing,
the framework with GMS maintains a higher SR and a lower MDD compared to the framework
without GMS. This demonstrates the effectiveness of the GMS in synthesizing missing modalities
and maintaining robust performance.

L.3 PREDICTION PERFORMANCE ACROSS PREDICTION FREQUENCY (Q6)

To assess the model’s robustness and versatility, we evaluated its prediction performance across both
short-term and long-term forecasting horizons. This is crucial for demonstrating the practical appli-
cability of MSJD, as different trading strategies rely on predictions of varying lengths. We tested the
model on 1-day ahead (short-term) and 30-day ahead (long-term) price movement prediction tasks.
The performance was measured by the MAE and RMSE, averaged across all six datasets.

As shown in Table 6} MSJD consistently outperforms the FinAgent baseline across both horizons.
The framework’s ability to maintain low error rates, even for long-term 30-day predictions, high-
lights its effectiveness in capturing enduring market patterns, not just immediate fluctuations.

L.4 REAL-TIME PREDICTION SPEED COMPARISON (Q7)

To evaluate the model’s practicality, we compared its real-time prediction speed against key base-
lines, with results in Table[7} The comparison highlights a crucial trade-off between predictive power
and computational efficiency. Although the simpler LSTM model is the fastest, its speed comes at
the cost of significantly lower accuracy. More importantly, MSJD is considerably faster than the
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Table 6: Prediction Performance across Different Forecasting Horizons. Lower Values are Better.

Method Short-Term Long-Term
MAE| RMSE| MAE| RMSE|

FinAgent 0.025 0.035 0.035 0.052

MSJD 0.012 0.018 0.021 0.030

comparable LLM-based FinAgent, an efficiency gain we attribute to our specialized architecture
that streamlines the computational load.

Table 7: Real-Time Prediction Speed Comparison.

Method MSJD FinAgent LSTM
Average Prediction Time (ms) 153 191 18
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