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ABSTRACT

The primary objective of learning methods is generalization. Classic generalization
bounds, which rely on VC-dimension or Rademacher complexity, are uniformly
applicable to all networks in the hypothesis space. On the other hand, algorithm-
dependent generalization bounds, like stability bounds, address more practical
scenarios and provide generalization conditions for neural networks trained using
SGD. However, these bounds often rely on strict assumptions, such as the NTK
hypothesis or convexity of the empirical loss, which are typically not met by neural
networks. Furthermore, uniform generalization bounds fail to explain the significant
attribute that over-parameterized models in deep learning exhibit nice generalizabil-
ity. In order to establish generalizability under less stringent assumptions, which
can also account for the effective generalizability of over-parameterized models,
this paper investigates the generalizability of neural networks that minimize empir-
ical risk. A lower bound for accuracy is established based on the expressiveness of
these networks, which indicates that with an adequate large number of training sam-
ples and network sizes, these networks can generalize effectively. Additionally, we
provide a lower bound necessary for generalization, demonstrating that, for certain
data distributions, the quantity of training data required to ensure generalization
exceeds the network size needed to represent the corresponding data distribution.
Finally, we provide theoretical insights into several phenomena in deep learning,
including robust generalization, importance of over-parameterization networks,
and effects of loss functions.

1 INTRODUCTION

Understanding the mechanisms behind the nice generalization ability of deep neural networks remains
a fundamental challenge problem in deep learning theory. By generalization, it means that neural
networks trained on finite data give high predict accuracy on unseen data. The generalization bound
serves as a critical theoretical framework for evaluating the generalizability of learning algorithms.
Let F be a network, L a loss function, and D the data distribution. For a hypothesis space H
and any F € H, with probability 1 — § of dataset D;,. selected i.i.d. from D, we have the classic

generalization bound |E(, ) p[L(F(2), y)] = E(zy)ep,, [L(F(x),y)]| < %Rathr (H)+ %{j)

(Mohri et al.,[2018), where Radp,, (H) is the Radermacher Complexity of H under dataset D;,. and p
is a constant. If we take L(F(x),y) = I(F(x) = y) where F(x) is the classification result of F(x),
then it becomes the accuracy of the network JF over D or population accuracy. There exist similar
generalization bounds using VC-dimension (Mobhri et al.| 2018)).

The above-mentioned generalization bounds are satisfied for all networks in the hypothesis space. In
practice, the generalizability of the networks trained by gradient descent is desirable. For that purpose,
algorithmic-dependent generalization bounds are derived. It is shown that if the data satisfy the NTK
condition, the two-layer networks have a small generalization risk after training (Jacot et al., [2018; J1
& Telgarskyl [2019). Stability generalization bounds are also obtained (Hardt et al.,[2016; Wang &
Ma, [2022)) by assuming the convexity and Lipschitz properties of the loss function. Unfortunately,
most of these algorithmic-dependent generalization bounds make strong and unrealistic assumptions
about the training procedure. For example, the NTK condition is used to reduce the training to a
convex optimization (Ji & Telgarskyl [2019) and strong smoothness and convexity of the empirical
loss are used to measure the effect in each training epoch (Hardt et al.,[2016)). Moreover, uniform
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generalization bounds fail to explain the significant attribute that over-parameterized models in deep
learning exhibit nice generalizability (Belkin et al.| 2019} [Bartlett et al.| [2021)), because VC-dim or
Radermacher Complexity is located on the numerator in the generalization bound and increases with
the increase of network size.

In order to give generalization conditions under more relaxed assumptions, and to provide more
specific conditions for generalization to account for the nice generalizability of over-parameterized
models, we will study the generalization of networks that minimize the empirical risk, that is, the
network F € M = arg mingep > (2,9)€Dar L(G(x),y). The approach is reasonable because most
practical training will lead to a very small value of the empirical risk and the trained networks can be
considered to minimize the empirical risk. So our main research objective is: the generalization of
the networks that minimize the empirical risk without requiring strong assumptions.

In this paper, we consider two-layer networks, like many previous works (Ba et al., 2020; |Luo &
Yang| |2020; Ji & Telgarsky} 2019} Zeng & Lam), [2022). From the perspective of expressive ability,
we show that when the number of training data and the size of network are large enough, the network
has generalizability. We further found that the sample complexity and the size of the network depend
only on the cost required for the network to express such a distribution. As shown below.

Theorem 1.1 (Informal, Section[d)). Let distribution D satisfy the requirement that a two-layer
network with width W can reach accuracy 1 in this distribution, then if Dy, is selected i.i.d. from the
distribution and with more than QX(W?) elements, then with high probability, any network in M and
with width more than QU(W') has high accuracy.

From this result, we can determine the exact amount of training data and the size of the network that
can ensure generalizability. We also consider the lower bound required to have generalizability. For
some data distribution, to ensure the generalizability of network which minimizes the empirical risk,
the required number of data must be greater than the size of neural networks required to express such
a distribution. As shown below.

Theorem 1.2 (Informal, Section[3). For some data distribution, if the width required for a two-layer
network with ReL'U activation function to express such distribution is at least W, then for a dataset
with fewer than O(W') elements, the network that minimizes the empirical risk for such dataset may
have poor generalization.

Finally, while networks that minimize the empirical risk exhibit good generalization, numerous
classical experimental results indicate that these networks encounter several problems such as robust
and so on. Therefore we provide some interpretability for these problems based on our theoretical
results. Let Dy, be a dataset and F € M. Then, three phenomena of deep learning are discussed with
our theoretical results.

Robustness Generalization. (Section It is shown that robust memorizing a dataset Dy, is more
difficult than memorizing D;, (Park et al., 2021} L1 et al.,|2022; |Yu et al., [2024). We further show
that when robust memorizing Dy, is much more difficult than Dy,., then the robustness accuracy of F
over D has an upper bound and may be low.

Importance of over-parameterization. (Section [6.2) It is recognized that over-parameterized
networks have nice generalizaility (Belkin et al., 2019} Bartlett et al., |2021). In this regard, we show
that when the network is large enough, a small empirical loss leads to high test accuracy. In contrast,
when the network F is not large enough, there exist networks that achieve good generalization but
cannot be found by minimizing the empirical risk.

Loss function. (Section[6.3) We show that for some loss function, generalization may not be achieved.
If the loss function reached its minimum value or is a strictly decreasing concave function, 7 may
have poor generalization.

2 RELATED WORK
Generalization bound. Generalization bound is the central issue of learning theory and has been
studied extensively (Valle-Pérez & A. Louis}, [2022).

The algorithm-independent generalization bounds usually depend on the VC-dimension or the
Rademacher complexity (Mohri et al., 2018). In Harvey et al.|(2017); Bartlett et al.|(2019); Yang



|Under review as a conference paper at ICLR 2025

(2023), V' C-dimension has been accurate calculated in terms of width, depth, and number of
parameters, hence use it into generalization bounds. In[Wei & Ma| (2019); [Arora et al| (2018)); [Li et al |
(2018), some tighter generalization bound of networks was given based on Radermacher complexity.
Consider the network structure, the generalization bound can be further precise calculated]Long &
Sedghil (2019); [Ledent et al.| (2021); [Li et al.| (2018) gave the generalization bound of CNN, |Vardi
et al| gave the sample complexity of small networks, Brutzkus & Globerson| studied
the generalization bound of maxpooling networks, [Trauger & Tewarl| (2024); [Li et al.| (2023)) gave the
generalization bound of transformers; Ma et al.| (2018); Luo & Yang| (2020); Ba et al/(2020) studied
the two-layer network in many situations. Under the assumption of the network, Neyshabur et al.|
(2017); Barron & Klusowskil (2018)); Dziugaite & Roy| (2017); Bartlett et al.| (2017); Valle-Pérez &
A. Louis|(2022) gave the upper bounds of the generalization error. By using the PAC methods, Alquier
et al.|(2024)); [Hellstrom et al.| (2023)) gave the generalization bound. Some negative conclusions
Nagarajan & Kolter|(2019) have been giving for this type of generalization bound.

Algorithm-dependent generalization bounds were established in the algorithmic stability setting, and
we can measure generalizability through the stability of algorithms (Bousquet & ElisseefT], 2002}
Elisseeff et al, 2005}, [Shalev-Shwartz et al., . For gradient descent of network, under some
assumptions, [Hardt et al.| (2016)); [Wang & Ma| (2022); [Kuzborskij & Lampert| (2018)); (2023);
[Bassily et al.| (2020) gave the stability bound of networks, for small networks such as two-layer
network, under some assumptions, [Ji & Telgarsky| (2019); Taheri & Thrampoulidis| (2024)); [L.i et al |
gave the generalization of networks. For some other training methods, there were also some
analysis of stability and generalization, as in[Farnia & Ozdaglar] (2021); Xing et al.| (2021); Xiao|
(2022); (2024); |Allen-Zhu & Li|(2022), the adversarial training was considered;
in|Regatti et al.| (2019); [Sun et al.| (2023)), the Asynchronous SGD was considered. However, these
previous algorithmic-dependent generalization bounds always impose strong assumptions on the
training process or dataset.

Neural Network Interpretability. Interpretability is dedicated to providing reasonable explanations
for phenomena that occur in neural networks. As said in[Zhang et al.| (2021): Interpretability is
not always needed, but it is important for some prediction systems that are required to be highly
reliable because an error may cause catastrophic results. For adversarial samples, it was shown that
for certain data distributions and network, there must be trade off between accuracy and adversarial
accuracy [Shafahi et al.| (2019)); Bastounis et al.| (2021). In (Yu et al} [2023)), it was proven that a
small perturbation of the network parameters will lead to low robustness. In (Allen-Zhu & Li, [2022),
it was shown that the generation of adversarial samples after training is due to dense mixtures in

the hidden weights. In (Yu et al.,[2024; [Li et al.} [2022)), it was shown that ensuring generalization
requires more parameters. For overfitting, it was shown that long term training can lead to a decrease

in generalization (Xiao et all, [2022; Xing et al}, 2021). In (Roelofs et al.| [2019), comprehensive
analysis of overfitting is given. In (Belkin et al.| 2019} Bartlett et al., 2021), the importance of
over-parameterized interpolation networks are talking, and in|Arora et al.|(2019); |Cao & Gu|(2019);
Ji & Telgarsky| (2020), the training and generalization of DNNS in the over-parameterized regime
were studied. In this paper, we explain these phenomena from the perspective of the expressive ability
of networks.

3 NOTATION

In this paper, for any A € R, O(A) means the value not more than cA for some ¢ > 0, 2(A) means
the value not less than cA for some ¢ > 0.

3.1 NEURAL NETWORK

In this paper, we consider two-layer neural network F : R™ — R which can be writen as:
F(z) = ZZVL a;c(Wix +b;) + ¢,

where o is the activation function, W; € R!X" is the transition matrix, b; € R is the bias part, W
is the width of the network, and a;,c¢ € R. Denote Hj,(n) to be the set of all two layer neural
networks with input dimension n, width W, activation function o, and all parameters are in [—1, 1].
To simplify the notation, we denote HX*V (n) by Hyy (n) when using the ReLU activation function.
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3.2 DATA DISTRIBUTION

In this paper, we consider binary classification problems. To avoid extreme cases, we focus primarily
on the distribution defined below. And in this article, we will mainly focus on this kind of distribution.

Definition 3.1. For n € Z,, D(n) is the set of distributions D € [0, 1]™ x {—1, 1} which have a
positive separation bound: inf i, ) .. D and y, 2y, |[T1 — T2[|2 > 0.

The accuracy of a network F on a distribution D is defined as
AD(]:) = P(I,y)~D(Sgn(]:(x)) = y)7

where Sgn is the sign function. We use Dy, ~ DY to mean that Dy, is a dataset of N samples drawn
i.i.d. according to D.

3.3 MINIMUM EMPIRICAL RISK

Consider the loss function L(F(x),y) = In(1 4+ e~ ®W¥), which is the crossentropy of binary
classification problem. For a dataset Dy, C [0,1]™ x {—1, 1} and a hypothesis space H{,(n). To
learn the features of the data in D, a traditional method is empirical risk minimization (ERM),
which minimizes the value of loss function on dataset }, ,\cp, L(F(2),y) of the network F.

Under this motivation, in this paper, we mainly consider the networks 7 € H,(n) that can minimize
the empirical risk, that is, networks in

My, (Dip,n) = argmin Y L(G(x),y). 8))
geH, (n) (z,y) €Dy
It should be noted that such networks exist in most cases, as shown below.

Proposition 3.2. Let Dy, C [0,1]" x {—1,1} and o be a continuous function. Then forany W € 7,
there must exist a F € H, (n) such that F € Mg, (Dy,, n).

Proof. Consider the empirical risk as a function of network parameters. Let a;, b;, ¢, W; be the param-
eters of 7. Then empirical risk 3=, \cp, L(F(2),y) = > 1, pyep,. I e~ ¥(EL, aio(Wiztbi)te)
Since o is a continuous function, 3, . p, L(F(z),y) is a continuous function about a;, b;, ¢ and
W;, and the domain of definition of parameters is [—1,1]"s, where W, = W(n + 2) + 1 is the

number of parameters of F. The proposition now comes from the fact that continuous functions have
reachable upper and lower bounds on closed domain. O

4 GENERALIZABILITY BASED ON NEURAL NETWORK EXPRESSIVE ABILITY

In this section, we demonstrate that based on the expressive ability of neural networks, the generaliza-
tion of network which minimizes the empirical risk can be estimated. Specifically, in Section 4.1, we
establish the relationship between expressive ability and generalizability. In Section 4.2, we extend
our conclusion to local minima. In Section 4.3, we compare our generalization bounds with previous
algorithm-independent and algorithm-dependent bounds, showcasing the superiority of our bound.

4.1 A LOWER BOUND FOR ACCURACY BASED ON THE EXPRESSIVE ABILITY

We first define the expressive ability of neural networks to classify data distribution.

Definition 4.1. We say that a distribution D over [0, 1] x {—1,1} can be expressed by H, with
confidence c, if there exists an F € H, such that

Play~p(yF(z) 2 c) =1.

For any distribution D € D(n), we can always find some activation function o, such that D can be
expressed by H{, (n) with confidence ¢ for some W and c. Therefore, this definition is reasonable.
For example, if 0 = ReLU, according to the universal approximation theorem of neural networks
(Cybenkol |1989), any D € D(n) can be represented by a network with ReLU as activation function,
as shown by the following proposition. The proof is given in Appendix [A]
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Proposition 4.2. For any distribution D € D(n), there exist W € N and ¢ > 0 such that D can be
expressed by Hyy (n) with the confidence c.

With such a definition, we have the following relationship between expressive ability and generaliza-
tion ability. The proof is given in Appendix [B]

Theorem 4.3. Let o be a continuous function with Lipschitz constant L,, Wy > 2,n € Ny, c € R,.
If D € D(n) can be expressed by HYy, with the confidence c, then for any W > Wy + 1, N € N4,
§ € (0,1), with probability at least 1 — & of Dy, ~ DN, the following bound stands for any
F e M%(Dtr, TL)

Ap(F) 21— 0(H0 nLy(Wo :\/C])v\/log(‘*”) N \/hl(]?V/é))_

Proof Idea. There are two main steps in the proof. The first step tries to estimate the minimum
value of the empirical risk, which mainly uses the assumption: D can be expressed by Hfy, with
confidence ¢. The minimum value is based on Wy, ¢, W. Then, use such the minimum value to
estimate the performance of the network on the dataset. In the second step, we can use the result in
the first step and the classic generalization bound to estimate the performance of the network across
the entire distribution and get the result. The core idea of this step is that the minimum value of
empirical risk does not depend on N, but the Radermacher complexity will reduce when increasing
N, so when N is large enough, the performance of networks in distribution and datasets is similar.

This result shows that increasing N and W leads to a better test accuracy. It is reasonable that more
data make better generalization and a larger network makes better generalization, which also confirms
the observation about the nice generalization ability of over-parameterized networks. This differs
from classical algorithm-independent generalization bounds, which lack this advantageous property.
Since the values of NV and W to ensure generalization are only influenced by the size required for the
network to express the data distribution, we can infer the following corollary.

Corollary 4.4. With probability 1 — § of Dy, ~ DN, it holds Ap(F) > 1 — ¢ for any F €
MG, (Dyr, n), when W > Q(Wo/(ce)) and N > Q(Lztotelnylostinye | ¢ In(2/0),

Cce

The above bounds of N and W depend only on constants about expressive ability Wy, ¢, Lipschitz
constant L,, and €, §, which shows that as long as there are enough samples and enough large network
size based on the expressive ability, the neural network that minimizes the empirical risk will have
generalization ability.

Remark 4.5. For deep networks, we can show that if the depth and width of the network and the
number of data exceed a distribution-dependent threshold, then with high probability, the network
minimizing the empirical risk can ensure generalization, as demonstrated in Appendix [Kl However,
due to the complexity of deep networks, accurately determining the required depth, width, and data
volume remains a challenge.

4.2 GENERALIZATION FOR LOCAL OPTIMAL POINT

In practice, it is often challenging to accurately find the network parameters that minimize the
empirical risk, but instead parameters are find which locally minimize the empirical risk. In this
section, we show that for networks with such parameters, if the value of the empirical risk is small,
its generalization can also be guaranteed. We define such a set of networks.

Definition 4.6. For any ¢ > 1 and dataset D,,., we say F € H, (n) is a g-approximation of minimize
empirical risk if

L(F min L(f
> "R, >
(z,9)ED¢r z,y)EDyy

For all g-approximation networks, we have the following result. The proof is in Appendix [C|

Proposition 4.7. Let o be a continuous function with Lipschitz constant L,, Wy > 2,n € N4 ,c €
Ry. If D € D(n) can be expressed by HY,, with confidence c, then for any W > Wy + 1, N € N4,



Under review as a conference paper at ICLR 2025

q > 1and 6 € (0,1), with probability at least 1 — § of Dy, ~ DN, we have

Ao(7) 21— 0(I 1 aWo O loein) e/,

for any g-approximation F € H{, (n) to minimize the empirical risk.

The theorem demonstrates that if a local optimal point is a g-approximation to minimize the empirical
risk, then we can obtain similar conclusions as Theorem [{.3]

4.3 COMPARISON WITH CLASSICAL CONCLUSIONS

In this section, we compare our generalization bounds with previous ones. Compared to algorithm-
independent generalization bounds, our bound performs better when the data size is not significantly
larger than the network size. Compared to algorithm-dependent generalization bounds, our bound
does not require overly strong assumptions as prerequisites.

Compare with the algorithm-independent generalization bound. When the scale of the network
is bounded, a general generalization bound can be calculated by the VC dimension.

Theorem 4.8 (P.217 of (Mohri et al., 2018)), Informal). Let Dy, ~ DY be the training set. For the
hypothesis space H = {Sgn(F(x)) || F(x) : R™ — R} and 6 € R, with probability at least 1 — 6,
for any Sgn(F(x)) € H, we have

| Ap(Sgn(F)) = Euyyen,. [I(Sen(F(z)) = y)]| < O(y/ YEEL/0)) @

Theorem [.3] provides the number of data and the size of the network that is required to ensure
generalization. These bounds mainly depend on the distribution, but not on the hypothesis space.
Theorem .8 demonstrates the relationship between the number of data and the size of the network
to ensure generalization, which points out that when the number of data is much more than the
VC-dimension of the network hypothesis space, generalization can be ensured. Considering that the
VC-dimension can be calculated by the size of the network (Bartlett et al., [2019), Theorem@]means
that to ensure generalization, the number of data must be greater than the size of the network, this is
contradictory to over-parameterized. So, when the data volume is not significantly larger than the
network size, Theorem 4.3|demonstrates superior performance.

Compare with the algorithm-dependent generalization bound. In the study of algorithm-
dependent generalization bound, some works derive generalization bounds based on gradient descent
and corresponding strong assumptions, which we do not utilize.

Theorem 4.9 (Ji & Telgarsky| (2019)). Let e € (0,1), 6 € (0,1/4) and distribution D over [0, 1]™
satisfy the NTK conditions with constant vy, and A and M defined as

o V/2In(4n/8) + In(4/€) M= 4096/\27
v/4 °
If the two-layer network with width W > M and training step n < 1, with probability 1 — 40 of
Dy, ~ DN and training initiation point, after at most 27%: times gradient descent on Dy,., for the
trained network F, it holds

v/2In(4N/6) + In(4 In(2/6
Ap(F) > 1 — 2¢ — 16210 /0) +In(/e) g [In(2/0)

7?VN N
Theorem [.3|only requires that the distribution with positive separation can be fitted by the network,
and it stands for any distribution D € D(n) as mentioned in Proposition But Theorem

requires NTK conditions for distribution. These conditions can make the training approach to a
convex optimization, which is an overly strong condition.

5 LOWER BOUND FOR SAMPLE COMPLEXITY BASED ON EXPRESSIVE ABILITY

In this section, on the other hand, we consider the lower bound of data complexity necessary for
generalization.
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5.1 UPPER BOUND FOR ACCURACY WITHOUT ENOUGH DATA

This section illustrates that in the worst-case scenario, the minimum number of data points needed to
guarantee accuracy is constrained by the VC-dimension of the smallest hypothesis space necessary to
represent a distribution. We give a definition first.

Definition 5.1. For a hypothesis space H C R” — R, VC(H) is the maximum number of data in

[0,1]™ that H can shatter. Precisely, there exist VC(H) samples {xz}}g(H) C [0,1]™, such that for

any {yl}?/:Ci(H) € {—1,1}, there is an F € H such that Sgn(F(z;)) = y; forall i € [VC(H)]. But

there do not exist VC(H) -+ 1 such samples.

We have the following theorem. The proof is in Appendix
Theorem 5.2. For any n, W, Wy € N and activation function o, there is a D € D(n) such that

(1) There is an F € H{y, (n) such that Ap(F) = 1;

(2) For any given ¢,0 € (0,1), if N < VC(Hfy, (n))(1 — 4e — §), then with probability 1 — 0 of
Dy ~ DN, we have Ap(F) < 1 — € for some F € MG, (Dyr,n).

This conclusion indicates that for distributions that require networks with width W, to express, some
of them requires at least 2(VC(Hfy, (n))) data to ensure generalization. It is worth mentioning that
this conclusion is true for any given W in the theorem. It is easy to see that a larger W, makes
VC(Hy, (n)) larger, so as the cost of expression increases, generalization becomes difficult. However,
it is difficult to accurately calculate VC(H$;, (n)) for some given o. If we focus on ReLU networks,
by the result in (Bartlett et al., 2019), we have

Corollary 5.3. For any given n, W, Wy € N, there is a D € D(n) such that:
(1) There is an F € Hyy, (n) such that Ap(F) = 1;

(2) For any given ¢,6 € (0,1), if N < O(nWy(1 — 4e — §)), then for all Dy, ~ DY, it holds
Ap(F) < 1—e€forsome F € M{y,(Dyyr,n).

Besides, for any distribution, we can show that if the parameters required to express a distribution
tend to infinity, the required number of data to ensure the generalization for such distribution must
also tend infinity. As shown in the following theorem. The proof is in Appendix [E]

Theorem 5.4. Suppose D € D(n), Wy > 2", and Ap(F) < 1 — € for any e and F € Hy, (n).

1
IfN < Wy (n+1)/e, then for any Dy, ~ DN and W € N, there is an F € My (D, n) such
that Ap(F) <1-—e

However, since the Theorem [5.4]is correct for all distributions and dataset, it can only provide a
relatively loose bound. If the distribution is given, we can calculate the relationship between the
minimum number of data required and the minimum required number of parameters to fit it, as shown
in the following section.

5.2 APPROPRIATE NETWORK MODEL HELPS WITH GENERALIZATION

As mentioned in the above sections, expressive ability and generalization ability are closely related.
Section[d.T|demonstrates that simpler expressions facilitate generalization; Section [5|reveals that, in
the worst-case scenario, the amount of data required to guarantee generalization approximates the
VC-dim of the hypothesis space that can express the distribution.

Therefore, for a given distribution, selecting an appropriate network model which can fit the distri-
bution easily may help to facilitate better expression with fewer data and network size, ultimately
leading to improved generalization. In this paper, focusing on two-layer networks, we illustrate that
selecting an appropriate activation function for the neural network according to the target distribution
enhances generalization.

To better explain this conclusion, let us examine the following distribution.

Definition 5.5. Let D, € [0,1]" x {—1,1} be a distribution defined as: D,, is defined on
{(:1,1(¢)) }7, where 1 is the all one weight in R, () = 1 if x is odd and I(z) = —1if »
is even, annd the probability of each point is the same.
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ReLU networks need {2(n) widths to express this distribution and require §)(n) data to ensure
generalization. The proof is given in Appendix [F}

Proposition 5.6. (1) For any n, Ap, (F) < 1 forany F € Hy (n) when W < n/2;

(2)If N < 6n where § € (0,1), then for all Dy, ~ DY and W € N, it holds Ap(F) < 0.5+ 26
Sor some F € My (Dy,., n).

But if we use the activation function o (z) = sin(mz), the networks only need O(1) widths to express
such a distribution and require fewer data to ensure generalization. The proof is given in Appendix [G]

Proposition 5.7. (1) For any n, D,, can be expressed by HY (n) with confidence 1;

(2) Forany W > 2,n > 2,8 € (0,1) and N > 4O with probability 1 — § of Dy, ~ DY it
holds Ap(F) =1 for all F € M, (Dy,,n).

As shown in the above example, using o(x) = sin(wz) as activation function only requires
O(In(8/2)) samples and O(1) widths to ensure generalization, but ReL U networks require at least
Q(n) samples and widths to ensure generalization. This demonstrates the crucial role of selecting the
appropriate network model.

Remark 5.8. It is worth mentioning that for some very simple distributions like the Bernoulli
distribution, the performance of various activation functions is similar, so we cannot provide a general
conclusion for any distribution.

6 EXPLANATION OF SOME PHENOMENA IN DEEP NEURAL NETWORK

Although networks minimizing empirical risk are good for generalization, many classic experimental
results have shown that the networks still have problems. In this section, we will provide explanations
for some classic experimental results based on our theoretical results.

6.1 WHY DO GENERAL NETWORKS LACK ROBUSTNESS?

Experiments show that using ERM to train a network can easily lead to low robustness accuracy
(Szegedy, [2013). In this section, we provide some explanations for this fact.

The robustness accuracy of network F under distribution D and robust radius ¢ is defined as

RObD,e(f) = P(x,y)N’D(H(j_:(x/) = y)vvx/ € B(l‘, 6) N [07 1]“)

The robustness accuracy requires not only correctness on the samples but also correctness within a
neighborhood of the sample. We introduce a notation.

Definition 6.1. For a dataset D = {(;,;)})_, and an € > 0, define

R(D,e) ={D, || D, =D U {(x; + q,yi)}ﬁil, for some ||| < €}}.

It is easy to see that R(D, €) contains all the sets formed by adding a perturbation with budget €
to D. In the above section, we mainly discussed the network expression ability in distribution. On
the other hand, there are also some studies on the network expression ability on dataset such as
memorization. Moreover, previous studies (Park et al.,[2021} |Li et al.,|[2022; |Yu et al.,|2024) have
shown that robustly memorizing a dataset may be much more difficult than memorizing a dataset. So,
for a given hypothesis space H that can express a normal data set well, it may not be able to express
the dataset after disturbance. In this case, in order to minimize the empirical risk, the network will
prioritize simple features that are easy to fit, but will ignore the complex robust features, which leads
to low robustness. As shown in the following theorem. The proof is given in Appendix

Theorem 6.2. Let D € D(n) and Ly, be the Lipschitz constant of activation function o. If No, Wy €
N, and €, 8, co, ¢y > 0 satisfy that with probability 1 — § of Dy, ~ DN°, we have
(1) there exists an F € Hy, (n) such that yF (z) > co for all (z,y) € Dy,

(2) there exists a D, € R(Dsy, €), such that Z(m,y)ED,. % < ¢y forany F € Hy, (n).
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Then, for any W > Wy + 1, with probability 1 — O(8) of Dy ~ DNo and F € M, (D, n), there

co—2¢ c In(n/é
are R, (F) < 1~ 92558 = it + ) — R

This theorem states that if the dataset after adding perturbations becomes more difficult to fit, the
network may have a low robustness generalization. Please note that although the conclusion is directly
unrelated to ¢, because c; is related to ¢, € also affects the conclusion.

Remark 6.3. Conditions (1) and (2) required in the theorem are reasonable. It is obvious that as €
increases, ¢, will decrease, and when e is large enough, we have ¢y >> ¢; ~ 0. Hence, in some
situation, a small € is also enough to make ¢y >> c;, such as the example given in the proof of
Theorem 4.3 in (L1 et al., [2022)).

6.2 IMPORTANCE OF OVER-PARAMETERIZED NETWORKS

In the above section, we mainly consider F € My (Dy,,n). But what we really need is F €
argmax Ap(G). By Theorem4.3] it is easy to show that when number of data and size of network
GeHw (n)

are large enough, generalization of 7 € My (Dy,-,n) and F € argmax Ap(f) are close, as shown

f€Hw (n)

below.

Corollary 6.4. Following Theorem4.3| for all F1 € My (Dy,,n) and F» € argmax Ap(f), we

fE€EHW (n)

have Ap(F2) — Ap(F1) < O(Wo + an(WO+C \/Iog (4n) " \/1n 2/5)

Proof. Since 1 > Ap(Fz) > Ap(F1), wehave Ap(Fa)— Ap(F1) < 1—Ap(Fy), and by Theorem
A3] we obtain the result. O

The above corollary shows that if the size of the network is large enough, the gap will be small. In
the following, we point out that for some distribution D, if the size of network is too small, even with
enough data, it may lead to a large gap of Ap(Fz) — Ap(F1). This emphasizes the importance of
over-parameterization, as shown in the following. The proof is given in the Appendix [I}

Proposition 6.5. For some distribution D € D(n), there is a Wy > 0, such that
(1) There exists an F € Hyy, (n) such that Ap(F) > 0.99;

(2) For any 6 > 0, if N > Q(n?1n(n/d)), with probability 1 — O(8) of Dy ~ DV, we have
Ap(F) < O.6f0r all F € My, (Diryn

Remark 6.6. 0.99 can be changed to any real number in (0, 1) and 0.6 can be changed to any real
number in (0.5, 1), and the result is still correct.

It is obvious that according to Corollary [6.4] a large width does not make (2) in Proposition [6.3]true.
So, the above conclusion indicates that for some distributions, when the network structure is not
large enough, even if there are some networks that have good generalization, they cannot be found by
minimizing the empirical loss. The distribution we are mainly considering here is the distribution
with some special outliers. In order to fit these special outliers, the small network may have to reduce
some generalization. It is worth mentioning that this is not true for all distributions, so we cannot
draw conclusions for all distributions.

6.3 THE IMPACT OF LOSS FUNCTION

In order to ensure generalizability of the network after empirical risk minimization, it is necessary to
choose an appropriate loss function because minimizing some types of loss function is not good for
generalization. In the previous sections, we mainly discussed the crossentropy loss function. In this
section, we point out that not all loss functions can reach conclusions similar to Theorem@

Definition 6.7. We say that the loss function L, : R? — R is bad if (1) or (2) is valid.

(1) There exist x_1,217 € R such that Ly(x_1,—1) = minger Lp(z, —1) and Ly(z1,1) =
minger Ly (2, 1).

(2) Ly(F(x),y) = &(yF(x)), where ¢ is a strictly decreasing concave function.
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Condition (1) in the definition means that the loss function can reach its minimum value and condition
(2) means that the loss function is a concave function. For example, some common loss functions
like the MSE loss function Lyise(F(x),y) = ||F(x) — yl|2, or Ly(F(x),y) = —yF (z) are all bad
loss functions.

For such bad loss functions, we have:

Theorem 6.8. For any n and bad loss function Ly, there is a distribution D € D(n), such that for
any N > 0, there is a Wy > 0, such that if W > W, then with probability 0.99 of Dy, ~ DN, we
have Ap(F) < 0.5 for some F € argmingemy, (n) 2z )ep,, L(G(2), y).

This theorem means that to ensure generalizability, it is important to choose the appropriate loss
function. The proof is given in the Appendix [J]

7 CONCLUSION

In this paper, we mainly give a lower bound for the accuracy of the neural networks that minimize the
empirical risk, which implies that as long as there exist enough training data and the network is large
enough, generalization can be achieved. The data and network sizes required only depend on the size
required for the network to represent the target data distribution. Furthermore, we show that if the
scale required for the network to represent a data distribution increases, the amount of data required
to achieve generalization on that distribution will also inevitably increase. Finally, the results are used
to explain some phenomena that occur in deep learning.

Limitation and future work. Although considering 2 layer networks is quite common in theoretical
analysis of deep learning, it is still desirable to extend the result to deep neural networks. Preliminary
results for deep neural networks are given in Appendix [K| which need to be further studied. A more
accurate estimate of the cost required to represent a given data distribution is needed to guide data
selection.
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A PROOF OF PROPOSITION [4.2]

A function o is sigmoidal if limit,, .0 (2) = 0 and limit, .0 (x) = 1. Then, we have
Theorem A.1 (Theorem 1 in|Cybenko| (1989)). For any continuous sigmoidal activation function o,
e € (0,1) and continuous function f : [0,1]" — R, there exist W > 0 and F € H{,(n) such that

[f(z) = F(z)| <e

We prove Proposition #.2] by using the above Theorem.

Proof. Ttis easy to see that o(z) = ReLU(x + 1) — ReLU(x) is a continuous sigmoidal activation
function.

Denote Z§,(n) as the set of all two-layer neural networks with input dimension n, width W, and
activation function o. For simplicity, Zy (n) means ZR3°MY (n).

Firstly, it is easy to see that Z,(n) C Zaw (n) forany W € N_.

Then, because D has a positive separation distance with different label, there is a continuous function
f such that: f(x) = 1if « has label 1 in distribution D; f(x) = —1 if « has label -1 in distribution
D.

Finally, by Theorem [A.1] there exista W and a F € Z§,(n) such that | F(z) — f(x)| < 0.1 for all
x € [0,1]". Thus, F € Z,(n) C Zow (n) and P, ,)p(yF(x) > 0.9) = 1.

Let the maximum of the absolute value of parameters of F be A. If A < 1, then F is what we want.
If A > 1, then let 74 be a network whose parameter is corresponding parameter of F divided by
A, so Fy = F/A?. Hence, there are F4 € How (n) and P, . p(yF(z) > 0.9/A%) = 1. The
proposition is proved. O

B PROOF OF THEOREM 4.3

B.1 PREPARATORY WORK

We give some definitions of the hypothesis space.

Definition B.1. For anetwork 7 : R” — Randana > 0, let F_, ,(z) = min{max{—a, F(z)}, a},
that is, clamp F in [—a, a]. Then for any hypothesis space H, let H_, , = {F_,||F € H}.

We define the Radermacher complexity.
Definition B.2. For a hypothesis space H and dataset D, the Radermacher complexity of H under

dataset D is:
> w,ep GF (i)
D] sup —— o~

@)iz1 | Fen |D|
where ¢; satisfies that P(¢; = 1) = P(g; = —1) = 0.5 and ¢; are i.i.d.

Radgy (D) = E

Here are some results about the Radermacher complexity:

Lemma B.3. For any hypothesis space H, let Hy, = {F + a||.F € H}, where a € R. Then for any
hypothesis space H, a € R and dataset D, there are Rady (D) = Rady,, (D).

Let the L o, norm of a matrix W be the maximum value of the L; norm for each row of the matrix
w.

Lemma B4, Let F, 4,(1,),(c;) : R" — R be anetwork with d hidden layers, L; Lipschitz-continuous
activation function for i-th activation function, and the output layer does not contain an activation
Sfunction. Let w; be the i-th transition matrix and b; be the i-th bias vector. Then the L o norm of w;
plus the Ly o norm of b; is not more than c;.

Let Hy, q.(1,),(c;) = {1Fn.d,(Lo),(c:)}- Then when L; > 1, ¢; > 1, for any {2}, C [0,1]", there
are:

d
mé, LIt e

VN

(v/(d + 3)log(4) + \/21log(2n)).

RadHn,d,(Li),(ci) ({ml ivzl) <
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This lemma is an obvious corollary of Theorem 1 in (Wen et al.|2021)). By the above two lemmas we
can calculate the Radermacher complexity of H, (n)_g 4.

Lemma B.5S. Let 0 be a L, Lipschitz-continuous activation function and L,, > 1, and let H =
{F(z,y) : F(z,y) = yF(x), F(z) € H},(n)_q,a} where a > 0 is given in Definition[B.1| Then
forany § = {(wi,y:)}Xy C [0,1]" x {~1, 1}, there are

2L HW+1
Radg(S) < 2o T VWV 1T 0) 0oy | /aTog(zn)).
vN
Proof. First, there  are  Radg(9) = Radg ({(zs,v:)}Y,) =
E(g)~, 5D reng (n)_.., %] Taking into account the definition of ¢; in def-
N . Z;
inition there are Radg({(z:,v:)}Y,) = By~ [SUDfertg (n) . %] —

Radug, (n) . ({2i}1)-
So, we just need to calculate Radgrs (n)_, , i},

First, for any function f and a > 0, k € N*, we have
ffa,a('r)
= ReLU(f(z) +a) — ReLU(f(z) —a) —a
= Yi(ReLU(f(x)/k +a/k) —ReLU(f(2)/k — a/k)) —a

On the other hand, let H,, = {f + a||f € HJ,(n)_4,c}. Then for any F' € H_,, there are
F = f_q4(2) + a for some f € HY, (n). Then by the above form of expression, take k = [W/2],
F and write it as a network with:

(1): Depth 3. Because f has depth 2, after adding a ReLLU activation function, it was depth 3.

(2): The first layer has an L, Lipschitz-continuous activation function; the second layer has a 1
Lipschitz-continuous activation function, that is, ReL.U.

(3): The Ly o, norm of the three transition matrices plus bias vectors are n + 1, WE11a and 2[177/2].

w/2]
So, by Lemmas and there are Radp,({z:};L,) = Radmg (n)_,,({zi}iL;) =
MW(\/5 log(4) + /21log(2n)). The theorem is proved. O

Another important Theorem is required.

Theorem B.6 (Theorem in Mohri et al.| (2018)). Let H = {F : R" — [—a,al]}, and D be a
distribution, then with probability 1 — § of Dy, ~ DY, there are:

F(z)

In(2/6)
2N 7

Esnp[F)] — 3

€Dy

| < 2Radg (D) + 6a

forany F € H.

We give a simple lemma:
Lemma B.7. (1): When 0 < x < e, there areIn(1 +x) > x/(e + 1).
(2): When x > 0, there are xe™* < 1/e.

Proof. For (1): Consider f(z) = In(1+z)—z/(e+1), thereare f'(z) =1/(1+z)—1/(1+e€) > 0,
so f(x) > f(0) = 0, which means that In(1 + =) — 2/(e+ 1) > 0.

For (2): Consider f(z) = ze™ 7, there are f/'(x) = e~ *(1 — x), it is easy to see that f/(z) become
positive then negative when x from 0 to oo, and f/(1) = 0, s0 f(x) < f(1) = 1/e. O
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B.2 PROOF OF THEOREM [4.3]
Proof. Let Dy, ~ DY and F be a network in M, (Dy,., n). We prove Theoremin four parts:

Part one: There are ) L(F(z),y) < NIn(1+ efc[wgvﬂ]).

z,y) €Dy
Because D can be expressed by Hj, (n) with confidence ¢, so there is a network Fy =
ZiVZol a;o(W;x 4+ b;) + ¢1 such that yF(z) > c for all (x,y) ~ D. Moreover, we can write such
network as: Fy = Z’yiol-i-l aiU(Wi.’E + bl>, where aw,+1 = Sgn(cl), Wiwgs1 =0, bw,+1 = |Cl|.

Now, we consider the following network in Hf, (n):

(Wo+1) 857 ]

Fw = Z a;%(wo+1)0 (Wi (wo+1)T + big(wio+1)),
i=1

Here, we stipulate that i%(Wy + 1) = Wy + 1 when Wy + 1|i. Then we have Fy (z) =

[%]fo(x) and Fw(z) € HY,(n). Moreover, there are yFy(x) = y[%]]—'o(x) >
w

[wlisle for all (z,y) ~ D, so Y ep, LFw(@)y) < Nln(l + e 1)) So

for any F € argmingeng, (n) 2 (4 y)ep,, L(f(@),y), there are 35 op L(F(z),y) <
Zelow

Y oyeps, LFw(@),y) < NIn(1+ e~ Imort)),

Part Two: Let & = [L], by the assumption in Theorem, there is k£ > 1. We show that there are

Wot1l
H(z,y) : (z,y) € Dy, yF(x) < ke/2}| < Ne~ke/2+2,

Let S = {(z,y) : (z,y) € Dy, yF(x) < kc/2}, then according to part one, there are: |S|In(1 +
) < 3 s L)1) € Sioypep, L) 9) < Nnl+e74 < Neobe So,there
are |S|In1 4 e~ k¢/2 < Ne~Fe,

By Lemma there are |S|e #/2 /(e + 1) < |S|In1+e~*¢/2 < Ne7k¢, 50 |S| < Ne *e/2(e +
1) < Ne~he/2+2,

Part Three: By Deﬁnition let network g = F_ /2 ke 2. We show that, with high probability,
E(z,y)~pyg(z) has a lower bound.

Firstly, by part two, there are Y-, . p, yg(x) > N(ke(1 — eh/2¥2) /2 — feemhe/22/9) =
Nke(1 — 2e~Fe/242) /2,

Then, let H = {yF(z) : F(x) € Hf,(n)_ke/2,ke/2}> by Lemma[B.3] there are Rady (D) <

2(n+1)(Wjﬁl+kC/2)L” (v/5log(4) + /2log(2n)), Rady (D) is defined in deﬁnition

So, considering that yg(z) € H and by Theorem[B.6| with probability 1 — & of D, there are

E(m,y)wDyg(x)
o n(2/6
¥ Xeen,, v9(x) — 2Rad([HF, ()] _geja k) — 3key/

> ke(1 — 2e~ke/2+2) /2 — 2(”+1)LP%+1+k0/2) (v/5log(4) + /2log(2n)) — 3ke ln(;]é‘s).

Y]

Part Four: Now, we prove Theorem [4.3]

Firstly, there are Ap(g) = P(y )~p(yg(x) > 0) > E(, ) oplyg(®)]/(kc/2), we use |g(x)| < kc/2
in here. So, by part three, with probability of D,,., there are

o—ke/2+2 _ 4(n+1)Ly(W + 1+ kc/2)
V/Nke

By Lemmaandk = [W/(Wo+1)] > % which is because [WW/(Wp+1)] = k > 1and Wy > 2,

In(2/9)
2N

Ap(g) >1-2 (v/5log(4) +v/21log(2n)) — 6

—kc/2+2 de __ 4e 8eWy . s 4(n+1)L,(W+1+ke/2)
there are 2e < e = ] < St and it is easy to see that NG <
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4(n+1)W L, (2+kc/2W) < 8nW Ly (24c/2Wy) < 8nLy,(4Wo+c)
VNke = VN[W/(Wo+1)]e — VNe

, the last inequality uses [W/(Wy+1)] >
w
IWo "

The last step uses k = [W/(Wo+1)] > 5= And \/51og(4)++/21log(2n) < (v5+v/2)/log(4n).
So there are:

" e n
nfg) 2 1= St = L (v gt oy M0

Lastly, because Ap(g) = Ap(F), there are Ap(F) > 1— O(% + nL”(WDj%Z/IOg(M) + \/ln(]2v/5) )-

The theorem is proved. O

C PROOF OF PROPOSITION [4.7]

The proof is similar to the proof of Theorem 4.3 so we just follow the proof of Theorem &3]

Proof. Let Dy, ~ DN, F be a network in MY, (Dy,,n), and F, be a network which is a g¢-
approximation of minimization empirical risk.

We prove the Theorem [4.7]in four parts:
Part one: Thereare ), cp, L(F(z),y) < Nln(1+ o Clwor 1]). This is as same as in Part one
in the proof of Theorem @l

Part Two: Let k = [Wml] > 1, there are [{(z,y) : (x,y) € D, yFq(z) < ke/2} <
qu—kc/2+2.

Let S = {(z,y) : (z,y) € Dy, yFq(x) < kc/2}, then according to part one, there are: |\S|In(1 +
M) < Xayes LFa(@),9) < a0 yyep,, LIF(@),y) < ¢NInl+ ek < gNe ", So,
there are |S|In 1 + e~#¢/2 < gNe~ke,

By Lemma|B.7] there are |S|e™#/2 /(e +1) < |S|In1+e /2 < gNe ¢, 50 S| < gNe +/2(e+
1) < gNe ke/2+2,

Part Three: By deﬁnition let network g = (Fy) _kc/2,ke/2, We show that, with high probability,
E(z,y)~pYyg(z) has a lower bound.

Firstly, by part two, there are 3, \cp, y9(x) > N(kc(1 — qge—ke/2+2) /2 — qhee—ke/242 12) =
Nke(1 — 2qe*e/2+2) /2,

So, with probability 1 — § of Dy,., there are

]E(z,y)NDyg('r)
o In )
3 (e, ¥9(x) — 2Rad([FIG, (0)] _je/o kc) — Bkiey/ 50

—ke n L,(W kc n(2/6
> he(l - 2qehe/2+2) /g - 20D 0VAThe’2) (o) + \/2Tog(2n)) — 3key/ 2L

Y

Part Four: Now, we prove Proposition

Firstly, there are Ap(g) = P, )~p(yg(x) > 0) > E¢, yoplyg(z)]/(kc/2). So, by part three,

with 1 — § probability of D,,., there are

4n+1)L,(W + 1+ ke/2)
VNke

In(2/4)

A'D(g) Z 1_2qe—k‘c/2+2_ SN

(v/5log(4)++/21log(2n)) —6
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Then, similar as part four in proof of Theorem[4.3] there are

Wo
Apty) > 1= S - S L) (v ol o/ 230

which is what we want. O

D PROOF OF THEOREM [5.2]

Proof. Assume that Theoremis wrong, then there exist n, W and W, such that

Foragivene,é € (0,1),if D € D(n) and N > VC(H{}, (n))(1 — 4e — §), with probability 1 — J of
Dy, we have Ap(F) > 1 —eforall F € argminsemy, (n) 2oz y)ep,, L1 (@), 9)-

We will derive contradictions on the basis of this conclusion.

Part 1: Find some points and values.

For a simple expression, let & = VC(H{y, (n)), and {u;}¥_, be k points that can be shattered by
VC(Hfy, (n)). Let ¢ = VC(HF, (n))(1 — 4e — 9).

Now, we consider the following types of distribution D:
(c1): D is a distribution in D(n) and P(, ,)p(z € {u;}F_ ) = 1.
(€2): Py yyp (. = ui) = Py yyop(x = uj) = 1/k forany 4, j € [k].

Let S be the set that contains all such distributions, and it is easy to see that for any D € .S, it can be
expressed by Hfy, (n).

Part 2: Some definition.
Moreover, for D € S, we define S(D) as the following set:

Z € S(D) if and only if Z € [k]? is a vector satisfying: Define D(Z) as D(Z) = {(uz,, Yz, )} i1,
then Ap(F) = 1—eforall 7 € arg min emy, (n) 2_ (s L(f(x),y), where z; is the i-th weight
of Z and y,, is the label of u,, in distribution D.

Y)EDz

It is easy to see that if we i.i.d. select ¢ samples in distribution D to form a dataset D;,, then by c2,
with probability 1, Dy, only contain the samples (u;,y;) where j € [k].

Now for any D, selected from D, we construct a vector in [k]? as follows: the index of i-th selected
samples as the ¢-th component of the vector. Then each selection situation corresponds to a vector in
[£]? which is constructed as before. Then by the definition of S(D), we have Ap(F) > 1 — € for
all F € argminyepy, (n) Z(m,y)eDtr L(f(x),y) if and only if the corresponding vector of D, is in
S(D).
By the above result and by the assumption at the beginning of the proof, for any D € S we have
ISP ~ 1 _§

@ = )

Part 3: Prove the Theorem.

k

Let Sg beasubsetof S, and Ss = {D;, 4,....4s }i] c{-1,1},je[k] C S, where the distribution D;, 4, .. ;
satisfies the label of u; is i;, where j € [k].

We will show that there exists at least one D C S, such that |S(D)| < (1 — &)g*, which is contrary

to the inequality %—E” > 1 — ¢ as shown in the above. To prove that, we only need to prove that

Yopes, IS(D)] < (1 —8)2%¢", use | S| = 2" here.
To prove that, for any vector Z € [k]?, we estimate how many D € S, make Z included in S(D).
Part 3.1, situation of a given vector Z and a given distribution D.

Fora Z = (z;)!_, and D such that Z € S(D), letlen(Z) = {c € [k] : 3i,c = z;}. We consider the
distributions in Sy that satisfy the following condition: for i € len(Z), the label of w; is equal to the
label of u; in D. Obviously, we have 2k—llen(Z)| distributions that can satisfy the above condition in
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Ss. Let such distributions make up a set Sqs(D, Z). Now, we estimate how many distributions D; in
Sss(D, Z) satisfy Z € S(Ds).

It is easy to see that if Dy € Ss5(D, Z) such that there are more than [2ke] of ¢ € [k], Ds and
D have different labels of u;, then min{Ap(F), Ap,(F)} < 1 — e for any F. So considering
Ap(F) =21 —eforall F € argminfery, (n) 24 4)ep, L(f(2),y), by the above result, such kind

of D, is at most Z?:koe] C,i_‘lcn(z)‘. So, we have that: There are at most Z?:kg] ,i_‘lcn(z)‘ numbers
of distributions D in Sss(D, Z) satisfy Z € S(Ds).

Part 3.2, for any vector Z and distribution D.
For any distribution D € S, let y(D); be the label of u; in distribution D.

Firstly, for a given Z, we have at most 2lten(2)] different Sss(D, Z) for D € Dg. Because when
D, and Do satisfy y(D1); = y(D2); for any ¢ € len(Z), we have Dys(D1,Z) = Dss(D2, Z),
and 2/'*n(#)l sjtuations of label of u; where i € len(Z), so there exist at most 2/°*(?)! different
Sss(D, Z).

Then, by part 3.1, for an S;(D, Z), at most Z?__koé} Clic—|len(Z)| of Dy € Sss(D,7Z) satisfies
Z € S(Ds). So by the above result and consider that Dy = Upep, Sss(D, Z), at most
2llen(Z)] Zgikoe] C’,i_llen(z)‘ number of D, € S, such that Z € S(Dy).

And there exist ¢* different Z, so Yo [S(D) = Y ;Y pes. [(Z € S(D)) <
S, 2llen(Z)] Sh[2ke] Chpen(zy] < 222(1 —0) = ¢*2%(1 — §). For the last inequality, we

use Zgikoe] Ci_ len(2)| < 2k=llen(Z)I(1 — §), which can be shown by |len(Z)| < ¢ < k(1 — 4e — 6)
and Lemmalﬁl

This is what we want. we proved the Theorem. O

A required lemma is given.

Lemma D.1. Ife, 6 € (0,1) and k,x € Z satisfy that: © < k(1 —2e— ), then 2“7(25]:1) )<
2F(1 —6).
Proof. We have

2r(Y 0 _,) < gvak-e bl < okke < ok(1 —g),

The first inequality sign uses >-7", C;* < m2" /n where m < n/2, and by x < k(1 — 2¢ — d), so
[ke] < (k — x)/2. The third inequality sign uses the fact © < k(1 — 2¢ — §). O

E PROOF OF THEOREM [3.4]
We give the proof of Theorem [5.4]

Proof. Let Dy, ~ DY and Dy, = {(z4,v:) },.
For any given W, let F be a network in M{, (Dy,, n), and F = Zzl a;ReLU(W;z + b;) + c.
Then, we consider another network F'y which is constructed in the following way:

(1): Forav € {-1,1}, we say i € S, if: ReLU(W;x; + b;) > 0 for all j such that v; = 1;
ReLU(W;x; + b;) < 0 for all j such that v; = —1.

(2): Forany v € {—1,1}",if S, # ¢, let P, = Y ies, @iWi/|Sy|and Qy =3 i aibi/[Syl.

(3): Define Fy as: Fi(x) =>_,c(_1.1}5 5,24 SIS ReLU(Pyz + Q) + c.

Then we have the following result:
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(r]): Fy € argminseng, (n) Z(m,y)GD” L(f(x),y).

Firstly, it is easy to see that each parameter of Fy is in [—1, 1], because for any v, ||Py||sc =
| Sies, 45 o < Tics, 1= < S0y = 1 and [|Qulle = || Zics, %l <
Dies, Ha\g = < S ‘|s =1

Then, F; has width W, because for each i, there is only one v such that i € S,, so
Zve{ L1INS, ;éqbz\s ol = W, which implies that F'; has width W.

Finally, there are F¢(x;) = F(x;) for all (z;,y;) € Dy-. We just need to show that for x;, others are
similar.
There are F(z1) = Zzl a;ReLU(Wizy + bi) + ¢ = 3 ciw)wiazs 4550 %(Wizt + bi) +
c. Hence, letting V1 = {v : v € {-1,1}¥ vy = 1}, then there is Fy(z;) =
S Sy
Do ve{— 11}V, 8,20 S RLUPyz1 + Qo) + 0= 3 5,20 St (ot + Q) + .
Consider that {i € [W],W;z1 +b; >0} ={i:i € S,,v € V1},so:
F(z1)
= DieW). Wiz +bi>0 Gi(Wiz1 +b;) + ¢
iies, vev1 Gi(Wiz1 +b;) + ¢

2 vev1 s, 2aics, (Wit +bi) +¢
ZveVl,SU;ﬁqb |Su|(Pyzy + by) + ¢
(1)

By such three points and considering F* € argminepg, (n) Z( L(f(x),y), so there are

Ff € arg minfeHgv(n) Z(w,y)EDw L(f(l‘), y)

©,y) €Dy

1
(12): Ap(Fy) <1—6 when N < Wy (n+ 1) /e, where Wy is defined in Theorem. This is what
we want.

Firstly, we show that |{v : S, # ¢}| < maz{2"*1, ;—flnﬂ},just by Lemma

Secondly, consider the network Fi1 = 3, c(_; 1y g, 24 ReLU(|Su[Poa1 + [9|Qv) + c. By
the assumption of D and |{v : S, # ¢}| < max{2"*!, <X nH}, then we know that, when

n+1
1
N <Wg* (n+1)/e, there are Ap(Fy1) <1 —24.

Moreover, there are Fyi(zx) = 21)6{_171}N7Sv¢¢ ReLU(|Sy|Pyz + |S4|Qu) + ¢ =
Y1035, £ 2ot RELU(Pyz + Q) + ¢ = Fy(x), s0 Ap(Fy) = Ap(Fp1) < 1— 6, this is
what we want. O

A required lemma is given:
Lemma E.1. Forany S = {x;}}¥, C R", let TI(S) = {(Sgn(Wz; + b)), : W € R".b € R}.
Then |IL(S)| < maz {2+, £ "1,

Proof. Ttis easy to see that [TI(S)| < 2% because Sgn(Wz; +b) € {—1,1}. So, when N < n + 1,
it is obviously correct.

When N > n + 1. Consider that the VC-dim of the linear space is n + 1, and II(S) = {(Sgn(Wz; +
b)), : W € R" b € R} is the growth function of linear space under dataset S. So by Theorem 1

of (Sauer, |1972), there are |II(.S)| < Z”H

n+1 C eN 71

v < P} as shown in (Sauer, |1972), this is what we want. ]

Moreover, there are ) .

F PROOF OF PROPOSITION

We give the proof of Proposition [5.6]
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Proof. Firstly, it is easy to show that D,, cannot be expressed by Hyy (n) when W < n/2 by Lemma
[F1] so we have proved (1) of Proposition [5.6]

Let Dy, ~ DY and N < nd, for any given W, let F be a network in MY, (Dgr, 1), and F =
Z}Zl a;ReLU(W;z + b;) + c.

Now we prove (2) of Proposition Let Dy, = {(%:1,1(x;))} Y, where z; € [n] be selected from
the distribution, without loss of generality, let z; < x;; for any ¢ € [N].

We will divide [W] into several subsets based on the intersection of the plane W;x + b and the line

—o0l — ool, let [W] = U?ivlsi, and:

1. Forany i € [N —1]: if j € [W] such that ZeW;1 + b; < 0 and “=W;1 + b; > 0, then j € s;;

2.1f j € [W] such that Z2W;1 + b; < 0 for any i € [N], then j € sn;

3. Forany i € {N +1,N+2,...,2N — 1}: if j € [W] such that “=~W,1 + b; > 0 and

x"’%wjl +0b; <0, thenj € s;;

4.1f j € [W] such that Z2W;1 + b; > 0 forany i € [N], then j € san.

Now, by such 2N subset, we consider another network F that is defined as:

Forany i € [2N], if S; # ¢, define P, = > .5 a;W;/|S;| and Q; = 3, 5. a:ib;/|S;|. Then
Si

Fy =2 icen),si#6 ZIJ-:|1 ReLU(Piz + Qi) + ¢ = 3_,cony 5,20 [SilReLU(Piz + Qi) + c.

Because there is only one intersection point between a straight line and a plane, each j € [W] is only

in one subset s;. So, F; € H{, (n). Moreover, we show that F;(x) = F(z) for any (x,y) € Dy,

which implies 7y € argmin emg, (n) X4y e, L(f (@), ).

For any j € [N], by the definition of s;, we know that %W,l + b; > 0if and only if i €
{1,2,...,7—1}U{N+jN+j+1,...,2N},so:

Fr(x;) .

= Zz‘e[zN],Sﬁégﬁ Zj:ll ReLU(Piz; + Qi) + ¢ -

= e (1,20 JUIN 44N+, 2N S 2ogmt (Fij + Qi) ¢

= Zke Us; (kaj-f—bk)-i-c

i€{1,2,...,j—1,N+j,N+j+1,....2N}

= Zke[W] ReLU(Wyzj + bg) + ¢

= F(z;)
This is what we want. Atlast, by Fy = "o oy g,26 |Si ReLU(Piz + Qi) + ¢ has width at most
2N and Lemma and consider that N < nd, we have that: Ap(Fy) < 0.5+ 20, this is what we
want.

O

A required lemma is given:

Lemma F.l. [fz; < x5 < 23 < --- < xp, and x; has label y; = 1 when i is odd, or x; has label
y; = —1. We consider dataset S = {(x;1(n),y;)}, where 1 is all-one vector in R™. Then: For any
two-layer network width M, this network can correctly classify at most to M + % samples in S.

Proof. Let F = "M a;ReLU(W;z + b;) + c. Let Wiz + b; and the line —co1(n) — ool(n)
intersect at one point P;1(n). Let P; < P; ifi < j. Let Ppj11 = occ.

Then it is easy to see that in line segment P;1(n) — P;411(n), F(z) is a linear function. So,
there is P95 € (P;,P;y1) such that F maintains positive and negative polarity unchanged in
PZ]_(TL) — Pi+0_51(n) and Pi+0451(ﬂ) — Pi+11(n).

So if P, < =z, < Zyy1 < -+ < Tyt < Piios, F gives the same label to

2 1(n), 2y111(n), ..., Tysr1(n), which means F can classify at most [%] samples in them.
Similar to when Py o5 < 2y < Tyy1 < -+ < Tygr < Piyg.
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Letq; = |{j : P;ja < x; < Pjja40.5}| where i € [2M]. Consider that each sample in S is appeared
ina Pll( ) — Pz+0.51( ) or Pz+0.51( ) — Pz+11( ), SO Zi—l q; =

So, the whole network can classify at most 31 [52] < ZQM Ha =+ 4 O

G PROOF OF PROPOSITION [3.7]

Proof. Proof of (1): Let 1 be the all one vector, Y & = 2?21 x; where x; is the i-th weight of
x. We show that F = o(1xz — 0.5) € H{(n) is what we want. Because if >« is odd, then
o(lz — 0.5) = oD a — 0.5) = sin(w(d>_x — 0.5)) = 1; if > x is even, then o(1z — 0.5) =
o> x—0.5)=sin(r(d> .z —0.5)) = -1

Proof of (2): we will prove it into three parts:

Part one: For any W and Dy, ~ DY, let F € MY, (Dy,,n) and F = ZZL o(Wix + b;) + c. Then
there are: for any (x,y) € Dy,, there are yo(W;z + b;) = 1 forany i € [W].

If not, without loss of generality, assume that yo (Wi + by) < 1 for some (z,y) € Dy,. According
to the proof of (1), there are Wy and by such that yo(Wox + by) = 1 for any (z,y) € Dy,.. Now we

consider the network F(x) = ZZQ o(Wiz + b;) + o(Wox + bg) + ¢, then we have that:
Firstly, it is easy to see that F. € HJ, (n).

Secondly, we show that yF(x) < yF.(x) for any (z,y) € Dy and yF(z) < yF.(z) for some
(z,y) € Dyy.

By the definition of F and F, for any (x,y) € Dy,, there are yF.(x) — yF(z) = y(o(Wox + bg) —
o(Whiz+b1)) =1 —yo(Wyz + by) > 0, and by the assumption, there is a (z,y) € Dy, such that
1> yo(Whzx + b)), then yFe(x) — yF(x) > 0 for such (x,y) € Dy, this is what we want.

By the above two results, and considering that L(F(x),y) is a strictly decreasing function about
yF(x), there are 3, ep, L(F(2),y) > X1, e, L(Fe(z),y), which is contradictory to

F € argmin Z(I €Dy, L(f(x),y). So we prove part one.
feEHY, (n)

Part Two. Forany j € Z, let z; = 21 and y; = I(j), where [(x) is defined in the definition of
distribution D,,. If i; € Z where j € [4] such that i; — i5 and i3 — i4 are co-prime, then there
are: if Wy € [-1,1]" and by € [—1,1] such that y;,0(Woz;, + bo) = 1 for any j € [4], then
ypo(Woxp +bg) = 1forallp € Z.

When there is y;, 0 (Wox, +bo) = yi, sin(m(Woxi; +bo)) = yi, sin(m(< Wo, 1 > ij/n+bg)) = 1,
consider that y;,; € {—1, 1}, then there is < Wy, 1 > i;/n+by = m;, — 0.5 for m;; € Z, moreover,
m;,; and i; are same parity.

Now consider (Wox;, +bo) — (Woxs, +bo) and (Woz;, +bo) — (Woz,, + bo), there are < Wy, 1 >

(iy —i2)/n = m; —my, and < Wy, 1 > (i3 —i4) /n = my, —m;,. So, there are 1= fj = %
By i1 — i and i3 — i4 are co-prime, and |m;, — m;,| = | < Wy, 1 > (iy —i2)/n| < |ip — igl,
|mi, —myg| = < Wo, 1> (i3 — i4)/n| < |is — i4], there are < Wy, 1 > /n=1or < Wy, 1 >

n=-—1.

Hence, by m;; —i; =< Wy, 1 > i;/n+by+0.5—ijand < Wy, 1 > /n=lor< Wy, 1 > /n = —1,
consider that m;, and ¢; are the same parity, so b = —0.5.

So for any p € Z, there are y,0(Wox, + bo) = ypsin(m(< Wy, 1 > p/n+by)) = ypsin(r(p —
0.5)) = 1, this is what we want.

Part Three, if D;, ~ DY and N > 4@5‘_?%, with probability 1 — 4, there are four samples

(w4, ;) where i € [4] in Dy, such that z; = 71, my — my and mg — my are co-prime.

In(5/2)
. ' € m(0.5+1/n) P .
[n], with probability 1 — 4, there are four samples m; such that m; — mg and ms — my are co-prime.

By the definition of D,,, it is equivalent to: repeatable randomly select N > 4 oints from
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In(5/2) : - _In(s/2)
By Lemma , when N > 47", with probability at least 1 — (0.5 4 1/n)wmEs+17% /(0.5 +

1/n)=1-46/(14+2/n) > 1— 4. This is what we want.

Part Four, we prove the result.

Let Dy ~ Dp. For any W, let F € argminfeug, (n) > (sy)en,, L(f(2),y) and F =
Zim;1 oc(Wiz +b;) + c.

Firstly, with probability 1 — 4, there are four samples in Dy, satisfying part three. Then, according
to part one, there are yo(W;x + b;) = 1 for such four samples. Finally, in part two, there are
yo(Wix+b;) = yo (> x) = 1forany (z,y) ~ Dy. So, yF(z) > W —1 > 0forany (z,y) ~ Dy,
we prove the result. O

A required lemma is given.

Lemma G.1. Randomly select N points from [n], where n > 3 and N > 4. With probability
1 — (0.5 + 1/n)N/4=1 there are four samples m; such that m; — my and ms — my are co-prime.

Proof. Firstly, we consider the situation that N = 4, let {m, ?:1 are the selected number. Then we
have

P((m1 — Mo, M3 — m4) = 1)

(1= 1/n)2(1 = P((Im1 — ma|, Im3 — mal) # 1jm1 —ma # 0,ms — my # 0))

(1 =1/n)*(1 = 3 e prime Plal(Imi — mal, [ms — mal)|m1 — ma # 0,m3 — my # 0))
(1 - 1/”)2(1 - ZqEPrime q%)

0.5(1—1/n)2>0.5—1/n

VIV IV

where Prime is the set of all primes. For the second inequality sign, we use

P(qlmy —mg |m1 — mg # 0)
= X0 Plalivi = |mi —mo [my —msy #0)
[(n—1)/q]* 755
1/q.

Similar for m3 — my. For the last inequality sign, we use P(2) = >
Riemann function.

IA

Z.% < 0.5, where P is

i€ Prime

So, when we select N samples, it contains [IN/4] > N/4 — 1 pairs of four independent samples
randomly selected. So, with probability 1 — (0.5 + 1/n)N/4=1, there are four samples 1m; such that
m1 — meg and mgz — My are co-prime. O

H PROOF OF THEOREM
Now, we prove Theorem [6.2]

Proof. we prove the proposition into three parts.
Part One, with probability 1 — 26 of Dy, ~ D™°, there are E,p[yF(x)] > coNolmra] —
o Lr WD DV LOBWEV2I08E0) 67, /2% for all F € My (Dyr,n), where Froax =

V' No
maxg 4 sefo1) | F (2 + 9)].

yF(x) > No[7wh~]co for all F € Mg, (Dy,.,n) when

Firstly, we show that there are Z( WorT

z,Y)EDyy
Dy, ~ DNo satisfies the conditions of the proposition.

Because D,, can be expressed in the network space H%,O (n) with confidence cy, there is a network
Fo = Ziviul a;oc(W;x + b;) + ¢ such that yF(x) > ¢ for all (x,y) € Dy,.. Moreover, we can
write such networks as: Fy = Zzolﬂ a;o(W;x + b;), where aw,+1 = Sgn(c), Wiw,+1 = 0,
bwy+1 = c].
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Now, we consider the following network in H{, (n):

(Wort 1) [5pr]
Fw = Z ai%(Wo+1)0 Wizt (Wo+1)T + bisg(wo+1)),
i=1
Here, we stipulate that i% (Wo+1) = W+ 1 when Wy +1|i. Then we have Fiy (z) = [ypi57 ) Fo()
and Fy () € HY, (n). Moreover, there are yFy (z) = y[WOH]]:O( x) > [% e for all (z,y) €

Wo+1
Dir50 Yo pyepn, LFw (@), y) < Noln(1 + e~ lmorl),
Then, because In 1 + e” is a convex function, so that:

Z(z,9)eDyy ¥F(®)
N

Nolnl+e™
Z(z,y)eDf,r Inl+e ¥ @
Z(m,y)e’Dtr L(F(z),y)
Z(z,y)ED”, L(Fw(x),y)
NolIn(1 + 6_60[#])

IA AN IA

SO Z(Z,y)ED“, yf( ) 2 CON[W +1}
Hence, by Lemma [B.4]and Theorem [B.6] with probability 1 — 6 of Dy,., there are:

[Eoon F(2)]— 3 7 Jé:ﬁ < o LW+ 1+ 1)(y/4log(d) + v/2Iog(2n)) or. | m2/0)

TEDyy NO 2N0 ’
for all F € Hy (n).
Finally, combining the above two results, with probability 1 — 24, there is E,.p[F(x)] >

L,(W+1)(n+1)(y/41log(4)++/2log(2n)) /1In(2/6
C()N()[ ] 2 \/N—Og £ - 6]:max 2(2T/0)

Wo+1

Part Two, there is an upper bound of E(, ,yp[min| 5 <c yF (2 4 9)], if D, satisfies Part One.

For any F € Hy, (n), we can write F = Z(WO ZW" ReLU(W;w,+;x + biwy+;) + ¢, which
is a representation of the sum of [WO] small networks with width of W;. So by part one and by

the assumption in the theorem, with probability 1 — § of D;, ~ DY, there is a D, € R(Dy,, €)
such that }°, ep yF1(z) < 2Nocy for all i € Hyy, (n). Then we have }°(, \cp yF(z) <

2Nycq [%W , by the definition of D;, which implies that >, ), minys<e yF (z+6)+yF(z) <
2Noer [ -

And then, by McDiarmid inequality, with probability 1 — § of D;. ~ DNe, there are
|E (2.~ [miny 5| <c YF (2 + ) + yF(2)] = 57 X pyep,, Minys)<c ¥F (2 + 6) + yF(z)| <
2 Fmax 13}{[{)‘3, So if there are E(; ,)p[mins<cyF(z + 0) + yF(x)] > 20 [%} +
2F max/ 13 ]{,{) ) according to McDiarmid inequality, with probability 1 — & of Dy, ~ DNo,

> (e.y)eD,, Minj5)<e yF (x + 0) + yF(z) > 2Noer | O] stand, which is a contradiction with
the above result.

1n1/5

So there must be E,, ) p[min 5 <c yF(z + §) + yF(z)] < 2¢1 [ 3~ = + 2Fmax
considering the result in Part one, we have that:

. Finally,

E(Iyy)ND[minllfleé yf(x + 5)]
p(WH+1)(n+1)( \/410 1/ 2log(2n) n
S 201 [Wmo—l [Wngl] + 2 . )( + g + g( ) + 8]:max ! (2/6)

2Ny

Part Three, Now we can get the result.
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By Lemma and part two, there are Robp (F) < 1 — colwyer %__]ijJWOW + 8 1313,{)6 +

L p(WH1)(n+1)(y/41og(4)++/21og(2n))
VNoFmax
than 1 and Lipschitz constant of ¢ is not more than L, s0 Finax = max,ysefo,1y» |[F (2 4 0)| =

maxme[o 1 n |]:(.’,U)| S L W(n + 1) + 1.

, and we consider that each parameter of F is not greater

LetT = [W 1), by Lp,n, Wo > Land W > W, + 1, there are:
col ] —2¢1 51
L,W(n+1)+1
coT —2¢; (RO 4 q)
= I, (T+1)(W0;-1)(n+1)+1 A )
= p(T+1)O(W0+11)(n+1)+1 - Lp(”{+1)(wo-1s-1)(n+1)+1 - LpWO(W0+i)(n+1)+1
—2C C1
> 8L0 Woln L Won(W/Wo + Wo
and
Lp(W+1)(n+1)(/4log(4)++/21og(2n))
V' No Finax
> L,(W+1)(n+1)(y/41log(4)++/2log(2n))
= 2v/NoL,(W+1)(n+1)

9 4log(4)++/2log(2n)

So, there are Robp (F) < 1— & V?/Zln n L4$OR(W/1WO L1 Wo +2\/ln 2/8 +4\/4 log( 4%2 log(2n)

Merge some items and ignore constants, this is what we want.

A required lemma is given:
Lemma H.1. [f 7 : R" — R and distribution D € [0,1]" x {—1,1} satisfy E(, ,)~plyF(z)] < A
and max,c(o 1)+ |F ()| < B, then Ap(F) <1+ 4.

w~o(y # Sen(F(2) =

Proof. There are E(, ,)p[yF(z)] > f(maxme[QHn |F(2))P
1—4 O
B

—B(1 — Ap(F)),s0 A > —B + BAp(F), thatis, Ap(F) <

I PROOF OF PROPOSITION

Proof. We take a ¢ > 0 such that In(1 + ¢=¢) > In2 — In2/800, 1 — (1/e)*¢ < 0.1. Then
take an 7 such that In(1 + e~"/2%2¢) < In2/2. Let N satisfy (4(n+1)( Volog() tV2log2n) | 6(n +

\/98N/200
2)1/2C72)) < 1n2/800.

We consider the following distribution D:

(cl):Letsy = {(z,1): z € [0,1],> 2 =n/2+¢,||z]| 0o = 2¢/n}, ||2|| - o mean the minimum of
the weight of |z|; s2 = {(z,—1) : 2 € [0,1], > 2 =n/2 — ¢, ||2||cc <1 —2¢/n}; 53 = {(x,—-1):
z €1[0,1,> x=n—c};

(€2): Py yy~p(D_x =n —¢) = 1/100, and D is a uniform distribution in s3;

(€3): Py (o = n/2 +¢) = Puyy~p(D_z = n/2 — ¢) = 99/200, and D is a uniform
distribution in s U s5.

Let Wy = 1, then we show this distribution and W are what we want.

(1) in Theorem: Let F; = Relu(1x) — ¢/2 € Hy(n). Then F;(x) > 0 for all x such that = = ¢,
and F1(z) < O for all z such that >z = —¢, so Ap(Fy) > 0.99.

(2) in Theorem: We use the following parts to show the (2) in the Theorem.
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Part One. With probability at least 1 — 3¢=2V/200° of D, ~ DN | there are at least /200 points in
Dsr N 83, and at least 98/200N points with label 1 in D;,., at least 98/200N points with label -1 in
Diy.

Using the Hoeffding inequality and P(, ). (> 2 = n —c) = 1/100, we know that with probability
atleast 1—e~2N/200° 6 D, there are at least N/200 points in s3. Using also the Hoeffding inequality
and P(, ,)~p(y = 1) = 99/200, we know that with probability at least 1 — 2N (99/200-98/200)*
of D, there are at least 98/200N points with label 1 in D;,.; similar, with probability at least
1 — ¢—2N(101/200-98/200)* o D, there are at least 98/200N points with label -1 in Dy,.. Adding
them, we get the result.

Part Two. For a D;, that satisfies Part One, if 7 € argmin } ., .p L(f(z),y). then there is
feEHw (n) 7 "

1991n 241In(14e—"n/2+2¢
Y pen,, LF@).y) < (d N

We just consider the following network 71 € Hj(n): F; = —ReLU(1z — (n/2 + ¢)), then

n n e—n/2+2¢
Z(xyy)EDm L(fl(x)vy) = 1n2|Dtr/s3‘ +Inl+ 677’L/2JF2C|IZ)M N 33| S 1991241 é%)?)r )
Hence, for any F € argmin) 2 (zyyen,, L(f(x),y), there must be -, p, L(F(z),y) <

feHw (n
—n/242c . .
Y @aen., LF1(2),y) < 1991n 2+1n§ége )N, which is what we want.

Part Three. If 7 € H;(n) such that 7(z) > 0 for all (z, —1) € s3. Then E(, ,y.p[L(F(z),y)] >
99/1001n1 4 e=° + 1/1001n 2.

Consider that for any (z1,1) € s;, there must be (z; — 2¢1/n,—1) € sg; on the other hand, if
(22, —1) € 59, there must be (z2 + 2¢1/n,1) € s1. So we can match the points in s; and s3 one by
one by adding or subtracting a vector 2¢1/n.

Moreover, for any = € [0,1] and x € Hy(n), there are | F(x) — F(z — 2¢1/n)| < 2¢, which implies
L(F(x),1) + L(F(z — 2c1/n),—1) = In(1 + e @) 4 In(1 + 7 @=2e1/7)) > 21n1 4 e,
So for a (x1,1) € s; and (x2, —1) € sy where z2 = 1 — 2¢1/n, there must be L(F(x1),1) +
L(F(z2),—1) >2Inl1+e .

Hence, by F(x) > 0 forall (z, —1) € s3, E(y )~p[L(F(z),y)] > 99/200In(1 + e~¢) + In 2/100.
Part Four. For any network F € H; (n) such that 7(z) < 0 forax € s3, then Ap(F) < 60%.

Firstly, we show that if 21, 25, 23 are collinear, without loss of generality, assuming 25 is between
z1 and z3, then F(z1) > F(z2) > F(z3) or F(z1) < F(z2) < F(z3). Consider that z1, 29, 23
are collinear, so z2 = Az; + (1 — A)z3 for some A € (0,1). Solet f(k) = ReLU(k(Wz; +
b) + (1 — k)(Wzs + b)), there are f(0) = ReLU(Wz3 + b), f(1) = ReLU(Wz; + b) and
fO) =ReLUAN Wz +b) + (1 — A\) (W23 + b)) = ReLU(W 25 + b). Consider that ReLU(-) is a
monotonic function, so that f(k) is also an monotonic function about k € R, so we get the result.

Secondly, for any (z, —1) € so, let z, satisfy: (z,,1) € s; and z, x,, z are collinear. Then we have
that:

(1): For any (z,—1) € so, F must give the wrong label to =, or z. If not, there are F(z) < 0,
F(z,) > 0and F(z) < 0. By the above result, it is not possible.

(2): Let S = {z. : (2,1) € sz} C s1, then P(, ) p(x € S|z € s1) > (1 — 4¢/n)"~'. Because for

any (z,1) € sa, ‘}TU:E;‘IL? = %Z:;z)) = "/5/_220, which is a constant value, where > x means the

n—4c

So, there are: Ap(F) < max{P e yyp((%,y) € 52), Payy~p((z,y) € S)} + Py~ ((z,y) €
1014+99(1—(1—4¢/n)" 1) dc

53) + Py yyop(51/9) < 500 < 101/200 4 99/200 * (1 — (1/e)**) < 0.6, use

the definition of c.

sum of the weights of x, so S is a proportional scaling of s; with the ratio , we get the result.

Part Five. Prove the Theorem.
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We show that with probability 1 — 3e-2N/200° _ 5 of D, for any F €

argmin Z (,4)EDe L(f(z),y), F must give the correct label to some points in s3. Then
feHw (n)
by part four, we can get the result.

By part one, with probability at least 1 — 3e~2V/ 200% of D,,, there are at least N/200 points
in Dy, N s3, and at least 98 N/200(98 N/200) points has label 1(-1). Hence, by Lemma [[.1| and
Theorem L we know that, with probability 1 — ¢ of Dy, there are | 3, \ep, L(F(2),y)/N —

4(n+1)(1/5 log(4)++/2log2n) \/M - i
E(g,y)~p[L(F(x),y)]] > /55N 200 + 6(n + 2)4/ =554~ ). So, with probability
1 — 3e—2N/200* _ 5 D, satisfies the above two conditions.

For such a Dy,., assume that F € argmin Z(J e, L(f(2),y), and F must give the correct label
feHw (n)
to some points in s3.

199 In 24+1In(14e~"/2+2¢)
200 N

If not, by part two, we know that 3, ., L(F(z),y) <

Then, by part three, E¢, ,yopL(F(z),y) > 99/100In1 + e~¢ 4 1/100In2. Hence, by the
definition of Dy, there are }°, cp, L(F(z),y) = N(99/100In1 + e~ 4+ 1/100In2) —

4(n+1)(1/5log(4)+v2log2n) In(2/6)
N( /5N 200 6(n+2)\/ —5%—)-

By the definition of ¢,n and N, there are >, cp, L(F(z),y)/N = (99/100In1 +
e=¢ + 1/100In2) — (4(n+1)(\/510g Y4++/2log2n) + 6(n + 2) /1n(22]\/ré)) > 19952

\/98N/200 200

n n o /242¢ . ..
1991n 2+1 %3‘” 2420 > Z(x,y)eDtr L(F(z),y)/N, which leads to contradiction. And we prove

the result. O

A required lemma is given:

Lemma L.1. For any given D = {(z;,v;)}}_,, if there are at least K samples have label 1 in it and
there are at least K samples have label -1 in it, then there are:

ZU )] < 4(n +1)(y/5log(4) + v/21og(2n))
feHl n) N ! z:) -

where o; are i.i.d and P(o; = 1) = P(o; = —1) = 0.5.

)

N

Proof. We have

N
Ea',; [maX}‘eHl(n) % Zi:l O—'LL(-F(xl)a yl)}
Eai [maX}'GHl(n) % ZZJ\LI o;Inl+ ey’}—(xl)]
o 13571ty oy Ty Sove iy 04101+ €56)] + Eoy Mk rcat, oy 1y Saepy ol 1+ ¢

IA

F(r)}

Hence, see 21n(1 4+ ) as an activation of the second layer, and the output layer is F2(x) = x/2. By

Lemma we have E,, [max zeg, (n) \Dflll ep, O Inl4eF@)] < 2(n+1)(\/510g(4)+\/210g(2n))'

ViDil

Similar for an other part, so we get the result.

J PROOF OF THEOREM

We give the proof of when loss function L; satisfies (1) in definition [6.7] at first.

Proof. We first define some symbols.

Let the loss function L; be a bad loss function that satisfies (1) in Definition let Ly(z1,1) =
minger Lp(z,1) and Lp(z_1,—1) = minger Ly(z, —1), assume |z1| + |z—1| = z. For any
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given x € R", let oy = (x2,23,...,7,) € R""!, where z; is the i-the weight of x; let
xt = (0,$1,$2,J}3, v ,.’Ifn) € Rn+1'

Then we prove the Theorem in three parts:
Part One: We construct the following distribution D, € [0, 1] x {—1,1}:

(1): Dy is defined on {x : x € [0,1]",0.6 < z1 or 1 < 0.4} x {—1,1}, where x; is the first weight
of z.

(2): = has label 1 if and only if 21 > 0.6, or x has label -1.
(3): The marginal distribution about = of Dy, is an uniform distribution.
Part Two: For any Dy, ~ DY, we consider the following network Fp,. .

Let Dyy—¢ = {(z4,y)||(z,y) € Dy }. By Lemma[J.2] with probability 0.99, there is a F; with
width W not greater than O(zN°n?) such that: if (z4,1) € Dy, there are Fy(w;) = 21; if

(x4, —1) € Dyy—y, there are Fy(xy) = z—1. Let Fy(z) = Z?Zl a;ReLU(W;z + b;) + c.

Then, we construct Fp,, : R” — Ras F = ZZl a;ReLUW}x + b;) + c.

Part Three: We prove the Theorem.

For any Dy, ~ D{)V , we consider the network Fp,, mentioned in part two. Firstly, we show that
Fp,.(x) € argmingeyy (n) 2oz y)ep,, L(F(2),y). Because Fp, (x) = Fi(z;) = 21 when
(z,1) € Dy and Fp, (x) = Fi(x:) = z—1 when (x,—1) € Dy,.. So L(Fp,,(z),y) reaches the
minimum value for any (x,y) € D, which implies Fp, € argminzeyy, (n)-

Secondly, there are Ap(Fp,, (x)) = 0.5. If Ap(Fp,,(z)) > 0.5, then there must be a pair of
(21,1) and (22, —1) in distribution D, such that (z1): = (x2): and Fp,, (x) give the correct label
to 1 and z5. But it is easy to see that Fp,, (v) = Fi(x¢) where F; is mentioned in part two, so,
Fp,, (x1) = Fe(x)((x1)e) = Fe(x)((z2):) = Fp,,. (x2), which is in contradiction to Fp,, () gives
the correct label to x1 and xo. This is what we want.

O

Some required lemmas are given.

Lemma J.1. Foranyv € R" and T > 1, let u € R™ be uniformly randomly sampled from the

<H7¥\2 /%)<%_
This is Lemma 13 in (Park et al.| |[2021)).

Lemma J.2. For any N points {z;}_, randomly selected in [0,1]", and any N given point {y;}
in [—a, a]. With probability 0.99 of {x;}}¥_,, there is a network F with width not more than O(aN°n?)
and F(x;) = y;.

hypersphere S™~1. Then we have P(|{u,v)

N
i=1

Proof. Part One: First, we show that with probability 0.99, there is |[x; — z;[|2 > 5 18'20\1/5 for all

pairs , .
For any ¢, 7 € N and € > 0, there are:

P(|lw; = ajll2 > €

A~ —

= P ((@i)k — (2)k)? =€)
> IR P(((z:)k — (z5)r)? = €/n)
ST e

> 1-2e/n

So P(||zi — xjlla > €,Y(i,5)) > 1= 3, ; P(||zi — xj|la < €) > 1 —2ey/nN? Take ¢ = 723-;%2,
we get the result.

Part Two: There is a w € R" such that ||w||; = 1 and |w(z; — z;)| > K% /2
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By Lemma for any pair i, j, P, (Ju(z; — ;)| < Mg/ £) < 1z. S0, Py (|u(w; — x;)| >
el 8 v, 7)) > 1= Y0, Pullule; — oj)| < 12lz [8) 51— 1 = 0, which

implies that there is a w such that ||w||s = 1 and for any pair (i, j), there are |w(x; — x;)| >

llzi—z;ll2 /8 ~ 001 /8
5N\ ne = 1n3n\/ 5> use the result of part one.

Part Three: Prove the result.

Let w be the vector mentioned in part two, and wz; < wx; wheni # j. Let § = 5% \/> Now,
we consider the following network:
N

Flx) = Z %(ReLU(wx — (wzx; +9)) + ReLU(wz — (wx; — 9)) — 2ReLU(wz — wx;)).
i=1
Easy to verify F(x;) = y;. Consider n, 50 F € Hopansn2)(n). This
is what we want. O

We now give the proof of when the loss function L, satisfies (2) in definition

Proof. In this proof, we only consider a very simple distribution D: P, ,)~p((z,y) = (0, 1)) =
Pz y)y~p((7,y) = (1,1)) = 0.5, where 1 is a all one vector.

We show that for any Dy, and W, let ' € argmingem,y (n) X_(z,4)ep,, Lo(f(7),y), there are
Ap(F) = 0.5.

Part one: When D;,. contains only (0, —1), then there must be F = El‘/zl —ReLU(w;x + 1) —
for some x;, which implies 7 (1) < 0, so Ap(F) = 0.5.

Part two: When D;,. contains only (1, 1), then there must be F = Zl‘/zl ReLU(1x + 1) + 1, which

(1
implies F(0) > 0, so Ap(F) = 0.5.

Part Three: When D,,. contains (1, 1) and (0, —1), we will show that F = ZZL ReLU(1z + 1) +
1 € argmingep,, (n) Lo (f(0), —1) + Ly(f(1), 1). Consider that Ap(F) = 0.5 for such F, we can
prove the Theorem.

If F = 20 ReLU(1z + 1) + 1 ¢ argmin sepryy (ny Lo(f(0), —1) + Ly(f(1),1). Let Fo(z) =
S aReLU(Wiz+b;) +c € arg minsepry (ny L (£(0), —1) -+ Ly (£(1),1). Then, let Fo(0) =
and Fo(1) =

By ¢(a) + ¢(—b) = Ly(Fo(0), —1) + Ly(Fo(1),1) < Ly(F(0), —1) + Lp(F(1),1) = ¢(W (n +
1)4+1)+¢(—W —1), and ¢ is a decreasing concave function, then there mustbe W(n+1)+1—a <
—b+ W + 1, which implies |a — b| > Wn.

Consider |a — b| = | 1, a;ReLU(b;) — 1V, a;ReLU(Wil + by)| < |5V, ailWi| < W
This is a contradiction to |a — b| > Wn which was shown above. So, assumption is wrong, so
F=Y" ReLU(lz +1)+1 € arg min e, (n) Lo(f(0), —=1) + Ly(f(1), 1), this is what we
want.

O

K FOR THE GENERAL NETWORK

For multi-layer neural networks, we can show that if there is enough data and the network is large
enough, then generalization can also be ensured for the network which can minimum the empirical
risk. Unfortunately, due to the complexity of depth networks, we are unable to provide a good
generalization bound of such network.

Denote Hyy p(n) to be the set of all neural networks of layers D with input dimension n, width W
for each hidden layer, activation function ReLLU, and all parameters of the transition matrix are in
[—1, 1]. Then, there are:
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Theorem K.1. For any givenn € Ny, if D € D(n) satisfies: there is a network F € Hyy, p,(n)
such that P, ) ~p(yF(x) > c) = 1 fora Wy, Dy € Ny, ¢ > 0, then we have that:

For any W > Q(Wy), D > Q(Dg) and § > 0, with probability at least 1 — § of Dy, ~ DV,
there are: Ap(F) > 1 — O(e_WD/K + K™/ ln(K/5 ) for all F € My, p(Dyy,n), where K =

—1
(2D0+2Vf/ODO_1n) ’

However, this bound is relatively loose, how to achieve a bound that is polynomial in Wy, Dy, c is an
important question.

Proof. Part One. For any given Dy, ~ DV, we show that there is a network F € Hyy,p such that
yF(x) > [Vvy ]Po= 1CW7_ for any (z,y) € Dy

By the assumption of D in the theorem, let 71 € Hy, p,(n) satisfy P, ,)p(yF1(z) > c) = 1.
And W; is the ¢-th transition matrix of F7, b; is the ¢-th bias vector of F7.

We will construct F as F = Fp9 o Fp1, and we construct the two networks F,; and F as following:

Fp1 : R" — RW which has width W and depth Dy, and the output layer of F; also uses the ReLU
activation function.

Let W be a matrix in R*? where a,b € Nt and T(W,ay,by) is a matrix in R21:01 defined as: for
any ¢ € [a],j € [b], k1, k2 € Z, there are T(WV, al’bl)kl[%]ﬂ,kz[%]ﬂ = W, ;; other weights of
T (W, a1,bq) are 0. Then Fp, is defined as:

(1): The first transition matrix is T'(W7, W, n), and the first bias vector is T'(by, W, 1);

(2): When ¢ > 2, the i-th transition matrix is T'(W;, W, W), and the i-th bias vector is
(31T (b, W, 1).
Then, we have Fp; (z) = [VVVV]DO IReLU(F1(x)).

For Fpo : R"Y — R, which has width W and depth D — D, we define it as:

(1): When @ < D — Dy, the i-th transition matrix is Iy, and the i-th bias vector is 0, where I
means all one matrix;

W 1Dg—1 cW P~ Po
[ S

(2): The last transition matrix is I(1, W), and the last bias vector is — 5

Then, F = F5 o F; is what we want.

W |Do—1 cwDP—Do +
1

Part two. Similar to the proof of , there are at most Ne ™ [Wo

that yF(z) < [fL]Po—1 W20

2 . .
points in Dy, such

D — D
Part three. If yF (z) > [(-]P0 1 W= then yF(2') > 0 for all |2/ — 2[|oc < W%

AsshowninLemmatherearey}"( ") > 3]0 1% WL=1n||lz — 2'||. So when

[WO]L o—1

> Towlo-T > 2D0+1WD0 T

|z = 2| <

there are yF(z') > 0.

Part four. Let r = m we can divide [0, 1]™ into o /2) disjoint cubes that have side

length /2. Then by part three, we know that in a cube, F gives the same label to every point in such
a cube when | F(z)| >[4~ ]DU 1 L for at least one z in such cube.

Part Five. Prove the result.

By part four, name such m cubes as c1,ca,- -+ , ¢, and let Py = P, yop(z € ¢;) and P; > P;
when ¢ > j.

As shown in part four, let S = {i € [N],3(x,y) € Dy N, yF(x) > [WEO}D"AW}, then we
have Ap(F) > > .o P
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For any i, by Hoeffding inequality, with probability 1 — e~V:/2, there are at least NIP; /2 points in

cube ¢;. So for any given €g > 0, let Py, > €o, then, with probability at least 1 — 37", e~V </2 of
D, there are at least NIP; /2 points in C; for any i > k.

JPo-1 cwP—Do +

_rw ..
As shown in part two, there are at most Ne (w5 4 2 points in Dy, such that yF(x) <

[%]Do_lw. So, by the above result, let 7' = {kq, ko+1,..., N}/S and N(C;) is the number
of points in C;, with probability at least 1 — 27", =N/ of Dy, there are 32, NP;/2 <
Sier N(C)) < Ne~l

Do—1cwP—Do
|

Hence, there are:

Pp(F)
> ZieSPi
> 1= Zie[ko] P; — ZieT IP;
,[K]Do—l M+2
> 1—mey—2e ‘Mo 4

Now, we take eg = 4/ %, then we get the result. O

A required lemma is given.

Lemma K.2. If a network with depth L and width W, the L, norm of each transition matrix does
not exceed 1. Then |F(x) — F(2)| < nWE=1||x — 2|

oo

Proof. 1tis easy to see that || Relu(Wz+b) —ReLU(Wz2+4Db)||so < [|[W(z—2)|l00 < [[W]|1,00]lz—
z||co- Let F; is the output of i-th layer of F, then

[ F(x) = F(2)|

< W|Fp-i(z) = Fp-1(2)|leo
< W2||Fp-z(z) = Fp-2(2)ll
< WPHHA(2) — Fi(2)lls
< WPz - 2|0
which proves the lemma. O
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