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ABSTRACT

We study the problem of minimizing a convex objective when only noisy gradi-
ent estimates are available. Assuming that stochastic gradients have finite α-th
moments for some α ∈ (1, 2], we show - for the first time - that the last iterate
of clipped stochastic gradient descent (Clipped-SGD) converges with high prob-
ability at rate 1/K(2α−2)/(3α) on smooth objectives, with only polylogarithmic
dependence on the confidence parameter. We complement our theoretical results
with empirical evidence that supports and illustrates these findings.

1 INTRODUCTION

Stochastic first-order optimization methods such as SGD (Robbins & Monro, 1951), Adam
(Kingma & Ba, 2014), and their numerous variants are central to the training of modern machine
learning models. In practice, these algorithms are almost always combined with additional tech-
niques that enhance stability and performance. One such technique – gradient clipping (Pascanu
et al., 2013) – has become a standard component in the training of large language models (LLMs)
(Devlin et al., 2019; Brown et al., 2020; Fedus et al., 2022; Touvron et al., 2023).

Originally introduced to address the problem of exploding gradients in recurrent neural networks,
gradient clipping has since proven valuable well beyond this initial motivation. It has been shown to
improve convergence under generalized smoothness conditions (Zhang et al., 2020a), to provide ro-
bustness against heavy-tailed noise where gradient variance can be unbounded (Zhang et al., 2020b),
and to enable strong high-probability convergence guarantees (Gorbunov et al., 2020; Cutkosky &
Mehta, 2021; Parletta et al., 2024; Sadiev et al., 2023; Nguyen et al., 2023). Nevertheless, in the case
of convex problems, most existing theoretical results for clipped methods (including Clipped-SGD)
analyze the behavior of averaged iterates, while the practically more relevant last iterate remains
largely unexplored.

Contributions. In this work, we close a long-standing gap in the theory of clipped stochastic
gradient descent by analyzing the last iterate under heavy-tailed noise. Our main contributions are:

• First high-probability last-iterate guarantees for Clipped-SGD. We establish the first
high-probability convergence rate for the last iterate of Clipped-SGD on convex smooth
objectives. Assuming stochastic gradients have finite α-th moments with α ∈ (1, 2], we
prove that after K iterations the method achieves an error of at most

O
(
polylog(K/δ)

K2(α−1)/3α

)
with failure probability at most δ ∈ (0, 1). In the special case of α = 2, this results in a
polynomial gap compared to the best-known in-expectation rate of 1/

√
K, where clipping

is unnecessary. Crucially, our result covers the full spectrum of heavy-tailed noise and
provides high-probability guarantees for a single run – significantly stronger than standard
in-expectation bounds.

• General analysis of step-size and clipping schedules. We develop a unified analysis for
polynomially decaying step-sizes and varying clipping levels, bounding the optimization
error as a function of these schedules. This yields principled guidelines for tuning and
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identifies optimal exponents, while avoiding restrictive assumptions such as a bounded
optimization domain.

• Any-time parameter choices. Our parameter selection is horizon-free: it does not require
prior knowledge of the number of iterations and remains valid in streaming or indefinite-
training scenarios, where restarting schemes are impractical. Our results hold without re-
liance on large minibatches, making them applicable in resource-constrained settings.

We complement our result with empirical evidence supporting the advantage of the last iterate over
the average.

2 NOTATION AND PROBLEM SETUP

In this section, we introduce the main notation and discuss the assumptions used in the analysis.

Notation. The norm ∥x∥ :=
√

⟨x, x⟩ denotes the Euclidean norm in Rd. Eξ[ · ] denotes the
expectation w.r.t. the random variable ξ. We also denote the clipping operator as clip(x, λ) :=

min
{
1, λ

∥x∥

}
x. The initial distance, i.e., the distance between the starting point x0 and a solution1

x∗, we denote as R0 := ∥x0 − x∗∥.

Problem. We study the following problem:

min
x∈Rd

f(x), (1)

under the following standard hypothesis.
Assumption 1 (Convexity). The differentiable function f is convex, i.e.,

f(y) ≥ f(x) + ⟨∇f(x), y − x⟩ ∀x, y ∈ Rd.

In addition to convexity, we assume that f is L-smooth.
Assumption 2 (Smoothness). The differentiable function f is L-smooth, i.e.,

f(y) ≤ f(x) + ⟨∇f(x), y − x⟩+ L

2
∥y − x∥2 ∀x, y ∈ Rd.

Finally, although the optimizer does not have direct access to f , we assume access to a stochastic
gradient oracle ∇f(x, ξ) satisfying the following condition.
Assumption 3 (Stochastic oracle). The stochastic oracle ∇f(x, ξ) is unbiased and have bounded
α-th central moment with α ∈ (1, 2], i.e.

E [∇f(x, ξ)] = ∇f(x); E [∥∇f(x, ξ)−∇f(x)∥α] ≤ σα.

This assumption was introduced by Nemirovskij & Yudin (1983) and later rediscovered by Zhang
et al. (2020b), after which it has become standard in the analysis of stochastic methods under heavy-
tailed noise. For problem (1), we study Clipped-SGD with time-varying stepsize γk and clipping
level λk:

xk+1 = xk − γk · clip(∇fξk(xk), λk),

where ∇fξk(xk) = ∇f(xk, ξk) is the stochastic gradient sampled independently of the past.

Stochastic Optimization. The above problem encompasses, as a special case, the classical
stochastic optimization problem:

min
x∈Rd

[
f(x) := Eξ∼D [ℓ(x, ξ)]

]
, (2)

where ℓ is the loss function, x are the model parameters and ξ represents the randomness due to data
sampling from the unknown distribution D. In this setting, the stochastic gradient can be computed

1Our results hold for any solution of the considered problem.
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from the sample ξ as ∇f(x, ξ) = ∇ℓ(x, ξ). Note that, when ξ = (Z, Y ) ∈ Rd × R, Equation (2)
also covers the statical supervise learning problem. Another important special case of Equation (2)
is the finite-sum setting,

f(x) =

n∑
i=1

fi(x).

which underlies many training procedures in machine learning.

High-probability convergence guarantees. For an iterative sequence xk
K
k=0 (produced by some

stochastic method) and a target criterion C({xk}Kk=0), the standard goal is to ensure

E
[
C
(
{xk}Kk=0

)]
≤ ε.

Such in-expectation bounds describe average behavior, but they do not capture the variability of the
random process. High-probability bounds, by contrast, guarantee that the performance criterion is
met with confidence at least 1− δ, i.e.,

P
{
C
(
{xk}Kk=0

)
≤ ε
}
≥ 1− δ.

thereby directly limiting the probability of unfavorable deviations.

Although one can obtain such bounds from expectation guarantees via Markov’s inequality, this
typically yields rates with an undesirable polynomial 1/δ dependence. Modern approaches instead
achieve bounds with only polylogarithmic dependence on 1/δ, which greatly improves reliability
and reduces the number of iterations required to reach a target confidence level. In other words, the
goal of high-probability convergence analysis is to establish convergence rates of the same order as
the optimal in-expectation guarantees, with only a minimal dependence on the confidence parameter
δ, ideally O(

√
log(1/δ)).

3 RELATED WORKS

The literature on SGD and Clipped-SGD is vast and multifaceted, and a comprehensive survey is
beyond the scope of this work. In what follows, we focus only on the closely related works.

In-expectation convergence bounds. Early studies on SGD for smooth and non-smooth (but Lip-
schitz) objectives investigated convergence in expectation under finite-variance noise (Nemirovskij
& Yudin, 1983; Nemirovski et al., 2009; Ghadimi & Lan, 2013b;a). In this setting, the average iterate
of SGD achieves a rate of Õ(1/

√
K)2, which is known to be optimal (Agarwal et al., 2012). Similar

optimal rates for the last iterate in the non-smooth case were established in (Shamir & Zhang, 2013;
Jain et al., 2021), while for smooth objectives the best known rate remained O(1/K1/3) (Moulines
& Bach, 2011) for a long time, until (Liu & Zhou, 2024) — building on ideas from (Zamani &
Glineur, 2023) — proved the optimal rate O(1/

√
K), thereby unifying the analysis of both smooth

and non-smooth cases.

Under the more general bounded α ∈ (1, 2] moments model considered in this work, Zhang
et al. (2020b) show that plain SGD does not converge (in terms3 of E[∥xk − x∗∥2], and prove
in-expectation convergence bounds for Clipped-SGD for non-convex smooth and strongly convex
problems with bounded gradients. Vural et al. (2022) derive average-iterate O(1/K(α−1)/α) bound
for Stochastic Mirror Descent (SMD) over convex Lipschitz objectives and show that it is optimal.
In the same non-smooth setting, Parletta et al. (2025) show that the last iterate of Clipped-SGD
enjoys the same optimal rate. Moreover, for strongly convex objectives, Jakovetić et al. (2023)
investigate the last-iterate convergence of a general class of robust SGD variants assuming only
α = 1. However, these results require additional assumptions, such as symmetry of the noise dis-
tribution and constraints on its effective dimension. To the best of our knowledge, there exist no
last-iterate in-expectation convergence bounds for Clipped-SGD in the case of convex L-smooth
problems with the stochastic oracle satisfying Assumption 3.

2The Õ hides poly-logarithmic factors.
3In the case of non-smooth problems, Fatkhullin et al. (2025) prove O(1/K(α−1)/α) average-iterate con-

vergence rate of SGD.
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Table 1: Comparison of the state-of-the-art non-accelerated in-expectation and high-probability
convergence results for SGD/Clipped-SGD-like methods applied to smooth convex problems.

Reference Convergence type Iterate Stochasticity Rate
(Ghadimi & Lan, 2013b) In-expectation Average As. 3, α = 2 O

(
LR2

0

K + R0σ√
K

)
(Taylor & Bach, 2019) In-expectation Last As. 3, α = 2 O

(
LR2

0+σ2

K1/3

)
(Liu & Zhou, 2024) In-expectation Last As. 3, α ∈ (1, 2] O

(
LR2

0

K2(α−1)/α + R0σ
K(α−1)/α

)
(Ghadimi & Lan, 2013b) High probability Average Sub-Gaussian O

(
LR2

0

K + R0σ√
K

)
(Liu & Zhou, 2024) High probability Last Sub-Weibull O

(
LR2

0

K + R0σ√
K

)
(Sadiev et al., 2023) High probability Average As. 3, α ∈ (1, 2](1) Õ

(
LR2

0

K + R0σ
K(α−1)/α

)
(Nguyen et al., 2023) High probability Average As. 3, α ∈ (1, 2] Õ

(
LR2

0

K + R0σ
K(α−1)/α

)
(2)

This work High probability Last As. 3, α ∈ (1, 2] Õ
(

LR2
0

K + B
K2(α−1)/3α

)
(3)

(1) Sadiev et al. (2023) make all assumptions only on a ball centered at x∗ with radius ∼ R0.
(2) The rate from Nguyen et al. (2023) has better logarithmic factor than the one from Sadiev et al. (2023).
(3) B := max

{
R0σ, L

(α−1)/(3α−1)R
(4α−2)/(3α−1)
0 σ2α/(3α−1), L1/3R

4/3
0 σ2/3

}
.

High-probability convergence bounds. The first high-probability results for SGD were estab-
lished under sub-Gaussian noise assumptions (Nemirovski et al., 2009; Harvey et al., 2019), which
are considerably stronger than those considered in this work. Moreover, these guarantees apply
only to the average iterate. In this setting and for non-smooth objectives, Liu et al. (2023) showed
that the average iterate of Stochastic Mirror Descent (and hence of SGD) converges at the optimal
rate with only a modest confidence overhead of O(

√
log(1/δ)). Similar last-iterate guarantees (in-

cluding for smooth objectives) were later obtained by Eldowa & Paudice (2024) and Liu & Zhou
(2024). Both works also relaxed the sub-Gaussian assumption to the broader class of sub-Weibull
tails (Vladimirova et al., 2020), which were further explored in non-convex settings by Madden et al.
(2024). While more general, these tail models still imply the existence of moments of all orders.

In contrast, under the heavy-tailed noise model studied here, several works (Nazin et al., 2019;
Gorbunov et al., 2020; Nguyen et al., 2023; Sadiev et al., 2023; Liu & Zhou, 2024; Gorbunov et al.,
2024; Parletta et al., 2024; 2025) have shown that clipping yields convergence of the average iterate
at rate Õ(1/K(α−1)/α) for convex L-smooth objectives. To the best of our knowledge, results for
the last iterate in this regime require additional structural assumptions such as strong convexity or
the PL condition (Sadiev et al., 2023). Our work closes this gap by establishing, for the first time,
high-probability convergence rates for the last iterate of SGD on convex smooth objectives. Finally,
refinements of the α ∈ (1, 2] model have been proposed in Puchkin et al. (2024), who demonstrate
that in certain cases it is possible to surpass the Õ(1/K(α−1)/α) barrier.

4 MAIN RESULTS

In this section we state our high-probability last-iterate guarantee for Clipped-SGD and explain the
ideas behind its proof.

Theorem 1. Suppose that Assumptions 1, 2 and 3 hold. Then, if we choose

γk = min

 1

1024L ln3
(

6(k+1)2

δ

) , p(Φ0, L, σ)

256 · 41/α(k + 1)β ln3
(

6(k+1)2

δ

)
 ,

λk =

√
Φ0/C

256
√
bkγk ln

5/2
(

6(k+1)2

δ

) ,

4
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where

bk =

{
dk, t > 0;

1, t = 0;
p(Φ0, L, σ) = min


√

Φ0/C

σ
,

√
Φ0/C

2α
3α−1

C
α−1
3α−1σ

2α
3α−1

,

√
Φ0/C

2
3

C
1
3σ

2
3

 ,

parameters β satisfies

β ≥ 2 + α

3α
,

and

C = max

{
L,

1

41−1/αp(Φ0, L, σ)

}
,

then, after K iterations of Clipped-SGD, we have that

f(xK)− f∗

= O

LR2
0 log

4
(

6(K+1)2

δ

)
K

+

max

{
R0σ, L

α−1
3α−1R

4α−2
3α−1

0 σ
2α

3α−1 , L
1
3R

4
3
0 σ

2
3

}
log4

(
6(K+1)2

δ

)
K1−β


hold with probability at least 1− δ

K∑
t=1

1
t2 .

Corollary 1. Let the conditions of Theorem 1 hold. Then, if we choose β in the optimal way, i.e.
β = 2+α

3α , we derive that

f(xK)− f∗ = Õ

LR2
0

K
+

max

{
R0σ, L

α−1
3α−1R

4α−2
3α−1

0 σ
2α

3α−1 , L
1
3R

4
3
0 σ

2
3

}
K

2α−2
3α


holds with probability at least 1− 2δ. Here Õ(·) denotes polylogarithmic dependency.

4.1 PROOF SKETCH AND TECHNICAL NOVELTIES

We now outline the analysis and highlight the three key innovations.

Potential-based high-probability convergence proof. We analyze the method using the following
potential:

Φk = dk(f(xk)− f∗) +
C

2
∥xk − x∗∥2, dk+1 = dk + γkC, d0 = 0,

where C ≥ L plays the role of an effective smoothness constant that absorbs the stochastic terms
appearing in the high-probability bounds. In the special case of C = L, this potential reduces to the
one proposed by Bansal & Gupta (2017) to study the convergence of Gradient Descent. Moreover,
Taylor & Bach (2019) consider Φk with C = L to derive the last-iterate in-expectation convergence
rate (see Table 1). Since we consider high-probability convergence, our descent lemma differs from
the one derived by Taylor & Bach (2019) and yields

ΦK ≤ Φ0 −
K−1∑
k=0

γkC ⟨xk − x∗, θk⟩ −
K−1∑
k=0

(γkdk+1 − 2ek) ⟨∇f(xk), θk⟩+
K−1∑
k=0

ek∥θk∥2, (3)

with ek :=
(Ldk+1+C)γ2

k

2 and θk := gk −∇f(xk), gk := clip(∇fξk(xk), λk). We control the three
martingale-type sums produced by the right-hand side via Bernstein/Freedman inequalities with a
time-varying failure budget δt ∼ 1/t2 and a union bound over t.

5
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Clipping level λk ∼ 1/
√
bk. A central technical choice is

λk =

√
Φ0/C

256
√
bk γk ln5/2

(
6(k+1)2

δ

) with bk = dk (k > 0),

rather than proportional to 1/γk like in the existing average-iterate convergence bounds, e.g., (Sadiev
et al., 2023; Nguyen et al., 2023). The additional division by

√
bk comes from the following obser-

vation: since we prove by induction that f(xk) − f∗ decreases as O(1/bk) with high probability,
we also get that ∥∇f(xk)∥ ≤

√
2L(f(xk)− f∗) = O(1/

√
bk). Therefore, we can better balance

the bias/variance terms produced by clipping under Assumption 3 if we select λk ∼ 1/
√
bk as well.

Horizon-agnostic schedules and log-factors. Both γk and λk are any-time, i.e., no prior knowl-
edge of K is assumed. This influences two aspects of the proof:

• Similarly to the prior high-probability analysis of Clipped-SGD (Gorbunov et al., 2020;
Sadiev et al., 2023) for smooth convex objectives, we bound the sums from (3) for each
K > 0 with high probability and then apply the union bound for estimating the probability
of the “good” event EK . However, since the horizon is unknown, we cannot select the
failure probability at each step as δ/K for each k = 0, . . . ,K − 1. Instead, the failure
probability for step k is upper bounded by δ/k2 in our proof. The choice δk ∼ 1/k2 (and
the resulting

∑
k δk ≤ δ) introduces at most polylogarithmic dependence on 1/δ, while

keeping the schedules horizon-free.
• Moreover, due to the horizon independence of the parameters, the derived upper bound

for ΦK contains a logarithmic factor ∼ ln(6(K + 1)2/δ). This leads to the ln3 and ln5/2

exponents in γk and λk, respectively. We refer to Appendix B.3 for further details.
Remark 1. Using C in place of L in the potential allows us to bound stochastic terms through
(R0, σ) as required by the high-probability analysis, while seamlessly recovering the deterministic
case C = L when σ = 0.
Remark 2. When α → 1, then our result shows convergence to some (finite) neighborhood, which is
well-aligned with existing average-iterate results (see Table 1) and the lower bound for the Lipschitz
convex case (Vural et al., 2022).

5 EXPERIMENTS

In this section, we present the results of numerical simulations showing the practical advantages
of the last iterate over the average. We consider the problem of minimizing a convex and smooth
function f : Rd → R from noisy estimates ∇̂f(x) of its gradients. In all experiments, we run
Clipped-SGD with the step-size and clipping level schedules suggested by the theory, optimizing
the constants via a grid-search procedure. Finally we report the performance of both the average and
the last iterate in terms of the 0.95-percentile of the function values across 1000 repetitions.

Corrupted gradients. We set ∇̂f(x) = ∇f(x) + N , where N is a random vector with compo-
nents sampled i.i.d. from a Pareto distribution rescaled and reshaped so that it satisfies E[∇̂f(x)] =

∇f(x), E[∥∇̂f(x)−∇f(x)∥2] ≤ 1, and all moments of order greater than 2.001 are infinite, which
closely matches our assumption with α = 2. We set d = 100 and consider two cases: first, for a
fixed unit vector a we let f(x) = ln(1+ exp(⟨x, a⟩)); second, we also consider f(x) = (1/2)∥x∥2.
Notice that both objectives are smooth (and convex), but the second is also strongly convex. The
results are shown in the left and central plots of Figure 1, where it is possible to see that the last
iterate performs better than the average.

Statistical learning. We also consider the following statistical learning problem, in which we aim
to minimize

f(x) = E(Z,Y )∼µ

[
ln
(
1 + exp(−Y ⟨x, Z⟩)

)]
using only sampling access to µ = µZ · µY |Z . We set d = 10 and take µZ to be an isotropic
distribution with components sampled from a Student-t distribution with 2.001 degrees of freedom,

6
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Figure 1: Experimental results: (left) f(x) = ln(1 + exp(⟨x, a⟩)), (center) f(x) = 1
2∥x∥

2, and
(right) f(x) = E(Z,Y )∼µ[ln(1 + exp(−Y ⟨x, Z⟩))]. The x-axis shows the iteration counter k, while
the y-axis (in logarithmic scale) reports the objective value f(zk) at the iterate zk. Note that in the
left and center plots, the y-axis corresponds to the optimization error since infx∈Rd f(x) = 0.

so that each component has variance 1/d but infinite moments of higher order. Moreover, we set
µY |Z=z = Ber(p(z)) over {±1} with p(z) = sigmoid(⟨w, z⟩). We use ∇̂f(x) = ∇x ln(1 +

exp(−Y ⟨x, Z⟩)) for (Z, Y ) ∼ µ and note that E[∇̂f(x)] = ∇f(x). We estimate f(z) at a given
point z via the Median-of-Means4 estimator with 104 samples from µ. The results are shown in the
right plot of Figure 1, where it is possible to see that the last iterate performs better than the average.

Discussion. For fairness, both the average and the last iterate are evaluated under the same step-
size and clipping level schedules: namely, those for which our theory guarantees convergence of the
last iterate. We emphasize that the optimal schedules for the average iterate differ from these ones.
In additional experiments (see appendix), we observed that the last iterate actually performs even
better when the average iterate is run under its own optimal schedule. This suggests that our current
Õ(1/K1/3) bound for the last iterate may be an artifact of the analysis, and that there might exist a
schedule (possibly the one already known to be optimal for the average iterate) that makes the last
iterate achieve the optimal rate as well. A rigorous proof of this conjecture is left to future work.

6 CONCLUSION

We presented the first high-probability last-iterate guarantees for Clipped-SGD on convex L-
smooth objectives under heavy-tailed noise with finite α-th moments, α ∈ (1, 2]. Our analysis
is based on a potential function tailored to high-probability control, a new clipping schedule that
scales as 1/(

√
bkγk), and horizon-agnostic parameter choices. These ingredients yield a rate of

Õ(1/K2(α−1)/3α) for the last iterate with only polylogarithmic dependence on 1/δ. Empirically,
we observe a clear advantage of the last iterate over the average under heavy-tailed perturbations.

Limitations and future work. The rate at α = 2 leaves a polynomial gap from the Õ(1/
√
K)

expectation benchmark (Liu & Zhou, 2024); tightening the last-iterate high-probability rate is a
compelling direction. Extending the theory to (L0, L1)-smooth objectives, which is done for the
average iterate by Gaash et al. (2025) under sub-Gaussian noise assumption and by Chezhegov
et al. (2025) under Assumption 3, without losing horizon-freeness, is another natural next step.
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A APPENDIX

In this section, we provide additional known details intended to support our analysis.

A.1 TECHNICAL DETAILS

Additional notation. We introduce the following notation:

gt = clip (∇fξt(xt), λt) ,

θt = gt −∇f(xt),

θut = gt − Eξt [gt],

θbt = Eξt [gt]−∇f(xt),

Rt = ∥xt − x∗∥ ,
∆t = f(xt)− f∗.

We also use the following standard results.

Lemma 1 (Lemma 5.1 from (Sadiev et al., 2023)). Let X be a random vector from Rd and X̂ =

clip(X,λ). Then,
∥∥∥X̂ − E

[
X̂
]∥∥∥ ≤ 2λ. Moreover, if for some σ ≥ 0 and α ∈ (1, 2] we have

E [X] = x ∈ Rd, E [∥X − x∥α] ≤ σα, and ∥x∥ ≤ λ
2 , then∥∥∥E

[
X̂
]
− x
∥∥∥ ≤ 2ασα

λα−1
,

E

[∥∥∥X̂ − x
∥∥∥2] ≤ 18λ2−ασα,

E

[∥∥∥X̂ − E
[
X̂
]∥∥∥2] ≤ 18λ2−ασα.

This lemma provides sufficient bounds for quantities such as the bias and variance of the clipped
stochastic gradient, which satisfies Assumption 3.
Next, we use one of the most popular concentration inequalities: Bernstein’s inequality (Bennett,
1962; Dzhaparidze & Van Zanten, 2001; Freedman et al., 1975).
Lemma 2 (Bernstein’s inequality). Let the sequence of random variables {Xi}i≥1 form a martin-
gale difference sequence, i.e., E [Xi | Xi−1, . . . , X1] = 0 for all i ≥ 1. Assume that conditional
variances σ2

i = E
[
X2

i | Xi−1, . . . , X1

]
exist and are bounded and also assume that there exists de-

terministic constant c > 0 such that |Xi| ≤ c almost surely for all i ≥ 1. Then for all b > 0, G > 0
and n ≥ 1

P

{∣∣∣∣∣
n∑

i=1

Xi

∣∣∣∣∣ > b and
n∑

i=1

σ2
i ≤ G

}
≤ 2 exp

(
− b2

2G+ 2cb
3

)
.

Additionally, we formulate Young’s inequality.
Proposition 1 (Young’s inequality.). For any x, y ∈ Rd and p > 0 the following inequality holds:

∥x+ y∥2 ≤ (1 + p) ∥x∥2 +
(
1 +

1

p

)
∥y∥2.

In particular, for p = 1

∥x+ y∥2 ≤ 2∥x∥2 + 2∥y∥2.
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B MISSING PROOFS

This section is organized as follows. First, we introduce an auxiliary numerical lemma required for
the main proof. Next, we state the descent lemma, which serves as the foundation for deriving the
main result. Finally, we present the convergence rate theorem for Clipped-SGD based on the last
iterate.

B.1 AUXILIARY NUMERICAL LEMMA

Lemma 3 (Numerical lemma). Suppose that t ≥ 0, β ∈ (0, 1), m ≥ 0 and n > 0. Then, we have(
(t+ 1)(1−β) − 1

1− β

)n

(t+ 1)−m ≤ lnn(t+ 1)

(t+ 1)m−(1−β)n
.

Proof. Let us consider (
(t+ 1)1−β − 1

1− β

)n

(t+ 1)−m.

For the case t = 0 it is obvious: 0 ≤ 0. For t ≥ 1, it can be rewritten as(
(t+ 1)1−β − 1

1− β

)n

(t+ 1)−m =

(
ln(t+ 1)

e(1−β) ln(t+1) − 1

(1− β) ln(t+ 1)

)n

(t+ 1)−m

= lnn(t+ 1)−m

(
e(1−β) ln(t+1) − 1

(1− β) ln(t+ 1)

)n

.

What is more, it is known that for all x > 0 we have

ex − 1

x
≤ ex.

It is enough to apply Taylor series or compare the growth of both parts. Therefore, with β < 1 and
ln(t+ 1) > 0 since t ≥ 1, we have(

(t+ 1)1−β − 1

1− β

)n

(t+ 1)−m = lnn(t+ 1)−m

(
e(1−β) ln(t+1) − 1

(1− β) ln(t+ 1)

)n

≤ lnn(t+ 1)−m
(
e(1−β) ln(t+1)

)n
= lnn(t+ 1)−m(t+ 1)(1−β)n

=
lnn(t+ 1)

(t+ 1)m−(1−β)n
.

This finishes the proof.

B.2 DESCENT LEMMA

Lemma 4 (Descent lemma). Suppose that Assumptions 1 and 2 hold. Then, after K iterations of
Clipped-SGD, we have

ΦK ≤ Φ0 −
K−1∑
k=0

γkC ⟨xk − x∗, θk⟩ −
K−1∑
k=0

(γkdk+1 − 2ek) ⟨∇f(xk), θk⟩+
K−1∑
k=0

ek∥θk∥2,

where dk+1 := dk+γkC, d0 := 0, ek :=
(Ldk+1+C)γ2

k

2 and Φk := dk(f(xk)−f∗)+ C
2 ∥xk − x∗∥2

with γkdk+1 ≥ ek.

Proof. Our proof closely follows the proof of Theorem 5 from Taylor & Bach (2019). Main idea
lies in constructing the potential which reflects the convergence of the algorithm. According to
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Assumptions 1 and 2, we have

0 ≥ (dk+1 − dk)(f(xk)− f∗ + ⟨∇f(xk), x
∗ − xk⟩)

− dk+1

(
f(xk) + ⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2 − f(xk+1)

)
= dk+1(f(xk+1)− f∗)− dk(f(xk)− f∗) + (dk+1 − dk) ⟨∇f(xk), x

∗ − xk⟩

− dk+1

(
⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2

)
= dk+1(f(xk+1)− f∗) +

C

2
∥xk+1 − x∗∥2 − C

2
∥xk+1 − x∗∥2

− dk(f(xk)− f∗)− C

2
∥xk − x∗∥2 + C

2
∥xk − x∗∥2

+ (dk+1 − dk) ⟨∇f(xk), x
∗ − xk⟩

− dk+1

(
⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2

)
,

where in the inequality we apply Assumptions 1 and 2, and in the second equation we add and
subtract the same terms twice. Decomposing ∥xk+1 − x∗∥2, we obtain

0 ≥ dk+1(f(xk+1)− f∗) +
C

2
∥xk+1 − x∗∥2 − C

2
∥xk+1 − x∗∥2

− dk(f(xk)− f∗)− C

2
∥xk − x∗∥2 + C

2
∥xk − x∗∥2

+ (dk+1 − dk) ⟨∇f(xk), x
∗ − xk⟩

− dk+1

(
⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2

)
= dk+1(f(xk+1)− f∗) +

C

2
∥xk+1 − x∗∥2 − dk(f(xk)− f∗)− C

2
∥xk − x∗∥2

− C

2

(
∥xk − x∗∥2 + 2 ⟨xk+1 − xk, xk − x∗⟩+ ∥xk+1 − xk∥2

)
+

C

2
∥xk − x∗∥2

+ (dk+1 − dk) ⟨∇f(xk), x
∗ − xk⟩ − dk+1

(
⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2

)
= dk+1(f(xk+1)− f∗) +

C

2
∥xk+1 − x∗∥2 − dk(f(xk)− f∗)− C

2
∥xk − x∗∥2

− C

2

(
2 ⟨xk+1 − xk, xk − x∗⟩+ ∥xk+1 − xk∥2

)
+ (dk+1 − dk) ⟨∇f(xk), x

∗ − xk⟩ − dk+1

(
⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2

)
.

Using the notation for the considered potential, applying the update rule and noting that dk+1−dk =
γkC, we have

0 ≥ dk+1(f(xk+1)− f∗) +
C

2
∥xk+1 − x∗∥2 − dk(f(xk)− f∗)− C

2
∥xk − x∗∥2

− C

2

(
2 ⟨xk+1 − xk, xk − x∗⟩+ ∥xk+1 − xk∥2

)
+ (dk+1 − dk) ⟨∇f(xk), x

∗ − xk⟩ − dk+1

(
⟨∇f(xk), xk+1 − xk⟩+

L

2
∥xk+1 − xk∥2

)
= Φk+1 − Φk − C ⟨xk+1 − xk, xk − x∗⟩ − Ldk+1 + C

2
∥xk+1 − xk∥2

+ γkC ⟨∇f(xk), x
∗ − xk⟩ − dk+1 ⟨∇f(xk), xk+1 − xk⟩

= Φk+1 − Φk + γkC ⟨xk − x∗, gk⟩ −
(Ldk+1 + C)γ2

k

2
∥gk∥2 + γkC ⟨∇f(xk), x

∗ − xk⟩

+ γkdk+1 ⟨∇f(xk), gk⟩ .
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Using the notation of gk and θk, we get

0 ≥ Φk+1 − Φk + γkC ⟨xk − x∗, gk⟩ −
(Ldk+1 + C)γ2

k

2
∥gk∥2 + γkC ⟨∇f(xk), x

∗ − xk⟩

+ γkdk+1 ⟨∇f(xk), gk⟩
= Φk+1 − Φk + γkC ⟨xk − x∗, θk⟩+ γkdk+1 ⟨∇f(xk), θk⟩+ γkdk+1∥∇f(xk)∥2

− (Ldk+1 + C)γ2
k

2

(
∥∇f(xk)∥2 + 2 ⟨∇f(xk), θk⟩+ ∥θk∥2

)
= Φk+1 − Φk + γkC ⟨xk − x∗, θk⟩ −

(Ldk+1 + C)γ2
k

2
∥θk∥2

+ (γkdk+1 − (Ldk+1 + C)γ2
k) ⟨∇f(xk), θk⟩+

(
γkdk+1 −

(Ldk+1 + C)γ2
k

2

)
∥∇f(xk)∥2.

Due to the notation of ek :=
(Ldk+1+C)γ2

k

2 , rearranging terms gives the following inequality:

Φk+1 ≤ Φk − γCL ⟨xk − x∗, θk⟩ − (γkdk+1 − 2ek) ⟨∇f(xk), θk⟩+ ek∥θk∥2,

where we apply γkdk+1 ≥ ek to eliminate the term related to ∥∇f(xk)∥2. Summing up finishes the
proof.

B.3 PROOF OF THEOREM 1

Theorem 2. Suppose that Assumptions 1, 2 and 3 hold. Then, if we choose

γk = min

 1

1024L ln3
(

6(k+1)2

δ

) , p(Φ0, L, σ)

256 · 41/α(k + 1)β ln3
(

6(k+1)2

δ

)
 (4)

and

λk =

√
Φ0/C

256
√
bkγk ln

5/2
(

6(k+1)2

δ

) , (5)

where

bk =

{
dk, t > 0;

1, t = 0,
(6)

p(Φ0, L, σ) = min


√

Φ0/C

σ
,

√
Φ0/C

2α
3α−1

C
α−1
3α−1σ

2α
3α−1

,

√
Φ0/C

2
3

C
1
3σ

2
3

 , (7)

parameter β is clarified later, and

C = max

{
L,

1

41−1/αp(Φ0, L, σ)

}
, (8)

then, after K iterations of Clipped-SGD, we have that

f(xK)− f∗

= O

LR2
0 ln

4
(

6(K+1)2

δ

)
K

+

max

{
R0σ, L

α−1
3α−1R

4α−2
3α−1

0 σ
2α

3α−1 , L
1
3R

4
3
0 σ

2
3

}
ln4
(

6(K+1)2

δ

)
K1−β


hold with probability at least 1− δ

K∑
t=1

1
t2 .
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Remark 3. During the proof, some constrains over β appear. This parameter obviously has a strong
impact on a final convergence bound. This is why, in the course of the proof, parameter β must be
chosen with greater care. These constraints are formulated as Conditions.
Remark 4. In the definition of p(Φ0, L, σ) we use the recurrent equation. Indeed, after substitution
of (8) into (7), function p(Φ0, L, σ) can be expressed as a function of itself. However, this form is
more intuitive for the proof, since C plays the role of effective constant of smoothness for the poten-
tial Φt. Of course, in the end of the proof of Theorem 2, we provide an explicit form of p(Φ0, L, σ)
in terms of problem parameters R0, L and σ for formulating the final convergence bound.

Proof. The proof in constructed in the similar manner as in Sadiev et al. (2023). For each k =
0, 1, . . . let us consider probabilistic events Ek: inequalities

−
t−1∑
l=0

γlC ⟨xl − x∗, θl⟩ −
t−1∑
l=0

(γldl+1 − 2el) ⟨∇f(xl), θl⟩+
t−1∑
l=0

el∥θl∥2 ≤ Φ0 ln

(
6(t+ 1)2

δ

)
;

Φt ≤ 2Φ0 ln

(
6(t+ 1)2

δ

)
hold for all t = 0, . . . , k simultaneously. We want to show via induction that P{Ek} ≥ 1− δ

k∑
t=1

1
t2 .

For k = 0 it is obvious. Now, let us assume that P{ET−1} ≥ 1 − δ
T−1∑
t=1

1
t2 for some T ≥ 1. Then,

applying Lemma 4, we have

Φt ≤ Φ0 −
t−1∑
l=0

γlC ⟨xl − x∗, θl⟩ −
t−1∑
l=0

(γldl+1 − 2el) ⟨∇f(xl), θl⟩+
t−1∑
l=0

el∥θl∥2

for all t = 0, . . . , T . The only thing we should check is to guarantee γtdt+1 ≥ et. In fact, we have

γtdt+1 ≥ et =
(Ldt+1 + C)γ2

t

2
⇔ 2dt+1 ≥ (Ldt+1 + C)γt.

Then, it is enough to guarantee

γt ≤
2dt+1

C(dt+1 + 1)
, (9)

since L ≤ C. Now, it can be obviously shown that the RHS of (9) is increasing due to the growth of
dt+1, and the LHS is decreasing according to the (4). Therefore, it is enough to guarantee

γ0 ≤ 2d1
C(d1 + 1)

.

Thus, we have

(γ0C + 1)γ0C ≤ 2γ0C ⇔ (γ0C)2 ≤ γ0C ⇔ γ0 ≤ 1

C
.

Moreover, one can have

γt =
1

1024 ln3
(

6(t+1)2

δ

) min

{
1

L
,
41−1/αp(Φ0, L, σ)

(t+ 1)β

}

≤ 1

1024 ln3
(

6(t+1)2

δ

) min

{
1

L
, 41−

1/αp(Φ0, L, σ)

}
=

1

1024C ln3
(

6(t+1)2

δ

) , (10)

where the first inequality holds since the logarithmic factor appears in the denominator. Conse-
quently, we can apply Lemma 4 with (4). Continuing, for all t = 0, . . . , T − 1 the event ET−1

implies

Φt ≤ Φ0 −
t−1∑
l=0

γlC ⟨xl − x∗, θl⟩ −
t−1∑
l=0

(γldl+1 − 2el) ⟨∇f(xl), θl⟩+
t−1∑
l=0

el∥θl∥2

≤ 2Φ0 ln

(
6(t+ 1)2

δ

)
.
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What is more, the event ET−1 implies

ΦT ≤ Φ0 −
T−1∑
t=0

γtC ⟨xt − x∗, θt⟩ −
T−1∑
t=0

(γtdt+1 − 2et) ⟨∇f(xt), θt⟩+
T−1∑
t=0

et∥θt∥2. (11)

At the same time, the event ET−1 implies

∥∇f(xt)∥ ≤
{√

2L(f(xt)− f∗), t > 0;

L ∥x0 − x∗∥ , t = 0;

≤


√

4LΦ0 ln
(

6(t+1)2

δ

)
dt

, t > 0;
√
2LΦ0, t = 0;

,

where bt is defined in (6) and in the second inequality we use that R0 =
√

2Φ0

C ≤
√

2Φ0

L . Hence,
with (10) we get

∥∇f(xt)∥ ≤ 2

√√√√LΦ0 ln
(

6(t+1)2

δ

)
bt

(4),(5)
≤ λt

2
, (12)

since

λt

2

(5)
=

√
Φ0/C

512
√
btγt ln

5/2
(

6(t+1)2

δ

) (10)
≥

2C
√

Φ0/C

√
ln
(

6(t+1)2

δ

)
√
bt

≥ 2

√√√√LΦ0 ln
(

6(t+1)2

δ

)
bt

,

where we also apply C ≥ L. Simultaneously, we have

∥xt − x∗∥ ≤
√

2Φt

C
≤ 2

√√√√Φ0 ln
(

6(t+1)2

δ

)
C

Now, let us decompose (11) using the notation of bias and unbiased part:

ΦT ≤ Φ0 −
T−1∑
t=0

γtC ⟨xt − x∗, θt⟩ −
T−1∑
t=0

(γtdt+1 − 2et) ⟨∇f(xt), θt⟩+
T−1∑
t=0

et∥θt∥2

≤ Φ0 −
T−1∑
t=0

γtC ⟨xt − x∗, θut ⟩︸ ︷︷ ︸
①

−
T−1∑
t=0

γtC
〈
xt − x∗, θbt

〉
︸ ︷︷ ︸

②

−
T−1∑
t=0

(γtdt+1 − 2et) ⟨∇f(xt), θ
u
t ⟩︸ ︷︷ ︸

③

−
T−1∑
t=0

(γtdt+1 − 2et)
〈
∇f(xt), θ

b
t

〉
︸ ︷︷ ︸

④

+

T−1∑
t=0

2et

(
∥θut ∥

2 − Eξt

[
∥θut ∥

2
])

︸ ︷︷ ︸
⑤

+

T−1∑
t=0

2etEξt

[
∥θut ∥

2
]

︸ ︷︷ ︸
⑥

+

T−1∑
t=0

2et
∥∥θbt∥∥2︸ ︷︷ ︸

⑦

,

where we apply Young’s inequality for
∥∥θut + θbt

∥∥2.

Next, we are going to give sufficient bound on each term: ①, . . . ,⑦. However, before we start, let
us give extra boundaries for the sequence {bt}. For the case t = 0 we have bt = 1. On the other
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hand, for t > 0 we get

1

1024 ln3
(
6
δ

) = γ0C ≤ bt = dt =

t−1∑
k=0

γkC
y≥0,(4)
≤

t−1∑
k=0

p(Φ0, L, σ)C

256 · 41/α(k + 1)β

≤ p(Φ0, L, σ)C

256 · 41/α

1 +

t∫
1

1

xβ
dx

 ≤ p(Φ0, L, σ)C

256 · 41/α

(
1 +

t1−β − 1

1− β

)
.

(13)

To reflect the correct behavior of convergence with α → 1, we need to bound bt as above. Never-
theless, to obtain the correct bound for fixed α ∈ (1, 2], it is enough to use

p(Φ0, L, σ)C

256 · 41/α

t1−β

1− β
. (14)

The problem arises when we consider the limit α → 1. In the next part of the proof it will be shown
that

α → 1 ⇒ β → 1

due to the constraints over β. Consequently, we could get

lim
β→1

t1−β

1− β
= ∞

instead of

lim
β→1

t1−β − 1

1− β
= ln(t+ 1).

As a result, for more reasonable analysis, we must use (13) instead of (14).
Next, since boundaries over the true gradients hold, we can apply Lemma 1 to obtain

∥θut ∥ ≤ 2λt,∥∥θbt∥∥ ≤ 2ασα

λα−1
t

,

Eξt

[
∥θut ∥

2
]
≤ 18λ2−α

t σα.

Now we are ready to bound terms ① − ⑦.
Bound for ①. By definition θut , we get

Eξt [−γtC ⟨xt − x∗, θut ⟩] = 0.

Moreover, we have that event ET−1 implies

|−γtC ⟨xt − x∗, θut ⟩| ≤ γtC ∥xt − x∗∥ ∥θut ∥ ≤ 4γtλtC

√√√√Φ0 ln
(

6(t+1)2

δ

)
C

(5)
=

Φ0

64
√
bt ln

2
(

6(t+1)2

δ

)
≤ Φ0

2 ln
1/2
(

6(t+1)2

δ

) ≤ Φ0

2
:= c.

Next, we define σ2
t :

σ2
t = Eξt [γ

2
tC

2 ⟨xt − x∗, θut ⟩
2
] ≤ 4γ2

tΦ0C ln

(
6(t+ 1)2

δ

)
Eξt

[
∥θut ∥

2
]

Therefore, we can apply Bernstein’s inequality with b = Φ0 ln

(
6(T )2

δ

)
/2 and G = Φ2

0 ln

(
6(T )2

δ

)
/24:

P

{
|①| > b and

T−1∑
t=0

σ2
t ≤ G

}
≤ 2 exp

(
− b2

2G+ 2cb
3

)
=

δ

3T 2
.
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Consequently, we have

P

{
|①| ≤ b either

T−1∑
t=0

σ2
t > G

}
≥ 1− δ

3T 2
.

What is more, we have
T−1∑
t=0

σ2
t ≤

T−1∑
t=0

4γ2
tΦ0C ln

(
6(t+ 1)2

δ

)
Eξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

72γ2
tΦ0C ln

(
6(t+ 1)2

δ

)
λ2−α
t σα

(5)
≤

T−1∑
t=0

72
√

Φ0/C
2−α

Φ0Cγα
t σ

α ln
(

6(t+1)2

δ

)
2562−αb

1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

) .

Using the notation of bt and emphasizing that bt ≥ 1

1024 ln3( 6
δ )

, we obtain

T−1∑
t=0

σ2
t ≤

T−1∑
t=0

72
√

Φ0/C
2−α

Φ0Cγα
t σ

α ln
(

6(t+1)2

δ

)
2562−αb

1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

)
≤

T−1∑
t=0

72 · 10241−α/2 ln3−
3α/2

(
6
δ

)√
Φ0/C

2−α
Φ0Cγα

t σ
α ln

(
6(t+1)2

δ

)
2562−α ln5−

5α/2
(

6(t+1)2

δ

)
≤

T−1∑
t=0

72 · 10241−α/2 ln3−
3α/2

(
6
δ

)
Φ2

0

2562 · 4(t+ 1)βα ln4−α
(

6(t+1)2

δ

) .
To get sufficient bound depending on ln

(
6(t+1)2

δ

)
, we must have this term in power of one. Thus,

we obtain

Condition 1: {
βα ≥ 1 ⇒ β ≥ 1

α . (15)

Moreover, we get
T−1∑
t=0

1

(t+ 1)βα
≤

T−1∑
t=0

1

(t+ 1)
≤ 1 +

T∫
1

1

x
dx = 1 + ln(T ) ≤ 3 ln

(√
6T√
δ

)
= 3/2 ln

(
6T 2

δ

)
(16)

since T ≥ 1. Therefore, with (17) one can have
T−1∑
t=0

σ2
t ≤

T−1∑
t=0

72 · 10241−α/2 ln3−
3α/2

(
6
δ

)
Φ2

0

2562 · 4(t+ 1)βα ln4−α
(

6(t+1)2

δ

) (15),(16)
≤ 108 · 32Φ2

0

2562 · 4
ln

(
6T 2

δ

)

≤
Φ2

0 ln
(

6T 2

δ

)
24

,

where we used that 3− 3α/2 ≤ 4− α.
Bound for ②. The event ET−1 implies

−
T−1∑
t=0

γtC
〈
xt − x∗, θbt

〉
≤

T−1∑
t=0

γtC ∥xt − x∗∥
∥∥θbt∥∥ ≤

T−1∑
t=0

2

√
Φ0C ln

(
6(t+ 1)2

δ

)
2ασαγt

λα−1
t

=

T−1∑
t=0

2
√
Φ0C ln

5α/2−2

(
6(t+ 1)2

δ

)
2α · 256α−1σαγα

t b
α−1
2

t√
Φ0/C

α−1

=

T−1∑
t=0

2C
√

Φ0/C
2−α

ln
5α/2−2

(
6(t+ 1)2

δ

)
2α · 256α−1σαγα

t b
α−1
2

t .
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Therefore, applying (13), one can obtain

② ≤
T−1∑
t=0

2C
√

Φ0/C
2−α

ln
5α/2−2

(
6(t+ 1)2

δ

)
2α · 256α−1σαγα

t b
α−1
2

t

(13),t≤t+1

≤ 2C
√

Φ0/C
2−α

ln
5α/2−2

(
6

δ

)
2α · 256α−1σαγα

0

+

T−1∑
t=1

2C
√

Φ0/C
2−α

ln
5α/2−2

(
6(t+ 1)2

δ

)
2α · 256α−1σαγα

t b
α−1
2

t

×
(
3p(Φ0, L, σ)C

256 · 41/α

(t+ 1)1−β − 1

1− β

)α−1
2

,

where in the last inequality we apply bt ≤ bt+1 and 1 + t1−β−1
1−β ≤ 1 + (t+1)1−β−1

1−β ≤ 3 (t+1)1−β−1
1−β ,

where t ≥ 1. Consequently, we get

② ≤ 2C
√

Φ0/C
2−α

ln
5α/2−2

(
6

δ

)
2α · 256α−1σαγα

0

+

T−1∑
t=1

6 · 256α−1C
√

Φ0/C
2−α

(p(Φ0, L, σ)C)
α−1
2

(256 · 41/α)
α−1
2

ln
5α/2−2

(
6(t+ 1)2

δ

)
2ασαγα

t ×
(
(t+ 1)1−β − 1

1− β

)α−1
2

(4)
≤

2C
√

Φ0/C
2−α

ln
5α/2−2

(
6
δ

)
2α · 256α−1σαpα(Φ0, L, σ)

(256 · 41/α)α ln3α
(
6
δ

)
+

T−1∑
t=1

6 · 256α−1C
√

Φ0/C
2−α

p
3α−1

2 (Φ0, L, σ)C
α−1
2

(256 · 41/α)
3α−1

2 (t+ 1)βα ln3α
(

6(t+1)2

δ

) ln
5α/2−2

(
6(t+ 1)2

δ

)
2ασα ×

(
(t+ 1)1−β − 1

1− β

)α−1
2

.

Applying (7) and using that 3α ≥ 5α
2 − 2, one can derive

② ≤ 8 · 256α−1Φ0

(256 · 41/α)α
+

T−1∑
t=1

24 · 256α−1Φ0

(256 · 41/α)
3α−1

2 (t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α−1
2

.

Consequently, applying Lemma 3, one can get

② ≤ 8 · 256α−1Φ0

(256 · 41/α)α
+

T−1∑
t=1

24 · 256α−1Φ0

(256 · 41/α)
3α−1

2 (t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α−1
2

(Lemma 3)

≤ 8 · 256α−1Φ0

(256 · 41/α)α
+

T−1∑
t=1

24 · 256α−1Φ0

(256 · 41/α)
3α−1

2 ln2+
α/2−α−1/2

(
6(t+1)2

δ

) × 1

(t+ 1)βα−(1−β)(α−1)/2

≤ 8 · 256α−1Φ0

(256 · 41/α)α
+

T−1∑
t=1

24 · 256α−1Φ0

(256 · 41/α)
3α−1

2

1

(t+ 1)βα−(1−β)(α−1)/2

≤
T−1∑
t=0

2Φ0 max

{
8 · 256α−1

(256 · 41/α)α
,

24 · 256α−1

(256 · 41/α)
3α−1

2

}
1

(t+ 1)βα−(1−β)(α−1)/2
.

Similar to the bound of ①, next inequality should hold:

Condition 2: {
βα− (1−β)(α−1)

2 ≥ 1 ⇒ β ≥ α+1
3α−1 . (17)
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Due to these constraints, we derive

② ≤
T−1∑
t=0

2Φ0 max

{
8 · 256α−1

(256 · 41/α)α
,

24 · 256α−1

(256 · 41/α)
3α−1

2

}
1

(t+ 1)βα−(1−β)(α−1)/2

(17),(16)
≤ 3Φ0 max

{
8 · 256α−1

(256 · 41/α)α
,

24 · 256α−1

(256 · 41/α)
3α−1

2

}
ln

(
6T 2

δ

)
≤

Φ0 ln
(

6T 2

δ

)
12

,

where we bound
T−1∑
t=0

1
t+1 in the similar way as for ①.

Bound for ③. Due to the definition θut , we get

Eξt [−(γtdt+1 − 2et) ⟨∇f(xt), θ
u
t ⟩] = 0.

Moreover, it is uniformly bounded:

|−(γtdt+1 − 2et) ⟨∇f(xt), θ
u
t ⟩| ≤ 3γtdt+1 ∥∇f(xt)∥ ∥θut ∥ ≤ 12γtλtdt+1

√√√√Φ0C ln
(

6(t+1)2

δ

)
bt

(5)
≤ 3Φ0dt+1

64bt
=

3Φ0(dt + γtC)

64bt
.

For the case t = 0 we have d0+γ0C
b0

= C1

ln( 6
δ )

≤ 1; at the same time, if t > 0, one can obtain
dt+γtC

bt
= dt+γtC

dt
≤ 2 since the sequence of stepsizes {γt} is non-increasing: γtC

dt
≤ γ0C

dt
≤ 1.

Therefore,

|−(γtdt+1 − 2et) ⟨∇f(xt), θ
u
t ⟩| ≤

3Φ0(dt + γtL)

64bt
≤ 3Φ0

32
:= c.

Let us define σ2
t = Eξt

[
((γtdt+1 − 2et) ⟨∇f(xt), θ

u
t ⟩)

2
]
. Hence, we get

σ2
t ≤ Eξt

[
9γ2

t d
2
t+1 ∥∇f(xt)∥2 ∥θut ∥

2
]
= 9γ2

t d
2
t+1 ∥∇f(xt)∥2 Eξt

[
∥θut ∥

2
]
.

Consequently, we can apply Bernstein’s inequality with b = Φ0 ln

(
6(T )2

δ

)
/12 and G =

Φ2
0 ln

(
6(T )2

δ

)
/1152:

P

{
|③| > b and

T−1∑
t=0

σ2
t ≤ G

}
≤ 2 exp

(
− b2

2G+ 2cb
3

)
=

δ

3T 2
.

It automatically leads to

P

{
|③| ≤ b either

T−1∑
t=0

σ2
t > G

}
≥ 1− δ

3T 2
.

What is more, we get

T−1∑
t=0

σ2
t ≤

T−1∑
t=0

9γ2
t d

2
t+1 ∥∇f(xt)∥2 Eξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

648γ2
t d

2
t+1

LΦ0 ln
(

6(t+1)2

δ

)
bt

λ2−α
t σα

(5)
≤

T−1∑
t=0

648γα
t d

2
t+1LΦ0

√
Φ0/C

2−α
σα

2562−αb
2−α/2
t ln4−

5α/2
(

6(t+1)2

δ

)
(4)
≤

T−1∑
t=0

1296pα(Φ0, L, σ)d
α/2
t+1LΦ0

√
Φ0/C

2−α
σα

2562 · 4(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

) ,
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where in the last inequality we substitute the second choice of γt and bound dt+1/bt ≤ 2. What is
more, dt+1 = bt+1 for all t ≥ 0. Hence, one can obtain

T−1∑
t=0

σ2
t ≤

T−1∑
t=0

1296pα(Φ0, L, σ)d
α/2
t+1LΦ0

√
Φ0/C

2−α
σα

2562 · 4(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

)
(13)
≤

T−1∑
t=0

1296pα(Φ0, L, σ)LΦ0

√
Φ0/C

2−α
σα

2562 · 4(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

) ×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α/2

.

Noting that (a+ b)α/2 ≤ aα/2 + bα/2 due to the α/2 ≤ 1, we derive

T−1∑
t=0

σ2
t

L≤C

≤
T−1∑
t=0

1296p3α/2(Φ0, L, σ)C
1+α/2Φ0

√
Φ0/C

2−α
σα

2562+α/2 · 43/2(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

1296p3α/2(Φ0, L, σ)C
1+α/2Φ0

√
Φ0/C

2−α
σα

2562+α/2 · 43/2(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α/2

(7)
≤

T−1∑
t=0

1296Φ2
0

2562+α/2 · 43/2(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

1296Φ2
0

2562+α/2 · 43/2(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α/2

,

where in the last inequality we substitute the third choice of p(Φ0, L, σ). Applying Lemma 3, we
obtain

T−1∑
t=0

σ2
t ≤

T−1∑
t=0

1296Φ2
0

2562+α/2 · 43/2(t+ 1)βα ln4+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

1296Φ2
0

2562+α/2 · 43/2(t+ 1)βα−(1−β)α/2 ln4
(

6(t+1)2

δ

) .
Therefore, conditions over β can be formulated as follows:

Condition 3: {
βα ≥ 1 ⇒ β ≥ 1

α ;

βα− (1− β)α/2 ≥ 1 ⇒ β ≥ 2+α
3α .

(18)

Consequently, with (18), we have

T−1∑
t=0

σ2
t

(18)
≤

T−1∑
t=0

2592Φ2
0

2562+α/2 · 43/2(t+ 1)

(16)
≤

3888Φ2
0 ln

(
6T 2

δ

)
2562+α/2 · 43/2

≤
Φ2

0 ln
(

6T 2

δ

)
1152

.
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Bound for ④. The event ET−1 implies

−
T−1∑
t=0

(γtdt+1 − 2et)
〈
∇f(xt), θ

b
t

〉
≤

T−1∑
t=0

3γtdt+1 ∥∇f(xt)∥
∥∥θbt∥∥

≤
T−1∑
t=0

6γtdt+1

√√√√LΦ0 ln
(

6(t+1)2

δ

)
bt

2ασα

λα−1
t

(5)
≤

T−1∑
t=0

24 · 256α−1γα
t dt+1

√
LΦ0σ

α√
Φ0/C

α−1
b
1−α/2
t

ln
5α/2−2

(
6(t+ 1)2

δ

)

≤
T−1∑
t=0

24 · 256α−1γα
t dt+1C

√
Φ0/C

2−α
σα

b
1−α/2
t

ln
5α/2−2

(
6(t+ 1)2

δ

)

≤
T−1∑
t=0

48 · 256α−1γα
t d

α/2
t+1C

√
Φ0/C

2−α
σα ln

5α/2−2

(
6(t+ 1)2

δ

)
,

where in the last inequality we apply dt+1/bt ≤ 2. Thus, we have

④ ≤
T−1∑
t=0

48 · 256α−1γα
t d

α/2
t+1C

√
Φ0/C

2−α
σα ln

5α/2−2

(
6(t+ 1)2

δ

)
(4)
≤

T−1∑
t=0

48 · 256α−1pα(Φ0, L, σ)d
α/2
t+1C

√
Φ0/C

2−α
σα

(256 · 41/α)α(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

)
dt+1=bt+1,(13)

≤
T−1∑
t=0

48 · 256α−1pα(Φ0, L, σ)C
√

Φ0/C
2−α

σα

(256 · 41/α)α(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

)
×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α/2

≤
T−1∑
t=0

48 · 256α−1p3α/2(Φ0, L, σ)C
1+α/2

√
Φ0/C

2−α
σα

(256 · 41/α)3α/2(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

48 · 256α−1p3α/2(Φ0, L, σ)C
1+α/2

√
Φ0/C

2−α
σα

(256 · 41/α)3α/2(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α/2

,

where in the last inequality we use (a+ b)α/2 ≤ aα/2 + bα/2. Therefore, substituting the third choice
of p(Φ0, L, σ) (7), one can obtain

④ ≤
T−1∑
t=0

48 · 256α−1Φ0

(256 · 41/α)3α/2(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

48 · 256α−1Φ0

(256 · 41/α)3α/2(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α/2

.

Applying Lemma 3 to the second term, we get

④ ≤
T−1∑
t=0

48 · 256α−1Φ0

(256 · 41/α)3α/2(t+ 1)βα ln2+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

48 · 256α−1Φ0

(256 · 41/α)3α/2(t+ 1)βα−(1−β)α/2 ln2
(

6(t+1)2

δ

) .
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To derive a sufficient boundary, it is enough to apply next conditions over β:

Condition 4: {
βα ≥ 1 ⇒ β ≥ 1

α ;

βα− (1− β)α/2 ≥ 1 ⇒ β ≥ 2+α
3α .

(19)

Hence, we have

④
(19)
≤

T−1∑
t=0

96 · 256α−1Φ0

(256 · 41/α)3α/2(t+ 1)

(16)
≤

144 · 256α−1Φ0 ln
(

6T 2

δ

)
(256 · 41/α)3α/2

≤
Φ0 ln

(
6T 2

δ

)
12

.

Bound for ⑤. First of all, we have

Eξt

[
2et

(
∥θut ∥

2 − Eξt

[
∥θut ∥

2
])]

= 0

Moreover, we have∣∣∣2et (∥θut ∥2 − Eξt

[
∥θut ∥

2
])∣∣∣ ≤ 8etλ

2
t = 4(Ldt+1 + C)γ2

t λ
2
t

(5)
=

4(Ldt+1 + C)Φ0/C

2562bt ln
5
(

6(t+1)2

δ

)
≤ 4(dt+1 + 1)Φ0

2562bt ln
5
(

6(t+1)2

δ

) dt+1/bt≤2,(13)
≤ Φ0

8
:= c.

Let us define σ2
t = Eξt

[
4e2t

(
∥θut ∥

2 − Eξt

[
∥θut ∥

2
])2]

. Consequently, it can be bounded as fol-

lows:

σ2
t = Eξt

[
4e2t

(
∥θut ∥

2 − Eξt

[
∥θut ∥

2
])2]

≤ cEξt

[
2et

∣∣∣(∥θut ∥2 − Eξt

[
∥θut ∥

2
])∣∣∣]

≤ 4cetEξt

[
∥θut ∥

2
]
.

Therefore, we can apply Bernstein’s inequality with b = Φ0 ln
(

6T2

δ

)
/8 and G = Φ2

0 ln
(

6T2

δ

)
/384:

P

{
|⑤| > b and

T−1∑
t=0

σ2
t ≤ G

}
≤ 2 exp

(
− b2

2G+ 2cb
3

)
=

δ

3T 2
.

Hence, we derive

P

{
|⑤| ≤ b either

T−1∑
t=0

σ2
t > G

}
≥ 1− δ

3T 2
.

What is more, we get
T−1∑
t=0

σ2
t ≤

T−1∑
t=0

4cetEξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

36c(Ldt+1 + C)γ2
t λ

2−α
t σα

(5)
=

T−1∑
t=0

36c(Ldt+1 + C)γα
t σ

α
√

Φ0/C
2−α

2562−αb
1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

)
≤

T−1∑
t=0

36cC(dt+1 + 1)γα
t σ

α
√

Φ0/C
2−α

2562−αb
1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

)
=

T−1∑
t=0

36cCdt+1γ
α
t σ

α
√

Φ0/C
2−α

2562−αb
1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

) +

T−1∑
t=0

36cCγα
t σ

α
√

Φ0/C
2−α

2562−αb
1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

)
dt+1/bt≤2,(13)

≤
T−1∑
t=0

72cCd
α/2
t+1γ

α
t σ

α
√

Φ0/C
2−α

2562−α ln5−
5α/2

(
6(t+1)2

δ

) +

T−1∑
t=0

36 · 10241−α/2cCγα
t σ

α
√

Φ0/C
2−α

ln3−
3α/2

(
6
δ

)
2562−α ln5−

5α/2
(

6(t+1)2

δ

) ,
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where in the last inequality we apply dt+1 ≤ 2bt for the first term, and substitute the lower bound
for bt (see (13)) in the second term. Consequently, substituting the stepsize (4), we get

T−1∑
t=0

σ2
t

(4)
≤

T−1∑
t=0

72cCpα(Φ0, L, σ)d
α/2
t+1σ

α
√

Φ0/C
2−α

2562 · 4(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

36 · 10241−α/2cCpα(Φ0, L, σ)σ
α
√

Φ0/C
2−α

ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

)
(13)
≤

T−1∑
t=0

72cCpα(Φ0, L, σ)σ
α
√

Φ0/C
2−α

2562 · 4(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

) ×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α/2

+

T−1∑
t=0

36 · 10241−α/2cCpα(Φ0, L, σ)σ
α
√

Φ0/C
2−α

ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

) ,

where we used the upper bound for dt+1 (see also (13)). Using the fact that (a+ b)α/2 ≤ aα/2 + bα/2

and applying Lemma 3, we get

T−1∑
t=0

σ2
t ≤

T−1∑
t=0

72cC1+α/2p3α/2(Φ0, L, σ)σ
α
√

Φ0/C
2−α

2562+α/2 · 43/2(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

72cC1+α/2p3α/2(Φ0, L, σ)σ
α
√

Φ0/C
2−α

2562+α/2 · 43/2(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α/2

+

T−1∑
t=0

36 · 10241−α/2cCpα(Φ0, L, σ)σ
α
√

Φ0/C
2−α

ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

)
≤

T−1∑
t=0

72cC1+α/2p3α/2(Φ0, L, σ)σ
α
√

Φ0/C
2−α

2562+α/2 · 43/2(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

72cCpα(Φ0, L, σ)σ
α
√

Φ0/C
2−α

2562+α/2 · 43/2(t+ 1)βα−(1−β)α/2 ln5
(

6(t+1)2

δ

)
+

T−1∑
t=0

36 · 10241−α/2cC1+α/2p3α/2(Φ0, L, σ)σ
α
√

Φ0/C
2−α

ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

) .

Substitution of p(Φ0, L, σ) gives

T−1∑
t=0

σ2
t ≤

T−1∑
t=0

72cΦ0

2562+α/2 · 43/2(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

72cΦ0

2562+α/2 · 43/2(t+ 1)βα−(1−β)α/2 ln5
(

6(t+1)2

δ

)
+

T−1∑
t=0

36 · 10241−α/2cΦ0 ln
3−3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

) .
Thus, if we choose β as follows:
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Condition 5: {
βα ≥ 1 ⇒ β ≥ 1

α ;

βα− (1− β)α/2 ≥ 1 ⇒ β ≥ 2+α
3α ,

(20)

we derive
T−1∑
t=0

σ2
t

(20)
≤

T−1∑
t=0

72cΦ0

2562+α/2 · 43/2(t+ 1)
+

T−1∑
t=0

72cΦ0

2562+α/2 · 43/2(t+ 1)

+

T−1∑
t=0

36 · 10241−α/2cΦ0

2562 · 4(t+ 1)

(16)
≤ 3cΦ0 max

{
144

2562+α/2 · 43/2
,
36 · 10241−α/2

2562 · 4

}
ln

(
6T 2

δ

)
≤

Φ2
0 ln

(
6T 2

δ

)
384

.

Bound for ⑥. The event ET−1 implies
T−1∑
t=0

2etEξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

C(dt+1 + 1)γ2
t Eξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

18C(dt+1 + 1)γ2
t λ

2−α
t σα

(5)
=

T−1∑
t=0

18C
√

Φ0/C
2−α

(dt+1 + 1)γα
t σ

α

2562−αb
1−α/2
t ln5−

5α/2
(

6(t+1)2

δ

)
dt+1/bt≤2,(13)

≤
T−1∑
t=0

36C
√

Φ0/C
2−α

d
α/2
t+1γ

α
t σ

α

2562−α ln5−
5α/2

(
6(t+1)2

δ

)
+

T−1∑
t=0

18 · 10241−α/2C
√

Φ0/C
2−α

γα
t σ

α ln3−
3α/2

(
6
δ

)
2562−α ln5−

5α/2
(

6(t+1)2

δ

) .

Substitution of (4) gives
T−1∑
t=0

2etEξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

36C
√

Φ0/C
2−α

d
α/2
t+1γ

α
t σ

α

2562−α ln5−
5α/2

(
6(t+1)2

δ

)
+

T−1∑
t=0

18 · 10241−α/2C
√

Φ0/C
2−α

γα
t σ

α ln3−
3α/2

(
6
δ

)
2562−α ln5−

5α/2
(

6(t+1)2

δ

)
(4)
≤

T−1∑
t=0

36Cpα(Φ0, L, σ)
√

Φ0/C
2−α

d
α/2
t+1σ

α

2562 · 4(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

18 · 10241−α/2Cpα(Φ0, L, σ)
√

Φ0/C
2−α

σα ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

) .

Using (13) as the upper bound for dt+1, we obtain
T−1∑
t=0

2etEξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

36Cpα(Φ0, L, σ)
√

Φ0/C
2−α

σα

2562 · 4(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α/2

+

T−1∑
t=0

18 · 10241−α/2Cpα(Φ0, L, σ)
√

Φ0/C
2−α

σα ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

) .
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Using that (a+ b)α/2 ≤ aα/2 + bα/2 and applying Lemma 3, we get

T−1∑
t=0

‘2etEξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

36C1+α/2p3α/2(Φ0, L, σ)
√

Φ0/C
2−α

σα

2562+α/2 · 43/2(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

36C1+α/2p3α/2(Φ0, L, σ)
√

Φ0/C
2−α

σα

2562+α/2 · 43/2(t+ 1)βα−(1−β)α/2 ln5
(

6(t+1)2

δ

)
+

T−1∑
t=0

18 · 10241−α/2Cpα(Φ0, L, σ)
√

Φ0/C
2−α

σα ln3−
3α/2

(
6
δ

)
2562 · 4(t+ 1)βα ln5+

α/2
(

6(t+1)2

δ

) .

Then, if we substitute the choice of p(Φ0, L, σ) (7), we have

T−1∑
t=0

‘2etEξt

[
∥θut ∥

2
]
≤

T−1∑
t=0

36Φ0

2562+α/2 · 43/2(t+ 1)βα ln5+
α/2
(

6(t+1)2

δ

)
+

T−1∑
t=0

36Φ0

2562+α/2 · 43/2(t+ 1)βα−(1−β)α/2 ln5
(

6(t+1)2

δ

)
+

T−1∑
t=0

18 · 10241−α/2Φ0

2562 · 4(t+ 1)βα ln2+2α
(

6(t+1)2

δ

) .

Therefore, if we choose β in the following way:

Condition 6: {
βα ≥ 1 ⇒ β ≥ 1

α ;

βα− (1− β)α/2 ≥ 1 ⇒ β ≥ 2+α
3α ,

(21)

one can obtain

T−1∑
t=0

‘2etEξt

[
∥θut ∥

2
] (21)
≤

T−1∑
t=0

36Φ0

2562+α/2 · 43/2(t+ 1)

+

T−1∑
t=0

36Φ0

2562+α/2 · 43/2(t+ 1)

+

T−1∑
t=0

18 · 10241−α/2Φ0

2562 · 4(t+ 1)

(16)
≤ 3Φ0 max

{
72

2562+α/2 · 43/2
,
18 · 10241−α/2

2562 · 4

}
ln

(
6T 2

δ

)

≤
Φ0 ln

(
6T 2

δ

)
16

.

26



1404
1405
1406
1407
1408
1409
1410
1411
1412
1413
1414
1415
1416
1417
1418
1419
1420
1421
1422
1423
1424
1425
1426
1427
1428
1429
1430
1431
1432
1433
1434
1435
1436
1437
1438
1439
1440
1441
1442
1443
1444
1445
1446
1447
1448
1449
1450
1451
1452
1453
1454
1455
1456
1457

Under review as a conference paper at ICLR 2026

Bound for ⑦. According to the event ET−1, we have

T−1∑
t=0

2et
∥∥θbt∥∥2 ≤

T−1∑
t=0

C(dt+1 + 1)γ2
t

4ασ2α

λ2α−2
t

(5)
=

T−1∑
t=0

4α · 2562α−2C(dt+1 + 1)γ2α
t σ2αbα−1

t ln5α−5
(

6(t+1)2

δ

)
√

Φ0/C
2α−2

=
4α · 2562α−2C(d1 + 1)γ2α

0 σ2α ln5α−5
(
6
δ

)√
Φ0/C

2α−2

+

T−1∑
t=1

4α · C2α−2
3 C(dt+1 + 1)γ2α

t σ2αbα−1
t ln5α−5

(
6(t+1)2

δ

)
√

Φ0/C
2α−2

≤
4α · 2562α−2C(d1 + 1)γ2α

0 σ2α ln5α−5
(
6
δ

)√
Φ0/C

2α−2

+

T−1∑
t=1

4α · 2562α−2C(dt+1 + 1)γ2α
t σ2αdα−1

t+1 ln5α−5
(

6(t+1)2

δ

)
√

Φ0/C
2α−2 ,

where in the last inequality we use that bt = dt ≤ dt+1 for all t ≥ 1. Hence, one can obtain

T−1∑
t=0

2et
∥∥θbt∥∥2 ≤

4α · 2562α−2C(d1 + 1)γ2α
0 σ2α ln5α−5

(
6
δ

)√
Φ0/C

2α−2

+

T−1∑
t=1

4α · 2562α−2Cdαt+1γ
2α
t σ2α ln5α−5

(
6(t+1)2

δ

)
√

Φ0/C
2α−2

+

T−1∑
t=1

4α · 2562α−2Cdα−1
t+1 γ

2α
t σ2α ln5α−5

(
6(t+1)2

δ

)
√

Φ0/C
2α−2 ,

where we divide (dt+1 + 1) into two terms. As a result, substituting (13) to bound dt+1, we get

T−1∑
t=0

2et
∥∥θbt∥∥2 ≤

4α · 2562α−2C(d1 + 1)γ2α
0 σ2α ln5α−5

(
6
δ

)√
Φ0/C

2α−2

+

T−1∑
t=1

4α · 2562α−2Cγ2α
t σ2α ln5α−5

(
6(t+1)2

δ

)
√

Φ0/C
2α−2

×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α

+

T−1∑
t=1

4α · 2562α−2Cγ2α
t σ2α ln5α−5

(
6(t+1)2

δ

)
√

Φ0/C
2α−2

×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α−1

.
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Substitution of (4) gives

T−1∑
t=0

2et
∥∥θbt∥∥2 (4)

≤ 4α · 2562α−2C(d1 + 1)p2α(Φ0, L, σ)σ
2α

(256)2α · 16
√

Φ0/C
2α−2

ln5+α
(
6
δ

)
+

T−1∑
t=1

4α · 2562α−2Cp2α(Φ0, L, σ)σ
2α

(256)2α · 16(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

)
×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α

+

T−1∑
t=1

4α · 2562α−2Cp2α(Φ0, L, σ)σ
2α

(256)2α · 16(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

)
×
(
p(Φ0, L, σ)C

256 · 41/α

(
1 +

(t+ 1)1−β − 1

1− β

))α−1

.

Abusing facts that (a + b)α−1 ≤ aα−1 + bα−1 since α − 1 ≤ 1 and (a + b)α ≤ 2aα + 2bα since
α ≤ 2 allows to derive
T−1∑
t=0

2et
∥∥θbt∥∥2 ≤ 4α · 2562α−2C(d1 + 1)p2α(Φ0, L, σ)σ

2α

(256)2α · 16
√

Φ0/C
2α−2

ln5+α
(
6
δ

)
+

T−1∑
t=1

2 · 4α · 2562α−2C1+αp3α(Φ0, L, σ)σ
2α

(256)3α · 64(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

)
+

T−1∑
t=1

2 · 4α · 2562α−2C1+αp3α(Φ0, L, σ)σ
2α

(256)3α · 64(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α

+

T−1∑
t=1

4α · 2562α−2Cαp3α−1(Φ0, L, σ)σ
2α

(256)3α−1 · 4(3α−1)/α(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

)
+

T−1∑
t=1

4α · 2562α−2Cαp3α−1(Φ0, L, σ)σ
2α

(256)3α−1 · 4(3α−1)/α(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

) ×
(
(t+ 1)1−β − 1

1− β

)α−1

.

Applying Lemma 3, we get

T−1∑
t=0

2et
∥∥θbt∥∥2 ≤ 2 · 4α · 2562α−2C(d1 + 1)p2α(Φ0, L, σ)σ

2α

(256)2α · 16
√

Φ0/C
2α−2

ln5+α
(
6
δ

)
+

T−1∑
t=1

2 · 4α · 2562α−2C1+αp3α(Φ0, L, σ)σ
2α

(256)3α · 64(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

)
+

T−1∑
t=1

2 · 4α · 2562α−2C1+αp3α(Φ0, L, σ)σ
2α

(256)3α · 64(t+ 1)2βα−(1−β)α
√

Φ0/C
2α−2

ln5
(

6(t+1)2

δ

)
+

T−1∑
t=1

4α · 2562α−2Cαp3α−1(Φ0, L, σ)σ
2α

(256)3α−1 · 4(3α−1)/α(t+ 1)2βα
√

Φ0/C
2α−2

ln5+α
(

6(t+1)2

δ

)
+

T−1∑
t=1

4α · 2562α−2Cαp3α−1(Φ0, L, σ)σ
2α

(256)3α−1 · 4(3α−1)/α(t+ 1)2βα−(1−β)(α−1)
√

Φ0/C
2α−2

ln6
(

6(t+1)2

δ

) .
Then, substituting (7) for each term (to be precise, for the first term we use option 1, for second and
third terms – option 3, and for the last two terms – option 2), with d1 + 1 = γ0C + 1 ≤ 2, one can

28



1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544
1545
1546
1547
1548
1549
1550
1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565

Under review as a conference paper at ICLR 2026

obtain

T−1∑
t=0

2et
∥∥θbt∥∥2 ≤ 2 · 4α · 2562α−2Φ0

(256)2α · 16 ln5+α
(
6
δ

)
+

T−1∑
t=1

2 · 4α · 2562α−2Φ0

(256)3α · 64(t+ 1)2βα ln5+α
(

6(t+1)2

δ

)
+

T−1∑
t=1

2 · 4α · 2562α−2Φ0

(256)3α · 64(t+ 1)2βα−(1−β)α ln5
(

6(t+1)2

δ

)
+

T−1∑
t=1

4α · 2562α−2Φ0

(256)3α−1 · 4(3α−1)/α(t+ 1)2βα ln5+α
(

6(t+1)2

δ

)
+

T−1∑
t=1

4α · 2562α−2Φ0

(256)3α−1 · 4(3α−1)/α(t+ 1)2βα−(1−β)(α−1) ln6
(

6(t+1)2

δ

) .
Hence, to obtain the sufficient bound, it is enough to choose β as follows:

Condition 7: 
2βα ≥ 1 ⇒ β ≥ 1

2α ;

2βα− (1− β)(α− 1) ≥ 1 ⇒ β ≥ α
3α−1 ;

2βα− (1− β)α ≥ 1 ⇒ β ≥ 1+α
3α ;

(22)

Consequently, we have

T−1∑
t=0

2et
∥∥θbt∥∥2 (22)

≤ 2 · 4α · 2562α−2Φ0

(256)2α · 16
+

T−1∑
t=1

4 · 4α · 2562α−2Φ0

(256)3α · 64(t+ 1)
+

T−1∑
t=1

2 · 4α · 2562α−2Φ0

(256)3α−1 · 4(3α−1)/α(t+ 1)

≤
T−1∑
t=0

4 · 4α · 2562α−2Φ0

(256)2α · 16(t+ 1)

(16)
≤

Φ0

(
6T 2

δ

)
16

.

Final bound. If we formulate events E①, E③, E⑤ as follows: b = Φ0 ln

(
6(T )2

δ

)
/2 and G =

Φ2
0 ln

(
6(T )2

δ

)
24

E① =

|①| ≤
Φ0 ln

(
6(T )2

δ

)
2

either
T−1∑
t=0

σ2
t >

Φ2
0 ln

(
6(T )2

δ

)
24


E③ =

|③| ≤
Φ0 ln

(
6(T )2

δ

)
12

either
T−1∑
t=0

σ2
t >

Φ2
0 ln

(
6(T )2

δ

)
1152


E⑤ =

|⑤| ≤
Φ0 ln

(
6(T )2

δ

)
8

either
T−1∑
t=0

σ2
t >

Φ2
0 ln

(
6(T )2

δ

)
384

 ,

then the event ET−1 ∩ E① ∩ E③ ∩ E⑤ implies

ΦT ≤ Φ0 +
Φ0 ln

(
6T 2

δ

)
2

+ 3 ·
Φ0 ln

(
6T 2

δ

)
12

+
Φ0 ln

(
6T 2

δ

)
8

+ 2 ·
Φ0 ln

(
6T 2

δ

)
16

≤ 2Φ0 ln

(
6T 2

δ

)
.
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Consequently, we have

P{ET } ≥ P{ET−1 ∩ E① ∩ E③ ∩ E⑤} = 1− P{ET−1 ∩ E① ∩ E③ ∩ E⑤}

≥ 1− P{ET−1} − P{E①} − P{E③} − P{E⑤} ≥ 1− δ

T−1∑
t=1

1

t2
− 3δ

3T 2

= 1− δ

T∑
t=1

1

t2
.

This finishes the inductive step of the proof. Therefore, the event EK implies

ΦK ≤ 2Φ0 ln

(
6(K + 1)2

δ

)

with probability at least 1− δ
K∑
t=1

1
t2 . Abusing the notation, with d0 = 0 we have

dK(f(xK)− f∗) ≤ 2CR2
0 ln

(
6(K + 1)2

δ

)
.

Thus, the event EK implies

f(xK)− f∗ ≤
2CR2

0 ln
(

6(K+1)2

δ

)
K−1∑
t=0

γtC

=
2R2

0 ln
(

6(K+1)2

δ

)
K−1∑
t=0

γt

. (23)

Moreover, it is known that

1
n∑

i=1

1
ai

≤

n∑
i=1

ai

n2

for ai > 0, since it is AM-HM inequality. Thus, applying it with ai =
1
γi

to (23) leads to

f(xK)− f∗ ≤
2R2

0 ln
(

6(K+1)2

δ

)
K−1∑
t=0

γt

≤
2R2

0 ln
(

6(K+1)2

δ

)
K2

K−1∑
t=0

1

γt
.

Substituting (4), we have

f(xK)− f∗ ≤
2R2

0 ln
(

6(K+1)2

δ

)
K2

K−1∑
k=0

1

γt

≤
2R2

0 ln
(

6(K+1)2

δ

)
K2

K−1∑
k=0

max

1024L ln3
(
6(k + 1)2

δ

)
,
(k + 1)β ln3

(
6(k+1)2

δ

)
256 · 41/αp(Φ, L, σ)

 .

(24)

Before we provide a final bound, let us emphasize two important parts. First of all, combining
Conditions 1-7, we should choose β ≥ max

{
1
α ,

α+1
3α−1 ,

2+α
3α , α

3α−1 ,
α+1
3α

}
. It is easy to verify that

β should be greater than 2+α
3α .
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What is more, let us look at the choice of p(Φ0, L, σ). Applying the definition of C (8), we have

p(Φ0, L, σ) = min


√

Φ0/C

σ
,

√
Φ0/C

2α
3α−1

C
α−1
3α−1σ

2α
3α−1

,

√
Φ0/C

2
3

C
1
3σ

2
3


= min

 R0√
2σ

,
R

2α
3α−1

0

2
α

3α−1C
α−1
3α−1σ

2α
3α−1

,
R

2
3
0

2
1
3C

1
3σ

2
3


= min

{
R0√
2σ

,
R

2α
3α−1

0

2
α

3α−1L
α−1
3α−1σ

2α
3α−1

,
R

2
3
0

2
1
3L

1
3σ

2
3

,

R
2α

3α−1

0 (41−1/αp(Φ0, L, σ))
α−1
3α−1

2
α

3α−1σ
2α

3α−1

,
R

2
3
0 (4

1−1/αp(Φ0, L, σ))
1
3

2
1
3σ

2
3

}
. (25)

If p(Φ0, L, σ) equals fourth of fifth choice from (25), we can show that

p(Φ0, L, σ) =
const ·Rr

0p
1−r(Φ0, L, σ)

σr
,

where r can be equal to 2α
3α−1 and 2

3 . Therefore, we get

pr(Φ0, L, σ) =
const ·Rr

0

σr
⇒ p(Φ0, L, σ) =

r
√
const ·R0

σ
.

As a result, we have

p(Φ0, L, σ) = Θ

min

R0

σ
,

R
2α

3α−1

0

L
α−1
3α−1σ

2α
3α−1

,
R

2
3
0

L
1
3σ

2
3


 . (26)

Finally, applying (26) to (24) and using that

ln

(
6(k + 1)2

δ

)
≤ ln

(
6(K + 1)2

δ

)
and

K−1∑
k=0

(k + 1)β =

K∑
k=1

kβ ≤ Kβ +

K∫
1

xβdx = Kβ +
K1+β − 1

1 + β
≤ 2K1+β ,

we derive

f(xK)− f∗ ≤
2R2

0 ln
(

6(K+1)2

δ

)
K2

K−1∑
k=0

max

1024L ln3
(
6(k + 1)2

δ

)
,
(k + 1)β ln3

(
6(k+1)2

δ

)
256 · 41/αp(Φ, L, σ)


= O

LR2
0 ln

4
(

6(K+1)2

δ

)
K

+

max

{
R0σ, L

α−1
3α−1R

4α−2
3α−1

0 σ
2α

3α−1 , L
1
3R

4
3
0 σ

2
3

}
ln4
(

6(K+1)2

δ

)
K1−β

 ,

Noting that we choose β as the best possible one, i.e. β = 2+α
3α , we obtain

f(xK)− f∗ = Õ

LR2
0

K
+

max

{
R0σ, L

α−1
3α−1R

4α−2
3α−1

0 σ
2α

3α−1 , L
1
3R

4
3
0 σ

2
3

}
K

2α−2
3α

 ,

where Õ(·) denotes polylogarithmic dependency. This concludes the proof.
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