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ABSTRACT

Generalization in deep learning is closely tied to the pursuit of flat minima in the
loss landscape, yet classical Stochastic Gradient Langevin Dynamics (SGLD) of-
fers no mechanism to bias its dynamics toward such low-curvature solutions. This
work introduces Flatness-Aware Stochastic Gradient Langevin Dynamics (fS-
GLD), designed to efficiently and provably seek flat minima in high-dimensional
nonconvex optimization problems. At each iteration, fSGLD uses the stochas-
tic gradient evaluated at parameters perturbed by isotropic Gaussian noise, com-
monly referred to as Random Weight Perturbation (RWP), thereby optimizing a
randomized-smoothing objective that implicitly captures curvature information.
Leveraging these properties, we prove that the invariant measure of fSGLD stays
close to a stationary measure concentrated on the global minimizers of a loss
function regularized by the Hessian trace whenever the inverse temperature and
the scale of random weight perturbation are properly coupled. This result pro-
vides a rigorous theoretical explanation for the benefits of random weight per-
turbation. In particular, we establish non-asymptotic convergence guarantees in
Wasserstein distance with the best known rate and derive an excess-risk bound
for the Hessian-trace regularized objective. Extensive experiments on noisy-label
and large-scale vision tasks, in both training-from-scratch and fine-tuning settings,
demonstrate that fSGLD achieves superior or comparable generalization and ro-
bustness to baseline algorithms while maintaining the computational cost of SGD,
about half that of SAM. Hessian-spectrum analysis further confirms that fSGLD
converges to significantly flatter minima.

1 INTRODUCTION

Consider the overdamped Langevin dynamics governed by the stochastic differential equation (SDE)

dZt = —V’U/(Zt)dt + 26_1dBt, (1)

which admits a unique invariant (Gibbs) measure 7(¢) proportional to exp(—/Su(f)), where 8 > 0
is the inverse temperature and (B;);>o is a d-dimensional Brownian motion. As [ increases,
this Gibbs measure concentrates on the global minimizers of wu, establishing a direct link be-
tween Langevin dynamics and global optimization. Building on this property, Stochastic Gradient
Langevin Dynamics (SGLD) (Welling & Teh, 2011} [Raginsky et al.l 2017) was proposed as the
Euler-Maruyama discretization of the Langevin SDE in which the exact gradient Vu is replaced
by a stochastic gradient. SGLD has attracted considerable attention as a prominent optimization
algorithm for nonconvex problems, and under mild regularity conditions a series of works has es-
tablished non-asymptotic global convergence guarantees (Raginsky et al., [2017; Xu et al., 2018;
Majka et al., 20205 |Chau et al., 2021} |[Zhang et al., |2023). Despite these elegant theoretical results,
SGLD has not become a widely used optimizer in deep learning practice, largely because it lacks an
intrinsic mechanism to favor flat minima, which are closely associated to strong generalization.

Alongside advances in SGLD, a separate line of work in deep learning has explored flatter solu-
tions to improve generalization, inspired by the flat minima hypothesis (Hochreiter & Schmidhuber;,
1997). As aresult, numerous flatness-aware optimization algorithms have been developed, including
Random Weight Perturbation (RWP) (Bisla et al.| [2022; [Li et al.| 2024a), Entropy-SGD (Chaudhari
et al.l 2017), Entropy-MCMC (Li & Zhang, 2024), Sharpness-Aware Minimization (SAM) (Foret,
et al.,|2021)) and their variants (Xie et al., 2024} L1 et al., 2024b; [Tahmasebi et al., [2024; |[Luo et al.,
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2024; (Chen et al., |[2024; Kang et al., 20255 |Wei et al., 2025} Liu et al., 2022afb; Du et al.l [2022bj
Li et al.l 2025). In principle, flatness-aware optimization promotes exploration of flat regions by
replacing the standard stochastic gradient with a perturbed gradient. For example, SAM applies
a worst-case adversarial perturbation within a local neighborhood, whereas RWP uses symmetric
random noise to generate the gradient perturbation and can be viewed as computing the stochas-
tic gradient of a randomized-smoothing objective (Duchi et al., |2012). However, SAM’s min—max
formulation requires double gradient evaluations, leading to roughly twice the computational cost
of standard SGD. On the theoretical side, recent studies have produced important advances in the
analysis of SAM and related flatness-aware optimization methods, yielding valuable insights on
generalization bounds, stability, and (local) convergence properties; e.g., see Andriushchenko &
Flammarion| (2022)); Bartlett et al.| (2023)); 1S1 & Yun| (2023); |Yu et al.| (2024); |[Khanh et al.| (2024);
Oikonomou & Loizou| (2025); |Zhang et al.| (2024); Li et al.| (2024a). However, with a few notable
exceptions (Ahn et al.| [2024; |Gatmiry et al., [2024), the global convergence properties of flatness-
aware optimization in nonconvex settings, as well as a rigorous theoretical understanding of the role
of RWP, remain relatively unexplored.

To address these challenges, we introduce Flatness-Aware Stochastic Gradient Langevin Dynamics
(fSGLD), a principled synthesis of randomized smoothing and Langevin dynamics that efficiently
explores flat minima. While randomized-smoothing surrogates are known to encode second-order
information such as the Hessian trace, they also contain higher-order remainder terms of which ef-
fects are not negligible in high-dimensional nonconvex problems, weakening the intended flatness-
aware regularization effect. Our key theoretical contribution is to show that when the two key hyper-
parameters, the inverse temperature parameter 5 and the perturbation scale o, are properly balanced,
the invariant measure of fSGLD concentrates on the global minimizers of the true Hessian-trace
regularized objective, thereby isolating the genuine flatness-aware regularization effect. This prin-
cipled coupling is crucial, as it ensures that the global exploration driven by Langevin dynamics
is effectively guided across a landscape smoothed by the perturbation noise, steering the process
toward genuinely flat regions. In particular, we establish non-asymptotic convergence guarantees
in Wasserstein distance and an explicit excess-risk bound for the Hessian-trace-regularized objec-
tive, providing the rigorous evidence of the benefits of RWP in nonconvex settings. Our framework
bridges and advances the theory and practice of flatness-aware stochastic optimization, opening
new avenues to incorporate geometric smoothing into Langevin sampling and paving the way for
more effective and principled flatness-regularized learning. To validate these results, we evaluate
fSGLD on noisy-label datasets (CIFAR-10N/100N, WebVision) and large-scale vision fine-tuning
(ViT-B/16). Extensive experiments demonstrate that fSGLD consistently matches or outperforms
baselines including SGD, AdamW, SGLD, and SAM in generalization and robustness while main-
taining the computational cost of standard SGD. Notably, using the theoretically prescribed coupling
between /3 and o yields substantially better performance than simply fixing a large 3, which is the
common SGLD practice. In summary, fSGLD is the first to combine the SGLD framework with
the concept of flatness and to provide a global convergence analysis for flatness-aware optimization,
thereby advancing the theoretical and practical foundations of both areas.

2 PROBLEM SETTING AND FSGLD ALGORITHM

Notation. Let (2, F,P) be a fixed probability space. We denote the probability law of a random
variable Y by L£(Y). Fix integers d,m > 1. Let I; be the identity matrix of dimension d. The
Euclidean scalar product is denoted by (-, -), with | - | standing for the corresponding norm. Let
f : R? — R be a continuously differentiable function, and we denote its gradient by V f. For any
integer ¢ > 1, let P(R?) be the set of probability measures on B(RY). For p, v € P(R?), let C(u, )
denote the set of probability measures I' on B(IR??) such that its respective marginals are x and v.
For any ps and v € P(Rd), the Wasserstein distance of order p > 1 is defined as

p— 1 —_ p !
W) = (nt [ ] leeyraren)” &

2.1 INTRACTABLE HESSIAN-BASED REGULARIZATION

We consider the following nonconvex stochastic optimization problem:

;161%@ u(f) = ;161%@ E[U(9, X)], 3)
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where u : RY — R is a four-times continuously differentiable function with gradient h := Vu,
U :RY x R™ — R is a measurable function satisfying E[|U (6, X)|] < oo for all § € R%, and X is
a random variable with probability law £(X). In practice, the gradient & of u is usually unknown
and one only has access to its unbiased estimate, i.e. h(0) = E[V,U (0, X)].

To improve generalization, we incorporate an inductive bias for flatness through a flatness-aware
objective. More specifically, instead of optimizing the original objective u, we aim to solve the
following Hessian-trace regularized objective:

2

v(0) = u(8) + S (H (D)), @)
where tr(H (6)) is the trace of the Hessian of u evaluated at 6§ and ¢ > 0 controls the strength of the
sharpness regularization. The global minimizers of this regularized objective v represent a trade-
off between low loss from the original objective v and low curvature. For brevity, we will refer to
these points as the global flat minima (i.e., arg mingera v(0)). However, computing tr (H (6)) is
expensive in high dimension.

2.2 RANDOMIZED SMOOTHING AS A TRACTABLE SURROGATE

To obtain a tractable alternative to the Hessian-trace regularized objective in[] we introduce a Gaus-
sian perturbation € ~ N(0,021,;) with o € (0, 1), independent of X, and define the randomized-
smoothing surrogate objective:

9e(0) =E[u(@+¢)] =E[Ex[U(0 + ¢, X)]]. (5)

where the outer expectation is taken with respect to the noise € and Ex[-] denotes the conditional
expectation given €. This simple surrogate allows us to access curvature information. By Taylor’s
theorem, we have

w(® +€) = u(f) + Vu(®) e+ 2 H(0)e + R(0,€),

where R (6, €) is the remainder term. Taking the expectation over € ~ N(0,021,) yields the key
connection:

2
9e(0) = u(0) + Gtr (H(0)) + E[R(0, €)]
v(0) +E[R(6, ¢)]. (6)
Thus, optimizing the tractable surrogate g. introduces the desired inductive bias toward flat minima

by implicitly minimizing the Hessian—trace regularized objective v, provided that the remainder term
E[R(0, €)] is negligible.

2.3 FSGLD ALGORITHM

To optimize the surrogate objective g. in [5] we propose the Flatness-Aware Stochastic Gradient
Langevin Dynamics (fSGLD) algorithm. Formally, let §, be an R%-valued random variable repre-
senting the initial value, (X} )ren be an i.i.d sequence of data, (e ) pen be i.i.d copies of the Gaussian
perturbation € ~ N(0,021;), and (£ )xen be an independent sequence of standard d-dimensional
Gaussian random variables. We assume that 6, (ex)ren, and (&g )xen are all mutually independent.
Then, the fSGLD algorithm is given by

GISCLD . g, -
Q}Csflw = OSCLD _ AV, U (05CMD + €411, Xjor1) + /208 11, keN
where A > 0 is the stepsize, 5 > 0 is the inverse temperature. We make three important remarks
about this update rule. First, the gradient term in [/|is a unbiased stochastic gradient of g., as its
expectation over both the data X and the perturbation e recovers the true gradient Vg.:

Vge(0) = E[]EX[VQU(9+€7X)]] )

Second, the fSGLD can be interpreted as the standard SGLD for the original objective u combined
with RWP. Third, under appropriate conditions, which will be introduced in the next section, the fS-
GLD algorithm generates a Markov chain that converges to a unique invariant (Gibbs) measure. This

measure, denoted by w?GLD , 1s associated with the randomized-smoothing surrogate objective g,

ie., W?GLD (0) o< exp(—Bgc(#)). The formal convergence guarantees are provided in Appendix

3
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Figure 1: A schematic overview of the theoretical framework of fSGLD. The process begins with
the original objective u(6) and its associated Gibbs measure 73" (left). Randomized smooth-

ing transforms this into a tractable surrogate objective, g.(#), which is the basis for the fSGLD
algorithm and its invariant measure, 7T£3SGLD (center). This highlights a key distinction: while the
Gibbs measure of standard SGLD, ngLD, is indifferent to the flatness of the minima, the fSGLD
framework is designed such that its invariant measure, wgSGLD, targets the distribution over the flat-

test minima. Our ultimate goal is to target the Hessian-trace regularized objective v() and its
corresponding measure 75 ., which concentrates on the desired global flat minima (right).

3 THEORETICAL RESULTS

In this section, we present the main theoretical results that rigorously validate the fSGLD algo-
rithm. We begin by stating the formal assumptions for our analysis. We then prove that the invariant
measure of fSGLD converges to an ideal target distribution over flat minima when its key hyper-
parameters 3 and o are properly coupled. Building on this, we derive non-asymptotic convergence
guarantees for the fSGLD iterates in both Wasserstein distance and for the excess risk. The logical
flow of our theoretical framework is summarized in the schematic illustration in Figure [T}

3.1 ASSUMPTIONS

We first state the formal assumptions for our main theoretical results. Specifically, our assumptions
impose standard conditions on: (i) moments of the initial parameters, stochastic gradient, and the
noise processes; (ii) a Lipschitz condition on the stochastic gradient; and (iii) a dissipativity condi-
tion to ensure the stability of the Langevin dynamics.

Assumption 1 (Moments of the initial parameter, stochastic gradient, and independence of the
data and noise perturbation). We assume the initial parameter 6y has a finite fourth moment,
E[|00|*] < oo, and that we have access to an unbiased stochastic gradient for the original objective
u, E[VoU (6, X)] = h(8), where the data sequence (X}, )ren is i.i.d. Furthermore, the perturbation
noise (ex)ren ~ N(0,0%1,) with o € (0,1), (Xp)ken, (Ek)ren ~ N(0,14), and 0y are mutually
independent.

We discuss how the sampling model in Assumption [T] relates to the sampling scheme used in our
numerical experiments (Section[d) in Remark [B-4]

Assumption 2 (Lipschitzness). There exists p : R™ — [1,00) with E[|(1 + | Xo])¢(X0)|?] < oo,
and constants Ly, Ly > 0 such that, for all x, x' € R™ and 0, ' € R?,

|VoU(0,2) — Vo U (', z)| < Lip(x)|0 — ¢,
IVoU (0, ) — VoU(0,2")| < La(o(x) + o(2")) (1 + |0]) ] — 2],

Assumption 3 (Dissipativity). There exist a measurable function (symmetric matrix-valued) func-

tion A : R™ — R¥™? and a measurable function b:R™ — R such that for any © € R™, y € R,
(y, A(z)y) > 0 and for all § € R% and x € R™,

(VoU(0,2),0) > (0, A(x)0) — b(z).
The smallest eigenvalue of E[A(Xy)] is a positive real number @ > 0 and E[b(X,))] = b > 0.
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Note that this dissipativity condition is a standard requirement for analysis of SGLD in the literature;
e.g., see Raginsky et al.| (2017); (Xu et al.| (2018)); Deng et al.| (2020a3bj; 2022); Futami & Fujisawa
(2023). In particular, our version in Assumption 3| follows the more general formulation of Zhang
et al.|(2023)), which allows for dependency on the data X. Moreover, several direct consequences of
these assumptions, which are useful for our subsequent analysis, are detailed in Appendix

3.2 TARGET GIBBS MEASURE FOR GLOBAL FLAT MINIMA

Our analysis begins by defining the ideal target distribution which concentrates on the global flat
minima. The natural choice is the Gibbs measure associated with v, which we define as 77

75, (df) oc exp(—Bv(6))do. )

By construction, as the inverse temperature 5 — oo, this measure concentrates on the global flat
minima.

The central question is whether the invariant measure of fSGLD, ﬁgSGLD, converges to this ideal
Gibbs measure 7 .. For these two Gibbs measures to align, the remainder term E[R (0, €)] in|6{must

be negligible. In high-dimensional nonconvex problems, this is a non-trivial condition, as higher-
order terms can be substantial and unpredictable, potentially corrupting the intended regularization
effect. For this reason, in the low-temperature limit (3 — o0), a careful interplay between the
inverse temperature 3 and the noise scale o becomes essential. Please refer to Appendix [A] for the

formal relationship between two Gibbs measures wfgsGLD and 7 .

The following proposition shows that when the perturbation scale o and inverse temperature 3 are
properly coupled, the invariant measure of fSGLD converges to the ideal target measure in the
Wasserstein distance of order two.

Proposition 3.1. Let Assumptions EI and E/’lOld, and let 0 = B~ for 1 € (0,1). Then

W (TFZ;SCLDf ;;,U‘) < Q-,

n—>1 . . . . . .
where D = O(8~2dlog d), whose explicit expression is given in Moreover,

. S
Jim Wa(ns™,m5.,) = 0. (10)

The proof of Proposition[3.1]is postponed to Appendix[C.2} This proposition rigorously shows how
RWP induces the desired Hessian-trace regularization effect through a theoretically-prescribed cou-
pling of the two key hyperparameters, o and 5. As demonstrated in our experiments, this coupling
yields meaningful improvements in generalization.

3.3 CONVERGENCE GUARANTEES FOR FSGLD

Having established that fSGLD correctly targets the ideal distribution for flat minima, our first main
result provides non-asymptotic error bounds on the Wasserstein-1 and -2 distances between the law
of the k-th fSGLD iterate £(6!3°LP) and the target Gibbs measure 75 - All proofs for the results in

this section are provided in Appendix[C.2]

Theorem 3.2. Ler Assumptions |l l EI and E| hold, and let o = orn € (0,1). Then, there
exist constants ¢, D1, Do, D3, D > 0 such that, for every [3 > 0, for O <A< )\max with Ay given
in24) and k € N

Wi (LORP), 75 ) < Die/2(1+ E[|6]*)) + (D2 + D3)VA+ D, (11)

where ¢ is given in LemmalC.6] and

Dl =0 (ﬁD*(1+d/3)(1+3) <1 +

1—e¢

Dy =0 (1 + \/§> , D3y=0 <6D*<1+d/3><1+3> (1 + 1 ! >> ., D=0(3 2dlogd).
“c‘ — 67(,

1
)) ,  with D, > 0 independent of d, 3, k,
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The explicit expressions of D1, Ds, D3 are given in[72] and D is given in[37} Furthermore, let
Bs, A5, ks be as in and|78| respectively. For any § > 0, if we choose 3 > (5, A < \;, and
k > k3, then

Wi (L(OP), 3,,) < 5.

Corollary 3.3. Let Assumption E'and EI hold, and let o = B~ 1" forn € (0,1). Then, there
exists constants ¢, Dy, D5, Dg, D > 0 such that, for every 8 > 0, 0 < XA < Ay With Apay given in
and k € N,

Wa(L(O3), 75 ) < Dae™ M4 E[|0o|*] + 1) + (D5 + De)A* + D, (12)
where ¢ is given in Lemma|[C.6] and,

D=0 (eD*(l-%d/ﬁ)(l-Hi) (1 .

1—e¢/2

/ 1 n
D5 — O (1 + g) , D() — O <€D*(1+d/ﬂ)(1+5) (1 + 1 /2>) , _D e O(ﬁ_fdlogd)
— e (&

The explicit expressions of Da, D5, Dg are given in[/4) and D is given in[57] In addition, let B35, )5,
kg be as in and|82| respectively. For any 6 > 0, if we choose 3 > 35, X < 5, and k > kg,
then

)) . with D, > 0 independent of d, 3, k,

Wa (L0, 75 ,) < 6.

Remark 3.4. We emphasize that Theorem[3.2and Corollary[3-3|recover the best known convergence
results for SGLD under comparable assumptions, see e.g. [Zhang et al.| (2023). Unfortunately, the
constants D+, D3, Dy, Dg have exponential dependence on d and 3 due to the coupling arguments
of [Eberle et al] (2019), commonly used in the SGLD literature (Chau et al} 2021} [Zhang et al]
[2023)). In this setting, any improvement in the dimension dependence would necessitate substantially
strengthening the contraction-rate estimates in[Eberle et al| (2019 Theorem 2.2).

Remark 3.5. The proofs of Theorem[3.2land Corollary B3] rely on the following decomposition:
* A A
W (L(0F7), 75 ) < Wy(L(OOP), L(ZFNP)) + Wy (L(Z ), 59P)

+ Wy (a5 75 ), p={12}, te (KT, (k+1)T).

The first term on the right-hand side of [[3] corresponds to the discretization error between the fS-
GLD recursion [/] and the time-rescaled version of flatness Langevin SDE 26| associated with the
randomized-smoothing surrogate objective g. defined in|5} The second term captures the conver-
gence error between this SDE and its invariant measure 77? LD The third term is the distance
between the two measures provided in Proposition[3.1} The proofs of the first two error terms follow

the general structure of|Chau et al|(2021);[Zhang et al|(2023), but require substantial adaptation to

handle the fSGLD update (instead of SGLD) as well as the surrogate objective function g. (instead
of the original objective u). The proof of the third error term is entirely new.

13)

While the previous results guarantee convergence from a sampling perspective, our final result an-
alyzes fSGLD as an optimizer. The following theorem provides a non-asymptotic bound on the
expected excess risk with respect to the Hessian-trace regularized objective v.

Theorem 3.6. Let Assumption Eland Elhold, and let 0 = ﬂ_% forn € (0,1). Then, there exist

constants ¢, D#, Df s Df > 0 such that, for every f > 0, 0 < X < A\pax With \yax given in
keN,

E[ge (0 7)) — Gienlgdv(e) < DN/ | DEAUA | DF (14)

where ¢ is given in LemmalC.6] and
D¥ =0 <€D*<1+d/a><1+5> (1 + 1)) ,

1—e¢/2

1
D¥ =0 <6D*(1+d/5)(1+ﬁ) (1 + - e—('i/2>) ’

Df =0 ((d/3)10g(D(80-7/2 1))
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The explicit expressions of D" and D are given i” DY is defined in|90| Moreover; let 5, \s,
ks be as in[91) P2 and P3| respectively. For any § > 0, if we choose 3 > Bs, X < s, and k > ks,
then

E[!JE(QfGLD)] — inf v(0) < 4.

0cRd

Remark 3.7. In this special case when the perturbation scale o — 0, the fSGLD update reduces ex-
actly to SGLD algorithm and the constants in the non-asymptotic bounds in Theorem[3.2} Corollary
@ and Thenrem@coincide with the ones in (Zhang et al.| |2025|).

This result provides a rigorous guarantee that fSGLD finds global flat minima by effectively solving
the Hessian-trace regularized objective.

4 NUMERICAL EXPERIMENTS

4.1 EXPERIMENTAL SETUP

Datasets. We evaluate our method on three challenging noisy label datasets including CIFAR-10N
and CIFAR-100N (Wei et al.l 2022), and WebVision (Li et al.l [2017). CIFAR-10N and CIFAR-
100N include real-world annotation errors introduced by human annotators, offering realistic yet
standardized benchmarks for noisy label learning. For CIFAR-10N, we use the aggregate noise
setting. WebVision is a large-scale, in-the-wild benchmark, consisting of more than 2.4 million
images with labels automatically collected from Google and Flickr based on the 1,000 ImageNet
ILSVRC2012 categories. Following standard protocol |Li et al.|(2020); Ortego et al.[(2021); |L1 et al.
(2022), we use the first 50 classes from its Google image subset and report Top-1 (WV-1) and Top-5
(WV-5) accuracy on the official validation set.

Models. We use ResNet-34 and ResNet-50 for training from scratch. For fine-tuning experiments,
we use the pre-trained ViT-B/16 (Dosovitskiy et al., [2021) architecture, which has been trained on
the ImageNet-1K (Deng et al., 2009) dataset as the backbone on CIFAR-10N and CIFAR-100N.

Baselines and Implementation Details. We compare fSGLD against four baselines: SGD with
momentum, AdamW (Loshchilov & Hutter, 2019), SGLD (Welling & Tehl 2011}, and SAM (Foret
et al 2021). To ensure a fair comparison, all optimizer hyperparameters are tuned using Op-
tuna (Akiba et al.l 2019) with 20 trials of Bayesian optimization. For each optimizer, the search
spaces were carefully chosen to include previously reported optimal hyperparameters from the lit-
erature, ensuring that all baselines are strongly tuned. For fSGLD, we search for the optimal noise
scale o, while the inverse temperature 3 is determined by our theoretically-prescribed coupling,
B = o—*/(+m with = 0.01. For experiments with training from scratch, all experiments are
trained for 150 epochs with a batch size of 128. The learning rate decays by a factor of 0.1 in the
50th and 100th epochs. For fine tuning, models are trained for 75 epochs with a batch size of 128,
decaying the rate by a factor of 0.1 at the 50th epoch. The detailed hyperparameter search spaces
for each optimizer and experimental settings are provided in Appendix [D.T]

4.2 EMPIRICAL PERFORMANCE ON REAL-WORLD NOISY LABEL DATASETS

Training from scratch. We first evaluate the performance of all optimizers when training ResNet
models from scratch. Table [I] presents the results across all dataset-architecture combinations. Our
proposed method, fSGLD (8-o coupled), consistently achieves the best or second-best performance
on every benchmark. Notably, on the CIFAR-100N dataset which presents significant challenges due
to its higher noise ratio and larger number of classes, fSGLD significantly outperforms all baselines.

In terms of computational cost, the wall-clock time per iteration (s/iter) shows that fSGLD has
a training speed comparable to standard optimizers like SGD, AdamW, and SGLD. In contrast,
SAM incurs nearly double the computational overhead due to its min-max formulation requiring
two gradient evaluations per step. This highlights a key advantage of our method: fSGLD matches
or surpasses SAM’s strong performance with a computational budget similar to standard SGD.
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Table 1: Performance comparison on ResNet-34 and ResNet-50. Results are reported as mean=std
over five different random seeds. Within each model block, the best result is bold and the second-
best is underlined. WV-1/WV-5 denote Top-1/Top-5 accuracy on WebVision. The wall-clock time
per iteration (s/iter) measured on CIFAR-10N for each model architecture.

Model Optimizer CIFAR-10N  CIFAR-100N WV-1 WV-5 (sfiter)
SGD 89.3140.84 58.47+0.20 71.8740.44 89.33+0.30 22.0
AdamW 89.2510.66 56.7710.47 68.69+0.32 87.0140.24 22.5

ResNet-34  SAM 91.53+0.22 59.18+40.33 73494036 90.3240.31 41.3
SGLD 88.77+0.51 57.33+0.36 70.87+0.67 88.06+0.30 222
fSGLD (3-0 coupled)  91.721¢.20 62.02.0.29 73.5510.27 89.86+0.12 23.7
fSGLD (ﬁ ﬁxed) 91.56i0419 61.55i0,45 73-23i0.34 90.63i0438 23.7
SGD 89.4140.26 57.5240.17 71.1140.50 88.3140.40 31.9
AdamW 89.2610.31 57.2840.90 69.9240.67 87.97+0.34 32.3

ResNet-50 SAM 90.88+0.49 59.01+0.60 72.5240.46 89.53+0.44 60.7
SGLD 88.89+0.40 56.90+0.65 69.4310.40 87.17410.22 32.1
fSGLD (-0 coupled)  91.2640.08 62.080.45 73314050 90.07+0.20 34.1
fSGLD (5 fixed) 90.72+0.29 61.5611 .08 72.87+0.64 89.59+0.41 34.1

Fine-tuning. We also evaluate performance in the fine-tuning setting, using a pre-trained ViT-B/16
model on CIFAR-10N and CIFAR-100N. The results are presented in Table[2] Our method, fSGLD
(B-0 coupled), consistently outperforms standard optimizers like SGD and SGLD, and achieves
performance competitive with or superior to SAM at roughly half the computational overhead.

4.3 ABLATION STUDY: THE EFFECT OF THE 3-0 COUPLING

To empirically validate our
theoretical claim, we €xamine Table 2: Fine-tuning performance comparison on ViT-B/16.
the effect of the theoretically-
prescribed (-0 coupling. We

compare fSGLD (3-0 coupled) Model VITB/16

against fSGLD (5 fixed) which Dataset CIFAR-10N  CIFAR-100N  (s/epoch)
reflects a common heuristic SGD 94.64 71.80 343.2
of setting a large, fixed S for  AdamW 95.57 72.30 344.5
optimization. The results, sum- SAM 96.75 74.66 656.7
marized in Table [T and Table SGLD 94.13 71.36 344.8
show that the coupled version  {SGLD (3 fixed) 96.70 75.16 345.8
consistently outperforms the  fSGLD (8-o coupled) 96.72 75.18 345.8

fixed version in all settings, with
the single exception of the WV-
5 metric on ResNet-34. This provides strong empirical evidence that our theoretically-prescribed
coupling is crucial for improving performance.

4.4 SENSITIVITY ANALYSIS

e}
N

Table 3: Performance with respect to the number of

random perturbations n used in fSGLD. >
© 90

CIFAR-10N  (s/epoch) g
n=1 91.7240.1s8 23.7 — 7 = - =1
n=2 91571015 418 om0
n = 91.7940.17 60.4
n= 92.04+0.13 78.5 Figure 2: Sensitive analysis of noise standard
n=>5 91831019 97.0 deviation o on CIFAR-10N with ResNet-34.
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While our fSGLD algorithm uses a single perturbation per iteration (n = 1), we examine how per-
formance is affected by using multiple perturbations, which can provide a more accurate estimation
of the Hessian trace. As shown in Table [3] increasing n can improve accuracy, but this comes at a
nearly linear increase in computational cost. Remarkably, fSGLD already achieves strong perfor-
mance with just a single perturbation, making n = 1 a practical and efficient choice.

Next, we analyze the effect of the perturbation scale o, as illustrated in Figure[2] The performance on
CIFAR-10N remains stable and robust across a wide range of small to moderate values of 0. How-
ever, performance degrades sharply when o becomes excessively large, as the strong perturbations
begin to destabilize the training process.

4.5 HESSIAN SPECTRUM

0.30 030 0.30
o Ao = 74.0 o Amax = 35.5 o Amax = 35.3
020 tr(H) = 1793.6 020 tr(H) = 538.7 020 tr(H) = 496.2

20.15 20.15 20.15
QJ ﬂJ QJ
Do.10 Qo.10 Do.10
0.05 0.05 0.05
Inn Alna
0.0075""16 20 30 40 50 60 70 80 000515 20 30 40 50 60 70 80 0007510 20 30 40 50 60 70 80

Eigenvalue Eigenvalue Eigenvalue

(a) SGD (b) SAM (c) fSGLD

Figure 3: The distribution of the leading eigenvalues and Hessian trace of ResNet-34 trained on
CIFAR-10N with SGD, SAM, and fSGLD.

To empirically verify our theoretical insight that fSGLD finds flat minima by implicitly regularizing
the Hessian trace, we analyze the curvature of the loss landscape at the solutions found by SGD,
SAM, fSGLD. Note that we use the best hyperparameter configuration for each optimizer.

We compute two standard measures of sharpness for a ResNet-34 trained on CIFAR-10N: the max-
imum eigenvalue (Apmax) of the Hessian and its trace (tr(H (6))). Since exact computation is in-
tractable, we estimate the top 50 eigenvalues using the Lanczos algorithm (Lin et al., 2016} Ghorbani
et al.,|2019) and approximate the trace with Hutchinson’s method (Avron & Toledol [2011}; [Ubaru
et al.l[2017). Detailed settings are described in Appendix[D.2}

The results, presented in Figure [3] confirm our hypothesis. fSGLD converges to solutions with a
significantly smaller maximum eigenvalue and Hessian trace compared to standard SGD. Remark-
ably, the degree of flatness achieved by fSGLD is comparable to SAM in terms of A, .« and even
lower in terms of tr(H (6)). This result is achieved at roughly half the computational cost of SAM.
These results empirically validate our theoretical analysis, confirming that the proposed algorithm
effectively promotes convergence to flatter minima.

5 RELATED WORK AND DISCUSSIONS
We review the most relevant literature on SAM, RWP, Hessian-based optimization, and SGLD.

Flat Minima and Generalization. Empirical studies (Keskar et al. |2017; Jastrzkebski et al.,
2017; Jiang et al.| 2020) and theoretical analyses (Dziugaite & Roy} |2017; Neyshabur et al., [2017)
consistently show that flatter minima are strongly correlated with better generalization in deep neural
networks. However, elucidating precise notions of sharpness and their relationship to generalization
remains an open and active area of research (Andriushchenko & Flammarion, 2022; Ding et al.,
20245 |Wen et al., [2023; 'Tahmasebi et al., [2024).

SAM and RWP. The success of SAM (Foret et al.l [2021) has produced a wide range of follow-
up work to improve its efficiency, effectiveness, and applicability. Extensions include algorithmic
improvements to approximate the inner maximization more efficiently (Liu et al., 2022a; Du et al.,
2022a; Kwon et al.| 2021} Xie et al., 2024} |Li et al.| |2024b; |Chen et al.| [2024; [Kang et al. [2025).
Beyond these, several Hessian-based regularization approaches have explored flatness from a dif-
ferent angle. For example, Zhang et al.| (2024) propose Noise-Stability Optimization, and |Li et al.
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(2024a) studies random weight perturbation with explicit Hessian penalties. Both works focus on
PAC-Bayes generalization bounds and local convergence to stationary points, providing algorithm-
agnostic guarantees about the perturbed loss rather than the training dynamics of a specific opti-
mizer. By contrast, we show that the invariant measure of fSGLD yields global, non-asymptotic
convergence guarantees and an explicit link between random weight perturbation and Hessian-trace
regularization. Lastly, the concept of using noise for regularization was formalized through the
framework of randomized smoothing (Duchi et al [2012), and our work makes this connection ex-
plicit for Langevin dynamics, differing fundamentally from explicit Hessian-penalty methods that
rely on costly approximations (Sankar et al., [ 2021).

SGLD and its Convergence Rate. Following the seminal works of |Welling & Teh| (2011)); Ra-
ginsky et al.|(2017), numerous variants of SGLD have been developed to improve its practical per-
formance, such as variance reduction techniques (Kinoshita & Suzuki, 2022; Dubey et al., 2016;
Huang & Becker] [2021)), preconditioned SGLD (Li et al 2016), replica exchange SGLD (Dong &
Tong [2021; |Deng et al., 2020a). A parallel line of research has focused on its theoretical properties,
particularly its non-asymptotic convergence rate. Early results (Raginsky et al., 2017; Xu et al.|
2018)) showed convergence in the Wasserstein-2 distance at a rate dependent on the number of iter-
ations. More recently, the state-of-the art analyses have established convergence rates of O(\'/?)
in Wasserstein-1 and O()\l/ 4) in Wasserstein-2 distance (Zhang et al., |2023). Our convergence
rates are consistent with these best-known results. However, a crucial distinction is that prior work
proves convergence to the minimizers of the original objective u, whereas our guarantees are for
convergence to global flat minima.

6 CONCLUSION AND LIMITATIONS

In this work, we introduced Flatness-Aware Stochastic Gradient Langevin Dynamics (fSGLD), a
novel algorithm that synthesizes randomized smoothing with Langevin dynamics to efficiently target
flat minima. By evaluating the gradient at parameters perturbed by Gaussian noise, a technique
known as Random Weight Perturbation (RWP), fSGLD optimizes a surrogate objective that provably
incorporates Hessian trace information without explicit computation.

Our main theoretical contribution is a rigorous non-asymptotic analysis of this process. We establish
convergence guarantees in Wasserstein distance and provide the explicit excess risk bound for this
class of flatness-aware optimizers. Crucially, our theory shows that the desired regularization effect
emerges from a precise coupling of the noise scale ¢ and the inverse temperature 3.

Empirically, fSGLD demonstrates superior or competitive performance against strong baselines, in-
cluding SAM, on challenging noisy-label and fine-tuning benchmarks. These gains are achieved at
a computational cost comparable to standard SGD, roughly half that of SAM. Our analysis of the
Hessian spectrum further confirms that fSGLD converges to significantly flatter minima, providing
a direct validation of its mechanism. Ultimately, our work provides one of the provable links be-
tween an efficient algorithmic design (RWP within SGLD) and quantifiable generalization benefits,
bridging the gap between heuristic flatness-seeking methods and rigorous convergence theory.

Limitations and Future Directions. Applying fSGLD to diffusion-based generative models is a
particularly promising direction; investigating whether its bias towards flatter regions of the loss
landscape can lead to more diverse or higher-quality samples is a compelling open question. On
the theoretical side, we leave for future work the extension of our analysis to the case where u is
semiconvex (i.e., its gradient is one-sided Lipschitz), rather than satisfying Assumption 2}
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A RELATIONSHIP BETWEEN 75 , AND wgSGLD

We derive the relationship between the target measure 7 , and the invariant measure WgSGLD of the
fSGLD algorithm, which will be used to prove Proposition[3.1] Theorem 3.2] and Corollary[3.3] By
Taylor’s theorem, we obtain

u(f +¢) = u(B) + Vu(d)Te + %GTH(H)G +R(6,€), (15)

where R (0, €) denotes the remainder term. Taking the expectation over € ~ N(0,021;) in|15] we
have

90(0) = u(6) + SE[TH(0)e] + E[R(, )]

2
—u() + %tr (H(6) - E["e]) +E[R(9, o) (16)
=v(0) +E[R(0,¢)],
where
o2
v(0) = u(f) + Etr (H(9)),
and
1 & O3u 1 d 0*u
E['R(@, E)} = 6 i jzk:_l m(&) ]E[GiGij;] + ﬂ i j%l:_l m(&) ]E[EiGjEkEl]
%) d :
1 u
+Z:: il Z 08,0, (0) Eles, ey - - €3,
J=t 01582500305 (17)
1 d 0*u 4
=% i j%;:l mw) (030Kt + 0irdj1 + 010,

oo d )

1 du
5! 2 0 g \0) Eles €, €],
+J§6]' Z 18011691289 ( ) [6 16 6]}

01,02y0eyij= g
where 0;; denotes the Kronecker delta. Since o € (0, 1) by Assumption|l} we have E[R(6,¢)] =

O(c"). Let the normalization constant of T be given by

Zg = / e~ P99 qg, (18)
Rd

and let the normalization constant of 7 , be given by
Zp.0 ::/ e PO qg. (19)
]Rd

Using |16} [I8] and[I9] we obtain
mpoP(d0) = Z5 " exp(—Pge(9)) do

. . (20)
=75 Zpoexp(—BE[R(0,€)]) 75 ,(dO).

B ADDITIONAL RESULTS FOR SECTION[3.1]

This section collects several technical remarks and direct consequences of the assumptions presented
in Section3.1]

Remark B.1. By Assumption andIZI the gradient h(0) = E[VoU (0, X)] for all § € R, is well-
defined. In addition, one obtains for all 0, §' € R<,

[1(0) — h(6")| < LiE[p(Xo)]|0 — 6'].
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As a consequence of Assumption@ one obtains, for fixed € € R,
[VoU(0 + € x) = Vo U + € 2)| < Lip(x)|0 — 0],
[VoU (0 + € 2) — VU (0 + & 2')| < La(p(x) + ¢(2")) (1 + |0 + €])]x — 2.
Also, Assumption 2] implies
VoU (6 +& )] < Lup()|6] + Lap(a) (1 + [¢) + G(@),
where ¢(x) := (p(z) + ¢(0))
V9e(0)] < L E[p(X0)]16] + LoE[@(Xo)] (1 + E|e]]) + E[G(e)].

Remark B.2. By Assumptwnland I one obtams a dlss1patlv1ty condition of h, i.e., for any § € RY,
(Vh(0),0) > alf|* —b. Let ¢ € (0,aL;*(E[p*(Xo)])~1). As a consequence ofAssumptwns@and

one obtains, for any 6 € R?

, and G(&) := |V ¢ U(E,0)|. Moreover,

(Vge(0),0) > al6]* —b, 21
where
a:=a — (LTE[p*(Xo)] > 0,

- 22
b= (20) " 0%d + 4CLEE[G?(X0)](1 + 0%d) + 2(E[G2(e)] + b > 0, =

and G and @ are given in Remark
Proof of Remark@ Using Assumption [3] and Remark [B:I] and Young’s inequality, one obtains,
for fixed € € R?
(VoU(0 +€,2),0) = (VU (0 +€,2),0 +€) — (VU (8 + €, ), €)
> 0+ A )9+W = b(x) = 27 |VeU (0 + €2)* — (20) 7 [e]? o3
> (0, (A(z) — CLT¢?(2))0) + (0, A(x)e) + (€, A(x)0) + (€ A(2)e)
—4CL3p ( )(1 +[%) = 20G7 (@) — bla) — (2¢) " [el
Therefore,
Vge(0) =E[Ex[VoU(0 + €, X)]]
> (a— CLZEG(Xo))I0 + (a — (20)V)o?d — ACLEE[G(Xo)](1 + 0%d)
— 2E[G*(e)] — b
> alf|® — b,
where a and b are defined in[22]

Lemma B.3. Let Assumption |Z| and E| hold. Then ﬁfw has finite second moments.

Proof of Lemma@ As a consequence of Assumption l 2l Vv () is Lipschitz continuous. Let { €
(0,4a0~2). Using Assumptlonl Assumptlon' 3| and Young’s mequahty, one obtains

2

(Vu(0),0) = (Vu(0),0) + %(V (tr (H(0))) . 0)

> (4= ) 0r -0- T o) P,
which implies that Vv(6) is dissipative. Therefore, 75 . has finite second moment. O

Remark B.4. Our theoretical results are established under the standard i.i.d. sampling model
(Assumption [I) where a sample X, is drawn at each iteration. In contrast, our experiments in
Section[]follow the common practice in deep learning, training over multiple epochs using uniform
sampling without replacement. These two sampling regimes are not identical because sampling

16



Under review as a conference paper at ICLR 2026

without replacement is not strictly i.i.d. However, it is well established in stochastic optimization
that both regimes induce gradient noise with very similar statistical properties, particularly in large-
dataset settings. Sampling with replacement would align exactly with our theoretical setup. In
application domains where sample generators are available, such as financial modeling |Chu &
Tangpi (2024), the online sampling arises naturally. Since our empirical evaluation focuses on
settings that are standard in the deep learning community, we adopt the widely used multi-pass
training protocol for benchmarking.

Remark B.5. Controlling the remainder term E[R (6, €)] incould in principle require very strong
smoothness assumptions such as globally bounded fourth-order derivatives to ensure uniform con-
trol of higher-order terms. These are not standard in SGLD analyses, and our approach does not
impose any such extra conditions, Instead, by leveraging only the dissipativity conditon (Assumption
[B) together with local Lipschitz continuity (Assumption[2)), we establish all convergence results with-
out any global C* boundedness or similar strong regularity. This distinction highlights a key theo-
retical contribution of our work: rigorous non-asymptotic analysis for nonconvex high-dimensional
objectives under significantly weaker and more realistic assumptions.

C OVERVIEW OF THE NON-ASYMPTOTIC WASSERSTEIN ANALYSIS AND
ERROR BOUND FOR THE EXPECTED EXCESS RISK

In this section, we derive the results introduced in Sections [3.2and [3.3] We begin by presenting the
framework behind these two sections.

The ‘data’ process (X )xen in(7|is adapted to a given filtration (X} )gen representing the flow of
past information, and we denote the sigma-algebra of Uxen X, by Xoo. In addition, we assume that
0o » Xoo» (€x)ren, and (k) ken are all independent among themselves.

We define
. min{a, a? } 1
Amax (= min { 16(1+ L1)2(E[(1 + ¢(X0))4])1/2’ a} ’ 24)

where L1, ¢ and a are defined in Assumptions [2]and Remark [B-2] respectively.

C.1 AUXILIARY PROCESSES

thSGLD)

We start by defining the process ( ter, as the solution of the flatness Langevin SDE

ZSSGLD — 90 c Rd,
AZMP = —Vgo(ZOP)dt + /2571 d B,

where B; is a standard d-dimensional Brownian motion. Denote by (F;);>o the natural filtration of
(By)¢>0 and by Xy, the sigma-algebra generated by 6y, and we assume that (F;);> is independent
of X V Xyg,. Furthermore, denote by F, the sigma-algebra of UtZO Fi.

Remark C.1. By Remark SDE @ has a unique solution adapted to (Fi)icr, -

(25)

To facilitate the convergence analysis, we introduce the time-rescaled version of the process 23] For
each A > 0, Z"5P .— ZSOD ¢ € R, and let B := By,/V/\, t > 0. We observe that (B;);>0
is a Brownian motion and

ALfSGLD
ZO’SG =0t

AZ)SOP - ATy (Z25M) dt + /205 dBY.

The natural filtration of (Et)tzo is denoted by (F}));>o with F}* := Fy;, t € Ry. For a positive

real number a, we denote its integer part by |a]. Then, we define (§{55P),cp ,, the continuous-time
interpolation of fSGLD[7] as

nfSGLD | __
[SGLD . g,

(26)

?

4 ) - @27)
AOSCLD (A, U (G5 4 €, Xpyy) dt + v/2AF1d By,

17
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At grid-points, we note that the law of the interpolated process is the same as the law of the fSGLD

algorithm [7} i.e. L(0156P) = L£(9!SOLP), for each k € N. Moreover, we introduce the following

. . s,u,\,fSGLD
continuous-time process (P} )

solution of the following SDE

+>s, which is beneficial for our analysis, and define it as the

@i,u,)\,fSGLD =y € Rd

dq)i,u,)\,fSGLD — _)\vge(q)i,u,)\,fSGLD) at + \/WdE?
_ AfSGLD
Definition C.2. Fix k € N. Foranyt > kT, define d}*0LL = g} 0kt ASGLP

[1/A].

In other words, @?’k’fSGLD in Definition is a process started from the value of the continuous-
time interpolation fSGLD process[27]at time k7" and run until time ¢ > k7T with the continuous-time
flatness Langevin dynamics.

, where T :=

C.2 PROOFS OF THE RESULTS IN SECTIONS [3.2] AND [3.3]

To prove Proposition [3.1] Theorem [3.2] and Corollary 3.3] we will use the following results in
Corollary [C.3]and Lemma [C.4] below.

Recall that for any y and v € P(R?), then Kullbak-Leibler divergence (or relative entropy) between
w and v is defined as

Jga log (3—5) dp, ifp <y,
00, otherwise.

KL(pllv) = { (28)

Corollary C.3. (Bolley & Villani, 2005, Corollary 2.3) For any two Borel probability measures |
and v with finite second moments, one obtains

WZ(M; V) S CV

I /4
kel + (K412 ]

1/3 1/2
=2inf (= (= +1 G . 2
C, %r>10 (E (2 + og/Rde V(d&))) (29)

Lemma C.4. Let Assumption[3|hold. Then, the following set

A::{HeRd:|9|§\/§}, (30)

contains all the minimizers of u(0), v(0), and g.(6), where a and b are given in

where

Proof of Lemmal[C.4) Let 0 , 07, 0 be a minimizer of g.(0), u(0), and v(0), respectively. By
Assumption 3] we have

0= (Vu(0;),05) = (V(0;),0%) = (Vu(6,),0%) > ald;|* - b, €2))
which implies
b b
031 = 103 < \[< o
a a
Due to Remark [B.2} we have
0=(Vge(6}).0;) > alt} |>—b, (32)
which implies
051 < /2
© a
O

18
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Proof of Proposition[3.1] Using[20]with[T7] we have

fSGLD * gSGLD (de) fSGLD
KLt ) = [ log ( 2™ | w59P(as)

wﬁﬁa(de)
- / t0g (25250 cxp(~F B[RO, ) nEOP(10) G
— 1o (%2 5 [ BIRG.0) w70 a0).

We focus on the first term on the right-hand side of @ We denote the complementary set of A in
Lemma [C.4]by A°. Using[I8]and[T9] one obtains

750 —Bv(0)qp + . —Bv(0) 70
log bo ) = log Jac Ja-e
ZB fA e*ﬁge((’)da —+ fAC Q*ﬁge (G)do
fae P @Dae [, e P Oap (34)

Jae=P9e@dp [ae Poc@dp

fAC e—B9e(0)do
L+ P —oag

= log

v (6)
We provide a bound on the first term of the numerator in ie., % By |17 and the

extreme value theorem, there exists a constant C' 4 > 0:

19:(0) — v(0)| < Cac®, VOE€A, (35)
where
Ca = max Z )+i > S —1 TS
peA | 00:00,00,00, ae aekael e 00,00;, .00,
This leads to

echﬁo“/ e*ﬁgs(ﬁ)dgg/efﬁv(O)dggeC'Aﬂa“/ e=B9:(0)qg
A A A

which implies

—Bv(6) 39

~Capot - fAe < Capo?

‘ = [ e Po0dg = ° ' 37
We provide a bound on the second term of the numerator on the right-hand side of 34 i.e.,

—Au(@qg .
%. We note that, for any 6 € A€, there exists d,, > 0 such that
A

v(0) > v(0;) 4+ 6,, forfe A (38)
For 0 < By < B, we have
—(B = Bo)v(0) < —(B = Bo)(v(6}) + 6v),

which implies

/ e—00(0) 4y < o= (B—Bo)(w(6;)+5.) / o= Bov(0) gg. (39)
By[I7]and the extreme value theorem, we obtain
exp(—B E[R(0,€)]) > exp(—BCac?),  6€ A. (40)

Using [40] we have
/ e P90 49 > exp(—BC40?) / —Av®) g9
A

= exp(—BCa0?)

w\& N /\
w\s:.
m\g.
N
_l’_
T~
Nk
|
™
SN ES
—
S
Q_.
5
~__—
~
N
N
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where ¢4 () := mingea > 0y % Combining and , we obtain
Jpe e PO a0 - exp(BC40") T 1) [, e~Bov(®)dp
[, e Pee®)dg e(B—Bo)(v(0 ) )(1+CA(5))

We provide a bound on the ratio in the denominator on the right-hand side of 34] By Taylor’s
theorem,

(42)

1
9:(0) = 9(05,) + 5(0 = 05,)"V?4e(05,)(0 — 65,) + Ra(0), 43)

where Ro(0) is the remainder term accounting for the residual error above second order. By the
extreme value theorem, there exists 7z, M > 0 such that

m<e PO <71 voe A (44)
Using [43]and [44] one obtains
/ o—Bac(9) gy _ e—ﬁgew;g)/ o= 5 (0-0; )7V 9003, ) (00 )~BR:(6) g
A A
a/2 (45)
< Mefﬁge( o) (27T> ;
A detV2g, (6
Using [43] it follows
—Bg:(9) 49 —B9:(0) 49
g dac A0 Jaee > 1.
e P 00dp P P
A etV 2. (05,)
Thus,
1 < 1 1
f . e—Bge(0)dp — f . e—B9e(9)de —
I+ f P TRGET I+ Ma—ﬁgf(e_;g% (46)
A /de&VQQE(GEE)

Using [46] [42] and [37]in [34] yields

P Caot)T(4 +1 i —Bov(6) g9
log [ 282} < log [ eCaBe" 4 op(5Cac ) E2 )IA‘_G . 47
Zs e(B=Bo)(v(05)+0v) (1 4 ¢4 ()

Since o = B~ (147, then E[R(6, ¢)] = O(8~ (). Therefore, we can bound [33|using[47] so that

KL(WESGLDHTI';; G) < log <60Aﬁ_n n GXP(CAﬁfn) F(% + 1) fAc 65m}(0)d9>
(48)

e(B=Bo)(w(85)+0.) (1 + ¢4 (B))

—B | E[R(6,€)] m5P(0) db =: Cy.
R4
By the Stirling’s formula, we have log(I'(4 + 1)) is O(dlogd), and the right-hand side of 48|is
O(B~"dlog d). Then, one obtains

: fSGLD||,_* | _
We apply Corollary W1th Kk = 1, to prove the asymptotic convergence in Wasserstein distance of
order two between 7 D and 77 5.0+ First, we provide a bound on the constant C _ in Corollary
[C3|using log(z + y) < log2 + max(log(x), log(y)) for all z,y > 0
02

,o

< 6+ 4log (/ 012~ Bu(0)— 25 (0)) d9)
Rd

< 6+ 4log?2 + 4max (log </ 01 —Bu(®)— 2 u(H (9)) d9) ,log (/ el61* —Bu(9)- 255 u(H (0)) dé
A c
(50)

20
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From , recall that b is O( ﬁ_f) We can control the first integral on the right-hand side of
using Remark[C4] i.e.

o2 b d b
log (/ |61 —Bu(6)— Z5-u(H(9)) d0> < — +log(ca,p) + = log <7T> . (51)
A a ’ 2 a
where ¢4 5 := maxge 4 e PO~ HO) For € A°and ¢ € (0,1), we have, by Assumption
1
w(0) = u(@) + / (0, Vu(t)) dt

1
+/ t=Ht0, Vu(td)) dt

! (52)
> u(6}) +/ t~(alth|® — b) dt
=2
> al > =) 02 + blog & + u(67)
=¢l0)* + p,
where ¢ := ‘E(%Erz) > 0,and p := blog ¢ + u(f%). For any 6 € A°, there exists §,, > 0 such that
u(0) > u(0;) + d,, for 6¢e A°. (53)
Forany 3 € (1,8) = (ﬁ,ﬂ), we have
—(B = Bo)u(®) < (ﬂ*ﬂo)( (0) +0u), for e A°. (54)

Usmg Assumptlonll and Bo > =, one obtains
log ( / IO —Bu(6) — 252 w(H( e>>d9> < log (ewa())(u(ezmu)ﬂanam /

S log (e_(ﬂ_ﬂo)(u(gz)-‘r(su)—ﬂop—ﬁo—zda/z/

€|92ﬁOU(9)d9>

c

c

e(l—ﬁoc)9|2d9>

< log (e—(B—Bo)(u(6:)+au)—ﬁoﬁ—,602da/2 + 2) n glog ( T

Boc —1

(55)
Plugging andin with o = =147 yields
C?TE <6+4log?2

+ 4max (2 +log(ca g) + glog (?) )

log o~ (B—B0) (w(8)+6.)~Bop—B 3 da/2 +2) + glog = g
2 60(3 — 1

which is O(dlog(d8~ 5t )). Therefore, applying Corollary with and we obtain
W (30, w5 )

(56)

6+ 4log?2

+ 4max (b +log(cap) + = d log <7rb) ,
a 2 a (57)

1
log o~ (B—B0) (w(6)+6,)~Bop—B 2" da/2 +2 d log B
Boc — 1

(vrrtic)] o

21
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Therefore, is O(B~2dlog d). Taking the limit for 3 — oo in and using 49| we arrive at
: fSGLD __x
Bh_{r;o Wa(mg™", 75 ) = 0. (58)

O

We use the following triangle inequality to establish a non-asymptotic bound for
Wi(L(OFP), 75, ):

Wl ([,(ekaGLD)7 ,”270) < W1(£(9_£SGLD), L:((i)ix,k,fSGLD)) + Wl (E((i)i\,k,fSGLD)7 ﬁ(Zt)\,fSGLD))

+ W (,C(Zt/\’fSGLD)’ 7T,gSGLD) + W (WfBSGLD, 7_(_570).
We control the four terms on the right-hand side of [59|separately. The bounds for the first three terms
follow from Zhang et al.| (2023), with Zhang et al.| (2023, Assumptions 1) replaced by Assumptions
[} and using the Lipschitzness and dissipativity of g, established in Remark [B.T] and Remark [B.2}
For completeness, we reproduce these proofs here to make the convergence analysis of fSGLD self-
contained.

We define, for each p > 1, the Lyapunov function ‘~/p by ‘7p(9) = (14 10)?)P/2, 0 € R%, and

(59)

similarly ¥,(w) := (1 + w?)?/2, for any real w > 0. These functions are twice continuously
differentiable and
sup([VV,(0)|/T5(0)) < oo Tim (IVT,(0)|/T5(0)) 0. (60)

Let Py, denote the set of 1 € P(R?) satisfying [, ‘N/p(ﬂ) 1(df) < oco. Then, we define a functional

that plays a central role in establishing the convergence rate in the Wasserstein-1 distance. For
W,V € 7)‘72, let

wia(iv) =  inf / / A0 —0[)(1+T5(0) + T5(6") T(d6,d6').  (61)
’ reC(u,v) Jrd Jrd

Moreover, it holds that Wi (i, v) < w1 2(p, v).
Proposition C.5. Let Assumptions and|3|hold. Let (th SGLD)teR . be the solution of with
initial condition Z({SGLD = 0y which is independent of F., and satisfies E[|0|?] < co. Then,

w2 (L(Z5CP), L(Z]5FEP)) < ée™wi 5(L(6o), L(Bo)),

where the constants ¢ and ¢ are given in Lemma|C.6|

Proof. From Remark [B.1] one can deduce
[Voge(0) — Vg/g€(9')| < EHVQU(@ +e€)— Vg/u(al + 6)]
< LiE[p(Xo)]|0 — ¢/

The rest of the proof follows using Assumption|[T} 2} and 3] [62] Lemma[C.T3] and [60]in [Zhang et al.
(2023| Proof of Proposition 4.6). O

(62)

The constants ¢ and ¢ from Proposition[C.5]are given in an explicit form.
Lemma C.6. The contraction constant ¢ > 0 in Proposition|[C.J|is given by

¢ := min {§, &(2),4¢(2)ec(2)/2} /2 (63)
where ¢(2) = a/2, ¢(2) = (3/2)avy(My) with My given in Lemma ¢ is given by

b= (ws?r/wmm@(xo)]) exp ((rmwxo)]/s + V3 <5L1E[¢<X0”))2>)_1 ’
(64)

and moreover, € > 0 can be chosen such that the following inequality is satisfied

c<1n (45(2)\/2ﬂ7r/(L1E[<p(Xo)]) | exp (sVALERS + VETBLERD) ds)

(65)
where 7 1= 2,/2¢(2)/¢(2) — 1 and 7 := 2,/4¢(2)(1 + &(2))/¢(2) — 1. The constant ¢ > 0 is given
by ¢ := 2(1 + 7) exp(BL1E[p(X()]72 /8 + 27) /e.

22
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Proof. This follows by adapting the arguments of Zhang et al.| (2023| Proof of Lemma 4.11) to the
flamess Langevin SDE 23] using[62] together with Lemma|C.13] O

From the definition of A\« given in it follows that 0 < A < Apax < 1,and hence 1/2 < AT < 1.
We now proceed to bound the first term in[59]

Lemma C.7. Let Assumptions[l} 2] and[3|hold. For any 0 < A < Apay given in[24] t € (kT (k +
1)T),

Wa(L(EO2), LB P2 < VX (e=4/4D, BT 60)) + D)
where
Dy = 4 CONRE? (Xo) by + 2),
Dy := 4 O LRE[ 0 (Xo) |y +102).
with 1y, QZY given in@ and 1)z, 1;Z given in@

(66)

Proof. This follows by applying Lemma|C.17]together with the argument used in[Zhang et al.|(2023]
Proof of Lemma 4.7). We summarize the main steps in the following. Using synchronous coupling
together with[27] Definition|C.2} Remark [B.1} and it follows that for any ¢ € (KT, (k + 1)T1,

t
/k [V@U(éﬁ?LD + €57, X[s1) — vge((i);\,k,fSGLD)} ds

‘é?,k,tSGLD B éﬁSGLD‘ <A
T

t
<A / [V@U(Qﬁ?LD + €145 X"s") — VeU(q);"k’tSGLD + €151, X1 )} ds
k

T

t
+ A A [Vge(&);\,k,fSGLD) _ VGU((i)i\Jc,fSGLD 4 6|'s-\>X|'s'\ )} ds

T

t
< /\Ll/k ©(Xs1) IQ{E?LD — GMRASOLD| ¢
T

+A

(67)

t
/kT [vge(ci)i\,k,fSGLD) _ V@U(‘ii’k’fSGLD + 6[5]’st] )] ds

Squaring both sides of [67) and taking expectations, we obtain using Assumption I]

_ _ 2 t _ _ 2
E |:‘(I)t>\,k,fSGLD _ 9£SGLD’ ] < 2AL? /kTE [0*(Xo)] E |:‘91[SSE}LD _ @;\,k,fSGLD’ ] ds

t
2 || [ [V @2550) - G @O e, X))

T

21
From AT < 1 and Lemmal[C.17} we get
E Uq)?,k,fSGLD B 9—£SGLDﬂ
t _ _ 2
< 4ALTE [*(Xo)] / E UG{E?LD - 9§SGLD‘ } ds
kT
t
+ 4ALTE [¢*(Xo)] / E [|9§SGLD - @?’k’fSGLDIQ] ds
kT

t
2 || [ [Va@4500) - @0 1 e X))

T

2
] (68)

<ANLZE [0*(Xo)] (e ATy E[Va ()] + vy)

t
+4AL3E [p*(Xo)] / E [[pSCLD - §)RSGD ] g
kT

t
+2X°E /k [Vge(®2FBNP) — U (S FBP 1 e, Xpg7)] ds

T

|

23
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We now bound the last term in [68] by splitting the final integral. Let k7' + N < ¢ < kT + N + 1
with N +1 < T, N € N. It follows that

t
/];T [Vge(q)?,k,fSGLD) \v4 U((b)\ k,fSGLD 4 6[5—‘ X[s—‘

where I, : fk;j(:; 1) [V g (@2FSCLD) _ 7,7 () FISCLD 6kT+n,XkT+n)]ds, and Ry =

f,:TJrN[Vge((I);\ HRASGLDY 7, U (QMFISCED ) o vy, X va1)]ds. Squaring both sides, we
obtain

N 2 N n—1 N
> I.+Ry :Zu P42 > (I, 1) ZIn,RN )+ [Ry|?
n=1 n=1 n=2 j=1 n=1

Let H. denote the sigma-algebra generated by e. We define the filtration J; = F2 V & Lt 1V H
and we take expectations of both sides. Observe that foranyn =2,... ,N,j =1,.

E [(I,, I;)]
= E [E[{In, ;)| Ter+;]

s

kT+n
=E|E < / [Vge(@3HBNP) — VU (BB + ey, Xir )] ds,
kT+(n—1)
kT+j B B
/ [Vge(®2FBL) — VU (@3M5P - erj, Xiry))ds ) | Tar
kT+(j—1)
kT+n _ ‘ B
=E / E [Vge(@3HPOP) = VoU(@3HF + i, Xirin) | Tirr5] ds,
k

T+(n—1)
kT+j B N
/ [Vge(®2FBP) — VU (@3H5P - erj, Xpry)]ds ) | = 0.
kT+(5-1)

By the same reasoning, E(I,,, Ry) = 0 forall 1 < n < N. Combining these results, we can bound
the last term on the right-hand side of [68| using Lemma[C.T8§|
2]

t
2)\2]}3 [/ [vgé((i)i\,k,fSGLD) o VoU(‘i)?’k’fSGLD + El—s]uX]—s] )] ds
kT

N
=23 E[|I.[*] + 2X°E [|Ry|?]

n=1

< 4e NI 2N\ 2E[Va(00)] + Vz).-
Consequently, @is bounded as follows

E |:‘(i>i\7k,fSGLD _ 9£SGLD‘2] < INLE [¢2(X0)] /t E “gﬁSGLD _ (i)?,k,fSGLD}Q] ds
kT

+ 46~ T2\ (L2E [p2(X)] dy + $2)E[Va(6o)]

+4ANL3E [¢%(Xo)] by + ¥z).
Applying Gronwall’s inequality yields

_ _ 2 . . ) ) N
E |:‘(I)i\,k,fSGLD _0£SGLD‘ ] < AAIE[P* (X0)] [4e—aAkT/2(L%E [0(X0)] Dy + 02)E[Ta(60)]
+HA(LIE [0*(Xo)] ¥y + '(ZZ)} .
Finally, we obtain using \T' > 1/2,
W22 (E@FGLD) L'(‘i)f"k’fSGLD)) <E ‘@Z\,k,fSGLD _ gisc}LD’2

< /\(e_an/4c_'2,1E[‘72(90)] + Ca2),

(69)

24
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where
D2,1 — 464Lf]E[Lp2(X0)](L§]E [@Q(XO)] "LY +1/JZ)7

Dy = 4e B O (2R [02(X0)] by + ¥2).
O

The bound for the second term on the right-hand side of [59]is established in the following lemma.
Lemma C.8. Let Assumptions and hold. Forany 0 < A < Ajpax given in t e (KT, (k +
IDVAR

Wi (L(D PP, £(ZP)) < VM€ M2 Dy sE[Va(60)] + Da,a),

where

_ 2 _
Dys=¢ (1 + ) (€*/? Dy +12),
&

¢
1—exp(—¢)
with D2’1, Dz’g given m@ ¢, ¢ given in Lemma c3 given in and M, given in Lemma

(70)

Doy = (Da.o 4+ 12¢3(Apar + @™ 1) + 904 (My) + 15),

Proof. This follows by applying Proposition [C:3l Lemma[C.7] Corollary [C.14} and Lemma m
together with the arguments in|Zhang et al.| (2023} Proof of Lemma 4.8).

Adapting the reasoning of Lemma [C.8] we establish a non-asymptotic W bound between
L(®}HSULY and £(ZSUP), presented in the next corollary.
Corollary C.9. Let Assumptions[I|[2} and[3|hold. For any 0 < X\ < Ay given in24 t € (KT, (k +
1)T),

Wa(L(@7 M), £(ZFP)) < N4 (e /1Dy 5 (E[Va(60)])/* + D3 ),

where
D5 = V2e(1 + 4/6)(e*/*Dy/2 + 2V/2),
D3y im 2 (D2 4 2B O a2 VL) 4 V),
2,4 - 1— exp (_0/2) 2,2 3\ Nmax 4 ,

with Dg,l, D272 given in@ ¢, ¢ given in Lemma c3 given in and My given in Lemma

Proof. This follows using Proposition[C.3] Lemma|C.7] Corollary [C.14] and Lemma[C.16|in[Zhang
et al.| (2023, Proof of Corollary 4.9). O

We can now derive a non-asymptotic bound for the first three terms on the right-hand side of [59]in
W distance.

Theorem C.10. Let Assumptions[I} 2| and 3| hold. Then, there exist constants ¢, D1, Do, D3 > 0
such that, for every 8 > 0, for 0 < A < Ayay, any t € (KT, (k + 1)T), and k € N,

Wi(L (eﬁGLD) L(® AkﬁGLD))+W(£( AkjSGLD)’ﬁ(Zt)\jSGLD))+W1(£(Zt)\,/SGLD)7ﬂ{BSGLD)

< DyeF2(1 4 E[|60|*) + (D2 + Ds)VA,
where

Dy = 2¢%/? [()\1/2(D1/2 +Dyly + Dy + Day) + ) + ¢ (1 + %(e)wﬁ,‘,(de))}
R4
_o(er-aramars (14 1
l—e¢))’
P (72)
Dy =Dy + Dy =0 (1 + ﬁ) :

D := D23+D24=O(eD*(Hd/B)(Hﬂ) <1+ ! ))
) ) 1 ’
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with ¢, ¢ given in Lemma Dz’l, Dg,g given in@(Lemma , Dgyg, D2’4 given in(Lemma
[C:8), D, > 0 is independent of d, j3, k.

Proof. Using Lemmal|C.7] and Lemma[C.8]in[Zhang et al.| (2023 Proof of Lemma 4.10), we obtain
fort € (KT, (k+1)T],

Wl (£(§£SGLD)’ E(éi\,k,fSGLD)) + Wl (‘C(éi\,k,fSGLD)7 E(Zt)\,fSGLD))
< (D3} + +D3f5 + Doy + Dy ) VAl B[V (0)] + 1),
where Dy 1, D5 5 are given in (Lemma|C.7)), and Dy 3, D2 4 are given in (Lemma|C.8). The
73]

remainder of the proof follows by applying[73|and Proposition [C.5|in Zhang et al. (2023} Proof of
Theorem 2.4). O

(73)

An analogous result to Theorem|[C.10|holds in Wasserstein-2 distance, as stated in the next corollary.

Corollary C.11. Ler Assumption[l} 2] and 3| hold. Then, there exists constants ¢, Dy, D5, Dg > 0
such that, for every > 0,0 < X\ < Ay, any t € (KT, (k+1)T), and k € N,

Wa( LB, L@ ) + Wa(£(BFHOP), £(Z)8P)) + Wy (£(25942), m3)
< Dye MYE[|0p]*] + 1) 4 (D5 + D) A4,
where

Dy = 200\Y2(D3/2 + Dy/2) + ALA(Dy 5 + D3y) + V26'/?)

max max

+V2¢1/? (1 + %(a)ngLD(da)>

R4

_o <6D*(1+d/m<1+5> <1+ 1 2))
1—e¢/ (74)

_ _ d
Ds = A/ADyE + AADyS = 0 (1 + \/;>

_ 1
Dg =D} 43+ D5, =0 (eD*(Hd/*B)(HB) (1 + T em)) ;

where ¢, ¢ given in Lemma DQJ, D272 given in (Lemma , D§73, D§74 given in
(Corollary[C:9), D, > 0 is independent of d, j3, k.

Proof. This follows by applying Lemma Corollary [C.9] and Proposition [C.3] in [Zhang et al.
(2023, Proof of Corollary 2.5). O

Proof of Theorem Using Theorem and Proposition[3.1|in[59] we get
g P g
W1 (ﬂ(e’;;SGLD)7 Wg’a) < Wl (ﬁ(é{SGLD), E((i)?’k7fSGLD)) + W1 (ﬁ((i)i\7k7fSGLD)’ E(Z;\7fSGLD))
+ W1 (L(Z?JSGLD)a ﬂ-fiscLD) + W1 (ﬂ-gSGLDv ﬂ-E,U)

—éXk/2 4 fSGLD _x (75)
< De (14 E[|60]*]) + (D2 + D3)VA + Wa(n5 P 75 )
< Dye=M/2(1 + E[|60]*]) + (D2 + D3)VA + D.
In addition, for any 5 > 0, if we choose ), k and I5) in such that A < Apax, and
k2 iy o O 5 5
Die (1 +E[|6o]]) < 3 (D2+D3)\f)\§ 3 D < 3
then Wy (L(0FP), j ) < 6. This yields
B> pBs:=(3D"/5)", (76)
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where D° contains the terms independent of 3 in the right-hand side of |57} and
52
A< A5 = —————— A Ama, 71
<X = 50, s oo e (77)

and \k > 21In (%W). From , it follows that

D, eDP+(14d/8)(1+8) 1 D, eD+(1+d/B8)(1+5) 1
2 B () (P ().
(78)

O

Proof of Corollary[3.3] Using triangle inequality, Corollary [C.IT} and Proposition[3.1]in[59] we get,
forany ¢t € (kT,(k+ 1)T),and k € N,

WQ(L(GZSGLD>, 7.[.270) < W2(£(§{SGLD)’ E(i)z\,k,fSGLD)) + W2(£(i)?,k,fSGLD)’ £<Zt)\,fSGLD))
+ W2 (E(Zt)\,fSGLD)’ 7_‘_,gSGLD) + W2 (ﬂ_f;GLD’ W,g’,a) (79)
< Dy MAE[|0p]*] + 1) + (D5 + De)A* + D,

In addition, for any 5 > 0, A\, k and B such that A < A\, and

: 5 5 ]
Dye” M E[60*) +1) < 5, (Ds+ DA< 3, D<g,
then Wa(L(06P), 7% ) < 8. This yields
1
B> p5:= (30°/5)", (80)
where D" is the same as in the proof of Theorem
54
A< Az = ——————— A dmax, 81
=70 81(Ds + De)* @1
and \k > % In <w). From , it follows that
D, ePx(1+d/B)(1+8) 1 D, P+ (1+d/B)(1+8) 1
k> ks := LA 1+ . In | =*5 - 1+ : .
o4 (1 —e—¢/2)4 5 1_e¢/2
(82)
O

can be improved to O( Az ) under substantially
fSGLD

and |31 For example, one may assume that the
(2025). However, such assumptions go beyond

Remark C.12. The convergence rate in Corollary
stronger assumptions than Assumption
satisfies a log-Sobolev inequality, as in|Huang et al.
the scope of our work.

Proof of Theorem[3.6] We begin by decomposing the expected excess risk using the random variable
ZBP, for which L(ZEP) = 7P, and obtain

fSGLD .
E[ge(ek )] - alerl]gd 96(9)

= (Elge(0°)] — Elge(Zoc)]) + (Elge(Zoc)] — Jof g¢(0))-

(83)

We proceed by controlling the two terms on the right-hand side of 83| separately. By using[Raginsky

et al. (]2017L Lemma 3.5), Remark m with 02 = 3~ = for n € (0,1), Lemma C.13L and Corollary
C.11] the first term on the RHS of [83|can be bounded by

E[ge (05°P)] — Elge(Zo)] < DY e /4 4 DFAVA, (84)
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where

DY = D4(L1E[p(Xo)(E[l60]*] + c1(Amax +a ™)) + L2E[G(X0)](1 + dB~H7/2) + E[G(e)])
x (E[|6o]*] + 1),

DY := (D5 + De)

X (L1 E[p(X0))(E[l60]*] + e1(Amax + a7 1)) + LoEl@(X0))(1 + dB~ /%) + E[G(e))),
(85)

with ¢ given in[63] D4, Ds, Dg given in[74] and ¢; given in[94] The second term on the RHS of [83]
can be controlled via|Raginsky et al.| (2017, Proposition 11), which leads to

E[QG(ZOO)} — inf ge(a) § Df&, (86)

0eR?

where J LiE[o(X0)] (b

D#* — lo eLilblpiAo)] (9P 1 ) 7
% 23 ( u d =+ 87)

Using the estimates from[84] and [86]in [83] we obtain
Elge (939P)] — jnf ge(6) < D¥ e=eAR/4 L DFENVA L DF (88)

€

Applyingon the LHS of (88} along With and choosing o* = 3~ (1) it follows that
Elg.(0F)] — inf v(0) < Df e /* 4 DAV 4+ DY, (89)
fER

where

1
# _ «(14+d/B)(1+8)
bt —o/er ().

1
D -0 (eD*(1+d/5)(1+ﬁ) (1 - e—c'/2)> ’

oo d S
DY i=D¥ +870*" inf, ]Z 96,00,00,00; ao aakael (6)+ JZ_; @Zij—l 56;,96,, .06, ")
=0 ((d/ﬂ) log(D,(80-/2 + 1)),

(90)
with D, > 0 a constant independent of d, 5, k. In addition, for § > 0, if we choose 3 such
that Df < §/3, then choose A such that A < A, and Df)\l/4 < §/3, and choose k such that
DFe=eMk/4 < §/3, we obtain

E[g (05P)] — inf v(h) < 4.

HeR
This yields
9d eL1Elp(Xo)]
> =0,V — I S |
8> 08s ﬂ\/%log( wd b+1)(d+1)
9 & -
= inf S —
-y Z . 90.00,00,00, ae 59,00 A DD D R A
On
where f3.. is the root of the function f*(3) = % — 9 d, with 8 > 0. Since
d . (eLiElp(Xo)
t o @ 1
D} < ggtog (FEEEL s 1y @+ 1 54 )
—(14n) ipnf = d M P
O Z | 90,06,06,.00, aa am Ot X a6, |-

i,4,k,1 J=6 i1,i2,...,i;=1
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Wwe can ensure Dg < 4/3 by imposing

d eL1E[p(Xo)] 9 d P
—log | ———=(b+1)(d+1 = — 1 <2
250g( ad (b+1)(d+1) 9 6og(ﬁ—i—) 9
- Oy )
(+m) 4 e 9
g ok JZ 90, 89 89k89l ©) +; izi_zl 00,00, ... 00;, ©) =g
Moreover, one can verify that
4
A < >\5 = éfﬁ A )‘max, (92)
T 81L(DY)!

3pt
and \k > % In 3?1 , where ¢ is given explicitly in Lemma This leads to

D, eD-(1+d/8)(1+5) 1
5% (1=’

D, eD-(1+/8)(1+5) 1

k> ks :=
93)

C.3 AUXILIARY RESULTS

We present the auxiliary results required for the convergence analysis in Appendix [C.2] Their proofs
follow the same lines asZhang et al.|(2023)), with|Zhang et al.|(2023| Assumptions 1-3) replaced by
Assumptions [T} together with the properties established in Remark [B.T]and Remark [B.2] For com-
pleteness, we include their statements to make the convergence analysis of fSGLD self-contained.

Lemma C.13 (Moment bounds of 7). Let Assumption [I| [2| and [3| hold. For any 0 < X < Ajax
giveninP4 k e N, t € (k,k+1],

E [\é{SGLDﬂ < (1= aA(t — k)1 — aN)* E[|0o]*] + c1 (Amax + a7,
where a and b are given in Remark|B.2} and
1= co+2dB7Y, o= 2b+ 8Amax L3E [72(Xo)] (1 + 02d) + 4AmaxE[G?(e)]. (94

Moreover, sup,- E[|679EP12] < E[|06]2] + ¢1(Amax + a™1) < co. By a similar argument, one
obtains

E 107571 < (1= ax(t = 0)(1 = a\)* B 5T 2L + 5 Oman + a7,

where

M = max{(8ba ™" + 484~ Apmax (L2E [7*(X0)] (1 + 0d) + E[G?(e)]))/?,

(12807 A2, (L3E [¢°(X0)] E[(1 + [e)*] + E[GP(e)])"/?},
o 1= 4bM? + 152(1 4 Apax)® (95)
x ((1+ Lo)*E [(1+ ¢(X0))* EI(1 + [e))*] + EI(1 + G())*]) (1 + M)?,

c3 = (14 adpax)c2 + 12d2672(>‘max + 9(171)'

éfSGLD|4]

Moreover, this implies sup,~  E[|6] < o0.

Proof. This follows along the same lines as|Zhang et al.[(2023} Lemma 4.2) under our own Assump-

tions [T} [2] and 3] and using the estimates in Remark [B.1]and [B2] O
Lemmam provides a uniform fourth-moment bound for the process (5{ SGLD)tZO which in turn

yields a uniform bound for {74(9’{ SGLD)

, as given in the next corollary.
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Corollary C.14. Let Assumption and hold. Forany 0 < A < M\paw, k €N, t € (k, k + 1],
E[Vi(075CEP) < 2(1 — a\) WE[VL (6] P)] + 2¢s(Amar + 0™ 1) + 2,

where c3 is given in Lemma[C.13}

Proof. This follows from the definition of the Lyapunov function 174 together with Lemma O

We establish a drift condition for the flatness Langevin SDE [23] which will be instrumental in
deriving moment bounds for the continuous-time proces <I>’\7k’ 56D 5h Lemma

Lemma C.15. (Chau et all 2021, Lemma 3.5) Let Assumption[I|and[3| hold. Then, for each p > 2,
9 € RY,

AV, (0)87" = (Vae(6), YV, (0) < ~e(p)Vp(0) + &(p),
where &(p) = ap/4 and &(p) = (3/4)ap T,(M,) with M,, := (1/3+4b/(3a) +4d/(3aB) +4(p —
2)/(3a83))"/>.

Lemma C.16. Let Assumption[I] 2and 3| hold. For any 0 < A < Apax, t > kT, with k € N, the
following inequality holds

E[Va (3PP < e M2 (V3 (00)] + c1(Amar + 0~ 1) + 302(Ma) + 1
where ¢y is given in Lemma[C.13| In addition, the following inequality holds
E[Vi(®} )] < 2e= ME[V(05 )] + 304 (M) + 2¢3(Amax + 0~ 1) + 2,
where My and My are given in Lemma and cg is given in Lemma

Proof. This follows by applying Lemma [C.13] Corollary [C.14] and Lemma [C.15] in [Zhang et al.
(2023], Proof of Lemma 4.5). L]

Lemma C.17. Let Assumption[l} 2land 3| hold, and let \yax be given in[24) Then, for any t > 0,

E [WETLD é,;SGLDﬂ <A [e—AaLtJ QLYE[%(QO)} + JY} ,

where
'(ZY = 2)\maxL%E[<p2 (XO)]7

Uy = 261 L2 A B 102 (X0)] A + @7 1) + Apar L2E[B2(X0)] + 4 E[G2(€)] + 2dB7 Y,
(96)

with ¢1 given in Lemma[C13)

Proof. This follows by applying Remark and Lemma [C.13] in [Zhang et al] (2023| Proof of
Lemma A.2). O

Lemma C.18. Let Assumption[l| 2| and 3 hold. For any t € (KT, (k + 1)T, with k, N € N and
n=1,...,N+1, where N +1 < T, one obtains

HV ( Ak,fSGLD) v U( Ak,fSGLD_i_EkTJrn?XkTJrn)'Q} < e_aAt/Zz/;ZE[%(HO)] +1ZZ,
where

Yz = 8L3E[(¢(Xo) + (E[X0]))*| X0 — E[Xo]|?],

bz = SL3E[(¢(Xo) + ¢(E[X0]))? Xo — E[Xo][*](302(M2) + c1(Amax +a~ ') + 1+ 0d),
o7

with My and ¢, given in Lemma and Lemma respectively.
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Proof. We adapt the Zhang et al.| (2023, Proof of Lemma A.1). First, we define the filtration .7; =
F2 V X4 V H||. Then, the result follows by an application of Lemma C.19] Remark and
Lemma[tﬁ]

]

—F {]E “Vge(q);\"k’fscw) _ VQU(@?,k,fSGLD ¥ exrpms Xirn)

E UVgE(@?’“fSGLD) _ VQU@tA,k,fSGLD + enns XoTn)

2

o]

=E|E||E|VoU(®}* S 4 cirin, Xirin) Jle
2
- VQU(@;\’k’tSGLD + €674, XkT+n) jkT‘|‘|
<4E [IE VoU (55 4 r sy Xirn)

2
— VU (@B e B[ X | Tir])

o]

< SI3E [(o((X0) + o(ELXD)*1Xo ~ ELXIP] (o2 + | (14 [o502[ ) )
< 8L3E [(¢(Xo) + ¢ (E[X0]))?| X0 — E[Xo]|]
% (e—)\ta/2E[‘/2(90)] + Cl()\max + a—l) + 3%’2(]\_42) + 14+ 0’2d) .
O

In the next lemma, LP denotes the usual space of p-integrable real-valued random variables for
1<p<oo.

Lemma C.19. Let 7, X, H C M be sigma-algebras. Let X,Y be R%-valued random vectors in
LP for any p > 1 such that Y is measurable with respect to F NV X N ‘H. Then,

EYP[|X —E[X|FVXVH]P|XVH] <2EYP[|X —Y[P|XVH].

Proof. This follows by applying [Chau et al.| (2019, Lemma 6.1) to F V N, where the sigma-algebra
N =X VH. [

D EXPERIMENTAL DETAILS

D.1 DETAILS FOR SECTION[4.2]

D.1.1 SOFTWARE AND HARDWARE ENVIRONMENTS

We conduct all experiments with PYTHON 3.10.9 and PYTORCH 1.13.1, CUDA 11.6.2, NVIDIA
Driver 510.10 on Ubuntu 22.04.1 LTS server which equipped with AMD Ryzen Threadripper PRO
5975WX, NVIDIA A100 GPUs.

D.1.2 IMPLEMENTATION DETAILS

We follow standard data preprocessing and augmentation strategies as adopted in prior work (L1
et al., 2017 Wei et al.l [2022) on noisy-label benchmarks. For CIFAR-10N and CIFAR-100N, we
apply random cropping with padding, random horizontal flipping, and normalization using dataset-
specific statistics. For WebVision, we follow the preprocessing protocol of Kodge| (2024). We
note that Noisy-label benchmarks and ViT fine-tuning are widely used in evaluating the optimizer’s
generalization ability (Luo et al., 2024; Baek et al., |2024; Tan et al.| 2025)).

31



Under review as a conference paper at ICLR 2026

Regarding model architectures, we employ the CIFAR-specific variants of ResNet-34 and ResNet-
50 when training on CIFAR-10N and CIFAR-100N, where the first convolution layer is replaced
by a 3 x 3 kernel with stride 1 (instead of the 7 x 7 stride-2 convolution and max pooling used in
ImageNet models) to accommodate the smaller 32 x 32 resolution. For WebVision, we adopt the
standard ResNet implementations as provided for ImageNet-scale data.

For both training-from-scratch and fine-tuning experiments, we use the same hyperparameter search
spaces. Table {f] summarizes the ranges considered for each optimizer. We do not employ any early
stopping or pruning strategy during the Optuna-based hyperparameter tuning, ensuring that each
trial is fully evaluated to its final epoch. We performed the same number of hyper-parameter trials
for all methods so that the search-space exploration budget (number of trials) was identical. Because
each SAM update requires two gradient evaluations, this design implies that, for the same number
of trials and training epochs, SAM consumed roughly twice the wall-clock compute time of the
other baselines. Thus our tuning protocol is at least as favorable to SAM as to the proposed fSGLD,
ensuring that our reported improvements are not due to weaker tuning of SAM.

For SGLD and fSGLD (/3 fixed), we set a large inverse temperature 3 = 104, This follows the com-
mon heuristic of using a near-zero temperature to minimize exploration when employing Langevin
Dynamics as a optimizer for a given objective. For fSGLD (8-0 coupled), we leverage our the-
oretical analysis as a practical tuning strategy. We only search for the optimal perturbation scale
o and then deterministically set 3 via our theoretically-derived relationship, § = o—*/(1+7) with
7 = 0.01. This is a practical choice, as a larger  would cause 3 to become too small, allowing the
Langevin noise term to overwhelm the gradient term and turning the dynamics into a near-random
exploration. A small 7 thus ensures stable optimization. This principled approach significantly
simplifies the search space.

Table 4: Hyperparameter search spaces for different optimizers.

Optimizer Learning rate Momentum Weight decay Other hyperparameters

SGD 10(=20 {0.1,0.9}  5x107* -

AdamW 100~ - 1072 [B1, B2] € {[0.8,0.95], [0.99, 0.999]}
SGLD 10(-29 - 5x 107* B =10

SAM 10120 {0.1,09}  5x107* p € 1031

fSGLD (8 fixed) 10(-29 - 5x 1074 B=10", o € 10372
fSGLD (3-0 coupled) 1002 - 5% 107* B=0c"101 5e10-372

D.2 DETAILS FOR SECTION[4.3]

For the Hessian spectrum analysis, we use the best-performing ResNet-34 model trained on CIFAR-
10N under each optimizer setting. Given a trained network fy and loss function L, we compute
Hessian-vector products (HVPs) by applying automatic differentiation to the scalar product VoL T v
for a random vector v. For eigenvalue computation, we adopt the Lanczos algorithm (Lin et al.,
2016) as implemented in scipy.sparse.linalg.eigsh, which allows us to approximate the
top-k eigenvalues without explicitly forming the Hessian. In all reported results, we compute up
to the top 50 eigenvalues. As a complementary measure of curvature, we estimate the trace of the
Hessian using Hutchinson’s stochastic estimator (Avron & Toledo, [201 1)) with Rademacher random
vectors:

1 m
tr(H(9)) ~ — szH(@)z“ z; ~ Unif{+1}4,
i=1

where m = 1000 in our experiments and d denotes the number of model parameters.

The analysis is conducted on the CIFAR-10N, where we randomly subsample at most 1,000 exam-
ples to reduce computational overhead. Eigenvalue computations are performed with a tolerance of
10~* and a maximum of 500 iterations for the Lanczos solver.
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D.3 TRAINING CURVES
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Figure 4: Training accuracy trajectories of ResNet-34 on CIFAR-10N using the best hyperparameter

settings for each optimizer.
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Figure 5: Test accuracy trajectories of ResNet-34 on CIFAR-10N using the best hyperparameter

settings for each optimizer.

Table 5: The best hyperparameter settings for ResNet-34 on CIFAR-10N.

Optimizer Learning rate Momentum Weight decay Other hyperparameters
SGD 8.69 x 107! 0.71 5x107* -

AdamW  3.32 x 107* - 1072 [81, B2] = [0.81,0.99]
SGLD 7.13 x 1072 - 5x 1074 g =10

SAM 5.51 x 107! 0.62 5x 1074 p=269 x 1072
fSGLD 9.58 x 107! - 5x107% B=c V'O 5=246x%x 107

Figure [d] and Figure 3] present the training and test accuracy curves, respectively, for ResNet-34
trained on the CIFAR-10N dataset, utilizing the best hyperparameter configuration for each opti-
mizer. The optimal hyperparameters are summarized in Table[5] Similarly, Figure [6] and Figure [7]
illustrate the training and test accuracy trajectories for the CIFAR-100N dataset. The corresponding

hyperparameter settings used for these experiments are detailed in Table[§]
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Figure 6: Training accuracy trajectories of ResNet-34 on CIFAR-100N using the best hyperparam-

eter settings for each optimizer.
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Figure 7: Test accuracy trajectories

settings for each optimizer.
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of ResNet-34 on CIFAR-100N using the best hyperparameter

Table 6: The best hyperparameter settings for ResNet-34 on CIFAR-100N.

Optimizer Learning rate Momentum Weight decay

Other hyperparameters

SGD 7.76 x 1071
AdamW 3.32 x 1074
SGLD 1.59 x 107!
SAM 7.77 x 1071
fSGLD 9.45 x 107!

0.69 5x 107%
- 1072
- 5x 107*
0.73 5x 107%
- 5x107* B=¢

[B1, B2] = [0.81,0.99]

5 — 1014

p=2884x10"3

—4/1.01

, 0=247 x 1073

E USE OF LARGE LANGUAGE MODELS (LLMS).

In this manuscript, we used LLMs solely for writing assistance, such as grammar checking and
minor language polishing. All sentences and substantive content of the paper are entirely our own.
LLMs were not used for retrieval, discovery, research ideation, or any other purpose beyond basic

language editing.
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