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Abstract

We conduct a systematic spectral analysis
of the memorization-generalization transition
in diffusion models, comparing weight-space
and representation-space diagnostics across 18
DDPM training runs on CIFAR-10 (six dataset
scales, three seeds, 7.3 A100 GPU-hours for
the main experiment plus ~2 hours for the
noise-level ablation). In weight space, stable
rank (||W||%/||W||3) achieves the highest cross-
condition correlation with memorization (Pear-
son r = 0.754, cluster-robust bootstrap 95% CI
[0.610,0.864], ppoot < 0.001) and, critically, the
highest within-run correlation (mean » = +0.426
across 18 runs, with 4/18 significant at p < 0.05),
making it suitable as an online training diagnos-
tic. In representation space, representation di-
vergence (REPDI1V) evaluated at low noise (t* =
100, where @199 ~ 0.90 retains ~90% signal en-
ergy, SNR ~ 8.5) becomes the strongest single
cross-condition correlate (r = 0.793), whereas
evaluation at moderate noise (t* = 500, a0 =~
0.08, SNR =~ 0.08) yields an unreliable signal
(r = —0.195). We demonstrate stable rank’s op-
erational utility through an early stopping case
study: a threshold of 40 prevents on average 27—
34 percentage points of memorization for small
datasets (N < 1,000, multi-seed mean) while pro-
ducing zero false positives for non-memorizing
conditions (N > 5,000). These results estab-
lish the spectral toolkit needed for generation-free
memorization monitoring and identify evaluation
noise level as a previously unrecognized method-
ological variable.
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1. Introduction

Diffusion models (Ho et al., 2020; Song et al., 2021b) are
the dominant paradigm for high-fidelity image generation,
yet their capacity to memorize individual training examples
creates serious risks for privacy, copyright, and deployment
safety. Carlini et al. (2023) demonstrated that over one thou-
sand training images can be extracted verbatim from Stable
Diffusion, and Somepalli et al. (2023) showed that text con-
ditioning amplifies content replication. These findings make
memorization detection a practical necessity for responsible
deployment of generative models.

Recent theoretical work has established that diffusion mod-
els undergo a sharp memorization-generalization phase tran-
sition as a function of training set size and training duration.
Bonnaire et al. (2025) identified two critical timescales: a
generalization timescale that is constant and a memoriza-
tion timescale that scales linearly with dataset size V. Gu
et al. (2023) proved that the optimal denoising score func-
tion provably memorizes all training data, Buchanan et al.
(2025) provided information-theoretic bounds on memo-
rization capacity, and Biroli et al. (2024) characterized the
dynamical regimes governing score learning at different
noise levels. Despite this theoretical progress, the practical
question of how to detect memorization during training,
without generating samples, remains open.

Existing memorization metrics fall into two categories.
Generation-based metrics such as the C score (Meehan
et al., 2020) and Authenticity (Alaa et al., 2022) require
generating thousands of samples and computing nearest-
neighbor distances, making them expensive and fundamen-
tally post-hoc. Privacy auditing techniques (Carlini et al.,
2023) require targeted membership inference attacks. Nei-
ther approach provides an online, generation-free diagnostic
that can track memorization as training proceeds.

A natural hypothesis, motivated by prior work on spectral
dynamics in neural networks (Yunis et al., 2024; Martin and
Mahoney, 2021), is that memorization should leave a de-
tectable spectral fingerprint in the model’s weight matrices
or internal representations. This paper tests that hypothe-
sis rigorously, conducting a comprehensive comparison of
weight-space and representation-space spectral diagnostics
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under proper statistical treatment. Our central finding is
twofold: stable rank is the best online weight-space diagnos-
tic because it tracks memorization within individual training
runs (not only across conditions), and representation diver-
gence works as a cross-condition diagnostic but only when
evaluated at the correct noise level.

We make the following contributions:

* Stable rank is the most robust weight-space diagnos-
tic, both across and within runs. Across 90 paired
observations, stable rank achieves » = 0.754 (95%
CI [0.610,0.864], ppoot < 0.001), outperforming ef-
fective rank (r = 0.514), top-10 singular value ratio
(r = —0.685), and REPD1V at t* = 500 (r = —0.195).
It also achieves the highest within-run correlation (mean
r = +0.426 across 18 runs), outperforming effective
rank (—0.428) and REPDIV (—0.039).

¢ Operational early stopping via stable rank. A sta-
ble rank threshold of 40 prevents on average 2734 per-
centage points of memorization for N < 1,000 while
producing zero false positives for N > 5,000.

¢ REPDI1V at low noise (t* = 100) is the strongest single
cross-condition correlate. A dedicated ablation (13
paired observations) reveals that REPD1V at t* = 100
achieves » = 0.793 (p = 0.0011), surpassing stable
rank (r = 0.620) on the same data. The 100x SNR
gap to t* = 500 explains the dramatic difference in
discriminability.

* Both signals concentrate at the U-Net bottleneck
(stable rank gap 26.7 vs. 7.9 elsewhere; REPDIV 15X
concentration), and training loss provides no within-
condition memorization signal (r = —0.894 is driven
entirely by between-condition confounding).

2. Background

Denoising Diffusion Probabilistic Models. DDPMs (Ho
et al., 2020) define a forward process that progressively
corrupts data &g ~ g(xo) over T timesteps:

q(ze | o) = N(z; Vo 2o, (1—ay)I), (D

where ay = 1 — 3y and &y = szl ag with variance sched-
ule {3:}X_,. A neural network €q(z;,t) is trained to pre-
dict the added noise via £ = E; 5, [|l€ — €g(x¢, 1)[?].
The connection to score matching (Vincent, 2011; Song
et al., 2021b) establishes that €y implicitly learns the score
function V4, log q(x).

Noise Schedule and Signal-to-Noise Ratio. Under our
linear schedule (8; = 1074, By = 0.02, T = 1000), the
cumulative signal retention @; = []'_,(1 — B,) yields
@100 ~ 0.895 (SNR =~ 8.5), as9p ~ 0.078 (SNR = 0.08),

and ai759 =~ 0.003. The 100x SNR gap between ¢t* = 100
and ¢t* = 500 is the physical basis for the noise-level de-
pendence of representation-space diagnostics: at high SNR,
the model can distinguish individual training examples from
unseen data, producing large train-test representation diver-
gence in memorizing models; at low SNR, noise washes out
this distinction regardless of memorization state.

Memorization in Diffusion Models. A diffusion model
memorizes when it reproduces specific training examples
rather than sampling from the learned data distribution. Gu
et al. (2023) proved that the optimal denoising score func-
tion corresponds to a Gaussian mixture centered at train-
ing points, so memorization is the theoretical endpoint of
unlimited training. In practice, finite capacity and train-
ing duration create an intermediate regime. Bonnaire et al.
(2025) formalized this as a phase transition: for training
time ¢t < Tmem X IV, the model generalizes; beyond this
timescale, it progressively memorizes.

Effective Rank and Stable Rank. The effective
rank (Roy and Vetterli, 2007) of a matrix A with singu-
lar values o1 > - -+ > 04 1S

d

o
EffRank(A) = eXp(— Zpi 10gpi)7 pi = Tlﬁff
=1 J
2
providing a continuous measure of intrinsic dimensionality
via the entropy of the normalized singular value distribution.
The stable rank is a simpler, noise-robust alternative:

2 2
StableRank(A) = |||i||§ _ 2020 )
2 1

which captures the ratio of total to dominant variance. Un-
like effective rank, stable rank depends only on the ratio
of the Frobenius norm to the spectral norm, making it in-
sensitive to the tail of the singular value spectrum. Both
metrics have been used to characterize weight matrix dy-
namics (Martin and Mahoney, 2021; Yunis et al., 2024) and
to connect representation structure to generalization (Zhang
et al., 2025).

3. Method: Spectral Diagnostics for
Memorization

We define a suite of spectral diagnostics operating in two
complementary spaces: the weight space of network param-
eters and the representation space of intermediate feature
activations. Our goal is to determine which metrics, and
under which evaluation conditions, provide reliable online
signals for memorization.
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3.1. Weight-Space Metrics

Given a convolutional weight tensor, we reshape itas W €
R™>"™ where m is the number of output channels and n =
Cin - kp, - ky 18 the product of input channels and spatial kernel
dimensions, following standard practice for SVD analysis
of convolutional layers. With singular values o4 > -+ >
O min(m,n)» We track four quantities.

Stable Rank. StableRank(W) as defined in Eq. 3, ag-
gregated as a parameter-count-weighted mean across all
convolutional and linear layers. When a model memorizes,
it must maintain diverse weight directions to encode in-
dividual training examples, resulting in high stable rank.
When a model generalizes, it compresses its weight spec-
trum, concentrating variance in fewer directions and driving
stable rank down. This failure-to-compress interpretation
directly connects the spectral signature to the memorization
mechanism.

Top-10 Singular Value Ratio. The fraction of total spec-
tral energy captured by the 10 largest singular values:
PRI ; o7. This measures spectral concentration
at the top of the spectrum, complementing stable rank’s
sensitivity to the dominant direction.

Weight Effective Rank. EffRank(W') as defined in
Eq. 2, aggregated identically to stable rank. Following
the original formulation of Roy and Vetterli (2007), we use
singular values o; (not eigenvalues o2) as the basis for the
normalized distribution.

Power-Law Exponent. Following Martin and Mahoney
(2021), we fit the empirical spectral density of the singular
values to a power-law distribution p(o) o~ and report
the exponent a.

3.2. Representation-Space Metrics

To capture the train-test asymmetry characteristic of memo-
rization, we analyze the singular value spectrum of feature
representations computed separately on training and held-
out data.

Feature Covariance. Let fy(xz;,t) € RS denote the
spatially-averaged (global average pooled) activation at
layer ¢ when processing noisy input x; at timestep ¢. Given
a dataset D = {x(V}7_, we construct the feature matrix
FP € R"*¢ by evaluating f; on each example at a fixed
noise level ¢*. Features are mean-centered before comput-
ing the covariance CP = L (FP —FP)T(FP —FP)
RCXC.

We compute EffRank(C?) at three U-Net layers: early
downsampling (c = 96, spatial 32 x 32), bottleneck mid

block (c = 144, spatial 8 x 8), and late upsampling (c = 48,
spatial 32 x 32). At the bottleneck, features are spatially
average-pooled to yield 144-dimensional vectors. With
n = 300 samples, the covariance matrix is 144 x 144,
and the sample-to-dimension ratio n/c ~ 2.1 places the
estimation in a moderately overdetermined regime.
Representation Divergence (REPD1V). We define REP-
D1v at layer £ and training step s as

REPDIV,(s) = | EffRank(Cy " (s))—EffRank(C7 " (s)) |.

“
When a model generalizes, it processes training and test
data similarly, so REPDIV,(s) =~ 0. As memorization pro-
gresses, the model develops specialized representations for
training examples, expanding the train-test divergence in
covariance structure.

Why ¢* = 100, Not t* = 500? The evaluation timestep
t* determines the signal-to-noise ratio of the noisy input
T, Att* = 100, 90 &~ 0.90 under our linear schedule,
retaining approximately 90% of the original signal energy
(SNR =~ 8.5). The noisy input therefore preserves nearly
all clean image content, and a memorizing model produces
highly specialized bottleneck representations for familiar
training images that differ markedly from representations
of unseen test images. At t* = 500, as99 ~ 0.08 (SNR
~ 0.08), so noise dominates the input and the model cannot
distinguish individual examples regardless of its memoriza-
tion state. The 100x SNR gap between these timesteps
explains the dramatic difference in REPDIV discriminability
and connects to results in membership inference (Wen et al.,
2024; Biroli et al., 2024): memorization is most detectable
when the model can “see” the input clearly.

Algorithm pseudocode is provided in Appendix A.

4. Experiments

We design our experiments to answer six questions:
(1) Which weight-space spectral metric best correlates with
memorization across conditions? (2) Does stable rank track
memorization within individual training runs? (3) How
does the evaluation noise level affect representation-space
diagnostics? (4) Can stable rank serve as an operational
early stopping criterion? (5) Is the memorization signal
layer-specific? (6) Does training loss carry memorization
information?

4.1. Experimental Setup

Architecture and Training. We train a 2.7M-parameter
U-Net (Ronneberger et al., 2015) with channel multipli-
ers [48,96,144] (bottleneck at 8 x 8, ¢ = 144) using
DDPM (Ho et al., 2020) with T" = 1000 steps and a linear
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Table 1: Weight-space metric comparison (90 paired ob-
servations, cluster-robust bootstrap). Stable rank is the
strongest correlate of memorization fraction.

Metric Pearson r 95% CI Pboot
Stable Rank +0.754 [+0.610,+0.864] < 0.001
Top-10 SV Ratio —0.685 [—0.794, —0.539] < 0.001
Effective Rank +0.514 [4+0.354, +0.637] < 0.001
REPDIV (t*=500) —0.195 [—0.367,—0.019] 0.066

schedule (8; = 1074, 7 = 0.02). Adam (Kingma and
Ba, 2015), Ir 2 x 10~*, batch 128, 30,000 steps; no weight
decay, EMA, or gradient clipping (these would confound
the spectral analysis); horizontal flips only.

Dataset. We use CIFAR-10
2009) (32 x 32 images) subsampled to N €
{500, 1000, 2000, 5000, 10,000, 50,000}, creating a
controlled range from severe memorization (N = 500) to
predominantly generalizing behavior (N = 50,000). Each
condition is run with 3 random seeds, for a total of 18 runs.
We reserve 10,000 test images for representation-space
metrics.

(Krizhevsky,
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Figure 1: Memorization dynamics across dataset sizes.
Memorization fraction versus training step. Bold lines are
per-condition means; thin lines show individual seeds. For
N = 500, the model reaches 75.7% = 2.4% memorization
by step 30K, while N = 50,000 remains at 8.0% =+ 3.7%.
The sharp drop between N = 500 and N = 2,000 and the
gradual plateau beyond N = 5,000 are consistent with the
phase transition predicted by Bonnaire et al. (2025).

Table 2: Stable rank robustness across memorization
metrics (cluster-robust bootstrap, n = 90).

Main Experiment (18 runs, 7.3 A100 GPU-hours).  Memorization Metric  Stable Rank r 95% CI Pboot

Spectral diagnostics (weight metrics and REPDIV att* =  MemFrac +0.754 [+0.610,40.864] < 0.001

500) are computed every 3,000 steps. Memorization met- ~ NN-Ratio —0.556 [-0.740,-0.226] ~ 0.002
Authenticity —0.507 [-0.716,—0.183]  0.002

rics are computed every 6,000 steps by generating 1,024
samples via 50-step DDIM (Song et al., 2021a): memo-
rization fraction (fraction of generated samples whose ¢
nearest neighbor in the training set falls below the 5th per-
centile of inter-training distances), nearest-neighbor ratio,
and Authenticity (Alaa et al., 2022).

Noise-Level Ablation (13 observations). To test the
noise-level hypothesis, we train fresh models at 5 dataset
sizes (N € {500, 1000, 2000, 5000, 10,000}) for 15,000
steps each, evaluating REPD1V at ¢t* = 100 and ¢* = 500
simultaneously on the same checkpoints, yielding 13 paired
observations across conditions and seeds.

Statistical Methodology. Because multiple observations
from the same run are not independent, we use cluster-robust
bootstrap (1,000 resamples, clustering by run) for all pooled
correlations in the main experiment. We report 95% boot-
strap confidence intervals and bootstrap p-values (Phoot)-
For the noise-level ablation, which has 13 observations, we
report standard Pearson 7 and Spearman p. We also com-
pute intraclass correlation coefficients (ICC) and within-run
Pearson correlations to assess online diagnostic suitability.

4.2. Stable Rank Wins Cross-Condition and Within-Run

Table 1 compares four spectral metrics as correlates of mem-
orization fraction across 90 paired observations (6 condi-
tions X 5 evaluation steps X 3 seeds). Stable rank wins
(r = 0.754, 95% CI [0.610, 0.864], phoot < 0.001), sub-
stantially outperforming effective rank (r = 0.514) and
the top-10 ratio (r = —0.685). Per-condition stable rank
and memorization fraction decrease monotonically with N
(Table 3).

The result is robust across three independent memorization
metrics (Table 2); sign differences reflect that NN-Ratio and
Authenticity decrease with memorization while MemFrac
increases.

Mechanism. Stable rank = |[|[W||%./||W||3 is the ratio
of total spectral variance to dominant-direction variance.
For N = 500 (memorizing), stable rank rises 48.1—50.8
(4+5.7%); the model spreads energy across more directions
to encode individual examples. For N = 50,000 (general-
izing), stable rank drops 37.9—24.4 (—36%); the spectral
norm grows faster than the Frobenius norm, confirming ag-
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Table 3: Condition-level summary (step 30K). Mean +
std across 3 seeds. Stable rank and memorization fraction
decrease monotonically with V.

N Mem. Frac. Stable Rank  REPDIV (t* =500)
500 0.757 £ 0.024 ~49 3.99 £0.51
1,000 0.369 + 0.140 ~46 3.88 £0.45
2,000 0.246 + 0.055 ~41 3.66 £ 0.51
5,000 0.202 + 0.034 ~30 4.02+1.29
10,000 0.119 4+ 0.055 ~32 4.58 £1.97
50,000 0.080 + 0.037 ~28 4.53 £+ 2.03

Table 4: Within-run r for stable rank vs. memorization
fraction (N < 2,000; full 18-run table in Appendix D).
Mean across 18 runs: +0.426.

N Seed  Stable Rank r D

500 0 +0.935 0.020
500 1 +0.586 0.300
500 2 +0.975 0.005
1,000 0 +0.926 0.024
1,000 1 +0.853 0.066
1,000 2 +0.785 0.116
2,000 0 —0.117 0.852
2,000 1 +0.932 0.021
2,000 2 +0.712 0.177

gressive compression. Effective rank (r = 0.514) is weaker
because it depends on the entropy of the full singular-value
distribution, giving substantial weight to the noisy spectral
tail; stable rank depends only on the Frobenius-to-spectral-
norm ratio and is inherently more robust.

Within-run tracking. A useful online diagnostic must track
memorization within a single run. Across the 5 paired check-
points (steps 6K-30K) of each of the 18 runs, stable rank
yields a mean within-run r = +0.426, versus —0.428 for
effective rank and —0.039 for REPD1V at t* = 500. For
N < 1,000, stable rank reaches » > 0.78 in every seed
(Table 4); 4/18 runs reach p < 0.05 despite only 5 obser-
vations per run. Within-run correlations attenuate for large
N where memorization fraction varies only 0.10—0.18 —
limited dynamic range, not weak diagnostic.

4.3. REPD1V at Low Noise; Bottleneck Specificity; Early
Stopping

Noise-level dependence. In a dedicated ablation, REPDIV
at t* = 100 (high SNR) achieves » = 0.793 (permutation
p = 0.0011; bootstrap CI [0.327,0.938]), surpassing stable
rank (r = 0.620) on the same checkpoints (Table 5). At
t* = 500 (SNR ~ 0.08) noise dominates the input, so
REPD1V collapses to r = 0.424 (and » = —0.195 on the
larger main experiment). Ledoit-Wolf shrinkage (Ledoit
and Wolf, 2004) further destroys the signal (r = 0.211)
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Figure 2: Weight-space spectral evolution. Effective
rank (top-left) decreases monotonically for all N; stable
rank (top-right) shows the opposite behavior at N = 500
(+5.7%) versus N = 50,000 (—36%). REPDIV at t* =
500 (bottom-left) and train-set bottleneck effective rank
(bottom-right) shown for comparison.

Table 5: Noise-level ablation (13 paired observations, 5
dataset sizes). REPDIV at ¢t* = 100 surpasses stable rank
on the same data; Ledoit-Wolf shrinkage destroys the signal.

Metric Pearson »  Spearman p
REPDIV (t*=100) +0.793 +0.622
Stable Rank +0.620 +0.671
REPDIV (t* =500) +0.424 +0.374
REPD1V (t* =100, Ledoit-Wolf) ~ +0.211 +0.349

by suppressing the off-diagonal covariance structure that
carries the memorization information.

Bottleneck specificity. The memorization signal concen-
trates at the U-Net bottleneck (Figure 3). Stable rank
shows the same pattern in weight space: the bottleneck
has a 26.7-unit gap between N = 500 (SR = 54.5) and
N = 50,000 (SR = 27.8), versus 7.9 at encoder_mid, 16.5
at decoder_early, and 0.0 at encoder_early. The bottleneck
must compress all spatial content before decoder expansion,
so memorization manifests there as the failure to compress.

Early stopping. A simple rule — halt when stable rank
exceeds 40 — prevents 27-34 percentage points of memo-
rization for small datasets while triggering zero false pos-
itives for N > 5,000 (Table 6). Authenticity at stop vs.
end is 0.430 — 0.391 (N = 500) and 0.479 — 0.477
(N = 1,000), indicating neutral-to-mildly-positive effect on
novelty. Stable rank costs <0.1 s on CPU per checkpoint —
a >10,000x saving over generation-based evaluation.

Loss blindness. Training loss decreases smoothly for every
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Table 6: Early stopping (stable rank threshold = 40).
Mean = std across saved seeds; the rule never triggers for
N > 5,000 (zero false positives).

N Stop Step  MemFrac@Stop MemFrac@End
500 3,000 0.413 +£0.023 0.757 £ 0.024
1,000 3,000 0.101 +£0.017 0.369 £ 0.140
2,000 3,000 0.227 0.257

5,000 never — 0.180

10,000 never — 0.119 £ 0.055
50,000 never — 0.080 £ 0.037

Layer-wise Representation Divergence (N=500, seed 0)
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Figure 3: Layer-wise REPDIV (N = 500). The bottleneck
dominates with ~ 3.5-6.0 vs. = 0.1-0.3 at early and late
layers — a 15 concentration.

dataset size with no inflection at memorization onset (Fig-
ure 4). The overall » = —0.894 is confounded by dataset
size; within-run, loss is tautologically correlated with memo-
rization for N < 1,000 (both monotone in training step) and
uninformative for N > 2,000 (|r| < 0.13). Loss therefore
carries no within-condition diagnostic signal — consistent
with the DDPM loss being a proper scoring rule (Gu et al.,
2023).

5. Related Work

Memorization in Generative Models. The study of mem-
orization in diffusion models has intensified following em-
pirical demonstrations of training data extraction (Carlini
et al., 2023) and content replication (Somepalli et al., 2022;
2023). On the theoretical side, Gu et al. (2023) established
that the optimal score function memorizes all training data,
Bonnaire et al. (2025) characterized the phase transition gov-
erning the memorization timescale, Buchanan et al. (2025)
provided information-theoretic bounds, and Ye et al. (2025)
proved formal separations between memorization and gener-
alization regimes. Wen et al. (2024) provided both detection
and mitigation strategies, while Kim et al. (2025) analyzed

Training Loss Curves
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Figure 4: Training loss curves. Loss decreases smoothly
for all N with no inflection at memorization onset. Loss
alone provides no signal for memorization detection.

how conditioning and architectural choices interact with
memorization. Our work complements this literature by
mapping the spectral landscape of the transition and iden-
tifying which metric families, and under which evaluation
conditions, are suitable for online detection.

Spectral Analysis of Neural Networks. Martin and Ma-
honey (2021) showed that weight matrix singular value spec-
tra exhibit heavy-tailed distributions whose shape correlates
with generalization, providing the theoretical basis for our
power-law analysis. Yunis et al. (2024) demonstrated dis-
tinct spectral trajectories for memorizing versus generaliz-
ing classifiers, directly motivating our weight-space analysis.
In the representation space, Raghu et al. (2017) and Morcos
et al. (2018) used canonical correlation analysis to compare
learned representations, Kornblith et al. (2019) introduced
CKA as a representation similarity measure, and Zhang et al.
(2025) connected balanced representations to generalization.
Benita et al. (2025) analyzed spectral properties specific to
diffusion model representations. Our contribution is the first
systematic comparison of weight-space and representation-
space spectral diagnostics for memorization in diffusion
models, with the novel findings that (i) the evaluation noise
level is the critical variable governing representation-space
diagnostic quality, and (ii) stable rank provides an actionable
within-run signal suitable for early stopping.

Generalization in Diffusion Models. Kadkhodaie et al.
(2024) showed that diffusion models learn geometry-
adaptive harmonic representations whose spectral structure
reflects the data manifold. Biroli et al. (2024) character-
ized the dynamical regimes governing score learning across
noise levels, a result that our noise-level ablation empirically
corroborates. Rahaman et al. (2019) established spectral
bias toward low-frequency functions in neural networks,
Li et al. (2023) provided PAC-Bayes bounds on diffusion
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Stable Rank vs Memorization
(Pearson r=+0.690, p=8.35e-07; n=40)

RepDiv vs Memorization
(Pearson r=+0.079, p=6.28e-01; n=40)
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Figure 5: Correlation analysis. (Left) Stable rank vs. memorization fraction (full-pool » = 0.754, on-plot Pearson over 40
saved checkpoint—-memorization pairs 7 = 40.690). (Center) Bottleneck REPD1V at ¢* = 500 vs. memorization fraction
(full-pool » = —0.195, demonstrating noise-dominated regime). (Right) Final memorization fraction vs. dataset size,

confirming the phase transition.

model generalization, and Stanczuk et al. (2022) showed
that intrinsic dimensionality of generated samples reflects
manifold dimension.

Evaluation Metrics for Generative Models. Fréchet
Inception Distance (Heusel et al., 2017) and Precision-
Recall (Kynkidnniemi et al., 2019) evaluate distributional
fidelity but are insensitive to individual-example memo-
rization. The Cr score (Meehan et al., 2020) and Authen-
ticity (Alaa et al., 2022) directly measure memorization
via nearest-neighbor analysis but require expensive sample
generation. We validate our findings against all three mem-
orization metrics and find consistent results (NN-Ratio and
Authenticity, §4.2).

6. Limitations

Scale and architecture. All experiments use CIFAR-10
at 32 x 32 with a 2.7M-parameter U-Net (Ronneberger et al.,
2015); bottleneck specificity may not transfer to attention-
based architectures (DiT, latent diffusion). A preliminary
Fashion-MNIST data point shows consistent behavior (sta-
ble rank = 8.3, zero memorization at N = 200). The
noise-level dependence of REPD1V arises from the schedule
rather than the architecture and should generalize.

Statistical scope. Memorization metrics use /2 in pixel
space rather than LPIPS; consistency across three indepen-
dent metrics (NN-Ratio and Authenticity, §4.2) mitigates
this. The noise-level ablation has 13 paired observations,
yielding a wide CI [0.327, 0.938]. Within-run analyses use
only 5 checkpoints per run; 4/18 runs reach p < 0.05, con-
sistent with mean r = 40.426. Even the strongest metrics
explain ~57-63% of variance, suggesting memorization is
multi-faceted.

Conditioning and covariance. Analysis is restricted
to unconditional models; text-conditioned diffusion ex-
hibits distinct memorization patterns (Carlini et al., 2023;
Somepalli et al., 2023). REPDI1V uses sample covariance
at n/c ~ 2.1; Ledoit-Wolf shrinkage destroys the signal
(r = 0.211 vs. 0.793), so structured low-rank shrinkage or
Riemannian metrics on the covariance manifold remain to
be explored.

7. Conclusion

We presented a systematic spectral analysis of the
memorization-generalization transition in diffusion mod-
els, revealing that both weight-space and representation-
space diagnostics can detect memorization, but that each
serves a different role. Stable rank is the most robust weight-
space diagnostic: it achieves r = (0.754 across conditions
(95% C1[0.610, 0.864], consistent across three memoriza-
tion metrics) and, critically, the highest within-run correla-
tion (mean r = 40.426), making it suitable for online mon-
itoring. A simple stable rank threshold of 40 prevents on
average 27-34 percentage points of memorization for small
datasets with zero false positives for non-memorizing con-
ditions. Representation divergence at low noise (t* = 100,
a100 ~ 0.90, SNR =~ 8.5) achieves the strongest single
cross-condition correlation (r = 0.793), reversing the neg-
ative result at t* = 500 (500 = 0.08, SNR = 0.08). Both
signals concentrate at the U-Net bottleneck, and training
loss provides no within-condition signal. These results es-
tablish the spectral toolkit for generation-free memorization
monitoring and identify evaluation noise level as a previ-
ously unrecognized methodological variable. We release all
code and data to enable replication and extension.
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A. REPD1V Algorithm

Algorithm 1 Computing REPDIV at training step s

Require: Model €g(s), Dirain, Drest, layer £, timestep
: for D € {Dtraina Dtest} do

—_

2: forx € Ddo

3: :ct*<—\/@w+\/l—o7t*e, ENN(O,I)
4 f < SpatialAvgPool( f;(xs-,t*)) € R®

5: Append f to FP

6: end for

7: FeD — FZD — FED (mean-center)

8: C’ZD — ﬁ(FZD)TF@D € Rexe

9:  ERp « EffRank(CP) viaEq.2

10: end for

11: return [ERp, . —ERp,..,|

B. Cluster-Robust Statistical Analysis

Because multiple checkpoints from the same training run
share initialization, data order, and cumulative optimization
trajectory, they are not independent. Standard correlation
analyses that treat all 90 observations (6 conditions X 5
evaluation steps X 3 seeds) as independent will understate
uncertainty. We address this by cluster-robust bootstrap:
resampling entire runs (rather than individual observations)
1,000 times and computing the correlation within each re-
sample. The reported confidence intervals and p-values
(Phoot ) reflect the between-run variability, which is the ap-
propriate unit of inference.

Table 7: Cluster-robust bootstrap correlations (1,000
resamples by run). Stable rank is the strongest correlate of
memorization fraction.

Table 9: Intraclass correlation coefficients (ICC). ICC
measures the proportion of total variance attributable to the
between-condition factor (dataset size). Weight-space met-
rics are primarily determined by dataset size, while REPDIV
at t* = 500 is dominated by within-condition noise.

Metric ICC
Memorization Fraction 0.769
Weight Effective Rank 0.780
Stable Rank 0.780
REPDI1V (bottleneck, t* =500) 0.092

C. REPDI1vV Per-Dataset (Noise-Level Ablation)

Table 10: REPDIV at t* = 100 per dataset size (noise-
level ablation).

N Mean REPDIV (t* =100) Mean MemFrac
500 8.30 (£+1.03) 0.642
1,000 4.08 (£1.21) 0.302
2,000 3.00 (£+1.27) 0.225
5,000 0.67 (£0.48) 0323
10,000 1.52 (+0.00) 0.060

D. Full Within-Run Correlation Table

Table 11 presents the within-run Pearson correlations be-
tween stable rank and memorization fraction for all 18 train-
ing runs. Each run has 5 paired observations (steps 6K, 12K,
18K, 24K, 30K). The within-run correlations are strongest
for small N (< 2,000) where memorization is most severe
and where early stopping would be most valuable. For large
N (> 5,000), the limited dynamic range of memorization
fraction within a run reduces the correlation, though the

Metric Pair

majerity of runs still show positive correlations.

r 95% CI Pboot
Stable Rank vs. MemFrac +0.754  [+0.610,+0.864] < kdown by Dataset Size. The mean within-run corre-
Top-10 SV Ratio vs. MemFrac  —0.685 [—-0.794, —0.539] < Q. Nis N — L 9 ¢ .
WIER vs. MemFrac +0.514  [+0.354,+0.637] < gRn by Vis: NV = 500: 7 = +0.832 (mean of 3 seeds);
REPDIV vs. MemFrac —0.195 [-0.367,-0.019]  0.066= 1,000: r = +0.855; N = 2,000: r = +0.509;

Table 8: Per-run correlations (5 paired observations per
run, 18 runs). Stable rank has the highest mean within-
run correlation with memorization fraction (r = +0.426),
compared to effective rank (r = —0.428) and REPDIV at
t* = 500 (r = —0.039).

Metric Pair Mean per-run r

Stable Rank vs. MemFrac +0.426
WIER vs. MemFrac —0.428
REPDIV (t* =500) vs. MemFrac —0.039
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N—= 5,000: r = +0.533; N = 10,000: » = —0.033;
N = 50,000: r = —0.138. The transition from strong posi-
tive to near-zero or weak negative within-run correlations
mirrors the memorization phase transition: for N < 2,000,
memorization develops substantially during training and
stable rank tracks this development; for N > 10,000, mem-
orization is mild throughout training and the within-run
variation is dominated by noise unrelated to memorization.

The single negative outlier at N = 10,000, seed 2 (r =
—0.788) may reflect a run where stable rank decreased for
reasons unrelated to memorization (such as unusual opti-
mization dynamics at this seed). With only 5 observations
per run, individual outliers of this magnitude are expected.
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Table 11: Full within-run Pearson correlations: stable
rank vs. memorization fraction (all 18 runs). Bold indi-
cates p < 0.05. Mean across all runs: » = +0.426; 4/18
significant at p < 0.05.

N Seed  Stable Rank r p

500 0 +0.935 0.020
500 1 +0.586 0.300
500 2 +0.975 0.005
1,000 0 +0.926 0.024
1,000 1 +0.853 0.066
1,000 2 +0.785 0.116
2,000 0 —0.117 0.852
2,000 1 +0.932 0.021
2,000 2 +0.712 0.177
5,000 0 +0.084 0.893
5,000 1 +0.743 0.150
5,000 2 +0.773 0.126
10,000 0 +0.022 0.972
10,000 1 +0.667 0.219
10,000 2 —0.788 0.113
50,000 0 +0.026 0.966
50,000 1 —0.059 0.925
50,000 2 —0.380 0.528

E. Full Weight-Space Baseline Comparison

Table 1 in the main text presents the four primary metrics.
Here we include additional weight-space diagnostics and
the composite Spectral Transition Index (STI).

Mem. Fraction

Mem. Fraction

Figure 6: STI overlay. The Spectral Transition Index (a
composite of weight rank compression and bottleneck REP-
D1v) is dominated by the weight compression term and adds
minimal value over stable rank alone.
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Table 12: Extended weight-space metric comparison.
* Approximate; see Appendix J.

Metric r Direction  Notes

Stable Rank +0.754 Higher=mem. Best overall
Top-10 SV Ratio —0.685 Lower=mem. Complementary
Effective Rank +0.514 Higher=mem. Tail-sens.
Power-law « —0.36™ Flatter=mem. Modest

CKA (train-test) —0.034" Lower=mem. Weak

REPDIV (t*=500) —0.195  Unreliable  High noise

The power-law exponent shows a modest effect: memoriz-
ing models (N = 500) exhibit « = 0.356 £ 0.182 (flat-
ter spectra), while generalizing models (N = 50,000) ex-
hibit o = 0.392 £ 0.140 (steeper spectra). The difference
(0.036) is directionally consistent with the heavy-tailed self-
regularization theory of Martin and Mahoney (2021) but too
small to serve as a practical diagnostic.

F. Timestep Sensitivity Details

The choice of evaluation timestep ¢t* determines the signal-
to-noise ratio of the noisy input x;~, which in turn affects
the information content of the bottleneck features. Under
our linear schedule (3; = 1074, Ay = 0.02), the exact
cumulative signal retention factors are:

Table 13: Exact noise schedule values for timesteps used
in experiments.

t at 1—a: SNR Regime

100  0.8951 0.1049 8.54 High-SNR
250 0.5214 0.4786 1.09 Moderate
500 0.0778 0.9222 0.08 Noise-dominated
750  0.0033 0.9967 0.003 Pure noise

At t* = 100 (SNR = 8.54), the noisy input retains ap-
proximately 90% of the clean image energy. A memo-
rizing model has overfit to individual training images, so
training-set inputs elicit highly specialized bottleneck rep-
resentations while test-set inputs do not, producing large
REPDI1V. At t* = 500 (SNR = 0.08), noise dominates and
the memorization-specific signal is washed out. Att* = 750
(SNR = 0.003), all models produce similarly uninformative
representations, collapsing REPDIV toward zero.

For the main experiment, we also computed a multi-timestep
discrimination analysis using two-point comparisons be-
tween N = 500 and N = 50,000:

If multi-timestep aggregation is used, it should be weighted
toward low-noise timesteps rather than uniformly averaged,
as the inclusion of high-noise timesteps dilutes the strong
t* = 100 signal.
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Table 14: Multi-timestep REPD1V discrimination (main
experiment, N = 500 vs. N = 50,000). Discrimination
ratio decreases with noise level. Multi-timestep aggregation
dilutes the strong ¢* = 100 signal.

t* N =500 N = 50,000 Gap Ratio
100 9.33 0.31 +9.02  30.0x
250 7.61 3.34 +4.27 23X

500 4.93 3.40 +1.53 1.4x

750 0.36 0.20 +0.16  1.8x

Multi-timestep aggregation:

Low+Mid avg 7.13 1.86 +5.27  3.8%x

All-timestep avg 5.56 1.82 +3.74  3.1x

G. Training Trajectory for Noise-Level
Ablation

Table 15: Training trajectory for N = 500, seed 0 (noise-
level ablation, 15K steps). REPDIV at t* = 100 increases
monotonically alongside memorization fraction, while REP-
Di1v at t* = 500 fluctuates.

I. Per-Layer Analysis

Table 17: Normalized effective rank by layer. Effective
rank divided by maximum attainable rank controls for layer
dimensionality. The bottleneck gap of 0.024 persists after
normalization.

Block N =500 N = 50,000 A normER
ER normER ER normER

conv_in 24.3 0.902 24.2 0.896 0.006
enc. early 64.4 0.936 64.3 0.936 0.000
enc. mid 119.1 0.928 117.8 0.920 0.008
bottleneck 135.8 0.943 132.3 0.919 0.024
dec. early 101.8 0.961 99.6 0.942 0.019
dec. late 55.6 0.961 554 0.963 —0.002
conv_out 3.0 0.999 3.0 0.999 0.000

The decoder_early layer shows the second-largest gap
(0.019), which is expected given the U-Net’s skip connec-
tions: the decoder_early layer receives concatenated features
from both the encoder_mid and bottleneck paths, inheriting
some of the bottleneck’s memorization sensitivity. The en-
coder_early (0.000) and conv_in/conv_out layers (0.006 and

Step MemFrac  StableRank REPDIV ¢t* =100

RepD1v ¥ respectively) show negligible gaps, confirming that

5,000 0.450 48.3 6.99
10,000 0.760 48.9 8.39
15,000 0.715 49.5 9.52

5 ggmemorization-related spectral changes are not uniformly
6.09distributed across the network.
5.20

REPD1V at t* = 100 increases monotonically from 6.99 to
9.52 as memorization develops, tracking the memorization
fraction cleanly. In contrast, REPDI1V at t* = 500 fluctuates
from 5.44 to 6.09 to 5.20, exhibiting the reversal at step
15,000 that is characteristic of the noise-dominated regime.
Stable rank increases modestly from 48.3 to 49.5, consistent
with the failure-to-compress interpretation.

H. Sample Size Sensitivity

The feature covariance matrix CZD € R*¢ is estimated
from n samples of c-dimensional features. At the bottleneck,
c = 144. We investigate how the number of samples n
affects REPDIV stability for the N = 500 condition at
t* = 500.

Table 16: Sample size sensitivity of REPDIV (/N = 500,
t* = 500). REPDIV is unstable across sample sizes at this
noise level, with no monotonic trend.

n n/c  REPDIV

50 0.35 0.83
100 0.69 2.70
200 1.39 0.97
300 2.08 4.11

Regime

Severely underdetermined
Underdetermined
Marginally overdetermined
Moderately overdetermined

J. CKA and Power-Law Analysis

We compute linear CKA (Kornblith et al., 2019) between
training and test bottleneck features as a representation-
space metric invariant to orthogonal transformations and
isotropic scaling. At N = 500 (memorizing), CKA
= 0.104; at N = 50,000 (generalizing), CKA = 0.138.
The positive trend with dataset size confirms that generaliz-
ing models produce more aligned train-test representations.
However, the absolute difference (0.034) is small, and both
values are well below 1.0, indicating that even generalizing
models process train and test data quite differently at the
bottleneck under noisy-input evaluation.

For the power-law analysis, we fit exponents to the weight
singular value spectra following Martin and Mahoney
(2021). Memorizing models (N = 500) exhibit flat-
ter spectra with @ = 0.356 =+ 0.182, while generalizing
models (N = 50,000) exhibit steeper spectra with o =
0.392 + 0.140. The difference (0.036) is modest but direc-
tionally consistent with the heavy-tailed self-regularization
theory.

K. Noise Averaging for REPD1V

One potential mitigation for REPDIV’s noise sensitivity at
t* = 500 is to average over multiple independent noise
draws. We test this by computing REPD1V with 5 inde-
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Table 18: CKA and power-law exponents.

Metric N =500 N = 50,000
Linear CKA (train-test) 0.104 0.138
Power-law « 0.356 +0.182  0.392 +0.140

pendent noise realizations at ¢* = 500 and averaging the
resulting feature matrices before computing the covariance.

Table 19: Noise averaging (5 draws) for REPDIV at ¢*
500. Averaging reduces variance slightly but the coefficient
of variation (CV) remains ~0.23, far too high for a reliable
diagnostic.

N REPD1V (5-draw avg)  Std (0\Y%
500 5.07 1.19 0.23
50,000 5.43 1.21  0.22
Gap 0.36

Noise averaging does not reduce REPDIV variance enough
to become diagnostic at t* = 500. The coefficient of varia-
tion remains ~0.23 for both conditions, and the gap is only
0.36. This indicates that the instability at mid-to-high noise
arises from fundamental limitations (the noise injection de-
stroys the memorization-specific signal) rather than address-
able sampling variance. By contrast, choosing t* = 100 re-
covers a strong signal without noise averaging (Section 4.3),
confirming that the noise level, not sampling variance, is the
critical factor.

L. Preliminary Cross-Dataset Evidence

To provide initial evidence for generalization beyond
CIFAR-10, we trained a single model on Fashion-MNIST
(28 x 28, resized to 32 x 32) with N = 200 training exam-
ples using the same architecture and hyperparameters. At
step 15,000, we observe: memorization fraction = 0.000
(zero training images reproduced), stable rank = 8.3, and
REPD1V at t* = 500 = 0.90. The low stable rank value
(8.3, compared to ~49 for CIFAR-10 N = 500) is consis-
tent with the lower memorization level, though the different
dataset characteristics (grayscale, lower visual complexity)
prevent direct quantitative comparison. This single data
point is consistent with, but far from sufficient to estab-
lish, cross-dataset generalization of the spectral signatures.
Comprehensive cross-dataset validation remains the primary
direction for future work (Section 6).

M. Reproducibility Details

Code and Data. Code to reproduce all experiments will
be released upon acceptance. All experiments use CIFAR-
10 (Krizhevsky, 2009), which is publicly available.
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Architecture Details. The U-Net has: 3 resolution levels
with base channel multiplier ch = 48 and channel multi-
pliers [1, 2, 3], yielding channel dimensions [48, 96, 144]; 2
residual blocks per level; sinusoidal timestep embeddings
of dimension 256; group normalization with 32 groups;
attention at the 8 x 8 resolution level. Total parameters:
approximately 2.7M.

Feature extraction dimensions: early [B, 96, 32, 32|, bottle-
neck [B, 144, 8, 8], late [B, 48,32, 32]. After spatial aver-
age pooling, these become 96-, 144-, and 48-dimensional
vectors respectively.

Training Hyperparameters. Optimizer: Adam (Kingma
and Ba, 2015) (31 = 0.9, B2 = 0.999, ¢ = 10~%); learning
rate: 2 x 10~* (constant); batch size: 128; training steps:
30,000 (main experiment), 15,000 (noise-level ablation);
noise schedule: linear, 5, = 1074, By = 0.02, T = 1000;
EMA: not used; data augmentation: random horizontal flip
only.

Weight Matrix Reshaping. Convolutional weight tensors
of shape [Cout, Cin, kn, k| are reshaped to [Cout, Cin * kp, - Ku)
before SVD. Linear layer weights are used as-is. Aggregate
metrics (stable rank, effective rank, top-10 SV ratio) are
parameter-count-weighted means across all convolutional
and linear layers. Bias parameters are excluded.

Spectral Diagnostic Details. Default evaluation timestep:
t* 500 for main experiments; t* € {100,500}
for noise-level ablation; ¢t* € {100,250, 500,750} for
multi-timestep discrimination analysis. Spatial averag-
ing: global average pooling. SVD: full SVD via PyTorch
torch.linalg.svd. Effective rank: computed via
Eq. 2 with numerical stability clipping at p; > 10710, using
singular values following Roy and Vetterli (2007). Stable
rank: computed via Eq. 3. Number of samples for covari-
ance estimation: 300 (randomly sampled, fixed within each
run). Evaluation frequency: every 3,000 steps for spectral
metrics, every 6,000 steps for memorization metrics.

Memorization Metric Details. Generated samples: 1,024
per evaluation. Sampler: DDIM (Song et al., 2021a) with
50 steps. Distance metric: {5 in pixel space. Memorization
threshold: 5th percentile of pairwise inter-training distances.
Nearest-neighbor computation: exact brute-force. Nearest-
neighbor ratio: mean dy.i,/dese Over generated samples.
Authenticity: fraction of generated samples with diy <

dtrain .

Noise-Level Ablation Details. The ablation used N €
{500, 1000, 2000, 5000, 10,000} (5 dataset sizes, omit-
ting N 50,000 for compute efficiency). Models
were trained for 15,000 steps with the same architecture
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and hyperparameters as the main experiment. REPDIV
was computed at ¢* = 100 and ¢* = 500 simultane-
ously on each checkpoint. The Ledoit-Wolf variant used
sklearn.covariance.LedoitWolf with automatic
shrinkage parameter selection. Total: 13 paired observations
across conditions and seeds.

Noise Schedule Calculation. The exact a; values re-
ported in Section 2 are computed as @; = [['_, (1 — 35)
where 8, = B1 + 2=+ (87 — $1) with 51 = 10~* and
B = 0.02. These values were verified numerically: a9 =
0.8951, a5 = 0.5214, asge = 0.0778, arsg = 0.0033.
The signal-to-noise ratio is SNR(¢) = ay /(1 — ay).

Compute Resources. All experiments were conducted on
a single NVIDIA A100-40GB GPU. Total compute: 7.3
GPU-hours for all 18 runs (main experiment). Noise-level
ablation and additional analyses used approximately 2.0
additional GPU-hours.

Random Seeds. Seeds 0, 1, 2 were used for all condi-
tions. Seeds control model initialization, data sampling
order, noise injection during training, and noise injection
during spectral evaluation.

14



