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Abstract
The uncertainty of a statistical model is most commonly factorized into an aleatoric
and an epistemic part. This factorization changes how predictions are interpreted in
downstream decision tasks. Importantly, except for the idealistic scenario with no
model mismatch, the quantification is a characteristic of the model and not the data
generating process. In this paper, we propose Forgetting to Improve a method that re-
duces this discrepancy by incorporating the task into the modeling framework. Our
key insight is to acknowledge that in scenarios of model mismatch, data can have a
detrimental effect on the modeling for a specific task. Based on this insight, we pro-
pose an influence function for Gaussian process models that allows for principled re-
moval of detrimental data samples. We showcase the flexibility of this approach by
demonstrating significant improvements across a range of tasks, including Bayesian
optimization, model-based reinforcement learning, and transductive learning.

1 Introduction
Gaussian process (GP) models [59] are a popular choice for probabilistic modeling. Given their
strong priors they are especially popular in low data regimes and their interpretable uncertainties
makes them ideally suited for sequential decision tasks such as Bayesian optimization [13, 21] and
Reinforcement Learning [16, 35]. For the modeling assumption of GPs, the inference procedure
leads to a natural factorization of the uncertainty into an aleatoric and an epistemic part. As we often
specify the model before seeing the data, there are scenarios where the model does not correspond
to the data generation process, which we refer to as model mismatch. Box [11] famously stated “all
models are wrong but some are useful” which means that these assumptions very rarely match the
data generation process. In active learning scenarios such as Bayesian optimization, modeling and
decision making are often seen as two separate tasks. We first model the data, then make decisions
on where to model next. In scenarios of model mismatch this can have severely limiting effects,
as we might introduce data, which has detrimental effects on the model that is relevant to the task.

More formally, the interaction of the aleatoric and epistemic components of the predictive uncertainty
is not intrinsic to the data alone, but is induced by the choice of model and the task [64]. First, in
most cases, the choice of model is made a priori, and may be misaligned for the considered task,
while we retain full control over the subset of data used during training. Secondly, many machine
learning tasks only require accurate predictions in a target region of the input domain, whereas
available observations may originate from a broader region with a potentially different distribution.
This distribution shift may lead to a misattribution between the aleatoric and epistemic uncertainty
within the target region. As a result, incorporating additional observations can have adverse effects:
(i) the aleatoric noise level in the target region may increase significantly when certain observations
are included, and (ii) may cause some samples to counteract variance reduction precisely in the
target region. Both effects arise because observations that improve the global model fit may be
uninformative or even detrimental to predictions in the target region. This is particularly interesting,
since in many machine learning tasks, such as transductive learning [47] and experimental design
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Figure 1: Influence of detrimental data structures based on the Dow Jones data set [4]. (Left)
Homoscedastic GP absorbs detrimental structures in the noise, resulting in uncertain predictions in A.
(Right) Forgetting to Improve (F2I) removes detrimental data to improve predictions in A.

[12], the target region in which predictions are made is known beforehand. This knowledge is
used in many sequential learning algorithms for BO and RL to select new samples according to
information-theoretic acquisition functions, under the assumption that more observed samples strictly
improve performance. However, in scenarios of model mismatch, we obtain the described non-trivial
model-data dependency of the aleatoric and epistemic uncertainty, which results in potentially
detrimental influences of early observed samples for the entire learning process.

To address these limitations, we propose Forgetting to Improve (F2I), a principled data removal
algorithm that “forgets” data points with detrimental influence on the predictions within the target
region in transductive learning tasks. As we cannot rely on having access to labels to measure
generalization in the target region, we focus instead on reducing predictive uncertainty. This is
achieved by determining the influence of individual samples on the predictive uncertainty, consisting
of the model-data dependent and location-specific epistemic and global aleatoric uncertainties.
Samples with detrimental influence are removed to improve predictions and confidence in transductive
learning, as visualized for a real-world stock market data set in Figure 1. Especially sequential learning
tasks, such as BO and RL, can benefit significantly from this removal paradigm when detrimental
samples have been evaluated in the beginning of the optimization process.

Our contributions include theoretical grounding and practical evidence of Forgetting to Improve:

• We propose a principled measure to quantify the contribution of individual samples to the
epistemic and aleatoric components of the predictive uncertainty.

• We introduce the greedy data removal algorithm F2I to “forget” detrimental data points in
transductive learning tasks. In addition, we derive a near-optimality guarantee for F2I and provide
a rigorous analysis by establishing approximation bounds on the predictive uncertainty with
respect to the optimal data subset.

• We extend F2I to Forgetful BO and Forgetful RL, formulating BO and RL as sequential transductive
learning tasks with dynamical target regions.

• We conduct an extensive empirical evaluation of F2I and Forgetful BO on several different
transductive and sequential learning tasks.

2 Related Literature
Prior works on probabilistic models and their use in uncertainty-aware learning algorithms fall broadly
into two categories: (i) principled methods that focus on choosing the best next unseen sample to
improve predictions and (ii) algorithms aiming to improve predictions given a fixed set of samples.

Targeted Data Acquisition A canonical line of work focuses on “where to sample next”. While ac-
tive learning aims to optimally select informative sampling locations, transductive active learning has
additional knowledge about the desired target region, where predictions will be made. Early work [47]
introduced information-theoretic criteria for selecting samples that are most informative for a fixed tar-
get region. This perspective has recently been revisited empirically for different settings [38, 63, 70],
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and information-theoretically extended in [62, 73]. Recently, optimality guarantees were derived in
[30] for these decision rules in transductive learning and BO. Closely related ideas appear in optimal
sensor placement and Bayesian experimental design, for which acquisition functions have been de-
signed to maximize information gain or reduce posterior uncertainty [29, 41, 62]. However, these ap-
proaches require strict assumptions on well-behaved objectives and focus exclusively on selecting new
samples and leveraging all collected data. Meaning that once a sample is acquired, it is never revisited,
even if it later proves detrimental under model mismatch for the specific task. In contrast, our work
addresses the complementary and largely unexplored question “which samples should be removed”.

Robustness via Correction and Reweighting A large body of work addresses robustness in
probabilistic modeling with data preprocessing, alternative likelihoods, or noise modeling. Data
curation and preprocessing methods [14] aim to remove corrupted samples before training. These
methods are typically model-agnostic, assume access to the full dataset beforehand, may introduce
unintended biases, and have limited applicability in sequential tasks. In contrast, robust GP formula-
tions modify the likelihood or noise model to mitigate the influence of detrimental data structures.
This includes heavy-tailed likelihoods, such as Student-t [34], Laplace [58], and Huber losses [1].
These have been proven to be effective against global noise misspecification. However, noise can
also be locally dependent, which is addressed in a different line of work by introducing noise models
to determine input-dependent noise distributions using heteroscedastic [25, 36, 44, 71] or twinned
GPs [51]. Although these approaches allow local noise variations, the underlying noise distribution
has to be smooth with respect to the input. Additionally, these methods do not take into account
task-specific prediction regions and allow modeling structures of interest with the noise model. More
closely related methods remove or down-weight data points. Trimmed likelihood approaches select
subsets of data that maximize the marginal likelihood [5, 7], however require a prespecified fraction
of detrimental samples [7], or converge to a locally stationary point without optimality guarantees
[5]. Therefore, these methods may unnecessarily remove points for well-behaved objectives or in
the target region of our predictions. Other strategies rely on residual-based heuristic pruning [46]
or structured noise models that assume clustered outliers [2]. Latent variable and input warping
approaches aim to absorb the model mismatch by reshaping the input space [10, 65]. The latent
GP model separates inputs with detrimental structure by introducing an additional dimension and
performing computationally expensive posterior sampling with MCMC over the separation, while
input warping is only capable of transforming the entire input space globally, ignoring local structures.
Related work also considers modifications in the output space, by assuming biased observations of
the form y(x) = f(x) + δ(x) + ϵ, where ϵ ∼ N (0, σ2) denotes random noise and δ(x) captures
the sample specific bias [4, 55]. While both methods introduce learnable data-point-specific biases,
[55] optimizes the negative marginal log likelihood in a single step, which generally does not lead to
sparsity in the biases, in contrast to [4]. Consequently, [10, 4] are most closely related to our work,
as they induce effects similar to the removal of detrimental samples by distancing them in the input
space or adding a large bias in the output space. Unlike latent-space or bias-based methods, which
implicitly reduce the influence of detrimental samples through additional modeling assumptions, our
approach explicitly selects a task-optimal subset of data with theoretical guarantees. Furthermore,
our per-sample influence is related to classical influence-functions and data-valuation approaches
[37, 23], that quantify single sample attributions on a global estimator or loss. Crucially, our measure
enables principled task-specific removals rather than global reweighting.

3 Problem Setting
We consider in this work a standard Gaussian process regression setting. Let X be the input space and
f : X → R be an unknown function. We model f as a GP f ∼ GP(0, k(·, ·)), with an a priori chosen
kernel k. We are given a dataset S := {xi, yi}ni=1 ⊆ X × R, with observations yi = f(xi) + ϵi, and
ϵi ∼ N (0, σ2

w). In practice the noise variance σ2
w depends on the measurement noise and model-data

mismatch. The strength of this dependence may be controlled by placing a prior p(σ2
w) on the noise

variance, and solving for the type II maximum a posteriori (MAP II) estimate [50]

σ2
w(S) = argmax

σ2
w

L(σ2
w,S) := log

n∏
i=1

p(yi|xi, σ
2
w) + log p(σ2

w). (1)

The predictive distribution of a GP trained on the subset S ′ ⊆ S is Gaussian at any x with variance

σ2
S′(x) = k(x, x)− kx,S′(K + σ2

w(S ′)I)−1kS′,x + σ2
w(S ′)I, (2)
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where K = k(S ′,S ′) is the Gram matrix over S ′, kx,S′ = [k(x, xi)]xi∈S′ , and we explicitly denote
the dependence of the noise estimate on the subset by σ2

w(S ′).
Our goal is to find a subset S ′ ⊆ S that improves the GP predictive in a target region A ⊆ S without
having access to ground truth labels in the entire region. Without labels, it is hard to guide the subset
selection to improve the predictive mean. Instead, the predictive uncertainty becomes a natural
objective, as it characterizes the information content of the posterior distribution in A. Therefore, we
aim to find the subset S ′ ⊆ S that minimizes the predictive uncertainty in A.

min
S′⊆S

J (S ′), J (S ′) =
∑
x∈A

σ2
S′(x). (3)

This closely relates to established principles in Bayesian Optimization and Reinforcement Learning,
where uncertainty guides exploration and balances exploitation (see Sections 5 and 6).

4 Forgetting to Improve – Principled Data Removal
We propose Forgetting to Improve (F2I), a principled data-removal algorithm to find the subset S ′ in
Equation (3) by greedily removing data points based on our predictive uncertainty influence measure.
The influence measure naturally decomposes into the sum of per-example aleatoric and epistemic
terms. In this section, we derive these terms, present the full algorithm, and discuss its optimality.

Tracing Epistemic Uncertainty Back to Data A natural strategy for data selection, deeply rooted
in related works of active learning, is to select data with the maximum gain in information for the given
task. For transductive learning, this reduces to choosing the sample that minimizes the epistemic uncer-
tainty in the target regionA as much as possible. The subset selection in Equation (3) is combinatorial
and computationally infeasible for large data sets. Leave-one-out (LOO) methods instead greedily
remove the sample with the highest influence, which for example i is defined by σ2

S\{xi,yi} − σ2
S .

However, this requires a model refit for each individual removal candidate from the current subset.
To solve this, we first generalize the discrete LOO case via a continuous removal direction h where
k(x,S, h) = kx,S − h⊙ kx,S in Proposition 5. Thus, the predictive uncertainty σ2

S(h) depends on h,
where h being the zero vector or the standard basis ei corresponds to σ2

S and σ2
S\{xi,yi}, respectively.

Now, to get an efficient approximation to the LOO influence, we do a first-order Taylor expansion of
σ2
S(h) around the full dataset S (h = 0), and evaluate at h = ei: σ2

S\{xi,yi} − σ2
S ≈ ei · ∇hσ

2
S |h=0.

Thus, we only require one gradient computation rather than several LOO evaluations per removal.
Proposition 1. Suppose we have a single test point A = {x} and the corresponding GP prediction
with mean µS(x) and variance σ2

S(x), for a given set of samples S = {xi, yi}ni=1. The epistemic
influence ui(x) of an individual sample xi ∈ S on the predictive uncertainty is defined as the partial
derivative of σ2

S(x) w.r.t. the removal in hi for sample xi ∈ S under fixed aleatoric noise σ2
w(S)

ui(x) = 2kx,xi
(A−1kS,x)i − 2(A−1kS,x)i(kxi,SA

−1kS,x),

where kx,S = k(x,S), and A = K + σ2
w(S)I, with K = k(S,S).

Furthermore, in Proposition 2 we can interpret our derived influence measure ui as the directional
derivative of the uncertainty difference for sample removal xi into the kernel direction of test points
x, unifying both dependance of task and model in the dependence on x and k(·).
Proposition 2. Suppose the uncertainty difference at A = {x}, when removing sample i is given by

∆i(x) = σ2
S\{xi,yi}(x)− σ2

S(x) =
(A−1kS,x)

2
i

A−1
i,i

.

Then, our uncertainty measure u in Proposition 1 captures the half directional derivative along the
kernel direction kx,S , and kx,xi for an individual component of u:

kx,xi

∂∆i

∂kx,xi

= 2kx,xi
(A−1kS,x)i − 2(A−1kS,x)i(kxi,SA

−1kS,x) = ui(x).

We refer to Section B for the formal proofs of Propositions 1 and 2. Please note that the absolute
uncertainty reduction ∆i(x) is strictly positive due to the quadratic term in the nominator and the
positive elements of A, whereas ui can be negative. This indicates that an infinitesimal increase in the
coupling kx,xi

decreases the variance reduction and is therefore locally redundant or counteracting.
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How Data drives Aleatoric Uncertainty under Model Mismatch The derived epistemic influence
measure ui captures uncertainty differences, explainable by the kernel k. The detrimental structures
in the data that cannot be captured by the kernel are modeled using independent white noise σ2

w(S) in
a homoscedastic GP setting. This creates a strong dependence of the training data on the model-data
mismatch absorbed by the noise σ2

w(S). We place a Gamma prior p(σ2
w|a, b) on the noise variance and

derive in Proposition 3 the derivative of the optimal noise MAP II estimate in the removal direction hi,
that influences both the reproducing kernel Hilbert space (RKHS) and the output space (Proposition 5).
Proposition 3. Let A(σw(S)) = K(S,S) + σ2

w(S)I and suppose that σ2
w(S) is the optimal noise

variance of the log MAP II (Equation (1)) ∂
∂σ2

w
L(σ2

w,S, a, b) = D(σ2
w,S, a, b) = 0 for the samples

in S. Then we determine the derivative of the optimal noise floor σ2
w(S) into the removal direction

hi using implicit differentiation ∂σ2
w

∂hi
= − ∂

∂hi
D(σ2

w,S, a, b)/ ∂
∂σ2

w
D(σ2

w,S, a, b), which results in

∂σ2
w(S)
∂hi

=
−(A−1y)i(kxi,S(A

−2y))− (A−2y)i(kxi,S(A
−1y)) + kxi,S(A

−2)·,i
−y⊤A−3y + 1

2 tr(A
−2)− a−1

(σ2
w)2

.

Given this sensitivity, we now derive the aleatoric influence measure vi(x), given by the partial
derivative of the aleatoric contribution of the predictive uncertainty with respect to hi. This measures
how individual removals influence the global noise floor σ2

w(S) and change the predictive uncertainty.
Proposition 4. Suppose we have a single test point A = {x} and the corresponding GP prediction
with mean µS(x) and variance σ2

S(x), for a given set of samples S = {xi, yi}ni=1. The aleatoric
influence vi(x) of an individual sample xi ∈ S on the predictive uncertainty is defined as the partial
derivative of all aleatoric noise terms σ2

w(S) in σ2
S(x) w.r.t. the removal in hi for sample xi ∈ S.

vi(x) = (1 + kx,SA
−2kS,x)

∂σ2
w(S)
∂hi

,

where the partial derivative of the noise parameter is taken from Proposition 3.

We provide the mathematical derivations of Propositions 3 and 4 in Section C.

Forgetting to Improve Propositions 1 and 4 establish how removing samples from S influences
the epistemic and aleatoric components of the predictive uncertainty in a single-point target region
A = {x}. Building on this, our greedy algorithm Forgetting to Improve (Algorithm 1), iteratively
discards samples whose removal reduces the predictive uncertainty in a multi-point target region A,
and terminates once no further uncertainty reduction is possible. To do this, we extend Propositions 1
and 4 in two ways. First, we combine u(x) and v(x) to approximate the total change in predictive
uncertainty when removing a sample. Here, u(x) captures the reduction due to information gain
in the kernel, while v(x) reflects changes in the estimated aleatoric noise. Second, we compute the
influence on multi-point target regions by summing the individual influences of the test points x ∈ A.
Finally, as the aleatoric influence relies on the local type II MAP noise variance estimate around the
current data subset, we recompute the estimate after each removal. This greedy algorithm is based

Algorithm 1 Forgetting to Improve (F2I)

Require: Target region A, all samples S, and the GP model with kernel k.
Initialize h = 0, and S(0) ← S.
Compute influence measures u(0)(A), and v(0)(A) ▷ Propositions 1 and 4
while min(u(h)(A) + v(h)(A)) ≤ 0 do ▷ Samples that reduce uncertainty

Determine worst sample: i = argminj(u
(h)
j (A) + v

(h)
j (A))

Update set of samples S(h+1) ← S(h) \ xi and GP noise MAP II
Increase h← h+ 1 and compute influences: u(h)(A), v(h)(A) ▷ Propositions 1 and 4

end while
return S ′ = S(h+1)

on the derivatives of the aleatoric and epistemic uncertainty of Propositions 1 and 4 and can hence be
interpreted as a “reverse” orthogonal matching pursuit algorithm [69] for the predictive uncertainty in
A. We therefore consider the induced set-function J̄ (T ) = J (S)− J (S \ T ), which measures the
decrease in predictive uncertainty (gain) from removing T . While J itself is not submodular, J̄ can
be shown to exhibit approximate diminishing returns under suitable curvature conditions. Building
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on approximate submodularity theory [15, 18, 40], we derive a curvature condition for the near
optimality of the removals of Algorithm 1. The result relies on a curvature condition that ensures
approximate submodularity of the objective. In Lemma 7 in Section L, we provide a sufficient
condition on the curvature of −J (based on Lemma 4), which depends on the Gamma noise prior
parameter a, under which these assumptions hold for all potential removals R.
Theorem 1. Let the set-function J̄ be defined as J̄ (T ) = J (S)− J (S \ T ) for a compact A and
bounded, twice continuously differentiable kernel k. If the inner MAP II for σ2

w has a unique solution
and−J is mR restricted strong concave and MR restricted smooth for all potential removals R ⊇ T
(Definition 1), satisfying Lemma 7, then approximate submodularity of J̄ guarantees

J̄ (S ′) ≥ (1− e−γ) max
S∗⊆S

|S∗|=|S′|

J̄ (S∗), where γ = mR

MR
.

Proof Sketch A detailed outline of the proof is given in Section L. First, we define the corresponding
set-function J̄ for the objective J in Lemma 1. Further, we show that −ui(A)− vi(A) corresponds
to the gradient of −J in Lemma 2. Given that −J is restricted strongly concave and restricted
smooth, we use Lemmas 8 and 9 to establish approximate submodularity of J̄ . Combining this with
the sample selection rule in Algorithm 1, we obtain the near-optimality guarantee of Theorem 1.

5 Forgetful Bayesian Optimization
We extend F2I to Bayesian optimization by viewing BO as a sequence of transductive learning
problems, each defined by a dynamically shrinking region of interest. The key idea is to remove
samples that distort posterior uncertainty exactly where the acquisition function relies on it. This
allows us to improve optimization performance without modifying the acquisition function itself.
Therefore, we consider an unknown objective function f(x) : X → R, with the goal of solving the
global optimization problem xmax = argmaxx∈X f(x) under a limited evaluation budget.

Model Mismatch in Bayesian Optimization The model-mismatch effects studied in Section 4 are
particularly problematic in Bayesian optimization. Since BO relies on uncertainty-aware acquisition
functions, such as the GP Upper Confidence Bound (GP-UCB) [66], logarithmic Expected Improve-
ment (logEI) [3], Expected Improvement (EI) and Probability of Improvement [33, 49], misleading
posterior uncertainty can directly harm exploration and exploitation decisions. Prior work addresses
this issue through alternative likelihoods [48], latent or warped input spaces [10, 65], tree-based
structure [32], or preference-based feedback [26]. In contrast to these approaches, which modify
the model or acquisition function, we address the model mismatch by explicitly revising the set of
observations used to form the posterior uncertainty, in each iteration.

Target Regions in Bayesian Optimization In order to address this problem, we propose to view
BO as sequential transductive learning [30]. At each iteration, only a subset of the search space can
plausibly contain the maximum. Improving predictive uncertainty outside this subset is therefore
unnecessary and can even be harmful under model mismatch. We formalize this intuition by defining
a region of interest and applying F2I for this region. The GP-UCB algorithm [66] provides a natural
way to define such regions of interest. At each iteration t, future samples are selected by maximizing
the upper confidence bound within regions where improvement is possible; specifically, where the
upper confidence bound exceeds the current maximum lower confidence bound. Improving the model
predictions on At with F2I results in better uncertainty bounds, which is traded for a potentially
increased epistemic uncertainty outside of At due to sample removals. Instead of keeping At

fixed throughout the removal process, we leverage the improved confidence bounds for the samples
S(k)t after the k-th removal to update A(k)

t accordingly. However, removing samples may increase
uncertainty outside A(k)

t , potentially creating artificial improvement regions. To prevent this effect,
we enforce that the region of interest can only shrink over forgetting iterations and propose the
following intersecting update for the target region

A(k)
t ← {xi ∈ X : µS(k)

t
(xi) + βtσS(k)

t
(xi)︸ ︷︷ ︸

UCB(xi)

> max
xm∈X

µS(k)
t

(xm)− βtσS(k)(xm)︸ ︷︷ ︸
LCB(xm)

} ∩ A(k−1)
t . (4)

Accordingly chosen constants βt ensure that the model is well calibrated [66] and therefore At

contains all points that could outperform the current best estimate. We combine the data removal
algorithm F2I (Algorithm 1) together with the recursive target region update in a standard BO pipeline.
The full algorithm Forgetful BO is detailed in Algorithm 2 in Section D.
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6 Forgetful Reinforcement Learning
Building on F2I, we investigate by introducing Forgetful RL how the data removal paradigm mitigates
model-data mismatch in model-based reinforcement learning. We consider a discounted Markov
Decision Process (MDP) (X ,A, p, r, γ, ρ0) with state space X , action space A, transition proba-
bilities p(x′|x, a), rewards r(x, a), discounting γ ∈ (0, 1), and initial state distribution ρ0. In MBRL
[16, 31], a world model is learned to simulate trajectories, enabling in each episode n = 1, . . . , N
the optimization of the policy πn to maximize the sum of rewards R(πn) = Eπn

[
∑∞

t=0 γ
tr(xt, at)]

in this learned environment, using the corresponding state-action value function [68]

Qπn(x, a) = Eπn

[ ∞∑
t=0

γtr(xt, at) | x0 = x, a0 = a

]
, V πn(x) = Ea∼πn(x)[Q

πn(x, a)]. (5)

Since we only have limited data at episode n, the convergence and quality of the resulting policy
critically depend on both the accuracy and calibrated uncertainty of this probabilistic model. Since
the planning trajectories are sampled from the predictive distribution of the world model, low
uncertainty in the trajectory estimates is desired. Motivated by this, we transfer the idea of a
dynamically determined target region, which is defined as the set of state-action pairs (x, a) with
potential policy improvement and from visitation state distributions of equal or better policies. In
each iteration, we apply the data removal paradigm of F2I for the target region of improvement and
reduce the predictive uncertainty of the model for the state-action pairs in the target region

An = {(x, a) ∈ X ×A : Q̄πn(x, a) ≥ min
xm∼ρ0

V πn(xm) ∧ Q̄πn(x, a) ≥ V πn(x)}, (6)

where Q̄πn is an upper confidence bound on all possible state-action value functions, as well as
V πn being a lower confidence bound under the currently available data. We describe our GP-based
Forgetful RL implementation, based on the MBPO implementation of [57] in detail in Section E.

7 Experiments
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Figure 2: Empirical confidence p̂ com-
pared to nominal p. Calibration curves
for (left) homoscedastic GP and improve-
ment for (right) F2I on (top) the target
region A and (bottom) the entire domain
X for the example in Figure 1.

We evaluate the empirical performance of F2I, Forgetful
BO and Forgetful RL, using our implementation, based
on GPyTorch [20], BoTorch [8], and MBRL-Lib [57].
Our results focus on (i) transductive regression tasks,
improving predictions in a priori known target regions;
(ii) BO, by removing detrimental data structures in the
sequential learning tasks; and (iii) MBRL under global
kernel misspecification of the GP world model.

Transductive Learning For many real-world applica-
tions, the desired prediction location is known a priori,
which we refer to as target region A, while the training
data S is distributed across the entire domain X . In the
following transductive learning experiments, our aim is
to improve the predictions in A. Therefore, we evalu-
ate the prediction performance in A based on the mean
squared error (MSE), mean absolute error (MAE), test
negative log-likelihood (NLL) [17], and sharpness, which
is defined as the expected predictive variance in A. Addi-
tionally, we evaluate calibration, based on previous work
that extends calibration measures from classification to
regression [43, 45, 22], to quantify the coverage of pre-
dicted confidence intervals (CE) [43], as well as the local
calibration comparing the observed residuals (ECE) [45]. Based on these metrics, we compare F2I
with a homoscedastic and a heteroscedastic GP [36], domain warping GP [65] and relevance pursuit
[4] on four transductive learning tasks. These include two synthetic test functions, described in
Section G, and two real-world tasks using the Boston Housing dataset [28] and the intra-day data from
the Dow Jones Industrial Average index [4]. We report in Figure 3 the mean relative performance
across 100 different randomly sampled training points using the hyperparameters listed in Section G.
The relative performance is computed with respect to the best and worst performing method. The nu-
merical results, including standard deviations, are provided in Section G. As we minimize predictive
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Figure 3: Benchmark comparison (mean over 100 training sample draws). F2I consistently achieves
the lowest sharpness, while also improving calibration and accuracy compared to all baselines.

uncertainty with our objective in Equation (3), F2I outperforms all baselines consistently in terms of
sharpness inA. We additionally observe that the calibration measures (CE, ECE) benefit significantly
from the tighter confidence bounds. Figure 2 shows this improvement for the task in Figure 1. The
top row shows the calibration improvement for unseen test samples in the target region A, while the
right column shows the tradeoff: underconfident predictions on the full domain X . Remarkably, we
also observe a consistent improvement in the accuracy metrics, which we do not explicitly optimize.

Bayesian Optimization We next investigate how these task-oriented prediction improvements
translate to the sequential learning process of Forgetful BO. The BO performance is measured using
simple regret, the difference between the best evaluation up to the current iteration t and the optimal
achievable function value r(t) = f(x∗)−max1≤t′≤t f(xt). Accumulating simple regret over all T
iterations yields the cumulative regret, which is provided in Section I. We compare Forgetful BO to
a homoscedastic GP model, the warped GP model [65] and the relevance pursuit model [4], based on
the BoTorch implementations [8], as well as additional baselines in Section H, using the Matérn 5/2
kernel and a LogNormal(0, 1) for the prior lengthscale. In Figure 4, we use the GP-UCB acquisition
function [66], while we also report results for the log expected improvement acquisition function [3]
in Section H. We provide statistical results for 10 runs, with random initializations and a limited eval-
uation budget of T = 50. We report in Figure 4 the mean simple regret and standard deviation for 8
test-functions [67], using the default domains, provided together with the dimensionality in Section H.
By forgetting detrimental data during the optimization task, Forgetful BO achieves a consistently low
simple regret, while the performance of competing baselines strongly varies between test-functions.
To demonstrate the advantage of removals, we visualize this behavior for a two dimensional test func-
tion in Figure 6 of Section D. In Sections H and J, we additionally demonstrate superior performance
of Forgetful BO for noisy tasks with sparse outliers, and the computational efficiency of Forgetful BO.

Reinforcement Learning We demonstrate the full potential of data removal under model-data
mismatch, by learning the overall non-linear Cartpole Balance task using a linear GP for
model-based reinforcement learning. From classical control theory, it is well known that the task
relevant part of the dynamics around the upright pole position can be described with a linearized
model [6]. Since RL learns from trial and error and may fail in early episodes, the system may not
remain in this approximately linear domain. We show in Figure 5 (top) that Forgetful RL converges
using a linear kernel (left) by constantly removing detrimental nonlinear experiences (middle) for
predictions in the shrinking target region An (right). In contrast MBPO [31], which retains all
samples, does not solve the task. Also for the Matérn kernel, we observe learning improvements
in Section K, as Forgetful RL aims to only model the domain parts that are relevant for solving the
task. We visualize this behavior in Figure 5 (bottom) for the experiment in Figure 22 of Section K,
where the retained data points lie within the dynamics part relevant to reaching the upward pole
position. Forgetful RL automatically removes samples from the attractive regime of the undesired
stable poles, compared with the pendulum dynamics plot in the right-hand subplot.
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Figure 4: Simple regret across different test functions. Forgetful BO consistently achieves low simple
regret, while competing baselines exhibit strong variability across tasks.
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8 Conclusion
This work revisits the fundamental assumption on the irreducibility of aleatoric uncertainty in GP
regression, from which the well known paradigm of incorporating all available data to improve the
predictive uncertainty originates. For task-specific predictions, we demonstrate that this assumption
breaks under model mismatch. To address this, we introduce Forgetting to Improve, a principled data-
removal algorithm that explicitly minimizes predictive uncertainty in the task-specific target region
by identifying and removing samples that are detrimental to these areas under model mismatch. We
further extend this paradigm to sequential decision making, reformulating BO and RL as iterative trans-
ductive learning problems. Our improvements on regression, BO and RL tasks highlight data removal
as a complementary and largely underexplored direction for improving uncertainty-aware learning.
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A Proof for Removal Direction
Proposition 5. Let k be a positive-definite kernel with RKHS Hk and feature map ϕ(x) =
k(x, ·). For a dataset S = {(xj , yj)}nj=1, define the kernel vector and targets by kS(x) :=

[k(x, x1), . . . , k(x, xn)]
⊤, y := [y1, . . . , yn]

⊤. Fix an index i, and define the continuous re-
moval direction hi ∈ [0, 1] by scaling the i-th basis function ϕ(xi) by 1− hi. Equivalently,

kS(x;hi) := kS(x)− hi k(x, xi)ei, y(hi) := y − hi yiei,

where ei is the i-th standard basis vector. Then, for fixed aleatoric noise σ2
w, setting hi = 1 recovers

the leave-one-out predictor:

µS(x; 1) = µS\{xi,yi}(x), σ2
S(x; 1) = σ2

S\{xi,yi}(x).

Proof. Write the regularized kernel matrix as

A(hi) := K(hi) + σ2
wI, (7)

and the corresponding predictor in kernel form as

µS(x;hi) = kS(x;hi)
⊤A(hi)

−1y(hi), (8)

σ2
S(x;hi) = k(x, x)− kS(x;hi)

⊤A(hi)
−1kS(x;hi) + σ2

w. (9)

At hi = 1, the i-th basis function is removed, so the i-th row and column of K(1) vanish. After
permuting the i-th coordinate to the last position, A(1) has the block form

A(1) =

[
KS\{xi,yi} + σ2

wI 0
0⊤ σ2

w

]
, A(1)−1 =

[
(KS\{xi,yi} + σ2

wI)
−1 0

0⊤ σ−2
w

]
, (10)

kS(x; 1) =

[
kS\{xi,yi}(x)

0

]
, y(1) =

[
yS\{xi,yi}

0

]
. (11)

Substituting these expressions into the formulas above gives

µS(x; 1) =kS\{xi,yi}(x)
⊤(KS\{xi,yi} + σ2

wI)
−1yS\{xi,yi} = µS\{xi,yi}(x), (12)

σ2
S(x; 1) =k(x, x)− kS\{xi,yi}(x)

⊤(KS\{xi,yi} + σ2
wI)

−1kS\{xi,yi}(x) + σ2
w = σ2

S\{xi,yi}(x).
(13)

To complete the proof for the output space, we examine the weight vector v(hi) = A(hi)
−1y(hi).

At the limit hi = 1, the target vector is y(1) = [y1, . . . , 0, . . . , yn]
⊤. Using the previously derived

block-inverse structure of A(1)−1:

v(1) =

[
(KS\{xi,yi} + σ2

wI)
−1 0

0⊤ 1
σ2
w

] [
yS\{xi,yi}

0

]
=

[
(KS\{xi,yi} + σ2

wI)
−1yS\{xi,yi}

0

]
(14)

Let vS\{xi,yi} be the weights obtained by training a GP on the subset S \ {xi, yi}. It shows that:

v(1) =

{
(vS\{xi,yi})j j ̸= i

0 j = i
(15)

The predictive mean at x under the removal direction is µS(x, 1) = k(x,S, 1)⊤v(1). Substituting
the zeroed i-th components:

µS(x, 1) =
∑
j ̸=i

k(x, xj)vj(1) + k(x, xi) · 0 =
∑
j ̸=i

k(x, xj)(vS\{xi,yi})j (16)

This is identically the LOO predictive mean µS\{xi,yi}(x). Since both the mean and the variance
recover the LOO statistics at hi = 1 under fixed σ2

w, the proposition holds.
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B Proofs for Epistemic Influence Forgetting
Proposition 1. Suppose we have a single test point A = {x} and the corresponding GP prediction
with mean µS(x) and variance σ2

S(x), for a given set of samples S = {xi, yi}ni=1. The epistemic
influence ui(x) of an individual sample xi ∈ S on the predictive uncertainty is defined as the partial
derivative of σ2

S(x) w.r.t. the removal in hi for sample xi ∈ S under fixed aleatoric noise σ2
w(S)

ui(x) = 2kx,xi(A
−1kS,x)i − 2(A−1kS,x)i(kxi,SA

−1kS,x),

where kx,S = k(x,S), and A = K + σ2
w(S)I, with K = k(S,S).

Proof. Let the predictive uncertainty of the GP for a set of samples S be defined as in Equation (2),
and we consider the aleatoric noise estimate σ2

w(S) to be fixed.

σ2
S(x) = k(x, x)− kx,S(K + σ2

w(S)I)−1kS,x + σ2
w(S)I (17)

Furthermore, we consider the RKHS and output removal directions in hi introduced in Proposition 5:

σ2
S(x) = k(x, x)− k(x,S, hi)(K(hi) + σ2

w(S)I)−1k(S, x, hi) + σ2
w(S)I, (18)

where we define the Gram matrix under the removal is defined using the as

K(hi) = k(S,S, hi) = [(1−hj)Kj,k(1−hk)]j,k =


(1− hi)k(xj , xk) if j = i ∨ k = i

(1− hi)
2k(xj , xk) if i = j = k

k(xj , xk) otherwise.
(19)

Hence, after deriving the continuous surrogate, we differentiate w.r.t. hi. Thereby, we observe that all
noise terms σ2

w(S) drop out, as we assume the aleatoric component to be fixed:

∂σ2
S(x)
∂hi

=
∂

∂hi
k(x, x)− ∂

∂hi
k(x,S, hi)(K(hi) + σ2

w(S)I)−1k(S, x, hi) +
∂

∂hi
σ2
w(S)I (20)

=− ∂

∂hi
k(x,S, hi)(K(hi) + σ2

w(S)I)−1k(S, x, hi) (21)

=− ∂k(x,S, hi)

∂hi
(K(hi) + σ2

w(S)I)−1k(S, x, hi) (22)

− k(x,S, hi)
∂(K(hi) + σ2

w(S)I)−1

∂hi
k(S, x, hi)

− k(x,S, hi)(K(hi) + σ2
w(S)I)−1 ∂k(S, x, hi)

∂hi

=− 2
∂k(x,S, hi)

∂hi
(K(hi) + σ2

w(S)I)−1k(S, x, hi) (23)

+ k(x,S, hi)A(hi)
−1 ∂K(hi)

∂hi
A(hi)

−1k(S, x, hi)

=2k(x, xi)e
⊤
i A(hi)

−1k(S, x, hi) (24)

+ k(x,S, hi)A(hi)
−1(eik(xi,S) + k(S, xi)e

⊤
i )A(hi)

−1k(S, x, hi).

We can further simplify this expression by differentiating the Gram matrix K(hi) of Equation (19)
and introducing the short notation α = A(hi)

−1k(S, x, hi). We hence obtain

∂σ2
S(x)
∂hi

=2k(x, xi)αi + α⊤ [−eik(xi,S, hi)− k(S, xi, hi)e
⊤
i

]
α (25)

= 2k(x, xi)αi −
[
(α⊤ei)(k(xi,S, h)α) + (α⊤k(S, xi, h))(e

⊤
i α)

]
(26)

= 2k(x, xi)αi − 2αi(k(xi,S, h)α) (27)

Since we evaluate the partial derivative at hi = 0, the term simplifies to

∂σ2
S(x)
∂hi

∣∣∣∣
hi=0

=2k(x, xi)αi − 2αi(k(xi,S)α) (28)

=2k(x, xi)(A
−1k(S, x))i − 2(A−1k(S, x))i(k(xi,S)A−1k(S, x)), (29)

which completes the proof, when writing the kernel vectors in index notation.
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Proposition 2. Suppose the uncertainty difference at A = {x}, when removing sample i is given by

∆i(x) = σ2
S\{xi,yi}(x)− σ2

S(x) =
(A−1kS,x)

2
i

A−1
i,i

.

Then, our uncertainty measure u in Proposition 1 captures the half directional derivative along the
kernel direction kx,S , and kx,xi

for an individual component of u:

kx,xi

∂∆i

∂kx,xi

= 2kx,xi(A
−1kS,x)i − 2(A−1kS,x)i(kxi,SA

−1kS,x) = ui(x).

Proof. Let S = {x1, . . . , xn} be the training set, fix an index i and a single test point xt. Recall

A = K(S,S) + σ2
w(S)I, k := kS,xt = k(S, xt) ∈ Rn, (30)

and partition A and k conformably isolating index i:

A =

[
Ai,i Ai,−i

A−i,i A−i,−i

]
, k =

[
ki
k−i

]
. (31)

Define the Schur complement [53]

Si,i := Ai,i −Ai,−iA
−1
−i,−iA−i,i. (32)

Epistemic uncertainty difference for leave one-out: Using the block inverse identities in [24,
Prop. 2], the ii-block of A−1 equals A−1

i,i = S−1
i,i and the off-blocks satisfy

A−1
i,−i = −S

−1
i,i Ai,−iA

−1
−i,−i, A−1

−i,i = −A
−1
−i,−iA−i,iS

−1
i,i , (33)

A−1
−i,−i = A−1

−i,−i +A−1
−i,−iA−i,iS

−1
i,i Ai,−iA

−1
−i,−i (34)

The GP predictive variance with the full set S is

σ2
S(xt) = k(xt, xt)− k⊤A−1k, (35)

and the variance when training on S \ {xi, yi} (i.e. removing index i) is

σ2
S\{xi,yi}(xt) = k(xt, xt)− k⊤−iA

−1
−i,−ik−i. (36)

Therefore the variance drop due to sample i is

∆i(xt) = σ2
S\{xi,yi}(xt)− σ2

S(xt) = k⊤A−1k − k⊤−iA
−1
−i,−ik−i. (37)

Expanding k⊤A−1k using the block-inverse factorization yields the Schur-form:

k⊤A−1k =
[
ki k⊤−i

] [ S−1
i,i A−1

i,−i

A−1
−i,i A−1

−i,−i

] [
ki
k−i

]
(38)

=S−1
i,i k

2
i + 2kiA

−1
i,−ik−i + k⊤−iP

−1
−i,−ik−i (39)

=S−1
i,i k

2
i + 2ki(−S−1

i,i Ai,−iA
−1
−i,−i)k−i (40)

+ k⊤−i(A
−1
−i,−i +A−1

−i,−iA−i,iS
−1
i,i Ai,−iA

−1
−i,−i)k−i

=S−1
i,i k

2
i − 2kiS

−1
i,i Ai,−iA

−1
−i,−ik−i (41)

+ k⊤−iA
−1
−i,−ik−i + k⊤−iA

−1
−i,−iA−i,iS

−1
i,i Ai,−iA

−1
−i,−ik−i

=k⊤−iA
−1
−i,−ik−i + S−1

i,i (k
2
i − 2kiAi,−iA

−1
−i,−ik−i (42)

+ (Ai,−iA
−1
−i,−ik−i)

⊤(Ai,−iA
−1
−i,−ik−i))

=k⊤−iA
−1
−i,−ik−i + S−1

i,i (ki −Ai,−iA
−1
−i,−ik−i)

2. (43)

Further, the i-th component of A−1k is given by

(A−1k)i = A−1
ii ki +A−1

i,−i k−i = S−1
i,i

(
ki −Ai,−iA

−1
−i,−ik−i

)
. (44)

Finally, we express the variance drop using Equation (43):

∆i(xt) = S−1
i,i

(
ki −Ai,−iA

−1
−i,−ik−i

)2 (i)
= S−1

i,i

(
Si,i(A

−1k)i
)2 (ii)

=
(A−1kS,xt)

2
i

A−1
i,i

. (45)

We obtain step (i) by substituting Equation (44) and (ii) from S−1
i,i = A−1

i,i .
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Directional-derivative: Let us abbreviate α = A−1k and v = A−1
ii = e⊤i A

−1ei. We compute the
exact directional derivative of ∆i = α2

i /v with respect to a change in the i-th kernel direction. By
following the quotient rule:

∂ki
∆i =

2αi

v
∂ki

αi −
α2
i

v2
∂ki

v. (46)

Using the identity ∂ki
(A−1) = −A−1(∂ki

A)A−1, the differentials for αi = e⊤i A
−1k and v are:

∂ki
αi = e⊤i (−A−1(∂ki

A)A−1k +A−1∂ki
k) = −e⊤i A−1(∂ki

A)α+ v∂ki
k, (47)

∂kiv = e⊤i (−A−1(∂kiA)A−1)ei = −ve⊤i (∂kiA)A−1
:,i − (A−1

i,: ∂kiA)eiv. (48)

For a directional change along the i-th component, the variations are ki∂ki
k = eiki and ki∂ki

A =
eiKi,S +KS,ie

⊤
i . Substituting these into the differentials:

∂kiαi = −(v(Ki,Sα) + (A−1
i,SKS,i)αi) + vki, (49)

∂kiv = −(v(Ki,SA
−1
:,i ) + (A−1

i,SKS,i)v) = −2v(Ki,SA
−1
:,i ). (50)

Now, substitute ∂kiαi and ∂kiv back into the total differential d∆i:

∂ki
∆i =

2αi

v

(
−v(Ki,Sα)− αi(Ki,SA

−1
:,i ) + vki

)
− α2

i

v2
(
−2v(Ki,SA

−1
:,i )
)

(51)

= −2αi(Ki,Sα)−
2α2

i

v
(Ki,SA

−1
:,i ) + 2αiki +

2α2
i

v
(Ki,SA

−1
:,i ) (52)

= 2αiki − 2αi(Ki,Sα). (53)

Hence, we recover the epistemic influence ui(x):

ui(x) = 2kx,xi
(A−1k)i − 2(A−1k)i(Ki,SA

−1k). (54)

C Proofs for Aleatoric Influence
Proposition 3. Let A(σw(S)) = K(S,S) + σ2

w(S)I and suppose that σ2
w(S) is the optimal noise

variance of the log MAP II (Equation (1)) ∂
∂σ2

w
L(σ2

w,S, a, b) = D(σ2
w,S, a, b) = 0 for the samples

in S. Then we determine the derivative of the optimal noise floor σ2
w(S) into the removal direction

hi using implicit differentiation ∂σ2
w

∂hi
= − ∂

∂hi
D(σ2

w,S, a, b)/ ∂
∂σ2

w
D(σ2

w,S, a, b), which results in

∂σ2
w(S)
∂hi

=
−(A−1y)i(kxi,S(A

−2y))− (A−2y)i(kxi,S(A
−1y)) + kxi,S(A

−2)·,i
−y⊤A−3y + 1

2 tr(A
−2)− a−1

(σ2
w)2

.

Proof. We abbreviate A = A(σ2
w(S)) and σ2

w = σ2
w(S) for shorter notation. By definition of the

maximal log marginal likelihood the pair (σ2
w(S), y) satisfies

D(σ2
w,S, a, b) =

∂(log p(y|S, σ2
w) + log p(σ2

w(S)))
∂σ2

w

= 0 (55)

= 1
2y

⊤A−1 ∂A
−1

σ2
w

A−1y − 1

2
tr

(
A−1 ∂A

∂σ2
w

)
+

∂p(σ2
w)

∂σ2
w

= 0 (56)

=
1

2
(y⊤A−2y − tr(A−1)) +

a− 1

σ2
w

− b = 0. (57)

We apply the implicit function theorem [39, Theorem 1.3.1]: differentiate D(σ2
w,S, a, b) = 0 with

respect to yi while treating σ2
w = σ2

w(y) as an implicit function of y. We obtain

∂D(σ2
w,S, a, b)
∂σ2

w

∂σ2
w

∂hi
+

∂D(σ2
w,S, a, b)
∂hi

= 0 =⇒ ∂σ2
w

∂hi
= −

∂D(σ2
w,S,a,b)
∂hi

∂D(σ2
w,S,a,b)
∂σ2

w

. (58)
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Since D(σ2
w,S, a, b) = y⊤A(hi)

−2y − tr(A(hi)
−1) + a−1

σ2
w
− b, we get for the partial derivative of

D(σ2
w,S, a, b) with respect to hi, that the enumerator is given by

∂D(σ2
w,S, a, b)
∂hi

=
∂

∂hi
((y⊤A(hi)

−2y)− tr(A(hi)
−1)) (59)

=y⊤
∂A(hi)

−2

∂hi
y − ∂

∂hi
tr(A(hi)

−1) (60)

=2((A−1y)i(kxi,S(A
−2y)) + (A−2y)i(kxi,S(A

−1y)))− 2kxi,S(A
−2)·,i. (61)

Hence, we can use the results of to compute the derivative of D(σ2
w,S, a, b) with respect to σ2

w as:

∂D(σ2
w,S, a, b)
∂σ2

w

=
∂

∂σ2
w

(
(y⊤A(σ2

w)
−2y)− tr(A(σ2

w)
−1) +

2(a− 1)

σ2
w

)
(62)

= y⊤
(
− 2A−3

)
y − tr

(
−A−2

)
+
−2(a− 1)

(σ2
w)

2
(63)

= −2y⊤A−3y + tr(A−2)− 2(a− 1)

(σ2
w)

2
(64)

Finally, we combine the derived terms in the implicit differentiation, evaluated at hi = 0

∂σ2
w

∂hi
= −2((A−1y)i(kxi,S(A

−2y)) + (A−2y)i(kxi,S(A
−1y)))− 2kxi,S(A

−2)·,i

−2y⊤A−3y + tr(A−2)− 2(a−1)
(σ2

w)2

(65)

=
−(A−1y)i(kxi,S(A

−2y))− (A−2y)i(kxi,S(A
−1y)) + kxi,S(A

−2)·,i
−y⊤A−3y + 1

2 tr(A
−2)− a−1

(σ2
w)2

. (66)

This completes the proof for the derivative of the aleatroric MAP w.r.t. the removal direction hi.

Proposition 4. Suppose we have a single test point A = {x} and the corresponding GP prediction
with mean µS(x) and variance σ2

S(x), for a given set of samples S = {xi, yi}ni=1. The aleatoric
influence vi(x) of an individual sample xi ∈ S on the predictive uncertainty is defined as the partial
derivative of all aleatoric noise terms σ2

w(S) in σ2
S(x) w.r.t. the removal in hi for sample xi ∈ S.

vi(x) = (1 + kx,SA
−2kS,x)

∂σ2
w(S)
∂hi

,

where the partial derivative of the noise parameter is taken from Proposition 3.

Proof. Let the predictive uncertainty of the GP for a set of samples S be defined as in Equation (2),
then we compute the derivative with respect to all aleatoric noise terms of σ2

S , assuming that the
kernel contributions and Gram matrix are fixed

σ2
S(x) = k(x, x)− kx,S(K + σ2

w(S)I)−1kS,x + σ2
w(S)I. (67)

We further consider the RKHS and output space direction hi and differentiate all aleatoric terms,
assuming that the kernel and Gram matrix are fixed.

∂σ2
S(x)
∂hi

=
∂

∂hi
kx,S(K + σ2

w(S)I)−1kS,x +
∂

∂hi
σ2
w(S) (68)

= kx,SA
−1 ∂σ

2
w(S)I
∂hi

A−1kS,x +
∂σ2

w(S)
∂hi

(69)

= (1 + kx,SA
−2kS,x)

∂σ2
w(S)
∂hi

, (70)

which completes the proof for the aleatoric influence measure vi(x).
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Algorithm 2 Forgetful BO

Require: Objective f , domain X , acquisition function α, initial dataset size n0, budget T
Initialize dataset S0 = {(xi, yi)}n0

i=1 with yi = f(xi)
Fit initial GP model (µS0

(·), σS0
(·)) on S0

Set x∗ = argmaxxi∈S0
yi, y∗ = maxxi∈S0

yi
for t = 1, . . . , T do

Optimize acquisition function: xt = argmaxx∈X α(x|(µS′
t−1

(·), σS′
t−1

(·)))
Evaluate objective: yt = f(xt) and update St = St−1 ∪ {(xt, yt)}
(x∗, y∗)← max((xt, yt), (x

∗, y∗)

Initialize h = 0, S(0)t = St and fit noise MAP II
Determine A(0)

t and compute u(0)(A(0)
t ), v(0)(A(0)

t ) ▷ Equation (4) and propositions 1 and 4
while min(u(h)(A(h)

t ) + v(h)(A(h)
t )) ≤ 0 do

Determine worst sample: i = argminj(u
(h)
j (A(h)

t ) + v
(h)
j (A(h)

t ))

Update S(h+1)
t = S(h)t \ xi and refit GP noise MAP II

Update h← h+ 1, A(h)
t , u(h)(A(h)

t ), v(h)(A(h)
t ) ▷ Equation (4) and propositions 1 and 4

end while
Set S ′t = S

(h)
t

end for
return x∗, y∗
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Figure 6: Forgetful BO: Visualization of sequential removal mechanism integrated in BO pipeline.

D Forgetful Bayesian Optimization
Starting from an initial sample set S0 of size n0, a Gaussian process model is fit to S0 and itera-
tively updated as new evaluations are acquired by maximizing an acquisition function α. Before
each function evaluation, except for the first, the algorithm identifies a region of interest A using
Equation (4) and assesses the contribution of each data point in S to the predictive uncertainty within
this region A. Samples with negative influence are removed iteratively as in Algorithm 1, and the
GP noise MLE estimate is refit on the reduced dataset S ′ while recursively updating the region of
interest according to Equation (4). This forgetting step continues until all remaining samples provide
a positive contribution to uncertainty reduction in the target region A. Using this improved model,
we next maximize the acquisition function α and determine the next probing location xt, which is
evaluated and added to the overall data set S . From this data-set, we start the next iteration by fitting
the GP with the updated S and repeat this process until reaching the evaluation budget T .

In Figure 6, we visualize the application of our iterative removal scheme F2I in our Forgetful BO
pipeline. In Snapshot 1, we visualize the default predictive distribution based on all samples and
indicate with the black star the next chosen query point according to the GP-UCB acquisition function.
The first red cross in Snapshot 1 indicates that Forgetful BO is removing the right-most sample. As
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we can see from Snapshot 3, this removal causes the uncertainty bands to inflate at the location of the
removal, which are outside of the previous target area A, for which we have optimized the samples.
Now it is important to consider the intersection rule of the target region update in Equation (4),
to not include previously excluded regions in the target region. Further, we see in Snapshot 3
that the detrimental data structure, composed of the three data points in the bottom left corner, is
removed, resulting in the improved posterior predictive distribution visualized in Snapshot 4. The
recursive target region in Equation (4) has substantially decreased the size of the target region further.
Within the target region, we now apply the GP-UCB acquisition function to query the next point
at the location indicated with the yellow star, which coincides with the global optimum of our test
function. This demonstrates visually how our removal scheme in Forgetful BO improves the predictive
distribution of the model, and thereby results in better acquisition.

E Forgetful Reinforcement Learning

Algorithm 3 Forgetful RL

Require: Initial real experience S0 = {(xi, ai, xi+1, ri)}n0
i=1, GP prior, SAC buffer DSAC ← {}

Fit initial GP model (µS0
(·), σS0

(·)) on S0 (type II MAP)
Initialize policy π0, value Qπ0(x, a)
for n = 1, . . . , N do

Fit GP on current dataset Sn−1

Compute target region An and u(An), v(An) ▷ Equation (4) and propositions 1 and 4
if there exist samples j ∈ An with uj + vj ≤ 0 then

R← {j ∈ Sn−1 | uj + vj ≤ 0} ▷ indices of negatively influential samples
Remove samples: Sn−1 ← Sn−1 \ {(xj , aj , xj+1, rj)}j∈R

Refit GP on the pruned dataset Sn−1 to obtain (µSn−1(·), σSn−1(·))
end if

for m = 1, . . . ,M do ▷ Generate M synthetic rollouts of length H
Sample start state x̃0 ∼ ρ0
for t = 0, . . . , H − 1 do

Sample action ãt ∼ πn−1(· | x̃t)
Predict via GP: x̃t+1 ∼ pGP(· | x̃t, ãt), r̃t ← rGP(x̃t, ãt)
Store synthetic transition (x̃t, ãt, x̃t+1, r̃t) in DSAC

end for
end for

Learn πn = argmaxπ∈Π Eπ,pGP

[∑H−1
h=0 r(st, at)

]
with SAC on DSAC.

for t = 0, . . . , H − 1 do
Execute action at ∼ πn(st) in the environment
Append collected transition to the real buffer: Sn ← Sn−1 ∪ {st, at, st+1, rt}

end for
end for

Our MBRL implementation builds upon Model-Based Policy Optimization (MBPO) [31] and employs
GPs to model both the dynamics and reward function. In each episode n, the model is trained on
the set of real-word transitions stored in the replay buffer Sn. The learned model is then used to
simulate trajectories for improving the current policy πn. Policy optimization is performed using a
Soft Actor-Critic (SAC) [27] agent with replay buffer DSAC and corresponding state-action value
function Qπn(x, a). We in practice approximate the upper and lower confidence bound values in
Equation (6) using the respective highest and lowest ensemble member of value functions. For a
more principled approach to obtain these optimistic and pessimistic Q-functions, one can implement
an uncertainty Bellman equation [54] or an approximation by for example using an optimistic and
pessimistic uncertainty bonus, based on the model uncertainty [72].

To enhance model reliability, we introduce an additional removal step prior to generating the synthetic
rollouts. Specifically, we determine the target region for potential improvements in Equation (6). For
this target region, we next determine the influence measures u and v for all samples in Sn and remove
all samples with negative total influence. After pruning these samples, we refit the GP by recomputing
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Homoscedastic GP Target Sampling Relevance Pursuit Warped GP Heteroscedastic GP F2I

D
ow

Jo
ne

s MSE 0.049 ± 0.023 0.057 ± 0.048 0.048 ± 0.029 0.085 ± 0.105 0.200 ± 0.129 0.048 ± 0.026
MAE 0.164 ± 0.033 0.165 ± 0.048 0.164 ± 0.037 0.202 ± 0.095 0.336 ± 0.127 0.160 ± 0.035
NLL 0.267 ± 0.460 0.178 ± 0.807 −0.120 ± 0.214 0.192 ± 0.269 0.566 ± 0.340 0.073 ± 0.448
CE 0.065 ± 0.059 0.011 ± 0.011 0.006 ± 0.005 0.036 ± 0.022 0.016 ± 0.016 0.009 ± 0.008
ECE 0.035 ± 0.028 0.009 ± 0.004 0.009 ± 0.003 0.023 ± 0.010 0.023 ± 0.010 0.007 ± 0.003
Sharpness 0.511 ± 0.301 0.189 ± 0.063 0.223 ± 0.040 0.420 ± 0.183 0.501 ± 0.184 0.167 ± 0.039

Sy
m

m
et

ri
c MSE 0.284 ± 0.130 0.285 ± 0.208 0.289 ± 0.131 0.390 ± 0.161 0.507 ± 0.092 0.224 ± 0.164

MAE 0.397 ± 0.136 0.336 ± 0.176 0.397 ± 0.136 0.500 ± 0.149 0.612 ± 0.053 0.306 ± 0.157
NLL 0.501 ± 0.450 1.272 ± 8.276 0.431 ± 0.440 1.450 ± 0.793 1.216 ± 0.486 0.484 ± 1.422
CE 0.018 ± 0.030 0.033 ± 0.038 0.019 ± 0.030 0.056 ± 0.039 0.021 ± 0.018 0.031 ± 0.034
ECE 0.018 ± 0.006 0.018 ± 0.012 0.016 ± 0.006 0.044 ± 0.064 0.025 ± 0.006 0.015 ± 0.009
Sharpness 0.523 ± 0.117 0.287 ± 0.148 0.501 ± 0.102 0.430 ± 0.119 0.625 ± 0.128 0.262 ± 0.095

A
sy

m
m

et
ri

c MSE 0.253 ± 0.193 0.234 ± 0.249 0.282 ± 0.196 0.245 ± 0.215 0.474 ± 0.210 0.200 ± 0.199
MAE 0.335 ± 0.174 0.269 ± 0.175 0.322 ± 0.155 0.328 ± 0.178 0.575 ± 0.153 0.249 ± 0.137
NLL 0.536 ± 1.577 2.543 ± 9.314 18.306 ± 51.006 0.771 ± 0.859 1.018 ± 0.492 4.551 ± 11.286
CE 0.026 ± 0.028 0.027 ± 0.027 0.034 ± 0.033 0.050 ± 0.039 0.030 ± 0.025 0.027 ± 0.025
ECE 0.018 ± 0.009 0.016 ± 0.012 0.020 ± 0.010 0.028 ± 0.008 0.056 ± 0.277 0.015 ± 0.010
Sharpness 0.394 ± 0.167 0.226 ± 0.164 0.248 ± 0.188 0.429 ± 0.065 0.974 ± 2.792 0.164 ± 0.095

B
os

to
n

H
ou

se MSE 0.058 ± 0.045 0.072 ± 0.031 0.090 ± 0.179 0.048 ± 0.019 0.052 ± 0.025 0.046 ± 0.017
MAE 0.177 ± 0.062 0.217 ± 0.045 0.209 ± 0.112 0.170 ± 0.037 0.178 ± 0.045 0.162 ± 0.034
NLL −0.035 ± 0.441 4.004 ± 5.679 0.540 ± 1.379 0.034 ± 0.093 0.140 ± 0.396 0.115 ± 0.538
CE 0.019 ± 0.016 0.143 ± 0.089 0.023 ± 0.028 0.030 ± 0.017 0.031 ± 0.024 0.018 ± 0.017
ECE 0.004 ± 0.002 1.725 ± 2.295 0.004 ± 0.003 0.005 ± 0.002 0.007 ± 0.003 0.003 ± 0.001
Sharpness 0.238 ± 0.058 1.862 ± 2.354 0.215 ± 0.100 0.331 ± 0.022 0.328 ± 0.093 0.156 ± 0.035

Ya
ch

t

MSE 0.003 ± 0.002 0.018 ± 0.089 0.008 ± 0.059 0.001 ± 0.000 0.002 ± 0.005 0.000 ± 0.000
MAE 0.041 ± 0.016 0.038 ± 0.130 0.025 ± 0.082 0.019 ± 0.007 0.033 ± 0.027 0.016 ± 0.005
NLL −0.985 ± 0.249 −1.993 ± 0.971 −1.960 ± 0.632 −0.193 ± 0.008 −0.591 ± 0.601 −1.804 ± 0.201
CE 0.120 ± 0.042 0.101 ± 0.049 0.147 ± 0.055 0.248 ± 0.010 0.193 ± 0.052 0.119 ± 0.034
ECE 0.011 ± 0.003 0.176 ± 0.847 0.007 ± 0.021 0.031 ± 0.001 0.023 ± 0.013 0.005 ± 0.001
Sharpness 0.160 ± 0.037 0.244 ± 0.971 0.071 ± 0.100 0.328 ± 0.002 0.266 ± 0.142 0.066 ± 0.014

Table 1: Benchmark comparison showing mean and standard deviation across 100 different training
sample draws. Best (lowest mean) values per row are highlighted in bold. Sharpness measures the
average prediction uncertainty (lower is better, indicating sharper/more confident predictions).

its MAP estimate for the reduced dataset. This procedure aims to reduce predictive uncertainty and
mitigate the effect of detrimental data points before model-based rollouts are performed.

Finally, this model is used to roll out the current policy πn, generating synthetic transitions that are
stored in the buffer DSAC . The current policy is then further optimized using both real and synthetic
experiences through the learned state-action value function Qπn(x, a).

F Limitations and Future Work

Although the proposed removal procedure is substantially more efficient than exhaustive search
or extensive leave-one-out evaluations, it still incurs computational overhead compared to a stan-
dard homoscedastic GP because each greedy step requires updating the model and evaluating the
removal influence under the current posterior. Compared to other robust Gaussian process Bayesian
Optimization baselines, we have comparable or lower computational costs Figure 21.

The accompanying near-optimality guarantee is based on a restricted curvature condition that serves
as a theoretical certificate rather than an algorithmic constraint; in practice, these conditions may
be conservative, and the method can remain effective even when they are not verified explicitly.
Finally, the current formulation is tailored to Gaussian process models, and it would be interesting to
investigate analogous removal influences for parametric models.

G Experimental Setup - Transductive Learning

We provide in Table 1, the absolute values with standard deviations for the results in Figure 3.

We evaluate F2I in the transductive learning setting, in addition to the real world data sets, on
two synthetic functions with a detrimental wavelength structure. Therefore, we consider a varying
lengthscale across the domain, where our target region-aware algorithm F2I significantly improves in
prediction accuracy and calibration. We therefore consider the test-functions Symmetric Lengthscale
(LS) fsymmetric(x) and Asymmetric Lengthscale (LS) fasymmetric(x), which are formally defined
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Figure 7: Influence of detrimental data structures based on Symmetric LS test functions. (Left) A
standard homoscedastic GP absorbs the detrimental lengthscale structures in the noise. (Right) We
visualize the result of applying F2I.
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Figure 8: Influence of detrimental data structures based on Asymmetric LS test functions. (Left) A
standard homoscedastic GP absorbs the detrimental lengthscale structures in the noise. (Right) We
visualize the result of applying F2I.

by

fsymmetric(x) = sin(0.5 + 0.39 · |x|), (71)

fassymetric(x) =

{
sin(0.5 + 0.39x) if x ≥ 0

sin(0.5 + 0.39 1
x ) otherwise.

(72)

We provide visualizations comparing the homoscedastic GP and F2I for both synthetic test functions
in Figures 7 and 8. Further, we also provide the calibration metrics for the two examples in Figure 9.
The two designed test functions do not have specific outliers, but are rather detrimental in their
overall design for the chosen kernel with a single lengthscale. We observe, that relevance pursuit is
outperformed by F2I, which is also acknowledged in the limitations section of [4] by not considering
the location of removed samples in relevance pursuite.

In addition, for all benchmarks in the transductive learning setting, we report the domain and task
specifications in Table 2.

Additionally, we show for the Dow Jones data set, how F2I handles different extreme target region
specifications that correspond to having A = X and a very small concentrated target region A =
[0.1, 0.23] around the spike in the stock price. We demonstrate in Figures 10 and 11 that F2I is
capable of handling both cases, due to its task formulation using the target region A.

We evaluated all methods for 100 random seeds for an RBF kernel with a log prior log(0, 1) on the
lengthscale and a Gamma prior with parameters a = 2 and b = 0.15 for the aleatoric noise variance.
All transductive learning experiments are run on an Intel Core Ultra 9 185H CPU with a NVIDIA
RTX 3000 Ada GPU.
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Figure 9: Calibration comparison of (left) homoscedastic GP and (right) F2I for (a) symmetric and
(b) asymmetric lengthscale increases test functions.
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Figure 10: Influence of detrimental data structures based on Dow Jones data set with target region
A = X . F2I retains all data points to have the best global fit, since the target region A spans X .

H Experimental Setup - Bayesian Optimization
For our BO benchmarks, we provide the standard domain limits, the dimensionality and the global
optimum in Table 3. During the optimization process, we rescale all objective functions into the
hypercube [0, 1]n, with dimensionality n. Further, we start all experiments from 5 initial random
observations and proceed with a sampling budget of 50 for the remaining optimization. We perform
all BO experiments on an Intel Core Ultra 9 185H CPU with a NVIDIA RTX 3000 Ada GPU.

I Bayesian Optimization - Additional Experiments
As a challenging real-world benchmark for Bayesian optimization, we consider hyperparameter
tuning for the GLMNET training algorithm [19] across multiple datasets. Following [61, 56, 60], we
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Figure 11: Influence of detrimental data structures based on Dow Jones data set with aconcentarted
target region A = [0.1, 0.23]. F2I retains data points within the spike.
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Table 2: Hyperparameters and settings for the transductive learning benchmarks.
Setting Dow Jones Boston Housing Symmetric LS Asymmetric LS
X limits [−1.5, 1.5] [−15, 15]13 [−10, 10] [−10, 10]
A limits [0.75, 1.25] [−0.7, 0.4]13 [−3, 3] [−3, 3]
|X | 405 506 1000 1000

|S| 50 40 20 20

Table 3: Bayesian Optimization Test Functions: Domain Limits and Optimal Values
Function Dim. Domain Optimum Optimizer

Ackley 2 [−10, 30]2 0.0 (0, 0)
Ackley 6 [−10, 30]6 0.0 (0, . . . , 0)
A. Rosenbrock 4 [−5, 10]2 × [1, 0]2 0.0 (1,. . . , 1)
Branin 2 [−5, 0]× [10, 15] −0.3979 (−3.14, 12.27)
Griewank 2 [−50, 20]2 0.0 (0, 0)
Holder Table 2 [−10, 10]2 19.21 (8.06, 9.67)
Hartmann 6 [0, 1]6 −3.322 (0.2, 0.15, 0.48, 0.28, 0.31, 0.66)
Levy 2 [−10, 10]2 0.0 (1, 1)

replace the expensive evaluation step with a table lookup constructed from a large set of precomputed
evaluations [42]. Using the first seven classification datasets from OpenML [9], we study in Figure 12
whether Forgetful BO can improve transfer learning of hyperparameters across tasks. We evaluate
the first seven tasks sequentially, using 25 samples per task. To highlight the effect of forgetting
potentially detrimental information from previous datasets, and thus improving transfer across tasks,
we compare our method against all baselines in two settings: one that retains all observations from
previous tasks, and one that uses only data from the current task. Most importantly, all baselines
benefit from retaining data from previous tasks, since this allows them to transfer knowledge about
well-performing configurations across datasets. At the same time, we observe that Forgetful BO
outperforms all baselines by selectively discarding information that is harmful for subsequent tasks.
Both the cumulative regret in the left panel and the simple regret in the right panel confirm the value
of forgetting in this setting.

For Figure 4, we add in Figure 13 the two additional baselines for robust Bayesian Optimization,
Student-t likelihood [48] and trimmed marginal log likelihood [5], are compared to Forgetful BO.
We observe that both trimmed MLL and Student-t likelihood are outperformed by Forgetful BO. We
extend our evaluation in Figure 14 to the outlier setting of [4], where the test functions are perturbed
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Figure 12: Transfer learning AutoML benchmark for seven sequential GLMNET hyper-parameter
training tasks. Comparison of (left) cumulative regret and (right) simple regret

24



0 50

10−3

10−2

10−1

100

101
Si

m
pl

e
R

eg
re

t
Ackley 2D

0 50

100

101

Ackley 6D

0 50

10−1

100

101

102

103

Augmented Rosenbrock

0 50

10−5

10−3

10−1

Branin

0 50

Iteration t

10−2

10−1

Si
m

pl
e

R
eg

re
t

Griewank

0 50

Iteration t

10−2

10−1

100

Hartmann 6D

0 50

Iteration t

100

101

Holder Table

0 50

Iteration t

10−5

10−3

10−1

Levy

Forgetful BO Homoscedastic GP Warped GP Relevance Pursuit Trimmed MLL Student-T

Figure 13: Simple regret of Forgetful BO and competing baselines for test functions.
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Figure 14: Simple regret of Forgetful BO and competing baselines for perturbed test functions.

using constant outliers with probability p = 0.1. This experiment demonstrates that Forgetfull BO
also improves optimization in the perturbed setting and outperforms all competing baselines. Also
note that relevance search performs better relative to baselines in the perturbed setting, compared
to the unperturbed, as mentioned in [4], the algorithm might remove important samples related to
the optimum by mistaking them for outliers, due to the dependence on the missing target region.
Additionally, we provide the cumulative regret results for the BO experiments from Figures 4 and 14.
Figure 15 demonstrates that Forgetful BO is not only reaching good simple regret, but also has a fast
diminishing regret, so that the accumulated value over all iterations t = 1 . . . T is lower or on par
compared to all competing baselines. We also report the cumulative regret for the perturbed setting
of Figure 14 in Figure 16. In addition, Forgetful BO can seamlessly integrate different acquisition
functions than GP-UCB [66]. TO demonstrate this, we evaluate Forgetful BO on all benchmarks
using the log expected improvement (LEI) acquisition function [3]. Therefore, we also use LEI for
all competitive baselines and visualize the achieved regret in Figure 17. We note that, except for
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Figure 15: Cumulative regret of Forgetful BO and competing baselines for different test functions.
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Figure 16: Cumulative regret of Forgetful BO and competing baselines for different test functions
with constant corruptions.

the Ackley 6D test-function, Forgetful BO performs better or on par with competing baselines. The
cumulative regret for the LEI experiments are also provided in Figure 18. To complete this evaluation,
we provide the performance of Forgetful BO on the noisy benchmarks using the LEI acquisition
function in Figures 19 and 20. We observe, that also in this setting Forgetful BO demonstrates superior
or equal performance across all benchmarks and compared to all baselines.

J Bayesian Optimization Computational Complexity

We demonstrate in Figure 21, that Forgetful BO, based on the removal algorithm F2I is computationally
efficient. We report the mean and standard deviation of the acquisition time per sample. We visualize
the mean across all random seeds and the entire optimization process of Figure 4 in Figure 21. Note
that Forgetful BO outperforms relevance pursuite by nearly one order of magnitude in the log-scale,
while having small computational overhead compared to the homoscedastic GP and the Warped GP.
The large variance of the Forgetful BO runtime is caused due to the potentially higher number of
removals in later stages of the optimization process.
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Figure 17: Simple regret of Forgetful BO and competing baselines for different test functions using
log expected improvement acquisition function.
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Figure 18: Cumulative regret of Forgetful BO and competing baselines for different test functions
using log expected improvement acquisition function.
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Figure 19: Simple regret of Forgetful BO and competing baselines for perturbed test functions using
log expected improvement acquisition function.
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Figure 20: Cumulative regret of Forgetful BO and competing baselines for perturbed test functions
using log expected improvement acquisition function.
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Figure 21: Acquisition time comparisons for the different BO algorithms. Comparing mean and
standard deviation across all evaluated non-corrupted benchmarks and baselines.
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Figure 22: Cartpole Balance comparing Forgetful RL with vanilla GP-based MBPO. Performance
throughout learning (left), number of removed samples (middle), and current buffer size (right).

K Reinforcement Learning - Additional Experiments

We also conducted additional experiments for Forgetful RL using a Matérn 5/2 kernel and a single
NVIDIA RTX 4090 GPU per run, with 5 CPU cores. Comparing vanilla MBPO with Forgetful RL
on Cartpole Balance, we observe in Figure 22 a much better convergence to the globally optimal per-
formance. We observe, that Forgetful RL removes especially in the beginning of the learning process,
while continuous to remove detrimental experiences throughout the learning process. Compared to
the vanilla MBPO implementation with 2500 experiences in the buffer throughout, the replay buffer
is not entirely used, only containing up to 2000 experiences at convergence. Further, we also consider
tasks, which start in a downward pendulum position and require to swing up. This task nature requires
a significantly larger target region, where the dynamics should be modeled well, and which can
definitely no longer be approximated with a linear model. We first consider the inverted pendulum task
in Figure 23. We observe, that relatively little data removal occurs due to a much larger target region,
but these lead to better convergence compared to the vanilla MBPO. We observe in Figure 23, that we
initially remove most points from the replay buffer, that we obtained from the initial random samples
prefilling the buffer. We ablate in Figure 24 the removal behavior by not filling the buffer with random
experiences before the initial episode. We observe that we converge slower and require to remove
more detrimental experiences throughput learning, which have been gathered during suboptimal
episodes. Further, we extend the swingup task in Figure 25 to Cartpole Swingup. Analogous to the
other swingup, tasks we also remove fewer samples than in the Cartpole Balance task, because large
parts of the state space are visited of the optimal policy, and require detailed modeling. We additionally
increase the task difficulty of Inverted Pendulum by introducing a sparse reward function. In Figure 26,
we observe that the task is significantly harder with a sparse reward and requires longer to converge.
Forgetful RL also improves in this problem setting the learning behavior and reaches the optimum.
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Figure 23: Comparing the performance and data removal of Forgetful RL and vanilla GP-based MBPO
for Inverted Pendulum.
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Figure 24: Comparing the performance and data removal of Forgetful RL and vanilla GP-based MBPO
for Inverted Pendulum, beginning with an empty buffer.
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Figure 25: Comparing the performance and data removal of Forgetful RL and vanilla GP-based MBPO
for Cartpole Swingup.
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Figure 26: Comparing the performance and data removal of Forgetful RL and vanilla GP-based MBPO
for Cartpole Swingup on a sparse reward task.
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L Near-Optimality Proofs using Approximate Submodularity
In order to establish the near-optimality proof under a curvature condition on the magnitude of the
prior parameter a of the gamma prior p(σ2

w(S)) = ba

Γ(a) (σ
2
w(S))a−1e−bσ2

w(S), we proceed as follows

1. We define a set-function J̄ for the considered removal process. We thereby convert our
problem formulation into a greedy selection process, by adding points to the set fo removed
points. Additionally, we convert the objective into a maximization problem for the negated
objective−J , and normalize the set function J̄ to zero by adding the objective evaluated for
the entire set of samples J (S). These modifications do not affect the marginal contributions
of individual elements as shown in Lemma 1, and therefore preserve the approximate
submodularity ratio, used in the statement of near-optimality. Furthermore, this set-function
formulation exactly matches the problem setting considered in Elenberg et. al. [18].

2. Secondly, we show in Lemma 2 that F2I selects the data points to be greedily removed
along the largest gradient. Therefore, we demonstrate that −ui(A)− vi(A) is the gradient
∂

∂hi
− J (Ai) of the negated objective −J . This therefore recovers the maximization

objective and sample selection of the Orthogonal Matching Pursuit (OMP) algorithm [18,
Algorithm 2].

3. The near optimality guarantee of OMP [18, Algorithm 2] applies for any function that
satisfies M-restricted smoothness (RSM) and m-restricted strong concavity (RSC), which
we define in Definition 1.

4. In order to show that the negated objective −J satisfies the RSC condition, we have to
analyze its curvature. Therefore, we first compute in Lemma 3 the curvature of the aleatoric
noise parameter σ2

w. Based on Lemma 3, we derive in Lemma 4 the entire Hessian of −J ,
by deriving the epistemic and aleatoric contribution to the curvature.

5. Using the derived Hessian of −J , we can now derive the minimal and maximal curvatures
on the removal set in order to obtain mR and MR of the RSM and RSC definition in
Definition 1.

6. To satisfy the RSC condition, we require the curvature of the objective to be negative on
all removal directions, such that mR > 0. In Lemma 6, we derive a condition on the prior
parameter a to guarantee concavity of the inner optimization problem, providing a unique
optimal noise level σ2

w(S ′) for each retained data set. For the outer optimization process
of the set-function J̄ , we derive an RSC condition in Lemma 7. Thereby, the concavity of
the aleatoric Hessian contribution has to outweigh the potentially convex curvature of the
epistemic Hessian along all considered removal directions. The curvature condition depends
on the prior parameter a of the Gamma prior.

7. Given the set-function satisfies these conditions, we obtain with the intermediate derivations
in Lemma 8 and Lemma 9 similar to [18], the near optimality guarantee in Theorem 1.

In the following, we list all relevant lemmas and definitions required for Theorem 1:

Lemma 1. Consider the set of given samples S and the objective minS′⊆S J (S ′) in Equation (3).
Let the removed set of samples be T = S \ S ′, then we defined the set function J̄ (T ) as

max
T⊆S
J̄ (T ) := J (S)− J (S ′) = J (S)− J (S \ T ).

This set function has the same form as [18, Equation 4], with the submodularity ratio γL,U , which is
defined for any L ⊆ T and U ⊆ T \ L as

γL,U (J̄ ) =
∑

j∈U (J̄ (L ∪ {j})− J̄ (L))
J̄ (L ∪ U)− J̄ (L)

.

Proof. Consider a retained set S ′ and its complement set T = S \ S ′. Additionally let L ⊆ T and
U ⊆ T \ L, and j ∈ U ,

J̄ (L ∪ {j})− J̄ (L) = J (S)− J (S \ (L ∪ {j}))− J (S) + J (S \ L) (73)
= J (S \ L)− J (S \ (L ∪ {j})) (74)
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Thus, the forward marginal on J̄ equals the removal marginal on −J . The submodularity ratio
defined in [18, Def. 2] depends only on the marginal combinations. Hence, the submodularity ratio
for the set-function considering the complement removal sets L ⊆ T and U ⊆ T \ L is given by

γL,U (J̄ ) =
∑

j∈U (J̄ (L ∪ {j})− J̄ (L))
J̄ (L ∪ U)− J̄ (L)

. (75)

Lemma 2. Let S ⊆ X and an individual sample xi ∈ S, then the negated objective is given by

−J (S) = −
∑
x∈A

σ2
S(x).

Let the RKHS removal direction associated with a sample i be
k(x,S, hi) = kx,S − hik(x, xi)ei, hi ∈ [0, 1] ⊂ R,

i.e. an infinitesimal decrease of the kernel coupling to xi. Then the directional derivative of −J at S
in this RKHS removal direction satisfies

∂

∂hi
− J

(
Ai

)∣∣∣∣
hi=0

= −ui(A)− vi(A),

where ui(A) and vi(A) are the epistemic and aleatoric influences defined in Propositions 1 and 4.

Proof. We compute the gradient of −J (S) under an infinitesimal reduction of the RKHS basis
component k(·, xi). We decompose the predictive variance formulation as follows

−J (S) =
∑
x∈A

(
−k(x, x) + kx,SA

−1kS,x

)
− |A|σ2

w(S), (76)

where |A| is the Lebesgue measure of the target are A. We next differentiate every term that is
dependent on the removal parameter hi. Since −J is continuous in x ∈ A and we have defined our
surrogate function to be continuous in hi, we interchange the integral over A and the derivative
∂ − J (S)

∂hi
=
∑
x∈A

(
− ∂

∂hi
k(x, x) +

∂

∂hi
k(x,S, hi)A(hi)

−1k(S, x, hi)

)
− |A| ∂

∂hi
σ2
w(S) (77)

=
∑
x∈A

(
2
∂k(x,S, hi)

∂hi
A−1kS,x − k(x,S, hi)A(hi)

−1 ∂A(hi)

∂hi
A(hi)

−1 (78)

× k(S, x, hi)

)
− |A| ∂

∂hi
σ2
w(S ′)

=
∑
x∈A

(
−2k(x, xi)(A

−1k(S, x))i − k(x,S, hi)A(hi)
−1 ∂K(hi)

∂hi
A(hi)

−1k(S, x, hi)

(79)

− k(x,S, hi)A(hi)
−1 ∂σ

2
w(S)
∂hi

A(hi)
−1k(S, x, hi)

)
− |A| ∂

∂hi
σ2
w(S)

=
∑
x∈A
−2k(x, xi)(A

−1k(S, x))i − k(x,S, hi)A(hi)
−1(−eik(xi,S)− k(S, xi)e

⊤
i )

(80)

×A(hi)
−1k(S, x, hi)−

∂

∂hi
σ2
w(S)(1 + k(x,S, hi)A(hi)

−2k(S, x, hi))

=
∑
x∈A
−2k(x, xi)(A

−1k(S, x))i + 2(A−1k(S, x))i(k(xi,S)A−1k(S, x))︸ ︷︷ ︸
−ui(x)

(81)

−(1 + k(x,S, hi)A(hi)
−2k(S, x, hi))

∂

∂hi
σ2
w(S)︸ ︷︷ ︸

−vi(x)

This completes the proof that −ui(A)− vi(A) is the directional derivative of the negated objective
−J in the RKHS removal direction induced by the sample xi, when evaluating at hi = 0.
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Definition 1 (Restricted Strong Concavity, Restricted Smoothness). A function −J (·) is said to be
restricted strong concave (RSC) with mR ∈ R+ and restricted smooth (RSM) with MR ∈ R+ on the
set R, if

−mR

2
∥h∥22 ≥ J (S \ L)− J (S \ (L ∪ U))− ⟨∇− J (S \ L), h⟩ ≥ −MR

2
∥h∥22,

where L ∪ U ⊆ R, and h is the indicator vector of the removed points in L ∪ U compared to L.

Lemma 3. Let S be a fixed sample set and let σ2
w(S) denote the type II MAP estimate, that satisfies

D(σ2
w,S, a, b) = 0 from Proposition 3. Then the Hessian of σ2

w(S) w.r.t. the removal directions in h
is given by

∇2
hσ

2
w =− 1

T
(∇2

hD(σ2
w; y) +∇2

σ2
w,hD(σ2

w; y)(∇hσ
2
w)

⊤

+∇hσ
2
w(∇2

σ2
w,hD(σ2

w; y))
⊤ +∇σ2

w
T ((∇hσ

2
w)(∇hσ

2
w)

⊤),

where we define the following sub-parts of the derivatives as

∇hσ
2
w =

1

T
(−α(1) ⊙ s(2) − α(2) ⊙ s(1) + diag(M (2))),

∇2
σ2
w,hD(σ2

w; y) =− (2α(2) ⊙ s(2) + 2α(1) ⊙ s(3) + 2α(3) ⊙ s(1) − 2 diag(M (3))),

∇2
hD(σ2

w; y) =A−1 ⊙ (s(2)s(1)⊤ + s(1)s(2)⊤) +A−2 ⊙ s(1)s(1)⊤

+M (1) ⊙
(
s(2)α(1)⊤ + α(1)s(2)⊤ + s(1)α(2)⊤ + α(2)s(1)⊤

− σ2
w(α

(1)α(2)⊤ + α(2)α(1)⊤) + α(1)α(1)⊤)
+M (2) ⊙

(
s(1)α(1)⊤ + α(1)s(1)⊤ − σ2

w α(1)α(1)⊤)
+K ⊙ (α(1)α(2)⊤ + α(2)α(1)⊤)

− 2M (1) ⊙M (2) −K ⊙A−2 + σ2
w(M

(1) ⊙A−2 +M (2) ⊙A−1)−M (1) ⊙A−1,

∇σ2
w
T =3α(2)⊤α(2) − tr(A−3) +

2(a− 1)

(σ2
w)

3
,

using the short hand notations

α(p) = A−py, M (p) = KA−p, s(p) = Kα(p),

T = −α(1)⊤α(2) +
1

2
tr(A−2)− a− 1

(σ2
w)

2
,

Proof. We obtained the first derivative from the implicit function theorem

∂D(σ2
w; y)

∂σ2
w

∂σ2
w

∂hi
+

∂D(σ2
w; y)

∂hi
= 0. (82)

By differentiating the identity in Equation (82) w.r.t. hj , we obtain

∂

∂hj

(
∂L(σ2

w; y)

∂σ2
w

∂σ2
w

∂hi
+

∂L(σ2
w; y)

∂hi

)
=

(
∂2L(σ2

w; y)

∂σ2
w∂hj

+
∂2L(σ2

w; y)

∂2σ2
w

∂σ2
w

∂hj

)
∂σ2

w

∂hi
(83)

+
∂2L(σ2

w; y)

∂hi∂hj
+

∂2L(σ2
w; y)

∂σ2
w∂hi

∂σ2
w

∂hj
+

∂L(σ2
w; y)

∂σ2
w

∂2σ2
w

∂hi∂hj
= 0. (84)

Reordering the terms yields the desired second derivative from the implicit function theorem

∂2σ2
w

∂hi∂hj
= − 1

∂D(σ2
w;y)

∂σ2
w

(
∂2D(σ2

w; y)

∂σ2
w∂hj

∂σ2
w

∂hi
+

∂2D(σ2
w; y)

∂2σ2
w

∂σ2
w

∂hj

∂σ2
w

∂hi
(85)

+
∂2D(σ2

w; y)

∂hi∂hj
+

∂2D(σ2
w; y)

∂σ2
w∂hi

∂σ2
w

∂hj

)
. (86)
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We now differentiate each term to obtain the full Hessian. For convenience, we introduce the
abbreviation α(p) = A−py. The derivatives ∂σ2

w

∂hi
and ∂σ2

w

∂hj
are given by the implicit function theorem

in Proposition 3 as

∂σ2
w

∂hi
=−

∂D(σ2
w;y)

∂hi

∂D(σ2
w;y)

∂σ2
w

=
−α(1)

i (kxi,Sα
(2))− α

(2)
i (kxi,Sα

(1)) + kxi,S(A
−2)·,i

−α(1)⊤α(2) + 1
2 tr(A

−2)− a−1
(σ2

w)2

, (87)

∂σ2
w

∂hj
=−

∂D(σ2
w;y)

∂hj

∂D(σ2
w;y)

∂σ2
w

=
−α(1)

j (kxj ,Sα
(2))− α

(2)
j (kxj ,Sα

(1)) + kxj ,S(A
−2)·,j

−α(1)⊤α(2) + 1
2 tr(A

−2)− a−1
(σ2

w)2

, (88)

The denominator is given by

∂D(σ2
w; y)

∂σ2
w

=− y⊤A−3y +
1

2
tr(A−2)− a− 1

(σ2
w)

2
(89)

=− α(1)⊤α(2) +
1

2
tr(A−2)− a− 1

(σ2
w)

2
. (90)

The second derivative of this term is given by

∂2D(σ2
w; y)

∂2σ2
w

=3y⊤A−4y − tr(A−3) +
2(a− 1)

(σ2
w)

3
(91)

=3α(2)⊤α(2) − tr(A−3) +
2(a− 1)

(σ2
w)

3
. (92)

Further, the cross derivatives ∂2D(σ2
w;y)

∂σ2
w∂hj

and ∂2D(σ2
w;y)

∂σ2
w∂hi

follow by differentiating ∂D
∂hi

= α
(1)
i s

(2)
i +

α
(2)
i s

(1)
i − diag(M (2))i w.r.t. σ2

w, using ∂α(p)

∂σ2
w

= −pα(p+1) and ∂s(p)

∂σ2
w

= −p s(p+1):

∂2D(σ2
w; y)

∂σ2
w∂hi

=− 2α
(2)
i (kxi,Sα

(2))− 2α
(1)
i (kxi,Sα

(3))− 2α
(3)
i (kxi,Sα

(1)) + 2kxi,S(A
−3)·,i,

(93)

∂2D(σ2
w; y)

∂σ2
w∂hj

=− 2α
(2)
j (kxj ,Sα

(2))− 2α
(1)
j (kxj ,Sα

(3))− 2α
(3)
j (kxj ,Sα

(1)) + 2kxj ,S(A
−3)·,j .

(94)

Finally, the term ∂2D(σ2
w;y)

∂hi∂hj
is given by

∂2D(σ2
w; y)

∂hi∂hj
=(A−1)ij(kxj ,Sα

(1))(kxi,Sα
(2)) + α

(1)
j (A−1kS,xj

)i(kxi,Sα
(2)) (95)

+ α
(1)
i (kxi,S(A

−1
·,j kxj ,Sα

(2) +A−1kS,xjα
(2)
j )). (96)

Next, we express all terms in matrix vector notation to obtain the full Hessian matrix. Therefore, we
used the following additional definitions

M (p) = KA−p, s(p) = Kα(p), T =
∂D(σ2

w; y)

∂σ2
w

. (97)

First, the gradient ∇hσ
2
w follows from Equation (87) is given by

∇hσ
2
w =

1

T
(−α(1) ⊙ s(2) − α(2) ⊙ s(1) + diag(M (2))) (98)

Further, the mixed terms ∇2
σ2
w,hD(σ2

w; y) from Equation (93) simplifies to

∇2
σ2
w,hD(σ2

w; y) = −(2α(2) ⊙ s(2) + 2α(1) ⊙ s(3) + 2α(3) ⊙ s(1) − 2 diag(M (3))). (99)
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And the term ∂2D(σ2
w;y)

∂hi∂hj
of Equation (95) is given by

∇2
hD(σ2

w; y) =A−1 ⊙ (s(2)s(1)⊤ + s(1)s(2)⊤) +A−2 ⊙ s(1)s(1)⊤ (100)

+M (1) ⊙
(
s(2)α(1)⊤ + α(1)s(2)⊤ + s(1)α(2)⊤ + α(2)s(1)⊤ (101)

− σ2
w(α

(1)α(2)⊤ + α(2)α(1)⊤) + α(1)α(1)⊤) (102)

+M (2) ⊙
(
s(1)α(1)⊤ + α(1)s(1)⊤ − σ2

w α(1)α(1)⊤) (103)

+K ⊙ (α(1)α(2)⊤ + α(2)α(1)⊤) (104)

− 2M (1) ⊙M (2) −K ⊙A−2 + σ2
w(M

(1) ⊙A−2 +M (2) ⊙A−1)−M (1) ⊙A−1.
(105)

Finally, the last term as the gradient of the denominator ∇σ2
w
T as

∇σ2
w
T = 3α(2)⊤α(2) − tr(A−3) +

2(a− 1)

(σ2
w)

3
. (106)

So that we can write the final Hessian as

∇2
hσ

2
w =− 1

T
(∇2

hD(σ2
w; y) +∇2

σ2
w,hD(σ2

w; y)(∇hσ
2
w)

⊤ (107)

+∇hσ
2
w(∇2

σ2
w,hD(σ2

w; y))
⊤ +∇σ2

w
T ((∇hσ

2
w)(∇hσ

2
w)

⊤).

Lemma 4. Let S ⊆ X and sample xi ∈ S. Consider the negated objective −J (S) and let the
RKHS removal path of sample xi be defined as k(x,S, hi) = kx,S − hi k(x, xi)ei, hi ∈ [0, 1] from
(Proposition 5). Then the Hessian of −J evaluated at h = 0 is given by

∇2
h − J (S)

∣∣
h=0

= Hepi +Hale,

where the epistemic and aleatoric Hessian contributions are given by

Hepi(x) =2(diag(cx)(M
(2) +M (2)⊤) diag(cx)− 2cxc

⊤
x ⊙M (1) −M (1) ⊙ cxc

⊤
x )

Hale(x) = mix(∇hσ
2
w)

⊤ + (∇hσ
2
w)mix⊤ + 2(cx · c′x)(∇hσ

2
w)(∇hσ

2
w)

⊤ − (∥cx∥2 + 1)∇2
hσ

2
w,

with ∇hσ
2
w and ∇2

hσ
2
w defined as in Lemma 3, the mixed partial vector

mix = −(2 c′x ⊙ (sx − k(S, x)) + 2 s′x ⊙ cx),

and the following abbreviations

cx = A−1k(S, x), c′x = A−2k(S, x), sx = Kcx, s′x = Kc′x,

M (1) = KA−1, M (2) = A−1KA−1.

Proof. We begin by revisiting the derivative of the negated objective function in Lemma 2

∂ − J (S)
∂hi

=− 2(kx,S′A−1)i(A
−1kS,x) + 2(kx,SA

−1)i(kxi,SA
−1kS,x) (108)

− (kx,SA
−2kS,x + 1)

∂σ2
w

∂hi

=− 2k(x, xi)eicx + 2(cx)
⊤
i (kxi,Scx)− (∥cx∥2 + 1)

∂σ2
w

∂hi
. (109)

We first derive the epistemic part, corresponding to the measure of epistemic influence ui(x):

ui(x) = −2k(x, xi)eicx + 2(cx)
⊤
i (kxi,Scx) = 2(cx)i(kxi,Scx − k(x, xi)). (110)

Differentiating this expression w.r.t. hj results in

∂ui(x)

∂hj
= 2

∂(cx)i
∂hj

(kxi,Scx − k(x, xi)) + 2(cx)i

(
kxi,S

∂cx
∂hj

+
∂kxi,S
∂hj

cx

)
. (111)
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Where we differentiate the individual terms as
∂cx
∂hj

=
∂A−1kS,x

∂hj
= −A−1k(x, xj)ej −A−1(−ejkxj ,S − kS,xje

⊤
j )cx (112)

= (A−1)·,j(kxj ,Scx − k(x, xj)) + (cx)j(A
−1kS,xj

), (113)
∂kxi,S
∂hj

= −k(xi, xj)ej . (114)

For the further derivation, let us denote

αi := kxi,Scx − k(x, xi), (115)

such that we obtain the following derivatives
∂cx
∂hj

= (A−1)·jαj + (cx)jA
−1kS,xj

,
∂αi

∂hj
= −k(xi, xj)(cx)j + kxi,S

∂cx
∂hj

. (116)

Hence, if we reformulate the derivative of ui w.r.t. α and substitute the derived terms, we obtain
∂ui(x)

∂hj
=2

∂(cx)i
∂hj

αi + 2(cx)i
∂αi

∂hj
= 2
(
(A−1)ijαjαi (117)

+ (cx)j(A
−1kS,xj

)iαi − (cx)ik(xi, xj)(cx)j + (cx)ikxi,S
∂cx
∂hj

)
.

Using (A−1)ijαj = (M (2))ij(cx)j , and (A−1kS,xj
)i = (M (1))ij , the second derivative is given by

∂2 − J (S)
∂hi ∂hj

= 2
(
(cx)i(M

(2)
ij +M

(2)
ji )(cx)j − 2(cx)i(cx)jM

(1)
ij −M

(1)
ij (cx)i(cx)j

)
. (118)

Therefore, in matrix form,

Hepi = 2
(
diag(cx)(M

(2) +M (2)⊤) diag(cx)− 2 cxc
⊤
x ⊙M (1) −M (1) ⊙ cxc

⊤
x

)
. (119)

For the aleatoric term, we write the negated objective as −J = F (h, σ2
w(h)) − σ2

w(h), where
F (h, s) = k(h)⊤(K(h) + sI)−1k(h). Applying the total derivative decomposition to the second-
order variation gives

∂2(−J )
∂hi ∂hj

=
∂2F

∂hi∂hj

∣∣∣∣∣
s

+
∂2F

∂s ∂hj
gi +

∂2F

∂s ∂hi
gj +

∂2F

∂s2
gigj −

(
∥cx∥2 + 1

)
Hσ[i, j], (120)

where g = ∇hσ
2
w and Hσ = ∇2

hσ
2
w. The first term yields Hepi. For the mixed partial we differentiate

∂F
∂hj

∣∣
s
= uj(x) w.r.t. s, using ∂cx

∂s = −c′x and ∂sx,j

∂s = −s′x,j :

∂2F

∂s ∂hj
=

∂uj

∂s
= −2c′x,j(sx,j − k(S, x)j)− 2cx,js

′
x,j = mixj . (121)

The pure s-second derivative of F is

∂2F

∂s2
= 2 k(S, x)⊤A−3k(S, x) = 2 cx · c′x. (122)

Collecting these contributions yields the aleatoric Hessian term

Hale = mix(∇hσ
2
w)

⊤ +(∇hσ
2
w)mix⊤ +2(cx · c′x)(∇hσ

2
w)(∇hσ

2
w)

⊤− (∥cx∥2 +1)∇2
hσ

2
w. (123)

Lemma 5. Let H(S(k)) = Hepi(S(k))+Hale(S(k)) be the Hessian of the negated objective−J , as
defined in Lemma 4 for the retained dataset S(k) in episode k. Then for all possible removal subsets
T (k) ⊆ T := S \ S′ ⊆ R, we denote by HR(S(k)) the principal sub-matrix of the H(S(k)) on R.
Then, the curvature bounds across all possible removal directions are obtained by

mR := inf
S(k)

λmin(−HR(S(k))), MR := sup
S(k)

λmax(−HR(S(k))),

such that for all S(k) and T (k) ⊆ T ⊆ R, the projected Hessians HR(S(k)) satisfy

−MRI ≤ HR(S(k)) ≤ −mRI.
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Proof. By definition of mR and MR, for every retained subset S(k) ⊆ S ′ the principal submatrix
HR(S(k)) satisfies

−MRI ≤ HR(S(k)) ≤ −mRI, (124)
which is precisely the final criterion in Lemma 5.

It remains to show that this criterion implies restricted strong concavity and smoothness (RSC/RSM).
Let L ⊂ L ∪ U ⊆ R and let h denote the indicator vector of the removed coordinates in U relative to
L. Since h is supported on U ⊆ R, the quadratic form satisfies h⊤H(S(k))h = h⊤HR(S(k))h for
any retained dataset. The uniform spectral bound Equation (124) therefore says that −J̄ , restricted
to removal directions in R, is simultaneously mR-strongly convex and MR-smooth. By the standard
first-order characterization of strong convexity and smoothness [52, Lemma 1.2.3], this is equivalent
to

−MR

2
∥h∥22 ≤ J̄ (L ∪ U)− J̄ (L)− ⟨∇J̄ (L), h⟩ ≤ −mR

2
∥h∥22, (125)

which is the RSC/RSM condition for the outer objective.

Lemma 6. Let K be the Gram matrix and λi(K) its eigenvectors, as well as ∥y∥22 the output norm.
Given the Gamma prior distribution p(σ2

w(S)) = ba

Γ(a) (σ
2
w(S))a−1e−bσ2

w(S) has parameter a, that
satisfies for an admissible range of noise parameters σ2

w ∈ [ξmin, ξmax] that

a ≥ 1 + ξ2max

 ∥y∥22
(λmin(K) + ξmin)3

− 1

2

|S|∑
i=1

(λi(K) + ξmax)
−2

 . (126)

we obtain that the noise optimization is concave and has a unique optimal value σ2∗
w ∈ [ξmin, ξmax].

Proof. We consider σ2
w as the optimal noise level, satisfying ∂L(σ2

w,S,a,b)
∂σ2

w
= 0. Then the second

derivative of the optimality condition is given by

∂2L(σ2
w,S, a, b)

∂(σ2
w)

2
= −y⊤A−3y +

1

2
tr(A−2)− a− 1

(σ2
w)

2
. (127)

Strict concavity of the inner optimization problem holds across all retained data subsets S(k) if

−y⊤A−3y +
1

2
tr(A−2)− a− 1

(σ2
w)

2
≤ 0 ⇐⇒ a ≥ 1 + (σ2

w)
2

(
y⊤A−3y − 1

2
tr(A−2)

)
, (128)

where A = K(S,S) + σ2
wI and we denote the eigenvalues of the Gram matrix K by λi. We bound

tr(A−2) =

|S|∑
i=1

(λi + σ2
w)

−2 ≥
|S|∑
i=1

(λi + ξmax)
−2, (129)

and obtain for the worst case noise parameter (λi + σ2
w) ≥ (λi + ξmin) that

y⊤A−3y =

|S|∑
i=1

(z⊤i y)2

(λi + σ2
w)

3
≤ ∥y∥22

(λmin(K) + ξmin)3
, (130)

where zi are the eigenvectors of K. Therefore, with (σ2
w)

2 ≤ ξ2max both terms combined lead to

(σ2
w)

2

(
y⊤A−3y − 1

2
tr(A−2)

)
≤ ξ2max

 ∥y∥22
(λmin(K) + ξmin)3

− 1

2

|S|∑
i=1

(λi + ξmax)
−2

 . (131)

Thus, a sufficient condition for the concavity of the inner optimization problem is

a ≥ 1 + ξ2max

 ∥y∥22
(λmin(K) + ξmin)3

− 1

2

|S|∑
i=1

(λi + ξmax)
−2

 . (132)
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Lemma 7. Let us consider the gradient denominator term

A = K + σ2
wI, D(σ2

w) = −y⊤A−3y +
1

2
tr(A−2)− a− 1

(σ2
w)

2
.

Assume σ2
w ∈ [ξmin, ξmax], and define as in Lemma 6

δin(a) :=
a− 1

ξ2max

− 1

2

n∑
i=1

(λi + ξmin)
−2, λ := λmin(K) + ξmin, Λ := λmax(K).

Then D(σ2
w) ≤ −δin(a) < 0 provides inner stability (Lemma 6). For the outer optimization, let’s

define the following terms

d(a) :=
2(a− 1)

ξ3max

−
n∑

i=1

(λi + ξmin)
−3,

βale(a) ≤
(
1 + c̄2k
δin(a)

d(a)− 2c̄′cc

)
∥gk∥22 −

2w̄k

δin(a)
ḡk −

1 + c̄2k
δin(a)

ρR,

ηepi =

(
n∑

i=1

∣∣∣∣ 4λi

(λi + σ2
w)

2
− 6λi

λi + σ2
w

∣∣∣∣
) n∑

j=1

|(U⊤kS,x)j |
λj + σ2

w

2

,

using the following bounds with κ := supx∈A ∥kS,x∥∞

∥g(x)∥2 ≤
ḡk

δin(a)
, ḡk :=

Λ

λ2 +
2Λ∥y∥22

λ3 , c̄k :=
κ
√
n

λ
, c̄′k :=

κ
√
n

λ2 , c̄′cc := c̄k c̄
′
k,

m̄k := 4ξmaxc̄k c̄
′
k + 2c̄2k, p̄k :=

6Λ∥y∥2

λ4 +
2Λ

λ3 , w̄k := m̄k +
(1 + c̄2k) p̄k

δin(a)
,

ρR :=
3Λ∥y∥2

λ3 +
2Λ2

λ3 +
2Λ

λ2 .

Hence, restricted strong concavity is given for the removal directions if the prior parameter a satisfies
a > 1 : δin(a) > 0, d(a) > 0, βale(a) ≥ ηepi.

Proof. From Lemma 4 and Lemma 6, the Hessians and the inner-stability bound are

Hepi(x) = 2

(
2 diag

(
A−1kS,x

)
A−1KA−1 diag

(
A−1kS,x

)
− 2(A−1kS,x)(A

−1kS,x)
⊤

⊙ (KA−1)− (KA−1)⊙ (A−1kS,x)(A
−1kS,x)

⊤
)
,

(133)

Hale(x) = mix(x) g⊤ + gmix(x)⊤ + 2(cx · c′x) gg⊤ − (∥cx∥2 + 1)∇2
hσ

2
w, (134)

D(σ2
w) = −y⊤A−3y + 1

2 tr(A
−2)− a−1

(σ2
w)2 ≤ −δin(a) < 0, (135)

where g = ∇hσ
2
w. The identity K = A− σ2

wI gives Kcx = kS,x − σ2
wcx (so sx − kS,x = −σ2

wcx)
and Kc′x = cx − σ2

wc
′
x (so s′x = cx − σ2

wc
′
x). Substituting into the definition of mix from Lemma 4,

mixi = −(2c′x,i(−σ2
wcx,i) + 2(cx,i − σ2

wc
′
x,i)cx,i) = 4σ2

w c′x,i cx,i − 2c2x,i, (136)

i.e. mix = 4σ2
w (cx ⊙ c′x)− 2 (cx ⊙ cx). Expanding −(∥cx∥2 + 1)∇2

hσ
2
w via Lemma 3 and defining

w(x) := mix(x) + ∥cx∥2+1
D ∇2

σ,hD, we arrive at the three-term decomposition

Hale(x) = T1(x) + T2(x) + T3(x), (137)
where

T1(x) = w(x) g⊤ + g w(x)⊤, (138)

T2(x) =
∥cx∥2 + 1

D
∇2

hD, (139)

T3(x) =

[
∥cx∥2 + 1

D
∇σD + 2(cx · c′x)

]
g g⊤. (140)
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Bound on T1: The quadratic form satisfies u⊤T1u = 2(u⊤w)(u⊤g). By Cauchy–Schwarz |u⊤w| ≤
∥w∥. We bound ∥w∥ ≤ ∥mix∥+ 1+c̄2k

|D| ∥∇
2
σ,hD∥. From Equation (136), using ∥cx∥, ∥c′x∥ ≤ c̄k, c̄

′
k

and σ2
w ≤ ξmax,

∥mix∥ ≤ 4ξmax∥cx ⊙ c′x∥+ 2∥cx∥2 ≤ 4ξmaxc̄k c̄
′
k + 2c̄2k =: m̄k. (141)

For ∥∇2
σ,hD∥, using ∥α(p)∥ ≤ ∥y∥/λp and ∥s(p)∥ ≤ Λ∥y∥/λp, each component of the mixed

derivative is bounded elementwise, giving ∥∇2
σ,hD∥ ≤ p̄k. With |D| ≥ δin(a), we get ∥w∥ ≤ w̄k

and therefore
−u⊤T1(x)u ≥ −

2w̄k

δin(a)
|u⊤g(x)|. (142)

Bound on T2: The matrix ∇2
hD from Lemma 3 is bounded termwise using ∥A−m∥ ≤ λ−m,

∥K∥ = Λ, ∥A−py∥ ≤ ∥y∥/λp, ∥KA−py∥ ≤ Λ∥y∥/λp, and ∥M (p)∥ = ∥KA−p∥ ≤ Λ/λp. The
dominant contributions are

∥M (1) ⊙ α(1)α(1)⊤∥ ≤ Λ∥y∥2

λ3 , ∥K ⊙ (α(1)α(2)⊤ + α(2)α(1)⊤)∥ ≤ 2Λ∥y∥2

λ3 , (143)

∥M (1) ⊙M (2)∥ ≤ Λ2

λ3 , ∥K ⊙A−2∥+ ∥M (1) ⊙A−1∥ ≤ 2Λ

λ2 . (144)

Collecting all terms (including the remaining outer-product and cross terms, each bounded by
O(Λ2∥y∥2/λ4)), we obtain

∥∇2
hD∥op ≤ ρR :=

3Λ∥y∥2

λ3 +
2Λ2

λ3 +
2Λ

λ2 , (145)

and therefore

−u⊤T2(x)u ≥ −
1 + c̄2k
δin(a)

ρR. (146)

Bound on T3: Since D < 0 and ∇σD = 3∥α(2)∥2 − tr(A−3) + 2(a−1)
(σ2

w)3 ≥ d(a), the term
∥cx∥2+1

D ∇σD ≤ − 1+c̄2k
δin(a)

d(a) is negative. The additional term 2(cx · c′x) ≥ 0 partially offsets
this, with cx · c′x = k⊤S,xA

−3kS,x ≤ c̄′cc. Hence,

−u⊤T3(x)u ≥
(
1 + c̄2k
δin(a)

d(a)− 2c̄′cc

)
(u⊤g(x))2. (147)

Summing the three contributions of T1, T2, T3 and using |u⊤g| ≤ ∥g∥ ≤ ḡk/δin(a) yields

−u⊤Hale(x)u ≥
(
1 + c̄2k
δin(a)

d(a)− 2c̄′cc

)
(u⊤g(x))2 − 2w̄k

δin(a)
|u⊤g(x)| − 1 + c̄2k

δin(a)
ρR. (148)

From the spectral representation derived earlier, we have

u⊤Hepi(x)u ≤ ηepi =

(
n∑

i=1

∣∣∣∣ 4λi

(λi + σ2
w)

2
− 6λi

λi + σ2
w

∣∣∣∣
) n∑

j=1

|(U⊤kS,x)j |
λj + σ2

w

2

. (149)

For concavity along all u, it suffices that

ηepi ≤ βale(a) :=

(
1 + c̄2k
δin(a)

d(a)− 2c̄′cc

)
∥gk∥22 −

2w̄k

δin(a)
ḡk −

1 + c̄2k
δin(a)

ρR. (150)

Using the bounds derived above yields the stated expression for βale(a). If
δin(a) > 0, d(a) > 0, βale(a) ≥ ηepi, (151)

then for all x ∈ A and all removal directions u,
u⊤(Hepi(x) +Hale(x))u ≤ 0, (152)

which proves restricted strong concavity of the outer objective.

39



Lemma 8. Suppose that the negated objective −J (·) is restricted strongly concave on T , as defined
in Definition 1, then the difference in the objective for two considered subsets of T is bounded by

J (S \ L)− J (S \ (L ∪ U)) ≤ 1

2mR
∥∇ − J (S \ L)U∥22

where the sets satisfy L ⊂ L ∪ U ⊆ T .

Proof. Let us begin with the restricted strong concavity criterion

−mR

2
∥h∥22 ≥ J (S \ L)− J (S \ (L ∪ U))− ⟨∇− J (S \ L), h⟩. (153)

By bringing the inner product of the gradient to the other side, we obtain

⟨∇ − J (S \ L), h⟩ − mR

2
∥h∥22 ≥ J (S \ L)− J (S \ (L ∪ U)), (154)

which we can further upper bound by the best possible subset

max
h
⟨∇ − J (S \ L), h⟩ − mR

2
∥h∥22 ≥ J (S \ L)− J (S \ (L ∪ U)), (155)

so that using h = L+ 1
mR
∇−J (S \L)U , where∇−J (S \L)U is the gradient in all directions in

U .
J (S \ L)− J (S \ (L ∪ U)) ≤ 1

2mR
∥∇ − J (S \ L)U∥22 (156)

Lemma 9. Suppose that the set-function J̄ (·) for the negated restricted strongly concave objective
−J on R, as defined in Definition 1, then the increment in the objective for the removal along the
maximal gradient according to F2I for points in R, is related to removing the optimal set T ∗ by

J̄ (S(k+1))− J̄ (S(k)) ≥ mR

(|R| − |S \ S(k)|)MR
(J̄ (T ∗)− J̄ (S \ S(k))).

Proof. We again begin this proof with the strong restricted concavity on R from Definition 1.

J (S(k))− J (S(k+1))− ⟨∇ − J (S(k)), h⟩ ≥ −MR

2
∥h∥22. (157)

The removal direction h is chosen according to the largest gradient in F2I (Algorithm 1) h = αej ,
where it’s the j-th sample that is selected for removal.

J (S(k))− J (S(k+1)) ≥ ⟨∇− J (S(k)), αej⟩ −
MR

2
α2 (158)

= α∥∇ − J (S(k))∥∞ −
MR

2
α2. (159)

We replace the inner product with the infinity norm, due to removing the next sample with the largest
gradient. Further, we obtain for α = ∥∇−J (S(k))∥

MR
the tight bound

J (S(k))− J (S(k+1)) ≥ 1

2MR
∥∇ − J (S(k))∥2∞. (160)

Next, we can lower bound this further using the optimal removal set T ∗ = S \ S∗ ⊆ R. Let us
therefore define SR = T ∗ \ (S \ S(k)), which is the set of samples that are in the optimal removal
set but have not yet been removed. We can bound the infinity norm using the mean ℓ2 norm among
all of the candidates in this remaining set:

J (S(k))− J (S(k+1)) ≥ 1

2|SR|MR

∑
j∈SR

⟨∇ − J (S(k)), ej⟩2 (161)

=
1

2|SR|MR
∥∇ − J (S(k))SR∥22. (162)
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Substituting Lemma 8 into Equation (161), yields:

J (S(k))− J (S(k+1)) ≥ mR

|SR|MR
(J (S(k))− J (SR ∪ (S(k)))) (163)

≥ mR

(|R| − |S \ S(k)|)MR
(J (S(k))− J (S \ T ∗)). (164)

From the definition of the set-function in Lemma 1, we obtain that

J̄ (S(k+1))− J̄ (S(k)) ≥ mR

(|R| − |S \ S(k)|)MR
(J̄ (T ∗)− J̄ (S \ S(k))). (165)

Theorem 1. Let the set-function J̄ be defined as J̄ (T ) = J (S)− J (S \ T ) for a compact A and
bounded, twice continuously differentiable kernel k. If the inner MAP II for σ2

w has a unique solution
and−J is mR restricted strong concave and MR restricted smooth for all potential removals R ⊇ T
(Definition 1), satisfying Lemma 7, then approximate submodularity of J̄ guarantees

J̄ (S ′) ≥ (1− e−γ) max
S∗⊆S

|S∗|=|S′|

J̄ (S∗), where γ = mR

MR
.

Proof. In Lemma 2, we have shown that the point selection in F2I, according to−u(x)−v(x) has been
along the maximal gradient of the complement forward process J̄ according to Lemma 1. Therefore,
given that our objective satisfies the restricted strong convexity and smoothness in Definition 1, with
the Hessian in Lemma 4 we bound the k-th incremental greedy removal along the maximum gradient
−u(x)− v(x), with the incremental gain from adding the optimal set (J̄ (T ∗)− J̄ (S \ S(k))) by
Lemma 9:

J̄ (S \ S(k+1))− J̄ (S \ S(k)) ≥ mR

(|R| − |S \ S(k)|)MR
(J̄ (T ∗)− J̄ (S \ S(k))). (166)

Further, we observe analogous to the proof of [18, Theorem 3], that

J̄ (S \ S(k+1))− J̄ (S \ S(k)) = (J̄ (T ∗)− J̄ (S \ S(k)))− (J̄ (T ∗)− J̄ (S \ S(k+1))), (167)

so that we can rewrite using Equation (166) from Lemma 9

(J̄ (T ∗)− J̄ (S \ S(k+1))) =(J̄ (T ∗)− J̄ (S \ S(k)))− (J̄ (S \ S(k+1))− J̄ (S \ S(k))) (168)

(J̄ (T ∗)− J̄ (S \ S(k+1)))
166
≤
(
1− mR

(|R| − |S \ S(k)|)MR

)
(J̄ (T ∗)− J̄ (S \ S(k))). (169)

Hence, from this follows that we can bound the k-th optimality gap with

(J̄ (T ∗)− J̄ (S \ S(k))) ≤
(
1− mR

(|R| − |S \ S(k)|)MR

)k

(J̄ (T ∗)− J̄ (S \ S(0))). (170)

Hence, we obtain according to the exponential inequality that

J̄ (S \ S(k)) ≥ (J̄ (T ∗)− J̄ (S \ S(k)))(1− (1− C)k) (171)

≥
(
1− e

−mR
MR

)
max
T⊆S

|T |=|S\S(k)|

J̄ (T ). (172)

M Experimental Validation of Concavity
In this section, we demonstrate that our theoretical derivations match the empirically observed
behavior of the removal process. Therefore, we investigate the curvature of the negated objective
−J (T ), restricted to the removal directions T . We have derived in Lemma 2 that −u − v is the
gradient direction for this optimization problem. Hence, the curvature of the maximization problem
has to be concave in the removal direction to achieve an improvement in the uncertainty. All possible
directions in S, may not be concave, however we are only interested into the points that we remove
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T ⊆ R. In each removal step k one more sample of T is removed from S, resulting in S(k) until
the algorithm terminates and returns S ′ = S \ T . To verify the curvature condition of Lemma 5
empirically, we evaluate the principal submatrix HR(S(k)) of

H(k) = Hepi,(k) +Hale,(k) (173)

restricted to the indices Rk = T ∩S(k) of all removal candidates still present at step k. We then track
the restricted curvature at each step via the scalar curvature H

(k)
Rk

[ik, ik] of the point currently being
removed, and additionally report the spectral bounds

λmin

(
HRk

(S(k))
)
≤ λmax

(
HRk

(S(k))
)

(174)

which directly correspond to −MR and −mR in Lemma 5. We demonstrate these quantities in
Figure 27 for the provided Forgetting to Improve examples in Figs. 1, 7 and 8. We observe that
the curvature bounds depend on the prior parameter a, as described in Lemma 7. Thereby, larger
prior parameter a lead to more stable curvature behavior throughout the removal process. While
for the Dow Jones as well as the asymmetric task the restricted curvatures are clearly convex for
a = 1, which corresponds to having no prior, increasing the prior parameter a improves concavity by
stabilizing the aleatoric curvature.
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Figure 27: Visualization of the restricted curvature bounds (Equation (174)) for Forgetting to Improve
on the Dow Jones data set in Figure 1, the asymmetric test-function in Figure 8, and the symmetric
test-function in Figure 7.
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