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ABSTRACT

The classic teacher-student model in machine learning posits that a strong teacher
supervises a weak student to improve the student’s capabilities. We instead consider
the inverted situation, where a weak teacher supervises a strong student with
imperfect pseudolabels. This paradigm was recently brought forth by Burns et al.
(2023) and termed weak-to-strong generalization. We theoretically investigate
weak-to-strong generalization for binary and multilabel classification in a stylized
overparameterized spiked covariance model with Gaussian covariates where the
weak teacher’s pseudolabels are asymptotically like random guessing. Under
these assumptions, we provably identify two asymptotic phases of the strong
student’s generalization after weak supervision: (1) successful generalization and
(2) random guessing. Our techniques should eventually extend to weak-to-strong
multiclass classification. Towards doing so, we prove a tight lower tail inequality
for the maximum of correlated Gaussians, which may be of independent interest.
Understanding the multilabel setting reinforces the value of using logits for weak
supervision when they are available.

1 INTRODUCTION

Motivated by the problem of aligning increasingly capable models, Burns et al. (2023) introduced the
framework of weak-to-strong generalization', which draws an analogy between humans supervising
superhuman Als and weaker teacher models supervising stronger student models. This inverts the
classic teacher-student model framework, which typically assumes that the teacher is stronger than
the student. Burns et al. (2023) found that using GPT-2 to finetune GPT-4 can recover most of the
performance of standard supervised finetuning with human-annotated data across standard NLP
benchmarks, but struggles on more difficult tasks such as chess puzzles or reward modeling. One
failure mode observed by Burns et al. (2023) is that the strong student sometimes learns to mimic the
weak teacher, i.e. the strong model overfits to the limitations of the weaker one. Since Burns et al.
(2023), this phenomenon has been studied in a variety of other empirical settings (see e.g. Ji et al.
(2024); Guo et al. (2024); Liu & Alahi (2024); Yang et al. (2024); Tao & Li (2024)).

These empirical observations naturally lead to the question that we aim to answer in this paper: Can
we identify a simple, concrete theoretical setting where we can provably exhibit different phases of
weak-to-strong generalization? Below, we survey closely related areas of research.

Pseudolabeling and synthetic data. In semi-supervised learning, pseudolabeling refers to the
method of using one model’s outputs to generate pseudolabels for unlabeled data (Lee et al., 2013;
Arazo et al., 2020; Rizve et al., 2021; Zhang et al., 2021; Cascante-Bonilla et al., 2021; He et al.,
2024). These pseudolabels are then used to supervise the target model. We consider using the weak
model to generate pseudolabels for the strong model in our concrete setting.

'This situation is related, but slightly different, from the earlier identified problem of easy-to-hard generaliza-
tion (see e.g. Schwarzschild et al. (2021); Hase et al. (2024)) wherein a model is trained on “easy” cases but has
to generalize to “hard” cases. The most important distinction is that in weak-to-strong generalization, the weak
teacher actually gets things wrong.



Published as a conference paper at ICLR 2025

Synthetic data generation is another widely popular paradigm for scaling up models in the absence of
human-annotated data; see, e.g. (Nikolenko, 2021; Liu et al., 2024; Chen et al., 2021; Figueira &
Vaz, 2022) and references therein. In this approach, one uses generative models to generate synthetic
data, which can then be labeled and used to supervise other models. The use of synthetic data to
train models resembles the weak-to-strong setup that we study, although we assume the unlabeled
datapoints are generated from the ground-truth distribution. Nevertheless, we believe that extending
our techniques may yield interesting insights on the success and failure modes of synthetic data.

Supervised finetuning and scaling laws. In contemporary deep learning, the dominant paradigm is
to pretrain large (e.g. billions of parameters) models on copious (e.g. trillions of tokens) unlabeled
data in a self-supervised fashion and then finetune the model on relatively tiny (e.g. less than 100K)
finetuning datasets. The prevailing wisdom suggests that (1) pretraining helps the model learn useful
features that can be repurposed for specific tasks and (2) the optimal size of models should scale with
the amount of data (see, e.g. (Kaplan et al., 2020; Wei et al., 2021; Wang et al., 2022b; Liu et al.,
2022; Hoffmann et al., 2022)). Much effort has gone into improving the effectiveness and efficiency
of finetuning (Houlsby et al., 2019; Hu et al., 2021; Lester et al., 2021; Dettmers et al., 2024).

According to NTK theory, if the model weights do not move far from initialization during finetuning,
we can approximate finetuning as training a generalized linear model using (tangent) features. These
features arise from the gradients of the network’s outputs with respect to the parameters at finetuning
initialization. This motivates our studying the behavior of interpolating linear models in the context
of supervised finetuning. Our concrete theoretical setting sits within the Gaussian-features linear-
model style of Wei et al. (2022); Belkin et al. (2020); Mei & Montanari (2022); Bartlett et al.
(2020); Muthukumar et al. (2020; 2021); Chatterji & Long (2021); Wang & Thrampoulidis (2021);
Subramanian et al. (2022); Wang et al. (2022a); Wang et al. (2021); Cornacchia et al. (2023).

Knowledge distillation. The topic of weak-to-strong generalization is related to the extensive
literature on knowledge distillation, which originated in the desire to compress large powerful models
(teachers) into smaller ones (students) (Hinton et al., 2015; Bucilua et al., 2006). See Gou et al.
(2021) for a general survey. Theoretical perspectives for the essentially underparameterized case were
developed in Phuong & Lampert (2019); Ji & Zhu (2020), and the theoretically engaged literature in
this area has continued to expand; see Yuan et al. (2024); Ojha et al. (2023); Safaryan et al. (2023);
Alballa & Canini (2024); Hong et al. (2024); Sarnthein et al. (2023); Zhao & Zhu (2023); Das &
Sanghavi (2023); Xu et al. (2024); Nagarajan et al. (2023); Borup & Andersen (2023); Harutyunyan
(2023); Stanton et al. (2021); Mobabhi et al. (2020) for a few representative more recent examples.

The question of how knowledge distillation can improve the student’s generalization to surpass the
teacher (especially when they have the same architecture) has led to the identification of several
different underlying mechanisms (Yuan et al., 2024; Safaryan et al., 2023; Sarnthein et al., 2023; Das
& Sanghavi, 2023; Nagarajan et al., 2023; Mobahi et al., 2020). Of these, the closest in spirit to our
approach is the regularization viewpoint of Mobahi et al. (2020), which studies a kernel-regression
model. They call out the crucial role of the spectrum of the Gram matrix — more specifically,
self-distillation accentuates the importance of the larger eigenvalues, which has a regularizing effect
by making the corresponding basis functions more prominent in the learned pattern.

Concurrent theoretical work. Zhang et al. (2024) engages with generative models and observes
that temperature can play an important role in allowing a trained model to surpass its training sources.
Somerstep et al. (2024) takes a transfer-learning perspective and asserts that naive fine-tuning on
weak pseudolabels tends not to work; our results show conditions where this does in fact succeed.
Charikar et al. (2024) takes a representation-centric perspective in a regression setting and zooms in
on the question of how much better the representation is for the stronger model. Lang et al. (2024)
studies the classification setting and takes a neighborhood perspective that posits that the stronger
model’s neighborhood structure allows it to average over the weak labels to get generalization. At a
high level, our work along with Mobabhi et al. (2020); Charikar et al. (2024); Lang et al. (2024) all
circle around the idea that weak-to-strong generalization works when the cascading learning process
purifies representations in the true direction and contracts in false directions.
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1.1 CONTRIBUTIONS

In this paper, we explore weak-to-strong generalization in a stylized theoretical model that captures
the dynamics of finetuning with weak supervision studied in Burns et al. (2023). Under a simple
overparameterized spiked covariance model for the pretraining features, we prove that finetuning an
overparameterized linear classifier using minimum ¢, norm interpolation on top of these features
provably exhibits two distinct phases of weak-to-strong generalization. In particular, under certain
scalings, as we increase the number of weakly labeled finetuning examples, the strong learner’s
asymptotic accuracy transitions from (1) random guessing to (2) perfect generalization; see Section 3
for a precise statement.

To be specific, we study the generalization of interpolating linear models with and without weak
supervision. Although our results can be generalized to any weak teacher which produces logits using
a linear head, we assume for the sake of concreteness that the weak teacher is also an interpolating
linear model which can be fully expressed by the strong student. We discuss how our theoretical
results connect to realistic supervised finetuning scenarios in Section 4.

Our results strongly hinge on the tight analysis for benign overfitting in multiclass classification in
Wu & Sahai (2024), although the study of benign overfitting for regression and binary classification
was already carried out by Bartlett et al. (2020); Muthukumar et al. (2021).

2 PRELIMINARIES AND SETUP

Below, we set up the weak-to-strong learning task in Section 2.1, along with the data assumptions in
Section 2.2, and finally specify the concrete end-to-end learning algorithm we study in Section 2.3.

2.1 WEAK-TO-STRONG SETUP

To study weak-to-strong generalization, we will consider a simple setup which encapsulates the dy-
namics of standard supervised finetuning as well as training linear probes on intermediate activations.
We will now give a high level description of the weak-to-strong setting, and in subsequent sections
formally define the specific assumptions we make to theoretically study weak supervision.

Suppose we have n labeled datapoints and m = n* unlabeled datapoints, where v > 1. This matches
the modern ML paradigm where labeled data is scarce and unlabeled data is abundant.

We assume that we have access to two sets of features extracted from the datapoints: the weak and
strong features. Using these features, we will create a weak-to-strong setup with a weak model and a
strong model, where the weak model is used to generate hard pseudolabels to train the strong model
(see Procedure 1 for a formal definition). The learning task at hand is binary classification, where
each model uses its respective features obtained from the datapoints — see Section 4 for how our
techniques apply to the multiclass setting.

Clearly, to get nontrivial learning guarantees, there needs to be some relationship between the weak
and strong features. To specify this, we will assume that the weak and strong features come from an
appropriate weak-to-strong ensemble of features, which we formally define in Section 2.2. One way
to interpret the weak-to-strong ensemble is that the true hidden direction is highlighted more in the
strong features than the weak features; see Figure 1.

In supervised finetuning and linear probing, the strong and weak features come from pretraining via
the neural tangent features and intermediate activations, respectively. For example, in the GPT2 to
GPT4 weak-to-strong setup of Burns et al. (2023), the weak features come from GPT2 pretraining,
whereas the strong features come from GPT4 pretraining.

Broadly speaking, we study the case where the true labels are generated by a distinguished (but
unknown) low-rank subspace hidden in very high dimensional space.

To be concrete, we will study two different classifiers in this setup:

(1) fuweak: train/finetune on n datapoints using weak features in R%< and ground-truth labels.

(2) fuos: train/finetune on m > n datapoints using strong features in R? and hard pseudolabels
generated from feak-
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We study a scheme where fe.k and f,os are linear models trained by performing minimum ¢o
interpolation (MNI) on their respective training sets; see Section 2.3 for a formal definition of MNI.

Remark 2.1. Instead of training with hard (categorical) pseudolabels, one could use the real-valued
scores from fueak- This would only affect constants which are not crucial to any of our results.

We will measure generalization via the test accuracy of these classifiers. In particular, let £(-) be the
0-1 loss function, and let E[{(-)] be the expected test error over a fresh test sample. We introduce the
following desiderata to define weak-to-strong generalization for binary classification.

Desiderata 1. The main desiderata are the following:

(i) The strong model asymptotically generalizes* when trained on the m weakly labeled data-
points: E[l(fus)] = 0n(1).

(i1) The strong model can fully represent the weak model.

(iii) The weak model asymptotically does not generalize: E[{(fueak)] = 5 — 0n(1).

In Section 3, we show that the above desiderata are achievable in a simple toy model; see Theorem 3.3
for a formal statement. This paints a rather striking picture: there are situations where the weak labels
asymptotically look like random guessing (Desideratum 1.iii), the strong model can perfectly imitate
the weak labels (Desideratum 1.ii), yet the strong model still asymptotically generalizes by extracting
enough signal out of the plentiful weak labels (Desideratum 1.i).>

We also include some bonus desiderata, which paint a comparison to natural alternative training
methods. We can also provably achieve these bonus desiderata in certain regimes; see Remark 3.4.

Desiderata 2. The extra desiderata are the following:

(i) PCA cannot recover the low-rank structure from n + m observations of the strong features.

(ii) Let fstrong be the strong model when trained on n datapoints using strong features in R¢
and ground-truth labels. Then fsong asymptotically fails: E[l( fsirong)] = % —o,(1).

2.2 DATA MODEL

Throughout, we will consider data with zero mean Gaussian covariates, which can be viewed as an
idealized version of the pretraining features or representations. These covariates are generated from
an ambient standard Gaussian vector g = (g1,...,gp) € R”. We make Gaussianity assumptions
for the sake of theoretical tractability; in Section 4 we discuss potential extensions to other settings.

Covariates. A learner observes iid features x; ~ N (0, 3), where we emphasize that the feature
covariances ¥ € R4*? are unknown and different for each learner. The different ¥’s capture how
weak or strong the features are for each model; we make this precise below. Note that x; is a
linear transformation of the underlying randomness g; ~ N (0, Ip). We will often refer to the
eigendecomposition ¥ = UAU T, where U € R4*? is orthogonal and A € R*? is diagonal.

Labels. For binary classification, we consider hard labels generated by the signs of Gaussians, so
that y = sgn((g, v.)), where v, is an unknown unit-norm direction. To analyze the generalization
of various learners, we will allow ourselves to study labels generated by various directions v, not
just the true v,, all of which we assume are unknown.* For multiclass classification, we assume the
labels are generated via y = arg max . (g 'U(j)> where v{", ..., v¥) are all unknown.
JERINT Bx /> Ko TR

Following Muthukumar et al. (2021); Subramanian et al. (2022); Wu & Sahai (2024), we will make
the following assumption on the true label directions to simplify the analysis. However, to study
weak-to-strong generalization, we will eventually have to analyze a weak label direction which is not
1-sparse. One of our main contributions is showing how to analyze this case.

>The natural extension to multiclass settings with k different classes would require E[¢( fueak)] = 1 — O(3).

3In particular, Desideratum 1.ii allows the failure mode of the strong model imitating the weak model and
also rules out more trivial sources of weak labels, such as independent label noise. If the strong model cannot
represent the noise in the weak labels, then weak-to-strong generalization is intuitively much simpler.

“To study weak supervision, we take v = Wueak, the direction that the weak model learns.
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Assumption 1 (1-sparse assumption). We say that the labels satisfy the 1-sparse assumption relative

to covariance . if the following holds. The label defining direction v, (directions v£1), e ,'vfkk) for

multiclass) is aligned with a top eigenvector (top-k eigenvectors for multiclass) of 33 such that, in an
(2)

eigenbasis where v, = ey and vy’ = e;, respectively, we have
y = sgn(r1) (Binary)
Y = argmax; (Multiclass)
JE[K]

For example, if the 1-sparse assumption holds for the strong covariance, then in a strong eigenbasis
where the strong features are independent, the labels are generated by axis-aligned directions.

Bi-level ensemble and weak-to-strong ensemble. To simplify the analysis, we follow Muthukumar
et al. (2021); Subramanian et al. (2022); Wu & Sahai (2024) and assume the eigenvalues A of the
covariance are parameterized by the bi-level ensemble defined shortly. The bi-level ensemble is a
simple overparameterized version of the well-known spiked covariance model for PCA.

Definition 1 (Bi-level ensemble). Let x ~ N (0, ), where the covariance ¥ = UANU ". The bi-level
ensemble parameterizes A = A(p, q,r), wherep > 1,0 < r < 1, and 0 < q < (p — r). The number
of features (d), number of spiked directions (s), and degree of favoring (a) all scale with the number
of training points (n) as follows:

d=1|nPl,s=|n"],a=n"19. (1
Then A = diag(\;);c[q), where
ad 1<j<s
YR SO 2
J {(1 dias)d7 otherwise @

If the above holds, we refer to x, A, or ¥ as being drawn from the bi-level ensemble. We use the
shorthands \p = “?d and \yy £ (ld_ia)d to denote the favored and unfavored eigenvalues, respectively.

—S
In particular, the parameterization controls the total number of features, d = n” > n, as well as the
dimension of the low-rank subspace s = n” < n. For multiclass classification, we allow the number
of classes to also scale with the number of datapoints n.

Definition 2 (Scaling for multiclass). For multiclass classification with k classes, we have k = ¢y, LntJ
where 0 < t < r and cy, is a positive integer:

We now pin down a concrete weak-to-strong ensemble, which boils down to specifying the joint
distribution of the weak and strong features. We impose a subset relationship between the weak and
strong features in the strong basis; see Figure 1 for a diagram.

Assumption 2 (Weak-to-strong subset ensemble). Let A = A(p,q,r) € R*? denote the strong

eigenvalues and Ayeak = A(Puweaks Qweak, Tweak) € Réweak X dwesk dJonote the weak eigenvalues, both

1—aweak) dw,
Buskuese gl Ny peqe 2 L@ gopote the

drawn from the bi-level ensemble. Let A\ weak £ p— 7 ——
weak favored and unfavored eigenvalues, respectively. Let U be any distinguished eigenbasis of

where v, = ey (Assumption 1). The weak and strong features in the basis U are related as follows.
(1) Zstrong ~ N(0, A), where A = Ap s + AvTjap\[s)-

(2) There exists subsets of coordinates S C [s],T C [d] \ [s], with 1 € S and |S| = Sweak, Such
that

A F,weak AU, weak d
Lweak = ( Aiw;ans + %HT)CL'strong - N(O; )\F,weakIS + )\U,weakIT) .

Here, 11 s denotes the projection onto the axis-aligned subspace indexed by S.

We will often abuse notation and restrict Tyeak € R4 to the coordinates in SUT, VIEWINg Tyeak €
Rk Hence, the weak favored features are a subset of the strong favored features, the weak
unfavored features are a subset of the strong unfavored features, with different bi-level scalings, and
furthermore the 1-sparse assumption holds for both ¥ and Y yeak-

Clearly, under Assumption 2, desideratum 1.ii is satisfied, and the subset ensemble is essentially the
simplest relationship between the features one could impose to achieve the desideratum. In Section 4,
we discuss how we expect the results to change if we relax these data modeling assumptions.
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Subset ensemble

<> Strong favored
(%}
[0}
?DD Weak favored
2 2
s =
% E Strong unfavored
[} []
! § Weak unfavored
0 s=n" d=nP

Feature index j

Figure 1: Visualization of subset ensemble (Assumption 2) relating weak and strong features. Notice
the decreased favoring for the weak features, and how the weak features are a subset of the strong
features in their respective category. Hence, a linear model on the strong features can simulate one
on the weak features (Desideratum 1.ii). Moreover, the label defining directions, represented by the
green shaded box, are in the span of both the weak and strong features.

2.3 LEARNING ALGORITHM

Our models are all trained using minimum ¢5-norm interpolation (MNI), which corresponds to the
asymptotic behavior of gradient descent with zero initialization (Ji & Telgarsky, 2021). Define the
data matrix X € R"*“by X" £ [x; -+ x,]. Let y) € R" be the (centered) one-hot vector
for class i € [k]. In MNI, we learn a linear score function f(*) via the optimization problem

FO =argmin|flla st Xf =y, (MND)

The coefficients of f(*) can be easily computed to be () = X T(X X ")~ 1y() &£ XT A~ 194
where the matrix A 2 X X T € R"*" is the unnormalized Gram matrix and invertible almost surely.

At test time, given a fresh sample @5t ~ N (0, ), in the binary case we predict § = sgn((f, Tiest))s
and for multiclass we predict the class with the highest score: § = arg Max; cy] < £, xte5t> . To
be very explicit, let us formally define the end-to-end traning procedure for weak-to-strong binary
classification (cf. the description before Remark 2.1), with an obvious extension to multiclass settings.

Procedure 1 (Weak-to-strong training). The weak learner observes an initial dataset of n datapoints
(%4, weaks Yi )ic[n]> Where T weak are the weak features for the ith datapoint and y; = sgn({(g;, v«)) is
the corresponding clean hard label. We train fyeax € R using MNI on these n clean datapoints.

Then, both learners observe m extra unlabeled datapoints, where the weak model sees weak features
(%5 weak) je[m] and the strong model sees the corresponding strong features (T strong) je[m]- Generate

m hard pseudolabels via Jjweak = SgN((fueak, Tjweak)), and use MNI to train fuzs € R on
(T strong yj,weak)je[m]-

3 MAIN RESULTS

In this section, we state our main results for binary classification (Theorem 3.3) and multilabel
classification (Theorem 3.5). We focus on the regime ¢ + 7 > u and Qweak + Tweak > 1, since
Muthukumar et al. (2021, Theorem 13) implies that these are the only nontrivial regimes for binary
classification under the bi-level ensemble.

In this regime, we also tighten the previous error rates for binary and multiclass classification in the
bi-level ensemble from (Wu & Sahai, 2024, Theorem 3.2); the proof can be found in Appendix E. To
that end, we establish a new concentration inequality for the lower tail of the maximum of correlated
Gaussians, which may be of independent interest; we defer its statement to the end of this section.

Theorem 3.1 (Regimes with clean labels). Suppose the strong features have bi-level covariance
Y = X(p, q,r) (Definition 1), where q+1 > 1, the true multiclass labels are 1-sparse (Assumption 1),
and the number of classes k = LntJ (Definition 2). Then the test error for fsirong MNI-trained with n
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clean multiclass labels satisfies

E[g(fstrong)} == {Tn_(l(z)’( 1) lf t< min {1 - 7-Strong}

&

3

if ¢ > min {1 -, Tstrong} ’

where Tstrong Lp+1— 2(q + r). Furthermore, for binary classification (i.e. k = 2), the explicit
error rates are given by

1 1
Blt(fareng)) = 5 — — axctan(©(n")). @

By generalizing other results from Wu & Sahai (2024) to handle imperfect labels, we formally
establish weak-to-strong generalization for binary classification in the subset ensemble. We give a
brief technical overview of the proof in Section 3.1 and prove it formally in Appendix C.

Theorem 3.2 (Weak-to-strong generalization for subset ensemble). Consider the setup in Procedure 1
where the weak model fyeax is MNI-trained on n correctly labeled examples and the strong model f,2s
is MNI-trained on m = n" weakly pseudolabeled examples, where q + r > u and Queak + Tweak > 1.
In addition, we make the following data assumptions:

(1) The true binary labels are 1-sparse (Assumption 1) for the strong covariance.

(2) The weak and strong features follow the subset ensemble (Assumption 2) with bi-level
eigenvalues A(p, q, ) and A(Pweak, Gweak, "'weak ), respectively, scaled relative to n.

(3) There are not too many weakly labeled examples: u < +1+q+r72(qw“k+rwe"k).

Recall Tstrong L2p4+1-— 2(q + ). Then, the resulting test error for fuos satisfies

On(l) if u > Qweak t Tweak — min{l — T, Tstron }
E[l(fu = ’ s g 5
[€( fuwas)] {% —0,(1), if U < Gueak + Tweak — min {1 — 7, Tstrong - ()

In other words, under the stated parameter regimes, weak-to-strong generalization occurs when
the strong model is trained on sufficiently many weak binary labels.> Figure 2 demonstrates that
the conditions for weak-to-strong generalization are not vacuous. We make the third enumerated
assumption for technical reasons, but we believe this condition is essentially tight.

By combining Theorems 3.1 and 3.2, we obtain the exact conditions where the main desiderata from
Section 2 are satisfied in the bi-level ensemble. The regimes where our theorem applies are depicted
in Figures 2a and 2b, and we validated our theory with numerical simulations of MNI with n = 50 in
Figures 2c and 2d; see Appendix F for more details on the experiments.

Theorem 3.3 (Main result). Under the same setup as Theorem 3.2, all the core weak-to-strong
desiderata Desiderata 1. to 1.iii are satisfied under the following conditions:

U > Gueak + Tweak — Min {1 — 7, Totrong } (Weak-to-strong generalization)
0 > Tweak, (Weak model does not generalize)

where Tyeak = Pweak + 1 — 2(qGueak + Tweak) and Tstrong 2 p+1—2(q+7). In particular, the
conditions on the number of weak examples m = n* are non-vacuous as long as

Tw2s ép"' 1- (Q+T+QWeak +Tweak) > 0.

Note that under Assumption 2, Desideratum 1.ii is immediately satisfied since the weak features are
spanned by the strong features. Also, as a sanity check, we confirm that whenever weak-to-strong
generalization occurs with m weak labels, the strong model would generalize with m clean labels. By
Theorem 3.1, if the strong model was instead trained on m = n" clean examples, it would generalize
whenever u > 2(g + ) — p. By expanding the definition of Tgtrong and using gweak + "weak > 1,

U > Qweak + Tweak — Tstrong = 2((] + 7") —-p+ (CIWeak + Tweak — 1) > 2((] + ’I“) - Db

which recovers the condition with m clean labels stated above.

SWe expect weak imitation to occur as soon as m >> d if the models are trained using gradient descent, i.e.
the classic underparameterized regime with more weakly labeled datapoints than features.
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Remark 3.4 (Bonus desiderata). If ¢q+1r > u, as in the setup of Theorem 3.3, PCA fails to recover the
spiked subspace (Shen et al., 2013; Fan & Wang, 2015), so the bonus Desideratum 2.1 automatically
holds. Additionally, by using the condition for where the strong model fails with n clean examples from
Theorem 3.1 (Tstrong < 0), one can construct parameter regimes where the bonus Desideratum 2 .ii
also holds. The theorem also implies the strong model cannot bootstrap its own performance. Indeed,
some basic algebra Shows Twzs = Tstrong = Tweak If (D ;) = (Pweak, Qweak, T'weak)-

We can extend the above result to the multilabel setting, which is a variant of multiclass classification
where a datapoint can have multiple positive labels. The basic idea is that multilabel training can
be approximated as several independent binary classification problems, and then we can apply the
binary analysis. Since this requires additional setup, we defer the formal details to Appendix D.

Theorem 3.5 (Informal, see Theorem D.3). Under the analogous assumptions as Theorem 3.3 for
multilabel classification, there is weak-to-strong generalization for f.os trained on m weakly hard
multilabeled examples from feak in the exact same regimes.

The above result also suggests an interesting result for true multiclass problems with one-hot labels.
In particular, one can use the multilabel scheme to generate weak multilabels for a multiclass weak-to-
strong classifier f,»s. One can argue that whenever multilabel weak-to-strong generalization occurs,
so too does multiclass weak-to-strong generalization (see Appendix D.1 for more justification). By
comparing to the regimes for clean multiclass labels due to Theorem 3.1, there exists regimes where
the strong model would fail if trained using the same number of clean multiclass labels (i.e. only
one positive label per example). At a high level, this can happen because there are too many classes,
which sparsifies the label vectors. In contrast, the weak multilabels do not suffer from the sparsity
issue, even though the underlying signal is noisier. This appears to be related to the strategy of using
soft labels or logits in the pseudolabeling and knowledge distillation literature.

Regime Diagram Regime Diagram

= fails = fails
B generalizes B generalizes

(a) (q, T) = (097 08)7 (pweak: Qweak Tweak) = (b) (q, 'f') = (097 05), (pweaky Qweak Tweak) =
(1.4,0.9,0.4). (1.1,0.9,0.2)
09 /// 09
o7 e — o7 //
6 e —
(© (p,g,7) = (2,0.6,0.6), (Pweak, Gueak, Tweak) = @ (p,q,7) (1.5,0.6,0.8), (Pweak, Gweak, Tweak) =

(1.4,0.9,0.5). (1.4,0.9,0.5).

Figure 2: (Top): Regime plots for weak-to-strong generalization based on Theorem 3.3. The blue
region is the successful w2s regime, and the red region is where w2s training fails. The white
region corresponds to regimes where either the hypotheses of the theorem fail to hold, or invalid
settings of parameters for the bi-level ensemble. (Bottom): Comparison of simulations of MNI test
accuracies for two different regimes where n = 50. Observe how the weak accuracy is close to
random guessing and how the weak-to-strong accuracy increases as m increases. As corroborated by
the plots, Theorem 3.3 predicts w2s success in Figure 2c¢ and failure in Figure 2d.
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Finally, we state the aforementioned concentration inequality for the maximum of correlated Gaus-
sians, which may be of independent interest. Our result complements the sharp bound of Lopes &
Yao (2022) for more moderate deviations; the proof can be found in Appendix E.

Theorem 3.6 (Lower tail for correlated Gaussians). Let pg € (0, 1) be a parameter bounded away
from 0 and 1, and let (g;);cn) be jointly Gaussian with zero mean and unit variance. Suppose

Elg:g;] < po for all distinct i, j € [N]. Forany 0 < ty = do+/2(1 — po) log N where §y € [0, 1) is
bounded away from 1, there is a constant C' > 0 depending only on pg such that
1—pg(2=380) =3
Pr {m[%c] gi < tN] < 0. NOT0 0=50) (10 Y am s
i€

Po

In particular, one can take C' = If we further have E[g;g;] = po for all distinct i, j and

1—po”
ty = 0(1%)’ then Pr[maXiG[N] gi < tN] = @(le%(logN)ﬁfl).

3.1 TECHNICAL OVERVIEW

In this section, we illustrate the main ideas of the proof of Theorem 3.2. Recall that the true label is
sgn(z,), where . = (grest, U« ). Thus, studying weak-to-strong generalization amounts to analyzing

Pr[sgn(<fw257wtest>) = Sgn(x*)L 6)

where the fresh test point et ~ N(0,). Observe that conditioned on the training data X, the
true Gaussian z,. and ( fiyos, Tiest) are jointly Gaussian random variables, so there exist A € R and
g ~ N(0,1) independent of x, such that

<fw2s,a:test> = Az, + g. @)

The exact value of A depends on exactly how much of x..’s signal survives through the weak-to-strong
training process. Intuitively, the larger A is, the higher the accuracy. Indeed, it is well-known from
the classical study of noise stability that the probability in Equation (6) is precisely % + % arctan(\).
To compute A, we use Gram-Schmidt to decompose f2s to obtain the signal and noise with respect
to x.. We term these quantities the survival and contamination of z., respectively. Without loss
of generality, we can rotate to the basis U where the strong features are drawn iid from N (0, A),
where A = diag(Aq, ..., Aq). After applying the basis change, one easily computes ( fuos, Ttest) 4
N(O, A fW25||§). The survival and contamination are then defined as follows.

Definition 3 (Survival and contamination). Let v € RP be a unit vector and let f € R® be a linear
classifier for features drawn from N (0, Zie[d] \iv;v,| ), where vy, ... ,vq € RY are orthonormal.

The survival and contamination of v in f is defined as

SUW) 2 S VAl (v w),  CN() 2 \JIAFIE - SU(w)2,

1€[d]

If f is trained by MNI on y = sgn({(g, w)), we write SU,, (v|w) for the survival of v given n labels
generated from w, and similarly for CN,, (v|w). If n or w is clear from context, we omit them.

To interpret these notions, consider the simple case where v = e; and v; = e;, which is the 1-sparse
setting studied by previous papers. There, the survival is simply just v/A; f[1] and the contamination
is /> ;51 Ai fi]%: this was used to analyze binary classification in (Muthukumar et al., 2021).

In the weak-to-strong setting, we have (fuos, Tiest) = SUp (Vs |Vweak ) Tx + CNyy, (Vs |Uneak ) g> Where
Uweak = Sweak/|| fweak|| s the unit-norm direction learned by the weak model, and g is a standard
Gaussian independent of .. Plugging in z,. = (g, v.) into (7) yields

Pr[sgn(SU,, (vi|vweak )T« + CNyp (Vi | Uneak ) g) = sgn(x.)], )

SUy (V4 [ Vweak)

from which we can read off A = N (0 o)

Thus, the explicit formula for the probability yields

that f,os approaches perfect accuracy if and only if %

approaches random guessing if and only if %’m = o(1).

= w(1), whereas its accuracy
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We now turn to the strategy for controlling the survival and contamination. Using the explicit MNI for-
mula for fieak and fios, this analysis reduces to controlling certain random bilinear forms. Applying
standard eigenvalue concentration results and a version of the Hanson-Wright concentration inequality
for bilinear forms developed by Wu & Sahai (2024), we can precisely control the coordinates of
Sweak, and hence vyeak. Once we have control over vyeak, we can then study fios.

One technical difficulty is that the weak labels are no longer 1-sparse, even if the true labels are. This
marks a departure from previous analyses of benign overfitting in classification, which all assumed
1-sparse labels (Muthukumar et al., 2021; Wang et al., 2021; Wu & Sahai, 2024). To overcome
this obstacle, we develop tools to analyze MNI beyond the 1-sparse regime, namely by using the
Woodbury inversion formula and carefully bounding error terms using Hanson-Wright. Under the
subset ensemble, the explicit parameterizations for the survival and contamination then yield the
stated conditions for weak-to-strong generalization.

4 DISCUSSION

We now discuss further extensions which suggest interesting new weak-to-strong phenomena.

Modeling assumptions. In this paper, we assumed the features were Gaussian for the sake of
theoretical tractability. One could relax this to vector-subgaussian, as this notion is preserved under
rotation. On the other hand, the bi-level and subset ensembles were chosen as a minimal set of
tractable theoretical conditions to study weak-to-strong generalization. In principle, our techniques
could be extended to more complicated feature ensembles, but it would likely be quite involved.

As corroborated by our experiments in Figs. 2c¢ and 2d, in practice one does not observe sharp
transitions in test error from % to 0 using weak supervision — such a sharp transition corresponds
to a Performance Gap Recovered (PGR) equal to 1 in Burns et al. (2023) This phenomenon can
nevertheless be justified by our theory. First, the transition we prove is asymptotic; the rate of
convergence matters to predict the PGR for finite n. Another factor is the 1-sparse assumption for the
true labels. We argue in Appendix G that this is essentially necessary to get this sharp transition in
asymptotic test error. In practice, the true directions are rarely aligned with the eigenvectors of the
covariance, so the transition would instead between different constant levels of test error.

Weak imitation. Our main result Theorem 3.2 uses the subset ensemble Assumption 2 to establish
two distinct phases of weak-to-strong generalization. By adding a third intermediate eigenvalue
level — thus relaxing the bi-level ensemble to a tri-level ensemble — and changing the relationship
between the strong and weak basis, we expect a third distinct regime of weak imitation to occur in
an overparameterized setting. At a high level, this can happen if the weak classifier puts most of its
mass in its own unfavored direction v, but in the strong feature space v has an intermediate level of
favoring. Given enough weakly labeled datapoints, the strong model will eventually learn to imitate
the weak model. Nevertheless, it is still possible for weak-to-strong generalization to occur, with the
regime for weak-to-strong generalization widening as the intermediate favoring level decreases.

Multiclass classification. By leveraging Theorem 3.1 and the techniques developed for binary and
multilabel classification in the appendix, we expect our result to extend to the multiclass setting.
The main technical challenge is controlling the expected weak-to-strong training behavior, which is
significantly more complicated. However, multilabel weak supervision overcomes this challenge and
is more tractable to analyze, as discussed after Theorem 3.5.

Relevance to realistic settings. One connection to more realistic settings comes through the NTK
perspective, as touched upon in the introduction. To reiterate, if finetuning remains in the lazy training
phase, then the supervised finetuning dynamics are captured by an appropriate generalized linear
model defined by the NTK approximation. The strong and weak features are therefore learned from
the pretraining phase. Another relevant setting is training linear probes on intermediate activations
to interpret large models (Alain & Bengio, 2016; Marks & Tegmark, 2023; Nanda et al., 2023; Zou
et al., 2023). Hence, under appropriate overparameterization of the intermediate activations, our
results also apply there. To go beyond classification problems, one could hope to use some recent
implicit bias results for next token prediction (Thrampoulidis, 2024) to study language models.

10
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A PRELIMINARIES

In this section, we lay out some preliminaries for the rigorous justification of our main results, and give
a technical overview in Section 3.1 which motivates the study of the survival and contamination of the
signal, defined formally in Definition 3. In Appendix B, we will introduce tools from high dimensional
probability which can rigorously control the survival and contamination. In Appendix C, we will then
use these tools to prove the main results of the paper for binary classification. Then, in Appendix D,
we will discuss how the same exact proofs extend to the multilabel setting, and in Appendix E we will
prove a tight lower tail inequality for correlated Gaussians which yields Theorem 3.1. In Appendix F
we include some simulations validating in our theory, and finally in Appendix G we give a heuristic
calculation which arrives at the same predictions for the weak-to-strong regimes which should lead to
rigorous proofs even without the 1-sparse assumption.

Notation. For positive integers n, we use the shorthand [n] £ {1,...,n}. For a vector v € R",
||lv]|, always denotes the Euclidean norm. We index entries by using square brackets or subscripts,
whichever is clearer, so v[j] and v; both denote the jth entry of v. For any matrix M € R™*", we
denote its ijth entry by m;;, | M|, denotes the spectral norm, and || M ||, = Tr(M " M) denotes
the Frobenius norm. If M € R™*" is symmetric, we write p1 (M) > p2(M) > ... =2 p,(M) to
denote the ordered eigenvalues of M.

We make extensive use of asymptotic notation. We say f(n) =< g(n)if f(n) = ©(g(n)), f(n) < g(n)
if f(n) = O(g(n)), and f(n) = O(g(n)) if f(n) = O(g(n)log(n)) for some constant ¢ > 0.
When we write f(n) > g(n), we mean that % > n® for some constant ¢ > 0. An event £ is said

to hold with high probability if it holds with probability 1 — 1/n° for some constant ¢ > 0, and very
high probability if it holds with probability 1 — exp(—n®) for some constant ¢ > 0. For us, high
probability statements will be taken with respect to n, the number of datapoints we scale the weak

15



Published as a conference paper at ICLR 2025

and strong features with respect to, but under our terminology it makes no difference whether we use
n or m because they are polynomially related.

In the weak-to-strong ensemble analysis, many of the expressions will depend on g + r, but the
number of datapoints involved will change. In an effort to reduce confusion, we introduce the
following notation.

Definition 4 (Bi-level prefactor). Ifthe covariance ¥ = X(p, q,r) is drawn from the bi-level ensemble
scaled with respect to n, then we define

Aan

i =n'"07" )

s
In particular, if ¢ +r > 1 then p,, < 1. During weak supervision, the strong learner has bi-level
Sfeatures with covariance ¥(p, q,r) scaled with respect to n and receives m = n* weakly labeled
examples. Hence, we define

i 2 % = U (10)

Remark A.1. Note that once a, s are fixed, p,, is linear in n.

B TOOLS FOR ANALYZING SURVIVAL AND CONTAMINATION

In this section, we introduce the basic machinery which can justify the heuristic calculations carried
out in Appendix A. We will heavily rely on the analysis of Wu & Sahai (2024), so in an attempt to
not replicate effort we will comment on how the proofs change in the weak-to-strong setting.

Basis change. Since we have bi-level data and the true direction v, is 1-sparse (Assumption 1),
there are convenient basis changes which will greatly simplify the calculations. In particular, let .S be
the spiked subspace of X, and w be any unit vector. Then any vectors in S are eigenvectors of 3, so
we can pick an eigenbasis U, so that Zong has independent coordinates, v, is 1-sparse, and w is
3-sparse. We state this more formally in the following definition.

Definition 5 (Strong eigenbasis). Given X, v,, and w as above, let U, be the distinguished eigenbasis
of ¥ such that after rotating to U, we have Tsirong ~ N(0,A), v, = €1, and w = wie; + wees +
Ws41€541-

Hanson Wright inequality. Now, we recall a few versions of the Hanson-Wright inequality which
handles bilinear forms between subgaussian vectors.

For the multiclass case, we also need to handle potentially sparse vectors; this version was proved in
Wu & Sahai (2024).

Theorem B.1 (Hanson-Wright for bilinear forms with soft sparsity). Let x = (X3,...,X,) € R"®
andy € (Y1,...,Y,) € R™ be random vectors such that (X;,Y;) are independent pairs of (possibly
correlated) centered random variables such that || X;||,,, < K and Y; has soft sparsity at level o, i.e.

|Y;| < 1 almost surely, and E[Y;?] < 0. Assume that conditioned on 'Y}, X;ll,, < K. Then there
exists an absolute constant ¢ > 0 such that for all M € R™*" and € > 0 we have

2

€ €
Pr[|lz" My — E[z" My]| > ¢] < 2exp| —cmin , . 1D
: ] Koo |a% KM,

Because we are working with MNI, in a typical application we hope to set M = A~'. However, in
order to apply Hanson-Wright, one needs to ensure that the matrix M is independent of  and y.

Decorrelated Gram matrix. As we are working with Gaussian covariates, one way to achieve this
is to decorrelate A with x and y.

Definition 6 (Decorrelated Gram matrix). Let x1, ..., &, ~ N(0, A) be iid samples from a Gaussian
distribution in R%. Let R = {v(l), e ,'u(e)} be an arbitrary set of orthonormal vectors in R? and
for each j € [f), let RY) = (hy,..., h,) € R™ be the corresponding Gaussian observations, where

hi ~ (A172g; b)),
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Define the projection matrix onto R by llp = 3 _p vv'. The R-projection of the data matrix
X g € R"* s defined by

Xr £ XIIp,
and the R-decorrelated data matrix X _p € R"*? is defined by
X r2X(I-Tg)=X — Xg.
The decorrelated Gram matrix is defined by
Ap2X pX',=X(I-Tg)X".
When R = {v}, we will simply abbreviate {v} with v.
Remark B.2. If R does not consist of orthonormal vectors, one can apply Gram-Schmidt first so that

the above definition still makes sense.

It is not hard to show that as defined above, A _ r is mutually independent of {h(j ) }j i

Fact B.3. In the same setting as Definition 6, A_ g is mutually independent of {h(j ) }j i

Proof. The fact that X _ g is independent of the h;’s is due to the fact that if g, h are jointly Gaussian
with zero mean and unit variance, then g — E[gh]h is independent of h. This immediately generalizes
to each row of X, since the entries are all independent for any row. Finally, as the rows are
independent, the statement is proved. O

To relate a bilinear form against A:}% to the original bilinear form against A~!, we will also need
the Woodbury inversion formula for inverting the Gram matrix after decorrelating it with various
features.

Define the hat matrix for R by
Hp 2 X A L X5 (12)
These hat matrices appear in the Woodbury inversion formula. For the sake of notational compactness,
define
Mp £ Xp(I+Hp) "X} . (13)
Fact B.4 (Woodbury inversion formula). We have
A = (XpXp+A gt
=A - AL Xp(I+Hp) 'X,A L (14)
=A L - A LMpA |, (15)

Concentration of spectrum. Finally, in view of Hanson-Wright, we will need to control ||Aj%||2

and Tr (A:}Q). To this end, we control the spectrum of A_ . For any PSD matrix 3 with eigenvalues

A = diag();)ie(q) sorted in descending order and k € [d], define the effective rank rj, () £ Zfi’“/\

We will use the following bounds adapted from Bartlett et al. (2020), which show that the effective
rank of the covariance matrix controls the spectrum of the Gram matrix (and hence the sample
covariance).

Lemma B.5 (Eigenvalue bounds from Bartlett et al. (2020)). Suppose that x ~ N(0,X), where
Y = UAUT. Write A = diag()\;), and let A = XX T € R"*" denote the Gram matrix for n iid

observations of . If x = U A2z, where z has independent, unit variance, O(1)-subgaussian
coordinates, the following holds.

Ifr1(X) = w(n), then with very high probability
TH(A)(1 - (1) < pin(A) < ia(A) < Tr(A)(1 + o(1)

As a corollary, we show that in the regime ¢ + r > 1 in the bi-level ensemble, decorrelating the Gram
matrix with any sublinear number of jointly Gaussian random variables will yield a flat matrix.
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Corollary B.6. Suppose that x ~ N(0,%), where ¥ € R satisfies 111(X) = o(2) and for
any ¢ = o(d), we have puy(X)r¢(X) = d(1 — o(1)) (in particular, this holds ifEfollows the bi-
level ensemble and q + r > 1). Let R be an arbitrary set of orthonormal vectors in R? such that
|R| = o(d), and let A_g be the corresponding decorrelated Gram matrix for n iid observations of
as in Definition 6. Then with very high probability,

d(1=0,(1)) < pn(A-r) < u1(A-g) < d(1+o0,(1))

Proof. First, note that the rows of X _p are iid samples from N(0,X_g), where ¥_p = (I —
Ig)S(I — g).

Let ¢ = |R|; by assumption ¢ = o(d). Since I — Il is a projection matrix, we conclude by Cauchy
Interlacing that 1 (X_g) < p1(X) and fori € {£+1,....d}, pi(¥) < pi(E_g). It follows that

> w (d(lo(l))> (Assumption on )
d/n

> w(n).
Thus Lemma B.5 implies that p;(A_g) = d(1 + o(1)) with high probability.
O

This leads to the following bounds on the spectra of A:}% and the hat matrix H g; this generalizes
Wu & Sahai (2024, Corollary B.5, Proposition B.6).

Lemma B.7. In the bi-level model, for any set of orthonormal vectors R with |R| = o(d), if g+7 > 1,
then with very high probability we have

Tr(AZR) =n'"P(1£o(1))
il < 0oty
1XR X, < on?)
/’LZ(HR) =1+ 0(1)7 (S [d]

Proof. The first two statements are an immediate consequence of Corollary B.6. For the third, let
S, T C R? be the spiked and unspiked subspaces of ¥. Since Xr = (Xg + X7)Ig and using
(A+ B)M(A+ B) < 2AM A + 2BM B, we have

XpX} <2XsX§ +2X7p X7 .

Wu & Sahai (2024, Lemma I.1) implies that HXSX;EHQ < nl797" . nP = o(nP) since g + 1 > 1.
On the other hand, since the law of X is rotationally invariant, one can view XrII RX}r as a
Wishart matrix Y'Y T where Y € R™*|%l. Hence the concentration of singular values for a matrix
with independent subgaussian rows (see, e.g. Vershynin (2010, Theorem 5.39)) implies that with
probability 1 — e~ V™,

| X7 TrX [, < (VIR + Vi +n'/*)? = O(R+n) = o(n?).

,» We conclude that ||XRX]§||2 = o(nP).

For the last statement, since Hr = [+X EA:}%X R, by applying the earlier bounds that j; (Aj%)
nP(1+o0(1)) and 0 < X} X < o(nP), we conclude that p1;(Hg) = 1 4 o(1).

0o

Hanson-Wright calculations. Combining the above results, we can establish a concentration
inequality for the bilinear form 2,/ A=1y.
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Proposition B.8. Let y = sgn({(g, w)) for some unit vector w € R? and R be any set of orthonormal
vectors such that span(R) O {e;, w} and |R| = o(d). Then conditioned on A~ 3, with probability
1-3,

57 Ahy — BleT ATkl < el Ak e

where ¢y is a positive constant. Furthermore, under the bi-level scaling, if ¢ + r > 1, then with very
high probability over A:}% we have

3/2
Elz] A_RylATg] = (i) (1+0,(1)) arcsin(w;) -

Akl = (£ 0u0) Y.

i

als

Proof. Since A:}% is independent of (z;,y), we can apply Theorem B.1 to obtain the first statement.

For the other two expressions, we can apply Lemma B.7 since we assumed ¢ + » > 1. We now
compute the expectation using the noise stability formula:

E[z] AZpy|ATL] = Tr(AZLE[yz/])

3/2

2

= () aresin(w; ) Tr(A:}%) (Noise stability)
s
9 3/2 N

= () (1 £ 0,(1)) arcsin(w;) - oL (Lemma B.7)
™

where the last line holds with very high probability over A:}%.

Finally, for the last statement we have

| ARl = /> m(ATh)?
1€[n]
= [ d>(1+0(1)) (Lemma B.7)
i€[n]

= (110(1))§.

B.1 CONTROLLING THE ERROR FROM WOODBURY

In the previous subsection, we introduced some tools for obtaining concentration of the coefficients
of the MNI classifier fstrong. The remaining survival and contamination reduce to understanding
the typical behavior of bilinear forms 2,/ A~1y. To do so, we work in the distinguished basis U,
introduced in Definition 5. We can thus pick R = {e1, e2, €541} and apply Hanson-Wright to the
bilinear form z; A:}%y. The next lemma bounds the error from replacing A~! with A:}%.
Lemma B.9. Suppose we are in the bi-level model, y = sgn({(g, w)), and g + r > 1. Suppose in the
basis U,, w = wie1 + waes + wyyi1€s41. Let R = {e1, ea, e, y1}. With probability 1 — O(1/n),
we have uniformly over i € [d] that

|2 A7y — 2 ATy S |2 AR X[, | X R ARy,
Furthermore, in the bi-level scaling we have with probability 1 — O(1/n) that

O(/jinn"=") ie2]
sz‘TAj%XRHQ = O0(/Imn 5 +n'"P?) i=s+1
6(\//Tnn7 %) otherwise

and
| XrAZRyll, < i ((Jwr | + wal)n =+ O(n™ %)) + [wep1|n' ™ + O(n# 7).
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Proof. By relating these two bilinear forms using Woodbury, we have

|ziTA_1y — ziTA:}%y| = ‘ziTAj%MRA:}%y| (Fact B.4)
< ||HRH2HZ;A:}gXRH2||XEA:}3yH2 (Cauchy-Schwarz)
< (1+o0(1)||zf AZL Xk, || XrAZRy|, - (Lemma B.7)

It remains to control the above norms, which we achieve through another application of Hanson-
Wright. Indeed, we can compute

— 2 _
|z ATk Xl = > Az ATRz)?
j€{1,2,s+1}
Now, by Hanson-Wright, we have with probability 1 — O(%) that
O(n*=2) j=s+1
Mo(zf A" hze1)? = ~( )
O(n'=2?P) otherwise

Similarly we have with probability 1 — O(--) that

1
O(nP=97" . n2=2) e [2]

AF Z(zi—'—A:}%zj)Q = {~

—q—r  1-2 :
jep] O(nP~97" . nt=2P)  otherwise

Since nP~97" > lasp > q+rand nP~ 97" - n=P = ., it follows that with probability 1 — O(%)
we have simultaneously for ¢ € [d] that

~ 1—

O (/) i
|z AZEXR|, =S O(/lmn % +n'P) i=s5+1

O(/fimn™%) otherwise

(NS}

A similar calculation, applying Proposition B.8, yields that

~ 2
1 [(2)" aresin(won £ O(vm)] i€ (L2.5+1)

(27 A"Ly)? =

é(d%) otherwise
Hence,
_ Vi ~
IXfAThyll, < D>~ (jwiln+ O(Vn)
i€{1,2,5+1}
S Vi (lwsllyn = 4+ O(n™5)) + fwesa|n' P + O(n= 7).
This concludes the proof. O

We can simplify the above error bound greatly if w satisfies the 1-sparse assumption.

Corollary B.10 (Woodbury error under 1-sparse assumption). Suppose, in addition to the assumptions
of Lemma B.9, we have w = v.., where v, satisfies the 1-sparse assumption. In other words, in the
U. basis we have v, = e1. Then we pick R = {e1}, and with probability 1 — O(%) we have
Opin -n'™P) =1
2l A7y — 2] ATy < §

1
O(pn -n27P)  otherwise

B.2 SURVIVAL ANALYSIS

Let us first establish a general survival bound using Lemma B.9. Afterward, we present special cases
under additional assumptions.
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Proposition B.11. Let X = X(p, q, ) be drawn from the bi-level ensemble scaled with respect ton
with ¢ + r > 1. Suppose in the distinguished basis U, we have w = wie; + waea + Wsi1€4541,
and set R = {ey, ea, es11}. Then, given n labels generated by w, we have

2

3/2 _
zfA*ly _ <ﬂ_) . %(1 +o(1)) arcsinwy | < O(?) + HZS—A:}{XRHQHX;A:}%sz.

Proof. Recall our expressions for the survival:
SU, (vlw) = > Nz A7y (vi,0), (MNI)
1€[d]
where each label is generated by y; = sgn({(g;, w)).
Setting v = v, in the basis U, from Definition 5, the above expression simplifies to
SU,, (v, |w) = \1z] A1y
Applying Woodbury (Fact B.4) with R = {v, w}, we have
2l A7y =2 ATpy — 2/ AT MRA Ly,
Now we can apply Proposition B.8 to conclude that

2\*% n
2l A Ly — (ﬂ_) . E(l + o(1)) arcsin(wy )

N

<O|—
(3

with probability 1 — % Now, triangle inequality and Lemma B.9 shows that

2\*?% n
z] A7 ly — (71-) . E(l + o(1)) arcsin w

SO( ) + =7 ATk Xl | X A b
Thus the statement follows. O

By way of Corollary B.10, we get a clean expression for the survival if w = v,.

Corollary B.12. If g + r > 1, v, satisfies the 1-sparse assumption, and y = sgn({g, v.)), then with
probability 1 — O(1/n)

T A-1 n

A = —

21 vy=1
|ziTA*1y| < 5(dn> Vi>1

SU,, (v |vy) < pin,

Proof. If w = v,, then by Corollary B.10 the error bound simplifies to

Opin - 2) i=1
|z] Ay — 2] AT | < ~(ﬂ 2)
O(pn - 5) otherwise

Since ¢ + r > 1, these error terms are lower order, and the results follow. O

We can get a similarly clean bound under a few additional assumptions on w and ¢q + 7.
Corollary B.13. If, in addition to the assumptions of Proposition B.11, we have

(D) |wi| > w(y/ 82 fori € {1,2,s + 1}
(2) |wz| = o(|w:])

B) inn 7 < |w|
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then with y; = sgn({(g;, w)), we have
2] A7y < %arcsin wy.
Furthermore, the survival of v, given n labels generated by w is with high probability

SU,, (v |w) < ppwy (16)

Proof. Under the additional assumptions, then from Lemma B.9

_ 1—p _
| XA AZRyll, S Vi (Jwi| + [wal)n =" + 0t (jwi| = w(y/logn/n))
< Vimlwin 2" 40l (lwa| = o(|wi))

Since 7 = 1 here, we can apply Lemma B.9 to see that ||z1TAj%XRH2 = 6( ,unnlpr). Thus, the
Woodbury error term is upper bounded by

~ 1— 1— 3—3
O(vann =) (Vnlwiln =" +n'77) < O |wnn' ™ + /zan =)
S Opmlwi[n' =) + o(n' P |wy])

< o(n' ~Plwy)
where the second line follows because we assumed ,unnl%p < |wi], and the last line follows
because we assumed ¢ + r > 1 so u,, < 1. Therefore, Proposition B.8 implies that

9 3/2
2] A7y — (77) n'7P(1 4 o(1)) arcsin w;

O(n27?) + o(n'~? arcsin(|w: )

o(n'~P arcsinw;), (|lwr] = w(\/k’%))

which recovers the stated result. O

A

N

B.3 CONTAMINATION ANALYSIS

‘We now move onto the contamination.

Proposition B.14. Suppose v, satisfies the 1-sparse assumption, and in the distinguished basis U, we
have v, = e; and w = wie; + waes + wsi1€541. Under the same assumptions as Corollary B.13,
if there are n datapoints, and q + r > 1, then

Ny (v, w)? < o(ji2 |wn]”) + 20" log(n)? +n' P log(n)
CN ('u*|'w)2>,u2 r— 1+n1 P

Furthermore, the lower bound holds even without the additional assumptions from Corollary B.13.

Proof. Since v, is 1-sparse, we have

CN(v.w)> = Y (nzl A7)+ Y (hzl AT My)?, (17)

1€{2,s+1} iZ{1,2,s+1}

Since by definition w; = 0 for ¢ & {1,2, s+ 1}, the second term in Equation (17) can be upper
bounded up to constant factors using Wu & Sahai (2024, Proposition A.2) by

n . _
3 2 1og(n)? + = lo(n) = " log(n)? + n' 7 log(n).
Now, set R = {ey, e, €541 }. For the first term, we know from Lemma B.9 that

|2 A7y — 2 ATy S |2 AR X, | X R AZRy ],
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where

~ 1—

=" =2
e Ak X, = OV )
O(Vinn™ 2 +n'P) i=s+1
and from our bounds in Proposition B.11, we have
IXRA Lyl S Vimlwnn =" +n' 7,
Hence we have
|22 AR XR|,[| Xz AZRyll, < o(n'Puwn)).
On the other hand, we have
|21 AR XR| || XRAZ Ryu2gun|w1|m Py Simlwin 4 T 4 0?2
< o 77) +o(n ) + %,

where the last line follows from the assumptions and p > 1. Putting these together with Hanson-
Wright, we have

M»—-

) +o(n' Pluwi)

2, ANy
| “P) + o(n'TP|wy|) + n?

’zs—i-l A~ y
This yields an upper bound of

//\ //\
3

3 \

o(pnwi*) + O(n' =) + o(n*~*Plwi[*) + n* = < o(up|wi |*) +n' 77,
as p > 1 and |w| < 1. This completes the proof of the upper bound.

For the lower bound, a careful inspection of the proof of Wu & Sahai (2024, Proposition A.2) reveals
that, for ¢ + r > 1, the lower bound holds for any multiclass problem with ¢ > 0. This recovers the
desired bound by simply lower bounding the second term in the expansion Equation (17), completing
the proof.

O

C ANALYZING THE SUBSET ENSEMBLE

In this section, we prove Theorem 3.2, which establishes weak-to-strong generalization in the simple
weak-to-strong subset ensemble. We restate it below for convenience.

Theorem 3.2 (Weak-to-strong generalization for subset ensemble). Consider the setup in Procedure 1
where the weak model fyeax is MNI-trained onn correctly labeled examples and the strong model f,,2s
is MNI-trained on m = n* weakly pseudolabeled examples, where q + r > w and Queax + Tweak > 1.
In addition, we make the following data assumptions:

(1) The true binary labels are 1-sparse (Assumption 1) for the strong covariance.

(2) The weak and strong features follow the subset ensemble (Assumption 2) with bi-level
eigenvalues A(p, q,r) and A(Pweak, Gweak, "weak ), respectively, scaled relative to n.

+1+g+r— (QWeale‘T'weak)

(3) There are not too many weakly labeled examples: u < 5

Recall Tetrong £ p+ 1 —2(q+ r). Then, the resulting test error for fyos satisfies

On ( ) if u> Qweak + Tweak — min {1 — T, Tstron }
El ; _ 9 g 5
[ (f 25)] {é - On(l)u if u < Qweak + T'weak — MiN {1 - Tstrong}' ©

Proof. The key idea of the proof is that, despite the error rate of the weak classifier belng = —o(1),
the weak classifier still has a noticeable amount of mass on the true label defining dlrectlon. So
long as the error rate is not % — O(\/%), which random guessing can achieve, the strong learner can
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still pick up on the signal contained in the weak labels. To make this precise, we will control the
coordinates of fieak in the distinguished basis (Definition 5).

Quantitatively, for the weak learner fi sk, since we have clean labels and gyeak + Tweak > 1, We can
apply Corollary B.12. Let f,, weak = “;ea"k" denote the bi-level prefactor for the weak model. Then
the corollary shows that in the basis where v, = e;, we have with high probability

fweak[l] =\ AF,weakzIAily

- | Qyeak dwea k 1
Sweak  Cweak

1 Pyeak

= VHnweak 2,
whereas for all other coordinates we have with high probability
Ve 2NIOB T 6 € {2, Sweak)
VA meak - 222\/10g 10 i € {Sweak + 1, . ueak}
<{\/mn—”wf“\/bﬁ i €42, .., Sweak}
~ n%_pweak\/loﬁ i € {Sweak + 1, .-, dweak }

Hence, to obtain wyyeak in Uy, we first normalize f,e.k and then do the basis change. Some calculation
yields

‘fweak[i” 5

Sweak)\F,weak + (dweak - Sweak))\U,weak

2 — —
”.fweak H S /~Ln,weak77‘1 Puesk | 1~ Puesk logn - d
weak

= (Nn,weak + IOg n)nlipweak
5 nlfpweak logn (QWeak + T'weak > 1)

where the second line follows because Sweak A Fweak + (weak — Sweak ) AU weak = dweak. Similarly, we
can compute a simple lower bound:

[fueakl® = D (z/ A7y =y A" Y zizf ATy
i>s+1 i>s+1
>l Pueak (Lemma B.7)

We therefore obtain the sandwiching bounds

1-Pweak 1—Pyeak
n 2 S| fueakll ST2 \/IOE. (18)
By rotating to the distinguished basis, since gweak + Tweak > 1, this yields

fweak
H.fweak“

Wyeak = =wie; + waez + Wst1€541,

where
T Vinweak SW1 S \/Finweak (19)

loénn7 g Slwe| Sn™ ER v 1ogn (20)
1 Slwsya] - (21)

Let us now check the conditions to apply Corollary B.13, keeping in mind we need to scale with
respect to m instead of n. In particular, we require

. w; = w(\/@) foralli € {1,2,s+ 1}.

. |’LU2| < w1y

o Simn T < |w|
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Since we are going to check the second condition, and clearly the first condition is satisfied for
1 = s + 1, it suffices to check the first condition for 7+ = 1. By plugging in the scaling for w; in

Equation (19), we have wy = w(4/ k”%) if

1 — queak — Tweak > —U <= Queak + Tweak < U + 1. (22)

Let us now verify the second condition. It turns out that the second condition always holds under the
bi-level parameterization. Indeed, from Equations (19) and (20), we always have

_ dweak 1 1= ek —Tweak
|we| < n” 72 /logn < n 2 < wy,
Vlogn
as Tweak < 1. Finally, for the third condition, we have
u—p U—q—7 | u—p 1—dyeak —Tweak
Vimn 2 =n" 2 T2 Ln 2 <~ 2u—(p+q+7) <1— (Gueak + Tweak)

< q+1r>2u-— (p + 1) + Queak + Tweak  (23)

With these preparations in hand, we now prove the positive side of the result.

Sufficient condition for weak-to-strong generalization. First we lower bound SU,,, (v |wyeak)-

Under Equations (22) and (23), we conclude that

1 1~ dyeak — "weak
2

SUm,strong(’U*‘wweak) Z HmW1 2= \/@Nm 'n
On the other hand, by Proposition B.14 we have
N strong (V4 [w)? < 0(pazy |wn *) + pyn”™“log n + n* P log n.

We will now analyze the survival-to-contamination ratio for the strong learner. The first term is
clearly at least w(1). For the second term, we get

1 1—9weak —"weak _ r—u
2 2 s
logn
which is w(1) if
Qweak + Tweak < U+ 1—17 (24)
Finally, for the third term, we get
=T+ 1—qweag—rweak _u=p
logn ’
which is w(1) if
Queak T Tweak < u+p+1—2(q+ 7). (25)

Collecting the conditions Equations (22), (24) and (25) yields
U > Queak + Tweak —min {1, 1 —rp+1—-2(¢+7)}
= Qweak t Tweak — min {1 —r,p+1—2(¢ +7)},
which establishes the positive side of the result.

Sufficient condition for failure of weak-to-strong generalization. To get the negative result,
we need to upper bound SU,;, strong (Vs |Wweak) and lower bound CN,, strong (Vs [Wweak ). Our earlier
calculations and Proposition B.14 yield

1SUnn strons (V- wweak)| S fim - max {1, nF 7+/logn | 26)

CNm,strong(U*|wweak) Z ﬂmn% + TL% . (27)

The above bound only differ by log factors from the upper bounds. Hence, in this case, the sufficient
condition merely flips the direction of the inequality, which recovers the stated result. Otherwise, if
U < Queak + Tweak — 1, then certainly u < gueak + "weak — 1 + 7, and n2 ~Py/log n dominates. The
latter is in turn dominated by n"=", so the survival-to-contamination ratio is o(1). This completes
the proof.
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D MULTILABEL CLASSIFICATION

In this section, we analyze multilabel classification with k classes, which is a variant of multiclass
classification where a single datapoint can be positive examples of multiple classes. Given n
datapoints, we encode this label enformation using k label vectors y(!), ... y*) where for i € (%],
we encode the ith label vector as y(*) € {£1}", with 1 representing positive examples. We make the
following 1-sparse assumption for multilabel data.

(1) (k)

Assumption 3 (1-sparse assumption for multilabel). The label defining directions vy’ ..., vy ' are
aligned with a top k eigenbasis of the strong covariance X. In a strong eigenbasis where 'uiz) =e;
we have

yb) = sgn(z;), Vi € [K]

Remark D.1. In fact, the analysis below will turn out to work even if the label defining directions
are not orthogonal; they could all be the same! The analysis only relies on there existing some basis

U, such that vgf) = ey. However, the tight misclassification rate would be different depending on the
relationship between the label defining directions.

The weak-to-strong setup is defined as follows.

(1) Fueak € R%eakXk: train on n datapoints using weak features and ground-truth labels.

(2) fuzs € R¥F: train on m > n datapoints using strong features and hard pseudolabels
generated from fyeak-

As before, we will study weak-to-strong generalization using overparameterized linear classifiers.
Hence, fueak Will now consist of k£ different linear classifiers fv(vgk € Rk for § € [k], all trained
by MNI on n clean multilabel datapoints. To train f\ffz)s, we generate hard pseudolabel vectors

g = sgn({ fv(vgk, Tweak) ), and then perform MNI on these hard pseudolabel vectors. We deem that
a multilabel classifier f generalizes if, for a fresh test sample st and for every class i € [k], f
correctly labels whether e is a positive example of class :. More formally, define for a collection
of classifiers £ = (F(1), ..., f(*)), the loss function £(f) = Pr[3i € [k] : sgn(Ff ) (Trest)) # yt(égt]
where the probability is taken over a fresh test sample (Ziest, Ytest)-

Remark D.2. The weak model can also be trained on clean multiclass data rather than clean
multilabel data. This will only affect the regimes for the weak model to satisfy Desideratum 1.iii,
based on Theorem 3.1.

The subset ensemble definition is essentially the same as before (Assumption 2), with the main
difference being that we require all % of the label defining directions to be favored and axis-alignable
in both the weak and strong favored feature subspace.

Assumption 4 (Subset ensemble for multilabel classification). Let A = A(p, q,r) € R?*4 denote the
strong eigenvalues and Ayeak = A(Pweaks Gweak, T'weak) € Rbweak X dwesk depote the weak eigenvalues,
both drawn from the bi-level ensemble. Suppose the 1-sparse assumption (Assumption 1) holds for the
strong covariance, with any distinguished eigenbasis U where 'uil) = e, fori € [k]. The following
conditions relate the weak and strong features after rotating to U.

(1) ZTstrong ~ N (0, A), where A = ApIig) + Au I js)-

(2) There exists subsets of coordinates S C [s],T C [d] \ [s], with [k] C S and |S| = Sweak-
such that

AF.we AU we d
Lweak = ( %HS + %HT)wstrong = N(07 /\F,weakIS + /\U,weakIT) .

The crucial observation is that multilabel training boils down to k (nearly) independent binary
classification problems. The main difference to establish successful generalization is that we now
need to union bound over all £ multilabel classifiers. The high probability bounds from the binary
analysis come from two sources: (1) applying spectral bounds (Lemma B.5), which holds with very
high probability (exp (—n'/2)), and (2) Hanson-Wright calculations (Proposition B.8), where bounds
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that hold with probability ¢ have deviation poly log(1/9). Hence, for k a constant, J is only affected
by a constant, and this will only change the bounds in our analysis by a constant, which does not shift
the regimes. Furthermore, even if we allow & to scale with n as in Definition 2, since k is polynomial
in n, the dependence for the high probability bounds on k is at most polylogarithmic in &, so again
nothing changes with the analysis, which looks at polynomial regime shifts.

For the converse direction, one can use a crude bound of just analyzing the probability of one classifier
failing, which gives a error rate bounded from below by % — o, (1). However, we expect that a more
refined analysis would give the expected error rate of 1 — O(27%); we sketch an argument for how to
get this improved error rate after the theorem statement. With these minor modifications, the formal
details go through unchanged, and we arrive at our main theorem for weak-to-strong multilabel
classification using hard pseudo-multilabels.

Theorem D.3 (Weak-to-strong generalization for multilabel subset ensemble). Consider the setup
where the weak model feak is trained on n correctly labeled examples and the strong model
fuos is trained on m = n" weakly labeled examples using MNI, where u < p, ¢ +r > u, and
Qweak + Tweak > 1. Assume the following:

(1) The true multilabels satisfy the 1-sparse assumption (Assumption 3) for the strong covari-
ance.

(2) The weak and strong features follow the subset ensemble (Assumption 2) with bi-level
eigenvalues A(p, q,r) and A(Dweak; Gweaks Tweak ), Tespectively, scaled relative to n.

(3) There are not too many weakly labeled examples: u < +1+q+r72(qw“k+rwe"k).

Let Tgtrong £ p+ 1 —2(q+ r). Then, the resulting test error for fyos satisfies

On(]-) if u > Qweak + T'weak — min {1 — T, Tstron }
E[l(fu2s)] = ’ $stone 28
[(fuzs)] {Q(l), if 4 < Gueak + Tweak — Min {1 — 7, Tetrong }- (28)

We now sketch out an approach which should give the correct error rate for constant k& (or even k
growing slowly with n). Note that the complement of the failure event is

Vi € [k] : sgn({f n, Trest)) = Yhas-

From the Gram-Schmidt decomposition Equation (8) and the noise stability formula, we can decom-
pose this event as
;  con (SU@I w) () D) o (@)
Vi € [k] : sgn(mx* +9gW) = sgn(at”),

where xff) = < Gtest vf)> and g(i) are iid standard Gaussians. In the converse regime, the survival
to contamination ratio is polynomially decaying, so for typical ¢(*), with probability exp(—n°) we
SU(w(" |w) 290
CN(o{) ) " : _
(specifically, see Equation (20)) for i # j, ¢(Y and ¢\) only differ by a Gaussian with polynomially
decaying variance, so up to a failure event with probability exp(—n¢), we can replace these with the
same Gaussian g which is independent of both 2 and 2. We can do this for all pairs (i, 7) and
union bound over k (this is where we use the slow growing condition on k). Hence, up to these error
terms, which are negligible, the complementary event occurs with probability 2%, so the test error
will indeed be 1 — O(27%).

have sgn( + ¢®) = sgn(¢g?). Furthermore, by unpacking on the analysis of f\fliz)s

D.1 MULTILABEL SUPERVISION FOR MULTICLASS CLASSIFICATION

In this section, we expand upon the arguments to use weak multilabel supervision to train a weak-
to-strong multiclass classifier f,os. The difficulty of the multiclass analysis is studying the MNI
behavior for weak supervision. However, since the multilabel MNI behavior is well under control by
the arguments above, it is tractable to study this setup instead.

The key insight is that, for multiclass classification to succeed, it suffices to look at pairwise com-
parisons between the score functions for the & different classes (see Wu & Sahai (2024) for more
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justification). In particular, one studies the relative survival given different class label vectors:
SU(v[en) — SU(IGi0):
with the signal component for class ¢ being the above quantity with v = vf). One can then define

the relative contamination in analogous way. However, the path towards studying the survival comes
from understanding the coefficients of fyeak and fios, which is feasible.

Thus, to determine whether f,»s generalizes for multiclass classification, it reduces back down to
the multilabel/binary behavior. As argued in Wu & Sahai (2024), because of the margin between
the features and the survivals, it suffices to get a polynomially increasing SU/CN ratio. Hence,
in the successful regime for weak-to-strong multilabel generalization, this relative SU/CN ratio is
polynomially increasing, which implies that multiclass classification succeeds.

E IMPROVING THE BOUNDS FOR MISCLASSIFICATION RATE

In this section we tighten the bounds on misclassification rate for the multiclass setting.

Theorem E.1 (Tightening of (Wu & Sahai, 2024, Proposition A.7)). Assume we are in the bi-level
ensemble model (Definition 1), the true data generating process is 1-sparse (Assumption 1), and the
number of classes follows the scaling defined in Definition 2. Then, in the negative regime where the
model does not achieve vanishing error, we have

Bl Fuens)] = 1- 0 1) )

where the expectation is taken over the randomness of the training data and the test point.

At a high level, the misclassification event g is governed by the following inequality holding:

SU, max |2;| < ma
X|Tj| X X Jis
CN, et 7 il

where () e[k are iid standard normals, and (g;);c[x) are jointly gaussian with some correlation
structure.

Now, (Wu & Sahai, 2024, Proposition A.3) implies that EH < n~ " for some constant u > 0 with

probability 1 — O(1/n). Also, we can upper bound max;c || < O(v/log k) with probability at
least 1 — O(1/k). Moreover, in the regime where classification fails, we know that from (Wu & Sahai,
2024, Proposition F.1), we have that E[g;g;] < % + n % for some constant § > 0 with probability at
least 1 — O(1/n). Since k = o(n), when we union bound over the above events, they get absorbed
by the O(+) and Q(+) terms.

To tighten the misclassification rate, we will improve upon (Lopes & Yao, 2022, Theorem 2.1). In
particular, we shows the following lower tail inequality for the maximum of correlated gaussians.
We will prove the following theorem, which captures the lower tail behavior of the maximum of
correalted Gaussians very far from its expectation. This result complements the lower tail bound of
Lopes & Yao (2022), which holds for more moderate deviations.

Theorem 3.6 (Lower tail for correlated Gaussians). Let pg € (0, 1) be a parameter bounded away
from 0 and 1, and let (g;);cn) be jointly Gaussian with zero mean and unit variance. Suppose
Elg:g;] < po for all distinct i, j € [N]. Forany 0 < ty = 6o+/2(1 — po) log N where §y € [0, 1) is
bounded away from 1, there is a constant C' > 0 depending only on pg such that

1 1-po(2—30) =3¢

P {mﬁ‘éﬁgi < tN] <0 NI 055 (1og N) om0
1€

Po

In particular, one can take C = T o

If we further have E[g;g;] = po for all distinct i, j and

tny = O(%), then Pr[maxie[N] gi < tN] = @(le%(logN)ﬁfl).

Before we prove the theorem, let us see how it tightens the misclassiifcation rate.
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Proof of Theorem E.1. We will apply Theorem 3.6 with N =k — 1, po = 5 +n~°, and 6 = 5.
Noting that §p+/2(1 — po)logk > n~"if k = ¢xn’ forany ¢ € [0,1), we see that

Primaxg; <n™"] < Pr[m%i](gi < 0V 2(1 — po) log k] (Bo+/2(1 — pg) logk = n=")
i€

ie(k]
< O(k*(1*5°)2(1+”76)(10g k)”ft%o) (Theorem 3.6)
< O(k_(l_éo)z(log k)—%o) (1+0n(1)) k" =14 0,(1))
< O(k=(1=00)%) ((log k)~%/2 = 1 — 04 (1))
< 0(;) . (6o = 1/ log k)

Inverting this bound, we see that

1
Prjmaxg; >n" "] >1-0( - ).
[ie (K] g ] ( k)
For the upper bound on the above probability, we can use Slepian’s lemma and then compare to

Gaussians gi which have correlation % —n9, Writing it all out, we have

Primaxg; < n~ %] > Pr[maxg; < n™ "] (Slepian’s lemma)
i€[k] iclk] —
> Pr[maxg; < 0]
i€[k] —
1
>0 (W) ((Pinasco et al., 2021, Theorem 2.1))
1 -5
=0 7] k™ =14+o0,(1)
from which we get a nearly matching upper bound on the probability of 1 — Q(%) O

We return to the proof of Theorem 3.6.

Proof of Theorem 3.6. The lower bound directly follows from the proof of Lopes & Yao (2022), so
we focus on proving the upper bound. We remark that the constant hidden by © can be pinpointed to

(I14+on(1)), /722, but we will not discuss this further.

1—po’

To reduce confusion, we will attempt to follow the notation and treatment from Lopes & Yao (2022).
To prove the upper bound, we can use Slepian’s lemma to reduce to the case where E[g,g,] = po for
all ¢ # j. Then, we can explicitly decompose

9i = v/pox + /1 — pohs,

where x, h; are iid standard Gaussians. Via this decomposition, we can write an integral representation
for the desired probability:

Pr[max g; < ty] = /00 Y(s)ds, (30)
i€[N] —o0
o N 2‘/‘]\/’ - PoS
0(5) £ oo (0 g 61)

where ¢(-) and ®(-) are the standard Gaussian density and CDF, respectively. We will estimate this
integral by splitting it into a couple pieces. To this end, we will bound the Gaussian CDF using Mills’
inequality. For any ¢ > 0, we have

t 1
mfﬁ(t) <1—-9(t) = @(—t) < n
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We will need the following multiplicative estimate on ®% (-), which holds for any § € [0, 1]:

dN(\/2log N(1 —0)) = (1 — ®(—+/2log N(1 — &)

N
1 oy .
< (1 ~ BN (iTos N 10gN(1—6)+1)) (Mill’s inequality)
< N1—(1—5)2 32
S eXp(* mwmm) : (32)
The above bound (32) yields nontrivial bounds only when ¢ > Clolfg# for a constant ¢ > i, and

decays superpolynomially if ¢ > %.

These bounds motivate splitting (31) into a few different pieces, based on which term dominates the
behavior of the integral . To this end, let ¢y, dx > 0 be parameters we specify shortly. Then we
split the integral into three pieces:

| Tueras+ [ N sydst [ w(s)ds.

— o0 —CcN —dn

As in Lopes & Yao (2022), we define ag £ (- —1)(1 — do)® and fo £ 125 Then the ultimate
Bo—1
bound we want to prove is [*_t(s)ds < O N=?°(log N) ). We explain the choice of

cn,dy > 0 as follows. For succinctness, we introduce the following two functions on R:

N 2(1 — po)log N V2aplog N
sy(u) = — U=
Po — 00

fn(s) = %7

and reparameterize the interval [—cy, —dy] as another interval Z on u below.

Bo—1
1. We want cy to satisfy ®(—cy) = O (NO‘O (log N) 3 ) . Given this, the first term can

be bounded by

/_CN U(s)ds < /_CN 9(s)ds = @(=en) < O( : (ng)Bf’;l).

«
— 00 — 00 N 0

By inverting Mills’ inequality, we see that it suffices to pick

2(1 — po) log N log log N
a |2(1—po)log <1_50_0g0g> (33)

log log N
:sN(l_ao_Ogoog).

Indeed, we have for sufficiently large N that

loglog N 2
sew) _ o2(—aolog N(1 - i)

(I)(_CN) < S
CN V2m/2(5 = 1) log N(1 — on (1))
Po —a Bo—1 —_ @
< l—poN *(log N) = Bo = 12%;)
. N 1 M . . . .
2. We pick dy such that & (fn(—dn)) < a5 (log N) 2. Given this, by monotonicity
we evidently have
o0 N 1 Bo—1
Y(s)ds < BY (i (~dw)) < o (logN) T
—dy
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Owing to (32), to achieve the desired superpolynomial decay it suffices to pick d > 0 such
that % <V2logN(1— (3 + 6)%), where € > 0 is a constant.

Recalling that txy = dg+/2(1 — po)log N, we see that fx(—dy) = +/2log Noy +

J\l/fim,d ~. Hence the desired inequality holds by picking

2(1 —po)log N log logN> (34)

P DL SN S R
v Po ( o-(G+e) log N

loglog N
= 1—69— (3 o),
SN( e )

Given the above choices of ¢y, dy in Eqs. (33) and (34), we see that the interval Z that u belongs to
ST2[1-6— (3 +e)le lg‘;f;vN 1—8g—1.le lgojng ]. Hence, it is natural to reparameterize the
integral in terms of 7 € [0, % + ¢] via the following change of variables
(n+ 1)loglog N

log N ’

UN(’?)élf(so*

and an easy computation yields
V2a9 loglog N
1o So log N
It is not hard to see that un ([0, 5 + €]) = [~cn, —dn]. Let us introduce the following abbreviations
for the compositions of our changes of variable:

Sn(n) = sn(un(n)

~ 1 N
In thls IlOtatlon, we I[ave g

—dn 200 loglog N [Y/%Fe
/ w(s)ds = 2% BT [T ).
Zen

Now the argument as in (Lopes & Yao, 2022, Eq. 4.22) shows that this integral is

O(N~—(log N )%), which completes the proof of the first part of the theorem.® However,
let us give an alternative proof which is a bit simpler. We will estimate the integral by performing a
Riemann sum with subintervals of width 7 > 0, which we pick to satisfy Sp7 < 1 and such that 7
evenly divides % + . Then, we have

ds = sy (un(n))uy(n)dn

1/2+e 1/3—+€ (k+1)7
/ sEvm) < Y / $(En () dn .
0 k=0 kT

By monotonicity, for any £ we have

(k+1)7 -
/k Y(EN ) dn < 7 $6n((k+1)7) 2N (v (k7))

T

1
<C-17-N"(log N)ﬂo~(5+2(k+1)T) eXp(—(log ]\/v)zkfr)7

1
where C' is a universal constant. Here, the last line used ¢(3x (1)) = O(N~ (log N)?%-(a+m))

and & (fx () = O(exp(—log N)™").

If 28y(k 4+ 1)7 < 3, then bﬂg#w(log N)2Po(k+1)7 « (log N)~2, as desired. On the other hand, if
2B0(k 4+ 1)T > 3, thenas Bo7 < &, we have 2kT > ﬁ > 0. Since exp(—(log N)?*") dominates
any polylog terms, so it is not hard to see that the total contribution here is < N~%°(log N) fort

Hence, we conclude that f—_(j\l,\] P(s)ds < ﬁN*O‘O (log N)%, as desired. O

5To be explicit, their calculation requires us to verify that v/2Tog N (6o 4 ux () = w(1), which is certainly
true.
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F EXPERIMENTS

In this section, we describe the simulations we conducted to validate the theory. We generated
Gaussian data following the subset ensembles specified in the figures, and constructed two linear
models from them: the MNI classifier and the simple averaging classifier. In the averaging classifier,
we average over the positive examples of a label, which approximates the behavior of the first few
iterations of gradient descent. In contrast, the MNI classifier governs the asymptotic behavior of
gradient descent.

The weak-to-strong behavior for these two learning algorithms was compared to two other baselines:
the weak accuracy for fieak and the accuracy for the strong model trained on m clean labels: fitrong.
The test accuracies were evaluated on nst = 100 fresh datapoints. We ran 8 independent trials to
train fiyeak With n = 50 so that we could explore how the weak-to-strong behavior scales with p and
u. For each fieak, we conducted 16 independent trials to train fi,ps.

We swept out u using five equally spaced points in [1, 1.3]. In Figures 3 and 4, we show the results
of the averaging and MNI experiments, respectively, for four different slices. In the top row, we
show two slices where the theory predicts weak-to-strong generalization to occur for MNI, and in the
bottom row we show two slices where the theory predicts failure of weak-to-strong generalization.
The error bars show the estimated 95% CI over all sources of uncertainty in the inner and outer loop
(fwzs and fieak). In both the averaging and MNI plots, the theory successfully predicts whether
weak-to-strong generalization occurs. Furthermore, in every plot the ground truth trained strong
model fstrong trained on m clean labels has better test accuracy than fueak and fuos, as expected.
Another interesting experimental observation is that the averaging classifier does significantly better
than MNI in non-asymptotic settings. This corroborates the view of practitioners of the benefits of
early-stopping for gradient descent.

G HEURISTIC CALCULATIONS

Recall from the definition of MNI that
.fstrong = XTA_lya

where y € {+1 " is a label vector generated by either the true feature x, or a weak feature xeak
and A = XX ' € R"™" is the Gram matrix. The key to our analysis is studying the survival and
contamination of various features when the labels are possibly generated by another feature. Recall
that we performed a basis change X — XU, so that the strong features are drawn iid from N (0, A).

Writing the transformed data matrix now as
X = [\/ )\121 vV /\222 . vV )\dzd]7

where each z; ~ N(0, I,,), we obtain for any unit norm v € R? that

SU(w) = Y iz A7y (v, 0) (MNI)
i€[d]
CN(v) = Z Nz A= 1y)2(1 — (v;, v)?). (Orthonormality of v;)
i€[d]

Since A is close to dI; in the isotropic case, and we are working in the regime where PCA fails to
extract the bi-level structure (¢ + r > 1), one could hope for the best and pretend that A~! = %I d-
This step is not rigorous, but we will justify these approximations in Appendix B.

Based on the decompositions in Definition 3, we study the case where y = sgn((g, w)) for some
w € RP but we want to recover the planted direction v € R, For a subspace V' C R” and a vector
u € RP, let uy denote the projection of u onto V. For axis-aligned subspaces V' C [d], this just
corresponds to restricting to the coordinates in V. To simplify the heuristic calculation, we will make
the following assumptions.

Assumption 5. Letr S = [s] denote the spiked subspace after the basis change, and let o, p > 0 be
parameters possibly depending on n. For any vector u € R, let T,, = {Z €S|yl = w(ﬁ)}
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— w2s — w2s
1.0 weak 1.0 weak
—— ground truth —— ground truth

test acc
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0.6 0.6
0.5 0.5
6x10' 102 6x10' 102
m m
(a) (p7 q, T) = (27 06, 06)7 (pweak7 Qweak Tweak) = (b) (p7 q, T) = (27 09> 04), (pweak7 Qweak Tweak) =
(1.4,0.9,0.5). (1.4,0.9,0.4)
Averaging Averaging
— W2s — w2s
10 weak 10 weak
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0.9 0.9

0.8

0.7 // 0.7 ///’

test acc
test acc

0.6 0.6
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0.5 0.5
6x10' 102 6x10' 102
m m
(C) (p, q, ’f’) = (1~570~6,0-8),(pweak,Qweak;Tweak) = (d) (pv q, T) = (2709704)a (pweak,QweakaTweak) -
(1.4,0.9,0.5). (1.4,0.9,0.4)

Figure 3: Comparison of test accuracies for four different models using averaging training. The
x-axis plots m, the number of additional labeled datapoints. The models are trained using class
averaging, which approximates the behavior of the initial few gradient descent iterations. Note how
the weak model has low accuracy, whereas the weak-to-strong model and ground truth have higher
accuracies that increase as m increases. The top row Figures 3a and 3b are in a regime where we
predict MNI weak-to-strong generalization to succeed, whereas the bottom row Figures 3¢ and 3d
depict regimes where we expect MNI weak-to-strong generalization to fail.

denote the spiked coordinates where w is large, and R,, = S \ Ty, denote the spiked coordinates
where u is small.

We assume the following holds for T = Ty, and R = R,

(1) We have (vr,wr) = o||vr||,||wrl,. Inother words, v and w have correlation « restricted
to the heavy coordinates for w.

(2) We have Y-, . viw? = P2||'wT||§. Note that by LP norm inequalities we always have
2
p° < L

(3) We have |R| = §)(s), i.e. a constant fraction of w’s spiked coordinates are small.

Remark G.1. When v = w, Item (2) can be thought of as a relaxed notion of v being 1-sparse; for
a given p one should roughly think of v as being %-sparse.
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m m
(a) (p7 Q7 T) = (27 06, 06)7 (pwealm qweak7 Tweak) = (b) (p7 q7 T) = (27 09> 05)3 (pweak7 (Iweak7 rweak) =
(1.4,0.9,0.5). (1.4,0.9,0.5)
MNI MNI
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test acc
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0.7 /\
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(©) (p,q,) = (1.5,0.6,0.8), (Pueak, Gweak, Tweak) = (d) (p,¢,7) = (2,0.9,0.4), (Pueak, Gweak Tweak) =

(1.4,0.9,0.5). (1.4,0.9,0.4)

Figure 4: Comparison of MNI test accuracies for four different models. Observe how the weak-to-
strong accuracy increases as m increases. Again, the top row Figures 4a and 4b are in a regime where
we predict MNI weak-to-strong generalization to succeed, whereas the bottom row Figures 4c and 4d
depict regimes where we expect MNI weak-to-strong generalization to fail. The plots corroborate
these theoretical predictions.

Survival bound. Recall that y = sgn({(g, w)). By applying the noise stability formula again and
the fact that z;; ~ N (0, 1), we deduce that

E[z:y] = nE[Zijyj]
= Pr(sgn(zi;) = y;]E[|2i5|] — (1 — Pr[sgn(zi;) = y;])E[|2i;]]

= \/g(QPI‘[SgH(Zij) = yj] - 1)

= (%)3/2 arcsin w;,

where in the second to last line we have used the fact that the expected magnitude of a standard
Gaussian is \/2/7, and in the last line we have used the noise stability formula. By standard
concentration inequalities, the deviations will be of order O(+/n). As the behavior of % arcsin(x) =
2z for small z, we deduce that the expectation will dominate whenever |w;| > ﬁ)

We will now plug in the bi-level scaling. Recall that \; = A\p = %,d fori € [s]and \; = Ay = a d:agd

for¢ > s.
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Thus, ignoring constants, with high probability we should have

A A A
SU(v|w) = %n v; arcsin w; + F(;/ﬁ Z v; £ U(;/ﬁ sz

1€Tw 1€ Ry i>5

Observe that
2 2 .
—|z| < =|arcsinz| < |z|,
7r 7r

forall z € [-1,1].

Consequently, for i € Ty, each summand contributes v; arcsin(w;) ~ ©(v;w;).” Thus, by Item (1)
and the definition of A, the first term is ©(a - “* - ||vr, ||, [|wr, ||5)-

For the second term, we will upper bound its magnitude by

an |[vr, [,

d |z 5 v
an [s
<22 o, (R € 5)
an [
<2 —1
<RV (ol = 1)
Finally, for the third term, since |3, v;| < [|v|l; < V/d, after plugging in the definition of Ay, we

obtain the asymptotics

an S n
Utolw) = 2 (- for, ol £ /2 ) 2% 39

Note that for the first term to dominate, we must have a = (). Also, if we want to improve our
estimate on the second term, we can further split it by 7}, we can gain and get deviations of order

Z v; + Z |Rv|

< ||vrg,nm, |l +
1€ RWNTy 1€ERwWwNR, \/ﬁ

(Definition of R,,)

S

< [wrwnr |l + 7
o . . - 190 Ry 1 |l ( e . B
yielding an ultimate relative deviation of # + 2. This is significantly better if, say |T5| =

o(s), as it allows us to beat the contamination bounds which have relative deviations \/731 .

Contamination bound. For succinctness, introduce the shorthand h? = (1 — v2) (2, y)?. Then
the squared contamination is

= Z M1 -0y A 2z ANy

i€[d]
1
~ > An; (Al =11y
ie[d]
SRR SRR
€T 1€ Ry i>s8
)\%nQ 9,9 . AZn N
gTZ; (1 —v7)(2 arcsinw;)? +d—z§ (1—v? )—|—?(d—s),

where in the last line we have used the observation that the expectation of h; dominates if and only if
1 € Thy.

"The reason this is not an equality is that there might be some heavy w}s which disagree in sign with v/ s, but
for the settings we consider this estimate will be true.
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The first term can be bounded (up to constants) as

(%)2 > (=i} = (asn) lwr,, 151 = p%). (Item (2))

S .
1€T

For the second term, we can bound up to constants as

CRESS (lvg>(?>2.w

< () Hul, el = 1

s n
Finally, the third term can be bounded by . Putting these together, we conclude that

N(wfw) = (= )(ﬁwm \/R»'>+ 5. (36)

Let p1, = =*. In our regime, p,, < 1 because g + r > 1. Combining Equations (35) and (36) yields

H w. 'UH
SU(v|lw) Hn- (aIIvallzllewllg + % + 5) + /T

CN(vfw) ~ 7
v|w
o (VI Pl + /1) + /3

Hence, for the survival to contamination ratio to grow with n, we need

allvr, ||ly > V1-p? (Weak supervision)

| R | o
allvr, |yllwr, ||y > —— (Favored contamination)
n

n
Vm,O‘HvaH2”wTw”2 > d

Let us put these scalings together to predict the scaling regimes for weak-to-strong generalization.
For strong generalization, we have v = v, and y = sgn((g, v.)). From the discussion in Section 3.1,
we know that the strong learner generalizes if

SU(v.|vy)

CN(v|vy) =wa(l),

and fails to generalize if the ratio is 0,,(1). Under Assumption 1, we have v, = eq, s0 Ty, = Ty =
{1}, @« =1, and p = 1, and the expression simplifies to

SU(v.|v.)

CN(v.|v,) \f + \/g

which under the bi-level parameter scaling verifies the conditions for ground truth supervision.

This completes the proof sketch; it remains to justify the above estimates rigorously. In the subsequent
subsections, we will assume that the above scalings of the survival and contamination are correct and
use them to deduce that the 1-sparse assumption is necessary to get a sharp transition in the test error.
These calculations can be upgraded to rigorous proofs using the tools are developed in Appendix B.

G.1 THE NECESSITY OF 1-SPARSE ASSUMPTION

Let’s suppose we get clean labels from sgn({(g, v)) and want to learn the unit vector v. We will
_ ozl .

IREEATE:

abbreviate T = T,, = T,,. In this case, we have o = 1 and p? in Assumption 5.
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Lemma G.2. Suppose we are given labels according to v and want to learn v. Then, the survival to
contamination ratio is wy (1) only if

4
[orlly

2
o]l

=1-o(1).

In particular, the above condition holds only if the following two conditions hold:
M) Jorll; =1~ o(1).
(2) Foreachi € T, either v; = o(1) orv; = 1 — o(1).

The upshot is that having 1-sparse labels is necessary for obtaining asymptotically perfect general-
ization.

Proof. Hence, focusing only on the survival terms coming from 7', which are the only relevant
coordinates for learning, and lower bounding the contamination with just the 7" terms, we have

2
SUGly) _ lerll e, 1
CN(v|v) ~ 2 e . 1+
R e Y = Y
2 2

where the last inequality used the fact that v is unit norm. This proves the first necessary condition.

We show that if ||vp ||jlL / ||'vTH§ =1 — 0(1), then the second set of necessary conditions hold.

Indeed, for the first claim, suppose ||vr ||§ < 1 —¢ for some constant ¢ > 0. The L? norm inequalities
imply that ||fvT||i < HvTH;1 <(l-¢) HvT||§, so the ratio is at most 1 — ¢, a contradiction. For the
second claim, suppose instead there is a coordinate i with v? = 1 — ¢ for some constant ¢ € (0, 1).

Then, we have H”T\{i}Hi < ||fvT\{i}||;1 < ¢, but then ||'uT||j <(1-¢)24+e<1-9(%),a
contradiction.

O
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