Under review as submission to TMLR

A Fully Decentralized Surrogate for Multi-Agent Policy Opti-
mization

Anonymous authors
Paper under double-blind review

Abstract

The study of fully decentralized learning or independent learning in cooperative multi-agent
reinforcement learning has a history of decades. Recent empirical studies have shown that
independent PPO (IPPO) can achieve good performance, comparable to or even better than
the methods of centralized training with decentralized execution, in several benchmarks.
However, a decentralized actor-critic algorithm with a convergence guarantee is still an open
problem. In this paper, we propose decentralized policy optimization (DPO), a decentralized
actor-critic algorithm with monotonic improvement and convergence guarantee. We derive a
novel decentralized surrogate for policy optimization such that the monotonic improvement
of joint policy can be guaranteed by each agent independently optimizing the surrogate.
For practical implementation, this decentralized surrogate can be realized by two adaptive
coefficients for policy optimization at each agent. Empirically, we evaluate DPO, IPPO, and
independent Q-learning (IQL) in a variety of cooperative multi-agent tasks, covering discrete
and continuous action spaces, as well as fully and partially observable environments. The
results show DPO outperforms both IPPO and IQL in most tasks, which serves as evidence
for our theoretical results.

1 Introduction

In cooperative multi-agent reinforcement learning (MARL), centralized training with decentralized execution
(CTDE) has been the dominant framework (Lowe et al., 2017; Foerster et al., 2018; Sunehag et al., 2018;
Rashid et al., 2018; Wang et al., 2021a; Zhang et al., 2021; Yu et al., 2021). Such a framework resolves
the non-stationarity problem with the centralized value function that takes the global information as input,
making it beneficial to the training process. Conversely, decentralized learning has received less attention.
The main reason is likely due to the fact that few theoretical guarantees exist for decentralized learning and
the interpretability is insufficient even though the simplest form of decentralized learning, i.e., independent
learning, may achieve good empirical performance in several benchmarks (Papoudakis et al., 2021). However,
decentralized learning itself still should be considered as there are still many settings in which the global
information is unavailable, and also for better robustness and scalability (Zhang et al., 2019). Moreover,
decentralized learning is straightforward, comprehensible, and easy to implement in practice.

Independent Q-learning (IQL) (Tampuu et al., 2015) and independent PPO (IPPO) (de Witt et al., 2020)
are the straightforward decentralized learning methods for cooperative MARL, where each agent learns the
policy by DQN (Mnih et al., 2015) and PPO (Schulman et al., 2017) respectively. Empirical studies (de Witt
et al., 2020; Yu et al., 2021; Papoudakis et al., 2021) demonstrate that these two methods can obtain good
performance, close to CTDE methods. Especially, IPPO can outperform several CTDE methods in a few
benchmarks, including MPE (Lowe et al., 2017) and SMAC (Samvelyan et al., 2019), which shows great
promise for decentralized learning. Unfortunately, to the best of our knowledge, there is still no theoretical
guarantee or rigorous explanation for IPPO, though there has been some study (Sun et al., 2022).

In this paper, we take a step further and propose decentralized policy optimization (DPO), a fully decentralized
actor-critic method with monotonic improvement and convergence guarantee for cooperative MARL. Similar
to IPPO, DPO is actually independent learning as each agent optimizes its own objective individually and
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independently in DPO. However, unlike IPPO, such an independent policy optimization of DPO can guarantee
the monotonic improvement of the joint policy.

From the essence of fully decentralized learning, we first analyze the Q-function in the decentralized setting
and further show that the optimization objective of IPPO may not induce joint policy improvement. Then,
starting from the joint monotonic objective from the theoretical results in single-agent RL (Grudzien et al.,
2022; Lan, 2023) and together considering the characteristics of fully decentralized learning, we introduce a
novel lower bound of joint policy improvement as the surrogate for decentralized policy optimization. This
surrogate can be naturally decomposed for each agent, which means each agent can optimize its individual
objective to make sure that the joint policy improves monotonically. Practically, this decentralized surrogate
can be realized by two adaptive coefficients for policy optimization at each agent. The idea of DPO is simple
yet effective and well-suited for fully decentralized learning.

Empirically, we evaluate the performance of DPO, IPPO, and IQL in a variety of cooperative multi-agent
tasks, including a cooperative stochastic game, MPE (Lowe et al., 2017), multi-agent MuJoCo (Peng et al.,
2021), and SMAC (Samvelyan et al., 2019). Our evaluation covers discrete and continuous action spaces, as
well as fully and partially observable environments. The results indicated that DPO outperforms both IPPO
and IQL in most tasks, which serves as evidence for our theoretical results.

2 Related Work

CTDE. In cooperative MARL, centralized training with decentralized execution (CTDE) is the most popular
framework (Lowe et al., 2017; Igbal & Sha, 2019; Foerster et al., 2018; Sunehag et al., 2018; Rashid et al., 2018;
Wang et al., 2021a; Zhang et al., 2021; Peng et al., 2021). CTDE algorithms address the non-stationarity
problem in the multi-agent environment by the centralized value function. One line of research in CTDE
is value decomposition (Sunehag et al., 2018; Rashid et al., 2018; Son et al., 2019; Yang et al., 2020; Wang
et al., 2021a), where a joint Q-function is learned and factorized into local Q-functions by the relationship
between optimal joint action and optimal local actions. Another line of research in CTDE is multi-agent
actor-critic (Foerster et al., 2018; Igbal & Sha, 2019; Wang et al., 2021b; Zhang et al., 2021; Su & Lu, 2022;
Wang et al., 2023a), where the centralized value function is learned to provide policy gradients for agents to
learn stochastic policies. More recently, policy optimization has attracted much attention for cooperative
MARL. PPO (Schulman et al., 2017) and TRPO (Schulman et al., 2015a) have been extended to multi-agent
settings by MAPPO (Yu et al., 2021), CoPPO (Wu et al., 2021), HAPPO (Kuba et al., 2021) and A2PO
(Wang et al., 2023b) respectively via learning a centralized state value function. However, these methods are
CTDE and thus not appropriate for decentralized learning.

Fully decentralized learning. Independent learning (OroojlooyJadid & Hajinezhad, 2019) is the most
straightforward approach for fully decentralized learning and has been a subject of study in cooperative
MARL for decades. The representatives are independent Q-learning (IQL) (Tan, 1993; Tampuu et al., 2015)
and independent actor-critic (IAC) as Foerster et al. (2018) empirically studied. These methods enable agents
to directly execute the single-agent Q-learning or actor-critic algorithm individually. The drawback of such
independent learning methods is obvious. As other agents are also learning, each agent interacts with a
non-stationary environment, which violates the stationary condition of Markov decision processes (MDPs).
Thus, these methods do not with any convergence guarantee theoretically, though IQL could obtain good
performance in several benchmarks (Papoudakis et al., 2021). More recently, decentralized learning has also
been specifically studied with communication (Zhang et al., 2018; Li et al., 2020) or parameter sharing (Terry
et al., 2020). However, in this paper, we consider fully decentralized learning in the strictest sense — with
each agent independently learning its policy while being not allowed to communicate or share parameters as
in Tampuu et al. (2015); de Witt et al. (2020). We will propose an algorithm with convergence guarantees in
such a fully decentralized learning setting.

IPPO. TRPO (Schulman et al., 2015a) is an important single-agent actor-critic algorithm that limits the
policy update in a trust region and ensures monotonic improvement by optimizing a surrogate objective. PPO
(Schulman et al., 2017) is a practical but effective algorithm derived from TRPO. PPO replaces the trust region
constraint with a simpler clip trick. IPPO (de Witt et al., 2020) is a recently emerged cooperative MARL
algorithm in which each agent just learns with independent PPO. Though IPPO still with no convergence
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guarantee, it obtains surprisingly good performance in SMAC (Samvelyan et al., 2019). IPPO is further
empirically studied by Yu et al. (2021); Papoudakis et al. (2021). Their results show IPPO can outperform a
few CTDE methods in several benchmark tasks. These studies highlight the potential of policy optimization
in fully decentralized learning, a topic on which this paper focuses.

3 Decentralized Policy Optimization

From the perspective of policy optimization, in fully decentralized learning, we need to find an objective for
each agent such that joint policy improvement can be guaranteed by each agent independently and individually
optimizing its own objective. Therefore, we propose a novel lower bound of the joint policy improvement to
enable decentralized policy optimization (DPO). In the following, we first discuss some preliminaries; then we
analyze the critic in fully decentralized learning; next, we derive the decentralized surrogate and prove the
convergence; finally, we introduce the practical algorithm of DPO.

3.1 Preliminaries

Dec-POMDP. Decentralized partially observable Markov decision process is a general model for cooperative
MARL. A Dec-POMDP is a tuple G = {S, A, P,Y,0,1,N,r,v,u}. S is the state space, N is the number of
agents, v € [0,1) is the discount factor, and I = {1,2--- N} is the set of all agents. A = A} X Ay X --- x Ay
represents the joint action space, where A; is the individual action space for agent i. P(s'|s,a) : S x Ax S —
[0,1] is the transition function, and r(s,a) : S X A = [—Tmax, "max) is the reward function of state s € S
and joint action a € A, where ry,, is bound of the reward function. Y is the observation space, and
O(s,1): S x I — Y is a mapping from state to observation for each agent i. The objective of Dec-POMDP is
to maximize J(m) = Ex [>,_ov'r(s¢, a¢)], thus we need to find the optimal joint policy w* = arg max, J (7).
To settle the partial observable problem, history 7; € 7; = (Y x A;)* is often used to replace observation
0; € Y. In fully decentralized learning, each agent i independently learns an individual policy 7% (a;|7;) and
their joint policy 7 can be represented as the product of each 7?. Though each agent learns individual policy
as 7' (a;|7;) in practice, in our analysis, we will assume that each agent could receive the state s because the
analysis in partially observable environments is much more difficult and the problem may be undecidable in
Dec-POMDP (Madani et al., 1999). Moreover, the V-function and Q-function of the joint policy 7 are as
follows,

V7(s) = Eann [Q7 (s, a)] (1)
Q" (s,a) =r1(s,a) + Eyp(fsa) [V ()] (2)

In our discussion, we assume the initial state sg is sampled from a fixed distribution p. The objective J(7) can
be rewritten as J(mw) = Eg [V ™ (s0)]. We will use the value function without the agent index to represent
the joint value function related to the joint action such as Q™ (s, a) and the value function with the agent
index i to represent the individual value function of the agent i such as Qf_i(s, a;) which will be discussed
later.

Joint Objective for Monotonic Improvement. In Dec-POMDP, we can still obtain an objective for the
joint policy 7 from the theoretical results in single-agent RL (Grudzien et al., 2022; Lan, 2023) to ensure the
joint policy can improve monotonically.

Lemma 3.1. Suppose Tnew and woiq are two joint policies. If Thew and mwog satisfy the condition

Ejoint(ﬂ.nCW7 5) — C - Dxr(moa(:8)[[Tnew(+|s)) > 0, Vs € S (3)

Told

where LI (7r,5) = 3 w(als)Aqa(s, @), Ao is the advantage function under w4, and C is a constant,

then VTew(g) > V™eld (s).

This Lemma is the corollary of Lemma 3.3 in Grudzien et al. (2022).

From Lemma 3.1, we can define an objective as LI (7r,s) — C'- Dy (mow(+]s)||7(-|s)), which is referred

as joint monotonic objective. Maximizing this objective can guarantee that the joint policy is improving
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monotonically. However, the joint monotonic objective cannot be directly optimized in fully decentralized
learning as this objective is involved in the joint policy, which cannot be accessed in fully decentralized
learning.

We will propose a new lower bound (surrogate) for the joint monotonic objective, which can be optimized in
fully decentralized learning. Before introducing our new surrogate, we need to first analyze the critic of the
agent in fully decentralized learning, which is referred to as decentralized critic.

3.2 Decentralized Critic

In fully decentralized learning, each agent learns independently from its own interactions with the environment.
Therefore, the Q-function of each agent 7 is the following formula:

Z*i (Sa ai) = Tp—i (57 ai) + VEa—q‘,Nﬂ’i,S/NP('\Svaua—i),a;N‘fri[ ;*i (sl’ a;)L (4)
where 7.-i(s,a;) = Er—i[r(s,a;,a_;)], and 7~° and a_; respectively denote the joint policy and joint action
of all agents expect agent i. If we take the expectation E,/ <rx—i(.|s/),a_,~xi(|s) OVer both sides of the
Q-function of joint policy (2), then we have

IE-rr*'i [Qﬂ- (Sa ag, a—i)] =Tg—i (sa ai) + 'YE’a_iNﬂ'*i,s’NP(-|s,ai,a_i),afL.~7ri [E'rr*i [Qﬂ- (3l7 a;, a//—z)]] .

We can see that Qf;i(s, a;) and E_—:[Q7 (s, a;,a_;)] satisfy the same iteration. Moreover, we will show in
the following that Q" (s, a;) and E,—:[Q™(s,a;,a_;)] are just the same.

We first define an operator F:, as follows,
F;;Q(s, a;) = rr—i(s,a;) + 'VEafiNTr"",S’NPC\s7arna7¢),a;~7ri [Q(slv ag)]. (5)

™ . is a contraction. Considering any two individual Q-functions @

i

Then we will prove that the operator I'
and )2, we have:

IPT Q1 ~ T Qs oo = maxy By, v [Q1(5', ) — Qa(s',al)]

< 9B [ Q1 (5 ) = Qa(s',a}) ] =y max | Qu(s',al) — Qa(s )

Ay

=7Q1 — Q2| (6)

So the operator I'T" . has one and only one fixed point, which means

™ (s, a1) = Bri [Q7 (5, a5, a3)], Vi (s) = Epi [V™(s)] = V™ (5).

T ™

This conclusion is from the perspective of definition and policy evaluation. Further discussion about the
learning or iteration of QT (s, a;) is included in Appendix F.

With this well-defined decentralized critic, we can further analyze the objective of IPPO (de Witt et al., 2020).
In IPPO, the policy objective (without clipping) of each agent i in state s can be essentially formulated as
follows:

Ei"old (ﬂ—i’ S) = Z 71—i(a”i|s)Aéld (87 ai)a (7)

where A? (s, a;) = Q:‘f?(s,ai) —En

Q7 (5, 0:)] = B, [Aota(s, @iy ay)].

old old

However, equation 7 is different from equation 3 in the joint monotonic objective. Thus, directly optimizing
equation 7 may not improve the joint policy, and thus cannot provide any guarantee for convergence, to the
best of our knowledge. Nevertheless, it seems that A? (s, a;) is the only advantage formulation that can be
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accessed by each agent in fully decentralized learning. So, the policy objective of DPO will be derived on
equation 7 but with modifications to guarantee convergence, and we will introduce the details in the next
section. In the following, we discuss how to compute this advantage in practice in fully decentralized learning.

As we need to calculate A (s,a;) =E_—i[r(s,a;,a_;) + vV ™14 (s') — V™ (s)] for the policy update, we can
old

approximate Al (s, a;) with A(s,a;) = r+ AV (s') — V. (s), which is an unbiased estimate of A? (s, a;),
though it may be with a large variance. In practice, we can follow the traditional idea in fully decentralized
learning, and let each agent i independently learn an individual value function V¢(s). Then, we further have
Ai(s,a;) =~ r4+~Vi(s') — Vi(s). The loss for the decentralized critic is as follows:

Liiie =E[(Vi(s) —y:)?], wherey; = r +~V'(s') or other target values. (8)

critic

Here we could take the target value y; according to different methods like Monte Carlo returns or GAE
(Schulman et al., 2015b). There may be some ways to improve the learning of this critic, which however is
beyond the scope of this paper.

3.3 Decentralized Surrogate

We are ready to introduce the decentralized surrogate. First we will discuss the relationship between the joint

policy objective E‘,S;&t (7, s) and the individual policy objective [,ﬁm B} (7%, 5). We have the following lemma.

Lemma 3.2. Suppose mwoq and 7 are two joint policies. Then, the following bound holds for any agent i:

join ) ) Y j : -~ 2T'max
’Cgl\'oldt(ﬂ-’ 8) B ’Cﬂ'old (W ’s) 2 M\/Z DKL(Wild("|S)H7TJ('|S))v where M = 1— y . (9)
J#i

Proof. We first consider Eifiﬁf(ﬂ', s) — £3701d (7, s). According to equation 3 and equation 7, we have the
following equation:

Eé,foilr:t(r, s) — Eirold (n',8) =Fp {Z (ﬂfi(a_i|s) — W&S(a_i\s))Aold(s, a;, a_i)} .

|

Then, we have the following inequalities:

L (m,8) = Lo, (1, 8)] < Eg [Z [moa(a—ils) =7 (a_i|s)[| Aota(s, ai, a_;)
a_;

— — T'max
< B [0 3 racils) — ol | (O = 7 > max A, )

= 2M Dy (i (1s)l|ln 7 (-]s))
= MDyy(mgi(ls)|7~i(ls) (M =2M)

< M/ Diau i (1) 1) )
=M [ Dir(wg(19)7(1s)), a1)
JFi

where equation 10 is from the relationship between the total variation distance and KL-divergence that
Drv(pllq)? < Dkr(pllg) (Schulman et al., 2015a), and equation 11 is a property of the KL-divergence that
Dxr(moia(-|s)||mw(-]s)) = >, Dxr(wiy(-s)]|7%(:|s)). From equation 11, we can further obtain the following
inequality, which completes the proof,

LR (m,8) = Lo, (1',8) 2 =M > Dxu(myy(1s)]7 (]s))-
i#i
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O

We need to emphasize that the inequality equation 9 connects the joint policy objective with the individual
policy objective, which is essential for our purpose of fully decentralized learning.

Next, we will derive our novel lower bound of joint policy improvement by the following theorem.

Theorem 3.3. Suppose wyq and ™ are two joint policies. We have

ﬁl?iﬁ(ﬁa S) -C- DKL(T"old( | )||7T > 72‘671'01(1 ﬂ— S MZ \/DKL OId ”ﬂ—z( | ))

- 02DKL<wz;1d<~|s>uwi<-\s>> >0, Vs €S (12)

i=1

where M = %Qf_—"fyx and C > 0 is any constant.

Proof. We will start to prove this theorem from the objective £ (7, s) — C - Dk (mwo1a(+]8)||7w(:]s)),

Told

LI (. 5) — C - Dyt (moga(-|3) (| ZD;;?; = C - Da(maal|s)lm(1s))

szﬂw Z > Dicw(whg Cls)l[79 (-|s) — € Di(moa(]s)||m(-|s)) (13)

JFi
> = Zﬁﬂom ‘IZDKL wiaC19)[17 ([s)) = C - Dw(moia(-[s)]7(-|s)) (14)
,1 N ) .
- Zﬁw ZDKL a1 (1s) = C 3 DraaCls)ln' (1) (15
N
>~ Zﬁm skMZNDKL baCl9) (] OZDKL HaCls) 7 (1s)). (16)

The inequality (13) is the direct application of the inequality (9) in Lemma 3.2. The inequality (14) is from
the Cauchy-Schwarz inequality,

Z S Dt (g (1) I3 (4 \/NZZDKL 5G9l (1))

Ve i=1 j#i
=¢ NS DI

The inequality (15) is from a property of the KL-divergence (see the proof of Lemma 3.2), while the inequality

(16) is from the simple inequality />, a; <>, v/a; (a; > 0, Vi). O

The lower bound in Theorem 3.3 is dedicated to decentralized policy optimization because it can be directly
decomposed individually for each agent as a decentralized surrogate. From Theorem 3.3, if we set the policy
optimization objective of each agent i as

2

b (Cls) = angma (5L, (71, 5) = 3/ Dic (s Cls) 71 C1s) — O Dicw (g ()l (), (17)

ﬂ'
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then we have J(7pew) > J(7o1d) from Lemma 3.1. Finally, we can obtain the following theorem.

Theorem 3.4. If we define a joint policy sequence {m;} as follows:

i1 (ls) = argma (12, (2%, 9) = N/ D (i (15) [wi([5)) — € Dic (i (CJs) ' (15)) ) Vi € T, ¥s € 5,
(18)

then the sequence {J ()} will improve monotonically and converge to sub-optimum.

Proof. At each iteration, as the policy of each agent is obtained by (18), all agents jointly maximize the RHS
of (12). Thus, from Theorem 3.3, we have Vs € S

£joi11t(7rt+17 s) — C - Dgyr(m(]s)||mes1(-]8))

>~ Zcm 1) MZWJKL (miC13) g ] GZDKL ACDIEANEE)

| V

—Zc (i, s MZNDKW Yl OZDKm Jlmi(-1s)) = 0, (19)

where (19) is from the definition of 7}, (+|s) in (18). From Lemma 3.1, we know V™1 (s) > V™(s), Vs € S.
From the definition J(7) = E, ~,[V™(s0)], we know J(m;41) > J(m;), which means that the sequence
{J ()} improves monotonically. Moreover, as {J(m;)} is bounded (the reward function is bounded), {J(7;)}
will converge to sub-optimum, which completes the proof. O

As equation 17 can be independently optimized at each agent, the monotonic improvement and convergence
of joint policy can be achieved by fully decentralized policy optimization. It is worth noting that the result
above is under the assumption that each agent can obtain the state, and in practice, each agent can take the
individual trajectory 7; as the approximation to the state.

3.4 Remarks About Our Theoretical Results

In this section, we would like to summarize our theoretical results and discuss an important problem: how
could DPO overcome the non-stationarity problem in decentralized learning and obtain the convergence
guarantee? Our general idea is that finding a surrogate for the joint monotonic improvement condition
LI (o, ) — C - DRL(To1d(+]8)]|Tnew(-]s)) and this surrogate can be optimized independently for each
agent. Then optimizing this surrogate will make sure that the joint policy will improve monotonically.

DPO realizes this idea in two stages. In the first stage, according to the inequality (9) in Lemma 3.2, we have
a bound between £ (7, s) and L£L, (7, s). This bound actually help us to replace E_—i [Aqla(s, a;,a—;)]

Told Told

in LIom (70 ) with AZ (s, a;) = E”o_lé [Aowa(s, a;, a_;)], where w2, is not accessible in tralnlng But the extra

terms M \/ Dot Dxr, ()14 (-]5)||77 (-]s)) in equation 9 is still from other agents and not accessible for agent .

So, in the second stage, we apply (9) for all agents and rearrange the terms in ]\Zf\/zj# Dy (w1, (1) |77 (-]s))

by inequalities in Theorem 3.3 to make sure that the term Dy, (77,,(-|s)||77 (-|s)) is optimized by agent j
instead of agent i. Finally, we have a new surrogate equation 12 which could be divided into N parts, and
each part is only related to one agent. Our general idea mentioned above is eventually realized after these
two stages.

We also would like to discuss the relation between Dxkrp, and /Dy, in the surrogate equation 12. It seems
that Dgy, and /Dxgp, are similar and could be merged into one term. However, in fact, we are not able to
merge these two terms. From the perspective of theory, v/ Dk, is from the bound equation 9. The relation
between Dgy, and v/ Dk, is different around Dgy, = 1 and we haven’t found an inequality to merge these
two terms. From the perspective of experiments, we could find in the empirical results in Section 4.5 that
eliminating either the term /Dky, or the term Dky, lowers the performance of DPO in all these tasks.



Under review as submission to TMLR

3.5 The Practical Algorithm

DPO is propos.ed. with the Simple'idea that Algorithm 1 The practical algorithm of DPO
each agent optimizes the decentralized surro-

gate equation 17. However, we face the same 1 for episode = 1 to M do
trouble as TRPO in that the constant M is 2 for £ =1 to max_episode_length do
large and if we directly optimize this objective, 3 select action a; ~ 7'(-[s)
then the step size of the policy update will be 4 execute a; and observe reward r and next state s’
too small. 5: collect (s, a;,r,s")
6: end for
To settle this problem, we absorb the idea of the 7 Update decentralized critic according to equation 8
adaptive coefficient in PPO (Schulman et al., g Update policy according to the surrogate equation 20

2017). We use two adaptive coefficients 8f and  g.  Update 8i and B} according to equation 21.
B% to replace the constant M and C (Schul- 1g. end for

man et al., 2015a). Since any constant C' > 0
is available in theory, we can also obtain an
appropriate value of C in an adaptive way. In practice, we will optimize the following objective:

T (15) = argmax (£, (7, 5) = 554/ Dic (o Cls) Wi C15)) — B D (whua Cls) I C15))) . (20)

As for the adaption of 8i and B, we need to define a hyperparameter diqrget, which can be seen
as a ruler for the average KL-divergence Dy f(ml,l|7h.,,) for each agent, where D (ml,ll7") =

Eonmoa [DrL(mea (187 (]5))]-

If DEE(78 14l ) 1S close to diarget, then we believe current 8% and 3% are appropriate. If Dy (4 ]|7hey)
exceeds diqrger t00 much, we believe 8] and 33 are small and need to increase and vice versa. In practice, we
will use the following rule to update 8] and 33:

If D;?I%(”Zld”wi ) > dtarget * 9, then ﬂ; — BJZ *w Vje€ {17 2}

new

If DEE(mo1al|Tnew) < diarget/d;  then 55« B /w Vi € {1,2}. (21)

We choose the constants § = 1.5 and w = 2 as the choice in PPO (Schulman et al., 2017). As for the critic,
we just follow the standard method in PPO. Then, we can have the fully decentralized learning procedure of
DPO for each agent ¢ in Algorithm 1.

The practical algorithm of DPO uses some approximations of the decentralized surrogate. Most of these
approximations are traditional practices in RL or with no alternative in fully decentralized learning yet. We
admit that the practical algorithm may not maintain the theoretical guarantee. However, we need to argue
that we go one step further to give a decentralized surrogate in fully decentralized policy optimization with a
convergence guarantee. We believe and expect that a better practical method can be found based on this
objective in future work.

4 Experiments

In this section, we compare the practical algorithm of DPO with IPPO (de Witt et al., 2020) and IQL
(Tan, 1993) in a variety of cooperative multi-agent environments, including a cooperative stochastic game,
MPE (Lowe et al., 2017), multi-agent MuJoCo (Peng et al., 2021), and SMAC (Samvelyan et al., 2019),
covering both discrete and continuous action spaces, as well as fully and partially observable environments.
In our experiments, we focus on the comparison between DPO and IPPO, and just add IQL as a baseline
for reference. Q-learning or value-based methods are out of our scope of discussion. As we consider fully
decentralized learning, in the experiments agents do not use parameter-sharing as sharing parameters should
be considered as centralized learning (Terry et al., 2020). In all experiments, the network architectures and
common hyperparameters of DPO and IPPO are the same for a fair comparison. Note that IPPO (de Witt
et al., 2020) is the widely used clip version of PPO, while the KL version of PPO serves as ablation of DPO,
which is also included in the ablation study. More details about experimental settings and hyperparameters
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Figure 1: Empirical studies of DPO on the didactic example: (a) learning curve of DPO compared with IPPO, IQL,
and the global optimum; (b) the influence of different values of diarger on DPO, x-axis is environment steps.

are available in Appendix A and B. Moreover, all the learning curves are from 5 random seeds and the shaded
area corresponds to the 95% confidence interval. To ensure our method is reproducible, we include
our code in the supplementary material.

4.1 A Didactic Example

First, we use a cooperative stochastic game as a didactic example. The cooperative stochastic game has 100
states and 6 agents. Each agent has 5 actions. All the agents share a joint reward function. The reward
function and the transition probability are both generated randomly. This stochastic game has a certain
degree of complexity which is helpful to distinguish the performance of DPO, IPPO, and IQL. On the other
hand, this environment is tabular which means training in this environment is fast and we can do ablation
studies efficiently. Moreover, we can find the global optimum by dynamic programming to compare with in
this game.

The learning curves in Figure 1(a) show that DPO performs better than two baselines and learns a better
solution in this environment. IQL is the most unstable among the three algorithms according to its variance.
The fact that DPO learns a sub-optimal solution agrees with our theoretical result. However, the sub-optimal
solution found by DPO is still far from the global optimum. This means that there is still improvement space.

On the other hand, we study the influence of the hyperparameter diqrget on DPO. We choose digrger =
0.001,0.01,0.1,1. The empirical results are shown in Figure 1(b). We find that when diq,ge: is small, the
coefficients 81 and (2 are more likely to be increased and the step size of the policy update is limited. So for
the case that diarge: = 0.001,0.01, the performance of DPO is relatively low. And when dqrge: is large, the
policy update may be out of the trust region. This can be witnessed by the fluctuating learning curve of the
case diarger = 1. So we need to choose an appropriate value for diqrge; and in this environment we choose
diarger = 0.1, which is also the learning curve of DPO in Figure 1(a). We found that the appropriate value
for diarget changes in different environments. In the following, we keep diqrget to be the same for tasks of the
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Figure 2: Learning curve of DPO compared with IPPO and IQL in the 5-agent simple spread, 5-agent line control,
and 5-agent circle control in MPE, where the x-axis is environment steps.
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Figure 3: Learning curves of DPO compared with IPPO and IDDPG in 3 x 1 Hopper, 3 x 2 HalfCheetah, 3 x 2
Walker2d, 4 x 2 Ant, and 17 x 1 Humanoid in multi-agent MuJoCo, where x-axis is environment steps.

0.6 4

0.4

2s3z 8m 3s5z 27m vs 30m MMM2
DPO
— IPPO| o2

4 - - ———= w 0.6
-1
1 4 — DPO % 0.4
4 —— IPPO 024
QL 1 QL ]

0.0 05 10 15 2.0 00 02 04 06 08 10 0 1 2 3 4 5 0.0 05 1.0 15 2.0 0.0 05 10 15 2.0
steps 1e6 steps 1e6 steps 1e6 steps 1e6 steps 1e6

win rates

0.24

mean episode rewards

0.0 4

Figure 4: Learning curves of DPO compared with IPPO and IQL in 2s3z, 8m, 3s5z, 27m_ vs_ 30m, and MMM2 in
SMAC, where x-axis is environment steps.

same environment. There may be some better choices for diqrget, but it is a bit time-consuming and out of
the focus of our discussion.

4.2 MPE

MPE is a popular environment in cooperative MARL. MPE is a 2D environment and the objects in MPE
environment are either agents or landmarks. Landmark is a part of the environment, while agents can move
in any direction. With the relation between agents and landmarks, we can design different tasks. We use the
discrete action space version of MPE and the agents can accelerate or decelerate in the direction of the x-axis
or y-axis. We choose MPE for its partial observability. We take digrger = 0.01 for all MPE tasks.

The MPE tasks we used for the experiments are simple spread, line control, and circle control which were
originally used in Agarwal et al. (2020). In our experiments, we set the number of agents N =5 in all three
tasks. The empirical results are illustrated in Figure 2. We can find that although DPO may fall behind
IPPO and IQL at the beginning of the training in some tasks, DPO learns a better policy in the end for
all three tasks. As for the drop in IQL’s performance, we checked the learning curves of different random
seeds and found that this phenomenon is actually caused by the instability of IQL. IQL learns very fast but
converges to different sub-optimums in different random seeds.

4.3 Multi-Agent MuJoCo

Multi-agent MuJoCo is a robotic locomotion control environment for multi-agent settings, which is built upon
single-agent MuJoCo (Todorov et al., 2012). In multi-agent MuJoCo, each agent controls one part of a robot
to carry out different tasks. We choose this environment for the reason of continuous state and action spaces.
We use independent DDPG (Lillicrap et al., 2016) (IDDPG) to replace IQL for continuous action spaces. We
select 5 tasks for our experiments: 3-agent Hopper, 3-agent HalfCheetah, 3-agent Walker2d, 4-agent Ant and
17-agent Humanoid. In all these tasks, we set agent_obsk=2. We take diqrger = 0.001 for all multi-agent
MuJoCo tasks.

The empirical results are illustrated in Figure 3. We can find that in all five tasks, DPO outperforms IPPO
and IDDPG, though in 3-agent HalfCheetah DPO learns slower than IPPO at the beginning. The results on
multi-agent MuJoCo verify that DPO is also effective in facing continuous state and action spaces. Moreover,
the better performance of DPO in the 17-agent Humanoid task could be evidence of the scalability of DPO.
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4.4 SMAC

SMAC is a partially observable and high-dimensional environment that has been used in many cooperative
MARL studies. We select five maps in SMAC, 283z, 8m, 3s5z, 27m_ vs_30m, and MMM2 for our experiments.
We take digrget = 0.02 for all SMAC tasks.

The empirical results are illustrated in Figure 4. The two super hard SMAC tasks (27m_ vs_30m and MMM?2)
are too difficult for all DPO, IPPO, and IQL to win, so we use episode reward as the metric to show their
difference. DPO performs better than IPPO and IQL in all five maps. We need to argue that though we
have controlled the network architectures of DPO and IPPO to be the same, in our experiments each agent
has its individual parameters which increases the difficulty of training. So our results in SMAC may be
different from other works. Although IPPO has been shown to perform well in SMAC (de Witt et al., 2020;
Yu et al., 2021; Papoudakis et al., 2021), DPO can still outperform IPPO, which verifies the effectiveness of
the practical algorithm of DPO in high-dimensional complex tasks and can also be evidence of our theoretical
result. Again, the better performance of DPO in 27m_ vs_ 30m shows its good scalability in the task with
many agents. As for the performance of IPPO, we have fine-tuned the clip parameters and found that the
impact of different clip parameters is relatively small. The empirical results and more discussions are included
in Appendix C.

4.5 Ablation Study
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Figure 5: Learning curves of DPO compared with DPO_w/o_kl and DPO_w/o_sqrt in three MPE tasks, where
x-axis is environment steps.

We carry out the ablation study about the objective in equation 20. We consider two ablation methods:
in the first one, we keep ; = 0 to eliminate the influence of the term /Dy (), ||7?), which is the same
as IPPO-KL; in the second one, we keep 85 = 0 to eliminate the influence of the term Dy (nl,||7?). The
other parameters are controlled to be the same as DPO. We call these two methods as DPO_ w/o_sqrt and
DPO_w/o_Kl, respectively.

We compare DPO with DPO_w/o_kl and DPO_w/o_sqrt for ablation study in MPE, multi-agent MuJoCo,
and SMAC. We add the performance of IPPO in the empirical results for a clear comparison. The tasks selected
for each environment are the same as previous experiments in Section 4.2, 4.3 and 4.4. The empirical results
for MPE, multi-agent MuJoCo, and SMAC are illustrated in Figure 5, Figure 6, and Figure 7, respectively.
In general, we can find that eliminating either the term /Dy (i, [|7%) or the term D (7l ||7) lowers
the performance of DPO in all these tasks. Though the influence of eliminating these two terms is relatively
small in several tasks such as Walker2d-V2_3X2 in multi-agent MuJoCo and 2s3z in SMAC, the absence of
these two terms will obviously lower the performance of DPO in most tasks. This could be evidence for the
significance of our novel lower bound equation 17 and the objective equation 20. The performance drop also
shows empirically that we are not able to merge the two KL-divergence terms into one.

5 Conclusion

In this paper, we investigate fully decentralized learning in cooperative multi-agent reinforcement learning.
We derive a novel decentralized lower bound for the joint policy improvement and we propose DPO, a fully
decentralized actor-critic algorithm with convergence guarantee and monotonic improvement. Empirically,
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we test DPO compared with IPPO and IQL in a variety of environments including a cooperative stochastic
game, MPE, multi-agent MuJoCo, and SMAC, covering both discrete and continuous action spaces, as well
as fully and partially observable environments. The results show the advantage of DPO over IPPO and IQL,
which can be evidence for our theoretical results.

We have to admit that there are still some limitations to DPO. To optimize the decentralized surrogate
objective, the practical algorithm of DPO needs to take some approximations, which however may not preserve
the theoretical results. In future work, we hope to find a better practical method for our theoretical results.
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A Experimental Settings

A.1 MPE

The three tasks are built on the origin MPE (Lowe et al., 2017) (MIT license) and are originally used in
Agarwal et al. (2020) (MIT license). The objectives in these three tasks are listed as follows:

e Simple Spread: There are N agents who need to occupy the locations of N landmarks.
e Line Control: There are N agents who need to line up between 2 landmarks.

e Circle Control: There are N agents who need to form a circle around a landmark.

The reward in these tasks is the distance between all the agents and their target locations. We set the number
of agents N = 5 for these three tasks in our experiment.

A.2 Multi-Agent MuloCo

Multi-agent MuJoCo (Peng et al., 2021) (Apache-2.0 license) is a robotic locomotion task with continuous
action space for multi-agent settings. MuJoCo’s reward function is about the distance the robot has moved
from the original position. In Multi-Agent MuJoCo, the robot could be divided into several parts and each
part contains several joints. Agents in this environment control a part of the robot which could be different
varieties. So the type of the robot and the assignment of the joints decide a task. For example, the task
‘HalfCheetah-3x2’ means dividing the robot ‘HalfCheetah’ into three parts for three agents and each part
contains 2 joints.

The details about our experiment settings in multi-agent Mujoco are listed in Table 1. The configuration
defines the number of agents and the joints of each agent. The ‘agent obsk’ defines the number of nearest
agents an agent can observe.

Table 1: The task settings of multi-agent MuJoCo

task ‘ configuration | agent obsk
HalfCheetah 3x2 2
Hopper 3x1 2
Walker2d 3Ix2 2
Ant 4x2 2
Humanoid 17x1 2

A.3 SMAC

SMAC (Samvelyan et al., 2019) is a popular environment for MARL. The agents in SMAC are rewarded as
soon as they attack or kill an enemy unit. The rewards for an episode in SMAC are affected by the number
of agents, so the environment has normalized the maximum episode rewards for all tasks to 20. If the agents
in SMAC kill all enemy units in an episode, then they have 'won" that episode. The observation space of the
agents in SMAC is related to the number of units in the task. In general, the observation is a vector with
100+ dimensions over the information of all units in difficult tasks, and the information of the units that are
outside the agent’s field of view is denoted by zero in the observation vector. More details on SMAC can be
found in the original paper (Samvelyan et al., 2019).
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B Training Details

Our code of IPPO is based on the open-source code! of MAPPO (Yu et al., 2021) (MIT license). We modify
the code for individual parameters and ban the tricks used by MAPPO for SMAC. The network architectures
and base hyperparameters of DPO and IPPO are the same for all the tasks in all the environments. We use
3-layer MLPs for the actor and the critic and use ReLU as non-linearities. The number of the hidden units of
the MLP is 128. We train all the networks with an Adam optimizer. The learning rates of the actor and
critic are both 5e-4. The number of epochs for every batch of samples is 15 which is the recommended value
in Yu et al. (2021). For IPPO, the clip parameter is 0.2 which is the same as Schulman et al. (2017). For
DPO, the initial values of the coefficient 3i and 34 are 0.01. The value of diarger is 0.1 for the cooperative
stochastic game, 0.01 for MPE, 0.001 for multi-agent MuJoCo, and 0.02 for SMAC. Our code of IQL is based
on the open-source code? PyMARL (Apache-2.0 license) and we modify the code for individual parameters.
The default architecture in PyMARL is RNN so we just follow it and the number of the hidden units is 128.
The learning rate of IQL is also 5e-4. The architectures of the actor and critic of IDDPG are 3-layer MLPs.
The learning rates of the actor and critic are both 5e-4.

Table 2: Hyperparameters for all the experiments

hyperparameter value
MLP layers 3
hidden size 128
non-linear ReLLU
optimizer Adam
actor_Ir He-4
critic_ Ir 5e-4
numbers of epochs 15
initial 5% 0.01
initial 3% 0.01
1) 1.5
w 2
diarget different for environments as aforementioned
clip parameter for IPPO 0.2

The version of the game StarCraft2 in SMAC is 4.10 for our experiments in all the SMAC tasks. We set the
episode length of all the multi-agent MuJoCo tasks as 1000 in all of our multi-agent MuJoCo experiments.
We performed the whole experiment with a total of four NVIDIA A100 GPUs. We have summarized the
hyperparameters in Table 2.

C Additional Results

Schulman et al. (2017) actually proposed two versions of PPO. The first version, which is also the most
popular version, is with the clip trick. The second version is directly optimizing the penalty formula with
adaptive coefficients and we refer to this algorithm as PPO-KL. IPPO (de Witt et al., 2020) is actually
extended from the first version, while the practical algorithm of DPO is similar to the second version. The
main difference between DPO and PPO-KL is the term of the square root of the KL-divergence in the policy
loss. We modify IPPO by making each agent learn with PPO-KL to obtain IPPO-KL.

For the completeness of our experiments, we test the performance of IPPO-KL, IQL, and DPO_ w/o_kl that
eliminates the term Dy (’,||7") for ablation study, in the cooperative stochastic game. The empirical result
is illustrated in Figure 8. We find that the performances of IPPO-KL, IPPO, and DPO_w/o_kl are close
and are all lower than DPO. This could be evidence of the effectiveness of DPO. As for IQL, its performance
is lower than IPPO though it converges faster.

Thttps://github.com/marlbenchmark/on-policy
2https://github.com /oxwhirl /pymarl
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Figure 9: Learning curves of DPO with different
values of 4 and w in the cooperative stochastic game,
where the x-axis is environment steps.

Figure 8: Learning curve of DPO compared with
DPO_w/o_kl, IPPO, IPPO-KL, IQL, and the global
optimum in the cooperative stochastic game, where
the x-axis is environment steps.
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Figure 10: Learning curves of DPO with compared with IPPO with different clip parameters in 27m_ vs_ 30m and
MMM2 in SMAC, where x-axis is environment steps.

Moreover, we further study the influence of the values of § and w for the adaptive adjust-
ments of the coefficient 8i and Bi. We test seven different choices of § and w as (d,w)
(1.5,2),(1.5,4), (1.5,6), (1.1,2),(3,2),(3,6), (1.1,6) in the cooperative stochastic game. The empirical results
are included in Figure 9. We find that the influence of different § and w is relatively limited and the adaptive
adjustment is not very sensitive to them. This conclusion is similar to the PPO paper (Schulman et al., 2017).

IPPO performs poorly in super-hard SMAC tasks such as 27m_ vs_ 30m and MMM2 where the number of
agents is relatively more and IPPO can hardly win. So we finetune the clip parameter of IPPO in these tasks to
find the impact of hyperparameters on IPPO. The empirical results are illustrated in Figure 10. We could find
that different clip parameters only affect the performance of IPPO during the training process, but at the end
of the training, these algorithms perform similarly. We need to argue again here that in our settings parameter
sharing is not permitted so all the methods will have difficulties in training as the number of agents increases.
To determine whether the bound in equation equation 9

is trivial in theory is actually not simple. But we need to q
argue that the bound will be tighter if the KL-divergence
between the new policies and the old policies is smaller. So
we empirically evaluate the mean KL-divergence of all agents
in the training process in two SMAC tasks, 27m_ vs_ 30m
and MMM2. The empirical results are illustrated in Figure
12. We could find that the KL-divergence is actually small
and stable during the whole learning process, which could
be evidence for the effectiveness of our bound.

1-¢g
P a b
1—-p | c d

Table 3: The two-player matrix game where each
agent has two actions. p and g represent the poli-
cies of two agents respectively. a, b, ¢ and d are
the rewards for the corresponding joint actions
respectively.

To verify the monotonic improvement property of (17), we use a simple two-player matrix game in Table
3. In this matrix game, each agent has two actions and the reward for four joint actions are a, b, ¢ and d
respectively. To obtain a more general result, we take four different sets of the payoff matrix: Matrix Game 1
(a,b,¢,d) = (5,7,6,4); Matrix Game 2 (a,b,¢,d) = (1, 3,5,4); Matrix Game 3 (a,b,¢,d) = (7,1, 1,3); Matrix
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Figure 11: The learning curves of the iteration (17) in four different matrix game. Each column corresponds to one
matrix game. The first line is the learning curves of J(7:). The second line is the learning curves of the policies p and
q.
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Figure 12: The mean KL-divergence curves of all agents for DPO in 27m_ vs_ 30m and MMM?2 in SMAC, where the
x-axis is environment steps.

Game 4 (a,b,¢,d) = (20,0,0,10). Since there is no closed-form solution to (17), we use a numerical method
to find the solution for policy updates. The constant M is defined by the payoff matrix and the constant C
can be chosen arbitrarily. We choose C' = 10 in all the experiments. The empirical results are illustrated in
Figure 11. We use the payoff matrix and the joint policy 7 = (p¢, ¢+) to calculate the value of J (7). We can
find the phenomenon of monotonic improvement in all four matrix games. Moreover, we can find that the
joint policy 7 = (p¢, ¢¢) converges in all four matrix games. From the results in Matrix Game 1 and Matrix
Game 2 we know that the iteration (17) may be trapped in the sub-optimum. These results can empirically
verify our theoretical results in Theorem 3.4.

D Discussion

Besides our empirical results, we would like to share our views on the difference between DPO and IPPO and
give some intuitive ideas. KL regularization and ratio clipping are similar in the single-agent setting, but they
are not supposed to be similar in multi-agent settings. The ‘correct’ ratio clipping in the multi-agent setting
according to the theory of PPO should clip over the joint policy ratio % IPPO just clips individual
Thew (@i]s)
m1alails)
could find more discussion about this in the CoPPO (Wu et al., 2021) paper. So IPPO is not supposed to
enjoy the theoretical results of DPO.

policy ratio for each agent ¢ which may not be enough to realize the ‘correct’ ratio clipping. We

We could rewrite the objective of IPPO for each agent ¢ with a similar formulation in HPO (Yao et al., 2021)
as follows:

LAPFO() =Y poa(s) D (ails)| Alya(s, ai) |l (sign(Afa(s, i), uils, ai) = 1)

where [(y, z,€) = max{0,e — y x x} is the hinge loss and wu;(s,a;) = % is the ratio.
old \7*
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If we follow the same idea as PPO, then IPPO is the ‘correct’ ratio clipping version for the surrogate of DPO.
However, the effectiveness of this ratio clipping formulation in theory is still open in decentralized learning
since there is not any convergence guarantee for IPPO, to the best of our knowledge.

Though the effectiveness of IPPO, in theory, is beyond the scope of our paper, we could provide an intuitive
explanation for the fact that the performance of DPO can surpass IPPO from this formulation and the
analysis in HPO. In the proof of HPO, there is a critical assumption that the sign of the estimated advantage
is the same as that of the true advantage (Assumption 4 in Section 2.3 in Yao et al. (2021)). And HPO also
shows that the sign of the advantage is more important than the value for this formulation of PPO-clip. In
decentralized learning, both DPO and IPPO are facing the difficulty of learning the individual advantage
function as there may be noise in the individual value function. However, the objective of DPO is continuous
and the objective of IPPO is discrete for sign(A?, (s, a;)). So the impact of the noise in the value function
may be larger on IPPO than DPO.

Recently, there are several works with theoretical analysis of monotonic improvement in MARL including
HAPPO (Kuba et al., 2021), CoPPO (Wu et al., 2021) and A2PO (Wang et al., 2023b). Unfortunately, these
algorithms are not appropriate for fully decentralized learning. HAPPO needs agents to maintain a joint
advantage function over the joint action and the agents need the information of the critical function M?m
from other agents. These conditions cannot be satisfied in fully decentralized learning. CoPPO needs the
ratios of other agents’ policies for policy updates but this information cannot be obtained in fully decentralized
learning. A2PO uses the joint advantage function and agents need the joint policy in the off-policy correction
for the calculation of A™*" . Moreover, A2PO uses the double-clip trick similar to CoPPO which requires
the ratios of other agents’ policies. Thus, A2PO is also not appropriate for fully decentralized learning.

E Future Work

In the paper, we derive a novel lower bound that can be naturally divided into independent surrogate
equation 17 for each agent. By each agent optimizing this surrogate, the monotonic improvement of the joint
policy can be guaranteed in fully decentralized settings. However, the practical algorithm of DPO takes the
formula of equation 20 with several approximations. How to solve the optimization of equation 17 more
precisely is left as future work. Moreover, we expect our work could provide some insights for future studies
on fully decentralized multi-agent reinforcement learning since current methods still have a gap from the
optimum as shown in Figure 8.

F Additional Proof for Decentralized Critic

In this section, we will discuss the convergence of the iteration of decentralized critic following the idea of
Melo (2001). We have a lemma from Melo (2001)

Lemma F.1. The random process {A;} taking values in R™ and defined as
Apy1(z) = (1 — () + () Fi ()
converges to zero w.p.1 under the following assumptions:
e 0< <1, au(x) =00 and >, af(z) < oo;
o E[E@)IF < A Adw, with v < 1;

o Var[Fy(z)|F] < C(1+|Adf) . for C>0.

Next, we define an update rule given any initial Q-function Qf for any agent i and the joint policy = as
follows:

Qi+1(5t7 ai) = Qi(sta ai) + Ofi(st; ai) (Ti(sta ai) + ’YEb;?Nm(-\sm) [Qi(5t+17 bm - Qi(st»ai» (22)
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where 0 < (s, al) < 1 is the step-size for agent i and the reward 7;(s,a;) = rr—i(s,a;) = Ex—:[r(s, a;,a_;)].
Then we have the following result.

Proposition F.2. Given any initial Q-function QY for any agent i, the update rule (22) converges to
Qf_i(s,ai) w.p.1 as long as

Zai(s,ai) = o0 and Zaf(s,ai) < oo (23)
¢ t
for all (s,a;) € S x A;.
Proof. We can rewrite (22) as follows
Qi (0, af) = (1= ailsi, a1) Qisesaf) + ai(su, af) (7351 08) + B, (o) [Qsean,bD)]) . (24)
We define Al(s,a;) = Qi(s,a;) — Q;_Z(S, a;), then we have

Ay (strai) = (1= aflsia})) Aflse, ap) +ai(saf) (st a) + 1 Epgm, (o) [Qh(s41.6)] = Qti(s1,a)))

_ (25)
If we define F}(s,a;) = 7i(s,a;) + YEp,om(1s) [Qi(s",05)] — ™ .(s,a;), then we have
AL (se,a;) = (1= aj(se, ap)) Af(se, ay) + aj(se, ay) Ff (51, ap) (26)

To apply Lemma F.1, we consider E [F{(s,a;)|F;] and Var [F}(s,a;)|F;]. For E[F}(s,a;)|F:], we have

E [F{(s,a:)|Ft] = Egup,(fs,a0) [h‘(& ;) + VEpm (151 [QE(8',b3)] — QT (s, ai)]

= ’l"i(S, ai) + WES/NPi(-\s,ai),biw'fri(<|s’) [Qi(3/7 bz)] - :11(53 ai)
=T7,Q(s,a;) — Q" _i(s,a;) (27)
=T7,Q(s,a;) — T Q™ i (s, a), (28)

where P;(s'|s,a;) = 3, . m—i(a—i|s)P(s']s,a;,a—;) is the individual transition probability from the perspective
of agent i given a fixed m_;. The step (27) is from the definition of I‘;, in (5). The step (28) is from the

property of the fixed point in (4). From the contraction property of Fg_ in (6), we know

B [Fi(s, 0|7 ., = |

I .Qi — FQLQZL'

_sof|ei-ert | =il (29)

For Var [F/(s,a;)|F;], we have

Var [Fti(s, a¢)|.7-'t] =E [ri(s, a;) + VEp, o (15 [Qi(s’, bz)} — Qf_i(s,ai) — (F;;Qi(s,ai) — Q;:i_i(s, ai))]
= E [ri(s,0:) + 1Epym, (1) [Q4(5',11)] — T2 Qi (5, )]
= Var [m(s, a;) + YEp, o, (151 [Qi(s’, bl)} \]—"t] .

Given the fact that r; is bounded, we know that Var [F{(s, a;)|F;] < C (1+ ||A}]|) for some constant C.
™ wpl. O

Tt

Finally from the Lemma F.1, we know {A!} converges to zero w.p.1, i.e., {Q%} converges to Q
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