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Abstract

Loss spikes often occur during pre-training of large language models. The
spikes degrade the performance of large language models and sometimes
ruin the pre-training. Since the pre-training needs a vast computational
budget, we should avoid such spikes. Based on the assumption that the
loss spike is caused by the sudden growth of the gradient norm, we ex-
plore factors to keep the gradient norm small through an analysis of the
spectral norms of the Jacobian matrices for the sub-layers. Our findings
suggest that stabilizing the pre-training process requires two conditions:
small sub-layers and large shortcut. We conduct various experiments to
empirically verify our theoretical analyses. Experimental results demon-
strate that methods satisfying the conditions effectively prevent loss spikes

during pre-training.

1 Introduction

Large language models (LLMs) have been
fundamental assets for various applica-
tions (Brownetal, 2020; Chowdheryetal,
2022; Touvron et al., 2023). Increasing the num-
ber of parameters in (neural) language models
and the number of training data usually leads to
better LLMs (Kaplan et al., 2020). Consequently,
pre-training requires a vast budget, and thus,
minimizing the risk of failure of the pre-training
is a paramount concern.

Despite their widespread use as the founda-
tional architecture for LLMs, a comprehen-
sive theoretical understanding of Transform-
ers (Vaswanietal, 2017) has not yet been
achieved. One of the crucial unresolved ques-
tions is the reason for the frequent occur-
rence of pre-training failures in Transformer-
based LLMs due to spikes in loss values
(loss spike) that can lead to catastrophic diver-
gence (Chowdhery et al.,, 2022) as illustrated in
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Figure 1: Training loss values of Trans-
formers, whose dimensions and the
number of layers are the same as the
1.7 billion parameters configuration in
Narayanan et al. (2021). In Vanilla,
some spikes occur at the beginning
of the training, and its loss value ex-
ploded at about 13000 steps.

Vanilla in Figure 1. While several empirical strategies have been proposed to mitigate
this problem (Chowdhery et al., 2022; Le Scao et al., 2022; Zeng et al., 2023), the absence of
theoretical justification for these methods casts unclear on their generalizability to other
situations, such as varying sizes of model parameters.

In this research, we provide theoretical analyses focusing on the loss spike problem during
LLM pre-training. We identify the upper bound of the gradient norms for the Transformer-
based LLMs through analyses on the spectral norms of the Jacobian matrices for the sub-
layers. If the upper bound is large, the gradients may spike suddenly, and we assume that
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this phenomenon causes the loss spike. Then, we indicate that the upper bound is large in
the typical setting, such as the widely used implementation, Megatron-LM (Shoeybi et al.,
2020), and thus, the loss spike is likely to occur. In addition, to make the upper bound
sufficiently small, we introduce two conditions: (1) initializing the parameters of sub-
layers with a small value and (2) making the standard deviation of each embedding close
to 1. The former condition can be satisfied by the widely used initialization method
for LLMs (Shoeybi et al., 2020; Le Scao et al., 2022; Biderman et al., 2023). On the other
hand, the latter condition was satisfied in the original Transformer by scaling embed-
dings (Vaswani et al., 2017), but such scaling is missing from recent implementations. To
sum up, through theoretical analyses, we re-evaluate several previous techniques in terms
of the stabilization of LLM pre-training.

Building on our theoretical analysis, we further substantiate our claims through a series of
empirical experiments, which provides a clear distinction between effective and ineffective
methods over different training scenarios. Our results demonstrate that methods satisfy-
ing the conditions avoid the occurrence of loss and gradient spikes. In contrast, methods
that fail to meet these conditions remain susceptible to gradient spikes, even when pre-
viously recommended as empirical solutions of the loss spike problem. Furthermore, we
demonstrate that a method satisfying the conditions enables LLMs to be pre-trained with
a comparatively larger learning rate, leading to superior performance outcomes.

2 Preliminary

2.1 Pre-LN Transformer

This paper mainly focuses on the neural architecture used in the GPT series (Radford et al.,
2018; 2019; Brown et al., 2020). They use the Pre-LN Transformer (Xiong et al., 2020), which
is the de facto standard architecture in recent implementations of Transformers because
the training with the architecture is more stable than the original Transformer architecture
when we stack many layers (Xiong et al., 2020; Liu et al., 2020; Takase et al., 2023). Let x €

R be an input of a layer of the Transformer, where d denotes the dimension of the layer.
The layer outputs y with the following equations:

y = x' + FEN(LN(x)), (1)
x" = x + Attn(LN(x)), )

where LN is the layer normalization function!. We call the first terms in Equations (1) and
(2), i.e., x and x/, shortcut. In addition, the feed-forward network (FFN) and multi-head
self-attention (Attn) are defined as follows?:

FEN(x) = W (F (W x)), ©)]

Attn(x) = Wp(concat(head(x), ..., heady(x))), 4)

(Wi x)T (Wi X)
Vv dhead

where F is an activation function, concat concatenates input vectors, softmax applies the
softmax function to an input vector, and W; € Rn*d W, ¢ R Woi € Rhead *d
Wy; € Rénead*d Wy, € Rénead ¥4 and Wy € R?*? are parameter matrices, and dgg, and dpeaq
are the internal dimensions of FFN and multi-head self-attention sub-layers, respectively.

In addition, we pack the sequence of input vectors into a matrix as X € R?*L, where L is
the input sequence length, to compute the self-attention.

head;(x) = softmax ( > (Wyi X)T, 6)

IWe discuss the difference from the architecture using Root Mean Square layer normalization
(RMSNorm) (Zhang & Sennrich, 2019) instead of LN in Appendix B.4, and the original Transformer
architecture, i.e., Post-LN Transformer in Appendix H.

2To simplify equations, we omit bias terms.
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2.2 Gradients of Pre-LN Transformers

Let L be the loss function of the N layered Pre-LN Transformer and ], be the Jacobian
matrix of the n-th layer. We can calculate the gradient of £ using the relations in Equations
(1) and (2) as:

oL aﬁ oL N=1 /9y, ox, Ay, Ay, Ix),
o 1—[1 Jn = N }_[1 (E)x{1 an> ;. where Jy = 9x,  0x),9x,’ ©)

Using the submultiplicativity of the spectral norm, i.e., || AB||> < ||Al2|/B||2, and Equation
(6), we can derive an upper bound of the norm of the gradient of :

oL Loy, ax),
’ ox | H L 9], 0xy ||,
Thus, we can estimate the upper bound of the gradient norm of £ by analyzing the spec-

tral norms of the Jacobian matrices for the FEN layer and the self-attention layer, namely,

9 ox
155 12 and [ 52 |2-

/
ox),
2 119xn ||,

Ll 9y,
ax!,

@)

Ha]/N HayN 2 n=1

2.3 Motivation to Suppress the Upper Bound

In our preliminary experiments, when the gradient norms grow suddenly during LLM
pre-training, we observe that the loss spike problem is likely to occur. Thus, we assume
that we can prevent the loss spike problem by maintaining the gradient norm small. To
prevent the growth of the gradient norm, we explore the way to suppress the upper bound
described by Equation (7). To suppress the upper bound, we analyze the Jacobian matrices
to find a factor to control the upper bound in the following sections, and then, provide two
conditions: small sub-layers and large shortcut. We verify our assumption and theoretical
analyses through experiments on LLM pre-training.

3 Analyses on Gradients of Sub-Layers
For the theoretical analyses in this section, we employ the following assumption:

Assumption1. Letxand x’be the input and intermediate vectors of each layer. Moreover,
let W, denote the model parameter matrix in each layer. We assume that x, x/, and W, for
all layers follow a normal distribution with a mean of 0, i.e., 4 = 0.

This assumption is valid when we initialize parameters with the normal distribution, the
number of heads in Equation (4) is 1, and F is an identity function. Empirically, the outputs
of each sub-layer are close to the normal distribution as illustrated in Appendix D.

3.1 Jacobian Matrix of FFN

Based on Equation (1), || ax” ||2 in Equation (7) can be rewritten as:

d(FFN(LN(x")))
ax’

®)

ax’ ox’

H x' + FEN(LN(x')))

|

2 2

We can then derive an upper bound of || 2 Py 7|l2 by applying the subadditivity, i.e., ||A +
Bll2 < ||Al|2 + || B||2, and submult1phcat1v1ty properties of the spectral norm as follows:

H y H OFEN(LN(x')) || ||oLN(x)
Y

JOLN(x") ox’ ©)
The right-hand side of this inequality indicates that we can estimate the upper bound of

2 2

| % |l2 by separately computing the spectral norms of Jacobian matrices for FFN and LN.
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Regarding the FFN part, we assume that the activation function F is an identity function®
to simplify the discussion. Under this assumption, the following equation holds:

H OFFN(LN(x'))
JLN(¥)

= ||[Wa W |2. (10)
2

Therefore, we can straightforwardly derive the relation |[WoWi|2 < |[W1|2]|W2]2 from
the submultiplicativity of the spectral norm. Furthermore, let 07 and o> be the standard
deviations of Wi and W), respectively. From Assumption 1, the spectral norms of W
and W, are obtained by their standard deviations and dimensions (Vershynin, 2018), i.e.,
[Willa = 01(Vd + \/dgn) and ||Wal|2 & 02(v/d + /dggy ). Finally, we can express an upper
bound of the spectral norms of the Jacobian matrices for FEN as the following inequality:

where the right-hand side has the relation 0702 (Vd + /dgn)? ~ || Wy [2[|Wa 2.
Next, regarding the LN part, the Jacobian matrix of LN can be written as:
L ! 1T v 1 T
ANG) VB (S (Y (s
||x’||2 th/\/H Ux/d Oy
The leftmost equation appears in the proof by Xiong et al. (2020). The second equation uses

|x’||2 = o /d, which can be obtained based on Assumption 1. The last equation is derived
from the well-known formula of z = (x’ — p,/) /0y, which converts a normal distribution,
x’, to the standard normal distribution z, where 1,y = 0 in Assumption 1.

d

ox’! 1]l

We consider the variance (var) of each element in the matrix zz'. Since z;z; follows X2
with 1 degree of freedom, and z;z;(i # j) is the multiplication of two independent values
following the standard normal distribution, the variances are as follows:

var(z;zj) = {1 ifi 7] . (13)

2 otherwise

Equation (13) indicates that % ~ 0in LLMs due to d > 1. Therefore, the spectral norm of
the Jacobian matrix of LN can be written as:
H JLN(x) 1 JLN(x) 1

T ’ - 0_7x(, Where T - (Tix/l (14:)

Finally, Equation (9) can be rewritten by substituting Equations (11) and (14) as:

W gy D
8’2 o

x/

Cttn, (15)

where Cgg, = (V/d + /dggn)? for the simplification.

According to the discussion in Section 2.3 and Equation (15), the standard deviations, oy
and 0y, of W1 and W,, respectively, should be sufficiently small, and the standard deviation,
oy, of the shortcut, x’, should satisfy 0902 < 0/ in order to keep the upper bound small.

3.2 Jacobian Matrix of Self-Attention

Similar to FEN, we can rewrite || %—’g |l2 in Equation (7) by using Equation (2) as:
/
o' Ha(x+Attn(LN(x))) _ HI+ d(Attn(LN(x))) (16)
ax ||, ox 5 ox 2

3Appendix E discusses the case where we use the ReLU, SiLU, and SwiGLU as the activation
functions, which leads to the same conclusion.
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We can then derive an upper bound of || 2 || by applying the subadditivity and submul-
tiplicativity of the spectral norm, namely:

‘ ox' JAttn(LN(x))

ox JOLN(x)
Therefore, to estimate the upper bound of || |2, we compute the spectral norms of the
Jacobian matrices for Attn and LN.

Let Z(-) = concat(head;(-), ..., head;(-))) and let J# be the Jacobian of the Z(-)*, we can
rewrite the spectral norm of the Jacobian matrix of Attn as:
W Z( LN ) 0Z(LN(x))
0Z(LN(x JLN(x)

JdLN(x)
dx

17)

<1+

2 2 2

= [|[WoJ?|l2- (18)

2

JAttn( LN
aLN

Therefore, we can straightforwardly derive the relation ||WoJ? ]2 < ||[Woll2[J%||2 from the
submultiplicativity of the spectral norm.

Let 0p be the standard deviation of Wg. The relation |Wp |2 ~ 00(2v/d) is derived from
Assumption 1. We assign this value to Equation (18) and obtain the following inequality:
dAttn(LN(x))
JdLN(x)

< oo 2Va)[|J72- (19)
2

Therefore, we can rewrite Equation (17) by substituting Equations (14) and (19) as follows:

‘ ox’

where Cayn = (2V/d)||J?]|2 for the simplification.

Yo
< Yo
== 1+ o Catn, (20)

Thus, similar to the discussion at the end of Section 3.1, the standard deviation, 0y, of Wp
should be small and the standard deviation, oy, of the shortcut, x, should satisfy 0o < oy
in order to keep the upper bound small.

4 Conditions to Avoid Spikes

Based on the discussions in Section 3, we have to pay attention to values of 01, 0, 0o, and
the standard deviation of the shortcut to stabilize the pre-training of LLMs. To make o7,
07, and 0p small, we have to initialize the corresponding parameters with a small value.
Let us consider the actual settings in detail. The widely used initialization method for
LLMs (Shoeybi et al., 2020; Le Scao et al., 2022; Biderman et al., 2023), initializes all param-

eters with a normal distribution \V'(0,02) where o = /2 (Nguyen & Salazar, 2019), and
then scales W, and W, to small values based on the number of layers: |/ 5k where N is the
number of layerSS. In this situation, 07, 0, and op are sufficiently small values.

However, in this situation, the standard deviation of the shortcut is also too small. For

example, at shallow layers, the standard deviation is close to 1/% because the embed-

ding matrix is also initialized by N(0,0?) where ¢ = |/Z. Therefore, to increase the
standard deviation of the shortcut, we make the standard deviation of each embedding

“We discuss the detail of J# in Appendix G.
SBiderman et al. (2023) also scaled W, and W to small values in the initialization, but they used

the strategy introduced by Wang & Komatsuzaki (2021) instead of scaling with 4/ % However, its

property is the same essentially because they initialize W, and Wy with ¢ = NL\/H which becomes

small based on the number of layers.
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close to 1°. To achieve this, we introduce two kinds of modification: “Scaled Embed”
and “Embed LN"7. The Scaled Embed scales embeddings with an appropriate value. For

example, we multiply embeddings by v/d, which was used in the original Transformer pa-

per (Vaswani et al., 2017)8, and then the standard deviations of embeddings become %

The Embed LN applies the LN to embeddings. In fact, Le Scao et al. (2022) reported that
the Embed LN strategy prevents loss spikes empirically. These two methods are presented
as verification examples rather than proposed methods, and alternative approaches could
be employed if the conditions are met.

To demonstrate the actual values of the up-

per bound described in Equation (15), we mm Xavier Init
take the model with 1.7 billion parameters = Vanilla
as an example. In addition to the widely
used initialization for LLMs (Vanilla) and
the above two modifications: Scaled Em-
bed and Embed LN, we compare Xavier
Init, which initializes all parameters with ! S erdepn 24
the Xavier initialization (Glorot & Bengio,

2010), as the situation where we do not
scale W, and Wy based on the number of
layers. Figure 2 shows the values of Equa-
tion (15) for each layer at the beginning
of the pre-training. This figure indicates
that the methods without suppressing the
upper bound, i.e., Xavier Init and Vanilla,
rapidly increase the values especially in
shallow layers. In contrast, Scaled Embed
and Embed LN keep small values. In summary, to make the upper bound of the gradient
norms small for the stabilization of the LLM pre-training, we have to satisfy two condi-
tions: (1) small sub-layers; initializing the parameters of sub-layers with a small value and
(2) large shortcut; making the standard deviation of each embedding close to 1.

4 BN Embed LN
B Scaled Embed

Upper bound
>

Figure 2: The actual upper bound described
in Equation (15) for each Transformer layer at
the beginning of the LLM pre-training. Be-
cause it is difficult to estimate the strict val-
ues for oy at all layers, we obtain the empir-
ical values by using some inputs, and assign
them to Equation (15).

5 Experiments

We verify the empirical effectiveness of our theoretical analyses. In detail, we demonstrate
that controlling the upper bound of the gradient norms also prevents loss and gradient
spikes. To assess efficacy in the real situation, we focus on the methods initialized with the

widely used method (Shoeybi et al., 2020; Le Scao et al., 2022) in main experimentsg.

5.1 Datasets

We used C4 (Raffel et al., 2020) that consists of clean English texts extracted from Common
Crawl as our LLM pre-training corpus. We also used the separated part of C4 as our valida-
tion data. We used GPT-2 vocabulary (Radford et al., 2019) that contains Byte Pair Encod-
ing (BPE) subword units (Sennrich et al., 2016) as our vocabulary. To evaluate each method,

®Based on Equations (15) and (20), the upper bound becomes small as the standard deviation of
the shortcut increases. However, a too large value degrades the performance empirically as described
in Appendix C.

7We can satisfy the condition by initializing embeddings with the normal distribution A/(0,¢?)
where 0 = 1, but we do not adopt this strategy in this study because we use the same initialization
method in our experiments.

8 Although the original Transformer paper introduced this operation, recent implementations ig-
nore this. Therefore, LLMs trained with recent implementations do not satisfy large shortcut.

9The Xavier initialization, which does not satisfy the small sub-layers condition, is not widely
used for LLMs in recent years. Appendix B.1 shows that the performance of Xavier initialization is
worse and fails to avoid spikes.
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we computed perplexity on WikiText (Merity et al., 2017) and LAMBADA (Paperno et al,,
2016) datasets.

5.2 Model Configurations

As described in Section 2, we used the Pre-LN Transformer architecture. We conduct ex-
periments with two parameter sizes: 350 million (350M) and 1.7 billion (1.7B). We set the
learning rate (Ir) 5.0 x 107, Appendix A describes more details on the experimental con-
figuration. We compared the following methods. We put v" before the method name if the
method satisfies both conditions to suppress the upper bound.

Vanilla This is the standard configuration for LLM pre-training. Since this configuration
does not suppress the upper bound of the gradient norms, the loss spike is likely to occur.

Embed Detach Zengetal. (2023) used the shrink embedding gradient tech-
nique (Ding et al., 2021) to stabilize their LLM pre-training. This method shrinks gradients
on the embedding layer by detaching a part of embeddings from the computational graph
as follows:

Embed + yEmbed + (1 — y)Detach(Embed), (21)

where v is a hyper-parameter and Detach detaches an input from the computational graph.
We assign 0.1 to 7y as in Zeng et al. (2023). Zeng et al. (2023) indicated that this method
empirically prevents the loss spike. However, this method does not satisfy the condition
on large shortcut, and thus, we show that this method does not completely solve the loss
spike.

v’ Embed LN Dettmers et al. (2022) and Le Scao et al. (2022) reported that applying the
LN to the embedding layer stabilizes their LLM pre-training. As described in Section 4,
this method satisfies the conditions to control the upper bound of the gradient norms.

v'Scaled Embed This method multiplies embeddings by v/d. As described in Section 4,
this method satisfies the requirements to control the upper bound of the gradient norms.

5.3 Main Results

Figure 3 shows the loss values of each method in validation data. Figure 4 shows the gra-
dient norms of each method. These figures indicate that Vanilla and Embed Detach faced
loss and gradient spikes. In contrast, Embed LN and Scaled Embed did not face spikes.
These results correspond to our theoretical analyses described in Sections 3 and 4. Thus,
only methods that make the upper bound of the gradient norm small have successfully
avoided spikes in LLM pre-training.

In comparison between 350M and 1.7B parame-  Model [WikiText | LAMBADA |
ters, spikes occurred more frequently in 1.7B pa- 350M parameters
rameters. Because we initialize embeddings with  JniT; 30.03 24.73

2 _ 2 .. Embed Detach| 30.69 26.93
N(O,U ) where.a = /4, the standard devia Erbed LN 20.85 03
tions of embeddings become small as d gets larger  gcaled Embed | 29.86 24.37

in Vanilla and Embed Detach. This means that the
upper bounds described by Equations (15) and

1.7B parameters

Vanill 22. 15.22

(20) become large as d gets larger because oy and Era;&l)eg Detach| 22 gg 1; 88
/ o g0 o .

o, are nearly equal to the standard deviation of  ppped LN 21.29 13.00

an input embedding in shallow layers. Therefore,  Scaled Embed | 21.29 12.53

if we increase d without any technique to control
the upper bound of the gradient norms, a model  Table 1: Perplexities of each method.
becomes more unstable. This result corresponds
to the previous study reports (Le Scao et al., 2022;
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(a) 350M parameters. (b) 1.7B parameters.
Figure 3: Loss curves of each method in validation data.
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(a) 350M parameters. (b) 1.7B parameters.

Figure 4: Gradient norms of each method during the training.

Chowdhery et al., 2022; Zeng et al., 2023) that their model became more unstable as they
increased the number of parameters.

Table 1 shows the perplexities of each method on WikiText and LAMBADA. This table
shows that Embed LN and Scaled Embed achieved comparable performance. This result
implies that methods have no significant difference from each other in their performance if
each method prevents loss and gradient spikes. In contrast, the perplexities of Vanilla and
Embed Detach are worse except for Vanilla with 350M parameters in LAMBADA, and the
difference in the performance is larger in a large amount of parameters. This result implies
that addressing spikes has a more serious influence on the performance as the parameter
size gets larger. We conduct experiments on a larger model in the following subsection.
Moreover, we discuss other settings in Appendix B.

5.4 Results on 13B Parameter Model

We conduct experiments on pre-trainings of 13B parameter models to indicate that our
provided conditions can stabilize a model with many more parameters than the ones dis-
cussed in Section 5.3. Due to the limitation of our computational budget, we focused on
the comparison between Vanilla and Scaled Embed. We tried two learning rates: 3.0 x 104
and 1.0 x 10~%. Appendix A describes more details about hyper-parameters.

Figure 5 shows the loss values of each configuration in validation data. As shown in (a) of
this figure, the loss value of Vanilla rose from approximately 10000 steps in Ir = 3.0 x 10~*.
Then, the gradient of this model became too large to continue its pre-training. In contrast,
the loss value of Scaled Embed consistently decreased. This result indicates that Scaled
Embed stabilized the pre-training of the model with a large number of parameters.

Table 2 shows the perplexities of each configuration in evaluation data. This table indicates
that we can achieve better performance when we use a larger learning rate. In addition, the
perplexities of Scaled Embed were comparable to ones of Vanilla when we used the small
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Figure 5: Loss values of each method with 13B parameters when we use two learning rates:
Ir=3.0x10"*and 1.0 x 10~*

WikiText LAMBADA |
Model Ir=30x10"% Ir=10x10"% | lr=30x10"% Ir=10x10"*
Vanilla N/A 15.12 N/A 6.50
Scaled Embed 14.47 15.25 5.97 6.53

Table 2: Perplexities of each method with 13B parameters when we use two learning rates:
Ir=3.0x10"*and 1.0 x 1074

Model [PIQA T[OpenBookQA T[HellaSwag T[WinoGrande T[ARC-easy T[ARC-challenge T
Ir=3.0x10"*

Vanilla N/A

Scaled Embed| 78.94 39.20 71.03 63.77 60.31 35.49
Ir=10x10"*

Vanilla 77.80 38.40 69.10 61.64 57.95 33.53

Scaled Embed| 78.07 39.20 68.92 62.59 58.92 33.19

Table 3: Performance of each method with 13B parameters on standard tasks.

learning rate: Ir = 1.0 x 10~*. Table 3 shows the performance of each configuration on
the standard benchmark datasets: PIQA (Bisk et al., 2020), OpenBookQA (Mihaylov et al.,,
2018), HellaSwag (Zellers et al., 2019), WinoGrande (Sakaguchi et al., 2021) and ARC easy
and challenge (Clark et al., 2018). This table shows results consistent with the evaluation in
terms of perplexity. These results imply that our provided conditions have no considerable
risk in pre-training. Thus, we have to satisfy large shortcut in addition to small sub-layers
to stabilize the pre-trainings of LLMs.

6 Related Work

Stability To stabilize trainings of Transformer-based neural language mod-
els, there have been various discussions on the architecture (Xiongetal., 2020;
Liuetal., 2020; Takaseetal, 2023; Zengetal, 2023; Zhaietal, 2023), initialization
method (Nguyen & Salazar, 2019; Zhang et al., 2019; Huang et al., 2020; Wang et al., 2022),
training strategy (Zhang et al., 2022; Li et al., 2022), and loss function (Chowdhery et al,,
2022; Wortsman et al., 2023).

Xiong et al. (2020) theoretically analyzed gradient scales of each part in Transformers, and
indicated that the Pre-LN Transformer is more stable than the Post-LN Transformer, that is
the original Transformer architecture (Vaswani et al., 2017). Since the Pre-LN Transformer
is more stable than the Post-LN Transformer theoretically and empirically, recent studies
mainly have used the Pre-LN Transformer to construct an LLM. We also assume using the
Pre-LN Transformer in the analysis on the training dynamics in this paper.

To stabilize the LLM pre-training, Le Scao etal. (2022) applied the layer normaliza-
tion to the embedding layer. Zeng et al. (2023) used shrink embedding gradient tech-
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nique (Ding et al., 2021). Nishida et al. (2024) proposed weight scaling as reparameteri-
zation (WeSaR) which uses additional parameters to scale parameters of internal layers.
In this study, we theoretically proved that the layer normalization to the embedding layer
controls the upper bound of the gradient norms of sub-layers when we use the widely used
initialization method for LLMs (Nguyen & Salazar, 2019; Shoeybi et al., 2020), and thus, it
stabilizes the pre-training.

For the initialization methods, recent studies have proposed maximal update parameteri-
zation (4P) and its variants as approaches to transfer hyper-parameters from small mod-
els to larger ones without incurring the cost of hyper-parameter search Yang & Hu (2021);
Yang et al. (2024a;b). However, as described in Yang et al. (2024b), such methods may be
ineffective when applied to Transformers, as their underlying assumptions do not accu-
rately reflect the actual Transformer architectures. In studies focusing on Transformers,
Nguyen & Salazar (2019) proposed a strategy to initialize parameters of Transformers with
small values to stabilize their training. Zhang et al. (2019) and Huang et al. (2020) indi-
cated that we can remove layer normalizations in Transformers if we use their proposed
initialization methods. Wang et al. (2022) adjusted initial parameter scales based on the
number of layers to stabilize the Post-LN Transformer. In this study, we indicated that the
widely used initialization method (Shoeybi et al., 2020), which makes parameters small, is
necessary to stabilize the LLM pre-training. Moreover, we proved that we can prevent the
loss spike problem by making the standard deviation of embeddings close to 1.

Efficiency As shown in Section 5.4 and Appendix B.2, our modification enables the
pre-training with a relatively larger learning rate, and can achieve better performance.
Thus, this study can be regarded as on the efficiency of LLM pre-training because our
modification can construct a better LLM with a given budget. Strubell et al. (2019) and
Schwartz et al. (2019) reported that recent neural methods require substantial computa-
tional costs, and thus, they argued that we have to explore a cost-efficient approach.
Rajbhandari et al. (2020) proposed ZeRO that reduces memory redundancies during the
multi GPU training without increasing communication volume. Dao et al. (2022) focused
on GPU memory reads/writes, and proposed FlashAttention that accelerates the speed
of attention mechanisms in Transformers. To reduce the number of computations in the
attention mechanism, Shazeer (2019) proposed the multi-query attention that shares one
key and value across all of the attention heads in each layer. Takase & Kiyono (2023) ex-
plored several parameter sharing strategies, and indicated that parameter sharing across
some layers can achieve comparable performance to the vanilla model with a small num-
ber of parameters. Moreover, several studies have explored a better construction way with
a limited budget (Izsak et al., 2021; Takase & Kiyono, 2021). We believe that we can take
advantage of their findings to make our LLMs more efficient.

7 Conclusion

This paper explored why large language models (LLMs) sometimes experience loss spikes
during pre-training. To provide evidence, we specifically focused on the gradients of sub-
layers. We introduced an upper bound for the gradient norms through an analysis of the
spectral norms of the Jacobian matrices for the sub-layers. We then theoretically identified
two conditions for avoiding loss spikes: small sub-layers and large shortcut. To meet these
conditions, we show that using the widely adopted initialization method for LLMs can
make the sub-layer parameters small, and that embedding scaling or incorporating layer
normalization into the embedding layer can make the standard deviation of each embed-
ding close to 1, resulting in large shortcut. Experimental results indicated that methods
satisfying these conditions avoid loss spikes. Furthermore, these methods allow for train-
ing with a relatively larger learning rate, leading to improved performance. We hope our
theoretical analyses and empirical findings will help avoid wasting valuable time and com-
putational budgets during LLM construction.
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Ethics Statement

To stabilize the LLM pre-training, this paper provides theoretical analyses on the spectral
norms of the Jacobian matrices for sub-layers to estimate the upper bound of the gradient
norm of L. This paper focuses on only the stability of LLM pre-training, and thus, we have
to address other issues of LLMs such as hallucinations to use the LLM in a real application.

Reproducibility Statement

We do not aim to propose a novel method in this paper, but we mainly focus on theoretical
analyses on the spectral norms of the Jacobian matrices to find the factor to stabilize the
pre-training of LLMs. We justify our theoretical analyses through experiments with var-
ious situations. To activate our modification, we add only several lines to a widely used
implementation, i.e., Megatron—LMlO. Therefore, we believe that it is easy to reproduce our
experimental results. Moreover, we did not modify the internal architecture of Transform-
ers. In particular, Scaled Embed only scales embeddings by a constant value, making it
convenient in terms of portability across various implementations, such as Transformers in

HuggingFace!! and vLLM!2.

However, because it is difficult to conclude that our provided conditions completely solve
the instability during pre-training of LLMs, it is better to combine other techniques to stabi-
lize the pre-training such as an auxiliary loss described by Chowdhery et al. (2022) to make
the pre-training more stable in an actual pre-training situation.
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A Hyper-Parameters

Table 4 shows that hyper-parameters used in our experiments on LLMs. To make the ex-
periments on 13B parameter models close to a realistic situation, we increased the batch
size and the number of updates in comparison to ones in experiments on 350M and 1.7B
parameter models. In addiiton, for Adam f,, most studies have used 0.95 to stabilize their
pre-trainings (Brown et al., 2020; Zhang et al., 2022; Zeng et al., 2023; Biderman et al., 2023;
Touvron et al., 2023), and thus, we also used 0.95 in the experiments on 13B parameter
models. As described in Section 5.4, we emphasize that the pre-training of Vanilla is es-
sentially unstable even if we use the widely used Adam B, value, 0.95, which is known
as the technique to stabilize the pre-training. Therefore, our provided conditions are also
effective for the stabilization in the realistic situation.

B Discussions on Other Configurations

In this section, we conduct experiments on other configurations to describe connections
with previous study reports.

B.1 Methods without Small Sub-Layers

Since we applied the widely used initialization method for LLMs in experiments in Section
5, all methods satisfy the condition on the small sub-layers. In this section, we empirically
investigate the property of the method that violates the condition. We compare the Trans-
former initialized by the Xavier initialization (Glorot & Bengio, 2010) (Xavier Init), and the
combination of Xavier Init and Scaled Embed (Xavier Init + Scaled Embed) with Scaled
Embed. As described in Table 5, Xavier Init violates both conditions, and Xavier Init +
Scaled Embed satisfies the only large shortcut condition. In the same manner as in Section
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Table 4: Hyper-parameters used in our experiments on the LLM pre-training.

Name 350M 1.7B 13B
Layer num 24 24 40
Hidden dim size 1024 2304 5120
FEN dim size 4096 9216 20480
Attention heads 16 24 40
Dropout rate 0.1 0.1 0.1
Precision float16 float16 floatl6
Sequence length 2048 2048 2048
Batch size 528 528 1024
The number of updates | 35000 35000 50000
Adam B, 0.9 0.9 0.9
Adam B, 0.999 0.999 0.95
Gradient clipping 1.0 1.0 1.0
Ir decay style cosine  cosine  cosine
Ir warmup fraction 0.05 0.05 0.05
Weight decay 0.01 0.01 0.01
Method [Small sub-layers Large shortcut
Xavier Init - -
Vanilla v _
Embed Detach v -
Embed LN v v
Scaled Embed v v
Xavier Init + Scaled Embed - v

Table 5: Relations between each method in experiments and two conditions to control the
upper bound of gradient norms.

Model [WikiText | LAMBADA |
350M parameters

Xavier Init 33.92 34.72

Xavier Init + Scaled Embed| 30.50 26.55

Scaled Embed 29.86 24.37
1.7B parameters

Xavier Init 30.10 29.29

Xavier Init + Scaled Embed| 23.16 15.49

Scaled Embed 21.29 12.53

Table 6: Perplexities of each method.

5, we trained models of 350M and 1.7B parameters with Ir = 5.0 x 10~%. We also used the
hyper-parameters described in Table 4.

Figure 6 shows loss curves in validation data for 350M and 1.7B parameters in each method,
and Figure 7 shows their gradient norms. These figures show that Xavier Init and Xavier
Init + Scaled Embed faced loss and gradient spikes. In particular, the spikes appeared more
frequently in Xavier Init, which violates both conditions, in comparison with Xavier Init +
Scaled Embed. In contrast, Scaled Embed, which satisfies both conditions, avoided the
gradient spike and prevented the loss spike problem. These results indicate that we have
to satisfy both conditions: small sub-layers and large shortcut to prevent the loss spike
problem. Moreover, Table 6 shows perplexities of each configuration in evaluation data.
This table indicates that Scaled Embed achieved better performance than Xavier Init and
Xavier Init + Scaled Embed that faced some spikes.
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Figure 6: Loss curves of each method in validation data for the comparison to methods

without small sub-layers.
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Figure 7: Gradient norms of each method during the training for the comparison to meth-

ods without small sub-layers.
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Figure 8: Loss values of each method with 350M and 1.7B parameters when we vary a

learning rate.

B.2 Varying Learning Rate

Le Scao et al. (2022) reported that the stable method, such as Embed LN, was worse than

Vanilla.

However, in Section 5.3, the stable methods, Scaled Embed and Embed LN,

achieved better performance than Vanilla in the 1.7B parameter configuration. We suppose
that the difference in the learning rate causes this gap in findings. In this section, we tried
to train Vanilla and Scaled Embed with larger and smaller learning rates: Ir = 1.0 x 103

and 1.0 x 10~* respectively.
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WikiText | LAMBADA |
Model Ir10x10 3 1r50x10%1r1.0 x 107 4|Ir 1.0 x 103 [r 5.0 x 10~* Ir 1.0 x 10~*
350M parameters
Vanilla 29.96 30.35 34.51 25.12 24.73 32.49
Scaled Embed|  28.09 29.86 35.66 22.03 24.37 37.14
1.7B parameters
Vanilla N/A 22.58 2354 N/A 15.22 16.17
Scaled Embed|  20.95 21.29 23.78 12.26 12.53 15.39

Table 7: Perplexities of each method with 350M and 1.7B parameters when we vary a learn-
ing rate.

Figure 8 shows loss values of each configuration in validation data. As shown in this figure,
the larger the learning rate we used, the more frequent the spikes occurred in Vanilla. In
particular, in Ir = 1.0 x 1073, the training of Vanilla with 1.7B parameters failed because
its gradient exploded. In contrast, Scaled Embed stabilized the training, and thus, its loss
values consistently decreased.

Table 7 shows the perplexities of each configuration in evaluation data. This table indi-
cates that Vanilla with 350M parameters achieved better performance in Ir = 1.0 x 10~*
that is the situation where its training did not face any spike. This result corresponds to
the report of Le Scao et al. (2022). Thus, we suppose that they conducted the comparison
with a too-small learning rate to stabilize Vanilla. In contrast, the stable methods are more
effective in training with a large learning rate, as shown in Figure 8 and Table 7. Therefore,
if Le Scao et al. (2022) used a relatively large learning rate in their experiments, their stable
method could achieve better performance.

B.3 Varying Sequence Length

Li et al. (2022) indicated that it is better to train with a short sequence at the early stage
to stabilize the LLM pre-training. They justified their method based on the curriculum
learning strategy. On the other hand, in this section, we provide the theoretical justification
to their method in terms of the standard deviation of the shortcut.

As described in Section 2.1, Transformers add the
output of each sub-layer to the shortcut. Since 400,
the standard deviation of the self-attention layer
tends to decrease with the length of an input se-
quence especially at the early stage!?, a long se-
quence tends to keep the standard deviation of
the shortcut small. Therefore, the long sequence ~ 3.0
makes the pre-training of Vanilla more unstable.

Valid loss
w
N
(&2}

——

We conducted experiments with varying the .50l
length of the input sequence L from 128 to 2048. O ZC0e0 30000, 35000
To use the same number of tokens to update pa-
rameters, we adjusted the batch size. Figure 9
shows loss values of Vanilla with each L config- 350\ parameters in validation data
uration in the validation data. This figure shows ... (oo vary the input sequence
that spikes occurred only in the large L, i.e., 1024 length. We adjust the batch size to
and 2048. Moreover, the spikes are more likely to |« the same number of tokens for the
occur at the early stage of the pre-training. There- training of each model.

fore, using a short sequence stabilizes the training
at the early stage, as reported in Li et al. (2022).

Figure 9: Loss curves of Vanilla with

13Gee Appendix F for details.

18



Published as a conference paper at COLM 2025

—— Vanilla

3.75 —— RMSNorm — Vanilla

254 —— RMSNorm
3.50

3.25

Valid loss
Grad norm

3.00

275 0.5

L

2.50 +— T T T T T T T 0.0~ T T T T T T T
0 5000 10000 15000 20000 25000 30000 35000 0 5000 10000 15000 20000 25000 30000 35000

Train step Train step

(a) Loss curves in validation data. (b) Gradient norms.

Figure 10: Loss values and gradient norms of Vanilla and RMSNorm.

B.4 RMSNorm

Some recent LLMs use the RMSNorm (Zhang & Sennrich, 2019) instead of the LN in their
Transformers (Touvron et al., 2023). We discuss such an architecture in this section. In the
same as LN discussed in Section 3.1, we can obtain the Jacobian matrix of the RMSNorm
with the following equation:

-1 (22)

H ORMSNorm(x)
2 Ox

ox

Thus, the upper bound of the gradient norm is the same in LN if we use RMSNorm.

Figure 10 shows the loss values and gradient norms of the Vanilla configuration in Sec-
tion 5.3 and the one using RMSNorms instead of LNs (“RMSNorm” in figures) with 350M
parameters. We trained them with Ir = 5.0 x 10~% as in Section 5.3'4. As shown in these fig-
ures, RMSNorm faced loss and gradient spikes in a similar location to the ones of Vanilla.
These empirical results also indicate that the RMSNorms have the same problem as LNs
regarding the instability.

C Scaling Embeddings with Larger Value

Equations (15) and (20) indicate that we can stabilize the LLM pre-training by adjusting
the standard deviation of the shortcut to a large value. In fact, our experimental results
show that we can stabilize the LLM pre-training by making the standard deviation of each
embedding close to 1. To investigate how about a larger value, we conducted experiments
with making the standard deviation of each embedding close to 5 and 50.

Figure 11 shows loss curves in validation data for 350M and 1.7B parameters in each situ-
ation. This figure indicates that although all settings prevented the loss spike problem, the
larger standard deviation than 1 degraded the performance. Therefore, it is unnecessary to
scale the standard deviation of each embedding with a larger value than 1 to prevent the
performance degradation.

D Distributions of Sub-Layer Outputs

Figures 12 and 13 shows output distributions of each sub-layer at the beginning of pre-
training and after pre-training. These figures indicate that each sub-layer output is close to
a normal distribution in various configurations both at the beginning of pre-training and
after pre-training. Therefore, the assumption in this study, which is that the vector x at
each layer follows the normal distribution, is reasonable.

14We tried to train them with Ir = 1.0 x 10~3 but RMSNorm exploded.
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(a) 350M parameters. (b) 1.7B parameters.

Figure 11: Loss curves in validation data when we scale the standard deviation of embed-
dings with larger than 1.
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Figure 12: Output distributions of each sub-layer at the beginning of pre-training.

E Discussion on Various Activation Functions in FFN

E.1 ReLU

We consider the case where we use the ReLU function as F instead of the identity function.
Because we assume that parameters and the input vector at each layer follow the normal
distribution, the internal layer also follows the normal distribution. Therefore, each ele-
ment of the FFN internal layer is a negative value with half probability. In this case, we
can regard that the ReLU function cuts the elements of the internal layer by half. Thus,

dgge <l dxdggy <o Un g dx Y
we replace W; € R%n*% and W, € R**%tn with W; € R™ and W, € R**72" in the
discussion in Section 3.1 when we use the ReLU function as F.

E2 SiLU

We consider the case where we use the SiLU function as F. The definition of the SiLU
function is as follows:

SiLU(x) = x o Sigmoid (x) (23)
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Figure 13: Output distributions of each sub-layer after pre-training.

where Sigmoid is the sigmoid function.

oSiLU(x) . . dSigmoid(x)
= Sigmoid(x) + x o —
= Sigmoid(x) + x o Sigmoid(x) o (1 — Sigmoid(x))
= Sigmoid(x) o (1 + x o (1 — Sigmoid(x))) (24)
LetD = diag(%) € R4 Then, we obtain the Jacobian of the FFN as follows:
IFFN(LN(x))
Therefore,
JFEN(LN(x'))
— || <
|2, < Wl 26)

The spectral norm of the diagonal matrix D is the maximum absolute value of its diagonal

elements:

dSiLU(x;)
axi

Il = mx| | @)

Moreover, we find that its maximum occurs at x ~ 2.4 and is approximately 1.1, and thus,

IDll2 < 1.1. Because ||[Wi[> ~ o1(Vd + /i) and [Wall2 = 02(vVd + V/dign), we can
express the upper bound as the following inequality:

JOFFN(LN(x")) 2
— <1
H NG ||, = 11(c102(Vd + /din)?) (28)
Finally, Equation (9) can be rewritten as:
ay 0102
H FRY, L= 1+1 1( = Cffn> (29)
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E3 SwiGLU

We consider the case where we use the SwiGLU function as . When we use the SwiGLU
function, the FEN layer is expressed as follows:

FFN(x) = W,(Swish(Wjx) o (Vx)) (30)

where V € Ré%n*4 and V follows a normal distribution N/ (0, U%). Then, we compute the
Jacobian of the FFN(x) as follows:

OFFN(x)  oFFN(x) oWjx = oFFN(x) oVx

ox  oWjx  ox T Tovx ox (31)
OFFN(x) . . dSwish(W;x)
“oWix W, <d1ag(Vx) odiag <8Wlx (32)
OFEN(Y) _ 1y (diag(Swish(Wyx))) (33)
oVx
Therefore, we can rewrite Equation (31) as follows:
OFFN(x) = W, | diag(Vx) o diag ISwish(W1x) Wi + Wy (diag(Swish(Wix)))V (34)
dx dWqx
Let ; = W, <diag(Vx) o diag(W))Wl and J, = Wh(diag(Swish(W;x)))V,
aFFaiI;I(") = Ji + J2. We can derive the upper bound of || aFFaNx(X) H2 as follows:
JFFN (x
|22 < Wl -+ 1t )
roo 2
For [|]1]|2, we have:
. . dSwish(Wyx
Il < [Wallolding (V) 2 aiog ( B ) | v o)
1X 2

Each element of Vx is a sum of d independent random variables with variance 0202, and

thus, var(Vx) = dUJ%a‘Z,. Therefore, from the expected maximum of dg,, Gaussian random
variables,

||diag(Vx) ||2 < oyoyy/2dlog difn (37)

The derivation of the Swish function is bounded by 1.1 in the same manner as the SiLU
function:

<11 (38)

H dSwish (W x)
2

8W1x

The spectral norms of W; and W, can be obtained ||W; || ~ o1 (vVd + /dgm) and | W ||, =

02(V/d + \/dg) as described in Section 3.1. We can obtain the upper bound of ||J;||» with
these equations:

IT1ll2 < 11ovovor05(Vd + \/dggn)*/2 d log din 39)
For [|]2]|2, we have:
112]l2 < [[W2l2 | (diag(Swish(W1x))) [2[| V]2 (40)

Due to [Swish(Wjx)| < |Wjx| and var(W;x) = do?0?, we can obtain:

||(diag(Swish(W;x))) |2 < oxo1+/2 d log dig, 41)
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Therefore,
112112 < oxovor02(Vd + /dign)* /2 d 10g din (42)
Based on these equations, we can derive the upper bound as follows:

OFFN(x)
ox

] < ille + 1alz
2

=21 O'vaUla'z(\/E + v/ dffn)z\/ 2 d log dgg,

= 0x0y 0102 Cswiglu (43)

where Cgyyigy includes 2.1 (Vd + /din)*+/2 d log dg, for the simplification.

Finally, we consider the actual Transformer layer that includes layer normalization and
residual connection:

oy0102

ay
Ha ’ ) = swiglu

xl

We note that oy in Equation (43) is equal to 1 in the actual Transformer layer because we
apply the layer normalization to the input of the FEN layer.

F Relation between Input Length and the Standard Deviation of
Self-Attention

We explain that the standard deviation of the self-attention layer becomes small as the
input length is long. Because we assume that parameters and the input vector at each

layer follow the normal distribution, the expectation of each element of (Wg; x)T(Wx; X)

is 0. Therefore, the expectation after the softmax function is % where L is the length of
the input sequence. Thus, the long input sequence decreases the standard deviation of the
self-attention layer.

To simplify, we consider the case where the number of self-attention heads is 1. In this case,
we can obtain the variance of each calculation with the following equation.

var(Wp(x)) = var(Wp)var(x) d (45)
var(Wy (x)) = var(Wy)var(x) d (46)

where var represents the variance of the matrix/vector. Thus, the variance of the self-
attention layer, var(Attn(x)), is as follows:

L
var(Attn(x)) = var(Wp) dZ Var(WVL);/ar(x) d

(47)

_ var(Wo)Var(L‘/V\/)Var(x)d2 (48)

G Details on Jacobian Matrix of Self-Attention

We can represent concat(head; (x), ..., head; (x)) with the summation of the matrix multi-
plications as follows:

h
concat(head (x), ..., head),(x)) = ) _ head;W; (49)
i=1

where W; € R%ead*? whose corresponding element is 1 and the others are 0. Let J* be the
Jacobian of the head;(x), we can represent JZ in Section 3.2 as follows:

h .
J“ =Y J'W,; (50)
i=1
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In addition, the self-attention consists of the interaction among inputs and outputs of each
position in the sequence. Thus, we add indices to Jacobians to represent the positions of

the input and output. Let x; be the input of the position j, and z}; be the i-th head of the

. 1
output position k, and J; ;= %. Because % can be regarded as the Jacobian of the input of
j

the position j, we can convert Equation (51) into the following Equation:
, L
=Y Y W (51)
k=1i=1

where L is the length of the input and output sequences. Therefore, we compute ]]ij to

obtain JZ in Section 3.2.

We can obtain a head of the output position k, i.e., z, as follows!®

Apvy (52)

L
Zj =

=1

T
where Ay, is the [-th element of the attention vector, softmax (M(WKX)> and v; is

V dhead
Wy x;. Therefore, to obtain Ji;, we differentiate z; with respect to x; as:

aZk L BAkl T al)l
Jki==0=), (Uz + A (53)

/ aX] =1 ax] ax/

v
3, = o (54)
_[1ifl=j

% = {0 otherwise (55

Thus,

ox;

0z <3Akz T
1 j

—-— AW
ax; L 0 >+ KWy (56)

Here, we assume that the attention vector is uniform. In this assumption, since Ayj = %, we
can obtain the spectral norm of the second term for Equation (56) as || AWy [|2 = 42 (Vd +

V/Ahead ), Where oy is the standard deviation of Wy . To calculate the first term, we compute

94y
ax/- .
Ay <35kz L 9Skm
— =AY A= (57)
ax]- 8x] =1 " ax]
95k 1 T T
- = W WKXl5k'+W W xkél- (58)
axj \% dhead < Q ! KTe ])
Let D; be W(EWKXZ and Ej be WEWka. Then,
Sy 1
— = ——— ( D;dy; + Exdy; (59)
ax]' ‘/dhead ( ] ])

15To simplify the equations, we omit the index i to represent i-th head from the head and parame-
ters.

24



Published as a conference paper at COLM 2025

Therefore,
0Ay _  An L
= D;é Eid:) A (Dyibi + ExOpyi 60
o, e (Dydxj + Exdyj) m§:l km (DmOxj + Exdj) (60)
/L i
= ——— | 0;iEx — AkiEr + 6 | D) — A D (61)
dhea / / / m=1 e

We assign Equation (61) to the first term of Equation (56) and use the assumption Ay; = ¢

}L 94u, §L A (5B — AgE 4o D }L ADu | 0T (62)
1iEk — Akjbk ki 1= k 1
I=1 ax] 1=1 thea / / / m=1 e
1 L 1 L1
= Y 6 Ey— ~E+6: (D — Y =Dy |07 63
I dhead1§<l]k [ Ext kj(l ) I m>01> (63)

m=1
1 L L 1 L 1
= Lm (; ((5l]Ek+5k]Dl) Uy ) + (l_zl <_LEk — m;l LDm> UZT>>
(64)
-1 Eww;" + i ((5k'Dzva) — | Ex+ i Dy | v," (65)
Ldheaa \ 2N =1

1 T T s T s T
= ——— | Exvi" — Exvp” + 5]( D;v; — D (9] (66)
L/dhead < ! ]1221( ) mgl "

Based on the assumption that parameters and the vector at each layer follow the normal
distribution, we assume that the mean of D;, Ej, and v; is 0, and thus, we can obtain their
norms from their variances. In addition, we assume that the standard deviation of Wg, Wk

and Wy is 0. Then, var(D;) = var(E;) = ddpeaq0?, var(LF D)) = Lddpeaqc?, and var (o)) =
do®. Thus, |Eofll2 =~ [|Exofll2 = o®\/d®d}, ., | Ziy (Dio]) 2 = [(Zhet Dm)of [l =

a3,/ Ld3d%ead‘ Therefore,
Z <8Akl 1 )
=\ 9%

2

41 T T . L T L T
< s (B, [, ~a| 5 (o) | | (£,00) 7] ) @
1
~ 7[4@ <20’3 d3d}21ead + ((5kj + 1)(73 Ld3dﬁead> (68)
1
= \F <5k] +1+ \F) o dBdhead (69)

Based on this Equation, we can compute the upper bound of ||J;||2:

A
il = || ¥ ( Lo ) + AgWy
=1 2
L E)Ak,

< Z ot + [| AWy |12 (70)

=1 2

1 Ve
S ﬁ ((Sk] +1+ \/E> Uﬁ d dhead + \/> d+ dhead) (71)
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Moreover, we can compute the upper bound of ||J#||, from Equation (51) as follows:

L h
17702 = || Y Y- TiWs (72)
k=1i=1 2
L h
< Y ) Wil Will2 (73)
k=1i=1

%

h (\1@ <1+L+\2é) U3y/d3dhead+%(\/ﬁ+ @)) (74)
—h<<ﬁ+z+\k) 02 \/ddpeaq + o (Vd + @)) (75)

H Comparison with Post-LN Transformer

As described in Section 2.1, recent studies use the Pre-LN Transformer architecture to con-
struct their LLMs because the architecture is more stable. In contrast, some recent studies
reported that the Post-LN Transformer, which is the original architecture, can achieve bet-
ter performance than the Pre-LN if we address the instability issue in the Post-LN, i.e., the
vanishing gradient problem (Liu et al., 2020; Takase et al., 2023; Wang et al., 2022). We dis-
cuss whether the Pre-LN Transformer entirely underperforms the Post-LN. We conducted
experiments on machine translation experiments because previous studies mainly focused
on them.

We followed the experimental settings in Takase et al. (2023). Table 8 shows the details of
hyper-parameters. We used the WMT English-to-German training dataset (Vaswani et al.,
2017; Ottetal., 2018), and evaluated each model in newstest2010-2016. We used the
encoder-decoder architecture proposed by Peitz et al. (2019). To stabilize the Post-LN
Transformer, we applied DeepNet (Wang et al., 2022) and B2T connection (Takase et al.,
2023). We compared them to Scaled Embed, that is, the Pre-LN Transformer with the stabi-
lizing techniques described in this paper.

Table 9 shows the averaged BLEU scores among newstest2010-2016. For
the BLEU score calculation, we wused SacreBLEU (Post, 2018) to obtain
compatible scores (Marieetal, 2021). The signature of SacreBLEU is
BLEU+case.mixed+numrefs.1+smooth.exp+tok.13a+version.1.5.0. As shown in this table,
we used two learning rates: Ir = 1.0 x 1073 and 3.0 x 10~3. For Ir = 1.0 x 10~3, DeepNet
and B2T connection outperformed Scaled Embed. Thus, the Post-LN Transformer-based
methods achieved better performance than the Pre-LN Transformer-based method. This
result corresponds to reports in previous studies (Liuetal., 2020; Wangetal., 2022;
Takase et al., 2023).

On the other hand, for Ir = 3.0 x 1073, Scaled Embed achieved better performance than
the others with Ir = 1.0 x 1073, and the training of the others failed due to the exploding
gradients. This result indicates that the Pre-LN Transformer-based method can achieve
better performance if we use a large learning rate. Therefore, the Pre-LN Transformer (with
the stabilizing techniques) is more stable than the Post-LN Transformer-based method, and
thus, it can achieve better performance when we use a large learning rate that is too large
to train the Post-LN Transformers.
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Table 8: Hyper-parameters used in the comparison with Post-LN Transformer.

Name Value
Layer num 18
Hidden dim size 512
FEN dim size 2048
Attention heads 8
Dropout rate 0.5
Precision float16
Word dropout rate 0.1
Max tokens 7168
Adam B4 0.9
Adam §; 0.98
Gradient clipping 0.1

Ir decay style inverse square root
Warmup step 4000
Weight decay 0

Table 9: Averaged BLEU scores among newstest2010-2016.

Model [ 2010 2011 2012 2013 2014 2015 2016 | Average T
Ir=1.0x103
DeepNet 24.65 2230 22.87 2651 2729 29.77 3487 26.89

B2T connection | 24.46 2242 2285 2651 2746 2991 34.65 26.89
Scaled Embed 2432 2221 2240 2638 26.89 29.98 34.53 26.67

Ir=30x1077
DeepNet N/A N/A
B2T connection N/A N/A

Scaled Embed 2452 2223 2286 26.54 2735 2990 35.16 26.94
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