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Distributed Multi-Task Learning for Stochastic
Bandits With Context Distribution and
Stage-Wise Constraints

Jiabin Lin

Abstract—We present conservative multi-task learning in
stochastic linear contextual bandits with heferogeneous agents.
This extends conservative linear bandits to a distributed setting
where M agents tackle different but related tasks while adhering to
stage-wise performance constraints. The exact context is unknown,
and only a context distribution is available to the agents as in many
practical applications that involve a prediction mechanism to infer
context, such as stock market prediction and weather forecast. We
propose a distributed upper confidence bound (UCB) algorithm,
DiSC-UCB. Our algorithm dynamically constructs a pruned action
set for each task in every round, guaranteeing compliance with
the constraints. Additionally, it includes synchronized sharing of
estimates among agents via a central server using well-structured
synchronization steps. For d-dimensional linear bandits, we prove
an O (dv MT) regret bound and an O (M *-5d?) communication
bound on the algorithm. We extend the problem to a setting where
the agents are unaware of the baseline reward. We provide a
modified algorithm, DiSC-UCB-UB, and show that it achieves the
same regret and communication bounds. We empirically validated
the performance of our algorithm on synthetic data and real-world
Movielens-100 K and LastFM data and also compared it with some
existing benchmark algorithms.

Index Terms—Distributed learning, online learning, multi-arm
bandits, constrained contextual bandits.

1. INTRODUCTION

N CONTEXTUAL Bandits (CB), an agent engages in a
I series of interactions with an environment over multiple
rounds. At the start of each round, the environment presents
a context, and in response, the agent selects an action that yields
areward. The agent’s objective is to choose actions to maximize
cumulative reward over a time horizon of 7. CB algorithms find
applications in various fields, including robotics, clinical trials,
communications, and recommender systems. This paper extends
the standard CB problem in three ways.

First, the standard CB model assumes precise context obser-
vation, which does not always hold in real-world applications.
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For instance, contexts can be noisy measurements or predic-
tions, like weather forecasting or stock market analysis [1]. In
recommender systems, privacy constraints might limit access
to certain user features, but we can infer a distribution over
these features [2]. To address context uncertainty, motivated by
the prior work [1], we study a scenario where the environment
provides a context distribution. The exact context is treated as
a sample from this distribution and is hidden. Second, given
the increasing demand for safe learning in various real-world
systems, particularly those with safety-critical applications, this
paper delves into the impact of stage-wise safety constraints
on the linear stochastic bandit problem. Drawing inspiration
from prior works [3], [4], [5], our approach builds upon the
safety constraint introduced by [6] and later studied in [7]. In
our scenario, the agent has a baseline policy suggesting actions
with guaranteed expected rewards derived from historical data
or legacy policies. We enforce a safety constraint that requires
the agent’s chosen actions to yield expected rewards no less than
a predetermined fraction of those recommended by the baseline
policy. Third, multi-task learning enables models to simultane-
ously tackle multiple related tasks, leveraging common patterns
and improving overall performance [8], [9], [10], [11], [12]. By
sharing knowledge across tasks, multi-task learning can lead
to more efficient and effective models, especially when data is
limited or expensive to acquire. Multi-task bandit learning has
gained interest recently [13], [14], [15], [16], [17], [18], [19],
[20]. In this paper, we consider heterogeneous multi-task linear
stochastic CB problem with hidden contexts and stage-wise
performance constraints. A set of M agents collaborate to solve
related but different tasks jointly; while the exact contexts are
hidden, only a context distribution is known to the agents,
and the agents are subject to performance constraints at every
decision round. The problem addressed in this work applies to
various bandit learning scenarios, such as recommender systems
and personalized medical treatments, where tasks are related
but not identical. While movies and TV shows share features,
some may be irrelevant across domains. Additionally, context
(e.g., user or patient data) can be noisy due to profile errors or
shared accounts. Often, a baseline policy guides recommenda-
tions based on past data, but platforms may impose constraints,
ensuring daily viewership remains above a threshold to maintain
revenue stability. These applications can significantly benefit
from our approach, as demonstrated in our empirical analysis in
Section VI.
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A. Our Contributions

The paper makes four key contributions.

1) We formulate the constrained multi-task contextual bandit
problem with hidden contexts and propose a distributed
UCB algorithm. A key aspect of our approach is the
construction of a safe action set at each learning round to
filter out actions that fail to meet performance constraints,
which is rather challenging since the contexts are un-
known. The unsafe action elimination method in existing
work [7], which assumes known contexts, is not directly
applicable to our setting with unknown contexts. Lemma 3
proves that our safe action set meets the performance
constraints, while Lemma 5 proves that the optimal action
in each round remains within the pruned set and is not
eliminated.

2) We show in Theorem 1 that the regret can be decomposed

into three terms: (i) an upper bound for the regret of the
distributed linear UCB algorithm, (ii) a term that captures
the loss since the contexts are unknown and (iii) a term
that accounts for the loss for being conservative to satisfy
the performance constraint. A key aspect of our analysis is
bounding the number of rounds the learner’s actions (/N7)
and the conservative actions (/Nf) are played, which we
establish in Theorem 2. _
In Theorem 3, we provide an O(dv MT) regret bound
and an O(M**d®) communication bound on the algo-
rithm, where d is the dimension of the feature vector. Our
proposed approach significantly outperforms the naive
method of solving the M tasks independently, which
results in a regret of O(dM \/T) [71, [21], thereby demon-
strating the effectiveness of multi-task learning.

3) We extend the problem to a setting where the agents
are unaware of the baseline reward value. We show that
the algorithm can be modified slightly to address this
case, and regret and communication bounds remain the
same.

4) We conducted numerical experiments using both synthetic
and real-world datasets (MovieLens and LastFM) to val-
idate our algorithms. Our methods consistently outper-
formed benchmark algorithms across all evaluations.

B. Related Work

Multi-task bandit learning: Collaborative bandit learning
has been explored in both homogeneous and heterogeneous
settings [10], [11], [12], [22], [23], [24], [25], [26]. In the
homogeneous setting, all tasks are identical, whereas in the
heterogeneous setting, tasks are distinct yet share underlying
similarities. In the homogeneous setting, distinct agents solve
a common task collaboratively using a shared reward param-
eter 0* [10], [11], [23], [25], [27]. Our work, on the contrary,
introduces a multi-task bandit learning in which heterogeneous
agents perform distinct tasks governed by heterogeneous reward
parameters © = {07 };c[s). This model finds relevance in var-
ious real-world scenarios where agents, possessing distinct yet
interrelated objectives, function within a collaborative setting.
[12], [22], [24] considered tasks with unique feature vectors.

However, their scenario treats each agent as a user/context,
resulting in a time-invariant situation. In contrast, our work
addresses a time-varying case. Another related line of work is
multi-task representation learning of bandits [13], [14], [15],
[16], [17], [19], [20] that focuses on learning a shared low-
dimensional representation between the tasks. Bandit problems
with sparsity constraints are studied in [18], [28]. None of these
works consider constrained learning or unobserved contexts.
Contextual bandits with partial observations have been studied
in [1], [10], [11]. A related line of work is partial monitoring,
where the rewards for the chosen actions are unobserved [29],
[30], [31]. Instead, the learner receives indirect feedback that
correlates with the rewards.

Constrained bandits: Constrained bandits have been well
studied, including [32], [33], [34], [35], [36], [37] under various
modeling assumptions. The two primary types of constraints
are: (i) budget constraints, where each arm incurs a random
resource consumption, and (ii) safety/performance constraints,
which ensure that the reward in each round meets or exceeds a
specified fraction of a baseline performance.

Refs. [3], [4], [37] considered a cumulative performance
constraint, which ensures that the total reward over the learning
horizon meets or exceeds a specified threshold, in contrast to
stage-wise constraints that must be satisfied in every round.
[32] considered linear constraint of the form z' BO* < C,
where B,C' > 0 are a known matrix and a positive constant,
respectively. The most related works are [6], [7], which also
considered stage-wise performance constraints, however, in
a single task setting with observable contexts. In the multi-
task setting considered in our paper, each task is associated
with a distinct constraint, resulting in M constraints. Con-
strained Markov Decision Process (CMDP) extends traditional
MDPs by incorporating a cost function to ensure compliance
with constraints [38]. The safety specifications in the majority
of the CMDP methods are expected discounted cumulative
costs, and the goal is to maximize the expected performance
while minimizing the cost incurred from constraints. Con-
strained restless bandits, as studied by [39] addresses scenar-
ios where resource availability varies over time, necessitating
adaptive strategies to optimize decision-making under dynamic
constraints.

II. STOCHASTIC LINEAR CONTEXTUAL BANDITS

In this section, we will first introduce the standard linear
bandit, then the stochastic stage-wise constrained setting, and
finally, the distributed stochastic stage-wise constrained setting.
Let A be the action set and C be the context set.

Stochastic linear CBs: In linear bandits, at round ¢t € N, the
agent observes a context ¢; € C and selects an action z; € A.
The context-action pair (z, c;) is mapped onto a feature vec-
tor ¢, ., € R%. Based on this feature vector ¢y, .,, the agent
receives a reward y; € R from the environment, where y; =

;7 ¢, 0% + ni, with 6% representing an unknown reward param-
eter, and 7, is a o —Gaussian noise with zero mean. Thus the
expected reward r(x¢, ¢;) = E[y]. The goal of the linear bandit
problem is to maximize the cumulative reward or, equivalently,
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minimizes the cumulative (pseudo) regret [21], as

T T
min Ry = Z Dre 00" — Z Or, 0,07 (1)
t=1 t=1

Here 7 is the optimal/best action for context ¢;, and z; is the
action chosen by the agent for context c,. [21], [40] showed that
the UCB policy achieves sublinear regret O(dv/T).

Stochastic linear CBs with stage-wise constraints: Here, the
agent is provided with a baseline policy. The baseline action
xp, has an expected reward 75, = d)aT:bt,ct 0*. The agent’s ac-
tions are subject to the stage-wise conservative constraint r; =

e, 0 = (1 — )y, where o € [0, 1], such that the agent’s
action will be chosen only if it satisfies the constraint, otherwise,
the baseline action will be performed [6], [7]. This guarantees
that the expected reward for the agent at any round ¢ remains
at least a pre-defined fraction (1 — «) of the baseline reward.
The goal is to maximize the cumulative reward while satisfying
the stage-wise constraint. Formally, minimize the cumulative

(pseudo) regret while meeting the constraint
min R such that ¢, . 0* > (1 — a)ry,, forallt € [T]. (2)

For this setting, [6] presented an algorithm, referred to as SEGE
with regret bound O(dv/T) when the actions are constrained
to be from an ellipsoid, and [7] presented a UCB algorithm,
referred to as SCLUCB, and a Thompson sampling algorithm,
referred to as SCLTS, with regret bounds O(dv/T).

III. PROBLEM FORMULATION AND NOTATION

Notations: The norm of a vector z € R? with respect
to a matrix V € R™? is defined as |z|ly = V2 Vz.
Further, T denotes matrix or vector transpose. J; =
(Fi,0(x1,m1,- - x¢,m¢)) be the filtration (0 —algebra) that rep-
resents the information up to round ¢. For an integer Z, we denote
[Z]=11,2,...,Z}.

Problem Formulation: In this work, we study multi-task
stochastic linear CBs with stage-wise constraints and context
distribution. We consider a set of JM heterogeneous agents
performing different but related tasks such that their reward
parameters 0 € R% fori € [M], satisfy a sparse structural con-
straint. Our problem models a joint multi-tasking bandit prob-
lem, where the set © = {67,03,...,0%,} satisfies the sparse
structural constraints described below.

Constraint 1: (Sparse structural constraint on ©) We define
anindex setfortasksZ = {I;, Io, ..., I5 }, where|I;| = d;.For
i€ {l,...,M}, I is the index set of features that are relevant
to agent 7. Without loss of generality, we assume dy > do >
oo >dy.Thus, I; = {k € {1,2,...,d1} : k*® feature of 0} €
0r}, where 0F := 07|y,.

Further, we consider that at round ¢, the context ¢; is un-
observable and only a distribution of the context denoted as
the agents observe u;. At round ¢, the environment chooses
a distribution p; € P(C) over the context set and samples a
context realization ¢; ~ p. The agents observe only 1, and not
c; and each agent selects an action, say action chosen by agent
11s x4 ;, and receive reward v, ;, where y; ; = d)lt,i,q 0F + 0.
Moreover, each agent possesses a baseline policy, 7, ;, shaped

by their past experiences and domain expertise. This baseline
policy guides the derivation of a baseline action xy, ; aligned
with the specific context ¢;. This interplays with the performance
constraint, wherein each agent 7 is bound to select an action
meeting the condition defined 7, ; as described below.

Constraint 2: (Performance constraint on agent i w.r.t my, ;)
Given a context ¢; and the baseline policy 7, ;, agent ¢ can select
an action x, ; only if (ﬂmq 0r > (1 — a)ry, i, Where ry, ; is the
baseline action derived from 7, ; for ¢;.

Our aim is to maximize the cumulative reward,
Zil\il Zthl Y¢,i» While simultaneously satisfying constraints 1
and 2. Formally, our aim is to minimize the cumulative regret

M T

Rr=>Y_

(D re0 = Doy e )70 s.t constraints1 & 2hold.
i=1 t=1

3

Here 27 ; = arg max,, c4Ecy, [12, ;¢ is the best action pro-
vided we know 4, butnot ¢;, and 7" is the total number of rounds,
and (1 —«) € (0,1) is the maximum fraction of loss in the
performance compared to the baseline policy the decision maker
is willing to accept during learning. Let kp, ; = (b;* Lel0i =T
be the difference between the expected reward of the optimal
action z7 ; and the baseline action zy, ; at round ¢.

To solve the multi-task problem, we first transform the prob-
lem as follows. We transform the distributed multi-task problem
with feature vector ¢, , ., € R% and heterogeneous reward pa-
rameters 0 € R% for each agent into a distributed linear bandit
model with the heterogeneous feature vectors ¢; (i, ¢) € R¢
and shared reward parameter 6*. We perform the mapping
of the feature vector ¢, , ¢, € R% to a new feature vector
¢i (4.4, 1) € RY1. Henceforth for notational brevity, we define
d := d after dropping the subscript. This is achieved by retain-
ing the features corresponding to the index set [; and setting
the value to zero for features not in the index set I; resulting a
d-dimensional feature vector ¢;(x;,;, ;). We elaborate on this
process in the example given in Section A. Henceforth, our
analysis use heterogeneous features and shared 6*.

Assumption 1: Each element 7,; of the noise se-
quence {77,5,1-}:02’%:1 is conditionally o—subGaussian, i.e.,
E[e*i|Fy1] = exp(E22), forall & € R.

Assumption 2: For simplicity, we assume ¢L,i,q 0r €[0,1],
|6, ic.ll2 < 1,and ||07 |2 < 1,foralli € [M]and all z € A.

Assumption 3: Thereexistconstants k; = Kk, = 0,1, = 1] >
0 such that at each round ¢, k; < Ky, s < Kp, 71 < T, 0 < The

IV. DISTRIBUTED STAGE-WISE CONTEXTUAL BANDITS WITH
CONTEXT DISTRIBUTION

A. Proposed Algorithm

In this section, we introduce our proposed UCB algorithm,
referred to as distributed stage-wise contextual bandits with
context distribution algorithm (DiSC-UCB). We present the
pseudocode in Algorithm 1.

Given the distribution i, as in [1] we first construct the het-
erogeneous feature vectors Wy ; = {¢;(z, p;) : © € A}, where
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{i(z, ) == Eeup, [@i(, )]} is the expected feature vec-
tor of action = under 1. We use W¥,; as the feature set
at round ¢t. DiSC-UCB is based on the optimization in the
face of the uncertainty principle. In each round t € [T, each
agent i € [M] maintains confidence set B;; C R? that con-
tains the unknown reward parameter #* with high probabil-
ity and constructs a pruned action set X;; by eliminating a
subset of the actions that violate the constraints. After X ;
is determined, agents derive the corresponding pruned fea-
ture set =, = {¢;(z, 1) : @ € Xy}, which is a subset of
W, ;. Each agent then chooses an optimistic estimate ém S
arg maxgeg, , (maxzex, , ¥i(7, pe)'0)) and chooses an ac-
tion 7 ; € argmax,y, , i (7, )" 0. Equivalently, the agent
chooses (7} ;,0r,) € argmax, gex, , <8, , Vi(2, we) 0.

If the optimization is feasible, the agents choose their respec-
tive optimistic action z} ; and get the feature vector ¢; (x} ;, i)
under a certain condition; otherwise, the agents choose their
baseline action xp, ; and get the conservative feature vector
Vi(@eis pte) = (1 — p)vi(@p, i, pt) + pCt.i- This approach, in-
troduced in [6] and later applied in [7], [41], ensures the agents
learn even when not satisfying the performance constraint in a
round. We assume the agents know the baseline action xy, ; and
its corresponding expected reward 7y, ; [6], [7], [41]. Here, acis
a known parameter, similar to [3] and [4]. After receiving their
reward y; ;, agents update their local parameters, which are then
used as the basis for updating their respective confidence set and
pruned action sets.

In the synchronization phase, at predetermined time intervals,
agents exchange all the latest gathered estimates. We refer to
the rounds between these synchronization points as epochs.
Such a synchronization method was introduced in [23], de-
signed based on the observation in [21] that the change in the
determinant of V; ; = AT + 1 (w4 4, pue )i (2.5, p1e) T is a good
indicator of the learning progress. Specifically, synchronization
happens only when agent ¢ recognizes that the log-determinant
of V; ; has changed by more than a constant factor since the last
synchronization. This method reduces the communication cost
of the algorithm. Next, we will explain the construction of the
confidence set and the pruned action set.

Construction of the Confidence Set B, ;: After obtaining the

estimate ét,i of the unknown parameter 6*, we construct the
confidence set B; ; as follows.

Bt,i = {9 € |Rd N ||ét,7; — 9“‘7}@ < 515’1‘} s Where

/. \1/2 —-1/2
Bt,i=PBi(0o, 5)20\/2 log (det(Vm) det(A]) ) 42

o

and Vi = AL+ Wy, 0 =V, Uy )

In Lemma 1 we show that by setting 3, ; = 8, (V1 + 02,§/2),
we can construct the confidence set B; ; such that the reward
parameter 0* will always be contained within the confidence set
By ; with a high probability.

Construction of Pruned Action Set X ;: In standard con-
strained bandit settings [7], verifying whether an action satisfies

Algorithm 1: Distributed Stage-wise Contextual Bandits
with Context Distribution (DiSC-UCB).
I: Initialization: B = (T2XL) ) =1, W, =
Oa Usyn = 07 Wt,i = 07 Ut,i = 0; tiast = 07 ‘/last =M
2: fort=1,2,...,Tdo
3:  Nature chooses ;; € P(C) and agent observes fi;

4:  Set Wy ,; = {¢i(x, ) : © € A} where
{wi(x, ue) == Ecup, [0i(x, c¢)]} for each agent
5: for Agent ¢ =1,2,..., M, do
6: ?t,i =M+ qun + Wt,i7 et,i =
‘/;Til(Usyn + Ut,i)
7 Construct confidence set 3; ; using Vtﬂ;, ét,i
8: Compute pruned action set &; ; using
V(T p1e), 01
9: Construct feature set = ; = {1;(z, 1) : ¢ € Xy}
10: if the following optimization is feasible:
(@4, 01,i) = arg MAaX (. 0)ex, xBy; (i(@, pe), 0)
then
11: Set ' =1,else ' =0
12: end if
13: if F'= 1 and Apin(Vii) > (2252)2 then
14: Choose 7 ; = x} ;, get the feature vector

wi(x;’i, ¢), and receive the reward y; ;
15: else

16: Choose x¢ ; = xy, i, get conservative feature
vector
Vi, ) = (1 — p)i(, i, i) + pi and
Ybv, i

17: end if

18: Update Uz ; = Uy ; + i(%ei, fot) Yt i

Wi = Wi+ Vi@, i) i(me i, pe) s
‘/t,i =M+ Wsyn + Wt,i

19: if log(det(V;;)/det(Vigst)) - (t — tiast) = B then
20: Send a synchronization signal to the server to
start a communication round
21: end if
22: Synchronization round:
23: if a communication round is started then
24: All agents i € [M] send Wy ;, Uy ; to server
25: Server computes Wy, =
Wsyn + Zi\il Wt,i7 Usyn = Usyn + Zi\il Ut,i,
26: All agents receive Wy, Ugyn from server
27: Set W, ; = Ui = 0,t145t = t, forall 4,
Viast = A + Wsyn
28: end if
29: end for
30: end for

the constraints is straightforward because the context is known.
As aresult, the safe action set is typically constructed by directly
checking each action against the constraints and eliminating
those that fail to meet them. However, in our setting, the context
is unknown, making such a direct approach to constructing
the safe action set infeasible. Since the agents only observe
the context distribution and the exact contexts are unknown,
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we need to use estimated feature maps to construct a feasible
action set. We now present our approach to tackling this issue
by constructing a pruned action set, X} ;, to eliminate unsafe
actions.

In every iteration, each agent refines its action set by ex-
cluding actions that fail to satisfy the baseline condition. This
is further complicated by the unknown nature of the actual
context, rendering the utilization of the feature vector ¢; (2 ;, ¢;)
impractical for constructing the pruned action set. Our approach
utilizes ét,i’ V;.i» and ¥; (4.7, f1¢). The pruned action set aims to
eliminate actions violating the baseline constraint, necessitating
criteria for excluding unsafe actions. While constructing the
pruned action set, we analyze two cases. 1) ¢; (2, ct)Tém >
Vi@, 110) T 0rs and 2) i (24 5, ¢0) 0y < i@y, i) T 0r.5. We
address case 1) first and explain the process of constructing a
subset of actions that satisfy the constraint for all v € B, ;. We
provide alternate sufficient conditions for deriving the safe ac-
tion set. We use the symbol ‘<’ to show that a certain condition
implies another. Define

X=A{m € A dilmeie) v = (1—a)re, i,V v € By i}
(5
={r,;, e A: ¢i($t,i,Ct)T(U — étz) + 1/Ji(xt,i,ﬂt)Tét,z'

+(i(we 4, ¢) — ¢i($t,i7ﬂt))Tét,i > (1—a)ry,q, Yo € By}

. Bu.i
= {x; € A (e, ) Oy > bt

min t,i)

+(1_a)7abt7i}

(6)
where the last step follows from ¢i(xt7i,ct)Tét,i > (T,
Mt)Tat,i and ﬁbi(xt,mct)T(v - gt,i) > —% from

Lemma 2. All actions that meet the conditions in (6) also fulfill
the requirements of (5), thus ensuring safety.

Now we consider case 2), where ¢;(zy,, ct)Tét,i <
Vi ut)TOAm. In this case, our approach is to first identify

actions that violate the baseline constraint, X'?;, and then elim-
inate those actions from the action set A.

é?t%i ={z;, € A: ¢i(xt,i,ct)Tv < (1= a)rp,, Vo € By}
(7
=i € A i) (v—0,4)

+éi(ze, Ct)Tét,i < (1 —a)ry, ., Yv € By}

Lt’i,nt(l—a)rbm}

={r,;, e A: wi(l't,ia,ut)Tét,i <
min(V;f,i)
3

where the last step follows from qﬁi(xt,i,ct)Tétyi <
Vi(iope) "0 and  @i(mei, ) (v —0;,) < Bes

\/)Lmin(‘_/t,,qz)

from Lemma 2. Note that, all actions that meet the conditions
in (8) also fulfill the requirements of 7, consequently rendering
them unsafe. By taking the difference between A and A7;, we

determine X2, = A\ A2,
—Bri

)Lmin (‘7t7z)
Given th,i and Xfi, we obtain the pruned action set by taking

the intersection between X}; and X7, given by

={z; € A i(x, Mt)Tét,i > +(1—a)rs, i}

Xei=qa;, €A wi(xt,iyﬂt)Tét,i

B,i
> ,Z— +(1 —Oé)’l"btﬂ'

)"min(‘/t,i)
At round ¢, each agent chooses a pair (77 ;, 0:.i), where Ty, €
X and 0, ; € B, ; that jointly maximizes the current reward
while ensuring that the baseline constraint is met. That is,

(@}, 00) = (Vi(x, ), 0) .

arg max
(x,0)eXs i xBy i

The pruned action set X ; is constructed by considering all
6 € B, not just §*. If the pruned action set is non-empty and
2Be.i

satisfies a constraint Amyin (Vi) = (W)Q, the agent chooses
L

7} ; and get the feature vector ;(z} ;, f1¢); otherwise, the agent
chooses the baseline action 2y, ; and get the conservative fea-
ture vector ¥; (z¢i, 1) = (1 — p)i(@p, is 1) + pCe.i» which is
detailed below. We consider the constraint on Ay, (Vi) >
( 2B+,

ary, i
action xy,; always belongs to the pruned action set. We will
provide detailed proof for this claim later in Lemma 5. A similar
condition on the smallest eigenvalue of the Gram matrix is used
in [7], yet our proof approach is different from [7] due to the
reliance on known feature vectors (contexts), which contrasts
with our scenario. We note that since )Ef’i is a subset of the
actions that are unsafe, X'?; may contain some unsafe actions.
We will demonstrate in Lemma 3 that when the agent’s action
is played, the chosen action from the pruned set will not violate
the baseline constraint with high probability.

Conservative feature vector: In our problem, each agent ¢
is assigned a baseline policy, and in each round ¢, a baseline
action xy, ; is recommended based on that policy. The agent’s
objective is to carry out explorations, ensuring that the rewards
achieved from exploratory action z; ; remain reasonably com-
parable to the rewards from the baseline action. Our approach
draws inspiration from [6] and [7], where the conservative
feature vectors for the baseline actions are combined with
random exploration while maintaining adherence to stage-wise
safety constraints. We construct a conservative feature vector
i (x4, pit) to be a convex combination of the baseline action’s
feature vector 1;(zp, s, 1) and a random noise vector (y ;,
expressed as i (z¢i, f1t) = (1 — p)bi(@, 15 f1e) + pGt.i, where
e, 1s a sequence of independent random vectors with zero
means, and we assume that ||(; ;]2 = 1. p is a constant value in
the range (0, 177--], and we can ensure that when p € (0, 151,
the conservative feature vector is always in the feature vector set
=¢,; (Lemma 4). By identifying the conservative feature vector

)2, as it ensures that, with high probability, the best
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through this convex combination, we can guarantee that the
agent continues to learn in every round.

B. Theoretical Analysis on Safety Guarantees

In this section, we establish safety guarantees for the DiSC-
UCB algorithm. We begin with two preliminary results in Lem-
mas 1 and 2. Then, in Lemmas 3, 4, and 5, we prove that the
pruned safe action set satisfies the performance constraints while
ensuring the optimal actions are preserved.

Lemma 1: For any § > 0, with a probability of 1 — M4, 6*
will always exist inside the confidence set B, ; defined by (4)
where 3, ; = B¢ ;(vV1+ 02,8/2) for all value of ¢ and 1.

Proof: Drawing inspiration from Theorem 1 in [1], we imple-
ment a similar approach to analyze the reward y, ;, In particular,
we observe that the reward v, ; = ¢; (2.4, ¢;) 6% + 1, can be
alternatively represented as

Yei = iz, Mt)TQ* + &+ N

where & ; = (¢i(we i, ) — Yi(wei, 1)) " 0% Inthis representa-
tion, (&;,; + 1.,;) serves as the noise component associated with
Vi(24,i, p1e) "0, Given that |& ;] <1, &, is a 1-subgaussian.
Therefore, y;; can be viewed as an observation of reward
obtained from ;(zy, ut)TG* with the presence of noise pa-
rameterized by v/1 + o2. Thus, we can define the confidence
bound for the least squares estimator of ¢; (; ;, 1, ) while guar-
anteeing that 6* is always present within it with probability
1 — 4, using updated parameters. The parameter p for §;; is
given by v/1 + 2. Further, when considering the upper bound
of cumulative regret, we use the Azuma-Hoeffding inequality
to determine the upper bound of the regret gap term from
the context distribution with probability 1 — §. By using the
union bound, the probabilities can be combined, providing a
resulting probability of 1 — 25. We propose a substitution such
that &’ = 26. Therefore, the parameter § for our §; ; is changed to
%/. Finally, our proof is completed by considering the presence
of M agents and using the union bound.

According to Lemma 1, with a probability of 1 — M4, 6* is
always included inside the confidence set B; ; for all values of ¢
and 7. Thus, Lemma 1 guarantees that for each round ¢, * € B, ;
holds for every agent ¢ with probability atleast 1 — M . We have
the following result for Algorithm 1.

Lemma 2: In the DiSC-UCB algorithm, Algorithm 1, all
values of v € B, ;, satisfy the following two inequalities.

P o) (B — v) < ——2— and
)"IIliIl(‘/t,i) )\min(‘/t,i)
5ti T/AH /va
— < Yi(Tri ) (01 — V)  ————=.
)"min(‘/t,i) ' ' ' )"min(‘/t,i)

Proof: We begin by noticing that V; ; is a symmetric semi-
positive definite matrix thus, it can be decomposed by eigenval-
ues. From this, we can derive the inequality as follows.

@i (e co)llv 1 = \/@(l‘t,i»Ct)T‘_/t}l@(xt,i,Ct)
< i) T(@QPQT) i, )

< ¢z‘(l‘t,i,Ct)TQQT@(zt,uCt)
h )\min(wﬁi)

_ \/mxt,i,ct)th,i,ca: léi(zeiedls 1
)"min(m,i) \/)\min(‘zzi) b \/)‘«min(‘z‘,,i).

Then, by using the Cauchy—Schwarz inequality, we can write

¢i (UCt,i, Ct)T(et,i - U)
< i@, co) |10 — v

1/2 —1/2/,
= V2 6s(@ris )l s 1V 2 (i = v) s,

—1/2 ——1/2 A
<V llo 2 lgst@eas el 11V v N Bei = o)l
= 161nire)lgt 10 — )y, , < ——2—
" ' )\min(‘/t,i)
Similarly, we derive the second condition. U

In the next lemma, we show that an action chosen by the
learning agent in line 14 of Algorithm 1 satisfies the baseline
constraint. Let us define 7} ; = arg maxz: 47z, ;.c:

Lemma 3: In the DiSC-UCB algorithm, Algorithm 1, with
probability 1 — M §, any action chosen by the agent from the
pruned action set &, ; satisfies the performance constraint if

)\min(‘_/;f,i) 2 (%)%

Proof: Let x denote an arbitrary action in the pruned action
set A} ; that does not meet the performance constraint. Our goal
is to show that when the agent’s action is played, an action in
AX},; that satisfies the performance constraint will be selected,
i.e., T is not selected. Based on the definition of 7 ,, it can be
observed that 77 ; is always contained within the pruned action
set A ; and meets the performance constraint. To this end, if we

show

—* T = T
max Y; (T, 6, > max Y;(T 0
91661,,,-1/12( t,zv,ut) 1 92631,‘,-1/}2( Hu‘t) 25
it ensures that actions within A} ; that violate the baseline con-
straint are never selected. Since & does not satisfy the baseline
constraint, we know ¢;(Z, ¢;) ' 6* < (1 — a)rp, ; which leads to

$i(T, ) 0" = E[¢i(Z,¢0)107] < (1 —a)rp, i (9)
Moreover, we have

Vi@ 1) 0% = 7,0 = E[i(E 5, c0) 0% —3,3] > 0.
(10)
To show maxg,ep, , Yi(Z} ;5 pe) 01 > maxg,ep, , Yi(T, pe) "
05, based on Lemma 1, it is sufficient to demonstrate
that with probability 1 — M6, ;(z},, )" 0* > maxg,ep, ,

[i(Z, 1) T0* + Pi(T, 1) T (02 — O15) + i@, 1) T (Brs —
6*)]. By using (9), (10) and Lemma 2, we prove the afore-
2Bt,z )2

arbt,i
Therefore, we conclude that with probability 1 — M, any action
chosen by Algorithm 1 from the pruned action set X} ; satisfies
2B4,i )2

Oﬂ’bt,i

mentioned inequality always holds if )Llnin(f/t,i) > (

the performance constraint if Amyin (V;.:) = (
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Lemma 4: At each round t, given the fraction «, for any
p € (0,p], where p= l‘f;fh, the conservative feature vector
Vi@t,is ) = (1= p)i(@p, 05 i) + pGyi s safe.

Proof: To demonstrate the safety of the conservative feature
vector i (xy i, pe) = (1 — p)i(xp, is pie) + pCei» We need to
show that ((1 — p)¢i(xp, i, ct) + plei) T0* = (1 — a)ry, . al-
ways holds. This can be shown by verifying the following
condition

Tbeyi = PTbyyi T PC;H* > (1- a)rbt,iv

which is equivalent to p(rs, ; — ¢/;,6%) <
Cauchy Schwarz inequality, we deduce

ary, ; By applying

Ot’l’},t_j

< —. 11
T (1)

Consequently, by setting a lower bound for the right-hand side of

(11) with the assumptlon TES Thyi S The P S T +’; . Therefore,

for any p < 1 +r , the conservative feature vector 1); (xt is Ht)

(1 = p)i(ws, i, pre) + pCy,i is safe. O
Remark 1: Lemma 3 and Lemma 4 thus jointly prove that

all the actions chosen by the proposed DiSC-UCB algorithm

guarantees safety constraints.

Next, we show optimal action z7 ; always exists within the

pruned action set when A, (V; ;) = (jfb )2 We extend the
approach in Lemma C.1 in [7] to the unknown context case.

Lemma 5: Let Apin (Vi) = (%) . Then, with probability
1 — M3, the optimal action z7 ; lies in the pruned action set X} ;
for all M agent, i.e., x7; € Xy ;.

Proof: To prove the optimal action z7 ; always exists in the
pruned action set under the condition on the smallest eigenvalue
of the Gram matrix, we need to show

5 Bt,i
"/H(l';m,ut)—ret,i > =

min tqi)

+ (1 - Oé)’l"bt7i,

which is equivalent to demonstrating z/JZ-(x;i,ut)T(étﬁi—
* (o To* > Bt,i _
0%) + il ) 107 > ===+ (1

Lemma 1, it can be determined that with probability 1 —
Mo, 6* lies within the confidence set B, ;. Subsequently,
applying Lemma 2, we recognize that with probability 1 —

(p* T(h, . — %) > — Bt,i s

M, z/zz(xm,ut) (0 —0%) > Ty and it is also
known that ; (7 ;, pe) ' 0% > 1pi () 5 ) T O* — 1, =
[E[qﬁi(:ft*’i, cy) 0 — p,,:) = 0. Hence, the sufficient condition

for our result is Apin (Vi ;) > (jf’ )2

a)ry, ;- By using

—Tby i

. Thus, the above analysis
verifies that with probability 1 — M, the optimal action xy,is
always present in the pruned action set with probability 1 — M6
under the condition Ay (Vz:) = (&)2 O

QAThy 4

C. Regret Analysis

In this section, we derive regret and communication bounds
for DiSC-UCB. Let |N;_1| denote the set of rounds j <t
where our algorithm chooses the safe action, and similarly,
INF | ={1,...,t — 1} — |N;_1| represents the set of rounds
J < t where our algorithm selects conservative actions.

In Theorem 1, we decompose our cumulative regret into
three terms. The first two terms reflect the regret of choosing
the agents’ suggested actions. Term 2 is due to the agent’s
limitation of only observing the context distribution j; with-
out accessing the exact context c¢;. To quantify this term, we
reduce it to a martingale difference sequence and then apply the
Azuma-Hoeffding inequality. Term 3 results from selecting the
conservative feature vector whenever the actions suggested by
the agents do not meet the constraints.

Theorem 1: The regret of the DiSC-UCB algorithm, Algo-
rithm 1, can be decomposed into three terms as follows

< 487/ M|Nr|dlog(M|Nr|)(1 + log(M|Nr|))

Term 1

4\/2M|NT|log( )+Z S (in+ o+ ).

1=1te|Ng|

Term 2 Term 3

Proof: Let 7 be the last round in which Algorithm 1 plays
the agent’s action, 7 = max{1 <t < T | x;; = 7} ,;}. By the
definition of cumulative regret, we have

ct) 0" — i@, )" 07)

=1 te|Nrp|

+ Z ¢1 xt in € TQ* _¢1(xt uct) 9*)
1=1 te|N&|

M

= Z (¢i(a7 5 00) 0" = bilwri,ce) 0)

i=1 tE‘NTI

+ Z xt i€ TQ* (1_p)gb’i('rbt,iact)T
i=1te|Ng|

1) 0" = di(wr,00)"0%)

Z Z ¢l xfm

=1 te|Np|

Agents' term

+Z > (Kb + Progi +p) (12)
=1 te|Ng|
< 467/ M|Nr|dlog(MT)+467/MTdlog MT log(MT)
Term 1
D) M
+1/2M|NT|log5+Z Z (kn + prin + p), (13)
~———— =lie|Ng|
Term 2
Term 3
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where (12) follows from definition of s, ; 1= ¢i (@} ;, c) ' O* —
Tp, i, and fCtTi@* <|¢L07] < || < 1. Equation (13)
is derived through the analysis of the Agents’ term ‘in (12)
and Ky, ;i < Kn, 1,5 < Th. The Agents’ term captures the un-
constrained case studied in our earlier work [10] (see Theo-
rem4.1, [10], presented in Proposition 3 in Appendix™B in arXiv
version.). Given that |[Np| = T — | N%|, the remaining section
of our proof focuses on determining the upper bound and lower
bound for | NE|. O

Consider any round ¢ during which the agent plays the
agent’s action, i.e., at round ¢, both condition F' =1 is
met and Apyin (Vi) = (£)2 is satisfied. By Lemma 5, if

QATbhy i

Amin (Vi) = (aft 1_ )2, it is guaranteed that ry,; € X ;. Con-
2B4,i

)

sequently, Amin(Vzi) = (Z-==)? is sufficient to guarantee that

X},i 1s non-empty. To this end our analysis of Algorithm 1 will
2B4,i )

ATy, i °
Lemma 6: The smallest eigenvalue of the Gram matrix

Amin(Vz.:) satisfies Amin(V; ;) is upper bounded by

henceforth only focuses on the condition A, (Vm) > (2Lt

(% + MT) +2Mp(p — 1)|N§|

d
+ \/32Mp2(1 — p)?|N§|log <5>

Proof: We start with the definitions of V; ;, Wy, Wy ;

‘_/;5,2’ =AM+ Wsyn + Wt,i

M tiast

=+ Z Z Vi (@i, )i (w0, ) -

i=1 t=1

T
+ Z (@i, )i (T 1) "

t=tiast

M T

<A+ Z Zﬂ%(iﬂt,i» we)i(ei, /~Lt)T

=1 t=1

M
<A+ Z Z wi(xt,iaﬂt)@/}i(mt,iaﬂt)T

=1 te|Nyp|

+Z Z (1 = p)vi(@o, is pe) + pCe.i)

1=1te|N&|

X (1= p)oi(n, i, pie) + pCei) "

<AI+Z > I+Z Y (1-p

i=1 te|Ny| i=11e|Ng|
+p(1 - p)wi(xbt7iaﬂt)<t,i
+p(1 = p)Crithiln, i )" + 1),

where (14) follows by substituting the feature vectors corre-
sponding to the rounds in which the learner’s chosen action is
played and those in which the conservative action is played. The
last step follows since v; (wy i, p1¢)Vi (245, ) T =< I are rank-1

(14)

matrices with ||1; (x4, f1¢)|]2 < 1, and thus their eigenvalues are
either 1 or 0. By considering the above relationships and using
|Np| =T — | NS|, we obtain

Vii <AL+ M(T —

Y

i=1te|Ng|

Upi = p(1 = p)i(wp, 5, )¢5 + p(1
. By applying Wey!’s inequality,

INFDI + M|N§|(20% = 2p + 1)I

where

P)Ceii (@, is pie) |
)‘-min(‘z,’i) < ()" + MT) + 2Mp(p - 1)‘NZC"|

max Z Z Ut i

1=1 te|N,

5)

Next, we use the matrix Azuma inequality to determine the upper
bound of Amax (3121 Yye s Ur.i)- From the definition of U ;,
it follows that E[U; ;| Fs_1] = 0 and

e Unio = p(1 = p) (" Wi, 1)) (0 Ge) '
+ (1= p)(u' Cei) (0" i (b, iy 1)) " (16)
< p(1 = p)l[hi (o, i, gt ) 11 Gt il
+ (L = p)ICeill[9i (b, 5, p22)
< 2p(1 = p), (I7)

where (16) follows from Cauchy-Schwarz inequality, (17) fol-
lows from ||v; (v, , )| < 1 and [|¢zq|| = 1. Further, we uti-
lize the property that for any matrix A, we have A? < || AJ]31,
where ||All2 is the maximum singular value of A given by
O'max(A) = maxHqu:HUHz:l UTA'U. Thus

Ut2,i = Jmax(Ut,i)zl = 4p2(1 — p)2I,
Moreover, by using the triangular inequality, we can express

IIZ > ULl < Z > Uil <

=1 te|N&| =1 te|Ng|

AMp*(1 = p)*| N7 .

Now, by applying the matrix Azuma inequality, for any ¢ > 0,

<d — .
o ( 32M 2 (1 p)QINﬂ)

Thus we have, with probability 1 — 6,

Amax Z > Ui <\/32Mp2(1—p)2|1v;|10g (?)

=1 te|N&|

Combining the above result with (15), we obtain

Amin (Vi) < (A + MT) +2Mp(p — 1)|Ng|
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+ \/32]\/[;)2(1 — p)2|INg|log <‘§) (18)

This concludes the proof of Lemma 6, which demonstrates the
upper bound for )»min(‘_/t,i) based on the stated inequalities. [

Lemma 7: For any, a,b,c > 0, if ax + ¢ < \/IE, then the
following holds for x > 0

b — 2ac — V/b? — 4abe

2a?

. b — 2ac + /b% — 4abe

S 2a2

Proof: Let a,b, c > 0, and consider the inequality ax + ¢ <
vbx. We can square both sides and rearrange them to obtain
the quadratic inequality a?z? — (b — 2ac)x + ¢* < 0. Since
a® > 0, we can apply the solution formula for quadratic in-
equalities to express the solution for acb’zac’gi ‘alf’m <z <
b—2ac+vVb2—4abc . 0

2a?

To determine the upper bound of the cumulative regret in
Theorem 1, we determine the upper bounds of | Np| and | Ng|.
Given that [N¢| = T' — | Np|, we compute the upper and lower
bounds for | N|. This is given in Theorem 2.

Theorem 2: In the DiSC-UCB algorithm, Algorithm 1, the
upper bound and lower bound of | N¢| are given by

)

. (d) ) (20)" (4 wam)

Nl > —1
INT| 0g 2Mp(1— p)

T <d) K ((25321)2 - (A+MT)) log ()

M2 0 M2p(1 — p)
INZ| <
(i (z) o)
p(1 = p)

2
st s = oo 24 ama < (3 3]

Proof: Recall that 7 is the last round in which Algorithm 1
plays the agent’s action. Given any round ¢ that the agent’s action
is played, we have Ay, (V; ;) > (22ei)2 By using Thyi =Tl

QATby i
it follows that Amyin (Vi,i) = (25—;;)2 From (18), we derive

28,2
( a;ﬂ) < (+ Mr) +2Mp(p — |N
l

+ \/32M,02(1 — p)?|Ng| log (?)

By setting the gradient of 2p(p — 1) to zero, 2p(p — 1) €

[0,1]. Moreover, it is obvious that [Ng| — [Ng| =
T — 7. Consequently, we can obtain the inequalities
G < (0 + MT) + 2Mplp — DING| +
V32 ML — p2Ngllos($2 Mp(1  —  p)IN§|  +

(Qﬁm? )2 — (A + MT) which is

ar;
i d
< \/32Mp2<1 — p)?2|Nglog (5)

By using the substitution |N$| = T' — | Ny|, we have the fol-
lowing equivalent inequality

267’,1'
ar

19)

(—l>2 <A+ MT(2p* = 2p+ 1) +2Mp(1 — p)| N7 |

d
+ \/32M,02(1 = p)*(T — |Nr|)log <5>.
By rearranging the terms of these inequalities we get,
d
32Mp*(1 = p)*(T" — |Nz|) log 3

2 T, 2
> —20p(1 - gl + (224
ary

— (A + MT (20> = 2p+1)). (20)

If [N%| = 0, it implies that the agent’s action will be played in
every iteration and the baseline constraint is not active. In this
case, cumulative regret follows with the findings in Proposition 3
in Appendix™B in arXiv version (Theorem 4.1, [10]), making
this a trivial case. Hence, the focus of this paper is when | N.¢| #
0. Recognizing that (20) is not always true for every round,
we must have (2221)2 — (A + MT(2p> — 2p + 1)) > 0. Given

ary
1 <20 — 2p+1 < Litfollows that (221)2 — (A + MT) >
0. Recall (19). We know

d
a:=2Mp(1—p)=0andb:=32Mp*(1 — p)* log(g) > 0.

From Theorem 2, we know ¢ := ((2224)2 — (A + MT)) > 0.

ar;
Using this (19) can be rewritten as a|N%| 4 ¢ < /b|N&|,
which gives a?|N%|? — (b — 2ac)|NS| + ¢® < 0. Recognizing
the existence of a solution for this inequality and since | VS| >
0, it implies that b — 2ac > 0. By using Lemma 7, we get
b—2ac—vb%—4abc < |Nc| < b—2ac+vb2—4abc
2a2 ~ T X 2a2 .

First, we analyze the upper bound. Given the fact that
b—2ac >0 and using the identity /x + ,/y < 2z + 2y
for any xz,y >0, it follows that b — 2ac + vb? — dabc =
\/(b —2ac)? + Vb2 — dabe < V4b2 — 16abc + 8a2c? <
V602 — 16abc. Thus the upper bound can be simplified as

b—2ac+\/b2—4abc< gg{@
2a2 SV 2\ a2 ad’

Subsequently, when considering the partial derivative with re-

_ _ /b2 _ 2 .
b=2ac—vb2—dabe 2@2 dabe apd g(a%)Q - t—l;c, the gradient

of the former is non-negative, while the gradient of the latter is
non-positive. Given the fact that 3; ; is an increasing sequence,
we choose to replace [3; ; with /3y ; in both the upper and lower
bounds. Based on the above analysis and the given definition of

gard to ¢ for
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Bo,i = 04/2log % + A2, we obtain the lower and upper bounds

for | N$.| as given in Theorem 2.

Remark 2: 'We note that in the proof of Theorem 2 we get 7" <
ﬁ[(%)z — A]. This ensures that the lower bound is always
smaller than the upper bound in Theorem 2.

Combining Theorem 1 and Theorem 2, we get the following
bound for the cumulative regret for Alg. 1 (DiSC-UCB).

Theorem 3: The cumulative regret of DiSC-UCB algorithm,
Algorithm 1, with 5;; = B¢ (V1 + 02,§/2) is bounded at
round 7" with probability at least 1 — M § by

Ry < 4B/ dd log(MT) + 480+/ MTdlog MT log(MT)

2
+4/2¢ log <5) + (kn + pri + p),

where ¢/, ¢’ > Oaregivenby ¢ = O(MT)andc¢” = O(VMT).

Further, for § = ﬁ Algorithm 1 achieves a regret of

O(dv'MTlog® T) with O(M'*d®) communication cost.
Proof: From 13, we know cumulative regret is bounded

Ry < 467/ M|Nr|dlog(MT)

+4B8p\/ MTdlog MT log(MT)

2
+\/2M|Nz|log 5+ M|Ng|(kn + pro,i + p)-

From Theorem 2, we get the upper and lower bound for | N4|.
Therefore, the cumulative regret is bound by

Ry < 4B/ dc 1og(MT) + 487~/ MTdlog MT log(MT)

/ 2
+1/2¢ log (5) + " (kn + pri + p),

where ¢ and ¢’ are as given in !

that¢ = O(MT), " = O(VMT),and By = O(y/dlog L) =
O(v/dlog MT), for § = M% =, the cumulative regret Ry can
be bounded as

Ry < 4B/ dcd log(MT) + 481/ MTdlog MT log(MT)

2
+4/2¢ log <5) + " (kn + pri + p)

! The constants ¢/, ¢’ > 0 is given by

d (%(U\/ﬂog%—l—k%))Q—()\—s—MT)
,)+
s 2p(1 = p)

. Furthermore, given

= MT — 4log(

LO’ le) 1 % 2 _ o d
+\/1610g2(?)4((am( \/ﬁz\l E)p) (A +MT)) log(%)

7
c =

\/(4\/610g(§))2 _ 16((11277(0\/@;()1‘2)?; -+ MT))log(%).

= O(dVMTlog MT) 4+ O(dvV'MT log* MT)

+ O(v/MTlog M2T) + O(VMT)
= O(dvVMTlog? MT) = O(dv/MT),

where the last step is followed by the condition 7" > M.
Communication: The communication cost for our algorithm
follows the approach in [23]. O
Remark 3: A naive adaptation of solving the M tasks sepa-
rately would result in O(dM VT ) regret. In contrast, our pro-
posed method achieves a sublinear regret of 6(d\/ MT) which
validates the effectiveness of the proposed approach.

V. UNKNOWN BASELINE REWARD

This section considers the unknown baseline reward setting.
Such a setting was first studied in [3] for conservative CB with
cumulative performance constraint and in [7] for CB with stage-
wise constraints. We extend the model in [7] to the distributed
setting with unknown contexts. We assume the agents know the
lower bound r, in Assumption 3. We describe the modifications
to the DiSC-UCB algorithm to handle the unknown baseline
(DiSC-UCB-UB). Then, we prove that the regret and commu-
nication bounds for DiSC-UCB-UB are in the same order as
DiSC-UCB. The approach is primarily based on the observation
that 6* lies in B; ; with high probability. Hence we use the upper
bound to replace the value of 1y, ;

max ¥; (T, 4, 1) v = Vi(wp, 45 ) 0*
'UEBtY/L'

-
= Elgi(xp,,irce) 0] = 13,4
Hence, the safety constraint can be formulated as

min ¢; (w4, ¢:) v = (1 — ) max ¥ (zy, 4, pe) v
veEB; ;i ’ vEBy ; ’

Given the agent’s lack of knowledge regarding the reward pro-
vided by the baseline policy and its only knowledge of the lower
bound r; we can construct the pruned action set as

Bri
V )‘min(‘z,i)

Z i = {wm e A: 'l/)i(xt,ivlfft)Tét,i Z

Hl—a) max »i(Tp, 4 ,LLt)TU} . (21)
It can be observed that when the condition
_ 2(2 — A2
nin (Vii) = <(“)5t) (22)
ar

is satisfied, the optimal action 7 ; is contained within the pruned
action set Z; ; with high probability. The details of these two
derivations are presented below. The necessary modifications
to the DiSC-UCB algorithm can be made by updating lines 8
and 13 with Egs. (21) and (22), respectively.

Construction of the Pruned Action Set Z.;: We ana-
lyze two cases. 1) ¢;(xs, ct)Tém > i(2e 4, ut)Tém and
2) ¢i(wy 4, ct)Tém < Yi(weq, ut)Tét,i. Let us first address case
1), and explain the process of constructing a subset of actions
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that satisfy the constraint for all v € B ;. Define Ztl i

=A{x; € A: min ¢;(xe,, Ct)TU
’UGBtYi
> (1= o) max ;(w, i, pe) v} (23)
vVEDE

= {xm € A: min ¢i(wei,ce) (v —0p;) +Yi(@ei i) O

’UEBtﬂj

+ (bi@eis ) — il i) O

’UEBt,i

> (1 — ) max wi(xbt,ivﬂt)Tv}

A Bt,i
=T €A: %(xt,i,ﬂt)Tat,i > ——
{ )Vmin(vvt,i)

(24)

vED 4

+(1 —«a) max %(Ibt,i,ﬂt)Tv}

where the last step follows from q&i(xt’i,ct)Tét,i >
Vi(@ei, ) Opi and  @i(weg,c0) (v —0,) > — Bei

\/)»min(‘_/t,i)

from Lemma 2. All actions that meet the conditions in (24) also
fulfill the requirements of (23), thus ensuring safety. Now we
consider case 2), where ¢; (2.5, ¢;) 0y < Vi(2es, 1) 00 In
this case, our approach is to first identify actions that violate the
baseline constraint, Z‘_,’f_ ;» and then eliminate those actions from
the action set A. '

Zfz = {x“ € A: min ¢i(xt7¢,ct)Tv

vEBt,i

< (1 a) max wi<xbt,i,m>%} (25)

veEBy i

<= {xty € A: min ¢i(wei,ce) (v —04;) + di(wei ce) Ops

’UEBtYi

<(1-a) max d)i(xb,,iaﬂt)Tv}

vEDt 4
-
<= {It,i € A ahi(x, pe) O

< (1 ) g o) 0 26)

veD i

where the last step follows from ¢;(zy,, ct)Tém <
Vi (w4, ,ut)TQAm-. Note that all actions that meet the conditions
in (26) also fulfill the requirements of (25), consequently
rendering them unsafe. By taking the difference between A and
Z?,, we determine Z7, = A\ Z7;

= {xt,i e A: 1/Ji($t,i,ﬂt)Tét,i

veEDE i

>(1—a) max Vi, 4, Ut)—rv} .
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Given Ztlji and Z?2,, we obtain the pruned action set by taking
the intersection between Z}'; and Z?,, given by

5 Bt.i
Zii =m0 € A, ) O >———ee—
{ )\Inin(‘/t,i)

H1l —«a) Inax Vi, i, Nt)TU} .
We describe the modifications to the DiSC-UCB algorithm to
handle the unknown baseline case. We refer to the modified algo-
rithm for the unknown case as DiSC-UCB-UB. DiSC-UCB-UB
differs from DiSC-UCB only in two lines, mainly in the pruned
action set construction. In the modified algorithm, DiSC-UCB-
UB, we replace line 8 of Algorithm 1 with the new pruned action
set Z; ; and line 13 as If F' = 1 and Apin (Vi) = (%)2
Then, we prove that the regret and the communication bounds
for DiSC-UCB-UB are in the same order as those of DiSC-UCB.

Next, we present the key result that bounds the cumulative
regret and communication cost for DiSC-UCB-UB.

Theorem 4: The cumulative regret of DiSC-UCB-UB (Un-
known baseline setting) with B;; = f:(V1+02,6/2) is
bounded at round 7" with probability at least 1 — M by

R < 4B7\/de Tog(MT) + 487/ MTdlog MT log(MT)
- 2 1
+ /22 log 5 +'(2p+1—1m),

where @, ¢’ > Oaregivenby @ = O(MT)andc” = O(VMT).
Further, for § = ﬁ, DiSC-UCB-UB achieves a regret of
O(dvMTlog® T) with O(M'-5d*) communication cost.

The proofs of DiSC-UCB-UB results follow a similar ap-
proach to DiSC-UCB. We present all the proofs for DiSC-UCB-
UB in Appendix D in arXiv version (supplementary material).

VI. NUMERICAL EXPERIMENTS

In this section, we validate the performance of our DiSC-UCB
algorithm on synthetic and real-world movielens and LastFM
datasets and compare it with the SCLTS algorithm proposed
in [7] and with the unconstrained distributed algorithm DisLin-
UCB in [23], DisLSB [22], [23], and Fed-PE [12], [24]. While
SCLTS implements the Thompson algorithm for stage-wise con-
servative linear CB, DisLinUCB, DisLSB, and Fed-PE considers
unconstrained distributed linear CB problem. We note that all the
baselines assume contexts are known and M = 1, single agent.

A. Datasets

Movielens data: We used movielens-100 K data [42] to
evaluate the performance of our algorithm. We first get the
rating matrix r, . € R%3*1682 The entries of the rating are
between 0 and 5, which we normalized to be in [0,1]. We
randomly choose a set of 50 movies and a set of 100 users for
our analysis, i.e., |C| = 100 and K = 50. We then performed
a non-negative matrix factorization of r, .= WH, where
W e RY00x3 [ ¢ R3*50_ To construct the feature vector ¢ for
the ¢*" user and j*" movie, we choose the ¢*" column of matrix
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Fig. 1. Comparison of cumulative regret and cumulative violation of DiSC-UCB with SCLTS [7], DisLinUCB [23], DisLSB [22], and Fed-PE [24] modified for

unknown context Fed-PECD using [12]. Synthetic data: In (a), (b) we set the parameters as A = 1,d =2, R=1, K =40, M =1, 6* [0.97 0.4}, and noise
variance = 2.5 x 1072, and the baseline action is set by the 10*? best action. In (c), (d), we set the parameters as: A = 0.1, R = 0.1, d = 2, number of contexts
|C] = 100, number of actions K = 10, and number of agents M = 3. We considered a noise with a mean of 0 and a variance of 0.01 to obtain v from ¢. The true

parameters are 07 = (0.9, 0.4], 65 = [0.9,0], and 65 = [0, 0.4]. The baseline is the 2nd best action, and o« = 0.25. All plots were averaged over 100 independent
trials.
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Fig. 2. Synthetic data: In (a), we set the parameters as A =1, d =2, R=1, K =40, M =1, * = [0.9, 0.4], and noise variance = 2.5 x 1073, and the

baseline action is set by the 10" best action. In (b), the parameters are set as R = 0.1, K = 90, M = 3, 0*

[1, 1], noise variance = 104, and the baseline

action of a particular round is set as the 80*" best action of that round. The « values are varied as o« = {0.1,0.3,0.5}.In(c), R=1, K =90, M = {3,5,10},
0* = [1,1], the reward parameters for the different tasks 07 € © = {[1,1], [1,0], [0, 1]}, noise variance = 10~2, and baseline is the 30" best action. Movielens
data: In (d), (e), and (f), R = 0.1, K = 50, noise variance= 1072, §* = % [1,0,0,0,1,0,0,0, 1], and the baseline action is set as the 40%h best action. LastFM

data: In (g), (h), (i), R = » = 0.05, K = 50, noise variance= 1073, §* = %[1, 0,0,0,1,0,0,0, 1], and the baseline action is set as the 5*? best action.
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W, W, € R and the j*" row of H, H, € R"*3. We perform the
outer product W, H jT toobtaina 3 x 3 matrix. We vectorized this
matrix to obtain ¢ € R?. We considered a noise with a mean of 0
and a variance of 0.01 to obtain 1) from ¢. We set the number of
agents as M = 3, and the 67 = (1//3)[1,0,0,0,1,0,0,0,1],
05 = (1/v/3)[1,0,0,0,0,0,0,0,1],  and 65 = (1/V3)
[1,0,0,0,1,0,0,0,0]. We transformed the multi-task problem
with heterogeneous reward parameter © = {607,05,05} to
a distributed CB problem with common reward parameter
0* = 07 and heterogeneous feature vectors ¢; for agent i by
setting the respective feature in ¢ to zero.

LastFM data: The LastFM dataset is derived from the online
music streaming service Last.fm [43] and includes data from
1892 users and 17632 artists. We consider each artist as an
individual action. The reward is 1 if the user has listened to
an artist at least once, and O otherwise. We keep only those users
who have received at least 30 interaction rewards. Consequently,
we get a rating matrix 7, . € R71*538_ Following that, we per-
formed non-negative matrix factorization on the rating matrix,
denoted as 7, . = WH, where W € R7™3 and H € R3*538,
To construct the feature vector ¢ for the g** user and j*" artist,
we choose the g™ column of matrix W, W, € R? and the j*®
row of H, H € R"*. We perform the outer product W, H
to obtain a 3 x 3 matrix. We vectorized this matrix to obtain
¢ € RY. We considered a noise with a mean of 0 and a variance
of 1073 to obtain 1/ from ¢. The baseline action is set as the 5
best action and A = R = (0.05.

B. Comparison of DiSC-UCB With Existing Constrained and
Distributed Approaches

In Figs. 1(a), 1(b), we set M = 1 and compare the perfor-
mance of DiSC-UCB with SCLTS and DisLinUCB. SCLTS
studied the constrained bandit problem with a single-agent and
known contexts. To this end, we set M = 1 in this comparison.
We report the cumulative expected regret and the cumulative
number of constraint violations. SCLTS is the constrained ap-
proach developed in [7] for single-bandit problems with a known
context. Since the contexts are unknown SCLTS algorithm uses
the noisy feature vectors for constructing the safe action set,
which will lead to constraint violations as demonstrated in the
toy example in Section A and in Fig. 1(b). DisLinUCB does
not cater to constraints and, hence, will have more violations.
On the other hand, SCLTS and DisLinUCB present smaller re-
grets given that they are loosely constrained and unconstrained,
respectively, and hence perform more explorations in the ini-
tial stage. DiSC-UCB plays conservative actions in the initial
rounds, resulting in a comparatively larger regret, however, zero
violations as expected as shown in Fig. 1(a) and 1(b). In Fig. 1(c)
and 1(d), we compared our proposed DiSC-UCB algorithm with
three other benchmark distributed/federated approaches. Fig-
ures show that the three benchmarks, which are unconstrained,
result in large constraint violations, and hence, these approaches
are unsuitable for the hard-constrained problem considered in
this paper.

y-axis

.
=[E3i =ot0 L=
417" 13=£

vy 4
=70 25" T(xl:c)—s

e r et ) = |

x-axis

#1610 = [1 I

Fig.3. Anexample demonstrating how an unsafe action x| under true context
appears to be safe under noisy context observation leading to incorrect conclu-
sions about safe actions.

C. Regret Versus System Parameters

In addition to the results reported in the main paper, we plot the
regret by varying « and the reward at every round of learning to
ensure that the constraints are met. We present the plots showing
the variation of the cumulative regret with respect to round ¢
for different values of « for the synthetic data in Fig. 2(b). We
observe that as the value of « increases, the cumulative regret
decreases, which is expected since a larger value of « implies
less strict performance constraint. In Fig. 2(a), we represent the
reward plot. From the plot, we observe that the per-step reward
is always larger than the baseline reward shown in the dotted
line, which validates that our proposed algorithm DiSC-UCB
satisfies the performance constraint at every stage of learning.
It also shows the improvement in the reward as the learning
round progresses. Fig. 2(c) demonstrates how agent collabora-
tion improves the per-agent cumulative regret. For movielens
data, Fig. 2(d) shows the reward plot at each round verifying
constraints are met at every round. Fig. 2(e) and 2(f) provide the
cumulative regret as M and « are varied. For the LastFM data,
Fig. 2(g) presents the reward plot and Fig. 2(h) and 2(i) rovide
the cumulative regret as M and « are varied.

VII. CONCLUSION

We studied the multi-task stochastic linear CB problem with
stage-wise constraints when the agents observe only the context
distribution and the exact contexts are unknown. We proposed
a UCB algorithm, referred to as DiSC-UCB. For d-dimensional
linear bandits, we prove an O(dv/MT log? T) regret bound
and an O(M'*d?) communication bound on the algorithm. We
extended to the setting where the baseline rewards are unknown
and showed that the same bounds hold for regret and com-
munication. We empirically validated the performance of our
algorithm on synthetic data and on real-world movielens-100 K
and LastFM data and compared with benchmarks, SCLTS and
DisLinUCB. As part of the future work, we plan to investigate
budget constraints where the goal is to minimize the regret before
using the total budget.

APPENDIX
Toy EXAMPLE

We present a toy example in Fig. 3. Consider M =3
agents with reward parameters 0F = [1,2]", 65 = [1], and
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% =[2], and « € [0, 1]. The corresponding index set is Z =
{{1,2},{1},{2}}. That is, the number of features is 2, and we
consider 3 tasks. While all three features are relevant to task 1,
only the first feature is relevant to task 2, and only the second
feature is relevant to task 3. For a context ¢ € C, let each agent 7
has three actions, denoted by A = {z;, x}, 27 }. Let the feature
vector set ®; for agent i is

Prie Gepe ofe boge Gup o Bur
l 1 1 12’ w5 ,e z! ¢
o) = ]Qf 0 1 a(I’Q = { 3 1 1 5
4 10
bagc baf o Dur e
O3 = [ 1 0 -4 }

Using the index set Z and appending zero elements, we map the
reward parameter 6 and feature vector sets ®; to a common
reward parameter #* and heterogeneous feature vector sets @/,

as given below, where 0* = 67 = [1 2]".
p1(x1,c)  @1(x,e)  Pi(a],c)
- . U
(I)/ = i% 1 9
S 0 ~i0 |
¢p2(x2,¢)  da(xh,c)  ¢a(zh,c)
- B}
1 1
I 3
=1 ¢ 0 0o |
i ¢3(xs,c)  ¢a(ah,c)  Pa(xh,c) i
0 0 0
Py = 1 1
Sl 1 0 ~10 |

For context ¢, action 2 is the optimal action for agent 1.
Consider a scenario, such as weather prediction or stock market
prediction, where agents only observe a context distribution p
and the true context cis unknown. Let ¢ := [E,,[C] and let feature
vectors for ¢ for agent 1 is

$1(z1,c’)  Pi(a,)  dui(a],C)
1 6 4
"
1= i _51 i
3 5 10

Let action x; be the baseline action, i.e., 1 = 3. 2{ do not
satisfy the performance constraint for context c. Similarly, =
does not meet the performance constraint for ¢’. Consequently,
the feasible actionset for cis A. = {z1, « }, whereas for context
c itis Ay = {1, 2] }. Given that performance constraints are
considered in the exact context ¢, the selection should have been
made from A. and not A.. As 2/ is not within the feasible
action set A, the agent will choose the baseline action x; to
ensure it meets the performance constraint. Although the feasible
action set A, includes ), it is not present in .4, hence limiting
the agent’s exploration capability and preventing the selection
of the optimal action . This violates Lemma C.1 proposed
in [7], which claims that the optimal action is always present
in the feasible action set. This demonstrates the significance of
a new approach when the agent can only observe the context
distribution.
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