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ABSTRACT

Current neural-based solvers for partial differential equations (PDEs), such as au-
toregressive neural operators, often rely on fixed-time-stepping schemes that can
struggle with multiscale dynamics and long-term error accumulation. To address
these limitations, this paper introduces an attention-enhanced variable-timestep
prediction framework based on the Fourier Neural Operator (FNO). By leverag-
ing a cross-attention mechanism and temporal embeddings, our approach enables
variable-timestep predictions by modulating feature maps based on the requested
temporal interval. We evaluate various embedding strategies across four bench-
mark PDEs - Advection, Viscous Burgers’, Diffusion-Reaction, and Diffusion-
Sorption - demonstrating that variable-timestep sampling can effectively manage
the trade-off between computational efficiency and long-term stability. Our results
show that this attention-based conditioning consistently outperforms traditional
additive or concatenation methods, providing a more robust solution for complex,
time-dependent physical systems.

1 INTRODUCTION

The numerical solution of partial differential equations (PDEs) is a cornerstone of scientific and en-
gineering efforts, and obtaining accurate, efficient solutions is crucial for safety-critical applications
(Zhang et al.l 2023). While current deep learning-based PDE solvers, specifically autoregressive
neural operators, have shown great promise, their reliance on fixed-time-stepping schemes presents
significant limitations. These models can be inefficient when dealing with multiscale dynamics or
time-dependent solutions that tend to a steady-state, where different phases of the physical evolution
would benefit from varying temporal resolutions.

An important challenge in autoregressive modelling is the accumulation of error. The primary cause
of divergence in these models is the propagation of error from earlier to later timesteps across many
rollouts. Fixed or constant-timestep methods are inherently constrained by the temporal resolution
of their training data; if a model is trained with a constant timestep At, it lacks the flexibility to
take larger steps during slow dynamics to reduce the number of rollouts or smaller steps during fast
dynamics to maintain stability. Consequently, these models often struggle with long-term temporal
evolution and time extrapolation (McCabe et al., 2023).

To address these limitations, this work proposes a variable-timestep prediction framework. We argue
that variable-timestep strategies, which dynamically combine smaller and larger steps, can mitigate
error accumulation by reducing the total number of rollouts required for a given prediction. While
continuous-time models, such as Neural Ordinary Differential Equations (Neural ODEs), offer one
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solution by modelling the derivative of the state, they are often computationally expensive due to the
requirements of the underlying ODE solvers (Chen et al., [2018]).

Instead, we enhance the Fourier Neural operator (Li et al., 2020) by using an Attention-based
Temporal Conditioning mechanism. Unlike constant-timestep sampling, which often constrains
a model to a specific temporal discretisation, our approach leverages temporal embeddings and a
cross-attention mechanism to modulate the model’s feature maps based on the requested timestep
At. This allows the model to capture temporal dependencies, enabling accurate predictions across a
continuous range of timesteps.

The contributions of this work are as follows:

* We introduce an attention-based conditioning architecture that enables variable-timestep
sampling using Fourier Neural Operators.

* We evaluate various temporal embedding strategies, including Sinusoidal Temporal Em-
beddings (STE), Embedding Layer (EL) and Multi-Layer Perceptron (MLP).

* We demonstrate the effectiveness of this approach across four benchmark PDEs, showing
that variable-timestep sampling can effectively manage the trade-off between efficiency and
long-term stability.

1.1 PROBLEM STATEMENT

We consider the task of learning an explicit time-stepping operator for a general class of time-
dependent PDEs over the domain (¢,z) € [0,t5] x D. The system, subject to Dirichlet boundary
conditions B, is defined as:

Opu(t, z) = Fi (u(t, z)), (t,z) € (0,ts] x D,
(0, z) = ug(z), z €D, (1)
u(t,x) = B, (t,x) € (0,t5] x 0D,

where u : [0,¢5] x D — R is the solution state, uq () is the initial condition at ¢ = 0, and F'
denotes a spatial differential operator.

Our objective is to learn a nonlinear parametric operator JFy that maps an input function u(t1) to a
predicted solution (t2) for any ¢ > t1. We formulate this autoregressive model as:

U(tz) = Fo (C(u(t),Es(t1), Es(t2))), 6 € R?, (2)

where ¢, and ¢, represent the temporal coordinates of the input and output states, respectively. Egy
denotes a temporal embedding, which may be a fixed mapping or a learned representation with pa-
rameters ¢, and C represents a conditioning mechanism that integrates the state u with the temporal
information. The optimisation problem seeks to find the optimal parameters 8* that minimise the
discrepancy between the predicted and ground-truth states.

Training is performed on a finite collection of PDE trajectories originating from diverse initial condi-
tions. While these trajectories are provided as sequences with even spacing( i.e., constant-timesteps),
we employ a variable-timestep sampling strategy during training to simulate unevenly spaced se-
quences (Appendix [C). This ensures the model learns to generalise across varying timesteps. The
loss is minimised using empirical risk minimisation over a training set, while the generalisation error
is evaluated on a disjoint test set of unseen initial conditions. At inference, the trained operator Fy-
is applied recursively to generate long-term temporal evolutions.

2 TEMPORAL INTEGRATION PRELIMINARIES

The efficacy of variable-timestep neural operators depends on how temporal information is inte-
grated into the architecture. This integration occurs in two stages: Time Embedding, which trans-
forms temporal scalars into latent vectors, and Time Conditioning, which incorporates these vectors
into the model’s hidden states.
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2.1 TEMPORAL EMBEDDING STRATEGIES

Embeddings map raw timestamps into high-dimensional representations Fg to provide models with
sequence awareness. We categorise these into three primary types:

* Sinusoidal Temporal Embedding (STE): A non-learnt, deterministic approach using pre-
defined waves of varying frequencies to encode periodic temporal structures, aiding gener-
alisation to unseen timesteps.

* Embedding Layer (EL): A learnt, discrete strategy that uses one-hot encoding to optimise
representations for specific training intervals.

e Multi-Layer Perceptron (MLP): A learnt, continuous mapping capable of evaluating any
timestamp within a continuous domain, though it may be prone to overfitting the training
range.

2.2 CONDITIONING MECHANISMS

Conditioning refers to the architectural fusion of temporal embeddings with spatial feature maps
u(t). Standard Fourier Neural Operator (FNO) baselines typically employ two methods:

* Concatenation (Co): Appends the embedding as an additional feature dimension. While
flexible enough to learn non-linear relationships, it increases input dimensionality and com-
putational cost.

* Addition (Ad): Sums the embedding directly with spatial features, acting as a residual
correction. This aligns with the iterative nature of traditional PDE solvers, in which the
next state is a refinement of the current state.

3 RELATED WORK

3.1 VARIABLE-TIMESTEP MODELLING

In contrast to traditional numerical methods for time-dependent problems, where adaptive time-
stepping is a mature and widely used technique (Soderlind, 2002)), effective variable-timestep pre-
diction for PDEs remains relatively under-explored in the context of neural operators. Much of the
existing literature focuses on constant-timestep prediction, with advancements primarily targeting
improved learning strategies (Lippe et al., 2023} Takamoto et al.,|2023)) and architectural refinements
(McCabe et al., 2023 Rahman et al., 2023). For variable-timestep prediction, current approaches
typically utilise embedding modules to transform temporal information into a latent representation.
These embeddings are then integrated with the input function through either concatenation (Dang
et al.,[2022)) or additive operations (Gupta & Brandstetter, 2022).

3.2 NEURAL OPERATORS

Neural operators, most notably DeepONet (Di Leoni et al. [2021) and the Fourier Neural Operator
(FNO) (Li et al.}[2020), have emerged as a dominant class of models for learning PDE solution oper-
ators. Numerous studies have sought to enhance these foundational architectures; for instance, |Diab
& Al Kobaisi| (2025)) proposed a temporal-branch modification to DeepONet to enable variable-
timestep prediction. The present work focuses on the FNO due to its efficacy in capturing global
spectral information and its iterative architecture, which employs learnt integral kernels to approxi-
mate solution operators.

3.3 ATTENTION MECHANISMS

The attention mechanism, famously introduced within the Transformer architecture (Vaswani et al.,
2017), has proven highly effective at capturing long-range dependencies. Consequently, several
works have adapted attention-based layers to PDEs (Peng et al.| |2022; [Takamoto et al., 2022} [Kissas
et al.| [2022; [Dang et al., 2022} L1 et al, 2022)). These applications generally categorise attention
into spatial or temporal contexts. For example, Li et al.|(2022) utilised attention to encode spatial
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relationships between input and query points, while [Han et al.| (2022) employed a graph neural
network with an attention mechanism to capture temporal dependencies. In this work, we leverage
the attention mechanism specifically to condition the model on temporal dependencies through our
framework.

4 ATTENTION-BASED TIME CONDITIONING

We present our proposed attention-based temporal conditioning framework within the standard FNO
architecture. This approach enables flexible variable-timestep prediction and sampling, as illustrated
in Figure [ The modified FNO architecture incorporates an attention module alongside the two
fundamental components of the standard FNO: spectral convolutions and spatial convolutions. Each
layer of the proposed model is defined as:

Uiy1 := o (Attention(Uy, Ty, Tty1) + SpectralConv(U;) 4 SpatialConv(Uy)) , 3)

where U; and U,y denote the hidden function embeddings at the current and subsequent states,
respectively. T; and T}, represent the corresponding temporal embeddings, and o denotes a non-
linear activation function.

The central philosophy of this design is the parallel modelling of spatial and temporal dependencies.
Specifically, the spectral convolution efficiently captures spatial patterns in the frequency domain,
while the attention mechanism is leveraged to model temporal dependencies and modulate the state
transition based on the requested timestep (Peng et al.| 2022; |Kissas et al.,2022)). The spatial convo-
lution, implemented as a point-wise (1 x 1) kernel, serves as a learnable bias or skip connection. A
key refinement in our architecture is the sharing of temporal embeddings across all iterative layers,
a design choice that has been shown to enhance training stability and predictive accuracy.

4.1 INPUT LIFTING AND EMBEDDING

The spatial and spectral modules operate on the lifted state embedding U, (x), whereas the attention
block integrates the lifted state Uy (x) with the temporal embeddings 7; and T3 1. These embeddings

are defined as:
Ur = Lgu(u),

T, = Ly (D), 4)
Tip1 = Lo (F+ 1),

where £ and £ + 1 are generated by the initial embedding layers Fy ; and Ey ;1. These primary
embeddings transform the raw timestamps into continuous or discrete vector spaces using either
an MLP (learnt, continuous), an EL (learnt, discrete), or an STE (non-learnt, discrete). The lifting
maps Ly ., Ly, and Ly sy are linear transformations that project these representations into a
higher-dimensional space d.

4.2 THE ATTENTION MECHANISM

The attention module maps a query (derived from the target temporal state 73 ) and a set of key—
value pairs (derived from the current state U; and 7}) to a modulated output. The output is computed
as a weighted sum of the values, with weights determined by a compatibility function between the
query and the corresponding keys. Our architecture formulates the Query (@), Key (K), and Value
(V') matrices as:

Q =Wy(Tiy1 + Uy),

K = Wk(Tt + Ut),

V =W,(U), (5)

KT
Attention(Q, K, V') = softmax (Q ) V,
Vd
where d denotes the model width. Empirically, we observed that incorporating the state embedding
U into both the query and key vectors significantly improved convergence during training.
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4.3 SPECTRAL CONVOLUTION AND OUTPUT PROJECTION

The spectral convolution transforms the input embedding into the frequency domain via the Fast
Fourier Transform (FFT) to apply a complex weight tensor W,.:

SpectralConv(U;) = F =1 (W, - (FUY)) (2), (6)

where F and F~! denote the Fourier and Inverse Fourier transforms, respectively. Finally, the
updated hidden representation U, is projected back to the physical space to yield the prediction
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Figure 1: Schematic of the proposed Attention-based Fourier Neural Operator for variable-timestep
prediction. The architecture processes inputs through three parallel streams: (i) a spectral convo-
lution for frequency-domain patterns, (ii) a spatial convolution (1 x 1) acting as a learnable bias,
and (iii) an attention mechanism that uses lifted temporal embeddings (7}, 7}, 1) to modulate the
function embedding U;. The outputs are summed and passed through a non-linear activation o to
produce the next hidden state U1, which is projected back to the physical space u; 1.

5 EXPERIMENTS

This section details the experimental setup used to evaluate the temporal conditioning and embed-
ding strategies. We categorise these strategies based on their conditioning mechanism, Addition
(Ad), Concatenation (Co), and our proposed Attention (At), and their respective embedding types:
Sinusoidal Temporal Embedding (STE), Embedding Layer (EL), and Multi-Layer Perceptron
(MLP). Table[T]summarises the characteristics of each strategy, encompassing all architectural com-
binations except for non-learnt continuous embeddings.

The performance of these strategies is benchmarked across four fundamental PDEs:
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* Advection (Av): A baseline for simple translation.

* Viscous Burgers’ (vB): A non-linear system where advection and diffusion are balanced,
introducing shock formation.

« Diffusion-Reaction (DR): Describes substance diffusion combined with chemical interac-
tions, often leading to non-linear error growth.

* Diffusion-Sorption (DS): Models molecular permeation and sorption into material struc-
tures, characterised by high initial-phase complexity.

Detailed mathematical formulations for each system are provided in Appendix[A] These benchmarks
were selected to assess the models’ capacity to handle linear translation, nonlinear evolution, and
complex source-driven dynamics. The training details are provided in Appendix |B} Detailed results
for each PDE are provided in Appendix |G| [H] [land I}

Table 1: Taxonomy of the nine temporal conditioning and embedding strategies. Checkmarks
(v') indicate the architectural combinations of conditioning mechanisms and embedding properties
evaluated across the benchmark PDEs.

Strategy Conditioning Embedding
Addition Concatenation Attention Non-learnt Learnt [ Discrete Continuous

Ad v - - -
Co v - - -
At (ours) v - - -
STE-Ad v v v
STE-Co v v v
STE-At (ours) v v v
EL-Ad v v v
EL-Co v v v
EL-At (ours) v v v
MLP-Ad v v v
MLP-Co v v v
MLP-At (ours) v v v

6 RESULTS AND DISCUSSION

We present a comprehensive evaluation of the proposed variable-timestep framework across four
benchmark partial differential equations (PDEs): linear Advection, Viscous Burgers’, Diffusion-
Reaction, and Diffusion-Sorption. These benchmarks represent a diverse range of physical phenom-
ena, including pure propagation, shock formation, and non-linear source interactions.

Our analysis is structured to validate three core hypotheses: (i) that attention-based conditioning is
superior to additive or concatenative methods for temporal modulation; (ii) that the optimal temporal
sampling strategy is intrinsically linked to the underlying physics of the system; and (iii) that a
single variable-timestep model can maintain high physical fidelity while offering significant gains
in parameter efficiency compared to specialised constant-timestep solvers.

We benchmark these models by comparing the conditioning and embedding options across different
sampling strategies (i.e., constant-timestep and variable-timestep sampling) and integrate the nor-
malised root mean squared error (nRMSE) across the full rollout. Constant-timestep sampling is
investigated at intervals of 1At, 2At, and 3At, where At represents the smallest temporal reso-
lution of the dataset. For variable-timestep sampling, we examine transitions from small-to-large
timesteps (1At — 2At and 1At — 2At¢ — 3At) and large-to-small timesteps (2At — 1At and
3At — 2At — 1At). To ensure a balanced comparison, temporal sequences are split evenly be-
tween the selected timesteps. For instance, in a simulation of 200t using a 1At — 2At strategy,
1At is employed for the initial 100 steps, followed by 2At for the remainder of the rollout.

6.1 PERFORMANCE OF CONDITIONING MECHANISMS

Our experiments across four benchmark PDEs demonstrate that the proposed Attention-based
(At) conditioning consistently outperforms standard Concatenation (Co) and Addition (Ad) base-
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lines. This superiority is clearly visible in Table [2] where the Attention conditioning (indicated in
blue) achieves the lowest overall error in three out of four benchmarks: Viscous Burgers’ (1.08%),
Diffusion-Reaction (4.4%), and Diffusion-Sorption (0.12%).

The mechanism’s strength lies in its ability to dynamically modulate hidden feature maps based
on a specific temporal query (At). Unlike Addition, which acts as a static residual, or Concate-
nation, which simply increases dimensionality, the Attention mechanism selectively scales spatial
features. This is particularly effective in non-linear systems like Viscous Burgers’, where the model
must adapt to rapid changes in gradients. Interestingly, for the Advection equation, Concatenation
remains highly competitive (2.97%), suggesting that for simple linear translations, the added com-
plexity of attention may be less critical than for dissipative or reactive systems.

Table 2: Time Conditioning: Mean normalised root mean squared error (nRMSE) averaged over
the full temporal rollout: For each PDE, the smallest value per row and column is highlighted in
bold and underline, respectively. The overall smallest error is highlighted in blue.

TIME VARIABLE-TIMESTEP MODEL

CONDITIONING CONSTANT SAMPLING VARTIABLE SAMPLING

STRATEGY T 2 3 12 2-1 123 32-1
(01t,) | (101¢s) | (67t) || (150ts) | (150¢.) | (125ts) | (125¢t.)

N Ad 147.13 4462 58.06 83.41 36.93 24.44 51.7
< Co 3.78 341 4.36 330 3.79 2.97 4.57
At (ours) 7.14 5.83 7.86 6.86 6.17 7.11 6.71
Ad 6.01 315 445 5.85 3.16 5.40 352
3 Co 3.09 1.30 1.68 3.12 1.29 3.16 1.53
At (ours) 2.50 121 1.08 235 1.26 225 1.09
Ad 132 124 12.0 122 1.2 1.8 133
g Co 20.3 142 11.3 18.8 14.5 18.3 12.3
At (ours) 10.5 54 44 10.1 57 9.8 4.7
- Ad 1.14 1.00 120 .12 1.03 1.10 122
a Co 0.17 0.15 0.16 0.16 0.16 0.16 0.16
At (ours) 0.13 0.12 0.12 0.13 0.12 0.12 0.12

6.2 PERFORMANCE OF EMBEDDING MECHANISMS

The choice of temporal embedding, i.e., how the scalar At is represented before conditioning, further
improves model performance. Table [3|compares our Attention mechanism across three embedding
types: Sinusoidal (STE), Embedding Layer (EL), and Multi-Layer Perceptron (MLP).

The Embedding Layer (EL) emerges as the most robust choice for the majority of benchmarks. In
the Advection and Diffusion-Reaction cases, EL-At significantly outperforms the non-learnt STE-
At, providing the lowest errors (1.03% and 3.4%, respectively). This indicates that learnt, discrete
representations allow the model to better specialise for the specific timesteps encountered during
training.

However, for the Viscous Burgers’ equation, the MLP embedding yielded superior results (0.84%).
This suggests that for systems with high-frequency shocks and steep gradients, a continuous, non-
linear mapping provided by an MLP is better suited to capture rapid physical transitions than discrete
embedding layers. For Diffusion-Sorption, EL and MLP perform almost identically, both success-
fully capturing the complex initial sorption dynamics that prove difficult for the fixed sinusoidal
(STE) approach

6.3 STRATEGY DIRECTIONALITY: TEMPORAL REFINEMENT VS. COARSENING

The results in Tables [2] and [3] highlight a vital physical insight: the optimal sampling strategy is
intrinsically linked to the system’s underlying physics. As summarised in Table 4] we identify two
primary patterns:

* Temporal Refinement (Small-to-Large): Strategies such as At = 1 — 2 — 3 are opti-
mal for Advection and Diffusion-Reaction. In these systems, errors typically accumulate
over time due to pure propagation or non-linear source terms. Establishing a stable trajec-
tory with fine resolution early on allows the model to avoid high error in later stages by
transitioning to fewer, larger steps, thereby limiting the total number of rollouts.
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Table 3: Attention-based Conditioning with different Embeddings: Mean normalised root mean
squared error (nRMSE) averaged over the full temporal rollout: For each PDE, the smallest value per
row and column is highlighted in bold and underline, respectively. The smallest error is highlighted
in blue. The EL-At model using a 1-2-3 variable-timestep sampling strategy achieves the lowest
overall error.

TIME VARTIABLE-TIMESTEP MODEL
CONDITIONING CONSTANT SAMPLING VARIABLE SAMPLING
AND EMBEDDING T 2 3 12 21 123 321
STRATEGY (201 ts) | (101ts) | (67¢s) || (150¢5) | (150¢s) | (125ts) | (125 ts)
. STE-At 6.00 9.26 4.65 5.06 3.00 462 4.44
<  EL-At 1.20 1.14 1.93 1.07 1.08 1.03 1.29
MLP-At 2.12 3.87 3.81 1.87 3.90 1.73 3.59
STE-At 224 1.97 1.24 227 1.80 234 1.33
2 ELAt 1.6 1.0 1.0 1.5 1.1 1.5 1.0
MLP-At 1.8 0.93 0.84 1.7 0.96 1.6 0.84
w SIE-AC 13.9 9.1 7.9 12.0 10.7 10.8 93
A EL-At 9.4 4.8 34 7.8 6.4 6.8 5.1
MLP-At 114 8.0 7.1 102 9.0 9.4 8.3
w  STE-At 0.20 0.19 0.16 0.22 0.22 0.19 0.18
& EL-At 0.14 0.12 0.11 0.13 0.12 0.13 0.12
MLP-At 0.13 0.12 0.12 0.13 0.12 0.13 0.12

* Temporal Coarsening (Large-to-Small): Strategies such as At = 3 — 2 — 1 are supe-
rior for Viscous Burgers’ and Diffusion-Sorption. These systems exhibit high-error initial
phases due to shock formation or steep initial gradients. Using larger initial steps allows
the model to leap over these unstable regions, effectively mitigating cumulative exposure
bias by reducing the total number of autoregressive rollouts (e.g., from 201 steps at 1At to
67 steps at 3At).

Across all benchmarks, the variable-timestep framework achieves a significant Efficiency Advan-
tage. By adapting the temporal step size to the physical dynamics, these models achieve nRMSE
scores comparable to or lower than specialised constant-timestep models while requiring fewer to-
tal timesteps (Z5), representing a substantial gain in computational efficiency for long-term PDE
evolution.

Table 4: Summary of Optimal Configurations and Temporal Sampling Strategies for Benchmark
PDEs based on Total Integrated nRMSE.

Dataset Best Model

Best Variable

Strategy Physical Justification

Establishing a stable trajectory
Advection EL-At 1—-2—=3 allows for larger steps later with
minimal error accumulation.
Fewer rollouts during high-error
Viscous Burgers’ MLP-At 3—=2—=1 shock-formation reduces
cumulative exposure bias.
Transitioning to larger steps
Diff.-Reaction EL-At 1—-2—=3 bypasses high-error stages as
reaction complexities accumulate.
Larger initial steps reduce the
Diff.-Sorption EL-At 3—=2—=1 impact of high-error

initial sorption dynamics.

6.4 VARIABLE-TIMESTEP VS. CONSTANT-TIMESTEP MODEL PERFORMANCE

We evaluate the generalisation penalty by comparing a single Variable-timestep (1x) model against
an ensemble of five Constant-timestep (5x) models, each specialised for a fixed At € {1,...,5}.
As shown in Table 5] two distinct performance profiles emerge based on the system physics:

* The Generalisation Penalty: In Advection, Burgers’, and Diffusion-Sorption, spe-
cialised models generally define the accuracy upper bound. Specialisation allows the
model to over-fit the spectral transformations required for a specific interval. However,
the variable-timestep model maintains exceptionally high Pearson correlation (R > 0.99),
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proving that it captures the correct physical topology and wave phases despite minor nu-
merical offsets.

* The Multi-task Learning Advantage: In Diffusion-Reaction, the variable-timestep
model consistently outperforms all specialised models. At 3At, its error (0.0192) is nearly
50% lower than the specialised baseline (0.0386). This suggests that training on diverse
intervals serves as a form of data augmentation; the model learns a more robust represen-
tation of nonlinear reaction terms by observing their evolution across multiple temporal
scales.

Stability and Efficiency: Constant-timestep models typically show improved accuracy at larger
At due to reduced autoregressive error propagation (fewer rollouts). While the variable-timestep
model is more complex when mapping large jumps in a single step, it offers 5x better parameter
efficiency. By replacing multiple specialised solvers with a single, physically consistent architec-
ture, the variable-timestep framework provides a robust and computationally efficient alternative for
long-term PDE evolution.

Table 5: Accuracy and Correlation: Comparison between five constant-timestep models and one
variable-timestep model. The five constant-timestep models correspond to models trained and tested
at At = 1, 2, 3, 4, and 5, respectively. A single variable-timestep model is evaluated at the same
timesteps for comparison. Pearson’s Correlation for Atz = 1 and 5 are included in brackets.
CONSTANT SAMPLING

1At [ 2At [ 3At [ 4At ] 5A¢
Constant-timestep (5x) | 0.0034 (1.0) | 0.0028 | 0.0027 | 0.0027 | 0.0025 (1.0)
Variable-timestep (1x) | 0.0062 (0.99) | 0.0061 0.010 | 0.0337 0.0499 (1.0)
Constant-timestep (5x) 0.0028 (1.0) 0.0025 | 0.0021 | 0.0013 0.0013 (1.0)
Variable-timestep (1x) 0.0099 (1.0) | 0.0051 | 0.0048 | 0.0062 | 0.0085 (1.0)
Constant-timestep (5x) | 0.0515 (0.99) | 0.0399 | 0.0386 | 0.0349 | 0.0361 (0.99)
Variable-timestep (1x) | 0.0489 (0.99) | 0.0258 | 0.0192 | 0.0203 | 0.0316 (0.99)
Constant-timestep (5x) | 0.0011 (1.0) | 0.0010 | 0.0010 | 0.0010 | 0.0010 (1.0)
Variable-timestep (1x) 0.0016 (1.0) | 0.0014 | 0.0014 | 0.0015 0.0018 (1.0)

DATASET MODEL

Advection (Av)

Vis. Burgers’ (vB)

Diff-React (DR)

Diff-Sorpt (DS)

7 CONCLUSION

In conclusion, this paper presents a novel attention-enhanced variable-timestep prediction frame-
work for neural operators, specifically designed to overcome the limitations of fixed-timestep
schemes in solving partial differential equations (PDEs). The key contributions and findings are
as follows:

 Architectural Innovation: By integrating a cross-attention mechanism with temporal em-
beddings into the Fourier Neural Operator (FNO), the model effectively modulates its in-
ternal feature maps according to the requested timestep, allowing for accurate predictions
across a continuous range of temporal resolutions.

* Performance and Stability: The proposed attention-based conditioning (At) consistently
outperforms standard concatenation and additive methods across four benchmark PDEs,
including Advection and Diffusion-Sorption.

* Efficiency: The framework demonstrates a significant efficiency advantage; by utilising
variable-timestep sampling strategies, the model reduces the total number of autoregressive
rollouts needed, thereby mitigating error accumulation and lowering computational costs
for long-term simulations.

* Robustness: The results indicate that the Embedding Layer (EL) combined with attention
(EL-At) is particularly effective, achieving the lowest overall error by successfully manag-
ing the trade-offs between temporal efficiency and long-term stability.

While the attention-enhanced framework improves predictive accuracy, it possesses some limita-
tions. Notably, this work has not explored methods to automatically select optimal timesteps;
instead, sampling strategies were manually predefined rather than adaptively determined by the
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model based on the evolving physical dynamics. Additionally, the effectiveness of these strategies
is problem-dependent, as the cumulative error from increased rollout steps can sometimes offset the
benefits of variable-time flexibility.

From a computational standpoint, the cross-attention mechanism introduces a trade-off, requiring
approximately 30% more execution time and 8% more memory than simpler concatenation meth-
ods. Furthermore, the model’s ability to extrapolate over very long rollouts remains constrained,
particularly in systems with high-frequency shifts that are difficult for spectral layers to capture
over extended gaps. Future work should focus on automating timestep selection and optimising the
computational efficiency of the attention layers.
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A PARTIAL DIFFERENTIAL EQUATION

We define the partial differential equations used in this work and how the datasets for training,
evaluating, and testing our models were generated. We use benchmark datasets by [Takamoto et al.
(2022) for Advection (Av), viscous Burgers’ (vB), Diffusion-Reaction (DR) and Diffusion-Sorption
(DS).

A.0.1 ADVECTION EQUATION (AV)

The advection equation models pure advection behaviour without non-linearity.

Owu(t, ) + BOu(t,z) =0, =€ (0,1),¢ € (0,2],
u(0,z) = ug(z), =€ (0,1),
where 5 = 0.5 is the advection speed. Note that the exact solution of the system is given as:

u(t,x) = up(x — Bt). The boundary conditions are periodic, and the initial conditions are generated
by a superposition of sinusoidal waves as:

up(z) = Z A;sin(kx + @), 9

ki=ki,-, Kn

(®)

where k; = 2¢{ni}/L, are wave numbers whose {ni} are integer numbers selected randomly in
[1, nmaz], N is the integer determining how many waves to be added, L, is the calculation domain
size, A; is a random float number uniformly chosen in [0, 1], and ¢; is the randomly chosen phase
in (0, 27). In all examples included in this work, we select k4, = 2 and N = 2. For the numerical
setup, the spatial domain [0, 1) is partitioned into n, = 1024 equidistant points, while the temporal
interval [0, 2] is discretised using n; = 201 uniform steps. The numerical solution was computed
using a 2nd-order upwind finite difference scheme in both time and space. For training and inference,
the spatial domain is downsampled to n, = 256.

A.0.2 VISCOUS BURGERS’ EQUATION (VB)

The viscous Burgers’ equation is a non-linear parabolic partial differential equation (PDE) with ap-
plications in fluid dynamics, nonlinear acoustics, and gas dynamics. It is the simplest PDE that
combines nonlinearity and diffusivity. The equation often appears in simplified models of com-
plex systems, thereby providing insight into the general behaviour of complex processes. The one-
dimensional version of a viscous fluid is given as

Ou(t, z) + u(t, v)0zu(t, x) = vdyu(t,x) x € (0,1),t € (0,1],

w(0,2) = up(z),  we(0,1), (10

where u is a scalar velocity and is a function of space x and time ¢. The parameter v = 0.01 is the
viscosity term.
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The initial conditions are generated as in the advection equation. The numerical solution was calcu-
lated with the temporally and spatially 2nd-order upwind difference scheme for the advection term,
and the central difference scheme for the diffusion term. For the numerical setup, the spatial domain
[0, 1) is partitioned into n, = 1024 equidistant points, while the temporal interval [0, 1] is discre-
tised using n; = 201 uniform steps. For training and inference, the spatial domain is downsampled
to n, = 256.

A.0.3 DIFFUSION-REACTION EQUATION (DR)

Here, we consider a one-dimensional diffusion-reaction PDE that combines a diffusion process with
rapid evolution driven by a source term. The equation is expressed as:

Opu(t, ) — vigzu(t,z) — pu(l —u) =0, =z € (0,1),t € (0,1],

u(0,z) = up(x),z € (0,1),

where viscosity ¥ = 0.0005 and density p = 0.01. The variable u could grow exponentially due
to the force term, which depends on u. As in the 1D advection equation, we use periodic boundary
conditions and the same initial condition (Equation [9); however, k., = 3 and N = 3. The
numerical solution was computed using a 2nd-order central-difference scheme in both time and
space. For the source term part, we use the piecewise-exact solution (PES) method. For the domain
setup, the spatial domain [0, 1] is partitioned into n, = 1024 equidistant points, while the temporal
interval [0, 1] is discretised using n; = 201 uniform steps. For training and inference, the spatial
domain is downsampled to n, = 256.

(1)

A.0.4 DIFFUSION-SORPTION (DS)

The diffusion-sorption equation models a diffusion process that is retarded by sorption. The equation
is written as;

Opu(t.x) = D/ R(u)O0zpu(t, ), (12)
where D is the effective diffusion coefficient, R is the retardation factor representing the sorption
that hinders the diffusion process.

This nonlinear equation is retarded by the retardation factor R, which is dependent on u based on
the Freundlich sorption isotherm:

Ru)=1+ —; ¢p5/€nfu"f_1, (13)
where ¢ = 0.29 is the porosity of the porous medium, p, = 2880 is the bulk density, k = 3.5x10~*
is the Freundlich’s parameter, ny = 0.874 is the Freundlich’s exponent, and the effective diffusion
coefficient D = 5 x 10~%.

The initial condition is generated with a uniform distribution (0, z) ~ 4(0,0.2) for x € (0, 1).
The data is discretised into n,, = 1024 and n, = 501, and the downsampled version is used for the
models’ training, with n, = 256, n; = 101. The spatial discretisation is performed using the finite
volume method (Eymard et al., 2000), and the time integration is performed using a fourth-order
Runge-Kutta method.

B TRAINING

All FNO models use 16 Fourier modes, a hidden dimension d = 32, and 4 iterative layers. Training
is performed for 200 epochs using the Adam optimiser with a batch size of 128. The initial learning
rate of 1073 is modulated by a scheduler with a decay factor of 0.95 per epoch. All models are
trained for 200 epochs with 100 iterations per epoch using a normalised Root Mean Square Error
(nRMSE) loss function. For each iteration and each sample, we stochastically generate a rollout
sequence T using a variable-timestep sampling strategy, thereby exposing the model to a continuous
range of temporal scales (See further details in Appendix[C). We use a multistep prediction of 5, i.e.,
the input (history) and output (horizon) are equal.

As shown in Figure 2] each method was trained until convergence was achieved. All nine strategies
exhibited stable convergence within 200 epochs, using the viscous Burgers’ equation as a represen-
tative case. Notably, the Attention-based (At) configurations demonstrated a marginally smoother
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loss trajectory compared to the Concatenation (Co) baselines. This suggests that the attention mech-
anism facilitates more stable gradient flow during the early stages of learning, when the model is
first exposed to variable timesteps.

— Ad Co — At — At SPE-At —— EL-At —— MLP-At

NRMSE (Training)
"
s
L
NRMSE (Training)
o
2

Figure 2: Training convergence for the Viscous Burgers’ equation over 200 epochs. Each curve
represents the mean Normalised Root Mean Squared Error (nRMSE) for one of the nine strategies
outlined in Table[I] The consistent downward trend and stabilisation across all strategies indicate
robust convergence and provide a reliable baseline for the variable-timestep sampling evaluations.

C VARIABLE-TIMESTEP SAMPLING

A key contribution of this work is the variable-timestep sampling strategy (Table [) used during
training. This procedure ensures the model is exposed to a broad spectrum of temporal scales using
a dataset with fixed At.

The objective of our variable-timestep sampling strategy is to extract a randomly sampled, ordered
subset T of a fixed size R + 1 from the temporal domain 7" = {0, 1,...,¢s}. This subset is con-
structed such that the intervals between consecutive elements are non-constant. K denotes the num-
ber of autoregressive rollouts, i.e., the number of recursive model applications in which the predic-
tion at one step serves as the input to the next.

To implement this, we independently sample a start time ¢, and an end time t.,q from 7" for each
iteration, subject to the constraint tepg > tyar + R. Within the interval [tg, tena], We randomly

select R — 1 elements to form the subset 7'. The magnitude of R directly influences the sampling
distribution; specifically, as R increases, the probability of observing large temporal gaps between
consecutive elements in 7' decreases. In this work, we keep R constant throughout training. To
enhance data diversity, ¢y, is sampled independently for each trajectory within a single batch. This
stochastic approach ensures the model is exposed to a broad spectrum of temporal scales.

D FINAL TIME PREDICTION

While total integrated error provides a holistic view of model performance, the final-time error
(nRMSE at the last timestep of the rollout) evaluates the long-term stability and terminal accuracy
of the learned evolution laws. As shown in Tables[7]and[8] the results indicate that multiple temporal
paths can converge to an accurate final state.

1. Conditioning and Architecture Convergence: The Attention (At) and Concatenation
(Co) mechanisms remain the superior conditioning strategies for final time accuracy. In
the Diffusion-Reaction and Diffusion-Sorption systems, the Attention mechanism achieves
the lowest final-time errors (0.04 and 0.0008, respectively). Interestingly, in the Viscous
Burgers’ and Advection equations, the performance gap between Concatenation and Atten-
tion narrows significantly at the final timestep. This suggests that while Attention is more
effective at capturing transient dynamics (such as shock formation), both architectures can
converge to the correct steady-state or terminal topology.
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Algorithm 1: Training with Variable-timestep Sampling
Input: Epochs E, iterations per epoch I, time domain T = {0, 1,...,¢s},
training samples {u; }c7, rollout count R, model Fy, loss criterion L.
fore =1to £ do
fori=1toIdo
tsare ~ Uniform(0,ts — R)
tend ~ Uniform (¢, + R, ts)
T = Sort(SampleWithReplacement(range(tgr, tend ), Size = R + 1))
Total Loss = 0
Ugy = Uty
for j = 1to Rdo
teurr = T[] - 1}7 tnest = T[]]
ﬂtnezt =7 (ﬂtcur7‘7 tewrr tnext)

Total Loss = Total Loss + L(uy,,.,, Ut,...)
end for
0 + Optimiser(Total Loss)
end for
end for

Table 6: Variable-timestep Sampling Strategy for Autoregressive Training: This procedure gen-
erates non-uniform temporal rollout sequences. For each iteration, a random temporal window
[tstart, tend] is selected, from which an ordered subset T" of size R + 1 is sampled. This ensures the
intervals between consecutive elements are non-constant, exposing the model to diverse temporal
scales (At) to improve long-term stability and capture multiscale dynamics.

2. Embedding Stability: Table [8| demonstrates that Embedding Layer (EL) and MLP em-
beddings provide the most stable long-term rollouts.In Advection, the EL-At configuration
using a 1 — 2 variable-timestep strategy achieves a terminal error of 0.008, significantly
outperforming the non-learnt Sinusoidal (STE) baseline.In Viscous Burgers’, the MLP-At
model with a constant 3A¢ sampling yields the best terminal result (0.0024).These findings
confirm that learnt embeddings better preserve the solution’s physical structure over longer
time horizons than deterministic embeddings.

3. Resilience to Exposure Bias: A critical observation across both tables is that variable-
timestep strategies often match or exceed the terminal accuracy of 1At constant-sampling,
despite the 1A¢ model having a higher sampling density. For instance, in Advection, the
1 — 2 — 3 strategy achieves a lower final error (0.030) than the constant 1At baseline
(0.040).This validates the Exposure Bias Resilience of the variable-timestep framework:
by using larger timesteps, the model reaches the final time in fewer discrete steps, thereby
reducing the number of opportunities for autoregressive error to accumulate. This demon-
strates that for long-term physical modelling, temporal flexibility is not just a computational
convenience but a structural advantage for maintaining terminal stability.
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TIME VARIABLE-TIMESTEP MODEL
CONDITIONING | CONSTANT-TIMESTEP SAMPLING VARIABLE-TIMESTEP SAMPLING
STRATEGY T 2 3 2 7 723 32
@01¢,) | (101¢,) (67 to) (50t | (150t | (125¢0) | (125¢0)
n Ad 157 0.58 0.56 055 0.66 0.18 031
z Co 0040 | 0.033 0.045 0.031 0.037 0.030 | 0041
At(ours) | 0059 | 0054 0.058 0.049 | 0053 0070 | 0038
Ad 0030 | 0017 0.044 0034 | 0015 0028 | 0.013
g Co 0.0060 | 0.0027 0.0035 0.0061 | 0.0026 | 00063 | 0.0029
At(ours) | 0012 | 00047 0.0031 0009 | 00053 | 00084 | 00042
Ad 0.13 015 0.13 0.10 0.09 011 012
& Co 021 0.13 0.10 0.18 0.14 0.18 0.1
At (ours) | 010 0.06 0.04 0.10 0.06 0.09 0.05
- Ad 0.0051 | 0.0027 0.0021 00042 | 00043 | 0.0035 | 0.0056
a Co 0.0015 | 0.0010 0.0009 00012 | 00013 | 00011 | 00011
At(ours) | 00010 | 0.0008 0.0008 00008 | 00009 | 00008 | 0.0008

Table 7: Time Conditioning: Mean normalised root mean squared error (1(RMSE) at final time. For
each PDE, the smallest value per row and column is highlighted in bold and underline, respectively.
The smallest error is highlighted in blue. The EL-At model using a 1-2-3 variable-timestep sampling
strategy achieves the lowest overall error.

TIME VARIABLE-TIMESTEP MODEL
CONDITIONING | CONSTANT-TIMESTEP SAMPLING || VARIABLE-TIMESTEP SAMPLING
STRATEGY 1 2 3 1-2 2-1 1-2-3 3-2-1
(201ts) | (101¢y) (67 ts) (150ts) | (150ts) | (125ts) | (125ts)
. STE-At 0.059 0.076 0.036 0.031 0.041 0.027 0.032
<  EL-At 0.011 0.010 0.019 0.008 0.009 0.009 0.009
MLP-At 0.021 0.023 0.024 0.012 0.021 0.011 0.018
STE-At 0.0066 0.0081 0.0039 0.0069 0.0051 0.0065 0.0038
2 EL-At 0.0059 0.0034 0.0034 0.0043 0.0048 0.0043 0.0039
MLP-At 0.01 0.0037 0.0024 0.0085 0.0042 0.0071 0.0031
~ STE-At 0.14 0.087 0.081 0.11 0.12 0.098 0.10
a EL-At 0.10 0.052 0.031 0.077 0.077 0.066 0.065
MLP-At 0.12 0.094 0.066 0.10 0.10 0.090 0.093
» STE-At 0.0013 0.0014 0.0010 0.0020 0.0027 0.0011 0.0019
& EL-At 0.0013 0.0011 0.0008 0.0011 0.0011 0.0009 0.0010
MLP-At 0.0009 0.0008 0.0008 0.0008 0.0008 0.0008 0.0008

Table 8: Attention-based Conditioning with different Embeddings: Mean normalised root mean
squared error (nRMSE) at final time. For each PDE, the smallest value per row and column is
highlighted in bold and underline, respectively. The smallest error is highlighted in blue. The EL-
At model using a 1-2-3 variable-timestep sampling strategy achieves the lowest overall error.

E EFFECT OF MODEL SIZE

As shown in the Table below (9), we investigate the effect of model size using the viscous Burgers’
equation. We double the hidden dimension d of our best-performing embedding method (EL) for the
attention (At) and concatenation (Co) conditioning approaches, i.e., EL-At and EL-Co. The results
show that Attention scales well and outperforms Concatenation across all time-sampling strategies.
However, the Concatenation option is more computationally efficient (30% faster ) due to lower
memory (8% less) usage than our Attention-based approach.

Time Memory | Constant-timestep Sampling Variable-timestep Sampling
per Epoch 1 2 3 1-2 2-1 1-2-3 3-2-1
(sec) (MB) 201ts | 101ts 67ts 150ts | 150ts | 125ts | 125ts
EL-At - - 1.8 0.93 0.84 1.7 0.96 1.6 0.83
EL-Co - - 22 1.2 1.6 22 1.3 22 1.5
EL-At 2x param 71.8 2.49 0.77 0.48 0.49 0.76 0.48 0.76 0.49
EL-Co 2x param 54.7 2.30 0.98 0.64 0.69 0.95 0.65 0.96 0.68

Table 9: Effect of model size of the top two conditioning and embedding approaches.
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F VARIABLE-TIMESTEP AND CONSTANT-TIMESTEP MODEL

Figure [3] establishes the scaling properties of our variable-timestep framework, demonstrating that
while a generalisation penalty exists at low data volumes, it can be mitigated by increasing the
training scale. Most importantly, the scaling law confirms that the flexibility of a single model does
not come at the cost of structural stability; as long as sufficient data is provided, the variable-timestep
model can recover the performance of a constant-timestep model while offering 5x better parameter
efficiency.

We visualise the solution of our four benchmark PDEs from Figure ] - [7} and show the solution of
the constant-timestep and variable-timestep models at 1A¢. The solutions qualitatively look similar
and thus are consistent with the correlation table. Consequently, the variable-timestep framework
offers a robust and computationally efficient alternative to specialised solvers, particularly in non-
linear systems such as Diffusion-Reaction, where multi-scale temporal training enhances predictive
performance.

—*— Constant-time Model Variable-time Model

10—1 p
w
(%]
=
<
< 1072 1

1073 T T T T T

(128,8) (256,8) (512,16) (1024,32) (2048,64)

(Training samples, Model dimension)

Figure 3: Scaling: The rate of error reduction with an increase in the number of training samples
and model dimension.

16



Published as a conference paper at ICLR 2026

Ground Truth Constant Variable

1.0

0.5

0.0

Space
Velocity

-1.0

0.100
0.075
0.050
0.025
0.000

Error

—0.025
—0.050
—-0.075
—0.100

Figure 4: Advection: Visualisation of prediction (top) and error (bottom) for 1At constant-timestep
model (middle) and variable-timestep model evaluated at 1At (left). The data sample with the

highest error is shown.
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Figure 5: Viscous Burgers: Visualisation of prediction (top) and error (bottom) for 1At constant-
timestep model (middle) and variable model evaluated at 1At (left). Data sample with the smallest

€ITor.
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Figure 6: Diffusion-Reaction: Visualisation of prediction (top) and error (bottom) for 1At constant-
timestep model (middle) and variable model evaluated at 1A¢ (left)
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Figure 7: Diffusion-Sorption: Visualisation of prediction (top) and error (bottom) for 1At constant-
timestep model (middle) and variable model evaluated at 1A¢ (left)
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G ADVECTION (AvV)

The 1D advection equation is the simplest test case, in which the solution is purely translated at a
constant speed parameter 3. Because the system lacks dissipative mechanisms like diffusion, it can
be sensitive to the accumulation of numerical or model-induced errors during long-term autoregres-
sive rollouts.

Overall, the Attention-based (At) conditioning mechanism combined with the Embedding Layer
(EL) architecture achieved the most robust performance. As shown in Table |10} the EL-At config-
uration using a 1-2-3 variable-timestep sampling strategy yielded the lowest total error. However,
when evaluating the accuracy of the final state (Table [T1), the 1-2 variable strategy with EL-At
was superior. Across all tests, Attention (At) consistently outperformed Concatenation (Co) and
Addition (Ad).

G.1 ANALYSIS OF CONSTANT-TIME SAMPLING

Figure [§]illustrates the error propagation for models evaluated at fixed temporal intervals (At = 1
to 5).

* Stability at Small Timesteps: The error propagation for 1At and 2At remains the lowest
and follows nearly identical linear trajectories. This suggests that the model accurately
captures wave translation at these time resolutions.

* The 2At Threshold: A significant performance degradation is observed once the timestep
exceeds 2At. The error curves for 3At, 4At, and 5At are significantly worse than those
for 1At and 2At, with the most pronounced increase occurring between 3At and 4At. In
the context of advection, this indicates that the model’s ability to map the function over
longer temporal gaps diminishes, likely due to the spectral layers’ limitations in capturing
high-frequency shifts at large At.

G.2 ANALYSIS OF VARIABLE-TIME SAMPLING

The efficacy of variable-timestep sampling is highly dependent on whether the sampling includes
the high-error timesteps identified in the constant-timestep sampling error curves (i.e., At > 2).

* Increasing timestep sampling (Figure [9): Transitioning from 1At — 2At and 1At —
2At — 3At (i.e., Small-to-Large) shows an improvement over constant 1A¢. This demon-
strates that once the model has established a stable trajectory on small time steps, it can
transition to larger steps to complete the rollout with less cumulative error. Also, we ob-
serve that 1At — 2At performs better than 1At — 2At¢ — 3At, most likely due to the
use of error-prone 3At in the latter sampling.

However, strategies starting with a larger steps (e.g., 2-3 or 2-3-4) do not show improve-
ment over constant 2At, as the sampling strategy contains timesteps (i.e., 3A¢ and 4At)
that have high-error (as seen in Figure 8], which compromises the entire rollout’s integrity.

* Decreasing timestep sampling (Figure[T0): Conversely, decreasing the timestep during the
rollout can also be beneficial (i.e., Large-to-Small). The 2At — 1At strategy improves
upon a constant 2At¢ rollout. Notably, the 3A¢t — 2A¢ — 1At strategy significantly
outperforms the 3At — 2At and 3At sampling. This suggests that correcting the trajectory
with smaller, more accurate steps toward the end of a rollout can mitigate some of the error
propagation introduced by the early, larger timesteps.

Cumulative Error and Accuracy Trade-offs: Figure[TT|further confirms existing trends by show-
ing the cumulative sum of errors. For a fixed sampling budget (i.e., different sampling with the same
number of total timesteps 125 t5), more samples from the lower-error (earlier) region ultimately re-
duce the total error, as seen in the case where the cumulative error for the 1At — 2At and strategy
is lower than that for the 2At¢ — 1At strategy. The difference is more pronounced in the comparison
between 1At — 2At — 3At and 3At — 2At — 1At sampling. Starting with a larger timestep
(3At) results in much higher total error than with a smaller timestep. We observe a significant in-
crease in the slope of 3At — 2At — 1At at approximately ¢ =~ 137, where the timestep transitions
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from 2At to 1A¢, while there is no visible change in the slope when transitioning from 2A¢ to 3At
in the 1At — 2At — 3At sampling.

TIME VARIABLE-TIMESTEP MODEL

CONDITION AND EMBED [ CONSTANT-TIMESTEP SAMPLING VARIABLE-TIMESTEP SAMPLING
STRATEGY T ) 3 T2 71 T-2-3 301
(201 ¢,) ‘ (101 t) ‘ (67 t5) (150 ¢5) ‘ (150 t5) ‘ (125 ) ‘ (125 t5)

Ad 4713 | 44.62 58.06 3341 36.03 24.44 517

Co 378 3.41 4.36 3.30 3.79 2.97 457

- At (ours) 7.14 5.83 7.86 6.86 6.17 7.11 6.71
% TSTE-Ad 51,70 TI.82 T5.76 5783 447 5765 723
= STE-Co 187.00 | 49.39 83.58 156.66 | 61.69 130.87 6.73
£ STE-At (ours) 6.00 9.26 4.65 5.06 8.00 4.62 4.44
S “EL-Ad 77.68 7534 24.50 2701 76.08 76.43 7493
$ ELCo 231 1.98 2.76 1.89 1.79 1.85 2.46
S _EL-At(ours) 1.20 114 1.93 1.07 1.08 1.03 1.29
MLP-Ad 317 362 507 335 3.02 373 3.63
MLP-Co 2.42 2.44 3.42 235 2.33 245 3.15
MLP-At (ours) 2.12 3.87 3.81 1.87 3.90 1.73 3.59

Table 10: Mean normalised root mean squared error (nRMSE) averaged over the full temporal
rollout for the Advection equation: The values in bold and underline are the smallest error per row
and column, respectively. The smallest error is highlighted in blue. The EL-At model using a 1-2-3
variable-timestep sampling strategy achieves the lowest overall error.

TIME VARTABLE-TIMESTEP MODEL

CONDITION AND EMBED [ CONSTANT-TIMESTEP SAMPLING VARTABLE-TIMESTEP SAMPLING
STRATEGY I ) 3 -2 71 I-23 321
(201 t,) ‘ (101 ts) ‘ (67 ts) (150 ts) ‘ (150 ts) ‘ (125 ts) ‘ (125 ts)

Ad 157 0.58 0.56 0.55 0.66 0.18 031

Co 0.040 0.033 0.045 0.031 0.037 0.030 0.041

— At (ours) 0.059 0.054 0.058 0.049 0.053 0.070 0.038
% TSTE-Ad 043 0.09 0.07 041 015 038 0.16
= STE-Co 1.13 0.61 1.19 0.33 0.45 0.37 0.057
&  STE-At(ours) 0.059 0.076 0.036 0.031 0.041 0.027 0.032
€ EL-Ad 0.16 0.14 0.14 0.14 0.15 0.14 0.14
£ ELCo 0.018 0.018 0.022 0.011 0.011 0.013 0.013
S EL-At(ours) 0.011 0.010 0.019 0.008 0.009 0.009 0.009
MLP-Ad 0.023 0.022 0.034 0.017 0.015 0.020 0015
MLP-Co 0.021 0.016 0.032 0.017 0.016 0.016 0.018
MLP-At (ours) 0.021 0.023 0.024 0.012 0.021 0.011 0.018

Table 11: Mean normalised root mean squared error (nRMSE) at final time: The value in bold and
underline are the smallest error per row and column, respectively. The smallest error is highlighted

in blue.
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Figure 8: Temporal error propagation for constant-timestep sampling (At € {1,...,5}). A perfor-

mance elbow is observed at At > 2, where the error increases significantly.

21



Published as a conference paper at ICLR 2026

0.012 +

0.010

0.008

nRMSE

0.006

0.004

0.002

——1At

-+-1At — 2At

-=-1At — 2At — 3At

0.025

0.020 1

0.015 4

nRMSE

0.010

0.005

——2At —+= 2At—3At  —*-2At—3At—4AL

t
1
1
Il
1

75 100 125
Timestep t

150

175 20!

0

25 50 75 100 125 150

Timestep t

175

Figure 9: Impact of increasing variable-timestep sampling strategies on prediction accuracy. Strate-
gies starting with small timesteps (e.g., 1-2 and 1-2-3) show improved stability over the constant
At = 1 baseline, whereas strategies starting at larger intervals (2-3-4) suffer from high initial error
injection.
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Figure 10: Impact of decreasing variable-timestep sampling strategies. The results demonstrate a
“correction” effect, in which transitioning from a large to a smaller timestep (e.g., 3-2-1) mitigates
cumulative error more effectively than maintaining a constant large timestep.
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Figure 11: Cumulative error growth during the autoregressive rollout for the Advection equation.
The near-linear accumulation of error across all models reflects the system’s non-dissipative nature,
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in which local prediction inaccuracies are advected forward without damping.
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H VIiscous BURGERS

The Viscous Burgers’ equation introduces non-linear shock formation and dissipative dynamics,
providing a more rigorous test for the temporal conditioning mechanisms. Unlike the pure transla-
tion seen in advection, the model must account for changing gradients and the smoothing effect of
viscosity over time.

The MLP-based Attention (MLP-At) architecture emerged as the top performer. As shown in Ta-
ble[12] the MLP-At model using a 3At (67 ¢,) constant-timestep or 3At — 2At — 1At (125¢,)
variable-sampling strategy achieved the lowest total error across the entire rollout.

For constant-timestep sampling, the total error decreases as the timestep increases or the number of
rollouts decreases, so only 67 steps are required for a 3At interval. However, the best performing
variable-timestep sampling (3-2-1) demonstrates superior resilience; it can achieve an equivalent
error level while utilising almost twice as many rollout steps. This highlights the unique flexibility of
the variable-timestep approach, which maintains high predictive accuracy even as temporal sampling
increases, a task that typically increases error propagation.

A key trend across all tables is that Attention (At) consistently outperforms Concatenation (Co)
and Addition (Ad), suggesting that the attention mechanism better weights temporal information
against the complex spatial features of the shock front. While variable-timestep strategies remain
competitive, constant-timestep strategies (specifically 3At) showed high robustness in final-time
accuracy (Table[T3).

H.1 ANALYSIS OF CONSTANT-TIME SAMPLING AND NONLINEAR ERROR

Figure [I2]displays a nonlinear error profile with different early and late behaviour influenced by the
PDE dynamics:

* Nonlinear Error and Early-Stage Difficulty: Unlike the linear error growth seen in ad-
vection, the error here is nonlinear and significantly higher during the initial timesteps.
This corresponds to the time phase where the solution forms a sharp shock front. The high-
frequency spectral components generated during this steepening phase pose a significant
challenge for the FNO’s spectral layers. As time progresses, the viscous term (v, ) dom-
inates, causing the shock to dissipate into a smooth, low-gradient solution. This transition
to lower-frequency dynamics, which is easier for the FNO model to predict, explains the
plateauing and eventual stabilisation of the error in later stages.

» Early error propagation: The constant 1A¢ strategy performs best during the first 25
timesteps. In this early, fast-evolution phase, rapid temporal change requires fine temporal
resolution to be accurately resolved, especially in the presence of high spatial gradients.
However, as the solution dynamics slow down for smooth solutions (f > 25), larger time
steps become more effective.

 Later Error propagation: The constant 1At strategy exhibits significantly higher errors
in the later stages compared to 2A¢ and 3At¢. This is a clear manifestation of exposure
bias in autoregressive modelling. Because the 1A¢ model must perform three times as
many rollout steps as the 3A¢ model, the accumulation of small, per-step errors eventually
outweighs the accuracy gained from a finer temporal mesh. By contrast, the 3A¢ strategy
maintains the lowest error at the end of the rollout by reaching the target state in fewer
rollouts, thereby minimising error propagation. However, beyond 3At (i.e., 4At and 5At),
the error increases, indicating that 3At is the optimal timestep.

H.2 ANALYSIS OF VARIABLE-TIME SAMPLING AND DIRECTIONALITY

The results for variable-timestep sampling reveal the benefit of variable-timestep sampling.

* Increasing timestep sampling (Figure [I3) : This figure illustrates the impact of transi-
tioning from small-to-large during the later stages of the evolution, where the dynamics
are dominated by a smooth, low-gradient, and low-magnitude dissipative solution. Starting
with a 1At baseline (top-left), the 1-2 and 1-2-3 variable-timestep sampling significantly
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reduce the final error compared to a constant 1At rollout. For samples starting with 2At
(top-right) and 3At (bottom-middle), while the variable-timestep strategies do not outper-
form their respective constant-timestep counterparts, they achieve comparable accuracy
with significantly fewer total rollouts. This demonstrates that once the initial shock has
dissipated, the model can remain stable with coarser temporal resolution.

* Decreasing timestep sampling (Figure[I4): In contrast, Figure[I4]shows that reducing the
timestep over time (e.g., 2-1 or 3-2-1) has a negligible or even negative impact on the final
error. Because the late-stage solution is smooth and physically less demanding, the larger
steps (2At and 3At) are already highly effective. Transitioning to a finer 1At resolution
late in the rollout increases the total number of autoregressive steps, thereby allowing more
opportunities for error propagation.

H.3 CUMULATIVE ERROR AND ROLLOUT STABILITY

Figure [I5] provides a view of these dynamics by plotting the cumulative error sum. A key obser-
vation is that 1-2 sampling results in higher cumulative error than 2-1 sampling. This is because
the 1-2 strategy requires more frequent sampling during the high-error, high-gradient initial phase.
Although a larger timestep is suitable for the later stages, the error accumulated during the early
shock-formation phase dominates. Consequently, as shown in the total error summary (Table [T2)),
the Large-to-Small (3-2-1) strategy consistently outperforms the Small-to-Large (1-2-3) approach.
The 1-2-3 strategy suffers from higher exposure bias because it relies on a greater number of small-
step evaluations in the high-error phase. By taking fewer, larger steps (3At) in the early stages, the
model bypasses the region of highest instability, resulting in lower total error. This confirms that,
for the Viscous Burgers’ equation, the optimal variable-timestep strategy minimises the number of
rollouts during periods of high physical complexity.

TIME VARIABLE-TIMESTEP MODEL
CONDITION-EMBED LIONb lANT-zTIMI:,b T m; - VARIzz_&lBLE-T[I\I/l_l;_b; EP -
STRATEGY (201 t) ‘ (101 t) ‘ (67ts) || (150t,) ‘ (150 t.) ‘ (125t,) ‘ (125 t.)
Ad 6.01 315 745 385 316 340 352
_ Co 3.09 1.30 1.68 3.12 1.29 3.16 1.53
2 At (ours) 2.50 121 1.08 235 1.26 225 1.09
Z ~STEAd 796 230 397 764 763 743 776
£  STE-Co 6.04 1.64 241 5.87 1.86 5.74 2.15
$  STE-At (ours) 2.24 1.97 1.24 227 1.80 234 133
g TEL-Ad 02 55 13 06 6.20 T0.7 105
= EL-Co 39 1.7 23 39 16 39 10.5
£ EL-At(ours) 1.6 1.0 1.0 1.5 1.1 15 1.0
& TMCP-Ad 6.2 9.0 103 16.1 93 6.2 104
5  MLP-Co 22 1.2 1.6 22 13 22 1.5
MLP-At (ours) 1.8 0.93 0.84 1.7 0.96 1.6 0.84

Table 12: Total nRMSE for the Viscous Burgers’ equation: The values in bold and underline are the
smallest error per row and column, respectively. The smallest error is highlighted in blue. MLP-At
with a 3-2-1 sampling strategy achieves the lowest error, highlighting the advantage of decreasing
the timestep when dealing with non-linear shock formation.

TIME VARTABLE-TIMESTEP MODEL
CONDITION-EMBED LIONb lANT-le'Mhb T hl; = VARIQI_&PLE-HI\II_%EI EP .
STRATEGY (201 t5) ‘ (101 ts) ‘ (67 ts) (150 ts) ‘ (150 t5) ‘ (125ts) ‘ (125 ts)
Ad 0.030 0.017 0.044 0.034 0.015 0.028 0.013
- Co 0.0060 0.0027 0.0035 0.0061 0.0026 0.0063 0.0029
2 At (ours) 0.012 0.0047 0.0031 0.0096 0.0053 0.0084 0.0042
~ STE-Ad 0.036 0.018 0.018 0.034 0.027 0.033 0.023
FE STE-Co 0.021 0.0047 0.0062 0.016 0.0087 0.017 0.0055
g0 STE-At (ours) 0.0066 0.0081 0.0039 0.0069 0.0051 0.0065 0.0038
; EL-Ad 0.027 0.046 0.036 0.037 0.026 0.019 0.035
@ EL-Co 0.0087 0.0030 0.0045 0.0081 0.0030 0.0079 0.0359
2 EL-At (ours) 0.0059 0.0034 0.0034 0.0043 0.0048 0.0043 0.0039
2 MLP-Ad 0.068 0.03 0.03 0.05 0.05 0.05 0.05
> MLP-Co 0.0077 0.0041 0.0035 0.0067 0.0041 0.0067 0.0041
MLP-At (ours) 0.01 0.0037 0.0024 0.0085 0.0042 0.0071 0.0031

Table 13: Final time error for Viscous Burgers’: The values in bold and underline are the smallest
error per row and column, respectively. The smallest error is highlighted in blue. The constant 3A¢
strategy performs well, as it minimises the number of autoregressive steps required to reach the final
state.
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Figure 12: MLP-At temporal error propagation for constant timesteps. The non-linear error curves
reflect the physical difficulty of capturing early-stage shock formation, with larger timesteps (3At)
showing better long-term stability due to reduced rollouts.
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Figure 13: Performance of increasing variable-timestep steps. While 1-2 and 1-2-3 improve upon
the constant 1At baseline, they are still hindered by high error in the early timesteps.
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Figure 14: Performance of decreasing variable-timestep steps. Decreasing timesteps leads to worse
performance because the smooth solutions are more susceptible to error propagation.
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Figure 15: Cumulative error sum for Burgers’ equation. The higher error in the 1-2 sampling com-
pared to the 2-1 sampling demonstrates the impact of the sampling strategy.

I DIFFUSION-REACTION

The Diffusion-Reaction equation presents a case in which temporal stability is challenged by poten-
tially exponential growth driven by the reaction term.

The Embedding Layer with Attention (EL-At) architecture provided the most accurate predic-
tions. As shown in Tables [[4]and [T3] the constant 3A¢ sampling strategy achieved the lowest total
and final-time errors. A consistent trend across all evaluations is the superiority of the Attention (At)
mechanism over Concatenation and Addition, reinforcing its ability to dynamically weigh tempo-
ral features. Notably, in this system, constant-timestep sampling with 3At outperformed variable-
timestep strategies, suggesting that the benefits of a fixed, optimised temporal step outweigh the
flexibility of variable-timestep sampling for this specific PDE.

I.1 ANALYSIS OF CONSTANT-TIME SAMPLING AND LATE-STAGE COMPLEXITY
Figure [I6]illustrates the temporal evolution of error for fixed timesteps:

* Late-Stage Error Growth: Unlike the Burgers’ equation, the error for Diffusion-Reaction
is lowest during the initial phases and grows non-linearly over time. This indicates that
while the model effectively captures the initial diffusive spreading, the cumulative effect of
the reaction term introduces complexities that are harder to resolve as the rollout progresses.

* Optimal Sampling (3A¢): The 1At strategy exhibits the highest error at later timesteps.
This is attributed to the high frequency of rollouts: in a system where errors accumulate
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over time, increasing the number of autoregressive steps exacerbates overall divergence
from the ground truth. The 3At strategy achieves the best balance, providing enough tem-
poral density to capture the reaction dynamics while minimising the exposure bias inherent
in long rollouts.

1.2 VARIABLE-TIME SAMPLING AND CUMULATIVE ERROR ANALYSIS

The performance of variable-timestep strategies is heavily influenced by the sampling region in
reference to error propagation:

* Increasing Vs Decreasing strategy (Figures [I7] & [I8): Increasing the timestep (e.g., 1-
2-3) show improvement over the constant 1At baseline. Conversely, decreasing strategies
like the 3-2-1 sampling, significantly increases error upon constant 3At result. This is
because the 3At timestep is already highly optimised for this equation; adding smaller,
more error-prone steps (1At) into the rollout degrades the overall performance.

 Cumulative Error (Figure [I9): While the small-to-large strategy ( 1-2-3 ) starts with
higher error than 3-2-1, it ends with a lower total cumulative error. This is because 1-2-3
utilises larger timesteps (3At) during the final stages of the rollout, when the system is
most prone to error. By reducing the number of samples taken during this high-error late
phase, the 1-2-3 strategy effectively limits the total error compared to 3-2-1.

TIME VARTABLE-TIMESTEP MODEL
CONDITION-EMBED L?Nb TAN 1-2 uMme;J - VARIQ{SLL-IH}/{;L_%ILP -
STRATEGY (201t5) | (101ts) | (67ts) || (150 ts) ‘ (150 t5) ‘ (125 t) ‘ (125 t)
— Ad 132 124 2.0 22 112 18 133
g Co 20.3 14.2 11.3 18.8 145 18.3 12.3
< At (ours) 10.5 5.4 4.4 10.1 5.7 9.8 4.7
§ TSTE-Ad T94.7 883 181.3 1935 896 1922 1845
€  STE-Co 24.0 17.0 10.4 26.86 15.0 22.6 13.8
§  STE-At (ours) 13.9 9.1 7.9 12.0 10.7 10.8 9.3
¥ TELAd T61.38 126.0 12338 155.7 1358 1479 1237
& ELCo 11.2 9.4 9.3 10.8 9.6 10.4 9.5
'z _ EL-At (ours) 94 4.8 34 7.8 6.4 6.8 5.1
£ TMLP-Ad 779 1822 18.1 76.9 192 779 84
& MLP-Co 15.1 10.2 9.3 12.7 12.0 11.4 11.2
MLP-At (ours) 11.4 8.0 7.1 10.2 9.0 9.4 8.3

Table 14: Total nRMSE for the Diffusion-Reaction equation: The EL-At model with a constant 3A¢
strategy achieves the best performance, suggesting that minimising rollouts is vital for stability in
reactive systems. For variable-timestep sampling, the large-to-small strategy performs better.

T TIME ] -
CONDITION-EMBED (,?N bTANT-leMILb T b:",P = VARI?{SLE-TH}/{S,%I EP -
STRATEGY (201 ) \ (101 ts) \ (67ts) || (150¢s) \ (150 t5) \ (125 £5) \ (125 t5)
= Ad 0.3 0.5 0.13 0.10 0.09 011 0.12
& Co 021 0.13 0.10 0.18 0.14 0.18 0.11
e At (ours) 0.10 0.06 0.04 0.10 0.06 0.09 0.05
8 STE-Ad 1.0 1.0 1.03 1.0T T1.0T 1.0T T1.0T
£ STE-Co 0.21 0.20 0.08 0.31 0.17 021 0.15
2 STE-At (ours) 0.14 0.087 | 0.081 0.11 0.12 0.098 0.10
Clﬂ EL-Ad 0.95 0.72 0.74 0.88 0.88 0.80 0.81
E EL-Co 0.09 0.07 0.13 0.12 0.12 0.12 0.11
£ EL-At (ours) 0.10 0052 | 0.031 0.077 0.077 0.066 0.065
é MLP-Ad 0.18 0.14 0.12 0.17 0.18 0.15 0.17
£ MLP-Co 0.19 0.13 0.11 0.12 0.15 0.11 0.14

MLP-At (ours) 0.12 0.094 | 0.066 0.10 0.10 0.090 | 0.093

Table 15: Final time error for Diffusion-Reaction: Constant 3A¢ remains the most robust strat-
egy, while in the variable-timestep sampling, there is no clear superior sampling strategy for our
Attention-based options.
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Figure 16: Temporal error propagation for constant-timestep sampling. The error increases over
time as reaction-driven complexities accumulate, with the 1A¢ model suffering the most from au-
toregressive error propagation.

——1At —+=1At — 2At -*-1At — 2At — 3At ——9At —e- 9At—3At -+-2At—3At—4AL

0.02

0 25 50 75 100 125 150 175 200 25 50 75 100 125 150 175
Timestep t Timestep t

0.06

——3At -+-3At—4At -+-3At—4At—5AL

0.02 1

0.01

25 50 75 100 125 150 175
Timestep t

Figure 17: Increasing variable-timestep sampling: Strategies like 1-2 and 1-2-3 improve upon the
1At baseline by transitioning to fewer, larger steps as the physical system’s error sensitivity in-
creases.
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Figure 18: Decreasing variable-timestep sampling: The 3-2-1 and 2-1 sampling increase errors over
the constant 3At baseline, as the introduction of smaller timesteps increases the total number of
rollout steps and the associated exposure bias.
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Figure 19: Cumulative error sum. Although 3-2-1 begins with lower error, the 1-2-3 strategy
achieves a lower final cumulative total by using larger timesteps to bypass frequent sampling during
the high-error later stages of the PDE evolution.

J DIFFUSION-SORPTION

The Diffusion-Sorption equation models the transport of solutes in porous media, where interac-
tions between the liquid and solid phases (sorption) introduce non-linear retardation. This process
typically creates high-gradient ronts early in the simulation that stabilise as the media reaches equi-
librium

Analysis of the results shows that the Embedding Layer with Attention (EL-At) architecture is
the most effective for this system. As detailed in Table [T6] the constant 3A¢ strategy achieved
the lowest total error. While constant-timestep sampling generally demonstrates higher accuracy
in total error metrics, the distinction between constant and variable-timestep strategies becomes
negligible when evaluating the final-time error (Table [I7). Across all tests, the Attention (At)
mechanism consistently outperformed Concatenation and Addition, highlighting its ability to adapt
to the sorption process’s shifting gradients.

An observation in this PDE is the relationship between sampling density and model stability. In
constant-timestep sampling, accuracy depends on the number of rollout steps; i.e., increasing the
timestep (decreasing the number of rollouts) reduces error because there is less error propagation.
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Variable-timestep sampling, however, offers a structural advantage that enables the model to remain
competitive in large rollouts without suffering significant error propagation.

J1

ANALYSIS OF CONSTANT-TIME SAMPLING AND INITIAL DYNAMICS

Figure[20|illustrates the temporal error propagation for fixed timestep and reveals that the early-time
phase is the primary driver of total error:

* Early dynamics: There is a clear separation in performance during the initial timesteps.
Smaller constant timesteps achieve higher accuracy during the early phase of the rollout
(t < 20) because they better resolve discontinuities and sharp gradients caused by rapid
chemical interactions when the solute first encounters the solid matrix.

» Late-Stage Convergence: As the rollout progresses, the differences between various con-
stant timesteps (1At through 5At) diminish. Once the initial sorption shock has passed
and the system enters a more linear, diffusion-dominant regime, the model’s error profiles
converge, suggesting that temporal resolution becomes less critical in the later stages of
evolution, allowing for larger timesteps.

J.2 ANALYSIS OF VARIABLE-TIME SAMPLING AND CUMULATIVE ERROR

The variable-timestep sampling results (Figures [21] & 22)) show negligible difference and the cumu-
lative error (Figure [23)) reveals a familiar pattern:

* Increasing and Decreasing (Figures 21 and 21): For increasing variable-timestep sam-
pling ([21), the figure shows the effect of transitioning to larger timesteps during the later
stages of the evolution, where the dynamics are dominated by a smooth, low-gradient so-
lution. Starting with a 1At baseline (left) and 2A¢ (top-right), while the variable-timestep
strategies do not outperform their respective constant-timestep counterparts, they achieve
comparable accuracy with significantly fewer total rollouts. This demonstrates that once
the initial discontinuity has dissipated, the model can remain stable at coarser temporal
resolutions.

For decreasing variable-timestep sampling ([22)), we observe a similar behaviour: decreas-
ing variable-timestep sampling does not significantly affect the rollout accuracy, since all
constant timesteps perform similarly in the later phase (figure 20).

+ Cumulative Error: Figure[23|shows that starting with larger timesteps (2A¢ and 3At) and
moving to smaller ones (1At and 2At — 1At), respectively, results in a lower cumulative
error than the reverse case, i.e., stating with smaller timesteps. Although smaller timesteps
are more accurate in the early phase, the higher number of rollouts in the high-error region
leads to larger cumulative errors. This suggests that the early dynamics of the PDE are the
most difficult for the model to capture. By using larger timesteps during the high-error early
phase and smaller timesteps in the later stage, the model can reduce the total cumulative
error.

T TIME ] -
CONDITION-EMBED | _CONSTANTTIMESTEP —, VARIABLE-TIMESTEP_——
STRATEGY (201 t,) ‘ (101 ) ‘ (67ts) || (150¢) ‘ (150 t5) ‘ (125 £5) ‘ (125 t,)
— Ad T.14 T.00 T.20 T2 T.03 T.10 T22
a Co 0.17 0.15 0.16 0.16 0.16 0.16 0.16
S At (ours) 0.13 0.12 0.12 0.13 0.12 0.12 0.12
g STE-Ad 1.0 0.72 1.46 0.86 0.86 0.75 1.47
€ STE-Co 0.70 0.29 0.33 0.68 0.28 0.64 0.33
£ STE-At (ours) 0.20 0.19 0.16 0.22 0.22 0.19 0.18
% “EL-Ad 037 0.29 0.37 031 032 0.30 039
£ EL-Co 0.19 0.16 0.17 0.18 0.17 0.17 0.17
€ EL-At (ours) 0.14 0.12 0.11 0.13 0.12 0.13 0.12
é MLP-Ad 0.46 0.25 0.18 0.42 0.29 0.37 0.23
Z MLP-Co 0.20 0.14 0.13 0.19 0.15 0.17 0.14

MLP-At (ours) 0.13 0.12 0.12 0.13 0.12 0.13 0.12

Table 16: Total nRMSE for the Diffusion-Sorption equation. The EL-At architecture with constant
3At sampling achieves the lowest error.
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TIME VARTABLE-TIMESTEP MODEL
CONDITION-EMBED L?Nb TAN l-2 TIMEST ]1,3P = VARI?{SLIL- T ll}/{lzm_% TEP -
STRATEGY (201 ts) ‘ (101 ts) ‘ (67ts) || (150¢s) ‘ (150 ts) ‘ (125 ts) ‘ (125 ts)
P Ad 0.0051 0.0027 T 0.002T 0.0042 0.0048 0.0035 0.0056
8 Co 0.0015 0.0010 | 0.0009 0.0012 0.0013 0.0011 0.0011
~ At (ours) 0.0010 0.0008 | 0.0008 0.0008 0.0009 0.0008 0.0008
§ “STE-Ad 0.010 0.0037 0.0T0 0.0052 0.0091 0.0043 0.012
¥ STE-Co 0.0038 0.0013 0.0013 0.0092 0.0013 0.0027 0.0014
5 _ STE-At (ours) 0.0013 0.0014 | 0.0010 0.0020 0.0027 0.0011 0.0019
v ~EL-Ad 0.0039 0.0022 | 0.0013 0.0010 0.0020 0.001T 0.0024
£ EL-Co 0.0014 0.0010 | 0.0010 0.0011 0.0012 0.0010 0.0012
‘@ EL-At (ours) 0.0013 0.0011 0.0008 0.0011 0.0011 0.0009 0.0010
é MLP-Ad 0.0067 0.0036 | 0.0022 0.0050 0.0049 0.0042 0.0041
& MLP-Co 0.0020 0.0009 | 0.0010 0.0012 0.0015 0.0096 0.0014
MLP-At (ours) 0.0009 0.0008 | 0.0008 0.0008 0.0008 0.0008 0.0008

Table 17: Prediction error at the final timestep for Diffusion-Sorption: There is no conclusive winner
between constant and variable strategies, indicating that multiple temporal paths can converge to an
accurate final state.

nRMSE

0 20 40 60 80 100
Timestep t

Figure 20: Temporal error propagation for constant timesteps. The high error at early timesteps
highlights the difficulty of capturing initial sorption dynamics, with error profiles converging as the
system stabilises.
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Figure 21: Performance of increasing variable-timestep sampling. Variable-timestep sampling does
not improve over constant-timestep sampling.
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Figure 22: Performance of decreasing variable-timestep sampling. Variable-timestep sampling does
not improve over constant-timestep sampling.
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Figure 23: Cumulative error for Diffusion-Sorption. The higher error in the 1-2 1-2-3 sampling
compared to 2-1 and 3-2-1 illustrates how a larger timestep during the high-error early phase can
reduce overall error propagation.
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