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Abstract

The Johnson-Lindenstrauss (JL) lemma is a cornerstone of dimensionality reduc-1

tion in Euclidean space, but its applicability to non-Euclidean data has remained2

limited. This paper extends the JL lemma beyond Euclidean geometry to handle3

general dissimilarity matrices that are prevalent in real-world applications. We4

present two complementary approaches: First, we show how the JL transform can5

be applied to vectors in pseudo-Euclidean space with signature (p, q), providing6

theoretical guarantees that depend on the ratio of the (p, q) norm and Euclidean7

norm of two vectors, measuring the deviation from Euclidean geometry. Second,8

we prove that any symmetric hollow dissimilarity matrix can be represented as9

a matrix of generalized power distances, with an additional parameter represent-10

ing the uncertainty level within the data. In this representation, applying the JL11

transform yields multiplicative approximation with a controlled additive error term12

proportional to the deviation from Euclidean geometry. Our theoretical results13

provide fine-grained performance analysis based on the degree to which the input14

data deviates from Euclidean geometry, making practical and meaningful reduction15

in dimensionality accessible to a wider class of data. We validate our approaches on16

both synthetic and real-world datasets, demonstrating the effectiveness of extending17

the JL lemma to non-Euclidean settings.18

1 Introduction19

The Johnson-Lindenstrauss (JL) lemma [1] stands as a cornerstone result in dimensionality reduction.20

It states that random linear projection can reduce the dimensionality of datasets in Euclidean space,21

while approximately preserving pairwise distances. Formally,22

Proposition 1.1 (Johnson-Lindenstrauss Lemma). For any set of n points x1, x2, . . . xn in Rd and23

ε ∈ (0, 1), there exists a map f : Rd → Rm, where m = O(log n/ε2) such that for any i, j ∈ [n],24

(1− ε)∥xi − xj∥2 ≤ ∥f(xi)− f(xj)∥2 ≤ (1 + ε)∥xi − xj∥2 (1)

In modern algorithm design, the JL lemma is widely used as a key component or pre-processing25

step for high-dimensional data analysis. In addition to effectiveness, another crucial reason for its26

significant impact is that the JL lemma can be achieved by random linear maps, which are data-27

independent and easy to implement. Johnson-Lindenstrauss Lemma has found numerous applications28

in machine learning, from the most immediate applications in approximating all pairs distances (when29

the input data is high-dimensional), to approximate nearest neighbor search [2], approximate linear30

regression [3], clustering [4, 5, 6, 7], functional analysis [8] and compressed sensing [9].31

Note that two conditions must be met to apply the JL lemma: (1) the data points lie in high-32

dimensional Euclidean space, and (2) the coordinates of all points are available. However, many33
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real-world applications do not satisfy these two conditions. First, the dissimilarity measures used in34

modern data analysis are often non-Euclidean and sometimes even non-metric. Common examples35

include Minkowski distance, cosine similarity, Hamming distance, Jaccard index, Mahalanobis36

distance, Chebyshev distance, and Kullback–Leibler (KL) divergence, etc. Psychological studies have37

long observed that human similarity judgments do not conform to metric properties [10]. Second,38

high-dimensional coordinates may be unavailable or costly to obtain, whereas pairwise dissimilarities39

are easier to access. In recommendation systems, for instance, computing user or item embeddings40

can be expensive, while estimating pairwise dissimilarities (e.g. from co-click or co-purchase data) is41

relatively efficient. To date, our understanding of the JL lemma deviating from these two classical42

conditions mainly revolves around ℓp metrics and lower bound results.43

In this paper, we study how to apply the Johnson-Lindenstrauss transform (a.k.a. random linear44

projection) in non-Euclidean, non-metric settings. We provide theoretical analysis on the performance45

of the JL transform in these settings and show experiments with both synthetic and real-world data.46

Our setting. We consider the input as a dissimilarity matrix D of size n × n where Dij is the47

dissimilarity between item i and j. We make only two assumptions for the dissimilarity measure:48

symmetric (Dij = Dji) and reflexive (Dii = 0). Note that we do not require the triangle inequality49

to be satisfied, therefore the dissimilarity can be non-metric. In short, the input is a symmetric hollow50

dissimilarity matrix, and the expected output is a low-dimensional embedding of the original dataset51

that approximately preserves pairwise distances.52

The major challenge we encounter in this setting is two-fold. The first is to obtain good coordinates53

from a generic input dissimilarity matrix to represent the data, before we can even apply the JL54

transform. Second, we need a geometric characterization of the non-Euclidean non-metric setting, to55

show how different our setting stands from Euclidean geometry, which the JL Lemma is based on.56

Before we explain our results, we first mention existing lower bounds for dimension reduction in57

non-Euclidean settings. JL Lemma considers Euclidean spaces only. Naturally, one asks whether58

such a result is possible for other spaces. There are several non-trivial dimension reduction results59

for ℓ1 norm [11] and ℓp norm [12]. However, the target embedding dimension for ℓ1, ℓp and nuclear60

norm is necessarily polynomial in n for constant distortion [13, 14, 15]. These lower bounds remind61

us that a worst-case guarantee on low distortion and logarithmic target dimension is not possible.62

Rather, our results provide error analysis which depends on parameters characterizing how the input63

data deviates from Euclidean geometry. In other words, we have fine-grained performance analysis.64

Our Contributions. We present two approaches to recover coordinates that fit into the non-Euclidean65

non-metric setting. For both approaches, we generalize the Euclidean norm ℓ2 to a new form to66

capture the input data geometry, together with certain geometric parameters indicating how far it67

deviates from Euclidean geometry. We give error analysis on the dissimilarity distortion, which may68

involve an additive term whose magnitude is proportional to the geometric parameters.69

At the heart of our first approach is the observation that any symmetric hollow matrix can be written as70

the distance matrix of vectors in pseudo-Euclidean space [16, 17, 18]. Here the distance between two71

vectors x = (x1, x2, ...xn) and y = (y1, y2, ...yn) is captured by a bilinear form of signature (p, q),72

which is defined as ⟨x, y⟩p,q =
∑p

i=1 xiyi −
∑p+q

i=p+1 xiyi. The squared (p, q)-distance between x73

and y is ∥x − y∥2p,q = ⟨x − y, x − y⟩. When p = n, q = 0, it is the squared Euclidean norm. We74

will give a more detailed introduction later. At this point, it suffices to interpret the parameter p75

resembling and q negating the Euclidean space. Our first result shows the generalization of the JL76

lemma to the pseudo-Euclidean geometry.77

Theorem 1.2 (Fine-grained JL lemma, informal Version of Theorem 2.2). Given any symmetric78

hollow dissimilarity matrix D of size n, we are able to obtain embeddings X in the pseudo-Euclidean79

space. For any ε ∈ (0, 1), there exists a JL transform to X with target dimension O(log n/ε2), such80

that any pairwise distance Dij is preserved with at most 1± ε · Cij multiplicative factor, where Cij81

is the ratio of the squared Euclidean distance and squared (p, q) distance.82

Our second result takes a different route. We prove that a symmetric hollow matrix is also a matrix83

of generalized power distances. Given two points x and y with respective radius rx and ry, the84

generalized power distance is defined as ∥x − y∥2E − (rx + ry)
2, where ∥x − y∥2E denotes the85

Euclidean norm. This is the squared length of the tangent line segments of two balls centered at x, y86

with radii rx, ry. Again, at this point, it suffices to interpret rx, ry as a measure of deviation from87
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Euclidean space, with both a geometric meaning and a statistical interpretation of distance between88

points with uncertainties.89

We show that any input symmetric hollow matrix D of size n can be written as the generalized90

power distance matrix of n points {pi} with the same radius r =
√
|en|/2, where en is the smallest91

eigenvalue of the Gram matrix of D. This linear algebra result may be of independent interest. Only92

when D is a Euclidean distance matrix, all eigenvalues are non-negative and r = 0. Our second93

result follows from applying the JL transform on the ball centers (i.e. {pi}). We obtain a (1 ± ε)94

multiplicative approximation of the generalized power distance with an additive error of 4εr2.95

Theorem 1.3 (Power-distance JL Lemma, informal Version of Theorem 3.3). Given any symmetric96

hollow dissimilarity matrix D of size n and ε ∈ (0, 1), there exists a JL transform with target97

dimension m = O(log n/ε2), such that any pairwise distance Dij is preserved with at most 1± ε98

multiplicative factor and an 4εr2 additive factor, where r =
√

|en|/2 with en as the smallest99

eigenvalue of the Gram matrix of D.100

To complement Theorem 1.3, we are able to extend the techniques in [19] and give a lower bound of101

Ω(log n/ε2) on the target dimension to achieve the multiplicative and additive factors as mentioned.102

Note that m = Ω(log n/ε2) matches the JL lemma lower bound.103

Experiments. We implement both methods of JL transform with respect to the above results and104

evaluate their performances on 10 datasets. We observe that the experiment results corroborate with105

our theoretical results, and outperform classical JL transform consistently on non-Euclidean datasts.106

Our codes are on the Anonymous Github1.107

1.1 Related Work108

Random Linear Projection and JL Lemma A nice survey on JL transform can be found in [20].109

There was a series of work [21, 22, 23, 24] that studied whether the bound on the target embedding110

dimension in JL lemma is tight, starting from the original JL paper [1], and the optimality of JL lemma111

for Euclidean dimension reduction is finally established even among non-linear embeddings [19, 25].112

In terms of algorithms, there have been developments of variants of random projections that are more113

friendly for implementations [26, 27, 28, 29, 30]. Empirical study of JL Lemma can be found in [31].114

Last, Benjamini and Makarychev [32] considered dimension reduction using the Poincaré half-space115

model of hyperbolic space Hn where each point is represented by (x, z) with x ∈ Rn−1 and height116

z ∈ R+. They considered using JL random projection f on the Euclidean part and obtain (f(x), z)117

with f(x) in Euclidean space of dimension O(log n/ε2), achieving 1 + ε distortion.118

Data-dependent dimension reduction. A number of dimension reduction techniques that are also119

popular in practice include Multidimensional scaling (MDS) [33] and Principal Component Analysis120

(PCA) [34]. These methods are data-dependent and choose linear projections based on the input data.121

There has also been recent work trying to apply these methods on non-Euclidean data, for example122

PCA in hyperbolic or spherical geometry [35, 36, 37, 38]. Manifold learning (such as Isomap [39]123

and LLE [40]) considers input data points that come from a low-dimensional manifold, recovers the124

distances between points along the manifold and applies existing dimension reduction methods. A125

recent work called Non-Euclidean MDS [18] considers dimension reduction of pseudo-Euclidean126

settings and minimizes the loss called STRESS (the sum of squared difference of pairwise embedding127

distances to the input dissimilarities). It does not provide error analysis or guarantees for individual128

dissimilarity distortion.129

2 Johnson-Lindenstrauss Lemma in Pseudo-Euclidean space130

2.1 Pseudo-Euclidean space of signature (p, q)131

We consider the d-dimensional vector space Rd equipped with a (p, q) bilinear form ⟨, ⟩ where132

p+ q = d. For simplicity, we use Rp,q to denote Rd with the (p, q) bilinear form ⟨, ⟩. Consider two133

d-dimensional (column) vectors u, v ∈ Rp,q, with u = (u1, u2, ...up+q) and v = (v1, v2, ...vp+q),134

1https://anonymous.4open.science/r/Non-Euclidean-Johnson-Lindenstrauss-1673
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we define the bilinear norm as:135

⟨u, v⟩ =
p∑

i=1

uivi −
p+q∑

i=p+1

uivi

Equivalently, we can write ⟨u, v⟩ = uTΛv with Λ as a d× d diagonal matrix with the first p diagonal136

elements as 1 and the remaining diagonal elements as −1. For a vector u, its scalar square is ⟨u, u⟩.137

For two vectors u, v their interval square is obtained by ⟨u− v, u− v⟩.138

One way of obtaining a set of vectors with an associated bilinear form is through an input dissimilarity139

matrix. Consider a given symmetric dissimilarity matrix D ∈ Rn×n, where Dij refers to the140

dissimilarity measure of element i and element j. We assume that D is hallow, Dii = 0, and141

symmetric, Dij = Dji. With an input D, we can first perform centralization to obtain the Gram142

matrix B = Gram(D) = −CDC/2, where C = I − 1
n1n1

T
n is the centering matrix and 1n143

is a vector of ones. Since −CDC/2 is a symmetric matrix, its eigenvalues are real, denoted as144

λ1 ≥ λ2 ≥ · · · ≥ λn. We take p as the number of non-negative eigenvalues and q to be the number145

of negative eigenvalues. p+ q = n. Further, suppose U ∈ Rn×n is the orthogonal vectors, we have146

B = −CDC/2 = U Diag(λ1, · · · , λn)U
T

Now we can recover the coordinates of the n elements as n-dimensional vectors. Specifically X is a147

matrix of dimension n× n with the columns representing the coordinate vectors of the n points.148

X = (x1, · · · , xn) = Diag(
√

|λ1|, · · · ,
√
|λn|) · UT

This way, we have B = −CDC/2 = XTΛX , with Λ = Diag(1, · · · , 1,−1, · · · ,−1) as a n × n149

diagonal matrix with the first p diagonal elements as 1 and the remaining diagonal elements as −1.150

Equivalently, we have151

Dij = (xi − xj)
TΛ(xi − xj) = ⟨xi − xj , xi − xj⟩.

That is, the dissimilarity Dij is precisely the (p, q) interval square of xi, xj .152

If the input dissimilarity matrix D is the squared Euclidean distance matrix of n points, the Gram153

matrix is positive semi-definite and the above procedure would recover the Euclidean coordinates {xi}.154

This is referred to as the classical Multidimensional scaling (MDS) [33]. If the input dissimilarity155

matrix D generalizes beyond the squared Euclidean distance matrix but remains a hallow symmetric156

matrix, we can still recover the coordinates so that they produce the entries in D using a general (p, q)157

bilinear form. Notice that the above procedure generates coordinate vectors in dimension n.158

The (p, q)-space has deep connections to spacetime and special relativity theory. Specifically, the159

Lorentzian n-space is the vector space Rn with the n-dimensional Lorentzian inner product, where160

the squared norm of a vector u = (u0, u1, · · · , un−1) has the form |u| = −u2
0 + u2

1 + · · ·+ u2
n−1.161

Thus the Loerentizan space has signature (n− 1, 1). Four-dimensional Lorentzian space is called162

the Minkowski space and forms the basis of special relativity. Furthermore, the collection of vectors163

in Rn+1 with Lorentzian inner product of −1 has imaginary Lorentzian length and is precisely the164

hyperboloid model of the hyperbolic n-space Hn [41].165

2.2 Johnson-Lindenstrauss Lemma in (p, q)-space166

We start with some notation. For a vector v = (v1, v2, · · · , vp+q) ∈ Rp,q, we will use ∥v∥2p,q to167

denote the "(p, q)-norm" ⟨v, v⟩ and ∥v∥2E to denote the squared Euclidean norm of v. Further, we168

denote v(p) = (v1, v2 · · · vp) ∈ Rp and v(q) = (vp+1, vp+2, · · · , vp+q) ∈ Rq. Then ∥v∥2p,q =169

∥v(p)∥2E − ∥v(q)∥2E and ∥v∥2E = ∥v(p)∥2E + ∥v(q)∥2E .170

First, we will prove a Johnson-Lindenstrauss style dimension reduction by applying the JL-lemma171

separately on the p part and q part respectively. The proofs in this section can be found in Appendix B.172

Lemma 2.1. For any set of n points x1, x2, . . . xn in Rp,q and ε ∈ (0, 1), there exists a map173

f : Rp,q → Rp′,q′ , where p′, q′ = O(log n/ε2) such that for any i, j ∈ [n],174

∥xi − xj∥2p,q − ε∥xi − xj∥2E ≤ ∥f(xi)− f(xj)∥2p′,q′ ≤ ∥xi − xj∥2p,q + ε∥xi − xj∥2E (2)
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Essentially for (p, q)-space we can still have a similar JL-lemma, which, compared with the standard175

JL-lemma Eq (1), we do not have the 1 + ε multiplicative error but rather an additive error to176

the squared Euclidean norm. This gives us an immediate JL-style result when ∥xi − xj∥2p,q and177

∥xi − xj∥2E are a constant factor of each other. Formally, we have the following statement.178

Theorem 2.2. For any set of n points x1, x2, . . . xn in Rp,q and ε ∈ (0, 1), there exists a map179

f : Rp,q → Rp′,q′ , where p′, q′ = O(log n/ε2) such that for any i, j ∈ [n],180

(1− ε · Cij)∥xi − xj∥2p,q ≤ ∥f(xi)− f(xj)∥2p′,q′ ≤ (1 + ε · Cij)∥xi − xj∥2p,q, (3)

where Cij =
∣∣∣ ∥xi−xj∥2

E

∥xi−xj∥2
p,q

∣∣∣.181

A few remarks are in place. First, one can apply any JL-style algorithm for the p and q parts, for182

example, by using the fast JL algorithm. Suppose fp is implemented by a random matrix Mp′p and183

fq is implemented by a random matrix Mq′q. Then f is implemented by a matrix M of dimension184

(p′ + q′) × (p + q) with Mp and Mq at the diagonal and zero elsewhere, f(x) = Mx. Second,185

random projection for the (p, q) space setting provides an error-bound guarantee for a pair of points186

that gracefully degrades as the (p, q) norm deviates from the Euclidean norm. Below we show a few187

natural situations where the (p, q) norm and Euclidean norm are indeed bounded.188

Lemma 2.3. Let v ∈ Rp,q. If each coordinate of v is selected from the same distribution, f with189

a finite second moment, then we have with high probability, ∥v∥2E < C∥v∥2p,q if q < C−1
C+1p or190

∥v∥2E < −C∥v∥2p,q if p < C−1
C+1q for C > 1.191

Corollary 2.4. A random vector v chosen uniformly over the unit sphere Sp+q−1 has with high192

probability, ∥v∥2E < C∥v∥2p,q if q < C−1
C+1p.193

Now we put together all of the previous results into a single statement on a set of random points in194

(p, q) space.195

Theorem 2.5. Let X ⊂ Rp,q be a randomly selected point set of size n, with q < C−1
C+1p for a196

constant C. For all u, v ∈ X , u−v
∥u−v∥E

has distribution equal to uniformly choosing a vector on197

Sp+q−1. Then, with high probability, there exists a map f : Rp,q → Rp′,q′ , p′, q′ = O(C
2 log(n)
ϵ2 )198

such that for any i, j ∈ [n],199

(1− ϵ)∥xi − xj∥2p,q ≤ ∥f(xi)− f(xj)∥2p′,q′ ≤ (1 + ϵ)∥xi − xj∥2p,q. (4)

3 Johnson-Lindenstrauss Lemma for Generalized Power Distances200

3.1 Generalized Power Distance201

Given two balls centered at p, q ∈ Rd, with radii rp, rq , we define the generalized power distance as:202

Pow((p, rp), (q, rq)) = ∥p− q∥2E − (rp + rq)
2. (5)

In our paper, we will mainly use (5), which measures the distance of the internal tangents between203

two disjoint circles (the tangent line that keeps two circles on different sides. See the middle picture in204

Figure 1). Note that there is another second generalized power distance between two circles centered205

at pi of radius ri given by ||p1 − p2||2E − (r1 − r2)
2, which measures the distance of the external206

tangents between the circles (the tangent line that keeps two circles on the same side).207

Geometric Interpretation. In elementary plane geometry, the power of a point is a real number that208

reflects the relative distance of a given point from a given circle, introduced by Jakob Steiner in 1826.209

The power of a point p with respect to a circle with center q and radius r is defined as ∥p− q∥2 − r2.210

This value is positive when p is outside the circle, and by Pythagorean theorem it is squared tangential211

distance |pt| where t is a tangent point of p to the circle. When p is inside the circle, the power is212

negative, and precisely the negative of squared distance |ps| where s is a point on the circle with213

△psq to be a right triangle with ∠spq as 90 degree.214

The generalized power distance considers the distance between two circles and reduces to the classical215

power distance if one of the circles is a point. Furthermore, two circles are disjoint if and only if their216

generalized power distance is positive. In this case, their generalized power distance is equal to the217
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rq

∥p− q∥2 − r2q

p
qrp

rq

∥p− q∥2 − (rp + rq)
2

1

2
3

4

P12P34

P14

P23

P13

P24

Figure 1: Left: power distance from a point p to a ball at q of radius rq; Middle: power distance between two
balls at points p, q with radius rp and rq respectively; Right: Casey’s Theorem.

square of the distance between the two tangent points on the common internal tangent line between218

the two circles ( with the two circles on different sides). See Figure 1 for examples. The generalized219

power distance can be called power distance of weighted points with rp as the weight of p.220

There are several interesting properties of the generalized power distance. First, the Casey’s the-221

orem [42, 43] still holds for generalized power distance. That is, if four circles in the plane are222

tangent to the fifth circle, then the generalized power distances Pij , i, j ∈ {1, 2, 3, 4}, between them223

satisfy the Ptolemy identity P12P34 + P23P41 = P13P24. This Ptolemy identity plays a key role224

in applications of the generalized power distances. Indeed, the Ptolemy identity and the associated225

Ptolemy inequality P12P34 + P23P41 ≥ P13P24 have been used in optimization and approximation226

for prune search space and optimize geometric networks, for approximate distance estimate, circle227

fitting and cyclic polygon detection; in distance geometry for ensuring distance constraints for sensor228

networks [44] and molecule reconstruction [45]. In metric geometry [46], a metric space is called229

Ptolemaic space if Ptolemy inequality holds for any quadriple points. It is well known that Euclidean230

space and any inner-product spaces are Ptolemaic and a normed vector space is Ptolemaic if and231

only if the norm comes from an inner product [47, 48]. Furthermore, a Riemannian manifold is a232

Ptolemaic space if and only if its sectional curvature is non-positive [49]. It shows that Ptolemy233

inequalities can be used for studying curvature properties of metric spaces. Recall that a length space234

(X, d) is Gromov δ-hyperbolic if it satisfies Gromov’s Four-Point Condition: for any x, y, z, w ∈ X ,235

d(x, z) + d(y, w) ≤ max{d(x, y) + d(z, w), d(x,w) + d(y, z)} + 2δ. The Ptolemy inequality is236

another four-point condition on metric spaces for investigating curvature of general spaces [50].237

Any Symmetric Dissimilarities are Power Distances. Now, we show that any symmetric hollow238

dissimilarity matrix can be written as the matrix of power distances between n weighted points.239

Lemma 3.1. Given any n × n symmetric hollow dissimilarity matrix, D, we can rewrite D =240

E + 4r2(I − J) where r ∈ R+, E is a Euclidean distance matrix, I is an n × n identity matrix,241

J = 1n1
T
n . More specifically E is a Euclidean distance matrix if and only if 2r2 ≥ |en| where en is242

the least eigenvalue of Gram(D).243

From Theorem 3.1, suppose E is an Euclidean distance matrix where the (i, j) element is ∥pi − pj∥2,244

with n points {pi}. Then D is the matrix of generalized power distances {(pi, r)}, i.e., with the245

(i, j) element as ∥pi − pj∥2E − 4r2. Here all the weighted points have radius r which can be seen246

as a measure of how far the input matrix D is away from being Euclidean. When D is a Euclidean247

distance matrix, the Gram matrix Gram(D) is positive semi-definite and the smallest eigenvalue is248

en = 0. Thus r = 0 and the generalized power distance reduces to the squared Euclidean distance.249

When D is no longer a Euclidean distance matrix, Gram(D) necessarily have negative eigenvalues,250

i.e., en < 0. This makes r to be non-trivial.251

Statistical Interpretation The generalized power distance also has a statistical interpretation using252

the silhouette coefficient [51], which measures how similar two clusters are. Consider two clusters253

X,Y , the silhouette value of a point x ∈ X is the average distance from x to points in Y minus254

the average distance from x to other points in X . The silhouette coefficient of the two clusters255

X,Y is the average of the silhouette coefficient of all points in X,Y . In Appendix A we show256

that the silhouette coefficient of two Gaussian distributions X = N (µx, σx),Y = N (µy, σy) is257

SCW (X ,Y) = ∥µx−µy∥2−(σx+σy)
2. Notice that this is precisely the generalized power distance258

of weighted points (µx, σx) and (µy, σy).259

Therefore, Theorem 3.1 suggests that any input dissimilarity matrix D that is hollow and symmetric is260

actually the silhouette coefficients of n Gaussian distributions centered at {pi} with variance r which261

is given by Theorem 3.1. Note that this statistical interpretation resonates with prior literature [52, 53]262
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which identified that one major source of data in non-Euclidean geometry is due to measurement263

noises and uncertainties.264

3.2 Johnson-Lindenstrauss Lemma for Power Distance265

Lemma 3.2. Given n weighted points (pi, ri) with pi ∈ Rd, there exists a map f : Rd → Rm, where266

m = O(log n/ε2) such that for any i ̸= j ∈ [n],267

(1− ε) Pow((pi, ri), (pj , rj))− ε(ri + rj)
2 ≤ Pow((f(pi), ri), (f(pj), rj)) (6)

≤ (1 + ε) Pow((pi, ri), (pj , rj)) + ε(ri + rj)
2. (7)

With Lemma 3.1 and Lemma 3.2 we immediately have the following.268

Theorem 3.3. Given any n × n symmetric hollow dissimilarity matrix, D, with power distance269

representation by {(pi, r)} where r =
√
|en|/2 and en is the smallest eigenvalue of Gram(D) =270

− 1
2CDC with C = 1 − J/n and J is an all 1 matrix, there exists a map f : Rn → Rm, where271

m = O(log n/ε2) such that for any i ̸= j ∈ [n],272

(1− ε) Pow((pi, r), (pj , r))− ε4r2 ≤ Pow((f(pi), r), (f(pj), r))

≤ (1 + ε) Pow((pi, r), (pj , r)) + ε4r2.

Last, we remark that the error bounds in Lemma 3.2 also imply a 1 + ε distortion for dimension273

reduction on the Euclidean distances of the centers (as in the JL Lemma 1). Therefore, the lower274

bound on the target dimension being Ω(log n/ε2) for a dimension reduction algorithm satisfying the275

error bounds in Lemma 3.2 for generalized power distances holds, by the same argument in the proof276

of dimension optimality of standard JL-lemma [19].277

4 Algorithms for Non-Euclidean Johnson-Lindenstrauss Transforms278

The algorithms used for the experiments are as follows. In both cases we assume an input dissimilarity279

matrix D which is symmetric (Dij = Dji) and hollow (Dii = 0).280

Pseudo-Euclidean JL Transform: We perform the steps in Section 2.1 to find the vectors X of n281

points in pseudo-Euclidean space whose squared (p, q) norm is D. For each point x in the embedding,282

split it into x(p) and x(q). Then, we use standard JL transform to project into Rp′
and Rq′ respectively283

where p′ and q′ are the specified target dimension. Return the projected points (x(p′), x(q′)) along284

with their (p′, q′) signature.285

Power distance JL Transform: Find en, the smallest eigenvalue of Gram(D). Set r =
√

|en|/2.286

Add 4r2(J−I) to D to find the new Euclidean distance matrix, E. Recover the Euclidean coordinates287

X ′ such that Eij = ∥x′
i − x′

j∥2. Perform standard JL transform on X ′ to dimension m. Return the288

resulting points along with their radii r.289

Computational efficiency. Since both methods start with a dissimilarity matrix we necessarily need290

to recover the ‘coordinates’ first. This can be done by running the singular value decomposition291

(SVD) on the Gram matrix in O(n3) time. If it happens that the coordinates are to be learned from a292

representation learning module, we can skip this part and directly apply dimension reduction. When293

applying standard JL transform we use random projection of Gaussian vectors. One can use any JL294

transform for example [26, 27, 28, 29, 30] for this purpose.295

5 Experiments296

In this section, we present experimental results of the proposed JL transforms in non-Euclidean297

settings with only a dissimilarity matrix as input. First, we validate our theoretical results by showing298

the approximation error on datasets that are highly non-Euclidean. Next, we evaluate the algorithms299

on real-world datasets, with the classical JL transform as a baseline.300

Datasets. We use two synthetic datasets that are made non-Euclidean: Random-simplex and301

Euclidean-ball. At a high level, for the Random-simplex, given a dataset of size n, each point is302
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constructed such that its first n− 1 coordinates form a simplex, while the final coordinate dominates303

the pairwise distances. This design induces a large negative eigenvalue in the Gram matrix. The304

Euclidean-ball dataset, inspired by Delft’s balls [53], consists of n balls with varying radii. The305

distance between two balls is defined as the minimal distance between any two points on their surfaces,306

resulting in dissimilarities that violate the triangle inequality. For real-world data, We consider three307

categories: genomics, image and graph data. The genomics data includes three cancer-related datasets308

from the Curated Microarray Database (CuMiDa) [54]. Following the practice in prior work [18],309

we obtain dissimilarities with entropic affinity. We also test two celebrated image datasets: MNIST310

and CIFAR-10, each with 1000 images randomly sampled. We use the measures mentioned in [55]311

to calculate the dissimilarities. The graph datasets are selected from the SNAP project [56]. The312

pairwise distances are shortest path distances. The basic statistics of all datasets are shown in Table 1.313

We defer more details in Appendix C.314

Dataset Simplex Ball Brain Breast Renal MNIST CIFAR10 Email Facebook Mooc
Size 1000 1000 130 151 143 1000 1000 986 4039 7047

# {λ < 0} 900 887 53 59 57 454 399 465 1566 268
Metric ✗ ✗ ✗ ✗ ✗ ✓ ✓ ✓ ✓ ✓

Table 1: Non-Euclidean/Non-metric Datasets used in experiments

Pseudo-Euclidean JL Transform. We start with demonstrating the multiplicative factor of pseudo-315

Euclidean projection indeed falls into the range of (1± ε · Cij), as a corroboration of Theorem 2.2.316

Throughout, we set ε = 0.5 and the constant in the target dimension O(log n/ε2)) as 2. Figure 2317

verifies the approximation ratio on the Simplex and Brain datasets. We observe that most pairwise318

dissimilarities behave as claimed. For the Brain dataset, even the bar range is very small we still319

have all green points. There are minor exceptions indicated by the red points in the Simplex dataset.320

However, first observe that they are still very close to the error bars. Further, we did not optimize321

the constant factor in O(log n/ε2)). In fact, if we double the target dimension (from 80 to 160), the322

percentage of violations drops significantly from 12.01% to 4.62% for the Simplex dataset. We defer323

the plots of other datasets to Appendix C.324

Figure 2: The left is for Simplex dataset and right for the Brain dataset. Green points indicate the approximation
ratio is within the range and red the opposite. The error bars match the upper and lower bounds given by
(1± ε · Cij). We sample 20 pairs of dissimilarities for presentation.

Power Distance JL Transform. To validate Theorem 3.3, we show the residual additive error325

of the power distance JL transform. By ’residual’ we refer to the absolute difference between the326

dissimilarities given by the JL transform and the (1± ε) approximation of the true dissimilarities.327

This term should be smaller than 4εr2. As shown in Figure 3, all sampled points appear below the red328

line, which is taken as 4ε(r/100)2, a much tighter upper bound. Recall that a larger r indicates more329

deviation from Euclidean geometry, the fact that the residual error is small shows the effectiveness of330

our JL transform. We defer the plots of other datasets to Appendix C.331

Performance on Relative Error. We compare two proposed JL transforms with the classical JL332

transform on all datasets and report the relative error, which is defined as the maximum among333

|Dij−D̂ij |
Dij

for all (i, j) pairs. D̂ij is the dissimilarity matrix obtained from any JL transform. It is a334

suitable metric because all three algorithms have different theoretical guarantees, but the end goal is335

always preserving pairwise dissimilarities. In Table 2 we show both the worst-case (defined above)336

and average relative error. A smaller value indicates better performance.337
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Figure 3: The left is for MNIST and right for CIFAR-10 dataset. We sampled 100 pairs of dissimilarities and
adopt r/100 for presentation. Using the original r makes the red line at roughly y = 40000, which is very loose.

We observe JL-PE performs the best for genomics data and JL-power performs the best for the rest,338

on both metrics. The significant improvement implies when the JL transform matches with geometry,339

we can expect really good results. The image datasets report inf for JL because different images are340

projected to the same point. In a few cases Jl-PE has slightly worse relative error than JL, but note341

that this might be the outcome of really large factor C, which the performance of JL-PE is based on.342

Method Simplex Ball Brain Breast Renal MNIST CIFAR10 Email Facebook MOOC
JL Max 6.47e5 5.97e5 1.02e12 7.09e10 3.42e12 inf inf 3.85e4 1.18e6 2.94e5

JL-PE Max 1.11e6 5.31e5 8,21e4 262.20 2.37e4 8.47e5 2.24e6 3.24e6 2.51e7 1.35e7
JL-Power Max 109.18 12.102 3.11e7 1.92e6 1.17e8 85.76 55.74 781.45 82.74 24.22

JL Ave 442.65 43.78 1.11e9 9.86e7 1.50e9 inf inf 15.64 12.62 39.83
JL-PE Ave 47.59 23.71 8.16 1.15 6.60 15.93 18.24 13.79 52.52 63.44

JL-Power Ave 13.52 1.002 3.73e4 3.12e3 5.57e4 1.47 1.61 1.60 1.32 2.04

Table 2: Max and Average Relative Error of All Datasets on Three JL Transforms.

6 Discussions343

The Pseudo-Euclidean space we study shares conceptual foundations with recent advances in similar-344

ity learning. Notably, [57] proposed neural similarity learning (NSL) which uses bilinear matrices to345

generalize inner product similarity in convolutional neural networks through both static and dynamic346

approaches. The bilinear form structures also appear in modern neural architectures [58]. In the347

scaled dot-product attention mechanism used in transformers, the attention score between two tokens348

is computed as a bilinear form: score(q, k) = q⊤Wk, where q and k are query and key vectors349

and W is a learned weight matrix. This mechanism effectively learns a similarity function over350

the token space, which aligns with our use of bilinear forms to represent pairwise dissimilarities in351

non-Euclidean geometry.352

Future Direction. A promising future direction is to integrate the mathematical formulation in353

this paper using both the pseudo-Euclidean representation and the generalized power distance354

representation with current machine learning pipelines for representation and similarity learning.355

Recently there has been increasing interest in representation learning in non-Euclidean spaces, e.g.,356

learning modules in hyperbolic [59, 60, 61, 62, 63, 64, 65], spherical or mixed-curvature product357

manifolds (Cartesian products of hyperbolic, hyperspherical and Euclidean manifolds) [35, 66, 67, 68]358

or general manifolds [69]. Many of the prior work assume (piecewise) constant curvature in the359

embedded space and our setting includes these spaces and beyond. One limitation is we are not able360

to build a theoretical connection between two proposed representations.361

Conclusion. We explore Johnson-Lindenstrauss Transform in the non-Euclidean setting with dissimi-362

larity matrix as the input. Via two different approaches, pseudo-Euclidean geometry and generalized363

power distance, we show two theoretical results with similar flavor to the classical JL lemma. The364

first gives a fine-grained error analysis and the second has an extra additive error term, both having365

parameters indicating the deviation from Euclidean geometry. The experiment results corroborate366

with our theoretical results, and demonstrate the superior performance of two proposed approaches367

for Jl-type dimension reduction with non-Euclidean data.368
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used reliably to provide closed captions for online lectures because it fails to handle605

technical jargon.606

• The authors should discuss the computational efficiency of the proposed algorithms607

and how they scale with dataset size.608

• If applicable, the authors should discuss possible limitations of their approach to609

address problems of privacy and fairness.610

• While the authors might fear that complete honesty about limitations might be used by611

reviewers as grounds for rejection, a worse outcome might be that reviewers discover612

limitations that aren’t acknowledged in the paper. The authors should use their best613
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judgment and recognize that individual actions in favor of transparency play an impor-614

tant role in developing norms that preserve the integrity of the community. Reviewers615

will be specifically instructed to not penalize honesty concerning limitations.616

3. Theory assumptions and proofs617

Question: For each theoretical result, does the paper provide the full set of assumptions and618

a complete (and correct) proof?619

Answer: [Yes]620

Justification: All proofs are included with the paper or in Appendix.621

Guidelines:622

• The answer NA means that the paper does not include theoretical results.623

• All the theorems, formulas, and proofs in the paper should be numbered and cross-624

referenced.625

• All assumptions should be clearly stated or referenced in the statement of any theorems.626

• The proofs can either appear in the main paper or the supplemental material, but if627

they appear in the supplemental material, the authors are encouraged to provide a short628

proof sketch to provide intuition.629

• Inversely, any informal proof provided in the core of the paper should be complemented630

by formal proofs provided in appendix or supplemental material.631

• Theorems and Lemmas that the proof relies upon should be properly referenced.632

4. Experimental result reproducibility633

Question: Does the paper fully disclose all the information needed to reproduce the main ex-634

perimental results of the paper to the extent that it affects the main claims and/or conclusions635

of the paper (regardless of whether the code and data are provided or not)?636

Answer: [Yes]637

Justification: All datasets and parameters for evaluation are included in the paper or Ap-638

pendix.639

Guidelines:640

• The answer NA means that the paper does not include experiments.641

• If the paper includes experiments, a No answer to this question will not be perceived642

well by the reviewers: Making the paper reproducible is important, regardless of643

whether the code and data are provided or not.644

• If the contribution is a dataset and/or model, the authors should describe the steps taken645

to make their results reproducible or verifiable.646

• Depending on the contribution, reproducibility can be accomplished in various ways.647

For example, if the contribution is a novel architecture, describing the architecture fully648

might suffice, or if the contribution is a specific model and empirical evaluation, it may649

be necessary to either make it possible for others to replicate the model with the same650

dataset, or provide access to the model. In general. releasing code and data is often651

one good way to accomplish this, but reproducibility can also be provided via detailed652

instructions for how to replicate the results, access to a hosted model (e.g., in the case653

of a large language model), releasing of a model checkpoint, or other means that are654

appropriate to the research performed.655

• While NeurIPS does not require releasing code, the conference does require all submis-656

sions to provide some reasonable avenue for reproducibility, which may depend on the657

nature of the contribution. For example658

(a) If the contribution is primarily a new algorithm, the paper should make it clear how659

to reproduce that algorithm.660

(b) If the contribution is primarily a new model architecture, the paper should describe661

the architecture clearly and fully.662

(c) If the contribution is a new model (e.g., a large language model), then there should663

either be a way to access this model for reproducing the results or a way to reproduce664

the model (e.g., with an open-source dataset or instructions for how to construct665

the dataset).666
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(d) We recognize that reproducibility may be tricky in some cases, in which case667

authors are welcome to describe the particular way they provide for reproducibility.668

In the case of closed-source models, it may be that access to the model is limited in669

some way (e.g., to registered users), but it should be possible for other researchers670

to have some path to reproducing or verifying the results.671

5. Open access to data and code672

Question: Does the paper provide open access to the data and code, with sufficient instruc-673

tions to faithfully reproduce the main experimental results, as described in supplemental674

material?675

Answer: [Yes]676

Justification: All data source and code are made available either in the paper or supplemental677

materials.678

Guidelines:679

• The answer NA means that paper does not include experiments requiring code.680

• Please see the NeurIPS code and data submission guidelines (https://nips.cc/681

public/guides/CodeSubmissionPolicy) for more details.682

• While we encourage the release of code and data, we understand that this might not be683

possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not684

including code, unless this is central to the contribution (e.g., for a new open-source685

benchmark).686

• The instructions should contain the exact command and environment needed to run to687

reproduce the results. See the NeurIPS code and data submission guidelines (https:688

//nips.cc/public/guides/CodeSubmissionPolicy) for more details.689

• The authors should provide instructions on data access and preparation, including how690

to access the raw data, preprocessed data, intermediate data, and generated data, etc.691

• The authors should provide scripts to reproduce all experimental results for the new692

proposed method and baselines. If only a subset of experiments are reproducible, they693

should state which ones are omitted from the script and why.694

• At submission time, to preserve anonymity, the authors should release anonymized695

versions (if applicable).696

• Providing as much information as possible in supplemental material (appended to the697

paper) is recommended, but including URLs to data and code is permitted.698

6. Experimental setting/details699

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-700

parameters, how they were chosen, type of optimizer, etc.) necessary to understand the701

results?702

Answer: [Yes]703

Justification: All data and parameters for experiments were included in the paper.704

Guidelines:705

• The answer NA means that the paper does not include experiments.706

• The experimental setting should be presented in the core of the paper to a level of detail707

that is necessary to appreciate the results and make sense of them.708

• The full details can be provided either with the code, in appendix, or as supplemental709

material.710

7. Experiment statistical significance711

Question: Does the paper report error bars suitably and correctly defined or other appropriate712

information about the statistical significance of the experiments?713

Answer: [Yes]714

Justification: The reported error is straightforward, either multiplicative or additive factors.715

Guidelines:716

• The answer NA means that the paper does not include experiments.717
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-718

dence intervals, or statistical significance tests, at least for the experiments that support719

the main claims of the paper.720

• The factors of variability that the error bars are capturing should be clearly stated (for721

example, train/test split, initialization, random drawing of some parameter, or overall722

run with given experimental conditions).723

• The method for calculating the error bars should be explained (closed form formula,724

call to a library function, bootstrap, etc.)725

• The assumptions made should be given (e.g., Normally distributed errors).726

• It should be clear whether the error bar is the standard deviation or the standard error727

of the mean.728

• It is OK to report 1-sigma error bars, but one should state it. The authors should729

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis730

of Normality of errors is not verified.731

• For asymmetric distributions, the authors should be careful not to show in tables or732

figures symmetric error bars that would yield results that are out of range (e.g. negative733

error rates).734

• If error bars are reported in tables or plots, The authors should explain in the text how735

they were calculated and reference the corresponding figures or tables in the text.736

8. Experiments compute resources737

Question: For each experiment, does the paper provide sufficient information on the com-738

puter resources (type of compute workers, memory, time of execution) needed to reproduce739

the experiments?740

Answer: [Yes]741

Justification: We provide the information in the appendix experiment section.742

Guidelines:743

• The answer NA means that the paper does not include experiments.744

• The paper should indicate the type of compute workers CPU or GPU, internal cluster,745

or cloud provider, including relevant memory and storage.746

• The paper should provide the amount of compute required for each of the individual747

experimental runs as well as estimate the total compute.748

• The paper should disclose whether the full research project required more compute749

than the experiments reported in the paper (e.g., preliminary or failed experiments that750

didn’t make it into the paper).751

9. Code of ethics752

Question: Does the research conducted in the paper conform, in every respect, with the753

NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?754

Answer: [Yes]755

Justification: We reviewed the code of ethics and the work in this paper conforms to the756

code.757

Guidelines:758

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.759

• If the authors answer No, they should explain the special circumstances that require a760

deviation from the Code of Ethics.761

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-762

eration due to laws or regulations in their jurisdiction).763

10. Broader impacts764

Question: Does the paper discuss both potential positive societal impacts and negative765

societal impacts of the work performed?766

Answer: [Yes]767

Justification: We discussed the potential benefit of using the dimension reduction technique768

proposed in this paper for speeding up machine learning for non-Euclidean data.769
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Guidelines:770

• The answer NA means that there is no societal impact of the work performed.771

• If the authors answer NA or No, they should explain why their work has no societal772

impact or why the paper does not address societal impact.773

• Examples of negative societal impacts include potential malicious or unintended uses774

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations775

(e.g., deployment of technologies that could make decisions that unfairly impact specific776

groups), privacy considerations, and security considerations.777

• The conference expects that many papers will be foundational research and not tied778

to particular applications, let alone deployments. However, if there is a direct path to779

any negative applications, the authors should point it out. For example, it is legitimate780

to point out that an improvement in the quality of generative models could be used to781

generate deepfakes for disinformation. On the other hand, it is not needed to point out782

that a generic algorithm for optimizing neural networks could enable people to train783

models that generate Deepfakes faster.784

• The authors should consider possible harms that could arise when the technology is785

being used as intended and functioning correctly, harms that could arise when the786

technology is being used as intended but gives incorrect results, and harms following787

from (intentional or unintentional) misuse of the technology.788

• If there are negative societal impacts, the authors could also discuss possible mitigation789

strategies (e.g., gated release of models, providing defenses in addition to attacks,790

mechanisms for monitoring misuse, mechanisms to monitor how a system learns from791

feedback over time, improving the efficiency and accessibility of ML).792

11. Safeguards793

Question: Does the paper describe safeguards that have been put in place for responsible794

release of data or models that have a high risk for misuse (e.g., pretrained language models,795

image generators, or scraped datasets)?796

Answer: [NA]797

Justification: N/A798

Guidelines:799

• The answer NA means that the paper poses no such risks.800

• Released models that have a high risk for misuse or dual-use should be released with801

necessary safeguards to allow for controlled use of the model, for example by requiring802

that users adhere to usage guidelines or restrictions to access the model or implementing803

safety filters.804

• Datasets that have been scraped from the Internet could pose safety risks. The authors805

should describe how they avoided releasing unsafe images.806

• We recognize that providing effective safeguards is challenging, and many papers do807

not require this, but we encourage authors to take this into account and make a best808

faith effort.809

12. Licenses for existing assets810

Question: Are the creators or original owners of assets (e.g., code, data, models), used in811

the paper, properly credited and are the license and terms of use explicitly mentioned and812

properly respected?813

Answer: [NA]814

Justification: N/A815

Guidelines:816

• The answer NA means that the paper does not use existing assets.817

• The authors should cite the original paper that produced the code package or dataset.818

• The authors should state which version of the asset is used and, if possible, include a819

URL.820

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.821
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• For scraped data from a particular source (e.g., website), the copyright and terms of822

service of that source should be provided.823

• If assets are released, the license, copyright information, and terms of use in the824

package should be provided. For popular datasets, paperswithcode.com/datasets825

has curated licenses for some datasets. Their licensing guide can help determine the826

license of a dataset.827

• For existing datasets that are re-packaged, both the original license and the license of828

the derived asset (if it has changed) should be provided.829

• If this information is not available online, the authors are encouraged to reach out to830

the asset’s creators.831

13. New assets832

Question: Are new assets introduced in the paper well documented and is the documentation833

provided alongside the assets?834

Answer: [NA]835

Justification: N/A836

Guidelines:837

• The answer NA means that the paper does not release new assets.838

• Researchers should communicate the details of the dataset/code/model as part of their839

submissions via structured templates. This includes details about training, license,840

limitations, etc.841

• The paper should discuss whether and how consent was obtained from people whose842

asset is used.843

• At submission time, remember to anonymize your assets (if applicable). You can either844

create an anonymized URL or include an anonymized zip file.845

14. Crowdsourcing and research with human subjects846

Question: For crowdsourcing experiments and research with human subjects, does the paper847

include the full text of instructions given to participants and screenshots, if applicable, as848

well as details about compensation (if any)?849

Answer: [NA]850

Justification: N/A851

Guidelines:852

• The answer NA means that the paper does not involve crowdsourcing nor research with853

human subjects.854

• Including this information in the supplemental material is fine, but if the main contribu-855

tion of the paper involves human subjects, then as much detail as possible should be856

included in the main paper.857

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,858

or other labor should be paid at least the minimum wage in the country of the data859

collector.860

15. Institutional review board (IRB) approvals or equivalent for research with human861

subjects862

Question: Does the paper describe potential risks incurred by study participants, whether863

such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)864

approvals (or an equivalent approval/review based on the requirements of your country or865

institution) were obtained?866

Answer: [NA]867

Justification: N/A868

Guidelines:869

• The answer NA means that the paper does not involve crowdsourcing nor research with870

human subjects.871
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• Depending on the country in which research is conducted, IRB approval (or equivalent)872

may be required for any human subjects research. If you obtained IRB approval, you873

should clearly state this in the paper.874

• We recognize that the procedures for this may vary significantly between institutions875

and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the876

guidelines for their institution.877

• For initial submissions, do not include any information that would break anonymity (if878

applicable), such as the institution conducting the review.879

16. Declaration of LLM usage880

Question: Does the paper describe the usage of LLMs if it is an important, original, or881

non-standard component of the core methods in this research? Note that if the LLM is used882

only for writing, editing, or formatting purposes and does not impact the core methodology,883

scientific rigorousness, or originality of the research, declaration is not required.884

Answer: [NA]885

Justification: N/A886

Guidelines:887

• The answer NA means that the core method development in this research does not888

involve LLMs as any important, original, or non-standard components.889

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)890

for what should or should not be described.891
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A Relation of Generalized Power Distance to Silhouette Coefficient892

The silhouette coefficient [51] is a measure of how similar an object is to its own cluster compared893

to other clusters. The silhouette coefficient ranges from -1 to 1, where a high value indicates that894

the object is well matched to its own cluster and poorly matched to neighboring clusters. If most895

objects have a high value, then the clustering configuration is appropriate. If many points have a low896

or negative value, then the clustering configuration may have too many or too few clusters.897

For simplicity, let us consider two clusters of finite points X,Y ⊆ Rm with |X| = |Y | = n. The898

classical silhouette coefficient (in two clusters) can be defined as follows: For each point x ∈ X ,899

define “inner distance” a(x) as the average distance between x and all other points in the same cluster,900

and “cross distance” b(x) as the average distance between x and all points in the other cluster Y .901

That is:902

a(x) =
1

n− 1

∑
x′∈X, x′ ̸=x

d(x, x′) (8)

b(x) =
1

n

∑
y∈Y

d(x, y) (9)

Then, the silhouette coefficient for a point x ∈ X is defined as:903

s̄(x) =
b(x)− a(x)

Norm(a(x), b(x))
,

and the silhouette coefficient for the cluster X is defined as the average of the silhouette coefficients904

for all points in the cluster:905

s̄(X) =
1

n

∑
x∈X

s̄(x).

Here the denominator Norm is a normalizing function which is usually chosen to be906

Norm(a(x), b(x)) = max{a(x), b(x)} for the classical silhouette coefficient to make sure the907

range lies in [−1,+1]. The silhouette coefficient can be used to measure the quality of a cluster.908

For the overall clustering, the average silhouette coefficient scores over all clusters can be used to909

measure the quality of the whole clustering results [70].910

Now we are interested in using a similar idea to study the dissimilarity (divergence) between two911

probability distributions, say two Gaussian distributions X = N (µx, σx),Y = N (µy, σy). We912

can naturally view the two distributions as two clusters. Here we are interested in the “silhouette913

coefficient score” of the whole clustering.914

To better analyze the “silhouette coefficient score” between two Gaussian distributions, we consider915

an unnormalized version of the silhouette coefficient. For any x ∈ X , let916

a(x) = Ex′∼X [∥x− x′∥2],
b(x) = Ey∼Y [∥x− y∥2],
s(X ) = Ex∼X [b(x)− c · a(x)],

where c ≥ 1 is a constant parameter used as a trade-off balance between inner distance and cross917

distance. Now we can define an (unnormalized) silhouette score between two Gaussian distributions918

X and Y as:919

SC(X ,Y) ≜
1

2
[s(X ) + s(Y)]

=
1

2
[Ex∼X [b(x)− c · a(x)] + Ey∼Y [b(y)− c · a(y)]]

= Ex,y∼X×Y
[
∥x− y∥2

]
− c

2

(
Ex,x′∼X [∥x− x′∥2] + Ey,y′∼Y [∥y − y′∥2]

)
Based on properties of Gaussian distributions, we could calculate:920

SC(X ,Y) = ∥µx − µy∥2 − (c− 1)(σ2
x + σ2

y).

In general, we could consider a silhouette score between two Gaussian distributions composed with921

two parts balanced with each other:922
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1. Some distance DISP(X ,Y) measures the similarity between the two distributions.923

2. Some negative terms ∆ represent the variances of the two distributions themselves.924

Here we consider the following construction of a silhouette score between two Gaussian distributions925

we are interested in: Let ∆[X ] = Ex,x′∼X [∥x− x′∥2].926

SCW (X ,Y) ≜ DIS2W (X ,Y)− (∆[X ] + ∆[Y]) (10)

= ∥µx − µy∥2 + (σx − σy)
2 − 2(σ2

x + σ2
y) (11)

= ∥µx − µy∥2 − (σx + σy)
2 (12)

where DIS2W is the squared 2-Wasserstein distance. This construction is interesting because it is927

consistent with our construction of generalized power distance, which brings up a potential statistical928

interpretation.929

Normalized Silhouette Score One could also define a normalized version of the Silhouette Score.930

In general, it could be defined as:931

SC(X ,Y) ≜
DISP(X ,Y)− C · (∆[X ] + ∆[Y])

Norm(DISP(X ,Y), C · (∆[X ] + ∆[Y]))
(13)

with some normalizer function Norm().932

For example, we could define the normalized version SCW as:933

SCW (X ,Y) ≜
∥µx − µy∥2 − (σx + σy)

2

∥µx − µy∥2 + (σx + σy)2
(14)

The range of SCW is [−1, 1]. Intuitively, it can be used to measure how well two Gaussian distri-934

butions are separated. When these two Gaussian distributions have very close centers or very large935

variances, the normalized silhouette score is close to −1, which means sampling from these two936

distributions has a low chance of being well separated. It becomes −1 when they are identical X = Y .937

When these two distributions are far away or variances are very small, the normalized silhouette938

score is close to 1, which means sampling from these two distributions enjoys a high chance of being939

well separated. It becomes +1 when these two distributions are delta distributions on distinct center940

points. Zero represents borderline cases. We set it to be −1 for µx = µy and σx = σy = 0.941

B Missing Proofs in Section 2 and Section 3942

B.1 Proofs in Section 2943

Proof of Lemma 2.1. We apply the standard Johnson-Lindenstrauss lemma to the collection of points944

{x(p)
i } and {x(q)

i } separately. By Eq (1) there are two random projection fp : Rp → Rp′
and945

fq : Rq → Rq′ with p′, q′ = O(log n/ε2) such that for any i ̸= j,946

(1− ε)∥x(p)
i − x

(p)
j ∥2E ≤ ∥fp(x(p)

i )− fp(x
(p)
j )∥2E ≤ (1 + ε)∥x(p)

i − x
(p)
j ∥2E

(1− ε)∥x(q)
i − x

(q)
j ∥2E ≤ ∥fq(x(q)

i )− fq(x
(q)
j )∥2E ≤ (1 + ε)∥x(q)

i − x
(q)
j ∥2E

Now we can bound the (p′, q′)-norm of the vector under projection f which produces f(xi) =947

(fp(xi), fq(xi)) of dimension p′ + q′.948

∥f(xi)− f(xj)∥2p′,q′ = ∥fp(xi)∥2E − ∥fq(xi)∥2E
≤ (1 + ε)∥x(p)

i − x
(p)
j ∥2E − (1− ε)∥x(q)

i − x
(q)
j ∥2E

= ∥xi − xj∥2p,q + ε∥xi − xj∥2E
The other direction is similar.949

Proof of Lemma 2.3. Consider the variables ∥v∥2E/(p + q) and ∥v∥2p,q/(p + q). Let µ = E(X2)950

where X is a random variable with distribution f . Taking p + q → ∞ and using Central Limit951

Theorem implies that ∥v∥2E/(p+ q) and ∥v∥2p,q/(p+ q) will converge to their means which are µ952

and p−q
p+qµ respectively. Plugging in q < C−1

C+1p and p < C−1
C+1q give us what we want.953
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Proof of Theorem 2.5. We may first write the uniform distribution over the sphere as Y =954

( Y1√∑p+q
i Y 2

i

, Y2√∑p+q
i Y 2

i

, ...
Yp+q√∑p+q
i Y 2

i

) where each Yi = N(0, 1). Then the distribution of ∥u−v∥E

∥u−v∥p,q
955

will be :956 ∑p+q
i=1 Y 2

i∑p
i=1 Y

2
i −

∑p+q
i=p+1 Y

2
i

Now
∑p+q

i=1 Y 2
i is just a chi-squared random variable with p + q degrees of freedom. A common957

known concentration inequality is:958

P(χ2 ∈ (1± δ)(p+ q)) ≥ 1− 2e−
p+q
2 ( 1

2 δ
2− 1

3 δ
3)

On the other hand,
∑p

i=1 Y
2
i −

∑p+q
i=p+1 Y

2
i has mean p− q and we have the following concentration959

inequality:960

P(χ2 ∈ (p− q)± 2δ(p+ q)) ≥ 1− 2e−
p+q
2 ( 1

2 δ
2− 1

3 δ
3)

since
∑p+q

i=1 Y 2
i ∈ (1 ± δ)(p + q) implies

∑p
i=1 Y

2
i −

∑p+q
i=p+1 Y

2
i ∈ (p − q) ± 2δ(p + q). The961

greatest error ratio clearly is bounded by q = C−1
C+1p and at:962

(1 + δ)(p+ q)

(p− q)− 2δ(p+ q)

p− q

p+ q
− 1 =

2pC(1 + δ)/(C + 1)

2p/(C + 1)− 4δpC/(C + 1)

1

C
− 1 =

δ + 2δC

1− 2δC
963

P(
∑p+q

i=1 Y 2
i∑p

i=1 Y
2
i −

∑p+q
i=p+1 Y

2
i

∈ (1± δ + 2δC

1− 2δC
)
p+ q

p− q
) ≥ 1− 2e−

p+q
2 ( 1

2 δ
2− 1

3 δ
3)

Now let δ = ϵ/2
4C+2+ϵC :964

P(
∑p+q

i=1 Y 2
i∑p

i=1 Y
2
i −

∑p+q
i=p+1 Y

2
i

∈ (1± ϵ

2
)
p+ q

p− q
) ≥ 1− 2e−O((p+q)ϵ2/C2) ≥ 1−O(n−2)

The last inequality comes from the fact that our target dimension is O(C2 log(n)/ϵ2), so we can965

make the assumption p + q > O(C2 log(n)/ϵ2). From a union bound, then we have with high966

probability, ∥u−v∥E

∥u−v∥p,q
≤ C(1 + ϵ

2 ) Then, we can use Theorem 2.1 with input ϵ′ = ϵ/(2C) which967

gives us the error bound:968

∥f(xi)− f(xj)∥2p′,q′ ≤ ∥xi − xj∥2p,q +
ϵ

2C
∥xi − xj∥2E (15)

≤ ∥xi − xj∥2p,q +
ϵ

2C
C(1 +

ϵ

2
)∥xi − xj∥2p,q (16)

= ∥xi − xj∥2p,q + (
ϵ

2
+

ϵ2

2
)∥xi − xj∥2p,q (17)

≤ (1 + ϵ)∥xi − xj∥2p,q (18)

(19)

969

B.2 Proofs in Section 3970

Proof of Lemma 3.1. We begin by finding the Gram Matrix of E = D − 4r2(I − J). Recall that the971

centering matrix C = I − J
n . The Gram matrix of E is972

−1

2
CEC = −1

2
C(D − 4r2(I − J))C = −1

2
CDC + 2r2C(I − J)C = −1

2
CDC + 2r2C.

Here we use the fact that C(I − J) = C and C2 = C. Further, C = I − J
n is symmetric and973

positive semi-definite. C has a single eigenvalue of 0 with 1n as its eigenvector. We see that974

Gram(D) = − 1
2CDC and C share that eigenvalue and eigenvector. The rest of the eigenvalues of975

C are 1. Then, the eigenvalues of Gram(E) are exactly 2r2 added to the eigenvalues of Gram(D).976

Thus, it is clear all of its eigenvalues are greater than or equal to zero as long as 2r2 ≥ |en|.977
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Proof of Lemma 3.2. We apply the standard Johnson-Lindenstrauss Lemma on the centers of the978

power distance representation {pi} with a random projection f : Rd → Rm. By Eq (1) we have979

Pow((f(pi), ri), (f(pj), rj)) = ∥f(pi)− f(pj)∥2E − (ri + rj)
2

≤ (1 + ε)∥pi − pj∥2E − (ri + rj)
2

= (1 + ε) Pow((pi, r), (pj , r)) + ε(ri + rj)
2.

The other direction is similar.980

C Additional Experimental Results981

C.1 Details of Data Sets982

SNAP dataset. We tested our methods on a diverse collection of real-world network datasets983

sourced from the Stanford Network Analysis Project (SNAP) [56]. These datasets span various984

domains and exhibit a wide range of structural properties, helping to validate the robustness and985

generalizability of our findings.986

• Email-Eu-core (Email) [71]: Email exchanges within a European research institution.987

• MOOC-actions (MOOC) [72]: User actions on a Massive Open Online Course platform.988

• Facebook-ego-networks (Facebook) [73]: Ego-networks of Facebook users.989

We only used the graph structures and ignored the edge weights and directions. That means all graphs990

are treated as unweighted and undirected.991

Synthetic datasets for examples. We also manually generated two datasets to demonstrate when992

projecting in Pseudo-Euclidean space is better than projecting with power distances and vice versa.993

In the first dataset, we had a single very large negative eigenvalue and the rest all positive eigenvalues994

in the diagonal matrix of the orthogonal decomposition of the distance matrix. In this situation, power995

distances of the points would have large radii and the error would be large while Pseudo-Euclidean996

projection would be on a signature of (p, 1), so the error bound would be much smaller. In the second997

dataset, we had the ratio of positive eigenvalues to negative eigenvalues was a constant fraction, and998

the negative eigenvalues were all small. In this way, Pseudo-Euclidean projection would have a large999

error bound while power distance projection would have very small radii and a small error bound.1000

Other datasets. We randomly select 1000 images from MNIST and CIFAR-10. The distance1001

measure between two images are computed by the k-neareast neighbor (i.e. Isomap) with k = 10. The1002

distance measure of genomics dataset is Entopic Affinity, introduced in prior works and commonly1003

used for this datasets. The details of implementation can be found in our Github Repo.1004

C.2 Details of Implementation1005

All experiments are done with a Macbook Pro with Apple M2 Chip of 16GB memory. The algorithms1006

are fairly efficient and we did not encounter issues on computational resources.1007

The JL Transforms have only one parameter ε, and we set that to be 0.5 throughout the paper. The1008

constant used in the big O notation of O(log n/ε2) is 2. Another caveat is, our setting does not give1009

access to data coordinates, therefore after obtaining coordinates from the JL transform, we use the1010

original dissimilarity measure to reconstruct D̂. If the original measure is inexplicit or unknown, we1011

use Euclidean distance. We only use the data coordinates for the classical JL.1012

C.3 More Illustrations1013

The illustrations here extend the experiments to verify Theorem 2.2 and Theorem 3.3.1014
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(a) Residual error on simplex (b) Residual error on ball

(c) Residual error on email (d) Residual error on facebook

Figure 4: Illustrations of Power Distance JL Transform Residual Error

(a) Approximation factor for email (b) Approximation factor for facebook

(c) Approximation factor for MNIST (d) Approximation factor for CIFAR-10

Figure 5: Illustrations of Pseudo Euclidean JL Transform Multiplicative Error
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