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Abstract

Orthogonal-subspace LoRA methods mitigate for-
getting in continual learning of foundation models
by assigning each task a new adapter subspace,
but existing approaches typically allocate a fixed,
hand-picked rank to every task and layer. This
ignores a key source of heterogeneity: the amount
of rank needed to avoid interference depends on
the residual spectrum of the task’s layerwise ac-
tivations. We introduce DYRA, a theory-guided
dynamic rank allocation rule that selects adapter
bases by retaining residual singular directions
whose singular value exceeds a global threshold
7. Our method is motivated by a per-layer in-
terference bound showing that, for orthogonal
LoRA, future-task interference on a past task is
controlled by the spectral tail left outside the past-
task adapter basis. Thus, DYRA replaces a fixed-
rank design choice with a spectral-tail control
principle. On continual instruction tuning of the
LLaMA-2 7B foundation model with TRACE,
DYRA yields a favorable performance—capacity
trade-off, with the clearest gains at low rank (+4.7
AP over fixed r=4) and matches fixed r=8 with
about 31% fewer adapter parameters. DYRA re-
quires only one residual-spectrum computation
per task and layer, and can be added to existing
orthogonal-subspace LoRA methods.

1. Introduction

Low-rank adapters (LoRA) (Hu et al., 2022) make it
tractable to fine-tune a large pretrained model, but in con-
tinual learning each new adapter also perturbs the outputs
the model would have produced on past tasks. Orthogonal-
subspace variants such as InfLoRA (Liang & Li, 2024)
mitigate forgetting by forcing each new adapter to act only
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Figure 1. Performance-capacity trade-off. Average TRACE
score (8 tasks, LLaMA-2 7B) vs. average rank per adapter, for
dynamic rank via a spectral threshold 7 € {1.8,...,3.6} (ours,
blue) and fixed-rank orthogonal-subspace LoRA. Full numerical
values in Table 3.

in directions orthogonal to past-task activations. Their or-
thogonality constraint is, however, structural: it is imposed
on a rank-limited basis of past-task activations, and comes
with no quantitative bound on how much the new task still
perturbs past-task outputs through the uncaptured directions.
A second, independent limitation is that the adapter rank r
is chosen as a single global hyperparameter shared across
all tasks and all layers. This is wasteful in both directions:
layers and tasks with a rapidly decaying residual spectrum
need far less capacity, while others are starved of it.

Contributions. We take a theory-first route to the design
of Continual Adapters methods, with guarantees on forget-
ting. In doing so, we develop a cheap, simple to implement
and effective dynamic rank allocation version of InfLora.
(i) Starting from a layerwise no-interference condition, we
derive a generic end-to-end drift bound for continual orthog-
onal LoRA in which each adapted layer appears through
a single per-layer tolerance Ei (Section 2). (ii) We show
that the residual-subspace construction popularized by In-
fLoRA (Liang & Li, 2024) realizes this tolerance as the
Frobenius norm of the uncaptured spectral tail of the task’s
layerwise residual activations (Lemma 3.1, Section 3). (iii)
Under this realization, rank selection reduces—via Cauchy—
Schwarz—to a Lipschitz-free, separable squared-tail surro-
gate whose optimal solution is a single-threshold rule on the
residual singular values: retain directions with 02 jres =T
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(Section 4). (iv) On LLaMA-2 7B continual instruction
tuning with TRACE, the rule matches fixed r=8 at r~5.5
(= 31% fewer parameters) and improves on fixed r=4 by
=~ 4.7 AP (Section 5 and Figure 1).

Related Work. Orthogonal-subspace continual LoRA
(O-LoRA (Wang et al., 2023a), InfLoRA (Liang & Li,
2024), and KeepLoRA (Luo et al., 2026)) control forget-
ting through a structural orthogonality constraint at a fixed
global rank, but provides no quantitative control over the
interference left uncaptured by truncation. Adaptive-rank
LoRA (AdaLLoRA (Zhang et al., 2023b) and follow-ups (Liu
et al., 2024; Chang et al., 2025; Ding et al., 2023; Zhang
et al., 2023a; Valipour et al., 2023)) allocates rank from im-
portance / sensitivity heuristics unrelated to forgetting. We
instead derive an end-to-end forgetting bound for continual
orthogonal LoRA (Equation (3)) in which the same residual-
spectrum tail controls both the adapter basis (Lemma 3.1)
and, via a Cauchy—Schwarz reduction, the optimal per-layer
rank allocation (Equation (7)). To our knowledge this is
the first such bound in this family. Section A discusses
additional prior work (gradient-projection, NTK-based for-
getting analyses).

Preliminaries. We study continual instruction tuning of a
pretrained transformer on a sequence of tasks {7;}Z_; with
datasets D; arriving in order. We adopt the column-token
convention: at layer /, the input activation matrix is X¢ €
R?*™ (columns are tokens) - the superscript ¢ is omitted
for input. LoRA freezes each linear layer at its pretrained
weight W¢ and adds AW} = A¢Bf with AY € Rdowx™i
B! € R™*? of rank 7! < d, so that the effective weight
at layer ¢ after task t is W/ := W¢ + >, ., AW/. Write
Ay = {(A%, BY)}i<q, ¢ for the adapter parameters after task
t, and f4, for the resulting full-network map. Let z(s)
denote the layer-£ input when processing task-% data under
As. We call || fa,(Xk) — fa,(Xi)||F the forgetting on task
k at time t > k; the special case in which this quantity is 0
is zero-forgetting.

2. Spectral Interference Analysis

Layerwise no-interference. Let k£ <t be a past task. A
short induction on the computation graph (Section B) shows
that zero-forgetting on task %k holds as soon as, at every
adapted layer /,

W (k) = Wi ag(k). (1)

While strict enforcement of (1) does yield zero forgetting,
in practice it leads to very high per-task ranks and a rapid
loss of plasticity (Section C).

Relaxation to a per-layer tolerance. We therefore intro-
duce, for each layer ¢ and past task k, a scalar design budget

Ei > 0 and replace the equality (1) by
| =W 2B < et @

At this point 52 is purely generic: any mechanism that
produces such a tolerance feeds directly into the next steps.

End-to-end drift. Because transformer sub-layers are Lip-
schitz (layer norms, softmax, frozen MLPs), the per-layer
tolerances compose (Theorems E.1 and E.2, proved in Sec-
tion E) into an end-to-end bound on forgetting of the form

14, (Xk) = fa (X ||
1

~

. i i i 3
< (1+ LMLPLLN,2) B (e) H aj,
i=0 i>i
where Bl () = 2 TE{Q.K. V) ol Ell;l’i aggregates the

three attention projections of block ¢ through softmax-
Lipschitz coefficients afy, and a; collects Lipschitz factors
of downstream sub-layers. The reading is: control every
Ei and you control end-to-end forgetting. The next two
sections ask, respectively, how the s’,; are produced (Sec-
tion 3) and how the ranks producing them should be chosen
(Section 4).

3. Bounding Layerwise Interference

Residual-subspace construction. To realize a small £,
one needs ||AW/ ¢ (k)| to be small for every future task
1 > k. InfLoRA (Liang & Li, 2024) ensures this by re-
stricting adapter inputs to past-orthogonal directions: for
each task ¢ and layer ¢ one builds a row-orthonormal basis
Bf € R”: %% that is orthogonal to all previous bases, i.e.,
L pOT _ L
B; (B})' =0fori# j.
X!

t,res

= Pf;t—l va PlJ:_t—l =1- Z(Bf)TBf,

i<t
B/ is chosen as the top-r{ left singular vectors of X/ .

A is then trained, with B frozen. The original method
uses a fixed rank 7§ = r across all tasks and layers.

only

; izati ¢ 6. oyt
Tail-norm realization of ;. Let X} ., = X . —

(Bf)"BE X ,€7res be the uncaptured part of the residual acti-
vations.

Lemma 3.1 (Bounded layerwise interference under the
residual-subspace construction). Under the construction
above,

(W = W) e (B)]|

t
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“



Provable Forgetting Bounds Drive Capacity Savings: Spectral Thresholding in Continual LoRA

forallt > k. Moreover, taking Bf; to be the top-ri left
singular vectors of X} .. minimizes | X} ,..llF over all

rank-ri orthonormal matrices in the past-orthogonal com-
plement (Eckart—Young—Mirsky (Mirsky, 1960)), and yields

HXI[é,milH%' = Zj>r£ (Ul[é,j,rex)Q'

Equation (4) realizes the generic per-layer tolerance of (2)
by ef := (3,5 144]2) ||X£,[aﬂ||pz under InfLoRA’s con-
struction, e}, splits into a post-hoc term >_,_ . || Af[2 (de-
pending on future training) and the fail norm || X ﬁ,tail |7, a
function of the residual spectrum and the chosen rank that
we can control at time k. Substituting (4) into (3) yields an
end-to-end forgetting bound whose only free parameter is
the collection of ranks {rf}. Section 4 asks: how should
they be chosen?

4. Theory-Guided Rank Allocation

Substituting (4) into (3) bounds the end-to-end forgetting at
task k by an ¢!-style sum across adapted layers,

1/2

Zcﬁ TZ(Tft)? TE(T) = (Z(Ji,j,res)Z) )
l j>r

i.e. Ty(r) = || X[ i ll # at rank 7, with weight C bundling
the Lipschitz factors of (3) together with the post-hoc factor
3ok [[A%]|2 of (4). The latter depends on adapters trained
after task k and is therefore unavailable at allocation time,
so we cannot directly minimize this bound.
Cauchy-Schwarz surrogate. Cauchy-Schwarz in (2
gives, after squaring,

2
(>cinen) = (D) S men*
[ ¢ [
N————
=:Ky, indep. of {r¢}
5
The constant K, does not depend on the ranks, so mini-
mizing this Cauchy—Schwarz upper bound is equivalent to
minimizing the squared-tail surrogate

ZTE(T£)2 = Z (Ji,j,res)Z'
L

£, j>rt

Two consequences. (a) Lipschitz-free. The unknown
weights C’,ﬁ have collapsed into the rank-independent con-
stant K: the rank allocation problem no longer depends
on the post-hoc adapter norms or the Lipschitz factors
of (3). (b) Separable across (£, 7). The surrogate is a sum
of squared singular values indexed by per-layer directions
(¢, 7), and each unit of rank assigned to (¢, j) removes ex-
actly (O'f;) j7res)2 from it. The CS step suppresses the per-
layer asymmetry of C,ﬁ in favor of K. Section G discusses
the slack of this step and alternative-norm surrogates.

Rank allocation problem. Under a per-task adapter-rank
budget R = >, ri (equivalent to a parameter budget under
uniform per-rank cost; see Section H), the Cauchy—Schwarz
surrogate of (5) yields

min Z (Uﬁ,j,res)2

{rt} =,
£, j>rp

s.t. Zrﬁ < Ry, 71€{0,..., 051,
¢

(6)

with pi = rank(Xlg,res)'

Greedy allocation is singular-value thresholding. Be-
cause each unit of rank at (¢, j) removes exactly (aﬁ’ j)reS)Q
from the objective of (6) and contributes a single unit to the
budget, (6) is solved greedily by sorting all (¢, j) pairs by
aﬁ’ jres and keeping the top-R;,. Equivalently, every such
top- Ry, set is the level set of a single global cutoff 7 > 0 (the
dual variable of the budget constraint, the smallest selected

singular value), and the optimal allocation is

TR o= Thy = #{jiai,j,reszT}v Q)

with 7 in one-to-one correspondence with the budget Ry,.
By construction, every uncaptured singular value at layer ¢
lies below 7, yielding the per-layer tail bound || X . [|% <
2(pt — Tf_7 &) (Theorem F.1); lowering 7 therefore shrinks
every per-layer injection of (3), a uniform guarantee no fixed
global rank provides.

Implementation. The threshold rule (7) is a single line
of code on top of any orthogonal-subspace method. We
accumulate the d x d Gram matrix G = Xkym(Xk’res)T
online during one forward pass (no activations stored), com-
pute its eigendecomposition G = UX2U ', and retain
the columns of U with ¢; > 7. Cost is dominated by
the forward pass; the eigendecomposition is O(d?) with
d < 4096. In practice we sweep 7 rather than Rj be-
cause the residual singular spectrum is empirically on a
comparable scale across layers (see Figure 3), so a single 7
yields meaningful layerwise allocations; in our experiments,
T €{1.8,2.0,2.4,2.8,3.2,3.6}.

S. Preliminary Evidence

The theory of Sections 2 to 4 predicts three testable behav-
iors: (i) at matched capacity, thresholding dominates fixed
rank; (ii) induced ranks should be heterogeneous, concen-
trated where the residual spectrum is rich; (iii) the forgetting
(BWT) gap should favor the thresholded rule at comparable
capacity. We now evaluate each prediction.

Setup. We continually fine-tune LLaMA-2 7B (Touvron
et al., 2023) on the TRACE benchmark (Wang et al., 2023b)
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(eight heterogeneous NLP tasks presented in a fixed or-
der). Adapters are inserted at the Wy and Wy, projections
of every self-attention layer (64 adapted projections, 32
transformer layers). For orthogonal-subspace baselines (In-
fLoRA and ours) only A, is trained (5 epochs, AdamW, Ir
10~%); B, is frozen after the SVD of X res- All InfLoRA
numbers are re-run by us under matched compute, hyperpa-
rameters, and seeds with our method. Let Rz, ;, denote the
test score on task k after training through task ¢. We report
average performance AP := % Zle Rr ), and backward

transfer BWT := 1o S (Rry, — Ryx). See the sup-

plement for full details.

(i) Trade-off: clean wins at low rank. Figure 1 plots AP
as a function of the average rank per adapter. Thresholding
(r € {1.8,...,3.6}) is at least on par with fixed-rank In-
fLoRA (r€{4,6,8,10, 14, 18}) at every matched-capacity
point. High-rank gaps lie within one seed std; the clear
signal is at low rank, where fixed allocation leaves a large
uncovered tail on spectrum-rich layers and (8) caps it uni-
formly. At 7=3.6 (F~4.2), APis 38.7+1.2vs.34.1+£1.8
for fixed r=4, a ~ 4.7-point gap. At 7=3.2 (¥ = 5.5),
41.2 £ 2.5 is comparable to fixed r=6 (39.95 & 2.19) and
to fixed r=8 (39.57 4= 4.45; Table 3), i.e., ~8-31% fewer
parameters at matched performance. For context, continual
LoRA without any projection constraint saturates at ~27%
AP across the entire rank sweep—a ~ 15-percentage-point
gap below any orthogonal-subspace method—confirming
that the headline gains come from the combination of or-
thogonality and dynamic allocation rather than from raw
LoRA capacity.

(ii) Heterogeneous allocation. Figure 2 reports the rank
selected per task at 7 = 3.2. Allocation varies by > 3x
across tasks, with some receiving much less than fixed r = 8
and others substantially more—consistent with our thesis
that a global r is generically sub-optimal. Figure 3 shows a
clear depth-wise trend: selected ranks are near zero in early
layers and grow with depth, with a smaller value at the last
layer. Qualitatively similar patterns hold across 7 and tasks.

(iii) Forgetting. At matched capacity, thresholding does
not hurt BWT and tends to slightly improve it (Table 2
in Section I), consistent with (8): a smaller per-layer tail
translates into a smaller per-layer interference and hence a
smaller guaranteed end-to-end drift. With only 7'=8 tasks
the BWT signal is modest; longer task sequences should
amplify the gap.

6. Conclusion

A single-line change—pick the basis by a spectral threshold
rather than a global rank—matches fixed-rank InfLoRA with
up to ~ 31% fewer parameters, as a direct consequence of
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Figure 2. Rank per task. Average rank per task at 7 = 3.2 vs.
fixed r = 8.
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Figure 3. Rank per layer. Rank of g_proj adapters across
transformer layers (7 = 2.8, Py150).

Lemma 3.1. Because the same 7 knob appears in every term
of (3), it gives unified control over the plasticity—stability
trade-off, with explicit guarantees on forgetting essential for
safety-critical continual adaptation of foundation models.
Tighter bounds (e.g. alternative norms; Section G), instance-
dependent surrogates, and curriculum-style task ordering
that minimizes total adapter capacity are natural next steps.

Impact statement

By matching fixed-rank accuracy with ~31% fewer adapter
parameters, DYRA reduces the per-task memory and com-
pute footprint of continually adapting foundation models,
supporting more sustainable lifelong fine-tuning.
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A. Extended related work

Forgetting guarantees in continual learning. Several continual-learning methods control forgetting through projection
or subspace constraints. OGD (Farajtabar et al., 2020) projects new-task gradients to preserve previous-task outputs in a
linearized regime, while GPM (Saha et al., 2021) stores activation subspaces and restricts future updates to their orthogonal
complement. Other works derive forgetting characterizations in NTK or linear settings (Doan et al., 2021; Evron et al., 2022;
Lin et al., 2023; Peng et al., 2023). These analyses share a no-interference motivation but operate at the gradient or NTK
level, whereas our bound works inside the orthogonal LoRA architecture: it expresses past-task drift through a per-layer
residual spectral tail, making forgetting explicitly rank-dependent.

Orthogonal-subspace continual LoRA. The closest PEFT methods reduce interference by enforcing orthogonality
between task-specific adapter subspaces. O-LoRA (Wang et al., 2023a) imposes orthogonality in LoRA weight space,
InfLoRA (Liang & Li, 2024) builds each adapter in the residual subspace of previous-task activations, and KeepLoRA (Luo
et al., 2026) further constrains updates relative to pretrained and previous-task feature directions. These methods rely on a
structural orthogonality mechanism, but still choose a single fixed rank 7 across tasks and layers. DYRA instead quantifies
the remaining interference after truncation: Lemma 3.1 shows that the uncaptured residual spectral tail controls the layerwise
drift, turning rank into a forgetting-control variable.

Adaptive-rank LoRA. Dynamic-rank LoRA methods allocate capacity non-uniformly across modules, typically using
importance scores, gates, sensitivity estimates, or rank-growth schedules (Zhang et al., 2023b; Liu et al., 2024; Chang et al.,
2025; Ding et al., 2023; Zhang et al., 2023a; Valipour et al., 2023). These methods improve parameter efficiency in standard
fine-tuning, but their allocation criteria are not derived from a bound on past-task functional drift. Our allocation is different:
it follows from minimizing a tail-norm surrogate of the forgetting bound, so the same spectral quantity both constructs the
orthogonal adapter basis and determines how much rank each task and layer receives.

B. Layerwise no-interference implies zero-forgetting

We justify the claim used in (1) of Section 2: if, at every adapted layer ¢, W/ % (k) = W} 2% (k), then fa,(Xx) = fa, (Xg).

Proof sketch. We proceed by induction on the depth ¢ of the computation graph. The task-k inputs X}, enter the network
identically under A; and Ay, and every sub-layer preceding the first adapted layer (frozen embeddings, frozen layer norms)
is a deterministic function of its input; hence for the first adapted layer we have () = x (k), so the hypothesis directly
yields W/ z£ (t) = W}z (k), i.e., identical outputs of layer £ under .A; and Aj. All non-adapted sub-layers in between
(layer norms, softmax, frozen MLPs, residual connections) are deterministic functions of their input and therefore propagate
equality forward unchanged. Hence the input to the next adapted layer ¢ also satisfies xf;/ (t) = z! (k), and the inductive

step repeats. Reaching the output of the network gives fa,(Xx) = fa, (Xk)- O

C. Strict no-interference: zero forgetting, no plasticity

A concrete construction (extending InfLLoRA). Strict no-interference can be realized by a one-line modification of
InfLoRA, or equivalently by sending our threshold 7 — 0%. Let
X

t,res

= Ufs (vHT

be the compact SVD of the residual activations of task ¢ at layer ¢, with non-zero singular values Uf,mes > > of,r* res > 0

where r* := rank(Xt{res). Whereas InfLoRA sets Bf to the fop-r left singular vectors with r a fixed hyperparameter, the
strict-enforcement variant takes

Bf = (U)T €R™* 7} =" = rank(X},),

i.e., all non-zero residual directions. By construction, X/ ,,.; = 0, so Lemma 3.1 forces ||[(W} — W) x4 (k)||r = 0 for
every past task and every layer, hence zero forgetting.

Why this is unworkable in practice. The cost is twofold. First, the construction abandons the low-rank premise of LoRA:

r* = rank(Xf’res) is not a small number. In our experiments on LLaMA-2 7B (d = 4096), each task’s residual activations

6
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have effective rank in the hundreds at every adapted layer—one to two orders of magnitude above any practical LoRA
budget—so each adapter alone would already exceed the parameter footprint that PEFT was meant to deliver. Second, even
granting an arbitrarily large per-task budget, the orthogonality constraint exhausts the hidden space: the cumulative basis
dimension }_,_, r; is bounded by d — rank({J, ., Col(z{ (k))), which collapses to 0 once past activations span the full
d-dimensional hidden space, after which no further adaptation is possible.

The relaxation (2) avoids this collapse: every direction is graded by its singular value, and only the top of the spectrum is
paid for in rank.
D. Proof of Lemma 3.1 (Bounded layerwise interference)

Proof. Fix a layer (superscript £ omitted) and a past task k. Recall that the accumulated subspace through task k is
Si.p = span(Uf:1 ROW(BZ')), and by construction Row(By) C (Si.x_1)*.

Step 1 (decomposition of x,(k)). Decompose the time-k activation as

k—1
z(k) = ZBZTBl z(k) + Bl—chk Kires + Xk tails
i=1

€ Sk
Whe (&} AX il — AX - B B AX == PJ_ X (k) e SL
T k tail k,res k Pk Ak res 1:k Lk 1:k°

Step 2 (future adapters annihilate the S1.,, component). For any future task ¢ > k, the orthogonality constraint of the
construction gives Row(B;) L S1.i—1 2 Si.k, so B; annihilates the Sy, part and

AWZ .’Ek(k) = AlB2 .’tk(k) = AZB2 Xk,ta.ilo

Step 3 (triangle inequality and submultiplicativity). Summing over ¢ = k+1,...,¢,

t t t
1w =W a®lle = | D AB X < 3 1Al 1B Xeaalle < (3 14ille) 1 Xnall e,
i=k+1 i=k+1 i=k+1

where the last inequality uses || B;||2 = 1 (orthonormal rows). This proves (4).

Step 4 (optimality of the top-r SVD basis). Among all By with rj orthonormal rows lying in (Si.5x—1)%, || Xkwil% =
| X% res — B,;'— By Xk res||% is exactly the error of projecting X res Onto an ry-dimensional subspace of (Sy.,—1)*. Since
X res = ﬁk_lX % lies in (Sy.;_1)" already, this subspace constraint is inactive, and by the Eckart—Young—Mirsky theorem
the error is minimized by taking By, to be the top-ry, left singular vectors of X, res, giving || Xg wit]|% = > O

2
5> Tk jrest

E. Proof of the end-to-end drift expression (3)

We prove the composition of per-layer bounds into the end-to-end drift (3) in two steps: an attention-block drift lemma, and
a transformer-block drift lemma. The statements are slightly more detailed than in the main text; the bound (3) follows by
unrolling.

Notation. For the block at layer /, write the forward computation as U! — Z! = LN} (U') — R! = U' 4 Att!(Z') —
Y! = LNY(RY) — U = R! + MLP'(Y"). Under adapter state .A, processing task-k data, denote this by U, Z¢, .. ..

Lemma E.1 (Attention-block drift). Fix a layer and head dimension dy,. For s € {k,t} let Qs = Wq s Zs, Ks = Wk 5 Zs,
Vs = Wy s Zs. Define

av = [Jsm(Qf Ki/Vdn)|ly: g = Lan| Vil 1522, g i= Lo ||V 21981,
where Lgy, is the row-wise softmax Lipschitz constant. Then ||Atty(Zy) — Attg(Zx)||p < Batt + Mags||Ze — Zi || with

Bt = Z an ||(Wre — Wi k) Zi| Mgy := Z o [[Wi el
Me{Q.,K,V} e{Q.K,V}
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Proof. Let O5 = Vysm(Q. K /+/dy) . Writing Oy — Oy, = V(A — A) T+ (V, — Vi) AL with Ag := sm(Q/ K/+/d,)
and applying submultiplicativity yields ||O; — Og||r < [|[Vill2||A: — AkllF + || Ak|l2]|Vi — V|| 7. Lipschitzness of softmax
combined with the triangle inequality on Q) K;/v/dj, — Q] Ki./\/dp, gives ||Ay — Agllr < Lom (| Kell2]|Q: — Qullr +
[Qulzll K, — K l[#)//dn. Combining, [0, — Ogll# < v Vi — Vel + aqllQu — Qe + axclIKi — Kl . Finally,
foreach II € {Q, K,V} decompose IT, — IIy, = (Wi, — Wi k) Zx, + Wi, (Z, — Z;) and apply the triangle inequality;
grouping yields Byt + Mt || Ze — Zi | - O

Lemma E.2 (Transformer-block drift). Assume LN}, LN} are LY\ ;, LL ,-Lipschitz and MLP' (frozen) is L{;; p-Lipschitz.
Then
U = U le < a|lUf = Uil + b,

with ap == (1+ Lypp Lix o) (1 + Miy Ly 1) and by := (1 + Ly pLin ) Bt

Proof. By Lipschitzness of LN} and Lemma E.1, [|Att;(Z}) — Aty (Z})||r < Bly, + ML Ll 1 |U! = Ubl|p. After the
first residual connection, || R} — RL||p < (14 ML Lt UL = Ul p + Bl Since MLP' is L}y p-Lipschitz and LN,

is L{ \ o-Lipschitz, [|[MLP'(V}') — MLP'(Y}))||p < L{; p Ll ol| R} — R} | . The second residual connection then gives
the claim. O

End-to-end drift. Since task- data enter the network identically at time ¢ and time k, U = U = Xy, so [|[UY —UQ||r =
0. Unrolling Lemma E.2 through L blocks yields

L—1 L—1
U =Ufe < > b ] e
i=0  j=itl

which is exactly (3) once b;, a; are expanded. The derivation up to this point is purely kinematic: at block ¢, each summand
of B, is of the form o ||(Wi1; — Wi k) Zk | r» which is exactly the generic per-layer drift controlled by the tolerance
Eg’l introduced in Section 2. Specializing to the residual-subspace construction of Section 3 and applying Lemma 3.1

to each attention projection II € {Q, K, V'} bounds each summand by the corresponding tail norm ||X,13{;]|| F up to
training-dependent factors, so the threshold 7 of (7) controls every term.

F. Per-layer tail bound from the threshold rule

Remark F.1 (7 as a uniform per-layer tail cap). Under the threshold rule (7), every singular value uncaptured at layer ¢
satisfies o, ; . < T, 50

||X£,taﬂ||%‘ = Z (O’i,j,res)2 S 7-2 (pi - rﬁ,k)' (8)

>t
The bound holds at every adapted layer simultaneously: the single dual variable 7 doubles as a uniform per-layer tail cap,
and lowering 7 shrinks every per-layer injection of (3) and hence the end-to-end forgetting bound. A fixed global rank r

provides no analogous guarantee: two layers with very different residual spectra leave very different tail masses uncovered,
so the per-layer drift is bounded only by the worst-case spectrum-rich layer.

G. CS slack and alternative-norm surrogates

The Cauchy-Schwarz step of (5) bounds >, Cf Ty (%) by an ¢ /¢? Holder splitting and absorbs the unknown Cy into the
rank-independent constant K, = E(C,’é)Q. This collapses the per-layer importance asymmetry into a single layer-blind
constant: any two layers with the same residual spectrum receive the same allocation, regardless of their Lipschitz factors or
post-hoc adapter norms.

The Holder family. CS is the (p,q) = (2,2) instance of Holder’s inequality. The (p, ¢) = (o0, 1) endpoint gives the
alternative

ZE Cﬁ T, < maxy Cﬁ . Zf Ty,
whose rank-independent constant is max, Cy, and whose surrogate is the sum of per-layer tail norms >, || X ,gmﬂ || . This
is tighter than CS when one C,ﬁ dominates the others (worst-case ratio v/L in either direction). The resulting allocation

8
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problem is separable across layers but not across per-layer directions (¢, j): the optimal rule allocates rank by the per-layer
marginal 97Ty /0r, not by individual singular values, so the single-threshold structure of (7) is lost.

Partial recovery via the threshold rule. Although CS suppresses C,g in the surrogate, the threshold rule still gives a
per-layer guarantee that does not depend on C,i: by (8), || X £,1a11 % < 7%( pf; — 7’? &) at every layer simultaneously, so each
per-layer injection of (3) is bounded uniformly. The surrogate’s layer asymmetry is collapsed; the resulting rule’s per-layer
guarantee is not.

Truly layer-weighted alternatives. A more ambitious direction is to estimate C,g rather than bound it away. Possibilities
include: post-hoc correction of the threshold once Y-, [|Af|l2 is observable; cheap proxies for the Lipschitz factors at
allocation time (e.g., spectral norms of frozen weights); or curriculum-style task ordering that controls the post-hoc factor in
expectation. We leave these to future work.

H. Heterogeneous per-rank costs

In Section 4 we work with the total-rank budget ) _, rﬁ < Ry, valid when every adapted layer incurs the same number
of parameters per unit of rank (the Wg, Wy projections of LLaMA-2 7B in our experiments). In general, each unit of
rank at layer £ costs wy := df, + d’, parameters (LoRA: A € Ré%u>" B € R"*dn) 5o the budget constraint becomes
Z o We Tﬁ < Wg.

The squared-tail surrogate of (6) remains separable across (¢, j), but the Lagrangian greedy solution now sorts directions by
their reward-per-cost ratio (027 j,res)2 /we. With dual variable 7 > 0, the threshold rule (7) becomes layer-weighted:

ri = #{j : Ui,j,res > T\/@} )

When wy is constant, |/w, absorbs into 7 and we recover (7). Operationally, it suffices to scale each layer’s singular values
by 1/./wy before the global threshold selection.

I. Reproducibility details

This appendix consolidates the training and evaluation settings used in Section 5. Table 1 gives a single-table summary;
per-item justifications follow.

Table 1. Summary of training and evaluation settings for all experiments in Section 5.

Item Value

Base model LLaMA-2 7B (Touvron et al., 2023), bf 1oat 16, frozen
Adapted projections Wgq and Wy of every self-attention layer (64 total)
Optimiser AdamW

Learning rate 1074

LR scheduler / warmup  None

Weight decay 0.01

Epochs per task 5

Batch size 2 (1 for MeetingBank)

Max sequence length 4,096 tokens (longer sequences skipped)
Gradient checkpointing  Enabled

Hardware NVIDIA A100 (40 GB / 80 GB)

Seeds {42,123, 456,789, 1024}

Benchmark TRACE (Wang et al., 2023b), default task order

Tasks (1) 8 (C-STANCE, FOMC, MeetingBank, Py150, ScienceQA, NumGLUE-cm, NumGLUE-ds, 20Minuten)
Threshold sweep T {1.8,2.0,2.4,2.8,3.2,3.6}

Fixed-rank sweep r {4,6,8,10, 14,18}

Reported metrics Average Performance (AP), Backward Transfer (BWT)

Statistics Mean = std over 5 seeds

Model and adapters. All experiments use LLaMA-2 7B (Touvron et al., 2023) in bf 1oat 16 with frozen pretrained
weights. Adapters are inserted at the query (Wg) and value (Wy,) projections of every self-attention layer (64 adapted

9
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projections across 32 transformer layers). For both InfLoRA and DYRA, only the output projection A? is trained; the input
basis BY is computed from the residual-activation SVD of Section 4 and frozen thereafter.

Optimiser and schedule. We train A{ for 5 epochs per task with AdamW, learning rate 10~* and no learning-rate schedule
(hence no warmup).

Batching and context length. The batch size is 2 for all tasks except MeetingBank, which uses batch size 1 due to longer
transcripts. Sequences exceeding 4,096 tokens are skipped. Gradient checkpointing is enabled throughout.

Seeds. All experiments are repeated over 5 random seeds {42, 123, 456, 789, 1024 }.

Statistical reporting. Unless stated otherwise, we report the empirical mean and one empirical standard deviation ¢ across
the 5 seeds. The standard error of the mean is o/ /5 & 0.447 o the tables and figures use £o (std), the more conservative
choice.

Hardware. All runs are performed on NVIDIA A100 GPUs (40 GB and 80 GB variants).

Evaluation metrics. After learning each task ¢, the model is evaluated on all tasks 1, .. ., ¢, producing the upper-triangular
matrix R € RT*T with R, the score on task k after training through task ¢. We report AP := S i_, Rr.i (mean

end-of-sequence score) and BWT := ﬁ ;‘:;11 (Rr,k — Ri.i) (average performance change on past tasks; 0 means no

forgetting, negative means degradation). Per-task metrics follow the TRACE defaults.

Hyperparameter sweeps. The threshold sweep is 7 € {1.8,2.0,2.4,2.8,3.2,3.6}; the fixed-rank baseline sweep is
r € {4,6,8,10, 14, 18}. These are the configurations shown in Figure 1 and Table 2. The continual-LoRA baseline uses the
same r sweep and the same optimiser / schedule / seeds as the orthogonal-subspace methods; the only difference is that both
Ay and Bq are trained, with no residual-subspace constraint.

Backward transfer at matched capacity. Table 2 compares BWT for 7 = 3.2 (¥ = 5.5) vs. fixed r = 6, and 7 = 2.8
(7 = 7.4) vs. fixed r = 8. Thresholding matches or slightly improves BWT at matched capacity, and never hurts.

Table 2. BWT at matched capacity on TRACE (LLaMA-2 7B, 5 seeds). Thresholding matches or improves BWT while using equal or
fewer parameters.

Method Avg rank BWT

Fixedr =6 6.00 —0.0090 £ 0.0267
DYRA (1 =3.2) 5.49+0.08 —0.0065 =+ 0.0247
Fixedr =8 8.00 —0.0159 £+ 0.0153

DYRA (1 =2.8) 7.37+0.05 —0.0044 £+ 0.0155

Full AP sweep with uncertainty. Table 3 reports the mean AP and one empirical standard deviation across seeds for all
three methods (threshold DYRA, fixed-rank InfLoRA, and continual LoRA without projection) over the entire rank/threshold
sweep. These are the numbers underlying Figure 1.
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Table 3. Average Performance (AP) across TRACE tasks for the full sweep, reported as mean + one empirical standard deviation across
seeds. Orthogonal-subspace methods (DYRA, Fixed InfLoRA) dominate continual LoRA by ~ 15 percentage points at every rank. DYRA
is at least on par at every matched-capacity point, with std-exceeding gains at low rank (7 <6).

Method Config Avg rank 7 AP (%)
=36 422+004 3873+1.17
F=32 5494008 41.17+ 245
F=28 7374005 4210+ 1.33
DYRA (ours) F=24 10.05+008 42.99 + 1.20
F=20 1401+024 44.12+1.19
F=18 17.23+030 45.00 = 0.99
r=4 4.00 34.07 + 1.77
r=6 6.00 39.95 + 2.19
. = 8.00 39.57 + 4.45
Fixed InfLoRA r=10 10.00 40.40 + 3.33
r=14 14.00 4313 + 1.73
r=18 18.00 44.21 + 2.39
r=4 4.00 25.84 + 3.21
r=6 6.00 26.14 + 2.37
. . —38 8.00 27.03 + 3.47
Continual LoRA (no proj.) : —10 10.00 26.91 + 3.79
r=14 14.00 27.32 + 3.28
r—18 18.00 98.26 + 4.39
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