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ABSTRACT

Empirical research has guided the progress of large language models (LLMs) over
the years, where we often have a limited understanding of the underlying data fed
to them. We take an orthogonal approach to the problem, and propose a formal
language benchmark for studying LLMs.
We ask the following questions: (a) Why do we need formal language as a test
bed to study LLMs?, and (b) How do we measure the language proficiency of an
LLM? As contributions, we highlight the preciseness and control of probabilistic
formal languages, which are well-suited for studying LLMs. Moreover, we make
a contrast between a generative test and a discriminative test in determining the
language proficiency of an LLM, where the latter is comparable across LLMs.

1 INTRODUCTION

The progress in large language models (LLMs) is continuously determined by how well they perform
on a variety of benchmarks (Suzgun et al., 2023), such as common-sense reasoning (Trinh & Le,
2018), math solving (Mirzadeh et al., 2024), and text summarization (Zhang et al., 2024), etc. How
well do we understand these benchmarks? Can we precisely define the learning tasks? Can we
ensure that both training and test samples are in the same distribution? Can we guarantee that all
LLMs are evaluated fairly and there is no risk of data contamination? Our paper aims to address
these questions by proposing a formal language learning benchmark for LLMs.

Probabilistic formal language is a synthetic source of token-strings, identified by a probabilistic
formal grammar (Chomsky, 1956). Formal language provides preciseness and control, which is hard
to achieve in existing natural language datasets (Section 2). Specifically, formal language contains
syntax only, where sampling is precise, i.e., all strings follow the grammar rules. Furthermore,
formal language provides greater control in changing grammar rules, tokens, or entropy, which is
needed to avoid data contamination in practice (Sainz et al., 2023).

A natural question we can ask is how well does an autoregressive LLM learn a formal language?
Here, the learning task involves recognizing syntactic generalizable patterns of the language repre-
sented by training strings, by attempting to generate a new token from the prefix of the string (Ben-
der et al., 2021). Once the language is learned, the LLM, due to its generative nature, can generate
strings both inside and outside the language.

The paper, therefore, asks a foundational question: how can we measure the language proficiency of
the LLM? Shall we consider (unseen) strings belonging to the language? What about strings that are
close but outside the language? As a contribution, we make a contrast between a generative and a
discriminative test for language proficiency (Section 3). We conclude that the discriminative test is
comparable across LLMs and becomes more informative, where the LLM not only generates strings
inside the language, but also generates them better than those outside the language. In contrast,
the generative test only compares generation performance within the language (Bhattamishra et al.,
2020), which is subjective to model-specific priors affecting results inadvertently.

Finally, we admit that syntax-focused formal language may not evaluate the full potential of LLMs
that can reason with semantics. Instead, we invite the community to focus on precise and well-
understood synthetic data, including formal languages, for a controlled scientific study of LLMs.

∗Short paper
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S → A16 [1]

A16 → A15 A13 [0.50]

A16 → A13 A15 A14 [0.50]

A15 → A12 A11 A10 [0.50]

A15 → A11 A12 A10 [0.50]

A14 → A11 A10 A12 [0.50]

A14 → A10 A11 A12 [0.50]

A13 → A11 A12 [0.50]

A13 → A12 A11 [0.50]

A12 → A8 A9 A7 [0.50]

A12 → A9 A7 A8 [0.50]

A11 → A8 A7 A9 [0.50]

A11 → A7 A8 A9 [0.50]

A9 → 9 8 7 [0.50]

A9 → 8 7 [0.50]

A8 → 6 5 [0.50]

A8 → 6 4 5 [0.50]

A7 → 3 1 [0.50]

A7 → 1 2 3 [0.50]

Figure 1: Inspired by Allen-Zhu & Li (2023), we illustrate an example hierarchical PCFG G1,
where non-terminals are makred in red, terminals are in teal, and rule-probabilities are in blue. The
grammar contains non-terminal symbols S and A’s, alphabet T = {1, 2, . . . , 9}, and probabilistic
production rules which are applied in a hierarchical way. To generate a string, we start from the
non-terminal S and recursively apply production rules until reaching terminals only.
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Figure 2: A string s from language L1, generated by grammar G1 in Figure 1. The rule ‘A16 →
A15 A13 [1]’ indicates that non-terminal A16 is expanded to A15 followed by A13 with probability
1, and so on, until reaching T. The generation probability of s is the multiplication of the probabil-
ities of rules applied recursively to generate s, and PL1

(s) = (0.5)23.

2 FORMAL LANGUAGE LEARNING BY LLMS

We propose a formal language learning setup for studying LLMs. Let an LLM M be trained on
a dataset D = {s} of strings, which are sampled from an underlying language. We specifically
consider a probabilistic formal language L, which is defined on a set of allowed tokens, called
alphabet, T, and specifies a probability distribution PL over strings, PL : T∗ → [0, 1], and T∗

is the set of all strings. The language is identified by a formal grammar1, denoted by G, which
contains terminals, non-terminals or alphabet, and probabilistic production rules – the grammar is
an algorithm to generate strings. Find additional details in Appendix 8.

We consider probabilistic context-free grammars (PCFGs), where the production rules are applied
in a hierarchy, similar to the recursive structure of natural language (Allen-Zhu & Li, 2023). In
Figure 1, and 2, we show an example of PCFG, and a sampled string from the grammar, respectively.
Below, we discuss the importance of preciseness and control of formal grammar based languages,
which makes them suitable for studying LLMs.

Preciseness

• Precise learning task. In our setup, the training objective of the LLM is to generate the next
token in the string, given a prefix of the string, which is the autoregressive learning task. This
allows the LLM to recognize certain generalizable patterns of the language represented by the
training strings, without seeing the exact grammar rules. During inference, the LLM can generate
unseen strings, both from inside and outside the language. The probability (or cross-entropy loss)
of generating new strings that are inside vs. outside the language determines whether the LLM is
proficient in the language – we expand on this in Section 3.

• Precise specification of a language. We can verify whether a string generated by the LLM post-
training belongs to the language or not, by performing a membership test of the string with the
grammar. The membership test is tractable (polynomial in the length of the string) for the class of

1A finite language can indeed be identified by multiple grammars, whereas a grammar identifies a single
language. In the paper, we consider a single grammar and see if the LLM can learn the corresponding language.
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regular and context-free languages, and expensive for more expressive languages, such as context-
sensitive and recursive languages. We focus on context-free languages in this paper.

• Syntax-oriented specification. Formal language contains symbols and rules, and the generated
strings are defined by syntax. There is no notion of semantics, which may potentially lead to
ambiguity. In fact, in a formal language, we can precisely specify which tokens the LLM should
generate given a prefix of the string.

• Precise Sampling. Formal language allows us to sample training and test strings from the same
distribution. In contrast, most existing datasets in LLM research often cannot guarantee that the
training and test strings are sampled from the same distribution.

Control

• Controlling grammar rules, alphabet, and entropy. Formal grammars provide greater flexibil-
ity than existing natural language datasets. We can change the production rules to introduce new
patterns, and change alphabet to communicate the same rules through a different set of tokens.
Furthermore, we can change the probability of the rules to convert a high entropy language (as
shown in Figure 1) to a low entropy language (as shown in Figure 6), where the accepted strings
in the language are fixed, but their distribution differs.2 Such a fine-grained control is missing in
existing natural language datasets.

• Synthetic data generation. Formal language is a rich source of synthetic data, which helps to
avoid the data contamination problem in LLM evaluation (i.e., one LLM performing better/differ-
ently than others due to having been trained on the data before).

Therefore, the preciseness and control of formal languages make them suitable for studying what
the LLMs can learn once it is trained on a finite set of strings from the language.

3 MEASURING LANGUAGE PROFICIENCY OF LLMS

The central question in this section is how can we measure the language proficiency of an LLM?
A critical desideratum is that when measuring language proficiency, do we only consider strings
inside the language, or do we also consider strings outside the language? Based on this distinction,
we discuss a generative test and a discriminative test for language proficiency, and show that the
discriminative test is comparable across LLMs. Next, we state our research questions (RQs).

• RQ 1 (Absolute Performance). What is the absolute measure of language proficiency of an
LLM M on a language L?

• RQ 2 (Comparative Performance across Languages). Between two languages L1 and L2 and
an LLM M , in which language is M more proficient?

• RQ 3 (Comparative Performance across LLMs). Between two LLMs M1 and M2 and a
language L, which LLM is more proficient on L?

We make a distinction between absolute and comparative performance, because there could be cases
when the absolute value of language proficiency cannot be directly comparable across LLMs.

The generative Test. When we have access to strings inside the language, a straightforward test is
to see how well the LLM generates strings in the language; higher the generation performance, better
the language proficiency. Generative performance can be measured using probability, cross-entropy
loss, or perplexity of generating a string, where higher probability and lower loss or perplexity are
considered better. The simplicity of the test is adopted widely in the literature (Kallini et al., 2024;
Jumelet & Zuidema, 2023; Bhattamishra et al., 2020; Wang, 2021; Akyürek et al., 2024).

Formally, let loss be a metric for generation performance. The absolute language proficiency of an
LLM M on a language L is defined as the expected loss of generating all strings in L: loss(M,L) =

Es∼L[loss(M, s)], where loss(M, s) = − 1
|s|

∑|s|
i=1 log PrM (si | s<i) is the loss (negative log

likelihood) of generating all tokens in the string by the LLM. Thus, loss(M,L) answers RQ 1.
2The entropy H(L) of a language L is the entropy of the probability distribution of strings, H(L) =

−
∑

s∈T∗ PL(s) logPL(s) (Cover, 1999; Carrasco, 1997).
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Regarding comparability, M is more proficient in L1 than L2, if loss(M,L1) < loss(M,L2),
which answers RQ 2. On the other hand, M1 is more proficient on L than M2, if loss(M1, L) <
loss(M2, L), which answers to RQ 3. However, should we directly compare loss across LLMs?

Potential issues with the generative test. Generation loss is impacted by model priors. Two LLMs
having different priors, such as being pre-trained on different datasets or having different model
configurations (vocabulary or parameters), end up achieving non-comparable generation loss. For
example, consider M1 as monolingual and M2 as multilingual, and both LLMs are trained optimally
on L, i.e., they achieve respective lowest loss. Due to knowing multiple languages, M2 may have
higher loss on L than M1. Does it mean that M2 is less proficient than M1? To this Extended, our
argument is that when comparing across LLMs (RQ 3), generation loss should not be compared
directly. What if we could access strings outside the language? Does it help us avoid this issue?

Correct

Incorrect (low edit distance)

Incorrect (high edit distance)

Figure 3: We visualize the set of all strings in
a hierarchy, where the inner green circle denotes
grammatically correct in-language strings, and the
outer red circle denotes grammatically incorrect
out-language strings. The generative test focuses
on generation performance within the green cir-
cle, while the discriminative test focuses on com-
parative generation performance between green
and red (specially at low edit distance) circles.

The Discriminative Test. The key intuition
behind the discriminative test is: if an LLM
learned a language, it should generate strings
in the language with lower loss than strings
outside the language. Thus, the discriminative
test attempts to classify in-language and out-of-
language strings based on their generation loss,
where the success of classification is an impli-
cation of language proficiency. As shown in
Figure 3, the test can be stricter by picking close
out-language strings (according to some dis-
tance metric like edit distance) to in-language
strings and checking if they can still be identi-
fied as out-of-language.

Formally, let T(L) denote out-language strings,
constructed by editing or transforming strings
in L and ensuring that they are not in L. Con-
sider a binary (linear) classifier, where input is
the generation loss of strings in L ∪ T(L) by an LLM, and the classification task is to determine
their membership. Let aucM (L,T(L)) ∈ [0, 1] be the AUC (area under the receiver operating
characteristic curve) of the classifier using model M ; the higher the value the better.

Thus, the language proficiency of LLM M on language L is aucM (L,T(L)), answering RQ 1
in the discriminative test. LLM M is more proficient in L1 than L2, if aucM (L1,T(L1)) >
aucM (L2,T(L2)), answering RQ 2. Finally, LLM M1 is more proficient on language L than LLM
M2, if aucM1(L,T(L)) > aucM2(L,T(L)), answering RQ 3.

Discriminative test is comparable across LLMs. The discriminative test asks the same LLM to
generate both in-language and out-of-language strings, and derive a classification score measuring
how well the LLM can discriminate the strings in either side of the language boundary. Therefore,
the derived classification score, which is normalized in [0, 1], is comparable across LLMs.

The following analysis shows the difference between the two tests. Consider that M1 generates
strings in L with probability p, while M2 generates with probability p/2. This can be achieved by
creating a wrapper around M1: if M1 generates a string, M2 generates the same string half of the
times, and in the remaining times, it generates a random string. Certainly, M1 is a better generator
of L, but both are equally good discriminators. Similarly, referring back to our previous example
of monolingual vs. multilingual LLMs, even if M2 generates L worse than M1, it can discriminate
equally or perhaps better than M1 (due to knowing multiple languages). Therefore, the classification
score in the discriminative test, which is agnostic to model-priors, is comparable across LLMs.

4 RESULTS

In Figure 4, we show the language proficiency of an LLM w.r.t. generative and discriminative tests.

Generative test alone is misleading. With increasing training examples, the loss decreases, i.e.,
generation is better, on in-language test strings, as well as strings that are close but outside the lan-
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Figure 4: Language proficiency of Mistral-7B on language L1.

guage, such as grammatically incorrect strings by edit distance k ∈ {1, 2, 3}. Thus, the generative
test alone is insufficient in determining language proficiency on the target language.

Discriminative test score is correlated with training size and the distance of out-language
strings. The AUC of discriminating grammatically correct and incorrect strings increases with ex-
amples. In fact, AUC is correlated with the degree of incorrectness; higher the incorrectness, higher
the AUC. Importantly, at around 128 examples, the LLM achieves perfect discrimination (AUC ≈ 1)
between close-distant test strings and incorrect strings by 1 edit – the strictest possible test.
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Figure 5: LLMs have variable language pro-
ficiency on learning language L1.

AUC Model

Good (≥ 0.75) Qwen-2.5-7B, Mistral-
7B, Qwen-2.5-1.5B,
Llama-2-13B, Qwen-
2.5-0.5B, Llama-2-7B,
Mistral-12B

Moderate (≥ 0.6) Gemma-2-2B, Gemma-
2-9B, Pythia-6.9B,
Opt-1.3B, Opt-6.7B,
Pythia-1B, Llama-
3.2-3B, Opt-2.7B,
Llama-3.2-1B

Poor (< 0.6) Llama-3.1-8B, Pythia-
2.8B

Table 1: Ranking of different LLMs based on the
median AUC up to 32 examples.

Different LLMs have variable language proficiency. We provide training strings as in-context
examples and ask the LLM to generate new strings that are both inside and outside the language.
In Figure 5, LLMs vary substantially in their language proficiency while learning the same formal
language. Table 1 shows the relative ranking of different LLMs based on discriminative test scores.
Thus, formal language learning is not uniform across LLMs, and the discriminative test brings a
more objective measure of language proficiency across different LLMs.

5 CONCLUSION

We study LLMs’ learning ability on formal languages. We discuss the preciseness and control
of formal languages, which make them suitable for studying LLMs, in contrast to ill-understood
natural language datasets. We propose a discriminative test to measure language proficiency, which
is comparable across LLMs, and ranks them objectively on formal language learning. Future work
includes studying in-depth on what aspects of the probabilistic language does an LLM learn. We
aim to release a formal language benchmark for evaluating LLMs, inspired by the decade-long study
of formal language theory.
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6 RELATED WORK

Many prior works have studied formal languages in the context of LLMs. There are two broader
questions that most studies have asked.

What is the relative representation capability of LLMs compared to other sequences models, or
more specifically, what classes of languages are learnable by an LLM? LLMs with a Transformer
architecture may have a different representation capability than other neural language models (LMs)
like LSTMs and RNNs. We refer to a recent survey discussing the expressiveness of LLMs as a
language recognizer Strobl et al. (2023). Towards comparing representation capability, Shi et al.
(2022) find that both LSTM and Transformer network can simulate CFL with bounded recursion
having a similar representation power. However, LSTM has a disadvantage that it fails to decompose
the latent representation space unlike a transformer. (Bhattamishra et al., 2020) observe a clear
contrast between the performance of Transformers and LSTMs on regular languages. They find
that in comparison with LSTMs, Transformers achieve limited performance on languages involving
periodicity, modular counting, and even simpler star-free variants of Dyck-1 languages. Delétang
et al. (2022) explore how neural network models used for program induction relate to the idealized
computational models defined by the Chomsky hierarchy Chomsky (1956). They find that neural
language models are hard to place on the standard Chomsky hierarchy. Several works criticize
their setup, since they consider a language transduction task (mapping one language to another),
which is different from the language recognition task Icard (2020). Borenstein et al. (2024) consider
learning strings from deterministic and probabilistic finite state automata. They empirically test the
learnability as function of various complexity parameters of the language and the hidden state size
of the Transformer and RNN. In a different line of work, Akyürek et al. (2024) evaluate neural LM’s
abilities to learn regular languages in ICL. Rather than learning one particular distribution from the
training dataset, they infer the generating mechanism using ICL. Similar to Delétang et al. (2022),
they find that RNNs are better suited to modeling formal languages than Transformers. Kallini
et al. (2024) construct a continuum of languages that differ in their hardness to learn and show that
GPT-2, a variant of LLM, has difficulty in learning the carefully constructed impossible languages,
compared to English.

While most of the works in this line capture the expressiveness of LLMs and its differing representa-
tion ability with other sequence models, one fundamental criticism we find is the evaluation metrics
they consider. As elaborated in Section 3, they are focusing on testing how well an LLM learn the
grammar rules or automata state, without utilizing the natural generation capability of the LLMs in
generating strings from inside and outside the language. In contrast to their evaluation criteria, ours
is more tailored towards how LLMs operate and become proficient in a language.

Does an LLM learn from a given distribution, if so how? Several studies utilize the controlled data
generation of formal languages to study different NLP aspects of the LLM. Formal languages, par-
ticularly the one derived from context free grammars, can imitate the rich recursive structure of
natural languages. Therefore, many studies focus on teaching the LLM strings from a formal lan-
guage and explain how LLMs might learn them (Allen-Zhu & Li, 2023; Murty et al., 2022; Liu et al.,
2022). In another line, Jumelet & Zuidema (2023) study if causal and masked LLMs capture the
true underlying patterns if trained on a true distribution. They find that causal LLMs approximate
the theoretically optimal perplexity of the PCFG more closely than masked LLMs. Along that direc-
tion, several studies consider the known distribution to analyze the impact of topological features of
a language Cotterell et al. (2018); Mielke et al. (2019); Ravfogel et al. (2019); Mielke et al. (2019);
Papadimitriou & Jurafsky (2023); White & Cotterell (2021). Several studies propose to augment
additional component to LLMs to enable them learning certain class of languages with ease. For
example, Chi et al. (2023) propose to add working memory, such as weight sharing, adaptive-Depth,
and sliding-dilated attention to GPT model to enable it to learn parity function, which hard for an
LLM to learn Hahn & Rofin (2024).

Our broader research goal is to design a formal language benchmarks, by accumulating formal
grammars of different complexities, and evaluate LLMs on their learning ability.
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7 EXPERIMENTAL SETUP

We experiment with 18 open-source LLMs from 6 families, such as Mistral (Jiang et al., 2023),
Llama (Dubey et al., 2024), Qwen (Yang et al., 2024), Gemma (Team et al., 2024), Pythia (Biderman
et al., 2023), and Opt (Zhang et al., 2022), ranging from 0.5B to 13B parameters. All reported results
are averaged over three experimental runs. All experiments are conducted in compute clusters with
Python as the programming language (version 3.10), where we use 8x Nvidia H100 94GB NVL
GPUs and 2x AMD EPYC 9554 CPU @ 3.1 GHz, 2x64 cores, and 24x 96GB RAM.

8 FORMAL LANGUAGES AND GRAMMARS.

In each experiment, we provide the LLM with strings sampled from a probabilistic formal language,
with the learning task of generating unseen strings from the same language via syntactic pattern
recognition. Underneath, a probabilistic formal language is represented by a probabilistic formal
grammars, or simply grammars (Collins, 2013). Specifically, a grammar consists of two sets of
symbols called the non-terminals and terminals, a set of rules to rewrite strings over these symbols
that contain at least one nonterminal – also called the production rules, and a probability distribution
over the production rules. Formally, a probabilistic formal grammar, is defined as a quintuple.

G = (N,T,R, S,P)

where N is the set of non-terminals, T is the set of terminals (equivalently, tokens), R is the set of
production rules, S ∈ N is the begin non-terminal, and P is the set of probabilities on production
rules.

Formal languages are divided into well-known classes based on the complexity of the language
membership problem, i.e., the complexity of the grammars needed to generate them (Chomsky,
1956). In this paper, we use one class of grammars, namely, hierarchical probabilistic context-free
grammars (HPCFGs) (Allen-Zhu & Li, 2023). Specifically, our experiments are based on teaching
LLMs languages represented by HPCFGs. We use HPCFGs because they are simple syntactically
and can represent languages that are structurally similar to natural languages (Allen-Zhu & Li, 2023;
Shi et al., 2022).

Description of Grammars and Identified Languages. In our experiments, we consider two
generic structure for the considered grammars, one adapted from Allen-Zhu & Li (2023), namely
G1, G2, G5, G7, G9, and another is proposed by us, namely G3, G4, G6, G8.

In the first generic structure, such as G1, the grammar has N = {S,A7, A8, . . . , A16} and
T = {1, 2, 3, . . . , 9}. The grammar has four levels of hierarchy: the non-terminals from top to
bottom levels are {A16}, {A13, A14, A15}, {A10, A11, A12}, and {A7, A8, A9}, followed by ter-
minals {1, 2, 3, . . . , 9}. Each non-terminal (except the start non-terminal) has two expansion rules,
consisting of non-terminals from the immediate lower level. Further, the expansion rules are proba-
bilistic, where the sum of probabilities of all expansion rules from a given non-terminal is 1.

The second generic structure is inspired by bridging two HPCFGs together, and simulating a long
range dependencies within the generated strings. Specifically, the sub-grammar at B4 and the sub-
grammar at E4 are connected by non-terminal C1i; and E4 ends with T1j . Long range dependen-
cies are communicated through C1i and T1j , by enforcing i = j at each expansion of S5.

In all cases, Gi produces a probabilistic context free language Li. Figure 11 denotes the length
distribution of different languages, and Figure 12 demonstrates how hierarchical non-terminals are
applied in different positions in the representative strings.

Sampling Strings from a Formal Language. Given a language L generated by a HPCFG, we first
need to obtain training samples, i.e., set of i.i.d. samples of strings from L. To sample a string
from the language, we start from a special string in the grammar containing a single, distinguished
nonterminal called the “start” or “root” symbol, and apply the production rules to rewrite the string
repeatedly. If several rules can be used to rewrite the string at any stage, we sample one such
rule from the probability distribution over the rules and apply it. We stop when we obtain a string
containing terminal tokens only. This string is a sample drawn from the language. We can repeat
this process to draw any number of i.i.d. samples from the language.
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S → A16 [1]

A16 → A15 A14 A13 [0.50]

A16 → A13 A15 A14 [0.50]

A13 → A11 A12 [0.50]

A13 → A12 A11 [0.50]

A14 → A11 A10 A12 [0.50]

A14 → A10 A11 A12 [0.50]

A15 → A12 A11 A10 [0.50]

A15 → A11 A12 A10 [0.50]

A10 → A7 A9 A8 [0.50]

A10 → A9 A8 A7 [0.50]

A11 → A8 A7 A9 [0.50]

A11 → A7 A8 A9 [0.50]

A12 → A8 A9 A7 [0.50]

A12 → A9 A7 A8 [0.50]

A7 → 3 1 2 [0.50]

A7 → 1 2 3 [0.50]

A8 → 6 5 4 [0.50]

A8 → 6 4 5 [0.50]

A9 → 9 8 7 [0.50]

A9 → 8 7 9 [0.50]

S → A16 [1]

A16 → A15 A14 A13 [0.95]

A16 → A13 A15 A14 [0.05]

A13 → A11 A12 [0.95]

A13 → A12 A11 [0.05]

A14 → A11 A10 A12 [0.95]

A14 → A10 A11 A12 [0.05]

A15 → A12 A11 A10 [0.95]

A15 → A11 A12 A10 [0.05]

A10 → A7 A9 A8 [0.95]

A10 → A9 A8 A7 [0.05]

A11 → A8 A7 A9 [0.95]

A11 → A7 A8 A9 [0.05]

A12 → A8 A9 A7 [0.95]

A12 → A9 A7 A8 [0.05]

A7 → 3 1 2 [0.95]

A7 → 1 2 3 [0.05]

A8 → 6 5 4 [0.95]

A8 → 6 4 5 [0.05]

A9 → 9 8 7 [0.95]

A9 → 8 7 9 [0.05]

Figure 6: Production rules of G1 (left) and G2 (right). Compared to G1, the grammar G2 generates
more skewed distribution (or lower entropy) strings, since one out of two production rules for each
non-terminal is selected with higher probability.

In our experiments, we aim to split the sampled strings into training and test sets, which are disjoint
but have a similar probability distribution over string occurrences. To realize this goal, we first
sample a finite number of strings from the language. Then, we remove a random string from the
finite set along with all its occurrences and put them into the training set. In the next iteration, we
put the next random string with all its occurrences into the test set. The process repeats until the
initial finite set is exhausted. Thus, we empirically try to obtain a similar probability distribution
over string occurrences in the training and test sets.
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S → S5 [1]

S5 → B4 C11 E4 T11 [0.25]

S5 → B4 C12 E4 T12 [0.25]

S5 → B4 C13 E4 T13 [0.25]

S5 → B4 C14 E4 T14 [0.25]

B4 → B3 [0.3333]

B4 → B3 B3 B3 [0.3333]

B4 → B3 B3 [0.3333]

B3 → B2 [0.3333]

B3 → B2 [0.3333]

B3 → B2 B2 [0.3333]

B2 → B1 [0.3333]

B2 → B1 [0.3333]

B2 → B1 B1 B1 [0.3333]

B1 → 2 9 3 [0.3333]

B1 → 9 6 1 [0.3333]

B1 → 1 8 6 [0.3333]

E4 → E3 [0.3333]

E4 → E3 E3 [0.3333]

E4 → E3 E3 E3 [0.3333]

E3 → E2 [0.3333]

E3 → E2 E2 [0.3333]

E3 → E2 [0.3333]

E2 → E1 E1 [0.3333]

E2 → E1 [0.3333]

E2 → E1 E1 E1 [0.3333]

E1 → 5 6 5 9 [0.3333]

E1 → 1 8 6 6 [0.3333]

E1 → 1 5 1 5 [0.3333]

T11 → 1 [1]

T12 → 2 [1]

T13 → 3 [1]

T14 → 4 [1]

C11 → 5 [1]

C12 → 6 [1]

C13 → 7 [1]

C14 → 8 [1]

C15 → 9 [1]

S → S5 [1]

S5 → B4 C11 E4 T11 [0.25]

S5 → B4 C12 E4 T12 [0.25]

S5 → B4 C13 E4 T13 [0.25]

S5 → B4 C14 E4 T14 [0.25]

B4 → B3 [0.3333]

B4 → B3 B3 B3 [0.3333]

B4 → B3 B3 [0.3333]

B3 → B2 [0.3333]

B3 → B2 [0.3333]

B3 → B2 B2 [0.3333]

B2 → B1 [0.3333]

B2 → B1 [0.3333]

B2 → B1 B1 B1 [0.3333]

B1 → 2 9 3 [0.95]

B1 → 9 6 1 [0.025]

B1 → 1 8 6 [0.025]

E4 → E3 [0.3333]

E4 → E3 E3 [0.3333]

E4 → E3 E3 E3 [0.3333]

E3 → E2 [0.3333]

E3 → E2 E2 [0.3333]

E3 → E2 [0.3333]

E2 → E1 E1 [0.3333]

E2 → E1 [0.3333]

E2 → E1 E1 E1 [0.3333]

E1 → 5 6 5 9 [0.95]

E1 → 1 8 6 6 [0.025]

E1 → 1 5 1 5 [0.025]

T11 → 1 [1]

T12 → 2 [1]

T13 → 3 [1]

T14 → 4 [1]

C11 → 5 [1]

C12 → 6 [1]

C13 → 7 [1]

C14 → 8 [1]

C15 → 9 [1]

Figure 7: Production rules of G3 (left) and G4 (right). Compared to G3, the grammar G4 generates
more skewed distribution (or lower entropy) of strings, since one out of three production rules of
non-terminal B1 and E1 is selected with higher probability.
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S → A16 [1]

A16 → A15 A13 [0.50]

A16 → A13 A15 A14 [0.50]

A13 → A11 A12 [0.50]

A13 → A12 A11 [0.50]

A14 → A11 A10 A12 [0.50]

A14 → A10 A11 A12 [0.50]

A15 → A12 A11 A10 [0.50]

A15 → A11 A12 A10 [0.50]

A10 → A7 A9 A8 [0.50]

A10 → A9 A8 A7 [0.50]

A11 → A8 A7 A9 [0.50]

A11 → A7 A8 A9 [0.50]

A12 → A8 A9 A7 [0.50]

A12 → A9 A7 A8 [0.50]

A7 → 3 1 [0.50]

A7 → 1 2 3 [0.50]

A8 → 6 5 [0.50]

A8 → 6 4 5 [0.50]

A9 → 9 8 7 [0.50]

A9 → 8 7 [0.50]

S → S5 [1]

S5 → B4 C11 E4 T11 [0.25]

S5 → B4 C12 E4 T12 [0.25]

S5 → B4 C13 E4 T13 [0.25]

S5 → B4 C14 E4 T14 [0.25]

B4 → B3 [0.3333]

B4 → B3 B3 B3 [0.3333]

B4 → B3 B3 [0.3333]

B3 → B2 [0.3333]

B3 → B2 [0.3333]

B3 → B2 B2 [0.3333]

B2 → B1 [0.3333]

B2 → B1 [0.3333]

B2 → B1 B1 B1 [0.3333]

B1 → 2 9 3 [0.3333]

B1 → 9 6 1 [0.3333]

B1 → 1 8 6 2 [0.3333]

E4 → E3 [0.3333]

E4 → E3 E3 [0.3333]

E4 → E3 E3 E3 [0.3333]

E3 → E2 [0.3333]

E3 → E2 E2 [0.3333]

E3 → E2 [0.3333]

E2 → E1 E1 [0.3333]

E2 → E1 [0.3333]

E2 → E1 E1 E1 [0.3333]

E1 → 5 6 [0.3333]

E1 → 1 8 6 6 [0.3333]

E1 → 1 5 1 5 5 9 [0.3333]

T11 → 1 [1]

T12 → 2 [1]

T13 → 3 [1]

T14 → 4 [1]

C11 → 5 [1]

C12 → 6 [1]

C13 → 7 [1]

C14 → 8 [1]

C15 → 9 [1]

Figure 8: Production rules of G5 (left) and G6 (right). These grammars are adapted from G1 and
G3 respectively, by allowing non-uniform lengths of tokens in the lowest level production rules.
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S → A16 [1]

A16 → A15 A13 [0.50]

A16 → A13 A15 A14 [0.50]

A13 → A11 A12 [0.50]

A13 → A12 A11 [0.50]

A14 → A11 A10 A12 [0.50]

A14 → A10 A11 A12 [0.50]

A15 → A12 A11 A10 [0.50]

A15 → A11 A12 A10 [0.50]

A10 → A7 A9 A8 [0.50]

A10 → A9 A8 A7 [0.50]

A11 → A8 A7 A9 [0.50]

A11 → A7 A8 A9 [0.50]

A12 → A8 A9 A7 [0.50]

A12 → A9 A7 A8 [0.50]

A7 → c a [0.50]

A7 → a b c [0.50]

A8 → f e [0.50]

A8 → f d e [0.50]

A9 → i h g [0.50]

A9 → h g [0.50]

S → S5 [1]

S5 → B4 C11 E4 T11 [0.25]

S5 → B4 C12 E4 T12 [0.25]

S5 → B4 C13 E4 T13 [0.25]

S5 → B4 C14 E4 T14 [0.25]

B4 → B3 [0.3333]

B4 → B3 B3 B3 [0.3333]

B4 → B3 B3 [0.3333]

B3 → B2 [0.3333]

B3 → B2 [0.3333]

B3 → B2 B2 [0.3333]

B2 → B1 [0.3333]

B2 → B1 [0.3333]

B2 → B1 B1 B1 [0.3333]

B1 → b i c [0.3333]

B1 → i f a [0.3333]

B1 → a h f b [0.3333]

E4 → E3 [0.3333]

E4 → E3 E3 [0.3333]

E4 → E3 E3 E3 [0.3333]

E3 → E2 [0.3333]

E3 → E2 E2 [0.3333]

E3 → E2 [0.3333]

E2 → E1 E1 [0.3333]

E2 → E1 [0.3333]

E2 → E1 E1 E1 [0.3333]

E1 → e f [0.3333]

E1 → a h f f [0.3333]

E1 → a e a e e i [0.3333]

T11 → a [1]

T12 → b [1]

T13 → c [1]

T14 → d [1]

C11 → e [1]

C12 → f [1]

C13 → g [1]

C14 → h [1]

C15 → i [1]

Figure 9: Production rules of G7 (left) and G8 (right). These grammars are adapted from G5 and
G6 respectively, by replacing numerical tokens with Latin character tokens.
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S → A13 [1]

A13 → A10 A12 [0.8413447461]

A13 → A9 A10 [0.1586552539]

A12 → A5 A7 A5 A8 [0.8413447461]

A12 → A6 A6 [0.1586552539]

A11 → A5 A7 A8 [0.8413447461]

A11 → A6 [0.1586552539]

A10 → A6 A7 A5 A7 [0.8413447461]

A10 → A8 A6 [0.1586552539]

A9 → A6 [0.8413447461]

A9 → A8 A5 A8 [0.1586552539]

A8 → A1 [0.8413447461]

A8 → A3 [0.1586552539]

A7 → A1 A2 [0.8413447461]

A7 → A4 A4 [0.1586552539]

A6 → A2 A1 A3 A4 [0.8413447461]

A6 → A3 A4 A1 [0.1586552539]

A5 → A1 A4 [0.8413447461]

A5 → A3 [0.1586552539]

A4 → 4 3 [0.8413447461]

A4 → 3 0 3 [0.1586552539]

A3 → 2 4 1 0 [0.8413447461]

A3 → 0 4 3 [0.1586552539]

A2 → 0 4 3 [0.8413447461]

A2 → 4 3 0 2 [0.1586552539]

A1 → 1 [0.8413447461]

A1 → 2 [0.1586552539]

Figure 10: Production rules of G9. The hierarchical grammar has a maximum depth 4, maximum
breadth 4, rules per non-terminals 2, and 5 numerical tokens.
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Figure 12: Representative strings from different languages, annotated with non-terminals applied in
different positions by the respective hierarchical grammar.
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Figure 13: Representative strings from different languages, annotated with non-terminals applied in
different positions by the respective hierarchical grammar.
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