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Abstract— Computing dynamically feasible trajectories in
non-convex environments requires reasoning over both con-
tinuous motion and discrete spatial structure. In this work,
we present a novel numerical solver that couples these two
aspects through a customized implementation of the Alternating
Direction Method of Multipliers (ADMM). Trajectories are
parameterized as polynomials, allowing the primal update to be
solved efficiently as a quadratic minimum-control-effort prob-
lem. To handle the non-convex geometry of the environment, we
introduce a spatio-temporal allocation graph that encodes the
assignment of trajectory segments to convex regions. The corre-
sponding slack update reduces to a shortest-path search in this
graph, allowing the solver to efficiently explore discrete options
while maintaining continuous trajectory consistency within a
unified iterative framework. We demonstrate the effectiveness
of the approach on several challenging planning scenarios and
discuss its potential for scalable trajectory optimization in
robotics.

I. INTRODUCTION

Simultaneous reasoning over discrete and continuous vari-
ables arises in many scientific and engineering domains,
including task and motion planning, hybrid system con-
trol, and constrained decision-making. In these settings,
discrete choices—such as selecting topological routes or con-
tact modes—are tightly coupled with continuous variables
like system states and control inputs. Consequently, effi-
cient algorithms capable of jointly addressing this discrete-
continuous coupling could have a profound impact on many
robotic applications.

Historically, this problem has been considered compu-
tationally prohibitive, leading to a common decoupling of
planning and control. In this paradigm, sampling- or search-
based methods first determine a discrete plan, after which
gradient-based optimization refines the continuous trajectory.
While computationally convenient, this separation partitions
the search space and prevents the optimization from reason-
ing about the global structure of the problem, often leading
to suboptimal solutions.

To address this challenge, this paper introduces a novel
numerical solver that leverages a customized Alternating
Direction Method of Multipliers (ADMM) for continuous
trajectory optimization over a union of convex sets. This
allows us to decompose the joint optimization into primal,
slack, and dual updates, each tailored to exploit the specific
mathematical structure of the problem.
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Fig. 1: Example trajectories generated by ACTOR: a quadro-
tor minimum-snap trajectory (left) and high-order continuous
trajectories through a non-convex maze (right).

In our solver, which we denote as ACTOR (ADMM-based
Continuous Trajectory OptimizeR), we introduce the con-
cept of a spatio-temporal allocation graph based on a mixed-
integer formulation of the non-convex safety constraints. The
graph encodes all feasible convex realizations of the problem
and provides the structure required for projection onto the
non-convex feasible set, thereby enabling an ADMM-based
solver. We frame the slack update as a Shortest-Path Problem
(SPP) over the weighted allocation graph which can be car-
ried out very efficiently due to its directed acyclic structure.

II. RELATED WORK

Trajectory optimization in non-convex environments is
often formulated as a nonlinear program where collision
avoidance constraints are expressed using signed-distance
functions [1], [2]. While these methods can be solved
with general gradient-based solvers [3]], [4], they are sus-
ceptible to infeasible local minima and typically require
good initializations. In practice, many approaches decou-
ple the discrete path selection from continuous trajectory
optimization by first computing a corridor using shortest-
path heuristics and then optimizing the trajectory within
the selected safe corridor [S]], [[6]]. Alternative mixed-integer
formulations represent the obstacle-free space as a general
union of convex regions and encode region assignments using
mixed-integer constraints, enabling joint reasoning over path
and trajectory but introducing combinatorial complexity [7]],
[8]l. Recent work on Graphs of Convex Sets (GCS) addresses
this challenge through a reformulation into a Shortest-Path
Problem (SPP) that allows efficient global optimization over
the discrete structure of the environment [9]. However, a
key limitation is that GCS generally permits only (convex)
costs and bounds on velocity, while excluding any terms on
higher-order derivatives that are critical in many applications
[10]. In contrast, our method takes a direct approach to
the mixed discrete—continuous formulation including higher-
order smoothness cost and derivative bounds via an iterative
ADMM scheme.



III. PROBLEM STATEMENT

In this section we introduce the problem formulation and
the underlying assumptions that we make in order to solve
the problem. We consider the following trajectory generation
problem:

min  J(q) (efficiency) (la)

q
subject to  ¢(0) = qo, ¢(T) = gr  (boundary), (lb)
q€eD (feasibility), (lc)
q(t) €S (safety), (1d)

where ¢ : [0,7] — RY represents a continuous, sufficiently
differentiable trajectory.

a) Objective — Minimum Control Effort: We consider
smooth trajectories that minimize the control effort required
for the robot to follow these trajectories. The objective is
therefore a weighted sum of integral quadratic penalties on
the derivatives of the trajectory.
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b) Dynamic Feasibility — Continuous Trajectories: We
consider differentially flat systems, including any control-
lable linear system [11] and nonlinear systems that are
locally linearizable by dynamic feedback [12]. For these
systems, any sufficiently differentiable trajectory of the flat
outputs is dynamically feasible, provided their derivatives are
sufficiently bounded to avoid input saturation. Accordingly,
we only require ¢ : [0,7] ~ R? to be continuously
differentiable and bounded up to order n.:

D= {q) [gec™. ™) eB vt 0.1}, ©

with ¢l = (g, g, ... ,q(”c))T and the bounded set B.

c) Safety — Union of Convex Sets: Without loss of
generality, we represent the non-convex search space through
a union of convex sets as

§:={a) lat) € J, @ W€ 0.TIf . @)

where K is a finite index set and each Qj denotes a convex
subset of the free space. We only require Qj to be simple
in the sense that Euclidean projections onto Qj can be
performed efficiently (e.g., ball sets, box sets, or polyhedra
in low-dimensional spaces).
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Fig. 2: The allocation graph assigns segments (red) to
convex sets (blue) and is constructed from the convex space
decomposition and its corresponding intersection graph.

IV. METHOD

The solver presented in this work relies on two main
building blocks: (i) a piecewise-polynomial parameterization
of the system dynamics and (ii) a graph-based representation
of the feasible space through an allocation graph. This sec-
tion introduces these components and formalizes the required
definitions before presenting the solver in the next section.

A. Trajectories as Piecewise Polynomials

We represent the trajectory as a sequence of M polynomial
segments with fixed duration 7;,,. All segments are modeled
as n-th order standard Bézier curves whose control points ¢ €
RM(n+1)xd serve as decision variables. In the following, we
state the resulting expressions under this parameterization,
while a detailed derivation is provided in the Appendix. The
integral quadratic costs in admit a quadratic form ¢’ Qec.
The derivatives of a Bézier curve are linear functions of its
control points and inter-segment continuity conditions and
derivative bounds in (3)) can be expressed as linear constraints
A c = b and Ajqc € B, respectively. Furthermore, by
the convex hull property of Bézier curves, we can enforce
that a segment m lies within a safe set Q by requiring
{ct, 31y C Qk. The flexible assignment of segments to sets
via a mixed-integer (MI) formulation is introduced next.

B. Mixed-Integer Formulation

Let M := {1,..., M} index the polynomial segments.
We encode the assignment of each segment m € M to a safe
convex set Qy, using binary integer variables b,,,; € {0,1}:

bk = ¢ €Qn Vie{0,...,n} (5a)

* b 1 5b
Dy bk = (5b)

where the linear constraint (5b) ensures that segment m is
contained in at least one set Q. Note that the implication
in (5a) is one-directional and (5B) only makes the assign-
ment to one set explicit but allows a segment to be con-
tained in multiple sets. We further introduce binary variables
Ym, (k1) € 10,1} that indicate a transition of segment m in
set O to segment m + 1 in set Q;. The flow constraints
Zl:(k,l)e& Ym, (k1) = b,k and Zk:(k,l)e& Ym, (k1) = b1,
enforce consistency between assignments by restricting tran-
sitions to pairs of intersecting sets (k,I) € & in the
intersection graph Gy, which is defined in the next section.

C. Intersection Graph G,

Let S = U, cx Qi be the decomposition of the free
space into a union of convex sets. We define the intersection

graph G1 = (W, &) as follows: each convex set Qp is
associated with a vertex k in V; = K, and edges exist
between intersecting sets:

G ={(k1) e CxK|QrNQ #0}. (6)

D. Allocation Graph Gy

In the following, we show that the previously introduced
mixed-integer formulation can be reformulated into a concise
graph structure which we denote as allocation graph G =
(Va, Ea). We let each variable by, represent a vertex (m, k)
in Va := {(m,k)|m e M, k € K} and each flow variable
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Fig. 3: Effects of ADMM updates on the trajectory. (a) The primal update yields a continuous trajectory. (b) The slack
update projects each segment onto all convex sets. (c) A shortest-path search in the weighted allocation graph determines
the segment allocation. (d) The dual update enforces consistency between primal and slack via gradient ascent steps.

Ym, (k1) an edge in Eo = {((m, k), (m + 1,1)) | (k,1) € &}
A visual example is given in Fig. The strict temporal
ordering of the trajectory segments 0 = tp < t; < -+ <
tyr = T induces a natural orientation of the edges from
layer m to layer m + 1. Thus, the resulting allocation graph
is a directed acyclic graph (DAG).

We remark that each path P € G4 from layer 1 to M
corresponds to a feasible assignment. In particular, for a
given path the safe set becomes convex and problem
reduces to a convex QP.

E. Problem Description

Combining the polynomial parameterization introduced in
Section with the MI formulation through the allocation
graph introduced in Section [[V-D]yields the following MIQP:

. 1+
c,rgé%A 50 QC (7a)
st. Aeggc=Db, (7b)
Aineq cE B, (7¢)
cE Sp, (7d)
with Sp = {c[{c},}1y C Ok, V(m, k) € P}.

V. THE ACTOR SOLVER

In our solver, we employ ADMM to address problem (/) in
a systematic way. The key idea is to decompose the problem
into subproblems that isolate the difficult set constraint from
the smooth quadratic objective. This allows each update step
to reduce to a problem class that is well understood and
computationally efficient. We present each subproblem in its
final form and refer to the appendix for a detailed derivation
from the Augmented Lagrangian (AL).
1) Primal — Equality-constrained QP: The primal update
solves an equality-constrained QP of the following form:
min %CTQC + (ch st. Aggc=Db ®)
where Q includes the original objective and quadratic penalty
terms of the AL. Each iteration updates only the linear cost
¢ involving the Lagrange multipliers A and slack variables z.
The optimal solution ¢t can be obtained through sparse ma-
trix multiplications by solving the linear system arising from
the optimality conditions with a precomputed factorization.

2) Slack — Projection & Shortest Path Problem: The slack
update takes the form of an Euclidean projection problem

min |[Z—z|[} st zeX )

z, PEGA

where z denotes the projection point, obtained from the
primal solution ¢* via an affine mapping, and X := B x Sp
represents the feasible set corresponding to constraints
and (7d). Intuitively, this step involves a projection of the
primal variables onto the feasible set. Since terms are fully
separable for both constraints, this step is split into individual
problems for each set. While the projection onto the convex
set B is straightforward, the projection onto Sp requires
further elaboration.

a) Safety Set (Sp): The separable structure of Sp
across segments-set assignments (m, k) and control points i
admits the decomposition of projection problem (@) into a
sum of independent contributions:

Z Zfer

(mkePz o
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which is equivalent to a Shortest-Path Problem (SPP) in-
volving the accumulated projection costs for each segment-
set pair in a possible path P = {(m, k)}M_,. As illustrated
in Fig. Bb-c, we first compute the projection for each pair
and subsequently search for the optimal assignment in the
weighted allocation graph. Since the allocation graph is
directed and acyclic, the SPP can be solved efficiently
through M dynamic programming iterations.

3) Dual - Dual Gradient-Ascent Step: After updating both
primal variables ¢* and 2T that minimize the Augmented
Lagrangian, the dual update performs a gradient-ascent step
on the Lagrange multipliers:

AT =X+ p(ct —27). (11)

This update gradually enforces consensus between variables
c and z. Intuitively, it acts as a price update that shifts the
primal solution towards feasibility as depicted in Fig. [3d.

A. Convergene and Completeness

The method iterates between primal, slack, and dual
updates until a prescribed convergence tolerance is achieved.
Unlike the convex case, there is no general guarantee that
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Fig. 4: Qualitative and quantitative results highlighting the
benefits of ACTOR.

ADMM will converge to a globally optimal point for non-
convex set constraints and it must be considered a local
optimization method [13]]. However, our method encodes all
feasibl{] solutions of the MIQP in the allocation graph
and searches for the locally optimal one in each iteration.
Thus, if the path P is frozen at any time, we recover the
convex setting, and primal and dual residuals are guaranteed
to converge to a feasible solution [[14]. In practice, we
observe that this happens naturally after a few iterations and
does not have to be enforced explicitly (cf. Fig. [3).

VI. EXPERIMENTS

We demonstrate the effectiveness of ACTOR on a va-
riety of numerical examples. Sections provide
qualitative comparisons that highlight the key advantages of
ACTOR over existing approaches for Problem (I). For a
comparison with GCS by Marcucci et al. [9], which considers
a related problem setting, we refer to the Appendix
A runtime benchmark with respect to the problem size is

presented in Fig.

A. Comparison with Direct Trajectory Optimization

Non-convex space constraints pose a fundamental chal-
lenge in trajectory optimization, as they induce infeasible
local minima and multiple homotopy classes. To demonstrate
the conceptual benefits of our method, we consider a minimal
illustrative scenario with a non-convex U-shaped obstacle
positioned between start and goal and a naive straight line
initialization as depicted in Fig. #a] We compare our method
to Optimization-Based Collision Avoidance (OBCA) [15]], a
general approach for transcribing problem into a non-
linear program (NLP). A general NLP solver follows local
descent directions and converges to an infeasible stationary
point from which it cannot escape, failing to produce a
feasible trajectory. In ACTOR, each gradient step is coupled
with the allocation graph, which encodes global connectivity

Ifeasibility here only refers to the non-convex constraint S
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Fig. 5: Bounded velocity and acceleration profile (left) and
convergence and vertex changes in the path between ADMM
iterations (right) for the min-snap trajectory in Fig. E}
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Fig. 6: Continuous trajectories in a point-cloud environment.

of the free space and systematically guides the iterates toward
a feasible homotopy class. Importantly, this behavior extends
beyond minimal examples: in the highly non-convex maze
shown in Fig. [, ACTOR reliably converges to feasible and
locally optimal trajectories despite the presence of numerous
competing homotopy classes.

B. Comparison with Decoupled Approaches

We adopt a point-cloud representation of the obstacles to
highlight a key practical benefit of the proposed union-of-
convex-sets formulation: free space can be decomposed in a
simple and naive manner. Unlike decoupled methods, whose
performance depends critically on carefully constructed free-
space decompositions around a prescribed initial path, AC-
TOR can operate effectively on such naive decompositions.
As shown in Fig. [6] the proposed graph formulation enables
a much larger admissible solution space, allowing ACTOR to
recover a substantially smoother trajectory than a corridor-
based approach (SafeC), whose solution remains restricted
to the pre-selected safe corridor.

C. Quadrotor Minimum-Snap Trajectory Planning

Finally, we showcase the full strength of ACTOR on a
challenging quadrotor minimum-snap planning problem that
combines non-convex spatial constraints with higher-order
dynamic feasibility constraints on velocity and acceleration.
As shown in Fig. [ and Fig. [5] our method is able to find a
smooth and feasible trajectory in such a highly constrained
setting. In fact, we observe reliable convergence from a
naive initial guess to a feasible optimum in these settings
as depicted in Fig. [5] This experiment highlights the main
advantage of ACTOR: jointly optimizing over continuous
dynamics and discrete geometry, avoiding the restrictive
decoupling of pipeline-based approaches.

VII. CONCLUSION

In this work, we presented ACTOR, a solver for con-
tinuous trajectory optimization in non-convex environments
represented as a union of convex sets. The key contribution
is a spatio-temporal allocation graph that enables the joint
treatment of smooth system dynamics and discrete geomet-
ric constraints within a unified ADMM-based optimization
framework. The resulting solver is robust to naive initial-
ization, factorization-free, and exhibits linear scaling with
respect to problem size. Experimental results demonstrate
its effectiveness, highlighting the potential of this approach
as a scalable framework for motion planning and trajectory
optimization in increasingly complex environments.



APPENDIX

A. Polynomial Trajectory Parameterization

To solve problem (I)) numerically, the trajectory ¢(t) must
be parameterized using a finite number of decision variables.
Due to their smoothness and differentiability properties,
polynomials provide a natural choice for this parameteriza-
tion. Moreover, the feasibility and safety constraints defined
in (3) and (@) can be enforced through linear relationships
in the polynomial coefficients.

A single polynomial is generally insufficient to represent
an entire trajectory. To increase flexibility, the trajectory is
divided into consecutive segments, each parameterized by
an individual polynomial. A general M- segment polynomial
trajectory p : [0, 7] — R% with T = S-M_ T} is defined as

Yoo ¢ Bt/ T, €[0,71],
noch B (t/Ty), 0,Ts],

o(t) = Zz_(:)cg By, (t/Ts) te[ 5] @2
Z?:O cZ]-M 5;(t/TM)7 te [OvTM]

where Bi(1) = (7) 7%(1 — 7)"~" denotes the Bernstein
basis of order n and ¢ is scaled by the duration T, to yield
a standard Bézier curve with 7 € [0, 1]. The i™ control point
of the m™ segment of the Bézier curve is parameterized by
i €RY

a) Derivatives For a Bézier curve p,(t) =
St ot BL(t/Tyy,), its derivative can be expressed by a lin-
ear combination of corresponding lower-order control points:

n—1

7 2 (Gl = ) B (8/T),

=0

Pm(t) = (13)

for t € [0, T,,], which itself represents a Bézier curve with n
control points ¢4," = n/Ty, (i1 — ¢i,) and basis 5 _; (7).
Recursive application of this formula determines the control
points of higher-order derivatives.

b) Continuity and Boundary Constraints: Continuous
differentiability of the trajectory is enforced by imposing
continuity constraints on the derivatives at segment bound-
aries:

PR (L) = 2121 (0), (14)
for all j € {0,...,n.} and m € {1,...,M}, which

relates control points of consecutive segments through linear
relationships. For the m™ and (m +1)™" segment, we present
the expression for derivatives up to 2" order:

071;1 = 621+17
(e =)/ Ton = (g1 — Eit) /T,
(e —2em 7t + )T = (c 7211—0—1 - 267111—0—1 + C?n-s-l)/TgH-l

The boundary constraints can be expressed in an equivalent
way, replacing one side of the equation with the fixed
boundary derivatives.

el
m
n
m

c) Safety Constraints: Bézier curves are widely used
in constrained trajectory optimization due to their convex
hull property, which guarantees that the curve lies entirely
within the convex hull of its control points. Consequently,
constraining the control points of each segment {cm} o to
lie within a convex set k ensures that the entire trajectory
segment remains inside that set:

m(t) €cQr — {Cm} —o C Q.. (15)
Given our safety constraint p,,(t) € |J,cc Qr defined over
a union of convex sets, we will keep the assignment of
segments to sets flexible via mixed-integer variables.

d) Dynamic Feasibility Constraints: The convex hull
property can be used equivalently to ensure boundedness of
the trajectory derivatives:

pP)yeB  — b, <()Y <by, (16)
forall ¢ € {0,...,n —j} and 5 € {0,...,n}, effectively
constraining each derivative control point to remain in the
bounded set B/ := {z € R?|b; <z < b;}.

e) Smoothness Objective: The integral of the squared
n-th derivative over a segment can be expressed as a
quadratic form in the polynomial coefficients:

Tm 2
/ {pg’;)(t)} dt = n,Q(Tn)em (17)
0
with ¢, = [c2 el ... en]T.

f) Time Allocation: For a given time-allocation T =
[T1,T5, ..., Ty], both continuity and boundary constraints
depend linearly on the control points ¢ = [cp, ¢1,...,Cp ]T
and can be expressed in compact form as Aeqc = b.
Likewise, derivative bounds can be written as linear set
constraints Aj,eq € B. The quadratic objective admits
a block-diagonal representation ¢' Q¢, overall yielding a
quadratic program (QP). The non-convex safety constraint
is addressed in Section

B. Detailed ADMM Derivation for ACTOR

The optimization problem in involves a quadratic
objective @ With affine equality (7b) and affine inequality
constraints but, most importantly, a non-convex set
constraint ( Eb arlsmg from the union of convex sets.

To enable a decomposition into simpler subproblems
via ADMM, we introduce auxiliary (slack) variables that
decouple the quadratic objective from the set constraints.
Specifically, we rewrite in an equivalent consensus form

. 1
min gcTQc + A e=b(c) +Is(zs) +15(25) (18a)
s.t. Ajpegc—28 =0 (18b)
c—zs =0. (18c¢)

with slack variables z = (2, zs) and consensus constraints
(T30, for both the convex and non-convex set, respec-
tively. Here, Iy denotes the indicator function of a set X, so
that Ty (z) =0 for x € X and Iy (z) = oo for x ¢ X.



We proceed by formulating the Augmented Lagrangian
(AL) of the equality-constrained problem (I8) from which
the individual ADMM steps can be derived:

1
,CA(C7 z, /\) = §CTQC + HAeqczb(C) + HS(ZS) + HB(ZB)

B
+ ML (AineqC — 28) + %HAMC T

+ NE(e = 28) + e - s 3 (19)
where (s, ps) and (Ag, pg) correspond to the dual variables
and penalty parameters of the equality constraints and
(T8D), respectively.

The Method of Multipliers performs primal-dual iterations
on the Lagrangian by first minimizing w.r.t. the primal
variables ¢ and z before performing a Dual-Ascent step.
If we alternate minimization over ¢ and z, rather than
simultaneously minimizing over both, we arrive at the three-
step ADMM iteration:

primal update :  ¢" = argmin La(c, 2, \), (20a)
(&

slack update : 2z = argmin La(c™,z,A),  (20b)

dual update : AT =X+ pVaLa(c,2T).  (20c)

These steps can be iterated until a desired convergence
tolerance is achieved.
In the following, we detail each subproblem and provide
its corresponding solution.
1) Primal — Equality-constrained QP: The primal update
results in an equality-constrained QP of the following form:
min 20

1 -~
§cTQc+(ch st. Agc=Db

with

Q =Q+ psI+ pBAjquAineq
Cj =As— pszs + Ai—lzeq()‘B - pBZB)'

whose solution can be obtained by solving the linear system
arising from the optimality conditions A¢qc™ = b, Qe +
q+ AT /\+ = 0. Since both Q and Ay remain unchanged
between 1terat10ns, the factorization can be performed offline
and online evaluation of ¢' only involves sparse matrix
multiplications.

2) Slack — Projection & Shortest Path Problem: The
slack update (20D) takes the form of an Euclidean projection
problem

min ||z —z|[3 st z€X (22)
where Zz denotes the projection point, obtained from the
primal solution ¢* via an affine mapping, and X := B x Sp
represents the feasible set. Since terms for zp and zs are
fully separable, this step is split into individual problems for
each set.

a) Bounded Set (B): For the convex set B this follows
the standard ADMM formulation and the solution can be
obtained in closed form through a simple linear projection
IIz onto the feasible set:

2 = Up(ZB) (23)

with Zg = AjpeqC + 5 )\3 Evaluating II5 can be performed
efficiently by an element-w1se min-max operation II%(2;) =
min{max{z;, b}, b}.

b) Safety Set (S): For the variables zg, the update
involves a projection onto a non-convex set which may not be
unique. In our setting, we have encoded all combinations of
feasible segment-set projections in the spatio-temporal allo-
cation graph G 4 that we introduced in (IV-D). In accordance
with 20B] we seek the minimizer of

; T
Jmin 122l (24a)
st {2, C Qp, Y(mk)eP  (24b)

with Z = ¢ . We have omitted the subscript of zg for clarity.
Given a segment-set allocation {(m,k)}M_, through path
‘P, the objective and constraints in (24)) are fully separable
for each segment m. Further, for each segment it is also fully
separable for each individual control point z¢ . This admits
the reformulation into:

> Z min {12, — 13

(nz k)eP i=0 #m€

mln (25)

which essentially becomes a Shortest-Path Problem (SPP)
involving the sum over all projection costs for each segment-
set pair in a possible path P € G 4. In Fig. 3] we visualize
the cost for both segment-set pairs in (b) and paths in (c).

Since Qj is convex, the projection of each control point
onto a set k can be computed efficiently as in (23):

+ s
= Ho(z,) (26)
from which the projection costs for each segment-set pair
kT o= 0T AT zn*] is computed Lk =
m - m 2 fm It *m pute as bk =

n —i i +
Zi:o ||Zm — Zm Hg
This allows us to simplify problem (23) as follows:

(m,k)eP

A2, @7
yielding a SPP on the weighted allocation graph G4 with
vertex cost l,,5. Note that we can equivalently assign the
vertex cost to all incoming edges of a vertex to represent
this problem in a more standard form with costs assigned to
the edges of a graph.

c¢) Shortest Path Problem on DAG: As derived in
D] the allocation graph G, is a directed acyclic graph
(DAG) with layers induced through segments m. Thus, the
shortest path problem can be solved through M dynamic
programming iterations in topological order. The recursion is
initialized at the first layer by setting Vi = Iy for k € Ky,

and Vi = +oo otherwise. Foreach m=2,... ., M :
Vink = lmi + min Vi1, Vk e K, (28a)
L:(Lk)EES
Tk = arg mm Vm_u, Vk e K, (28b)

L:(L,k)EE

where V. is the value function and 7,,; the minimizing
predecessor of each node. After the forward pass, the optimal
path can be obtained by simple backtracking from the goal
node via ky,—1 = T k., -



Finally, the optimal projection is obtained by selecting

2k = [2F7, 267 ... 2%, 7] based on the optimal path P =
{(m, k) } oy

3) Dual - Gradient Ascent Step: After updating both
primal variables ¢ and z that minimize the AL, the dual
update performs a gradient-ascent step on the Lagrange
multipliers with step-size p. This update gradually enforces
consensus between variables ¢ and z.

C. Comparison with GCS

We first discuss the key differences between our problem
formulation and the Graphs of Convex Sets (GCS) approach
of Marcucci et al. [9]. In GCS, each convex set is associ-
ated with a single trajectory segment, and both spatial and
temporal variables are optimized jointly for each segment.
This joint optimization enables flexibility in both domains
but introduces nonlinear dependencies between trajectory
coefficients and time. In contrast, our approach employs
fixed-duration segments and optimizes exclusively over spa-
tial parameters and the discrete allocation to individual sets.
Temporal flexibility is achieved implicitly by allowing a
variable number of segments to be assigned to each sets.

The underlying graph structures further distinguish the
two approaches. GCS directly transcribes problem (I into a
global shortest-path problem (SPP) over a graph induced by
the convex sets. In contrast, ACTOR encodes mixed-integer
variables for the assignment of segments to sets in the graph.
The SPP arises as a subproblem within an iterative ADMM
scheme to efficiently compute local projections onto the non-
convex free space.

A fundamental difference lies in the treatment of higher-
order derivatives. In GCS, costs and constraints involving
acceleration or higher-order derivatives become non-convex
due to their nonlinear dependence on time. As a result,
GCS is limited to cost that are linear in time and linear
or quadratic in the path (e.g. path length or path energy),
ensuring compatibility with the convex relaxation of the SPP.
In contrast, ACTOR optimizes over spatial control points
of fixed-duration segments, for which integral costs and
constraints on higher-order derivatives remain convex (cf.
Section [VII-A). This allows direct optimization of smooth-
ness objectives.

This limitation is particularly relevant in practice, as con-
trol inputs for many robotic systems correspond to higher-
order derivatives, such as torque commands for robotic ma-
nipulators, acceleration commands in autonomous vehicles
and thrust commands of a quadrotor that relate to snap
derivatives of a trajectory. While GCS introduces surrogate
regularization terms to prevent higher-order derivatives from
growing excessively in magnitude, these approximations are
generally less tight and do not directly minimize smoothness
cost.

To illustrate this difference, we consider the quadrotor
example provided in the public GCS implementation [16]].
Using the cost formulation proposed in [9], we progres-
sively increase the regularization weights on higher-order
derivatives until the solver becomes numerically instable.
Figure []] shows the resulting trajectories and their cor-
responding acceleration profiles for varying regularization
levels. While stronger regularization effectively reduces the
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Fig. 7: Top: Quadrotor minimum-snap trajectories generated
by GCS (for different regularization weights) and by AC-
TOR. Bottom: Corresponding acceleration profiles.

magnitude of higher-order derivatives, it simultaneously de-
grades trajectory optimality. In contrast, ACTOR directly
minimizes smoothness costs and produces trajectories that
are both smoother and exhibit significantly lower derivative
magnitudes for the same problem setup.
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