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Abstract

Inference in both brains and machines can be formalized by optimizing a shared
objective: maximizing the evidence lower bound (ELBO) in machine learning, or
minimizing variational free energy (F) in neuroscience (ELBO = — F). While
this equivalence suggests a unifying framework, it leaves open how inference is
implemented in neural systems. Here, we introduce FOND (Free energy Online
Natural-gradient Dynamics), a framework that derives neural inference dynamics
from three principles: (1) natural gradients on JF, (2) online belief updating, and
(3) iterative refinement. We apply FOND to derive iP-VAE (iterative Poisson vari-
ational autoencoder), a recurrent spiking neural network that performs variational
inference through membrane potential dynamics, replacing amortized encoders
with iterative inference updates. Theoretically, iP-VAE yields several desirable
features such as emergent normalization via lateral competition, and hardware-
efficient integer spike count representations. Empirically, iP-VAE outperforms
both standard VAEs and Gaussian-based predictive coding models in sparsity, re-
construction, and biological plausibility, and scales to complex color image datasets
such as CelebA. iP-VAE also exhibits strong generalization to out-of-distribution
inputs, exceeding hybrid iterative-amortized VAEs. These results demonstrate how
deriving inference algorithms from first principles can yield concrete architectures
that are simultaneously biologically plausible and empirically effective.
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Figure 1: Inferential and dynamical accounts of perception are unified under variational inference.
(a) Perception is framed as a dynamical process of convergence to attractors in a neural state space,
where membrane potentials evolve and generate spikes along the way. (b) Our prescriptive approach
derives neural dynamics by minimizing free energy via natural gradient descent, yielding a spiking
network with lateral competition. The resulting architectures are principled and empirically effective.
Code, data, and model checkpoints are available here: https://github.com/hadivafaii/Iterative VAE

39th Conference on Neural Information Processing Systems (NeurIPS 2025).
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1 Introduction

Arti cial intelligence and theoretical neuroscience share a foundational principle: understanding
the world requires inferring hidden causes behind sensory observations (early/work: [1-3]; modern
interpretations: [4-9]). This principle is formalized through Bayesian posterior inference [10-12],
with variational inferencd4), [13+17] offering an optimization-based approximation. Variational
inference employs an identical objective function across both elds, albeit under different names. In
machine learning, it is calleevidence lower boun(ELBO), which forms the basis of variational
autoencoders (VAEs| [18—21]); whereas, neuroscience refers tov#@riadional free energyF ),

which subsumes predictive coding [22] 23] and is presented as a uni ed theory of brain function [24].
ELBO is exactly equal to negative free energy (ELBO= ; [25]), and this mathematical equivalence
offers a powerful common language for describing both arti cial and biological intelligence [26].

Despite this promising connection, neither ELBO Rohave proven particularly prescriptive for
developing speci ¢ algorithms or architectures|[27] 28]. Instead, the pattern often works in reverse:
effective methods are discovered empirically, then later recognized as instances of these principles.
In machine learning, diffusion models were originally motivated by non-equilibrium statistical
mechanics [29], and only later understood as a form of ELBO maximization [30, 31]. Similarly, in
neuroscienceyredictive codingPC; [22]) was rst proposed as a heuristic model for minimizing
prediction errorg [32], before being reinterpretedraminimization [23] 33]. This pattern of post-hoc
theoretical justi cation, rather than theory-driven derivation, is common across both disciplines.

Then why pursue a general theory at all? A unifying framework offers several advantages: it
clari es the design choices underlying successful models, explains why they work, and guides the
development of new models. The recBatyesian learning ruléBLR; [34]) exempli es this potential.

It re-interprets a broad class of learning algorithms as instances of variational inference, optimized
via natural gradient descent [35] over approximate postegior8y varying the form ofy and the
associated approximations, BLR not only recovers a wide range of algorithms—from SGD and Adam
to Dropout—nbut, crucially, it also offers a principled recipe for designing new onés [34]. Thus, BLR
transforms a post-hoc theoretical justi cation into a prescriptive framework for algorithm design.

In variational inference, the prescriptive choices are specifgingnd how to optimize the variational
parameters, . The machine learning community has embraaeubrtized inferencfl8, 19, 36-38],

where a neural network is trained to producéen a single forward pass for each input sample. In
contrast, neuroscience models have traditionally favaesdtive inferencemethods [22, 39], which

align more naturally with the recurrent [40-44] and adaptive [45—49] processing observed in cortical
circuits (but see Gershman and Goodman [36] for a counterpoint). Despite this fundamental divide
in methodology, systematic comparisons between iterative and amortized inference variants remain
scarce, particularly when evaluated against biologically relevant metrics.

In this paper, we introduderee energyOnline Natural-gradientDynamics(FOND), a framework

for deriving brain-like inference dynamics frofh minimization. As a concrete application of FOND,
we derive a novel family of iterative VAE architectures that perform inference via natural gradient
descent orF —including a spiking variant, thaerative Poisson VAHKIP -VAE )—with distinct
computational and biological advantages. The paper is organized as follows:

* In section 2 and the associated appendix A, we review and synthesize existing models from
machine learning and neuroscience, showing how they can be uni ed under the variational
inference framework via speci ¢ choices of distributions and inference methods (Fig. 2).

* In sections 3 and 4, and the associated appendix B, we derive neural dynamics as natural
gradient descent on free energy. This yields a novel family of iterative VAEs, including the
iP-VAE, which performs online Bayesian inference through membrane potential dynamics,
with emergent lateral competition, explaining away dynamics, and divisive normalization.

* In section 5, we show that iterative inference consistently outperforms amortized methods,
with iP-VAE achieving the best reconstruction-sparsity trade-off, while ughgfewer
parameters and integer-valued spike counts. Appendix C show®thék: (i) exhibits
emergent cortical response properties, (ii) generalizes better to out-of-distribution data, and
(iii) scales to complex color image datasets such as ImageNet32, CIFAR-10, and CelebA.

« In section 6, and the associated appendix D, we relate our results to recent advances in
sequence modeling, and discuss how expressive nonlinearities, emergent normalization, and
effective stochastic depth contribute B-VAE's computational strengths.
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2 Background and Related Work

Notation and conventions. We start with a generative model that assigns probabilistic beliefs
to obseryationsx 2 RM He.g., images), through invokinl§ -dimensional latent variableg,:
p(x)= p(x;z)dz = p (xjz)p (z)dz; where are its adaptable parameters (e.g., neural
network weights or synaptic connection strengths in the brain). Throughout this work, we color-code
the generative and inference model components as blue and red, respectively.

Variational inference and the ELBO objective. Following theperception-as-inferendeamework
[1, 2], we formalize perception as Bayesian posterior inference. In appendix A.1, we provide a
historical background, and in appendix A.2, we review the challenges associated with posterior
inference. We overcome these challenges by approximating the true but often intractable posterior,
p (zjx), using another distributiom (zjx), referred to as thapproximatgor variational) posterior.
In appendix A.3, we provide more details about haaviational inferencd15, 17] approximates the
inference process, and derive the standandence lower BQund (ELBO) objective [13, 15, 17]:
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Kullback-Leibler (KL) divergence

Importantly, maximizing the ELBO minimizes the intractable Kullback-Leibler (KL) divergence
between the approximate and true posterior. This can be seen by taking gradients of eq. (1) with
respect to . The model evidence on the left-hand side does not dependmiaking the gradients of

the two terms on the right additive inverses. Thus, ELBO maximization directly enhances the quality
of posterior inference. In theoretical neuroscience, the negative ELBO is referred to as variational
free energy it ), which is the mathematical quantity central to free energy principl¢24, 25].

In the remainder of this section, we demonstrate how diverse models across machine learning and
neuroscience emerge as instancel ohinimization through two fundamental design choices:

1. Choice of distributions (appendix A.4):
(i) approximate posteriay (zjx), (ii) prior p (z), and (iii) likelihoodp (xjz)

2. Choice of inference methodappendix A.8):
(i) amortized(e.g., learned neural network) vs. (ii@rative(e.g., gradient descent)

Variational Autoencoder (VAE) model family. Variational Autoencoders (VAES) transform the
abstract ELBO objective into practical deep learning architectures [18—-20]. The standard Gaussian
VAE (G-VAE) exempli es this approach by assuming factorized Gaussian distributions for all three
distributions, with the approximate poster®pr(zjx) implemented as a neural network that maps
each inpuk to posterior parametersnc(x; )! ( (x); 2(x)). Thisamortizationof inference—

using a single network to approximate posteriors across the entire dataset—is a de ning characteristic
of VAEs. Alternative distribution choices are also possible; for instance, replacing both prior and
posterior with Poisson distributions yields the Poisson VREMAE; [50]), which better aligns with

neural spike-count statistics [51-53]. We derive the VAE loss in appendix A.5, and discuss both
G-VAE andP -VAE extensively in appendices A.6 and A.7.

Sparse coding and predictive coding as variational inference. Two major cornerstones of
theoretical neuroscience, sparse coding (SC; [54]) and predictive coding (PC; [22]), can also be
derived as instances of ELBO maximization (or equivalerfflyminimization), given specic
distributional choices [33, 55, 56]. SC and PC share two key characteristics that distinguish them
from standard VAEs. First, they both use a Dirac-delta distribution for the approximate posterior,
effectively collapsing it to a point estimate. But they differ in their prior assumptions: PC employs a
Gaussian prior, while SC uses a sparsity-promoting prior (e.g., Laplace; Fig. 2). Second, instead of
amortized inference as in VAES, both PC and SC employ iterative inference, better aligning with the
recurrent nature of neural computation [40—44]. See appendix A.8 for an in-depth comparison, and
appendix A.9 for a pedagogical derivation of the Rao and Ballard [22] objectiFeramimization.



Figure 2: A wide range of models across machine learning and theoretical neuroscience can be
uni ed under free energy ) minimization. Different distributional and optimization choices result

in different models (appendix A.10). Motivated by this uni cation potential, we introde©&ID, a
framework for deriving brain-like inference algorithms from rst principles (section 3). We apply
FOND to derive a family of iterative VAE architectures, including the spikiRgVAE (section 4).

Online inference through natural gradient descent. In a recent landmark paper, Khan and Rue

[34] proposed th®ayesian learning ruléBLR), unifying seemingly disparate learning algorithms

as instances of variational inference optimized via natural gradient descent [35, 57] on a Bayesian
objective which reduces to the ELBO when the likelihood is known [58, 59]. BLR's generality
extends naturally to sequential settings [60], where beliefs must be updated online as data arrives. In
such settings, a rolling update scheme—where the posterior at each step becomes the prior for the
next (Fig. 7)—provides a simple yet effective approach to continual belief revision [60].

Summary so far. In this background section, and the corresponding appendix A, we reviewed how
seemingly different models across machine learning and neuroscience can be understood as instances
of F minimization (Fig. 2). The differences among them arise from the choices we make on the
distributions and the inference methods (appendix A.10).

3 FOND: Free energy nline Natural-gradient Dynamics

Building on the uni cation potential shown above, we introduce FOND, a framework for deriving
inference dynamics frorR minimization. Unlike post-hoc interpretations of existing models, FOND
adopts a top-down approach: it starts from theoretical principles and derives architectures, making
explicit the connection between design choices and computational properties.

A two-level framework: exible choices and xed prescriptions. FOND operates at two distinct

levels. First, the modeler makesxible choicesabout distributions and their parameterizations—
decisions that de ne the inference problem. Second, once these choices are made, FOND applies
xed prescriptionsthat fully determine the inference dynamics.

This structure mirrors prescriptive theories in physics [61-64]. To derive dynamics from rst
principles, one must specify: (a) the dynamical variables of interest, and (b) the equations governing
their evolution (see appendix B.1). In FOND, (a) corresponds to exible choices, while (b) follows
from xed prescriptions.

Flexible choices — what the modeler decides. The modeler must choose:

« Distributions: Variational family and conditional likelihood (appendix A.4)
» Parameterization: Choice of dynamical variables that parameterize the variational distribution

These modeling decisions determimbatis being optimized, but ndtow optimization proceeds.



Fixed prescriptions — what FOND determines. Once the exible choices are made, the inference
dynamics ardully determinecdby FOND's three core prescriptions:

FOND prescriptions

(1) Natural gradients: Dynamics follow natural gradients &f
(2) Online: Inference updates beliefs sequentially from streaming data
(3) lterative: Inference re nes estimates through recurrent updates

Why natural gradients? Natural gradient descent follows the steepest descent path in the space of
probability distributions [35], achieving maximal free energy reduction per unit of distance (measured
via Fisher information metric [57, 65]). This provides the most ef cient optimization trajectory.

Why online? Biological perception requires adaptive priors that evolve with experience. Static
inference cannot account for phenomena fikeial dependengevhere recent stimuli systematically

bias current perception [46], ¢earned helplessneswhere beliefs about agency are updated by
experience [66, 67]. Online inference enables time-evolving priors that capture such effects (Fig. 7).

Why iterative? Perception follows an “analysis-by-synthesis” loop [68]: hypotheses generate
predictions (synthesis), errors re ne hypotheses (analysis). lterative inference implements this
closed-loop error-correction, adapting estimates when initial predictions fail. Amortized inference,
by contrast, commits to a single forward pass—an open-loop guess that cannot recover when it
errs, making it brittle on novel or ambiguous inputs. The brain appears to implement this kind of
iterative re nement: macaque visual cortex requires an additiorBImsof recurrent processing to
recognize challenging images [42], and neural codes for faces dynamically evolve over hundreds of
milliseconds—a process termed “code switching” [44]. Thus, iterative re nement is motivated both
computationally (enabling error correction) and empirically (matching neural dynamics).

Demonstrating FOND: iterative VAE architectures. To demonstrate FOND's utility, we derive
three iterative VAE models by making different exible choices while applying the same xed
prescriptions:

¢ iP-VAE: Poisson distributions with log-rate parameterization
¢ iG-VAE: Gaussian distributions with mean and log-std parameterization
¢ iG -VAE: like Gaussian, but with post-sampling nonlineatitf)

See Table 1 for complete speci cations. In what follows, we present the theoretical derivations,
evaluate empirical performance, and discuss implications for neuroscience and machine learning.

4 iP-VAE: Deriving a Spiking Inference Model from Variational Principles

In this section, we apply the FOND framework to derive brain-like inference dynamics from rst
principles. We begin by identifying the key prescriptive choices required for deriving these dynamics.
We then introduce Poisson assumptions and derive membrane potential updates as natural gradient
descent on variational free enerdy)( leading to the iterative Poisson VABP(#VAE) architecture.

Three distributional choices. To fully specifyF , we must choose an approximate posterior, a prior,
and a conditional likelihood. We use Poisson distributions for both posterior and prior, as it leads
to more brain-like integer-valued spike count representations (see appendix B.2 for a discussion).
Later in the appendix, we show how this derivation extends to Gaussian posteriors with optional
nonlinearities applied after sampling, illustrating the generality and exibility of FOND.

For the likelihood, we assume factorized Gaussians throughout this work (a standard modeling choice
in both sparse coding [54] and predictive coding [22]). In the main text, for pedagogical clarity,
we focus on linear decoderp,(xjz) = N(x; z;l), where is commonly referred to as the
dictionaryin sparse coding literature. In the appendix, we show how our results naturally extend to
nonlinear decoders with learned variance [69], and we explore these extensions both theoretically
and empirically.



Parameterization choices. For a neurally plausible model, we choose the dynamic variables to
be real-valued membrane potentiais2 R*, whereK is the number of neurons. To generate
spike counts fronu, we assume the canonical Poisson parameterization, de ning ring rates as
r = exp(u) (Fig. 1a). This choice is both mathematically convenient, since it avoids constrained
optimization over a strictly positive variable, and biologically motivated, as the spiking threshold of
real neurons is well-approximated by expansive nonlinearities [70, 71].

Under the assumption that dynamics, computation, and optimization are three expressions of the same
underlyingprocesq72-75] (i.e.,inference, dynamic$, membrane potentials evolve to minimize
variational free energyH). To respect the curved geometry of distribution space, this optimization is
implemented via natural gradient descent [34, 57, 76] (Fig. 1b).

Poisson variational free energy. Given a Poisson posterior and prior, and a factorized Gaussian
likelihood with a linear decoder, the free energy (negative ELBO from eq. (1)) takes the form:
" "
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whereuy 2 R¥ andu 2 RX are the prior and posterior membrane potentiiilsis the latent
dimensionality, represents the element-wise (Hadamard) product, dac positive coef cient
that controls theate-distortiontrade-off [77, 78]. See appendix B.3 for a detailed derivation.

Next, we compute the gradient Bf with respect to the variational parameters, r.e,,F .

Free energy gradient: the reconstruction term. L econ.iS the expected value of the prediction
errors under the approximate posterior. Since this expectation is intractable in general, we follow
standard practice in variational inference and approximate it using a single Monte Carlo sample [34,

60]: Lrecon. Skx  z(u)k;, wherez(u) g, (zjx).

Since the reconstruction loss depends on the sampidnich is a stochastic function of the ring

rater = exp(u), we propagate gradients through both the exponential nonlinearity and the sampling
process (i.el ! r! z 1L (econ). We apply the chain rule twice to get:

@@ @ @
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We further simplify the expression by applying the straight-through gradient estimator [79], treating
@=@ | for the purpose of deriving inference equations. During model training, however, we
update the generative model parameters by utilizing the Poisson reparameterization algorithm [50].
This straight-through approximation of the sample gradient yields:

uLlrecon. € Tx  z(u) : (4)

r u Lrecon. -

Free energy gradient: the KL term. The KL-term gradient is easily computed from eq. (2):
roLke =€ (u ug). Combine it with the reconstruction-term gradient from eq. (4) to get:

roF(X; ;upu) et T(x z(u)+ (U ug) : (5)

Natural gradients: applying Fisher preconditioning. FOND prescribes that neural dynamics
follow natural gradients of the free energy,= G *(u)r , F, whereG is the Fisher information
matrix. For Poisson distributions in the canonical form, we h&éu) = exp(u) (see appendix B.4
for a derivation). Combining this result with eq. (5) yields:

X T z(u) (U, Uo) (6)

feedforward “drive”  recyrrent “explaining away” homeostatic “leak” term

u |/

This concludes the derivation of our core theoretical result underlyingRRéAE architecture.
Natural gradient descent én yields circuit dynamics that share important characteristics with neural
models developed since the early 1970s [80—83], while offering a notable biological advantage over



standard predictive coding (PC). Namely, recurrent interactiorBMAE (eq. (6)) occur through
discrete spikeg, rather than continuous membrane potentials as in PC (eq. (16)), better aligning
with how real neurons communicate [84]. In appendix B.5, we interpret each term in the dynamics
and explain the rationale behind its naming. In appendix B.6, we extend the derivation to nonlinear
decoders; and in appendix B.7, we extend to Gaussian posteriors with optional nonlinearities. Finally,
appendix B.8 explores this biological distinction with standard PC in more detalil.

Online inference: adding time. Perception is an ongoing process that requires continually updating
beliefs as data arrives, rather than reverting to a xed prior in the distant past. To model this sequential
process, we adopt a rolling update scheme, where the current posterior becomes the next prior (Fig. 7,
[60]). Combining this online structure with the dynamics from eq. (6), we arrive at the following
discrete-time update rule:

U = U + X Tz @)
whereu; andu¢.; are interpreted as the prior and posterior membrane potentials at (fige 5).

Notably, the leak term in eq. (6)—which stems from the KL term in eq. (2)—disappears in this
discrete-time update. This is because we perform only a single step per time point in the online
setting, where the prior evolves continuously over time (Fig. 7). In appendix B.9, we derive the
general form of free energy for sequences, and in appendix B.10, we explain why the KL contribution
vanishes in the single-update limit.

Lateral competition as a stabilizing mechanism. The recurrent connectivity matrixy = T
has a stabilizing effect. To demonstrate this, we transform the discrete-time dynamlcs in eq. (7) from
membrane potentials to ring rates, yielding the following multiplicative update for neuron
exp Tx . @®
lt+1: = It Qx ;
exp (Wi Zi) g6 €XP (Wi Zyj )
wherer; = exp(u) are ring rates, andz; P o0is(z; ;) are sampled spikes. The resulting
denominator reveals a form of multiplicative divisive normalization: co-active neurons suppress each
other proportionally to their spike output.

As seen in eq. (8), the recurrent terinz; acts as a stabilizing force in two ways. First, its diagonal
entries are positive (i.e\);j = k ikg > 0); therefore, neurons that spike strongly receive self-
suppression, dampening activity at the next time point. Second, the off-diagonal entries couple
neurons with overlapping tuning. Due to this coupling, vigorously active neurons extend suppressive
in uence toward their similarly-tuned neighbors (i.e., whefy > 0), preventing excess activity.

In addition to stabilization, such competitive interactions also underlie the sparsi cation dynamics
observed in cortical circuits [85—-87], and are widely regarded as a hallmark of sparse coding [39, 88].

In sum, we have shown that natural gradient descent on free energy, combined with biologically
motivated assumptions, leads to principled and interpretable neural dynamics. As our next step,
we apply the theoretical derivations (eq. (6), appendix B.7, and Fig. 5) to design speci c instances
of iterative VAEs within the broader FOND framework. These include: the iterative Poisson VAE
(iP-VAE), the iterative Gaussian VAEGVAE), and the iterative Gaussiaeiu VAE (i Gej-VAE).

5 Experiments

We evaluate the family of iterative VAE models introduced in this woR{AE, iG-VAE, i Ge)y-VAE;

Table 1). These models share identical inference dynamics derived in section 4 and appendix B.7,
differing only in their latent variable distributions (Poisson vs. Gaussian) and an optional nonlinearity
(e.g.,relu [89]) applied after sampling from the posterior. This systematic comparison helps isolate
the relative in uence of each component on learning brain-like representations that generalize. To
evaluate the impact of inference methods, we compare these iterative models to their amortized
counterpartsR-VAE, G-VAE, Ggy-VAE), all implemented with identical convolutional encoders.

We also compare to classic normative models in neuroscience, including two predictive coding
models, standard PC [22] and incremental PC (iPC; [90]), and the locally competitive algorithm
(LCA; [39]), a sparse coding model that can be viewed as a deterministic, hon-spiking precursor
to iP-VAE. See Table 1 for a summary of models, and Fig. 2 for a visualization of the model tree.
Additional comparisons to hybrid iterative-amortized VAEs [91, 92] are presented in the appendix.



Figure 3: All iterative VAESs converge beyond the training regimgy = 16). iP-VAE outperforms
iGel-VAE in sparsity, while G-VAE achieves superior reconstruction but with dense representations.
iP-VAE maintains reasonable reconstruction performance, despite using constrained representations
(sparse, integer-valued spike count). The sparsi cation dynamics of BeYAE and iGe,-VAE
resemble those observed in the mouse visual cortex [106] (appendix C.3). All models are trained on
16 16natural image patches, and the traces are averages over the entire test set. The right panel
displays representative dictionary elementy; Gee Fig. 11 for the complete setkof= 512 features.

Learning to infer. To learn the model parameters, we use a training scheme that accumulates
gradients across the entire inference trajectory and applies a single update at the end. Speci cally,
we performTyin inference steps per input batch and optimize model weights using the accumulated
gradients across all steps (not just the nal state). This procedure is analogous to backpropagation
through time [93, 94], and ., can be interpreted as the effective model “depth” [43, 95-97]
(Fig. 5). We nd that the choice ofy4jn has a signi cant effect on quantitative metrics, making it an
important hyperparameter to track. We explore varibgig,, but report performance using the same
Tiest= 1;000steps.

Hyperparameters. In addition toTy4in, We explore various values [78], which controls the
reconstruction-KL trade-off (eq. (2)). FoP+VAE and P-VAE [50], varying traces out a
reconstruction-sparsity landscape, loosely analogous to a rate-distortion curve [77]. In the main paper,
all models have a latent dimensionality kf = 512, with linear decoders comprised of a single
dictionary, 2 RM K whereM is the input dimensionality (i.e., number of pixels). In the appendix,

we explore more general nonlinear decoder architectures and different latent dimensionalities. See
appendix C.1 for additional implementation, hyperparameter, and training details.

Tasks and Datasets. We evaluate models in several ways, including convergence behavior, re-
construction—sparsity trade-off, downstream classi cation, and out-of-distribution (OOD; [98, 99])
generalization. We train and evaluate models on two datasets: (1) whiténed6 natural image

patches from the van Hateren dataset [100], used to assess convergence and reconstruction—sparsity
trade-offs; (2) MNIST [101], used for reconstruction, classi cation, and OOD generalization tests. A
good portion of these results, including the OOD ones, are presented in the appendix, as our primary
focus in this paper is theoretical, and these results warrant their focused exploration in future work.

Performance metrics. We de ne modekepresentationas samples drawn from the posterior at
each time point (e.gz(t) in Fig. 1a), and quantify performance using the following metrics. For
reconstruction, we compute the coef cient of determinatiBA)(between the input imag, and its
reconstruction® = z. R?(x;%) quanti es the proportion of input variance explained and yields
a dimensionality-independent score bounded from ab@ve ( 1, typically in [0; 1] for effective
models). For sparsity, we use the proportion of zeros in the sampled latmetsmean( z ==0).

This is a simple but informative proxy for energy ef ciency in hardware implementations [102—105].

iP-VAE converges to sparser states while maintaining competitive reconstruction performance.

We frame inference as convergence to attractor states (Fig. 1a) that faithfully represent inputs,
achieving high- delity reconstruction with sparsity. To evaluate convergence quality, we train iterative
VAES usingTi.in = 16, and monitor inference process acrdgg: = 1;000iterations, tracking three
metrics averaged over the test set: (1) reconstruction delityRAa(2) sparsity via the proportion of
zeros, and (3) proximity to the attractor via gradient néank / G (u)r , F calculated across

the latent dimensiori{ = 512). These metrics collectively characterize convergence dynamics and
allow us to evaluate attractor quality (Fig. 3).



We determine convergence by detecting whenRRdrace attens and remains stable (details in
appendix C.2). FoH-VAE, iGe-VAE, and iG-VAE, respectively, we observe convergence times
of 95, 75, and69iterations. At the nal statet(= 1;000), these models achieWw? values 0f0:83,
0:82, and0:87, with latents exhibiting/ 7%, 58%, and0% zeros (Fig. 3).P-VAE achieves superior
sparsity compared to both Gaussian models, WiBR/AE achieves the best overd®?. Throughout
inference, the gradient norku k steadily decreases but plateaus arodiag0:9, and1:0, respectively,
likely due to gradient variance induced by stochastic inference dynamics.

iP-VAE learns V1-like features. Analysis of the learned features reveals tRaMAE develops V1-

like Gabor lters [107-110], whileG-VAE learns localized pixel-like patterns an@WVAE learns
unstructured features (see right panel in Fig. 3, and Fig. 11 for complete dictionaries). Additionally,
when tested with drifting gratings of varying contrasi;VAE exhibits contrast-dependent response
latency characteristic of V1 neurons [111, 112] (Fig. 8), possibly a consequence of the normalization
dynamics that emerge from our theoretical derivations (eq. (8)). We explore these cortex-like
properties further in appendix C.3. In summary, these results sudgye#tk learns brain-like
representations while achieving the best reconstruction-sparsity compromise.

iP-VAE achieves the best overall reconstruction-sparsity trade-off. To assess the robustness of
iP-VAE's performance across hyperparameter settings, we systematically explore combinations of
Tuain 2 [8; 16;32], and values proportional to training iterations (ranging frord  t04:0  Tyain).

To compare across inference methods, we include amortized counterparts with idesgtadtion
criteria but usingdTyain = 1. Finally, we also include LCA [39] due to its theoretical similarity to
iP-VAE (eqg. (6)). See appendices C.1.1 to C.1.4 for architectural and training details for all models.

Figure 4a positions all models within a uni ed sparsity-reconstruction landscape, enabling direct
comparison of performance metrics and revealing hyperparameter sensitivity. This representation
can be interpreted through the lens of rate-distortion theory [77], wR&mrresponds to inverse
distortion and sparsity to inverse coding rate. The optimal point represents perfect reconstruction
(R? = 1:0) using only zeros (sparsity 1:0). This unachievable ideal is marked with a gold star.

For iP-VAE, varying Tyain and  traces a characteristic curve where increased sparsity trades
off against reconstruction quality at,n, = 8, with this trade-off improving at higher training
iterations Tyain = 16; 32). LCA and iGey-VAE exhibit a similar pattern, buG.,-VAE consistently
underperformsR -VAE in both metrics, con rming Fig. 3.@-VAE achieves comparabR? values to
high-Tyin iP -VAE ts but with zero sparsity. These extensive evaluations con rm that bBtvAE

and LCA achieve the best overall reconstruction-sparsity trade-offs among the tested models.

Finally, for fair comparison with LCAsnaximum a posterioffMAP) estimation, we evaluated
VAE models with deterministic decoding, whef-MAE slightly outperforms LCA (Fig. 9). We
also con rm that higher values increasd’i-VAE sparsity as theoretically predicted [50] (Fig. 10
and appendix C.4). For the effect of latent dimensionality on performance, see appendix C.5.

Iterative VAEs unanimously outperform their amortized counterparts. To quantify overall
performance as a single metric, we compute the Euclidean distance from each model to the optimal
point (the gold star aR? = 1:0, sparsity= 1:0), with lower distances indicating better performance.
Figure 4b shows that iterative VAE modelS(VAE, iGe,-VAE, iP-VAE) consistently outperform

their amortized counterpan&{VAE, G ,-VAE, andP -VAE), despite the latter employing deep
convolutional encoders with orders of magnitude more parameters. As predicted by theory (com-
paring eq. (6) with the LCA dynamics [39]), the performance of LCA dhd/AE are statistically
indistinguishable, thoughPi-VAE exhibits lower variability across hyperparameter settings.

For clarity in the reconstruction-sparsity analysis, we omit PC and iPC as their dense Gaussian
latents are effectively represented I¢WVAE. Extended experiments on MNIST (appendix C.6)
show that iterative VAEs outperform PCNs in reconstruction metrics, WithAE achieving the

best reconstruction-sparsity trade-off (Table 3). Interestingly, in downstream classi datidAE
reaches 98%accuracy, comparable to supervised PCNs [113]. See appendix C.6 for more detalils.

Iterative VAES match the inference runtime of their amortized counterparts. Despite requiring
2 training time (appendix C.1.4), iterative models achieve competitive inference speeds for large
batches, matching amortized performance before continuing to superior trade-offs (appendix C.7).



Figure 4: Reconstruction-sparsity trade-off across model famil{@¥.Performance landscape
showing reconstruction qualityR?) versus sparsity (proportion of zeros). Different symbols indicate
model variants (trianglesTyain = 8, crosses:Tyain = 16, circles: Tyan = 32, empty squares:
amortized VAESs, plus: LCA), with colors denoting model architectures. The gold star marks the
theoretical optimum(b) Overall performance measured as Euclidean distance from the optimum
point. Iterative models (right side) consistently outperform their amortized counterparts (left side),
with iP-VAE and LCA achieving the best overall performance. See also related Figs. 9 and 10.

iP-VAE exhibits strong out-of-distribution (OOD) generalization. While the main results use
linear decodersk = z), our framework easily extends to deep, nonlinear decoders. In appendix B.6,
we develop the theory; and in appendix C.8, we train nonlineaVAE models with multilayer
perceptron and convolutional decoders—interpretablieap sparse codirgand compare them

to hybrid iterative-amortized VAEs [91, 92]. For both within-dataset perturbations (Fig. 14) and
cross-dataset settings (Figs. 13, 15 and TB)YAE consistently outperforms alternatives in OOD
reconstruction and classi cation accuracy (Fig. 14). These results sugged® tNAfH learns a
compositional code (Fig. 17), a hypothesis we aim to study more systematically in future work.

iP-VAE scales to complex color image datasets and generates realistic image$n appendix C.9,
we demonstrate practical utility by scaling-\VAE to high-dimensional color images (CelebA,
CIFAR-10, tiny ImageNet); and, in appendix C.10, we show tRaVAE successfully generates
realistic MNIST samples through an iterative procedure.

6 Conclusions and Discussion

In this paper, we introduced FOND, a framework for deriving brain-like inference dynamics from
variational principles. We then applied FOND to derive a new family of iterative VAE models,
including the P-VAE, a spiking model that performs inference in its membrane potential dynamics.
iP-VAE's success likely stems from three key attributes: (1) exponential nonlinearities and (2)
emergent normalization, similar to recent advances in sequence modeling [114]; and (3) effective
stochastic depth through temporal unrolling, which also explains the effectiveness of hierarchical
VAEs [115]. Further,P-VAE's weight reuse and its sparse, integer-valued spike count representations
enable ef cient hardware implementation [116]. While we focused on variational inference, equally
important sampling-based approaches offer complementary perspectives [117-122]. Future work
should explore acceleration techniques for iterative inference [114], biologically plausible learning
rules [123], predictive dynamics for non-stationary sequences [124], hierarchical extensions [125,
126], and neural data applications [127-129]. We extend upon these points in appendices D.1 to D.5.

In sum, this work connects the prescriptive model development philosophy of FOND with practical
algorithms that exhibit brain-like behavior and deliver empirical bene ts in machine learning.

10



7 Code and data

Our code, data, and model checkpoints are available here: https://github.com/hadivafaii/lterative VAE.
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A Extended Background: Philosophical, Historical, and Theoretical

In this appendix, we present additional background information that complements the main text
(section 2). First, we explore the historical and philosophical perspectives underlying our work. We
then connect these foundations to recent developments while providing pedagogical explanations of
essential statistical concepts. Finally, we review existing machine learning and neuroscience models
as instances of free energy minimization, culminating in a model taxonomy shown in Fig. 2.

A.1 Perception as inference

The idea that perception is an inferential (rather than passive) process has been around for centuries.
Early thinkers described it as a process of “unconscious inference” about the hidden causes of sensory
inputs [1, 2]. This inference relies on two key components: (i) incoming sensory data, and (ii)

a priori knowledge about the environment [137]. Prior world knowledge can be acquired either
through subjective experience [138-140], or innately built in through evolutionary and developmental
processes [141-143]. As recognized in early psychology [144], and later formalized in theoretical
and computational frameworks, perception emerges when these two sources—sensory evidence and
prior expectations—are integrated to infer the most likely state of the world. Thus, brains actively
“construct” their perceptions [3, 145].

This framework remains a major cornerstone of theoretical neuroscience, and has inspired many
in uential theories across the eld [5-7, 22—-24, 32, 54, 146—149]. Although these theories go by
different names, they are uni ed by the core ideapéfception-as-infereneOf particular relevance

to our work aresparse coding54, 55, 150, 151]predictive coding22, 33, 146, 152], and thfeee

energy principlg23-25, 148, 149, 153].

Ideas such agariational inferencdrom statistics [4, 14—17] andariational autoencoderéVAES)

from machine learning [18—20] closely parallel those from theoretical neuroscience. While there has
been increasing dialogue between these elds, opportunities remain for deeper integration. Our work
speaks directly to this overlap by offering a theoretical synthesis of these ideas (Fig. 2), as well as
introducing a new family of brain-inspired machine learning architectures with practical bene ts.

A.2 Bayesian posterior inference

In statistical terms, perception can be modeled as a problem of Bayesian posterior inference [10-12].
We start with a generative model,(x ), that assigns probabilistic beliefs to observationg, RM
(e.g., images), through invoking-dimzensional latent vaéiables;

p(x) = p(x;z)dz = p(xjz) p(z)dz; ©)
marginal likelihood joint conditional prior
(a.k.a model evidence) distribution likelihood

where are the adaptable parameters of the generative model (e.g., neural network weights or synaptic
connection strengths in the brain). Hepe(z) represents prior beliefs over latent causes,faiigdjz)
is the conditional likelihood of observations given latents.

Posterior inference inverts this generative process to determine which latent con gurations are most
likely given an observation. Apply Bayes' rule to get:
p(x;2) _ p(xjz)p(z2) _ pp (Xjz)p (2)

PEIN= 00 T p o @dz

(10)

posterior

This posterior distribution is analytically intractable in all but the simplest cases due to the integration
over all latent con gurations in the denominator. This necessitates approximate inference methods.

A.3 \Variational inference and deriving the ELBO objective

Variational inference is a powerful approximate inference method that transforms the posterior
inference problem, eq. (10), into an optimization task [15-17]. Speci cally, one introduces a
variational densityy (zjx), parameterized by, which approximates the true posterior. The goal is

to minimize the Kullback-Leibler (KL) divergence betwegn(zjx) and the true posterigr (zjx).
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This optimization leads to the standdtdidenceLowerBOund (ELBO) objective [15, 17], which
can be derived starting from the moilel evidence as follows:

log p (x) q (zjx)dz
z

logp (x)

q (zjx)logp (x)dz
" #

= E q (zjx) logp (x)

n #
= E; q jx) logp (x)+log p (zjx) logp (zjx)
" #
_ p (X)p (zjx)
= E q (zjx) IOg p (ij)
" #
_ p (X;z)
- Ez q (zjx) IOg p (ZjX) (11)
_ _ p (x;2)q (zjx)
= B a e 109760500 @i%)
" #
_ , p (X;2) q (zjx)
= B o 199G T h
" # " #
_ p (x;z) q (zjx)
T B WGy TR e 00,
" #
X,z . .
= Ez q (zjx) Iogp( ) + DKL q (Z]X) p (ZJX) :

q (zjx)
ELBO( x;; )

is concludes our derivation of eq. (1). All we did was multiply by one twice (once by inserting
g (zjx)dz and once by introducing the rat&%) followed by a few algebraic rearrangements.

Importantly, eq. (1) holds for any (zjx) that de nes a proper probability density. Compared to
the typical derivation using Jensen's inequality [15], this derivation yields a stronger result [20]:
An exact decomposition of the model evidence into the ELBO plus the KL divergence between the
approximate and true posterior.

A direct consequence of this equality is that taking gradients of eq. (1) with respeshimws that
maximizing the ELBO minimizes the KL divergence, since the model evidence on the left-hand side
is independent of . Thus, ELBO maximization improves posterior inference quality, corresponding
to more accurate perception under the perception-as-inference framework (appendix A.1).

A.4 Three distributions, one ELBO

To fully specify the ELBO in eq. (1), we must make choices about the approximate posterior
g (zjx) and the joint distributiomp (x;z), which further decomposes ps(x;z) = p (z)p (Xjz).
Therefore, we are faced with a total of three independent distributional choices: approximate posterior,
prior, and likelihood'.

In both neuroscience and machine learning, it is common practice to assume all three distributions
are Gaussian. These critical assumptions are frequently adopted by convention rather than through
theoretical justi cation. We emphasize that these distributions are entirely at the discretion of the
modeler, and there are no fundamental constraints requiring them to be Gaussian in all cases.

1In the online inference setting, both the prior and approximate posterior (typically) become one family,
reducing the independent choices into two: approximate posterior, and likelihood.
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A.5 Two ways to carve up the ELBO

There are two common ways of expressing and interpreting the ELBO. The rst, more popular in the
machine learning community, is the VAE, loss decompositign [20]:

AN , p (xjz)p (2)
ELBO(X, X ) = E, q (zjx) |Og q (ij)
h i h i
i z
E; g @jx) l0gp (Xjz) + E; g (zjx) log P (2) (12)

Zjx
h | q (zjx)
E: g @zix) l0gp (xjz) D ke g (zjx) p(2)
Reconstruction terndfstortion) KL term (coding ratg

This view emphasizes reconstruction delity and latent space regularization. The reconstruction
term can be interpreted aglastortion measurgquantifying how well the latent codecan explain

the inputx through the generative model. The KL term, by contrast, acts agf@amation rate
measuring how much input-dependent information is encoded in the postefigk ) beyond what

is already present in the pripr(z). In other words, the KL quanti es theoding cosbf representing

X via z, and re ects the capacity of the latent space to capture novel, stimulus-speci ¢ structure. This
interpretation is closely related to classicatle-distortion theory154, 155], and has been formalized

in the context of VAES by Alemi et al. [77].

The second view, more aligned with theoretical neurchc,cience and plhysics, splits (negative) ELBO as:
ELBO(x;; ) F (X;; )= Bz q@x) logp(x;z) H q(zjx) ; (13)

Energy Entropy

R
whereH[q] = glogqis the Shannon entropy.

This carving is analogous to the concepttdimholtz free energfyom statistical physics [156-158],

where minimizing free energy involves reducing energy while preserving entropy (i.e., maintaining
uncertainty). Below, we will use this decomposition to show that the predictive coding objective of
Rao and Ballard [22] can be directly derived from eq. (13) under speci c distributional assumptions.

A.6 Gaussian Variational Autoencoder G-VAE)

The standard Gaussian VAB{VAE) represents a foundational model in the VAE family, where all
three distributions are factorized Gaussians [20]. To simplify the model, the prior is typically xed as
a standard normal distribution with zero mean and unit variapde) = N (0; 1).

The key innovation of VAEs lies in how they parameterize the approximate posterior and likelihood
distributions using neural networks:

Approximate posterior. The encoder neural network transforms each inputto parameters

for the posterior distribution. Speci cally, it outputs both a mean vector and a variance vector:
enck; )= (X)) ( (x); ?(x)). These parameters fully specify the approximate posterior:
q (zjx) = N(z; (x); ?(x)). Typically, neural networks are made to outpag , which is
exponentiated to obtain the variance. This choice ensures the variance always remains positive.

Likelihood. The decoder neural network maps sampled latent variables back to reconstructions in
the input space, producing the mean of the likelihood distributidiz)) = dec(z; ).

Likelihood variance. There are several approaches for handling the variance of the likelihood:

» Fixed variance: Setting a constant variance for all dimensions (this is bad practice: [159]).

« Input-dependent variance: Using a separate neural net to predict variance as a furction of

« Learned global variance: Learning a set of global variance parametes the entire
dataset [69].

In our implementation, we use learned global variance parameters for the decoder, meaning:
p (xjz) = N(x;dec@; ); 2).
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Training. A critical component enabling end-to-end training of VAEs is the reparameterization
trick [18]. This technique allows gradients to ow through the sampling operation by expressing a
samplez from g (zjx) as a deterministic function of and a noise variable N (0;1):

z= (x)+ (x)

With this formulation, both encoder and decoder parameters can be jointly optimized by maximizing
the ELBO objective shown in eq. (12).

Extensions and modi cations. Since the advent of VAEs [18, 19], numerous proposals have
extended or modi ed the standard Gaussian framework. These efforts can be broadly categorized into
three main directions: (i) developing more expressive or learnable priors, (ii) replacing the likelihood
function with non-Gaussian alternatives, and (iii) altering the latent distribution.

In terms of prior (z), researchers have introduced hierarchical variants [115, 160, 161], structured
priors such as VampPrior [162], and nonparametric approaches like the stick-breaking process [163].

For the likelihood functiop (xjz), alternatives to the standard Gaussian have been proposed to better
accommodate binary, count, or highly structured data. Examples include the Bernoulli distribution
for binary data [18, 164], Poisson [165] and negative binomial [166] for count data, and mixtures of
discretized Logistic distributions for natural images [161, 167].

Finally, for inference, many have enhanced the expressiveness of the variational pgsejoy

by applying normalizing ows [168] or inverse autoregressive ows [169], thereby relaxing the
mean- eld assumption. Others have replaced the Gaussian latents altogether, exploring alternative
distributions such as categorical [170, 171], Bernoulli [172, 173], Laplace [174], Dirichlet [175],
hyperbolic normal [176], von Mises-Fisher [177], Student's t [178], and negative binomial [179].

A.7 Poisson Variational Autoencoder P -VAE)

A particularly relevant departure from Gaussian latent variables is the PoissonrPARBE; [50]).
Motivated by ndings in neuroscience that neural spike counts follow Poisson statistics over short
temporal windows [51, 180], Vafaii et al. [50] introduced a VAE variant in which posterior inference

is performed over discrete spike counts. RRVAE, both the prior and approximate posterior
distributions of the standard Gaussian VAE are replaced with Poisson distributions. The authors
also developed a novel Poisson reparameterization trick and derived a corresponding ELBO for
Poisson-distributed VAES.

An important theoretical insight arises from tAeVAE ELBO: the KL divergence term induces a

ring rate penalty that resemblesparse coding54], a fundamental and widely documented property

of biological neural representations [151]. When trained on natural image pafchéss learns

sparse latent representations with Gabor-like basis vectors [107-110], much like classic sparse coding
[54]. P-VAE has also been extended to model psychophysical response times [181].

Despite these advancds;VAE underperformed thically competitive algorithnfLCA; [39])—a

classic iterative sparse coding algorithm from 2008—in both reconstruction accuracy and sparsity.
The authors attributed this performance gap to a key difference in inference mechanisms: VAEs rely
onamortizedinference; whereas, sparse coding utaative optimization at test time.

A.8 Amortized versus iterative variational inference

Once we select our approximate posterior distribution—such as a GauGs\éE( or Poisson
(P-VAE)—we must decide how to parameterize and optimize it. Letenote the distributional
parameters of the approximate posterior (distinct from neural network weights). For example, a
Gaussian posterior requires both a meaand variance 2, i.e., ( ; ?);whereas, a Poisson
posterior is speci ed by a vector of rates, r. We now describe three strategies for optimizing
amortized, iterative, and hybrid iterative-amortized inference.

Amortized inference. In amortized variational inferenc&n encoder neural netwoekc(x; ),
parameterized by weights maps each observationto its corresponding posterior parameters in a
single forward pass: (x) = enc(x; ). This approach, central to VAEs, is ef cient at test time, as
the cost of inference is “amortized” over training, much like spreading out a xed expense over time
in accounting [36].
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The amortized approach is partially motivated by the universal approximation capability of neural
networks [182]: if there exists a mapping from samples to their optimal posterior parameters,
x ! (x), then a suf ciently large and deep neural network should theoretically be able to learn it.

However, despite this theoretical promise, amortized inference often suffers framatization
gap—a systematic mismatch between the inferred posterior parame(ers= enc(x; ), and the
optimal variational parameters, (x). This gap can signi cantly degrade model performance [183,
184] and can be conceptualized in two equivalent ways.

First, within a given family of distributions, the optimal variational parametet(s<) are by de nition

those that minimize the KL divergence from the approximate posterior to the true posterior (the
last term in eq. (1)). Second, due to the equality in eq. (1), this KL divergence is mathematically
equivalent to the difference between the ELBO and the model evidegge,(x ). The closer the
variational approximation is to the true posterior distribution in terms of KL, the smaller the gap
between ELBO antbgp (x) becomes, thereby increasing the “tightness” of the lower bound.

In summary, the amortization gap reveals that despite the promise of the universal approximation
theorem [182], even highly parameterized deep neural networks often fail to nd the optimal varia-
tional parameters [183]. This results in both poor inference quality, as well as substantial discrepancy
between the ELBO and the model evidence.

Iterative inference. In contrast to amortized inferendegrative variational inferenceptimizes

the posterior parametersseparately for each data point by directly maximizing the ELBO, typically
via gradient-based optimization. Although more computationally intensive at test time, this approach
often achieves tighter variational bounds and more accurate posterior approximations [183, 185].

A canonical example is stochastic variational inference (SVI; [186]), which updates local variational
parameters via stochastic gradient ascent. Iterative optimization is also central to classical Bayesian
approaches such as expectation maximization (EM; [13, 187]), coordinate ascent variational inference
[188], mean- eld variational inference [17, 189], and expectation propagation [190], all of which

re ne posterior estimates through successive updates.

In neuroscience-inspired models, iterative inference emerges naturally in biologically plausible
frameworks such as thlecally competitive algorithn{LCA; [39]) for sparse coding (SC), and

in predictive coding models (PC; [22, 23]). Both SC and PC implement inference through local,
recurrent dynamics. While these models are not always formulated explicitly in terms of ELBO
maximization, as reviewed in the main text, appendix A.9, and illustrated in Fig. 2, both SC and PC
can be interpreted as performing variational inference via iterative re nement of latent variables in
response to sensory input.

In summary, iterative inference methods can substantially reduce the amortization gap by producing
more accurate posterior approximations. But they incur increased computational cost at test time,
often requiring multiple optimization steps per observation.

Hybrid iterative-amortized inference. Several hybrid approaches have been proposed to bridge
the gap between amortized and iterative inference, aiming to combine the speed and scalability
of amortized methods with the accuracy and exibility of iterative re nement. Hemholtz
maching[4] is an early example, using a recognition network for approximate inference (similar
to amortization) but trained through theake-sleemlgorithm. This approach alternates between
updating the generative model in the “wake” phase and the recognition model in the “sleep” phase,
combining aspects of both amortized and iterative approaches in an EM-like fashion.

More recent examples includkerative amortized inferend®1], which trains a neural network to

predict parameter updates rather than the posterior parameters themselves. This approach draws
inspiration from meta-learning [191], where the inference procedure is learned as a dynamical process
conditioned on data. By learning to iteratively improve posterior estimates, such models can adapt
inference trajectories to individual data points while still leveraging amortization during training.

Another example is theemi-amortized variational autoencod@?], which uses a standard encoder
network to produce an initial guess for the approximate posterior, and then performs a small number of
gradient-based updates, as in stochastic variational inference (SVI; [186]), to re ne the estimate. This
two-stage approach retains the test-time ef ciency of amortization while reducing the amortization
gap via local adaptation.
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Our models are fully iterative, in the spirit of LCA, but remain conceptually related to these hybrid
strategies. We compare to them thoroughly in our extended results below.

Iterative versus amortized inference: which approach is more brain-like? Unlike one-shot
amortized inference, neural dynamics unfold over time [75], allowing for progressive re nement of
perceptual representations [42, 44]. This temporal unfolding is consistent with recurrent processing
and resonance phenomena observed in neural circuits [40, 41, 43], suggesting that the brain engages
in a form of iterative inference. This idea is re ected in biologically inspired algorithms such as
sparse coding [39] and predictive coding [22, 33], where inference is implemented through ongoing
dynamical interactions that minimize error over time.

A counterpoint comes from Gershman and Goodman [36], who argues that the brain may instead
employ amortized inference, using fast, feedforward mappings (e.g., learned neural networks) that
approximate posterior beliefs without requiring iterative updates. This view emphasizes the ef ciency
of inference through learned function approximation, contrasting with the exibility and adaptivity of
iterative approaches.

However, this ef ciency comes at the cost of adaptability and biological realism. Given the strong
evidence for recurrent, time-evolving neural dynamics, we view iterative inference as the more
plausible default. Though in practice, the brain may implement a hybrid of both strategies.

The jury is still out.

A.9 Predictive coding as variational inference

Having established the variational framework for perception, we now demonstrate how the classic
predictive coding model of Rao and Ballard [22] can also be understood as a form of variational
inference with speci c distributional choices. Here, we focus on a single-layer predictive coding
network (PCN) with a linear decoder. See Millidge et al. [33] for a comprehensive review, covering
more general cases including hierarchical PCNs.

The key insight is that predictive coding is mathematically identical to free energy minimization
(or ELBO maximization), with three speci c distributional choices: (1) factorized Gaussian prior,
(2) factorized Gaussian likelihood, and (3) a Dirac-delta distribution for the approximate posterior,
combined with iterative inference.

Consider images 2 RV and latent variablez 2 R . Starting from the free energy formulation in

eg. (13), we substitute (zjx) = (z ), where are the encoding parameters. With this
delta distribution, the entropy term vanishhes, simplifying the free energy to:
I
F(x;; )= E (¢ ) logp(x;z) = logp (x; ): (14)

For the generative model, we adopt factorized Gaussians:
Gaussianprior: p () = N( ; o;l);
Gaussian likelihood: p (xj ) = N(x; ;I1);
where o 2 RX are learnable prior parameters, and2 R™ X is a linear decoder (i.e., the
dictionary in sparse coding). Therefore, the generative model parameters areg; ) .

Substituting these Gaussians into eq. (14) yields:
F(x;; )= logp (xj ) logp ()

= 20 P o+

where the dots represent constant terms irrelevant to optimization. The two squared terms capture
prediction errors at different levels of the hierarchy.

(15)

In predictive coding, the neural dynamics emerge directly from gradient descént 8peci cally,
predictive coding assumes neural activityevolves accordingto = r F , which gives:

_ = X ! ( 0): (16)

feedforward drive  |ateral connections leak term
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Table 1: Models considered in this paper. Variational autoencoders (VAES), sparse coding (SC), and
predictive coding networks (PCNSs) are different instantiations of variational inference with speci ¢
“prescriptive” choices. Our theoretical synthesis explicitly identi es these critical choices—including
distribution families for priors and approximate posteriors, as well as the inference optimization
method (amortized versus iterative)—that de ne and distinguish each model. Iterative VAEs, SC, and
PCNs optimize encoding parametershrough iteration, while amortized VAEs perform one-shot
inference using neural networks with parameter§he main paper (sections 4 and 5, Fig. 5) focuses

on linear decoders (dictionary), with the general nonlinear decoder case explored in appendices B.6
and C.8to C.10, Figs. 6 and 13 to 17, and tables 4 and 5. For an illustration of this table as a model
tree, see Fig. 2. (): nonlinear activation function (e.gelu), Nat. GD: natural gradient descent.

Model Posterior  Prior Likelihood Architecture
famil Model - : Reference
amily g (zjx) p (2) p (xjz) Encoder Decoder
iterative iP-VAE  Poisson Poisson z
VAE iG-VAE Gaussian Gaussian Gaussian Nat.GD z This paper
iG -VAE Gaussian Gaussian '(2)
amortized P-VAE Poisson Poisson dec(z; ) Vafaii et al. [50]
VAE G-VAE Gaussian Gaussian Gaussian enc(x; ) dec(z; ) Kingma and Welling [18]
G -VAE  Gaussian Gaussian dec( (z); ) wnitington etal. [89]
PC Dirac- . . . Rao and Ballard [22]
PCN iPC delta Gaussian Gaussian GD (2) Salvatori et al. [90]
Sparse Dirac- . Olshausen and Field [54]
coding LCA delta Laplace Gaussian GD z Rozell et al. [39]

A.10 Variational free energy minimization uni es machine learning and neuroscience

Throughout this extended background, we reviewed how variational free efeygyifimization

serves as a unifying theoretical framework that connects seemingly disparate approaches across
machine learning and theoretical neuroscience. This synthesis reveals that models as diverse as
variational autoencoders (VAES), predictive coding, and sparse coding can all be derived from the
same fundamental principle &f minimization, differing only in their speci ¢ prescriptive choices.

Our synthesis emphasizes two critical dimensions of choice that determine a model's characteristics:

1. Distributional choices. The selection of three distributions
« approximate posterior q (zjx),

e prior : p (2),
* likelihood: p (xjz).

2. Inference optimization strategy. The decision between

« amortized inferenceraining a neural network to compute posterior
parameters in a single forward pass, versus

« iterative inferenceoptimizing parameters through iterative (e.g.,
gradient-based) re nement.

These choices de ne a rich taxonomy of models, illustrated in Fig. 2. For example, combining
amortized inference with factorized Gaussian distributions yields the standard&NEE; [18]).
Replacing the Gaussian prior and posterior with Poisson distributions leads to the Poisson VAE
(P-VAE; [50]).

On the neuroscience side, models based on iterative inference with Dirac-delta posteriors and Gaussian
likelihoods give rise to predictive coding [22] and sparse coding [54]. Predictive coding typically
assumes a Gaussian prior, while sparse coding often uses a Laplace prior to encourage sparsity
(Fig. 2). See Friston [23] and Millidge et al. [33] for derivations of predictive coding as variational
inference, and Olshausen [55] and Chapter 10 of Dayan and Abbott [56] for sparse coding.
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Overall, this systematic mapping clari es how models originally developed in separate domains and
described with different terminology can be understood through a common theoretical lens.

Building on this synthesis, our contribution is introducing the FOND framewer&g energyOnline
Natural-gradientDynamic$, which derives brain-like inference dynamics as natural gradient descent
on free energy with speci c distributional and structural assumptions. Unlike post-hoc theoretical
interpretations, FOND starts with principles and derives algorithms in a top-down manner. We apply
FOND to derive a new family of iterative VAE architectures: the iterative Poisson VRE/AE),

the iterative Gaussian VAEGVAE), and the iterative Gaussiaetu VAE (i Ge-VAE).

These models exemplify FOND's prescriptive power, while combining the strengths of two theoretical
traditions: the probabilistic foundation of machine learning and the recurrent, adaptive processing
characteristic of neuroscience models. By making our prescriptive choices explicit and theoretically
grounded, FOND provides not just a synthesis of existing approaches, but a principled framework
for developing new algorithms that address limitations in both elds. See Table 1 for a summary of
models considered in this work.

B Extended Theory: Motivations, Derivations, and Discussions

In this appendix, we present additional motivations for our modeling choices, detailed derivations,
and occasional commentary on key outcomes, complementing the theoretical exposition in the main
paper (sections 3 and 4).

We begin by clarifying what we mean by “prescriptive” using an analogy from fundamental physics.
We then motivate the Poisson assumptions, which led us t®théE architecture. In the remainder

of this appendix, we further develop the theoretical foundations and present generalizations of our
framework beyond what is covered in the main paper, along with interpretive insights that clarify its
connection to principles of neural computation.

B.1 What do we mean by “prescriptive”?

In physics, prescriptive theories derive dynamics from rst principles rather than hand-tuning to
t data. Notably, thePrinciple of Least Actiofi61] states that physical systems follow trajectories
minimizing theAction (time integral of the Lagrangian). However, this principle alone is insuf cient
without addressing two fundamental questions:

Deriving dynamics from rst principles

(Q1) Dynamical Objects What are the mathematical objects of interest which
exhibit the dynamics we seek to understand?

(Q2) Dynamical Equations What differential equations govern these
objects' time evolution?

For instance, effective eld theory [62] addresses these questions most elegantly, where symmetry
principles alone resolve both questions (e.g, see Chapter 17 in Schwichtenberg [63]). Thus, in
prescriptive theories, the arrow goes frpninciples! dynamicsand not the other way around.

While the elegant derivations of physics (where everything follows from symmetry alone [64]) may
not be fully achievable in the messy world of NeuroAl, we can still apply this prescriptive philosophy.

In this work, we follow the same arrowfrem principles to dynamiesto derive brain-like inference
dynamics from rst principles. Speci cally: (1) we choose real-valued neural membrane potentials as
our dynamical objects (Fig. 1a). This is because membrane potentials are the source of information
processing in the brain and they directly generate spiking activity [70, 84], which in turn causally
drive perception and behavior [192], and (2) we derive inference dynamics as natural gradient descent
on variational free energy with Poisson assumptions in an online inference setting (Fig. 1b, FOND).
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B.2 Why Poisson?

To fully specify the variational free energy objective, one must make concrete decisions about
distributional assumptions. Our choice of Poisson distributions for both the approximate posterior
and prior is motivated by both theoretical principles and empirical observations from neuroscience.

From a theoretical perspective, Poisson is a natural choice for neural coding because spike counts are,
by de nition, discrete, non-negative integers. When implementing variational inference, distributional
choices should re ect the natural constraints of the variables being modeled, and the Poisson
distribution inherently respects these constraints for neural spike counts.

Empirically, the Poisson assumption aligns with extensive neurophysiological observations. Neurons
exhibit variable responses across repeated presentations of identical stimuli, with spike-count variance
proportional to the mean [51-53]. For brief time windows, this proportionality approaches unity
[193-195], approximately matching Poisson statistics. While longer windows and higher cortical
areas often show super-Poisson variability, this can be attributed to modulation of an underlying
inhomogeneous Poisson process [180].

In other words, neurons can be modeled as conditionally Poisson, even if not marginally so [196].

The apparent precision observed in certain neuronal responses [197] is not inconsistent with Poisson
processes. Modern models demonstrate that inhomogeneous Poisson rate codes can capture precise
spike timing [198], and the high-precision examples often cited against rate coding are effectively
captured by Poisson-process Generalized Linear Models [199].

Overall, the Poisson assumption offers mathematical convenience, and it is not too biologically
implausible. Neurons are not literally Poisson in all contexts, but this distributional choice provides

a reasonable approximation that respects the discrete nature of spike counts while capturing key
statistical properties of neural activity. By grounding our theory in these biologically realistic
assumptions, we derive dynamics that naturally reproduce important features of cortical computation.

B.3 Poisson Kullback—Leibler (KL) divergence

We provide a closed-form derivation of the KL divergence between two Poisson distributions. Recall
that the Poisson distribution for a single spike count variabigith rater 2 R. o, is given by:

z

Pois(z:r) = %e . 17)

Now supposé = Pois(z; ro) is the prior distribution for this single neuron, aget Pois(z;r) is
the approximate posterior. The KL divergence is given by:
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We now express the nal result in terms of the membrane potentiatsjog r, to get:

Dk Pois(z;exp(u)) Pois(z;exp(ug)) = e€°+¢€e"(u up 1): (19)

This concludes our derivation of KL divergence for a single Poisson variable. It's easy to see how
this result would generalize % latents, which is what we show in eq. (2).

B.4 Fisher information matrix

To derive inference dynamics as natural gradient descent on free energy, we must account for the
geometry of distributional parameter space. The Fisher information matrix de nes this geometry by
acting as a Riemannian metric over the space of probability distributions, measuring how sensitively
a distribution changes with its parameters.

When small parameter changes produce large shifts in the distribution, the Fisher information is high,
meaning those parameters are farther apart in distribution space. Natural gradient descent leverages
this structure, adjusting updates to re ect the true curvature of the space; whereas, standard gradient
descent implicitly assumes a at, Euclidean geometry. These geometry-aware updates lead to more
ef cient and stable optimization, especially in ill-conditioned settings [35, 57, 76, 200].

In what follows, we formalize this idea and derive explicit Fisher information matrices for Poisson
and Gaussian distributions.

B.4.1 Fisher information matrix as a second-order approximation of the KL divergence

To derive the Fisher information matrix, we begin with a local approximation of the KL divergence
between two nearby distributions. Consider a distribugofx) parameterized by, and the same
distribution with slightly perturbed parameters,. (x). The KL divergence between these
distributions can be expanded using a second-order Taylor approximation:

X
Dkep P+ = p (x)log Io7()dx
p + (X) (20)
% TG() + Ok K):
whereG () is the Fisher information matrix de ned as:
h i
G()= Ex pr logp (x)r logp ()7 (21)

This matrix appears as the Hessian in the second-order approximation of the KL divergence, revealing
its role as the natural metric for measuring distances between nearby probability distributions.

From this perspective, natural gradient descent updates take the form:
tHl =t G ' or L(v) (22)

whereL ( ) is the loss function (in our case, variational free energy), aiglthe learning rate.
By incorporating the inverse Fisher information matrix, the update accounts for the curvature of
distribution space, leading to more effective optimization.

B.4.2 Poisson Fisher information matrix

In this paper, we considered the canonical parameterization of the Poisson distribution in terms of log
rate,u = log r, interpreted as membrane potentials. We now derive the Fisher information matrix
for a single Poisson variable in this log rate parameterization, where the probability mass function is:
_ e’
Pois(z;e") = —r e € (23)
The log-likelihood as a function af is:

u

logPois(z;e') = uz €' logz! (24)
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Taking the derivative with respect to

@@Jog Pois(z;e") = z ¢ (25)
Plug this expression in eq. (21) to get:
@ 2
G (U) = E,p ois(z;ev) @Jog POiS(Z; e“)
h 2i
= E;p ois(z;ev) (Z eu)
h i (26)
= Ezp ois(zzev) 2> 2zé' +
h i hi

= Ezp ois(z;ev) e 2¢"E;p ois(z;ev) Z ¥ e

For a Poisson distribution with ra&', we knowE[z] = €' andVar[z] = €", which means
E[z?] = Var[ z] + E[z]? = €" + €?V. Substituting, we get:

G(u) = (e"+¢e?) 2e" e'+ e
el + et 2%+ e (27)

- eU.

The nal result reveals a remarkably simple form for the Fisher information matrix in the membrane
potential parameterization:

Poisson: G(u) = € (28)

For the multivariate case with independent Poisson components, the Fisher information matrix
becomes diagonal with entri€s; (u) = €"i, or in vector notationG (u) = diag( e").

The natural gradient update for the membrane potentials thus takes the form:

u= G Yur,F= e r ,F: (29)

This derivation leads directly to the dynamic equations shown in eq. (6), providing a principled
foundation for our spiking neural inference model.

B.4.3 Gaussian Fisher information matrix

For the Gaussian distribution, we de ne the log standard deviationJog , and derive the Fisher
information matrix using th¢; ) parameterization. The probability density function is:

1 (x )2

. on2 —
N(x;;e“) = PFGXP o2 (30)
And the log-likelihood is:
1 (x )?
N
logN (x; ;e“) = 2Iog(2 ) 2 (31)
We compute the partial derivatives with respect to the parameters:
Oiogn(x; e2) = X
@ e
o L (32)
@IogN(x;;ez): 1+ = :
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The Fisher information matrix components are:

@ "
G = Exn (x;e?) @lOQN(X; ;82)
_ h(X )2|
= BN xie2) ?
i (33)
= iExN (x;:e2) (X )2
et i
1
-1l
et
=e?:
And for the component:
" #
@ 2
G = Exn (xe2) @IOQN(X; ;92)
" ! o#
X
= Exn (x;2) 1+ e (34)
" #
2 4
X X
= Exn (x;;2) 1 2 + e

For a Gaussian, we ha#&f(x  )?]= € andE[(x )% =3¢* . After expansion and computing
the expectations, we get the nal result:
G =2: (35)

Remarkably, when using the log standard deviation parameterization, the corresponding Fisher
information metric becomes constant.

Finally, for the cross-terms we have:

n #

@ @
G = Exn (x;e?) @IogN(x;;ez) @IogN(x;;ez)

" L (36)

X X
= ExN (x;;e2) 2 1+ e
SinceE[x 1= E[(x )3] = 0 for a Gaussian, this cross-term vanishes:
G =0: (37)

Therefore, the Fisher information matrix for a univariate Gaussian {with) parameterization is:

e?2 0 0
2

Gaussian: G(; ) = = (38)

o
N
o

For the multivariate case with a diagonal covariance matrix, the Fisher information becomes block-
diagonal with entries corresponding to each dimension's parameters. This structure leads to separate
natural gradient updates for means and log standard deviations.

Equation (38) shows that natural gradient descent in Gaussian parameter space involves scaling the
mean gradients by the variance, while the log standard deviation updates require a simple constant
scaling factor. In appendix B.7, we will use this result to derive the inference dynamics for the case
of Gaussian posterior distributions.

40



B.5 Interpreting the terms in Poisson dynamics equations

In this section, we interpret each term in the neural dynamics, eq. (6). We explain their biological
signi cance and draw connections to canonical models in computational neuroscience.

B.5.1 Feedforward drive

The rstterm, Tx, represents the feedforward excitatory input to neurons (i.e., “feedforward drive”).

It projects the incoming stimulus into the linear subspace spanned by each neuron's receptive eld
(the columns of ). This operation loosely corresponds to the selective tuning of synaptic weights,
with each neuron responding strongly to stimuli matching its preferred feature. In sensory cortices,
for example, this feedforward drive could correspond to thalamocortical projections that relay sensory
information to cortical neurons [201, 202].

B.5.2 Recurrent explaining away

The second term, T z(u), with spikes sampled from the posteriofu)  q, (zjx), captures
recurrent interactions within the neural population. Crucially, this interaction occurs through spiking
activity z(u), not membrane potentials, thereby preserving the biological principle that neurons
communicate via discrete spikes rather than continuous voltages [82, 84].

The recurrent connectivity matrix,” , allows lateral interactions among latent dimensions. This is
known as “explaining away” in probabilistic inference contexts [7]; or as “lateral competition” or
“lateral inhibition” in neural circuit models [81, 86, 203-207].

Two distinct suppressive mechanisms emerge: (1) self-suppression via diagong[ tethg > 0),

where neurons with high activity suppress their own future responses, acting as a form of spike-
frequency adaptation [208]; and (2) lateral inhibition through off-diagonal t¢fms] j; 6 0),

where neurons with similar feature preferences compete [85-87]. While most interactions are
inhibitory when features are positively correlagd™ ] j > 0), excitatory effects can also arise

when features are anti-correlatgd '] j < 0).

B.5.3 Homeostatic leak

The nalterm, (u uy), effectively functions as a homeostatic “leak” that pulls membrane potentials
back toward their prior values. This establishes a direct formal connection between a fundamental
biophysical property of neurons—their leaky integrator dynamics [81]—and the Kullback-Leibler
divergence in variational inference, which measuresdélaive information209] between posterior

and prior distributions.

From a biological perspective, this leak term re ects passive membrane properties that restore neural
excitability to baseline in the absence of input, preventing hyperactivity and ensuring metabolic
ef ciency [210]. From an information-theoretic standpoint, it implements a regularization pressure
that penalizes deviations from the prior, balancing the reconstruction objective against representational
complexity [77, 78].

The strength of our framework lies in unifying these perspectives: the biophysical constraionaf “
deviate too much from your baseline staaégns nicely with the information-theoretic principle that
“encoding more stimulus-speci ¢ information incurs a coding ¢okhis duality offers a principled
explanation for why neural systems operate in sparse regimes: they naturally minimize free energy
by balancing reconstruction delity against metabolic constraints [50].

Overall, the derivedr -VAE dynamics, eq. (6), reveals how neural circuits can implement Bayesian
inference through local computations and spiking communication, in a way that mimics established
principles of neural physiology. The emergence of these biologically plausible mechanisms directly
from variational principles suggests that evolution may have indeed optimized neural systems to
perform approximate Bayesian inference [6, 74, 148].
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B.6 Extension to nonlinear decoders

In the main derivation (section 4), we made two simplifying assumptions to enhance clarity: (1) we
assumed a linear decoder, and (2) we ignored the variance of the decoder. In this section, we relax
these assumptions and provide a full derivation that reduces to those in the main text.

Throughout this work, we assume a Gaussian likelihood function for all models considered. The
mean is produced by a decoder neural netwolz)) = dec(z; ) f (z), with parameters. For

the main derivation, we assumed a unit covariance. But in fact, in the code we have a set of global
learnable parameters?, that we learn end-to-end alongside other parameters [69]. Given these
assumptions, the likelihood is given by:

p (xjz) = N(x;f (2); )
And the negative log-likelihood is:

. 1 x f(z) 2
logp (xjz) = > A +

where the dots represent terms that are going to vanish after differentiating with respect to the
variational parameters, so we didn't bother writing them out.

Similar to the main text, we approximate the reconstruction term using a single Monte Carlo sample:
1 x f(2))?
5 ;

wherez( ) g (zjx). We see that to compute the gradient of the reconstruction term, we only
need to compute the gradient of the sample and simply use chai@u@ = ( @Z=@;) (@=@)z

Lrecon(X; ; )

@ N e T2 X I
@ Lrecon.(x ] ) - @ . [\] ]|J 7]',
where we de ned the decoder Jacobian as follows:
_ @ _
[J (Z)]ij = @Z[f (Z)]j : (39)

In matrix form, the gradient of the reconstruction term reads:

I Lrecon(X;; ) = g J (2) % ; (40)

where@=@ is a vector of lengtlK , the decoder Jacobiah isaK M matrix, the expression
inside the bracket is a vector of length, and is the Hadamard (element-wise) product. During
inference, we evaluate eq. (40) at the particular sample drawn from the posteriar( ).

This concludes our extension of the results to the case of nonlinear decoders with a learned global
variance. If the decoder is a neural network withu activations, then the Jacobian can be interpreted
as a dynamic feedforward receptive eld. In the case of a linear decbder) = z, we geta xed

Jacobiand = T, producing the main paper result: L econ. / Tx T z.

Finally, compare Fig. 5 and Fig. 6 for a ResNet-style view of the unrolled encoding algorithms,
contrasting linear and nonlinear decoders.

B.7 Extension to Gaussian posteriors

In the main text, we derived dynamics for the case of Poisson latent variables, resulting in the spiking
inference dynamics shown in eq. (6). This led to the corresponding iterative PoissonR/AARE)
architecture.

Here, we extend these results to Gaussian latents, with an optional nonlife@jitgpplied after
sampling, corresponding to th&-VAE and iG -VAE architectures, respectively.
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Figure 5. Comparison between standard deep residual neural networks (ResNet; [211]) and our
inference algorithm(a) Standard ResNets process information through a series of deterministic
layers, each with independent parametgrsvheret is the layer index(b) The iP-VAE encoding
algorithm (eq. (7)) unrolled in time resembles a ResNet with shared parameters, but incorporates
adaptive, stochastic, and spiking dynamics. This recurrent architecture is conceptually similar
to Looped Transformerf212-214], which use “input injection”—conditioning on the inputt

each step—as an effective heuristic to improve stability and performance. In our framework, this
mechanism is not a heuristic choice, but emerges directly from the rst principles of online variational
inference. Finally, unlike conventional networks [95], tReVAE uses only decoder parameters
enabling online Bayesian inference through iterative sampling and recurrent updates conditioned on
both current state; and inputx. This gure illustrates the linear decoder implementation used in

the main paper. For the general nonlinear decoder case, see Fig. 6.

Figure 6: Detailed view of theéPi-VAE iterative inference algorithm with a nonlinear decoder. The

left panel illustrates the computational ow: membrane potential$ ére transformed into ring

rates (;) through an exponential nonlinearity, then sampled to produce integer spike coynts (
These spikes are passed through a decoder to generate predictions, with errors propagated back
through the decoder Jacobian. The right panel shows the corresponding mathematical formulation
derived in appendix B.6. For the simpler case of linear decoders used in the main paper, see Fig. 5.

Let's revisit the prescriptive choices needed for deriving dynamics from rst principles (appendix B.1).
For the Gaussian case, we select the meaand log standard deviation,= log , as our dynamical
variables. This parameterization avoids constrained optimization that would be necessary with
directly, since must remain strictly positive while can take any real value. Additionally, as shown

in appendix B.4.3, the log standard deviation parameterization yields a constant Fisher scaling, which
simpli es our derivations.

Next, we derive Gaussian inference dynamics from natural gradient on free energy. Since we use
Gaussian likelihoods across all models in this paper, we've already addressed this component in the
main text for linear decoders (eq. (4)) and extended it to general nonlinear decoders in the appendix
(eq. (40)). We now need to derive the KL component.

43



B.7.1 Gaussian KL divergence

Suppose the posterior and prior parameters for a single latent variable are gigen By and
( o; 3),respectively. The Gaussian KL term reads:

1 0 2 2 2 #
Di a; :(zix) P, 3(2) = 5 + g — 1:
0 0 0
With our log standard deviation parameterizatios, log , this becomes: "
. 1 2
D 0; (zX) Poio(@) = 5 —o +€0 2 2( o 1:

B.7.2 Gradient of the Gaussian KL term

For the general factorized -variate Gaussian, we compute derivatives with respect to the variational
parameters to nd:

r Dki(gkp) ;

& (41)
r Dr(gkp) = €0 L

The next step is to estimate the reconstruction gradient from eq. (40). This requires computing the
partial derivative of the sample with respect to each parameter. Using the Gaussian reparameterization
trick [20], we have:

z= texp() ; (42)
with N (0;1). Therefore, the sample derivatives are:
@ @
— =1, — = ex : 43
@ @ p( ) (43)

B.7.3 The Gaussian inference dynamics
Following our prescriptive approach:
= G Yy F
1( ) (a4)
= G ( )[I’ Lrecon."’ r I-KL]:

Combining egs. (38), (40), (41), (43) and (44) yields the nal dynamics for the Gaussian case:

= & J (2) Lz(z) e2( o) ( 0)
(45)
1 x f(2) 1 .
- = e J(z) — 5 ¢ 9

Remember that we had=  +exp( ) ,and N (0;1).
This completes our derivation of the full Gaussian inference dynamics. Next, we examine how this
general equation simpli es for linear decoders and when applying nonlinearities after sampling.

B.7.4 The iterative Gaussian VAE (G-VAE)

In the main paper, we focus on linear decoders, de ning the iterative Gaussian @A) model.
For a linear decoder, we hatie(z) = z andJ = T. Substituting these into eq. (45) gives us
the iG-VAE dynamics:

= & 7TX Tz e o 0);
(46)



B.7.5 The iterative Gaussian- VAE (iG -VAE)

We can further extend our framework by applying a nonlinearify), immediately after sampling:

z="(z)="( +exp() ): (47)
This modi cation affects the dynamics equations in two ways. First, we decode#rem (z) rather
thanz directly:f (z)! f (' (z)). Inthe linear decoder case, this simpliestoz ! ' (z) (see

Table 1). Second, we now have to apply the element-wise product of the derivative of the nonlinearity,
evaluated at the sample point. This stems from the sample derivative term from eq. (40).

With these two changes applied, tii2 {VAE dynamics becomes:

_ = e2 'O(Z) J (' (Z)) M ez( 0) ( 0),
‘ (48)
_ = %e ) 3@ L@ % 0 1

This approach provides a general recipe that works with any differentiable function. In this paper, we
speci cally use' () =relu( ) for two key reasons. First, Whittington et al. [89] demonstrated that
applyingrelu to amortized Gaussian VAESs, combined with activity penalties, produces disentangled
representations that can even outperform beta-VAEs [78]. Second, Bricken et al. [215] showed that
combining arelu activation with noisy inputs is suf cient to approximate sparse coding.

In our implementation, we use the exact derivative ofrida function:
reludz) = ( 2);

where () is the Heaviside step function.

Finally, the Ge-VAE dynamics under a linear decoder are given by:

- eZ ( Z) TX T2 reIU( Z) ez( 0) ( 0)'
(49)
1 Tx T relu( z) 1 ¢ o _
- = e ( 2) 5 5 e 1:

B.8 Biological interpretation of the standard predictive coding dynamics

Due to Gaussian assumptions, the predictive coding inference dynamics (eg. (16), appendix A.9)
reveal a rate model where the variableare real-valued and only loosely interpretable as neural
activity. In contrast, biological neurons communicate through discrete spikes, not continuous values.
One possible interpretation is thatrepresents membrane potentials resulting from the summation

of many stochastic synaptic inputs. By the central limit theorem, these could plausibly follow a
Gaussian distribution.

Additionally, the dynamics include a recurrent term of the forln , which can be interpreted

as each neuron being directly in uenced by the membrane potentials of other neurons, which is
unrealistic. Membrane potentials of real neurons are typically thought to be internal to each neuron
and not accessible to others. Communication between neurons occurs primarily through spikes [84].
One solution to this is to stay in the space of rate models, but apply a nonlinearity to map from the
membrane potentials to rates. In canonical circuit models—starting with Amari [80] (1972), and
developed further in biologically inspired frameworks [81-83]—it is standard to apply nonlinearities
to neuronal activity before it in uences other neurons, thereby maintaining biological plausibility.

While some predictive coding formulations incorporate nonlinearities, they typically apply them after
the decoder weights [33]: ! ' ( ). This yields recurrent terms like™ (), which are

still at odds with principles of local computation and communication. A more biologically plausible
formulation would instead apply nonlinearities before lateral communicatién:' ( ).

Our framework addresses these limitations in two distinct ways. In the Poisson case, communication
occurs through sampled spike counts, so each neuron only transmits spikes to its neighbors, preserving
the privacy of membrane potentials (eq. (6)). In the Gaussian case, we apply a nonlinearity such as
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relu after sampling from the posterior, allowing only recti ed activity to propagate laterally (eq. (49)).
Unlike predictive coding dynamics (eq. (16)), in both of these formulations, membrane potentials
remain local to each neuron, in line with biological constraints.

B.9 Free energy for sequences

Consider a sequence of input dafta, g, , wherex, 2 RM (e.g., frames of a video). For such
sequential data, we must account for the temporal dependencies in our inference process. After
observing the rstt frames, we form a prior belief:

P (zjx<t); (50)
next observation ;, we update our beliefs by computing the posterior distributi@nju).

i
Fi(u) = E; qazju) logp (Xtjz) + Dk a(ziju) p (Zejx<) - (51)

This posterior update can be formulated through the minimization of a local-in-time free energy:
h :

reconstruction term KL divergence from prior

This formulation captures the essence of Bayesian belief updating: the posterior balances delity to
the current observation (reconstruction term) against deviation from prior beliefs shaped by all the
previous observations (KL term).

Applying natural gradient descent on this time-dependent free energy, we derive the general update
equation for sequential inference:

T T

Zy; (52)

wherez;  (z:jut). This equation re ects a rolling update scheme in which the posterior atttime
serves as the prior at time+ 1. We examine this update rule in more detail in the next section.

Ut41 = Ug + Xt

For stationary sequences (i.e., repeated presentations of the samexmagex), this general
update equation reduces to the simpli ed form presented in the main text (eq. (7)). In this paper, we
focus exclusively on such stationary sequences, leaving richer non-stationary dynamics for future
work. Future extensions could incorporate more sophisticated predictive dynamics beyond the simple
rolling update scheme, potentially allowing the modeaituicipatefuture frames rather than just
adapt to current ones.

The overall free energy for the entire sequence is the sum of local-in-time free energies:

F=  F (53)

During model training (i.e., learning the generative model parame)ense perform iterative
inference updates, computirg at each time point while accumulating gradients. After processing
the entire sequence, a single gradient update is then applie tminimize the overalF , similar to
meta-learning approaches [191].

This sequential formulation reveals how our encoding algorithms can be interpreted as unrolled
residual networks (ResNets), where each time step corresponds to a network layer with shared
parameters (Figs. 5 and 6).

B.10 Static versus online inference

Traditional variational inference operates on static datasets, assuming samples are drawn indepen-
dently from a xed distribution. In sharp contrast, biological perception involves continuous belief
updating from streaming observations. This fundamental difference motivates our preference for
online inference approaches with an evolving prior.

This section contrasts static and online approaches to inference and their mathematical implications.
A key distinction is that online inference features an evolving prior, as opposed to a xed prior in
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Figure 7: Comparison of static and online inference framewdgdn static iterative inference, all
posterior distributions (points along the red curve) are regularized toward a xed ptier @t Each

blue line represents a KL divergence term computed relative to this same unchanging reference point.
(b) In online inference, the prior evolves over time, with each posterior becoming the prior for the
next time step. KL divergence is computed only between adjacent time points (consecutive points
on the red curve), representing a rolling update scheme. This fundamentally different regularization
structure leads to the vanishing KL term phenomenon when performing single gradient updates at
each time step (e.g., compare eq. (6) with eq. (7)).

static inference. This evolving prior means the KL term (eq. (12)) is always computed relative to the
previous time step (Fig. 7b). We show how this observation explains why a single gradient update in
online settings naturally leads to dropping the KL contribution to free energy, providing intuition for
why BONG [60] advocates using only the expected log-likelihood term in gradient updates.

In static inference (Fig. 7a), the time indere ects gradient iterations, with each posterior being
regularized toward the same xed prior. As optimization progresses, the KL term consistently pulls
the distribution back toward this initial prior point, preventing excessive drift regardless of how many
iterations are performed.

In online inference (Fig. 7b), the time index represents sequential data points rather than optimization
iterations. The crucial difference is that prior beliefs themselves get updated as new data arrives.
When we follow the BONG approach [60] and perform a single gradient update per time step, we
only compute the KL divergence between adjacent time points, rather than regularizing all the way
back to an initial prior.

Why does the KL regularization term effectively vanish in our discrete-time online setting with single
gradient updates? To understand this, we revisit the continuous differential equation from eq. (6):

u/  Tx T oz (u ug)

When we discretize this equation for a single update step, we get the following general update rule:
Ugs t = U+t Tx T Z(Uint) (Uit Uo) ;

where t is some small time interval. We choose to initialize at the prior from the previous time point,

Uinit  Ug. Consequently, the third term(uinit  Uo), vanishes for this rst gradient step:

Us ¢ = U+ t Tx T z(ug)  (Uuo UoQ) ;
Because of the rolling update scheme, we know the prior atttiimiéhe same as the posterior from

timet 1, denoted by;. In other words, we haveg Uy, resulting in:
T T oz(uy) :
Assumingt = 1, we recover the update rule shown in the main text (eq. (7)). This explains why

the leak term is absent in eq. (7). It also explains why BONG [60] advocates dropping the KL term
entirely when performing single-step online inference: it has no effect on the rst gradient step.

U+t = Ug + X
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More generally, this analysis reveals a fundamental difference between static and online inference
paradigms: static approaches maintain stability through persistent regularization to a xed prior;
whereas, online methods continually update the reference point for regularization and are more
adaptive as a result. This distinction is particularly relevant for modeling biological perception, which
must balance the preservation of accumulated knowledge with exibility to new observations.

C Extended Experiments: Methodological Details and Additional Results

This appendix complements the main experimental results from section 5. We provide detailed
information about model architectures, hyperparameters, and training protocols in appendix C.1,
along with additional methods, analyses, and ndings as we summarize below.

We describe our convergence detection methodology (appendix C.2), demonstraife WA i
exhibits cortex-like properties such as contrast-dependent response latency (appendix C.3), extend
our reconstruction-sparsity analysis with MAP decoding experiments (appendix C.4), present MNIST
results comparing iterative VAEs with predictive coding networks (appendix C.6), and provide
evidence forP -VAE's strong out-of-distribution (OOD) generalization capabilities for both within-
dataset perturbations and cross-dataset settings (appendix C.8).

C.1 Architecture, Hyperparameter, and Training details

This appendix describes the implementation details of the iterative VAE models introduced in this
paper. We cover architecture design, hyperparameter selection, and training procedures. We also
provide details about all the other models we compare to, including amortized VAESs, predictive
coding variants (PC, iPC), and LCA.

C.1.1 Architecture details

Our iterative VAE architectures consist of three key components:

Encoding mechanism. The encoding algorithm implements natural gradient descent on variational
free energy (eq. (7)), visualized in Figs. 5 and 6. Different distributional choices yield distinct
dynamics: Poisson encoding (eq. (7)) fBFVAE versus Gaussian encoding (eq. (46)) BAAE.

The encoder is fundamentally coupled to the decoder, perforamagysis-by-synthes[68]. We

derive results for linear decoders in the main paper and extend to nonlinear decoders in appendix B.6.

Key implementation details include: (1) learned priors (one parameter per latent dimension), and (2)
a learned global step size, interpretable as a time constant.; = u; + t u;, with u given by
eg. (6). These parameters are learned end-to-end alongside decoder parameters

Sampling mechanism. To approximate the reconstruction loss (egs. (4) and (40)), we use differ-
entiable sampling from the posterior distribution. For Gaussian models, we employ the standard
reparameterization trick [18] (eq. (42)), while fét4VAE we use the Poisson reparameterization
algorithm [50]. In G -VAE models, we apply a nonlinearity( ) post-sampling, which effectively

modi es the latent distribution. For example, applyireju to Gaussian samples creates a truncated
Gaussian distribution, corresponding to tgi-VAE architecture.

Decoding mechanism. Our main results use linear decoderg that map from latent to stimulus
space. This enables closed-form theoretical derivations (eqgs. (6), (46) and (49)). In appendix B.6
extend our theory to cover nonlinear decoders; and, in appendix C.8, we extend our empirical analysis
to MLP and convolutional decoders. Throughout this paper, all models use Gaussian likelihoods
(yielding MSE reconstruction loss) with learned global variance parameters [69].

Implementation details for other models. For amortized VAEs, we utilized the implementation
from [50], including their ve-layer ResNet encoders. For LCA, we used the LCA-PyTorch library
[216] (BSD-3 license). For PC and iPC models, we employed the PCX library [113] (Apache-
2.0 license) with their default MNIST-optimized MLP architectures. But we matched the latent
dimensionality to the other models, using a consistent valle sf512 throughout.
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C.1.2 Hyperparameter details

For the reconstruction-sparsity analysis (Fig. 4), we swept adiss? f 8;16;,32gand values
proportional to each i, With factors2 f 0:5; 0:75; 1:0; 1:25; 1:5; 2:0; 3:0; 4:0g. This can be seen
in the x-axis of Fig. 10. For amortized models, we used the same proportiorzilies but with
Tiain = 1. For MNIST experiments, we used= Tyain.

For the convergence experiment (Fig. 3), we ubggh = 16 with =24:0foriP-VAEand =8:0
for iG-VAE and iGe,-VAE, based on optimal values identi ed in our hyperparameter sweep (Fig. 4).
The contrast experiments (Fig. 8) used the saP®AE con guration.

For LCA, we used a time constant= 100 with 1000 inference iterations and a learning rate of
0:01. We optimized the sparsity parametethrough an extensive sweep on the van Hateren dataset,
nding = 0:5performed best.

C.1.3 Training details

We trained iterative VAES using PyTorch with the Adamax optimizer [217] and cosine learning rate
scheduling [218], but without warm restarts. We implemented KL term annealing during the rst
10% of training following standard VAE practices [219, 220], though we observed minimal impact
since our models use a single layer.

For iP-VAE, we adopted the Poisson reparameterization algorithm from [50], annealing the tempera-
ture fromtempg, = 1:0 to tempg,, = 0:01 during the rst half of training.

For the van Hateren dataset, we used a learning rate of 0.002, a batch size of 200, and trained for 300
epochs. MNIST [221] models used identical hyperparameters but were trained for 400 epochs. These
settings were consistent across both iterative and amortized VAEs.

For LCA, we adapted the training approach from [50], gradually increasiingm O to the target
value over 100 epochs. For PC and iPC models, we followed the PCX library examples [113],
doubling the default epoch count to ensure convergence.

C.1.4 Training compute details

The computational requirements for iterative VAEs scale with the number of inference iterations
(Tyain). For example, training the models presented in Fig. 3 With, = 16 requires approximately
three hours per model on an NVIDIA A6000 GPU. Memory usage and training time both scale
approximately linearly withT4in, as each additional inference iteration requires maintaining the
computational graph for backpropagation.

Our complete set of experiments, including all hyperparameter sweeps and model variants, was
conducted over the course of approximately one week using six NVIDIA A6000 GPUs (48GB
VRAM each). To maximize GPU utilization, we often ran multiple smaller experiments concurrently
on a single GPU. Linear decoder models were the most memory-ef cient, while experiments with
nonlinear decoders for the OOD generalization tasks required more resources due to their additional
parameters and the need to backpropagate through relatively more complex architectures.

C.2 Convergence detection procedure

In section 5 and Fig. 3, we determined convergence by nding the rst time point wher@heace
attens out and stays at. Here, we provide more details about this convergence detection algorithm.

The main intuition. We consider inference to be complete onceRRdrace becomes essentially
at. This is becausdR? is monotonically related to the log-likelihood, and when the curve levels off,
further improvements in log-likelihood are negligible.

To obtain a robust estimate of the local trend, we t a straight line to e@érstep segment (a sliding
window) of the trace and measure its slope. We call a winddwwhen the absolute slope falls
below a xed tolerance 010 . To protect against short pauses in learning, we require at least ve
successive windows to be at before declaring convergence.
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Figure 8: P-VAE neurons exhibit contrast-dependent response latency, mimicking a well-
documented property of V1 neurons. The gure shows trial-averaged ring rates (PSTHs) from

a representative model neuron in response to drifting gratings of varying contrast levels. Higher
contrast stimuli (blue and orange) elicit responses with shorter onset latencies, earlier peak times, and
larger ring rates compared to lower contrast stimuli (green and red). Insets show the learned feature
of the selected neuron (top) and the appearance of high contrast (left) versus low contrast (right)
grating stimuli. The x-axis represents time in units of grating cycles, while the y-axis shows mean
spike counts acrods = 500 trials. Shaded regions indicate standard deviation. This behavior likely
emerges from the divisive normalization in our model dynamics (eq. (8)), even though the model
was trained only on static images, suggesting that our theoretical framework captures key aspects of
visual cortical computation [111, 112].

1. Compute local slopesFor each startindex=0;:::; Tiest Window, de ne
=(0;1;:::;window 1); Y =(Si;:::;Si+window 1);
and compute the least-squares slope
_ " i )9,
j (i )2 .

Storej jj in an arrayslopes .
2. Mark atwindows. Setflat = (slopes < tol ).

3. Require persistence Find the smallest indek at whichflat is true forconsecutive =5
windows in a row. If no such run exists, de fignverge= Ttest

4. Report the convergence indexOtherwise return
teonverge = K+ window,

the rst sample that follows the veri ed at period (at leaSt 60 = 300 uninterrupted
steps).

Please see our code for more info.
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C.3 iP-VAE exhibits cortex-like dynamics: contrast-dependent response latency

The iP-VAE learns spatially localized, oriented, and bandpass (i.e., Gabor-like [107-110]) features
(Fig. 11), similar to those learned by classic sparse coding models [54] and LCA [39]. Previous studies
have shown that LCA exhibits cortex-like properties, including contrast invariance of orientation
tuning, cross-orientation suppression, and so on [222]. Given the theoretical (section 4) and empirical
(Fig. 4) similarities betweerP-VAE and LCA, we investigated whethd? { VAE also exhibits cortex-

like dynamics. We focused on two key neural phenomena with strong experimental support: temporal
sparsi cation dynamics and contrast-dependent response latency.

V1-like sparsi cation dynamics. Recent electrophysiological ndings in mouse primary visual
cortex (V1) by Moosavi et al. [106] demonstrate that V1 neurons become progressively sparser
over time, even after initial response convergence, while maintaining high mutual information with
the input stimuli. Remarkably, botl?VAE and iGe-VAE exhibit analogous dynamics in our
experiments, continuing to sparsify their representations by an additidkG¥o after functional
convergence as measured by reconstruction quality (Fig. 3).PFMAE, this post-convergence
sparsi cation coincides with a distinctive dip in the gradient nduk (Fig. 3), suggesting a transition

to a new phase of representational re nement. The emergence of this biological property across both
models provides evidence that our normative framework captures fundamental principles of neural
computation, without being explicitly designed to do so.

V1-like contrast-dependent response latency. A signi cant theoretical outcome of our approach

is that a multiplicative form of divisive normalization naturally emerges from the derivations (eq. (8)).
The resulting equation differs from canonical normalization that was developed to describe cortical
circuits in that there is a product instead of a sum [223]. However, in practice, it captures features of
normalization in the cortex. In particular, Carandini et al. [111] demonstrated that V1 neurons exhibit
contrast-dependent response latency when presented with drifting gratings of varying contrast. Higher
contrast stimuli consistently elicit faster responses, as measured by both onset time and time-to-peak
[111, 112].

To investigate whether our model reproduces this phenomenon, we conducted an analogous ex-
periment on the spiking “neurons” of thB{VAE. We rst characterized the tuning properties of
individual model neurons to identify their preferred orientation and spatial frequency. We then
presented drifting gratings matching these preferred parameters while systematically varying contrast
levels2 f 15%; 25% 50% 100%g (a contrast level 0£00%corresponds to a maximum amplitude

of 1in the simulated gratings). We measurBdVAE neuron responses acrdds= 500 trials, and
computed trial-averaged ring rates (i.@eristimulus time histogram®STHSs) as shown in Fig. 8.

The results reveal response dynamics that are similar to those observed in biological V1 neurons
(Fig. 8). At high contrasts50% 10099, responses exhibit shorter onset latencies and higher peak
ring rates compared to lower contrasts504 25%). Response peaks also occur earlier in time

at higher contrasts, with peak timing progressively delayed as contrast decreases. Quantitatively,
we observe a mean latency difference of approximadel$ (in units of relative grating cycles)
between the highes100%9 and lowest {5%) contrast stimuli, with intermediate contrasts showing
progressively longer delays as contrast decreases.

This contrast-dependent latency shift arises naturally fleAVAE's recurrent dynamics and is likely

a direct consequence of the divisive normalization mechanism in eq. (8). Notably, the model was
trained solely on static natural images, with no exposure to time-varying stimuli or explicit temporal
structure.

C.4 Reconstruction-sparsity with deterministic MAP decoding, and dependence on

In the main text (section 5), we explored the reconstruction-sparsity trade-off, shown in Fig. 4. We
found that all iterative VAEs outperformed their amortized counterparts, and that both LCA and
iP-VAE achieved the best overall performance (Fig. 4b).

Here we note an important distinction in inference methods: LCA perfonarésmum a posteriori
(MAP) estimation [39], while the VAE models maintain uncertainty in their posteriors by sampling.
For a more direct comparison, we also evaluated all VAE models using MAP decoding instead of
sampling. Speci cally, for the Poisson family, we used ring rates directly for reconstruction (instead
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Figure 9: Related to Fig. 4, but usimgaximum a posterioMAP) decoding instead of sampling for

all VAE-based models. For Poisson models, this means using ring rates directly for reconstruction,
while for Gaussian models, we use the posterior means. This approach provides a more direct
comparison to LCA, which performs MAP estimation by design [39]. Under these conditions,
iP -VAE slightly outperforms LCA while maintaining the bene ts of a probabilistic representation.

of spike-count samples), while for the Gaussian family, we used the posterior mean parameters. Note
that for iterative VAES, the inference dynamics was still fully stochastic (egs. (6), (46) and (49)). The
difference here was that for MAP decoding, we simply used the nal posterior parameters (instead of
samples drawn from it) for the reconstruction.

MAP decoding. The results are presented in Fig. 9. As expected, all VAE models improve their
reconstructiorR? performance under MAP decoding. The best overall reconstruction is achieved by
iG-VAE and iP -VAE with a largeTyain = 32, approachindR?>  1:0. Notably, P -VAE achieves this

high reconstruction quality while maintaining considerable sparsity levels exceg@fiagand slightly
outperforms LCA in this MAP decoding setting. This result demonstrates that our probabilistic
framework can match or exceed the performance of established sparse coding algorithms while
maintaining the additional bene ts of a fully probabilistic, integer spike-count representation.

The effects of varying . We also analyze the relationship between theyperparameter and
iP-VAE performance in Fig. 10. The results con rm the theoretical prediction that for Poisson
models, the KL divergence term effectively functions as a metabolic cost penalty [50], with higher
values inducing greater sparsity. This relationship establishes a direct link between information
rate (KL divergence) and our heuristic “proportion zeros” measure of sparsity, partially justifying the
interpretation of the reconstruction-sparsity landscape of Fig. 4 as a rate-distortion map [77].

Interestingly, the relationship betweerand model performance is signi cantly in uenced by the
training durationTy,in. As shown in Fig. 10, models trained with longer inference trajectories
(Twain = 32) achieve better reconstruction across allalues compared to those with shorter training
iterations Tyain = 8), which tend to be sparser. The overall performance metric (distance from
the optimal point, marked by a gold star) reveals different pattefgg, = 32 models show
steady improvement that plateaus at highemlues, while models with shorter training durations
(Twain = 8; 16) exhibit a U-shaped curve, initially improving but then degrading ascreases beyond

an optimal point.

These results suggest that extended inference during training enhances the model's ability to nd
optimal representations, even when evaluated at a xed inference length during testing. Our approach
bears similarities to meta-learning [191], where the inner loop of optimization affects the outer loop
performance. Future work should further explore this dependency on inner-loop iterations to better
understand the mechanisms behind these performance differences across training regimes.
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Figure 10: Effect of on iP-VAE performance metrics across different training durations. Each
column represents a different training duratidp4, 2 f 8; 16; 32g), with performance metrics shown

as a function of normalized (scaled byTy4in). Top row: Overall performance improves with higher
Tuain, With longer training allowing higher values before performance degrad&tiddle row:
Reconstruction qualityR?) decreases with higher across all training durations, but MAP decoding
(using ring rates, gray dashed line) consistently outperforms sampling-based decoding (blue solid
line). Bottom row: Sparsity monotonically increases withfor all Ty.4in Values, con rming the direct
relationship between the KL penalty and representational sparsity for Poisson latents [50]. The gold
star (de ned in Fig. 4) indicates the theoretical optimum: perfect reconstrud®érr(1 :0) with
maximum sparsity (portion zeres1:0). See Figs. 4 and 9 for a comparison with LCA and other
iterative and amortized VAEs, embedded in a shared sparsity-reconstruction landscape.

C.5 Reconstruction-sparsity performance across latent dimensionalities

In additionto (Fig. 10), latent dimensionalit{ also in uences the reconstruction-sparsity trade-off.
To systematically evaluate this effect, we trainBdVAE models onl6 16 natural image patches
(van Hateren dataset) with linear decoders, var{ing f 32; 64; 128 256,512 768 1024 2048).

All models usedly,in = 16 and = 24, matching the con guration from the model shown in Fig. 3.
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Figure 11: The full set oK = 512 dictionary elements, corresponding to the models from Fig. 3.
Features are ordered in ascending order of their aggregate posterior membrane potentials (i.e., the
nal u¢=1000 foriP-VAE, and =1900 for Gaussian models, averaged over the entire test set).
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Table 2: Effect of latent dimensionalitK() on reconstruction and sparsity. THe-WAE model from
the main paper usdd = 512 (highlighted), which balances performance and sparsity.

K R2" Sparsity" Overall perf. # Active neurons
32 0.24 0.28 1.05 23

64 0.42 0.28 0.93 46

128 0.64 0.32 0.77 87

256 0.77 0.55 0.51 116
512  0.83 0.77 0.28 116

768 0.83 0.86 0.22 110
1024 0.83 0.90 0.20 107
2048 0.84 0.95 0.17 103

We report reconstruction qualityRg), sparsity (portion zeros), overall performance—Euclidean
distance from the ideal poinR? = 1, sparsity= 1, golden star in Fig. 4—and the average number
of active neurons, denedds (1 portion_zerok Results are shown in Table 2.

We observe several key patterns:

1. Overcompleteness improves performanceOverall performance consistently improves
asK increases, with most gains occurring betw&er 32 andK = 512. Performance
saturates around = 1024, with diminishing returns beyond this point.

2. Ef cient coding emerges: The total number of active neurons plateaus arourid 0,
even as latent dimensionality grows to 2048. This suggests the model learns an ef cient
sparse code that maintains a consistent activity budget regardless of available capacity.

3. Reconstruction-sparsity trade-off: BeyondK = 512, further increases in dimensionality
primarily improve sparsity (fron77%to 95%zeros) while reconstruction quality remains
stable R?  0:83-0:84). This validates our choice & = 512 for the main experiments
as a reasonable balance point.

These results demonstrate tHatVAE exhibits the expected overcomplete sparse coding behavior
while maintaining computational ef ciency through consistent use of approximately 100 active
neurons across the natural image patch dataset.

C.6 Reconstruction performance and downstream classi cation accuracy on MNIST

In this appendix, we explore the reconstruction delity and downstream classi cation accuracy of
iterative and amortized VAEs on MNIST, comparing them to predictive coding networks (PCNSs).
Speci cally, we compare to the original PC model of Rao and Ballard [22], and a recent enhanced
version, incremental PC (iPC; Salvatori et al. [90]). See Table 1 for a summary of model details.

C.6.1 Temporal scalability: iP-VAE scales consistently with training depth on MNIST

As we saw in the main text (section 5, Fig. 4), iterative VAE performance strongly depef@g;on
Therefore, we rst performed a systematic search to select an appropgigtéor different iterative
VAE models on MNIST, explorinJain 2 f 4; 8; 16; 32, 64; 128).

We evaluated these models using a consistgat= 1;000and examined reconstruction performance.
We observed markedly different behavior across varia@8/AE showed continuous improvement

up until Tyain = 64, but plateaued thereafter with negligible gains from doublin@tg, = 128.
iGelu-VAE initially improved but began to deteriorate and diverge beydpgh = 32. We suspect this
instability stems from the absence of the divisive normalization mechanism that naturally emerges in
iP-VAE theory (eq. (8)).

Notably, P-VAE was the only model that exhibited consistent improvements as we incrégged

It likely would continue improving with even longer training sequences, but the computational cost
becomes prohibitive beyond what we test&glL{, can be conceptualized roughly as the number of
layers in a deep ResNet, see Fig. 5).
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In conclusion, P-VAE demonstrated the most promising scalability characteristics (at least on
MNIST). Based on these results, we seleclgg, = 128; 64; 32 for iP-VAE, iG-VAE, i G¢-VAE,
respectively, for the MNIST experiments reported below.

C.6.2 lterative VAEs with an overcomplete latent space outperform PCNs on MNIST

We trained unsupervised models on MNIST and evaluated reconstruction quality using normalized
per-dimension MSE, following prior work [113]. Additionally, as in the main text, we reRdsta
dimensionality-independent metric bounded betw@andl. To evaluate downstream classi cation
performance, we extracted latent representations and trained a logistic regression classi er. Results
are shown in Table 3.

Iterative VAEs substantially outperform both PCNs and amortized VAEs in reconstruction delity.
iP-VAE achieves the lowest per-dim MSE:89 10 ) and highesR? (0:951) among all models,
signi cantly surpassing both PC (MSB:24 10 3, R?: 0:896) and iPC (MSE9:08 10 3, RZ:
0:898. Remarkably,P-VAE accomplishes this favorable reconstruction while maintaining high
sparsity 84%zeros), whereas PCNs produce entirely dense representations.

For classi cation,P-VAE achieved the highest accuracy®f89% on downstream unsupervised
classi cation, approaching the performance of supervised PCNs reported in ref. [PEYAR
achieves the second-best classi cation performan@&di66%, substantially outperforming both PC
(90:74%) and iPC 01:60%y.

Limitations of the PCN comparisons. We acknowledge several important limitations in our
comparative analysis. All iterative and amortized VAE models in this experiment used a single
linear decoder, while amortized models employed convolutional encoders. In contrast, PCNs utilize
hierarchical architectures with fundamentally different design principles. Rather than conducting
a comprehensive architectural optimization for PCNs, we used default settings from the of cial
implementations released by Pinchetti et al. [113], with only minor adjustments (e.g., doubling the
number of epochs to ensure convergence, or matching latent dimensionality to other models — see
appendix C.1 for more details).

These substantial architectural differences limit the conclusiveness of our PCN versus iterative VAE
comparisons presented in Table 3. A more rigorous comparison would require carefully controlling
for network capacity and depth. Additionally, our evaluation metrics may inherently favor certain
architectural choices. For instance, reconstruction metrics advantage models with overcomplete latent
representations with direct pathways between the latents and reconstruction spaces.

Despite these methodological limitations, our results provide valuable initial evidence that iterative
VAEs can achieve comparable or superior performance to PCNs in both reconstruction quality
and downstream classi cation tasks. Particularly noteworthy is that/AE accomplishes this

while maintaining high sparsity8é%zeros) and using integer-valued spike count representations
that better align with biological neural computation. Future work should explore more controlled
comparisons across these model families, including matching parameter counts, architectural depth,
and computation budgets to establish more de nitive performance relationships.

C.7 Runtime comparison: iterative versus amortized inference

A primary motivation for amortized inference is computational ef ciency: a single forward pass
through an encoder network should be faster than iterative optimization. However, as we saw in Fig. 4,
this potential speed advantage comes at the cost of inferior reconstruction-sparsity performance. Here
we quantify the actual runtime trade-off to determine whether iterative models' performance gains
justify their computational costs—and whether they are even slower at all.

Experimental setup. We compared the iterative VAE models from Fig. B4, = 16) against
amortized counterparts trained with standard ELBG=(1). All models used linear decoders trained
onl1l6 16natural image patches (van Hateren dataset), with amortized models employing 6-layer
convolutional encoders.

We measured inference time using CUDA events for accurate GPU synchronization:
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Table 3: Comparison of reconstruction performance, representational sparsity, and downstream
classi cation accuracy on MNIST across model families. Iterative VAEs consistently outperform both
PCNs and amortized VAES in reconstruction metrics while using signi cantly fewer parameters than
their amortized counterparts. Bold values indicate best performance in each category. Amortized VAE
models used deep ResNet convolutional encoders, and all VAE models (both iterative and amortized)
used a single linear decoder for a consistent comparison with the main text results. Iterative VAE
models were trained with optimized iteration countsgin, = 128 for iP-VAE, Tyan = 64 for

iG-VAE, andTyain = 32 for iGel,-VAE, based on convergence properties. Mean squared error (MSE)
values are normalized per dimension for consistent comparison with previous benchmarks [113].
Classi cation accuracy is reported using a linear classi er trained on unsupervised features. Values
aremean 99%con dence interval, estimated from 5 random initializations. See appendix C.6.1
for analysis of howTyin affects performance, and appendix C.6.2 for detailed interpretation.

Model . Reconstruction Portion Classication ~ Num
family MSE 19 s # R2" Zeros"  Accuracy"”  Paramst

iterative iP-VAE 4:39 .w 1951 000 84 oo 96:46 1. 0:40M

VAE iG-VAE 7:63 o 1914 .00 :00 .0 92:73 1 0:40M

1Gel-VAE 845 . 1906 o1 78 o5 9574 . 0:40M

. P-VAE 25.48 .2 1713 002 84 oo 97:89 o 6:79M

amOZedGVAE 1440 » 841w 00 w  9575..  6:93M

Gei-VAE 17:13 = :809 002 50 o0 9541 1.s 6:93M

PCN PC [22] 9:24 s :896 000 :00 .0 90:74 .2 0:13 M

iPC [90] 9:08 w0 :898 000 :00 00 91:60 10 0:13 M

start = torch.cuda.Event(enable_timing=True)
end = torch.cuda.Event(enable_timing=True)

start.record()
output = model(x)
end.record()

torch.cuda.synchronize()
duration = start.elapsed_time(end)

Since iterative methods distribute computation across many timesteps, they may underutilize available
parallelism for small batches but bene t substantially from large-batch parallelization. We therefore
evaluated two extreme scenarios: single-sample inference (batch Biznd large-batch inference
(batch size £.0;,000.

C.7.1 Inference runtime results: iterative models match or exceed amortized speed.

Figure 12 shows reconstruction quality, sparsity, and overall performance as functions of wall-
clock time. The key question is: how long does it take iterative models to reach the same overall
performance as amortized models? The answer challenges conventional assumptions:

Small batches (batch size -1): Amortized models complete inference irBms (marked by X's).
Iterative models reach equivalent performance (distance from optimal point) v@tiims. Iterative
models then continue improving, converging to superior nal performance $§0ms.

Large batches (batch size =10;,000: Parallel computation reveals an unexpected advantage for
iterative inference. Amortized models complete inference #9ms, but iterative models achieve

the same performance (distance from optimal point) in approximately the same duration. After
matching amortized performance, iterative models continue re ning their representations, converging
to substantially better reconstruction-sparsity trade-offs 2000ms.

This pattern holds across all three iterative varian®sVAE, iG-VAE, and iGe-VAE all reach
amortized-level performance within comparable speed to their amortized counterparts when batch size
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is large. The iterative models then leverage additional compute to achieve superior nal performance
that amortized models cannot match.

Training time considerations. While inference speed is competitive between the two VAE types,
training iterative models requires more time. As noted in appendix C.1.4, training iterative VAEs
with Tyain = 16 takes 3 hours—approximately twice as long as amortized models with 6-layer
encoders. This re ects the effective depth of iterative models: backpropagation through time across
Twain Steps creates computational graphs comparable to deep ResNets (Fig. 5). Training costs scale
with both Ty,in and dataset size, though inference remains ef cient.

Implications. These results challenge the assumption that iterative inference is prohibitively slow.
For small batches, iterative models match amortized performance at slightly slower speeds. For large
batches, iterative models are actualgmparableat reaching equivalent performance levels, then
continue improving to achieve superior reconstruction-sparsity trade-offs. Combined with their better
out-of-distribution generalization (appendix C.8) &%l parameter ef ciency, iterative models offer

a compelling alternative to amortized inference. The increased training time appears to be the only
meaningful trade-off, making iterative models particularly attractive for applications where inference
performance matters more than training speed.

Figure 12: Runtime comparison between iterative and amortized VAEs for batch sikzé®pf and

1G;000 (bottom). Iterative models (solid lines) progressively improve over time, while amortized
models (X markers) produce immediate but inferior resultsft: Reconstruction qualityR?).

Middle: Sparsity (portion zerosRight: Overall performance (distance from optimal point, lower

is better; see Fig. 4). For large batches, iterative models reach amortized-level performance at
comparable speeds to amortized models. Iterative models then continue improving to achieve
superior nal performance across all metrics by200-300ms.

C.8 iP-VAE exhibits strong out-of-distribution (OOD) generalization

In the main paper, we compared our novel iterative VAE architectures, including tNAE, to their
amortized counterparts, as well as neuroscience models such as sparse coding [39] and predictive
coding networks (PCNs; [22, 90]). With the exception of PCNs, all other models we tested in the
main paper employed a single linear layer deco#ter ( z, Fig. 5). In appendix B.6, we extended

our theoretical framework to nonlinear decoders by deriving inference algorithms that incorporate the
decoder's Jacobian (eg. (40), Fig. 6).
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This appendix presents experiments with nonlinear decoders, where we replace the lvitdar
a deep neural networl® = dec(z; ), parameterized by. We compareR -VAE to P-VAE and
hybrid iterative-amortized VAEs across various generalization tasks.

Tasks and Datasets. We evaluate performance primarily based on out-of-distribution (OOD; [98,
99]) generalization, measured through both reconstruction delity and downstream classi cation
accuracy. We use MNIST as our primary training dataset, and test generalization on rotated MNIST,
extended MNIST (EMNIST; [224]), Omniglot [225], and ImageNet32 [226], with the latter two
resized t28 28for consistent comparisons.

Architecture notation. We experimented with both convolutional and multi-layer perceptron
(MLP) architectures, denoted using thencjdeci convention. For examplémlipjmipi indicates

both encoder and decoder networks are MLPs. Wehgsed jmlipi to denote our fully iterative
(non-amortized)R -VAE, which replaces the encoder neural network with natgratient descent

on variational free energy (section 4 and appendix B.6). We designed symmetrical architectures,
ensuring thabmlpjmipi has exactly twice as many parametersgsdjmipi.

Alternative models. To isolate the impact of inference method in OOD settings, we compare
iP-VAE to the amortized® -VAE and state-of-the-art hybrid methods that combine iterative with
amortized inference: iterative amortized VAE (ia-VAE; [91]) in both hierarchical (h) and single-level
(s) variants, and semi-amortized VAE (sa-VAE; [92]).

Inference iterations. For iP-VAE, we explored different training iteration count$,in 2

f4;16; 32, 64g. Recall that during training, we differentiate through the entire sequence of iterations

(learning to infer), which can lead to qualitatively different dynamics. For most OOD experiments,

we use dgradjmipi iP-VAE with Ty, = 64. At test time, we evaluate withes; = 1 ;000iterations.

For the hybrid models, we use their default iteration counts unless otherwise speci ed (sa-VAE:
Tirain = Ttest= 20, ia-VAE: Tyain = Tiest= 5).

C.8.1 Stability beyond the training regime and convergence for nonlinear decoders

An algorithm with strong generalization potential should learn inference dynamics that extend beyond
the training regime. In the main paper (section 5), we found that all iterative VAEs converge when
trained on natural image patches with linear decoders (Fig. 3). Here, we investigate whether this
convergence holds for the more challenging case of nonlinear decoders.

We trained models on MNIST using different numbers of training iteratidps(2 f 4; 16; 32, 649)

with bothhgradjmipi andhgradjconvi architectures, then tested whether they continue to improve
beyondTy4in. As shown in Fig. 13a, eveilPiVAE models trained with as few &G, = 4 iterations

learn to keep improving during test time, eventually converging to stable solutions. Interestingly,
models trained with more iterations initially show worse performance but ultimately converge to
better solutions, suggesting thRt-MAE learns temporally-extended inference dynamics that depend
on the training sequence length but generalize well beyond it.

In contrast, hybrid models (sa-VAE and ia-VAE) begin with strong amortized initial guesses but
plateau rapidly (Fig. 13a, right), converging to substantially higher MSE tRaviAE models despite

having more parameters. We note that sa-VAE's authors acknowledged issues with the dominance of
the iterative component on Omniglot and reported using techniques like gradient clipping to mitigate
this (see footnote 6 in [92]), which may explain our observations on MNIST. More concerning, ia-
VAE (single-level) begins to diverge outside its training regime and frequently resulted in numerical
instabilities at test time when exceedihgsin.

Overall, P-VAE demonstrates better reconstruction performance and continues to improve outside
the training regime, unlike other models. This extends our convergence results from linear decoders
(Fig. 3) to the more general nonlinear case and reveaMAE's rst form of OOD generalization:
temporal generalization beyond the training horizon. Next, we examine wh&RéAE can
generalize across visual domains.
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Figure 13: P-VAE generalizes beyond its training regime and across datasets. All models shown
here are trained on MNIST and tested either on MNIST (panel a) or Omniglot (par{e) bp.-VAE

models trained with as few &%, = 4 inference steps continue to improve well beyond the training
regime [Test™> T wain)- This temporal generalization holds across architectugsid jmipi (left) and
hgradjconvi (middle). In contrast, hybrid iterative-amortized models either plateau or diverge outside
their training regime (right)(b) iP -VAE trained exclusively on MNIST successfully generalizes

to the structurally different Omniglot dataset, showing substantial improvement in reconstruction
quality as inference iterations increase. With highgy,, iP-VAE models show initially worse but
ultimately better performance, suggesting they learn more complex but effective inference dynamics.

C.8.2 Out-of-distribution generalization

We evaluate two levels of generalization for MNIST-trained models: (1) within-dataset perturbations,
and (2) transfer across related datasets.

OOD generalization to within-dataset perturbation. We tested whether models trained on
standard MNIST could generalize to rotated MNIST digits [98, 227]. At test time, we rotate digits
betweer0 and180 in increments ofl5 . We evaluated (a) reconstruction quality of the rotated
digits, and (b) whether the resulting latent representations support downstream classi cation (Fig. 14).

iP-VAE and sa-VAE maintained relatively consistent performance across rotation angles, though
iP-VAE demonstrated superior performance in both reconstruction and classi cation. The amortized
P -VAE showed substantially worse reconstruction than iterative models, but its classi cation accuracy
remained remarkably stable across angles, outperforming all models éRe€pE.

In contrast, both ia-VAE variants showed signi cant degradation in performance as the rotation angle
increased, with substantial drops in both reconstruction delity and classi cation accuracy. Overall,
iP-VAE maintained the most stable and superior performance across all rotation angles, suggesting it
learns rotation-invariant features that generalize effectively to unseen transformations.

60



Figure 14: Robustness to rotational transformations of MNIST digi#t: Visual comparison of
reconstructions for moderately rotated< 15 ) and severely rotated & 90 ) digits across models.

iP-VAE maintains high reconstruction delity across rotation angles, while other models show
progressive degradatioRight: Quantitative evaluation of reconstruction MSE (top) and downstream
classi cation accuracy (bottom) across rotation angles ffbnio 180 . iP-VAE demonstrates
remarkable stability in both metrics, with minimal performance degradation even at extreme angles.
The solid lines represent means, while shaded regions show standard deviations across test samples.
All models were trained only on standard (unrotated) MNIST, making this a challenging test of
generalization to unseen transformations.

Figure 15: Cross-dataset generalization from MNIST to novel character datasdtpanels:

Visual comparison of original samples and their reconstructions for EMNIST (left) and Omniglot
(center-left) across different models. All models were trained exclusively on MNB8iiter-right

panel: Reconstruction MSE for EMNIST and Omniglot. Lower is bettd?-VAE consistently
achieves the lowest error on both datasets despite never seeing them during tRigimganel:

Classi cation accuracy on EMNIST using a linear classi er trained on latent representaffong\k
representations support signi cantly higher accuracy, suggesting they capture more discriminative
features that transfer well to new character classes.

OOD generalization across similar datasets. A model that learns compositional features with an
effective inference algorithm should generalize to datasets structurally related to, but distinct from,
the training distribution. To test this, we evaluated MNIST-trained models on EMNIST (Fig. 15) and
Omniglot (Fig. 13b, Fig. 15), reporting both reconstruction MSE and classi cation accuracy (except
for Omniglot, which has over 1,000 classes, making classi cation challenging).

iP-VAE consistently demonstrated superior generalization, achieving lower reconstruction error and
higher classi cation accuracy than all other models. The visual quality of its reconstructions on both
EMNIST and Omniglot was noticeably better, preserving key structural elements of characters it had
never seen during training. This suggests tRaVAE learns a more general and compositional latent
space that captures fundamental structural elements shared across different character datasets.

Extreme cross-domain generalization with P-VAE: from MNIST to natural images. Most
remarkably, dgradjmlpi iP-VAE trained exclusively on MNIST still performs well when tested
on cropped, grayscaled natural images from tiny ImageNet (Fig. 16), a domain vastly different
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