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Abstract

Inference in both brains and machines can be formalized by optimizing a shared
objective: maximizing the evidence lower bound (ELBO) in machine learning, or
minimizing variational free energy (F) in neuroscience (ELBO = −F). While
this equivalence suggests a unifying framework, it leaves open how inference is
implemented in neural systems. Here, we introduce FOND (Free energy Online
Natural-gradient Dynamics), a framework that derives neural inference dynamics
from three principles: (1) natural gradients on F , (2) online belief updating, and
(3) iterative refinement. We apply FOND to derive iP-VAE (iterative Poisson vari-
ational autoencoder), a recurrent spiking neural network that performs variational
inference through membrane potential dynamics, replacing amortized encoders
with iterative inference updates. Theoretically, iP-VAE yields several desirable
features such as emergent normalization via lateral competition, and hardware-
efficient integer spike count representations. Empirically, iP-VAE outperforms
both standard VAEs and Gaussian-based predictive coding models in sparsity, re-
construction, and biological plausibility, and scales to complex color image datasets
such as CelebA. iP-VAE also exhibits strong generalization to out-of-distribution
inputs, exceeding hybrid iterative-amortized VAEs. These results demonstrate how
deriving inference algorithms from first principles can yield concrete architectures
that are simultaneously biologically plausible and empirically effective.
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Figure 1: Inferential and dynamical accounts of perception are unified under variational inference.
(a) Perception is framed as a dynamical process of convergence to attractors in a neural state space,
where membrane potentials evolve and generate spikes along the way. (b) Our prescriptive approach
derives neural dynamics by minimizing free energy via natural gradient descent, yielding a spiking
network with lateral competition. The resulting architectures are principled and empirically effective.
Code, data, and model checkpoints are available here: https://github.com/hadivafaii/IterativeVAE
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1 Introduction

Artificial intelligence and theoretical neuroscience share a foundational principle: understanding
the world requires inferring hidden causes behind sensory observations (early work: [1–3]; modern
interpretations: [4–9]). This principle is formalized through Bayesian posterior inference [10–12],
with variational inference [4, 13–17] offering an optimization-based approximation. Variational
inference employs an identical objective function across both fields, albeit under different names. In
machine learning, it is called evidence lower bound (ELBO), which forms the basis of variational
autoencoders (VAEs; [18–21]); whereas, neuroscience refers to it as variational free energy (F),
which subsumes predictive coding [22, 23] and is presented as a unified theory of brain function [24].
ELBO is exactly equal to negative free energy (ELBO =−F ; [25]), and this mathematical equivalence
offers a powerful common language for describing both artificial and biological intelligence [26].

Despite this promising connection, neither ELBO nor F have proven particularly prescriptive for
developing specific algorithms or architectures [27, 28]. Instead, the pattern often works in reverse:
effective methods are discovered empirically, then later recognized as instances of these principles.
In machine learning, diffusion models were originally motivated by non-equilibrium statistical
mechanics [29], and only later understood as a form of ELBO maximization [30, 31]. Similarly, in
neuroscience, predictive coding (PC; [22]) was first proposed as a heuristic model for minimizing
prediction errors [32], before being reinterpreted as F minimization [23, 33]. This pattern of post-hoc
theoretical justification, rather than theory-driven derivation, is common across both disciplines.

Then why pursue a general theory at all? A unifying framework offers several advantages: it
clarifies the design choices underlying successful models, explains why they work, and guides the
development of new models. The recent Bayesian learning rule (BLR; [34]) exemplifies this potential.
It re-interprets a broad class of learning algorithms as instances of variational inference, optimized
via natural gradient descent [35] over approximate posteriors qλ. By varying the form of qλ and the
associated approximations, BLR not only recovers a wide range of algorithms—from SGD and Adam
to Dropout—but, crucially, it also offers a principled recipe for designing new ones [34]. Thus, BLR
transforms a post-hoc theoretical justification into a prescriptive framework for algorithm design.

In variational inference, the prescriptive choices are specifying qλ and how to optimize the variational
parameters, λ. The machine learning community has embraced amortized inference [18, 19, 36–38],
where a neural network is trained to produce λ in a single forward pass for each input sample. In
contrast, neuroscience models have traditionally favored iterative inference methods [22, 39], which
align more naturally with the recurrent [40–44] and adaptive [45–49] processing observed in cortical
circuits (but see Gershman and Goodman [36] for a counterpoint). Despite this fundamental divide
in methodology, systematic comparisons between iterative and amortized inference variants remain
scarce, particularly when evaluated against biologically relevant metrics.

In this paper, we introduce Free energy Online Natural-gradient Dynamics (FOND), a framework
for deriving brain-like inference dynamics from F minimization. As a concrete application of FOND,
we derive a novel family of iterative VAE architectures that perform inference via natural gradient
descent on F—including a spiking variant, the iterative Poisson VAE (iP-VAE)—with distinct
computational and biological advantages. The paper is organized as follows:

• In section 2 and the associated appendix A, we review and synthesize existing models from
machine learning and neuroscience, showing how they can be unified under the variational
inference framework via specific choices of distributions and inference methods (Fig. 2).

• In sections 3 and 4, and the associated appendix B, we derive neural dynamics as natural
gradient descent on free energy. This yields a novel family of iterative VAEs, including the
iP-VAE, which performs online Bayesian inference through membrane potential dynamics,
with emergent lateral competition, explaining away dynamics, and divisive normalization.

• In section 5, we show that iterative inference consistently outperforms amortized methods,
with iP-VAE achieving the best reconstruction-sparsity trade-off, while using 25× fewer
parameters and integer-valued spike counts. Appendix C shows that iP-VAE: (i) exhibits
emergent cortical response properties, (ii) generalizes better to out-of-distribution data, and
(iii) scales to complex color image datasets such as ImageNet32, CIFAR-10, and CelebA.

• In section 6, we relate our results to recent advances in sequence modeling, and discuss how
expressive nonlinearities, emergent normalization, and effective stochastic depth contribute
to iP-VAE’s computational strengths.
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2 Background and Related Work

Notation and conventions. We start with a generative model that assigns probabilistic beliefs
to observations, x ∈ RM (e.g., images), through invoking K-dimensional latent variables, z:
pθ(x) =

∫
pθ(x, z) dz =

∫
pθ(x|z)pθ(z) dz, where θ are its adaptable parameters (e.g., neural

network weights or synaptic connection strengths in the brain). Throughout this work, we color-code
the generative and inference model components as blue and red, respectively.

Variational inference and the ELBO objective. Following the perception-as-inference framework
[1, 2], we formalize perception as Bayesian posterior inference. In appendix A.1, we provide a
historical background, and in appendix A.2, we review the challenges associated with posterior
inference. We overcome these challenges by approximating the true but often intractable posterior,
pθ(z|x), using another distribution, qϕ(z|x), referred to as the approximate (or variational) posterior.
In appendix A.3, we provide more details about how variational inference [15, 17] approximates the
inference process, and derive the standard Evidence Lower BOund (ELBO) objective [13, 15, 17]:

log pθ(x)︸ ︷︷ ︸
model evidence

= Ez∼qϕ(z|x)

[
log

pθ(x, z)

qϕ(z|x)

]
︸ ︷︷ ︸

ELBO(x;θ,ϕ)

+ DKL

(
qϕ(z|x)

∥∥ pθ(z|x))︸ ︷︷ ︸
Kullback-Leibler (KL) divergence

. (1)

Importantly, maximizing the ELBO minimizes the intractable Kullback-Leibler (KL) divergence
between the approximate and true posterior. This can be seen by taking gradients of eq. (1) with
respect to ϕ. The model evidence on the left-hand side does not depend on ϕ, making the gradients of
the two terms on the right additive inverses. Thus, ELBO maximization directly enhances the quality
of posterior inference. In theoretical neuroscience, the negative ELBO is referred to as variational
free energy (F), which is the mathematical quantity central to the free energy principle [24, 25].

In the remainder of this section, we demonstrate how diverse models across machine learning and
neuroscience emerge as instances of F minimization through two fundamental design choices:

1. Choice of distributions (appendix A.4):
(i) approximate posterior qϕ(z|x), (ii) prior pθ(z), and (iii) likelihood pθ(x|z)

2. Choice of inference method (appendix A.8):
(i) amortized (e.g., learned neural network) vs. (ii) iterative (e.g., gradient descent)

Variational Autoencoder (VAE) model family. Variational Autoencoders (VAEs) transform the
abstract ELBO objective into practical deep learning architectures [18–20]. The standard Gaussian
VAE (G-VAE) exemplifies this approach by assuming factorized Gaussian distributions for all three
distributions, with the approximate posterior qϕ(z|x) implemented as a neural network that maps
each input x to posterior parameters: enc(x;ϕ)→ (µ(x),σ2(x)). This amortization of inference—
using a single network to approximate posteriors across the entire dataset—is a defining characteristic
of VAEs. Alternative distribution choices are also possible; for instance, replacing both prior and
posterior with Poisson distributions yields the Poisson VAE (P-VAE; [50]), which better aligns with
neural spike-count statistics [51–53]. We derive the VAE loss in appendix A.5, and discuss both
G-VAE and P-VAE extensively in appendices A.6 and A.7.

Sparse coding and predictive coding as variational inference. Two major cornerstones of
theoretical neuroscience, sparse coding (SC; [54]) and predictive coding (PC; [22]), can also be
derived as instances of ELBO maximization (or equivalently, F minimization), given specific
distributional choices [33, 55, 56]. SC and PC share two key characteristics that distinguish them
from standard VAEs. First, they both use a Dirac-delta distribution for the approximate posterior,
effectively collapsing it to a point estimate. But they differ in their prior assumptions: PC employs a
Gaussian prior, while SC uses a sparsity-promoting prior (e.g., Laplace; Fig. 2). Second, instead of
amortized inference as in VAEs, both PC and SC employ iterative inference, better aligning with the
recurrent nature of neural computation [40–44]. See appendix A.8 for an in-depth comparison, and
appendix A.9 for a pedagogical derivation of the Rao and Ballard [22] objective as F minimization.
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Figure 2: A wide range of models across machine learning and theoretical neuroscience can be
unified under free energy (F) minimization. Different distributional and optimization choices result
in different models (appendix A.10). Motivated by this unification potential, we introduce FOND, a
framework for deriving brain-like inference algorithms from first principles (section 3). We apply
FOND to derive a family of iterative VAE architectures, including the spiking iP-VAE (section 4).

Online inference through natural gradient descent. In a recent landmark paper, Khan and Rue
[34] proposed the Bayesian learning rule (BLR), unifying seemingly disparate learning algorithms
as instances of variational inference optimized via natural gradient descent [35, 57] on a Bayesian
objective which reduces to the ELBO when the likelihood is known [58, 59]. BLR’s generality
extends naturally to sequential settings [60], where beliefs must be updated online as data arrives. In
such settings, a rolling update scheme—where the posterior at each step becomes the prior for the
next (Fig. 7)—provides a simple yet effective approach to continual belief revision [60].

Summary so far. In this background section, and the corresponding appendix A, we reviewed how
seemingly different models across machine learning and neuroscience can be understood as instances
of F minimization (Fig. 2). The differences among them arise from the choices we make on the
distributions and the inference methods (appendix A.10).

3 FOND: Free energy Online Natural-gradient Dynamics

Building on the unification potential shown above, we introduce FOND, a framework for deriving
inference dynamics from F minimization. Unlike post-hoc interpretations of existing models, FOND
adopts a top-down approach: it starts from theoretical principles and derives architectures, making
explicit the connection between design choices and computational properties.

A two-level framework: flexible choices and fixed prescriptions. FOND operates at two distinct
levels. First, the modeler makes flexible choices about distributions and their parameterizations—
decisions that define the inference problem. Second, once these choices are made, FOND applies
fixed prescriptions that fully determine the inference dynamics.

This structure mirrors prescriptive theories in physics [61–64]. To derive dynamics from first
principles, one must specify: (a) the dynamical variables of interest, and (b) the equations governing
their evolution (see appendix B.1). In FOND, (a) corresponds to flexible choices, while (b) follows
from fixed prescriptions.

Flexible choices — what the modeler decides. The modeler must choose:

• Distributions: Variational family and conditional likelihood (appendix A.4)
• Parameterization: How to represent distributional parameters as dynamical variables

These modeling decisions determine what is being optimized but not how optimization proceeds.
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Fixed prescriptions — what FOND determines. Once the flexible choices are made, the inference
dynamics are fully determined by FOND’s three core prescriptions:

FOND prescriptions

(1) Natural gradients: Dynamics follow natural gradients of F
(2) Online: Inference updates beliefs sequentially from streaming data
(3) Iterative: Inference refines estimates through recurrent updates

Why natural gradients? Natural gradient descent follows the steepest descent path in the space of
probability distributions [35], achieving maximal free energy reduction per unit of distance (measured
via Fisher information metric [57, 65]). This provides the most efficient optimization trajectory.

Why online? Biological perception requires adaptive priors that evolve with experience. Static
inference cannot account for phenomena like serial dependence, where recent stimuli systematically
bias current perception [46], or learned helplessness, where beliefs about agency are updated by
experience [66, 67]. Online inference enables time-evolving priors that capture such effects (Fig. 7).

Why iterative? Perception follows an “analysis-by-synthesis” loop [68]: hypotheses generate
predictions (synthesis), errors refine hypotheses (analysis). Iterative inference implements this
closed-loop error-correction, adapting estimates when initial predictions fail. Amortized inference,
by contrast, commits to a single forward pass—an open-loop guess that cannot recover when it
errs, making it brittle on novel or ambiguous inputs. The brain appears to implement this kind of
iterative refinement: macaque visual cortex requires an additional ∼30ms of recurrent processing to
recognize challenging images [42], and neural codes for faces dynamically evolve over hundreds of
milliseconds—a process termed “code switching” [44]. Thus, iterative refinement is motivated both
computationally (enabling error correction) and empirically (matching neural dynamics).

Demonstrating FOND: iterative VAE architectures. To demonstrate FOND’s utility, we derive
three iterative VAE models by making different flexible choices while applying the same fixed
prescriptions:

• iP-VAE: Poisson distributions with log-rate parameterization

• iG-VAE: Gaussian distributions with mean and log-std parameterization

• iGφ-VAE: like Gaussian, but with post-sampling nonlinearity φ(·)

See Table 1 for complete specifications. In what follows, we present the theoretical derivations,
evaluate empirical performance, and discuss implications for neuroscience and machine learning.

4 iP-VAE: Deriving a Spiking Inference Model from Variational Principles

In this section, we apply the FOND framework to derive brain-like inference dynamics from first
principles. We begin by identifying the key prescriptive choices required for deriving these dynamics.
We then introduce Poisson assumptions and derive membrane potential updates as natural gradient
descent on variational free energy (F), leading to the iterative Poisson VAE (iP-VAE) architecture.

Three distributional choices. To fully specify F , we must choose an approximate posterior, a prior,
and a conditional likelihood. We use Poisson distributions for both posterior and prior, as it leads
to more brain-like integer-valued spike count representations (see appendix B.2 for a discussion).
Later in the appendix, we show how this derivation extends to Gaussian posteriors with optional
nonlinearities applied after sampling, illustrating the generality and flexibility of FOND.

For the likelihood, we assume factorized Gaussians throughout this work (a standard modeling
choice in both sparse coding [54] and predictive coding [22]). In the main text, we focus on linear
decoders, pθ(x|z) = N (x; Φz, I), where Φ is commonly referred to as the dictionary in sparse
coding literature. In the appendix, we show how our results naturally extend to nonlinear decoders
with learned variance [69]; and we explore these extensions both theoretically and empirically.
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Parameterization choices. For a neurally plausible model, we choose the dynamic variables to
be real-valued membrane potentials, u ∈ RK , where K is the number of neurons. To generate
spike counts from u, we assume the canonical Poisson parameterization, defining firing rates as
r := exp(u) (Fig. 1a). This choice is both mathematically convenient, since it avoids constrained
optimization over a strictly positive variable, and biologically motivated, as the spiking threshold of
real neurons is well-approximated by expansive nonlinearities [70, 71].

Under the assumption that dynamics, computation, and optimization are three expressions of the same
underlying process [72–75] (i.e., inference⇔ dynamics), membrane potentials evolve to minimize
variational free energy (F ). To respect the curved geometry of distribution space, this optimization is
implemented via natural gradient descent [34, 57, 76] (Fig. 1b).

Poisson variational free energy. Given a Poisson posterior and prior, and a factorized Gaussian
likelihood with a linear decoder, the free energy (negative ELBO from eq. (1)) takes the form:

F(x; Φ,u0,u) = Ez∼q(z|x)

[
1

2
∥x− Φz∥22

]
︸ ︷︷ ︸
Lrecon.: reconstruction term (distortion)

+ β

K∑
i=1

(
eu ⊙ (u− u0)− (eu − eu0)

)
i︸ ︷︷ ︸

LKL: KL term (coding rate)

, (2)

where u0 ∈ RK and u ∈ RK are the prior and posterior membrane potentials, K is the latent
dimensionality, ⊙ represents the element-wise (Hadamard) product, and β is a positive coefficient
that controls the rate-distortion trade-off [77, 78]. See appendix B.3 for a detailed derivation.

Next, we compute the gradient of F with respect to the variational parameters, i.e.,∇u F .

Free energy gradient: the reconstruction term. Lrecon. is the expected value of the prediction
errors under the approximate posterior. Since this expectation is intractable in general, we follow
standard practice in variational inference and approximate it using a single Monte Carlo sample [34,
60]: Lrecon. ≈ 1

2 ∥x− Φz(u)∥22, where z(u) ∼ qu(z|x).
Since the reconstruction loss depends on the sample z, which is a stochastic function of the firing
rate r = exp(u), we propagate gradients through both the exponential nonlinearity and the sampling
process (i.e., u→ r→ z → Lrecon.). We apply the chain rule twice to get:

∇u Lrecon. =
∂r
∂u

∂z

∂r
∂

∂z
Lrecon. ≈ eu ⊙ ∂z

∂r
⊙
(
−ΦT (x− Φz(u))

)
. (3)

We further simplify the expression by applying the straight-through gradient estimator [79], treating
∂z/∂r ≈ I for the purpose of deriving inference equations. During model training, however, we
update the generative model parameters by utilizing the Poisson reparameterization algorithm [50].
This straight-through approximation of the sample gradient yields:

∇u Lrecon. ≈ eu ⊙
(
−ΦT (x− Φz(u))

)
. (4)

Free energy gradient: the KL term. The KL-term gradient is easily computed from eq. (2):
∇u LKL = eu ⊙ (u− u0). Combine it with the reconstruction-term gradient from eq. (4) to get:

∇u F(x; Φ,u0,u) ≈ eu ⊙
[
− ΦT (x− Φz(u)) + β(u− u0)

]
. (5)

Natural gradients: applying Fisher preconditioning. FOND prescribes that neural dynamics
follow natural gradients of the free energy, u̇ := −G−1(u)∇u F , where G is the Fisher information
matrix. For Poisson distributions in the canonical form, we have: G(u) = exp(u) (see appendix B.4
for a derivation). Combining this result with eq. (5) yields:

u̇ ∝ ΦTx︸︷︷︸
feedforward “drive”

− ΦTΦ z(u)︸ ︷︷ ︸
recurrent “explaining away”

− β(u− u0)︸ ︷︷ ︸
homeostatic “leak” term

(6)

This concludes the derivation of our core theoretical result underlying the iP-VAE architecture.
Natural gradient descent on F yields circuit dynamics that share important characteristics with neural
models developed since the early 1970s [80–83], while offering a notable biological advantage over
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standard predictive coding (PC). Namely, recurrent interactions in iP-VAE (eq. (6)) occur through
discrete spikes z, rather than continuous membrane potentials as in PC (eq. (16)), better aligning
with how real neurons communicate [84]. In appendix B.5, we interpret each term in the dynamics
and explain the rationale behind its naming. In appendix B.6, we extend the derivation to nonlinear
decoders; and in appendix B.7, we extend to Gaussian posteriors with optional nonlinearities. Finally,
appendix B.8 explores this biological distinction with standard PC in more detail.

Online inference: adding time. Perception is an ongoing process that requires continually updating
beliefs as data arrives, rather than reverting to a fixed prior in the distant past. To model this sequential
process, we adopt a rolling update scheme, where the current posterior becomes the next prior (Fig. 7,
[60]). Combining this online structure with the dynamics from eq. (6), we arrive at the following
discrete-time update rule:

ut+1 = ut + ΦTx − ΦTΦ zt, (7)
where ut and ut+1 are interpreted as the prior and posterior membrane potentials at time t (Fig. 5).

Notably, the leak term in eq. (6)—which stems from the KL term in eq. (2)—disappears in this
discrete-time update. This is because we perform only a single step per time point in the online
setting, where the prior evolves continuously over time (Fig. 7). In appendix B.9, we derive the
general form of free energy for sequences, and in appendix B.10, we explain why the KL contribution
vanishes in the single-update limit.

Lateral competition as a stabilizing mechanism. The recurrent connectivity matrix, W := ΦTΦ,
has a stabilizing effect. To demonstrate this, we transform the discrete-time dynamics in eq. (7) from
membrane potentials to firing rates, yielding the following multiplicative update for neuron i:

rt+1,i = rt,i
exp

(
ΦTx

)
i

exp (W ii zt,i)
∏K

j=1,j ̸=i exp (W ij zt,j)
, (8)

where rt = exp(ut) are firing rates, and zt ∼ Pois(z; rt) are sampled spikes. The resulting
denominator reveals a form of multiplicative divisive normalization: co-active neurons suppress each
other proportionally to their spike output.

As seen in eq. (8), the recurrent term Wzt acts as a stabilizing force in two ways. First, its diagonal
entries are positive (i.e., W ii = ∥Φ·i∥22 > 0); therefore, neurons that spike strongly receive self-
suppression, dampening activity at the next time point. Second, the off-diagonal entries couple
neurons with overlapping tuning. Due to this coupling, vigorously active neurons extend suppressive
influence toward their similarly-tuned neighbors (i.e., when W ij > 0), preventing excess activity.
In addition to stabilization, such competitive interactions also underlie the sparsification dynamics
observed in cortical circuits [85–87], and are widely regarded as a hallmark of sparse coding [39, 88].

In sum, we have shown that natural gradient descent on free energy, combined with biologically
motivated assumptions, leads to principled and interpretable neural dynamics. As our next step,
we apply the theoretical derivations (eq. (6), appendix B.7, and Fig. 5) to design specific instances
of iterative VAEs within the broader FOND framework. These include: the iterative Poisson VAE
(iP-VAE), the iterative Gaussian VAE (iG-VAE), and the iterative Gaussian-relu VAE (iGrelu-VAE).

5 Experiments

We evaluate the family of iterative VAE models introduced in this work (iP-VAE, iG-VAE, iGrelu-VAE;
Table 1). These models share identical inference dynamics derived in section 4 and appendix B.7,
differing only in their latent variable distributions (Poisson vs. Gaussian) and an optional nonlinearity
(e.g., relu [89]) applied after sampling from the posterior. This systematic comparison helps isolate
the relative influence of each component on learning brain-like representations that generalize. To
evaluate the impact of inference methods, we compare these iterative models to their amortized
counterparts (P-VAE, G-VAE, Grelu-VAE), all implemented with identical convolutional encoders.

We also compare to classic normative models in neuroscience, including two predictive coding
models, standard PC [22] and incremental PC (iPC; [90]), and the locally competitive algorithm
(LCA; [39]), a sparse coding model that can be viewed as a deterministic, non-spiking precursor
to iP-VAE. See Table 1 for a summary of models, and Fig. 2 for a visualization of the model tree.
Additional comparisons to hybrid iterative-amortized VAEs [91, 92] are presented in the appendix.
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Figure 3: All iterative VAEs converge beyond the training regime (Ttrain = 16). iP-VAE outperforms
iGrelu-VAE in sparsity, while iG-VAE achieves superior reconstruction but with dense representations.
iP-VAE maintains reasonable reconstruction performance, despite using constrained representations
(sparse, integer-valued spike count). The sparsification dynamics of both iP-VAE and iGrelu-VAE
resemble those observed in the mouse visual cortex [106] (appendix C.3). All models are trained on
16× 16 natural image patches, and the traces are averages over the entire test set. The right panel
displays representative dictionary elements (Φ); see Fig. 11 for the complete set of K = 512 features.

Learning to infer. To learn the model parameters, we use a training scheme that accumulates
gradients across the entire inference trajectory and applies a single update at the end. Specifically,
we perform Ttrain inference steps per input batch and optimize model weights using the accumulated
gradients across all steps (not just the final state). This procedure is analogous to backpropagation
through time [93, 94], and Ttrain can be interpreted as the effective model “depth” [43, 95–97]
(Fig. 5). We find that the choice of Ttrain has a significant effect on quantitative metrics, making it an
important hyperparameter to track. We explore various Ttrain, but report performance using the same
Ttest = 1,000 steps.

Hyperparameters. In addition to Ttrain, we explore various β values [78], which controls the
reconstruction-KL trade-off (eq. (2)). For iP-VAE and P-VAE [50], varying β traces out a
reconstruction-sparsity landscape, loosely analogous to a rate-distortion curve [77]. In the main paper,
all models have a latent dimensionality of K = 512, with linear decoders comprised of a single
dictionary, Φ ∈ RM×K , where M is the input dimensionality (i.e., number of pixels). In the appendix,
we explore more general nonlinear decoder architectures and different latent dimensionalities. See
appendix C.1 for additional implementation, hyperparameter, and training details.

Tasks and Datasets. We evaluate models in several ways, including convergence behavior, re-
construction–sparsity trade-off, downstream classification, and out-of-distribution (OOD; [98, 99])
generalization. We train and evaluate models on two datasets: (1) whitened 16× 16 natural image
patches from the van Hateren dataset [100], used to assess convergence and reconstruction–sparsity
trade-offs; (2) MNIST [101], used for reconstruction, classification, and OOD generalization tests. A
good portion of these results, including the OOD ones, are presented in the appendix, as our primary
focus in this paper is theoretical, and these results warrant their focused exploration in future work.

Performance metrics. We define model representations as samples drawn from the posterior at
each time point (e.g., z(t) in Fig. 1a), and quantify performance using the following metrics. For
reconstruction, we compute the coefficient of determination (R2) between the input image, x, and its
reconstruction, x̂ = Φz. R2(x, x̂) quantifies the proportion of input variance explained and yields
a bounded, dimensionality-independent score in [0, 1]. For sparsity, we use the proportion of zeros
in the sampled latents: torch.mean(z == 0). This is a simple but informative proxy for energy
efficiency in hardware implementations [102–105].

iP-VAE converges to sparser states while maintaining competitive reconstruction performance.
We frame inference as convergence to attractor states (Fig. 1a) that faithfully represent inputs,
achieving high-fidelity reconstruction with sparsity. To evaluate convergence quality, we train iterative
VAEs using Ttrain = 16, and monitor inference process across Ttest = 1,000 iterations, tracking three
metrics averaged over the test set: (1) reconstruction fidelity via R2, (2) sparsity via the proportion of
zeros, and (3) proximity to the attractor via gradient norm ∥u̇∥ ∝

∥∥G−1(u)∇u F
∥∥ calculated across

the latent dimension (K = 512). These metrics collectively characterize convergence dynamics and
allow us to evaluate attractor quality (Fig. 3).
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We determine convergence by detecting when the R2 trace flattens and remains stable (details in
appendix C.2). For iP-VAE, iGrelu-VAE, and iG-VAE, respectively, we observe convergence times
of 95, 75, and 69 iterations. At the final state (t = 1,000), these models achieve R2 values of 0.83,
0.82, and 0.87, with latents exhibiting 77%, 58%, and 0% zeros (Fig. 3). iP-VAE achieves superior
sparsity compared to both Gaussian models, while iG-VAE achieves the best overall R2. Throughout
inference, the gradient norm ∥u̇∥ steadily decreases but plateaus around 0.5, 0.9, and 1.0, respectively,
likely due to gradient variance induced by stochastic inference dynamics.

iP-VAE learns V1-like features. Analysis of the learned features reveals that iP-VAE develops V1-
like Gabor filters [107–110], while iGrelu-VAE learns localized pixel-like patterns and iG-VAE learns
unstructured features (see right panel in Fig. 3, and Fig. 11 for complete dictionaries). Additionally,
when tested with drifting gratings of varying contrasts, iP-VAE exhibits contrast-dependent response
latency characteristic of V1 neurons [111, 112] (Fig. 8), possibly a consequence of the normalization
dynamics that emerge from our theoretical derivations (eq. (8)). We explore these cortex-like
properties further in appendix C.3. In summary, these results suggest iP-VAE learns brain-like
representations while achieving the best reconstruction-sparsity compromise.

iP-VAE achieves the best overall reconstruction-sparsity trade-off. To assess the robustness of
iP-VAE’s performance across hyperparameter settings, we systematically explore combinations of
Ttrain ∈ [8, 16, 32], and β values proportional to training iterations (ranging from 0.5× to 4.0×Ttrain).
To compare across inference methods, we include amortized counterparts with identical β selection
criteria but using Ttrain = 1. Finally, we also include LCA [39] due to its theoretical similarity to
iP-VAE (eq. (6)). See appendices C.1.1 to C.1.4 for architectural and training details for all models.

Figure 4a positions all models within a unified sparsity-reconstruction landscape, enabling direct
comparison of performance metrics and revealing hyperparameter sensitivity. This representation
can be interpreted through the lens of rate-distortion theory [77], where R2 corresponds to inverse
distortion and sparsity to inverse coding rate. The optimal point represents perfect reconstruction
(R2 = 1.0) using only zeros (sparsity = 1.0). This unachievable ideal is marked with a gold star.

For iP-VAE, varying Ttrain and β traces a characteristic curve where increased sparsity trades
off against reconstruction quality at Ttrain = 8, with this trade-off improving at higher training
iterations (Ttrain = 16, 32). LCA and iGrelu-VAE exhibit a similar pattern, but iGrelu-VAE consistently
underperforms iP-VAE in both metrics, confirming Fig. 3. iG-VAE achieves comparable R2 values to
high-Ttrain iP-VAE fits but with zero sparsity. These extensive evaluations confirm that both iP-VAE
and LCA achieve the best overall reconstruction-sparsity trade-offs among the tested models.

Finally, for fair comparison with LCA’s maximum a posteriori (MAP) estimation, we evaluated
VAE models with deterministic decoding, where iP-VAE slightly outperforms LCA (Fig. 9). We
also confirm that higher β values increase iP-VAE sparsity as theoretically predicted [50] (Fig. 10
and appendix C.4). For the effect of latent dimensionality on performance, see appendix C.5.

Iterative VAEs unanimously outperform their amortized counterparts. To quantify overall
performance as a single metric, we compute the Euclidean distance from each model to the optimal
point (the gold star at R2 = 1.0, sparsity = 1.0), with lower distances indicating better performance.
Figure 4b shows that iterative VAE models (iG-VAE, iGrelu-VAE, iP-VAE) consistently outperform
their amortized counterparts (G-VAE, Grelu-VAE, and P-VAE), despite the latter employing deep
convolutional encoders with orders of magnitude more parameters. As predicted by theory (com-
paring eq. (6) with the LCA dynamics [39]), the performance of LCA and iP-VAE are statistically
indistinguishable, though iP-VAE exhibits lower variability across hyperparameter settings.

For clarity in the reconstruction-sparsity analysis, we omit PC and iPC as their dense Gaussian
latents are effectively represented by iG-VAE. Extended experiments on MNIST (appendix C.6)
show that iterative VAEs outperform PCNs in reconstruction metrics, with iP-VAE achieving the
best reconstruction-sparsity trade-off (Table 3). Interestingly, in downstream classification, P-VAE
reaches ∼98% accuracy, comparable to supervised PCNs [113]. See appendix C.6 for more details.

Iterative VAEs match the inference runtime of their amortized counterparts. Despite requiring
∼2× training time (appendix C.1.4), iterative models achieve competitive inference speeds for large
batches, matching amortized performance before continuing to superior trade-offs (appendix C.7).
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Figure 4: Reconstruction-sparsity trade-off across model families. (a) Performance landscape
showing reconstruction quality (R2) versus sparsity (proportion of zeros). Different symbols indicate
model variants (triangles: Ttrain = 8, crosses: Ttrain = 16, circles: Ttrain = 32, empty squares:
amortized VAEs, plus: LCA), with colors denoting model architectures. The gold star marks the
theoretical optimum. (b) Overall performance measured as Euclidean distance from the optimum
point. Iterative models (right side) consistently outperform their amortized counterparts (left side),
with iP-VAE and LCA achieving the best overall performance. See also related Figs. 9 and 10.

iP-VAE exhibits strong out-of-distribution (OOD) generalization. While the main results use
linear decoders (x̂ = Φz), our framework easily extends to deep, nonlinear decoders. In appendix B.6,
we develop the theory; and in appendix C.8, we train nonlinear iP-VAE models with multilayer
perceptron and convolutional decoders—interpretable as deep sparse coding—and compare them
to hybrid iterative-amortized VAEs [91, 92]. For both within-dataset perturbations (Fig. 14) and
cross-dataset settings (Figs. 13, 15 and 16), iP-VAE consistently outperforms alternatives in OOD
reconstruction and classification accuracy (Fig. 14). These results suggest that iP-VAE learns a
compositional code (Fig. 17), a hypothesis we aim to study more systematically in future work.

iP-VAE scales to complex color image datasets and generates realistic images. In appendix C.9,
we demonstrate practical utility by scaling iP-VAE to high-dimensional color images (CelebA,
CIFAR-10, tiny ImageNet); and, in appendix C.10, we show that iP-VAE successfully generates
realistic MNIST samples through an iterative procedure.

6 Conclusions and Discussion

In this paper, we introduced FOND, a framework for deriving brain-like inference dynamics from
variational principles. We then applied FOND to derive a new family of iterative VAE models,
including the iP-VAE, a spiking model that performs inference in its membrane potential dynamics.
iP-VAE’s success likely stems from three key attributes: (1) exponential nonlinearities and (2)
emergent normalization, similar to recent advances in sequence modeling [114]; and (3) effective
stochastic depth through temporal unrolling, which also explains the effectiveness of hierarchical
VAEs [115]. Further, iP-VAE’s weight reuse and its sparse, integer-valued spike count representations
enable efficient hardware implementation [116]. While we focused on variational inference, equally
important sampling-based approaches offer complementary perspectives [117–122]. Future work
should explore acceleration techniques for iterative inference [114], biologically plausible learning
rules [123], predictive dynamics for non-stationary sequences [124], hierarchical extensions [125,
126], and neural data applications [127–129]. We extend upon these points in appendices D.1 to D.5.

In sum, this work connects the prescriptive model development philosophy of FOND with practical
algorithms that exhibit brain-like behavior and deliver empirical benefits in machine learning.
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7 Code and data

Our code, data, and model checkpoints are available here: https://github.com/hadivafaii/IterativeVAE.
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A Extended Background: Philosophical, Historical, and Theoretical

In this appendix, we present additional background information that complements the main text
(section 2). First, we explore the historical and philosophical perspectives underlying our work. We
then connect these foundations to recent developments while providing pedagogical explanations of
essential statistical concepts. Finally, we review existing machine learning and neuroscience models
as instances of free energy minimization, culminating in a model taxonomy shown in Fig. 2.

A.1 Perception as inference

The idea that perception is an inferential (rather than passive) process has been around for centuries.
Early thinkers described it as a process of “unconscious inference” about the hidden causes of sensory
inputs [1, 2]. This inference relies on two key components: (i) incoming sensory data, and (ii)
a priori knowledge about the environment [137]. Prior world knowledge can be acquired either
through subjective experience [138–140], or innately built in through evolutionary and developmental
processes [141–143]. As recognized in early psychology [144], and later formalized in theoretical
and computational frameworks, perception emerges when these two sources—sensory evidence and
prior expectations—are integrated to infer the most likely state of the world. Thus, brains actively
“construct” their perceptions [3, 145].

This framework remains a major cornerstone of theoretical neuroscience, and has inspired many
influential theories across the field [5–7, 22–24, 32, 54, 146–149]. Although these theories go by
different names, they are unified by the core idea of “perception-as-inference”. Of particular relevance
to our work are sparse coding [54, 55, 150, 151], predictive coding [22, 33, 146, 152], and the free
energy principle [23–25, 148, 149, 153].

Ideas such as variational inference from statistics [4, 14–17] and variational autoencoders (VAEs)
from machine learning [18–20] closely parallel those from theoretical neuroscience. While there has
been increasing dialogue between these fields, opportunities remain for deeper integration. Our work
speaks directly to this overlap by offering a theoretical synthesis of these ideas (Fig. 2), as well as
introducing a new family of brain-inspired machine learning architectures with practical benefits.

A.2 Bayesian posterior inference

In statistical terms, perception can be modeled as a problem of Bayesian posterior inference [10–12].
We start with a generative model, pθ(x), that assigns probabilistic beliefs to observations, x ∈ RM

(e.g., images), through invoking K-dimensional latent variables, z:

pθ(x)︸ ︷︷ ︸
marginal likelihood

(a.k.a model evidence)

=

∫
pθ(x, z)︸ ︷︷ ︸

joint
distribution

dz =

∫
pθ(x|z)︸ ︷︷ ︸
conditional
likelihood

pθ(z)︸ ︷︷ ︸
prior

dz, (9)

where θ are the adaptable parameters of the generative model (e.g., neural network weights or synaptic
connection strengths in the brain). Here, pθ(z) represents prior beliefs over latent causes, and pθ(x|z)
is the conditional likelihood of observations given latents.

Posterior inference inverts this generative process to determine which latent configurations are most
likely given an observation. Apply Bayes’ rule to get:

pθ(z|x)︸ ︷︷ ︸
posterior

=
pθ(x, z)

pθ(x)
=

pθ(x|z)pθ(z)
pθ(x)

=
pθ(x|z)pθ(z)∫
pθ(x|z)pθ(z) dz

. (10)

This posterior distribution is analytically intractable in all but the simplest cases due to the integration
over all latent configurations in the denominator. This necessitates approximate inference methods.

A.3 Variational inference and deriving the ELBO objective

Variational inference is a powerful approximate inference method that transforms the posterior
inference problem, eq. (10), into an optimization task [15–17]. Specifically, one introduces a
variational density, qϕ(z|x), parameterized by ϕ, which approximates the true posterior. The goal is
to minimize the Kullback-Leibler (KL) divergence between qϕ(z|x) and the true posterior pθ(z|x).
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This optimization leads to the standard Evidence Lower BOund (ELBO) objective [15, 17], which
can be derived starting from the model evidence as follows:

log pθ(x) = log pθ(x)

∫
qϕ(z|x)dz

=

∫
qϕ(z|x) log pθ(x)dz

= Ez∼qϕ(z|x)

[
log pθ(x)

]

= Ez∼qϕ(z|x)

[
log pθ(x) + log pθ(z|x)− log pθ(z|x)

]

= Ez∼qϕ(z|x)

[
log

pθ(x)pθ(z|x)
pθ(z|x)

]

= Ez∼qϕ(z|x)

[
log

pθ(x, z)

pθ(z|x)

]

= Ez∼qϕ(z|x)

[
log

pθ(x, z)qϕ(z|x)
pθ(z|x)qϕ(z|x)

]

= Ez∼qϕ(z|x)

[
log

pθ(x, z)

qϕ(z|x)
+ log

qϕ(z|x)
pθ(z|x)

]

= Ez∼qϕ(z|x)

[
log

pθ(x, z)

qϕ(z|x)

]
+ Ez∼qϕ(z|x)

[
log

qϕ(z|x)
pθ(z|x)

]

= Ez∼qϕ(z|x)

[
log

pθ(x, z)

qϕ(z|x)

]
︸ ︷︷ ︸

ELBO(x;θ,ϕ)

+ DKL

(
qϕ(z|x)

∥∥ pθ(z|x)).

(11)

This concludes our derivation of eq. (1). All we did was multiply by one twice (once by inserting∫
qϕ(z|x)dz and once by introducing the ratio qϕ(z|x)

qϕ(z|x) ) followed by a few algebraic rearrangements.

Importantly, eq. (1) holds for any qϕ(z|x) that defines a proper probability density. Compared to
the typical derivation using Jensen’s inequality [15], this derivation yields a stronger result [20]:
An exact decomposition of the model evidence into the ELBO plus the KL divergence between the
approximate and true posterior.

A direct consequence of this equality is that taking gradients of eq. (1) with respect to ϕ shows that
maximizing the ELBO minimizes the KL divergence, since the model evidence on the left-hand side
is independent of ϕ. Thus, ELBO maximization improves posterior inference quality, corresponding
to more accurate perception under the perception-as-inference framework (appendix A.1).

A.4 Three distributions, one ELBO

To fully specify the ELBO in eq. (1), we must make choices about the approximate posterior
qϕ(z|x) and the joint distribution pθ(x, z), which further decomposes as pθ(x, z) = pθ(z)pθ(x|z).
Therefore, we are faced with a total of three independent distributional choices: approximate posterior,
prior, and likelihood 1.

In both neuroscience and machine learning, it is common practice to assume all three distributions
are Gaussian. These critical assumptions are frequently adopted by convention rather than through
theoretical justification. We emphasize that these distributions are entirely at the discretion of the
modeler, and there are no fundamental constraints requiring them to be Gaussian in all cases.

1In the online inference setting, both the prior and approximate posterior (typically) become one family,
reducing the independent choices into two: approximate posterior, and likelihood.
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A.5 Two ways to carve up the ELBO

There are two common ways of expressing and interpreting the ELBO. The first, more popular in the
machine learning community, is the VAE loss decomposition [20]:

ELBO(x; θ, ϕ) = Ez∼qϕ(z|x)

[
log

pθ(x|z)pθ(z)
qϕ(z|x)

]

= Ez∼qϕ(z|x)

[
log pθ(x|z)

]
+ Ez∼qϕ(z|x)

[
log

pθ(z)

qϕ(z|x)

]
= Ez∼qϕ(z|x)

[
log pθ(x|z)

]
︸ ︷︷ ︸

Reconstruction term (distortion)

− DKL

(
qϕ(z|x)

∥∥ pθ(z))︸ ︷︷ ︸
KL term (coding rate)

.

(12)

This view emphasizes reconstruction fidelity and latent space regularization. The reconstruction
term can be interpreted as a distortion measure, quantifying how well the latent code z can explain
the input x through the generative model. The KL term, by contrast, acts as an information rate,
measuring how much input-dependent information is encoded in the posterior qϕ(z|x) beyond what
is already present in the prior pθ(z). In other words, the KL quantifies the coding cost of representing
x via z, and reflects the capacity of the latent space to capture novel, stimulus-specific structure. This
interpretation is closely related to classical rate-distortion theory [154, 155], and has been formalized
in the context of VAEs by Alemi et al. [77].

The second view, more aligned with theoretical neuroscience and physics, splits (negative) ELBO as:

−ELBO(x; θ, ϕ) ≡ F(x; θ, ϕ) = Ez∼qϕ(z|x)

[
− log pθ(x, z)

]
︸ ︷︷ ︸

Energy

− H
[
qϕ(z|x)

]︸ ︷︷ ︸
Entropy

, (13)

whereH[q] = −
∫
q log q is the Shannon entropy.

This carving is analogous to the concept of Helmholtz free energy from statistical physics [156–158],
where minimizing free energy involves reducing energy while preserving entropy (i.e., maintaining
uncertainty). Below, we will use this decomposition to show that the predictive coding objective of
Rao and Ballard [22] can be directly derived from eq. (13) under specific distributional assumptions.

A.6 Gaussian Variational Autoencoder (G-VAE)

The standard Gaussian VAE (G-VAE) represents a foundational model in the VAE family, where all
three distributions are factorized Gaussians [20]. To simplify the model, the prior is typically fixed as
a standard normal distribution with zero mean and unit variance: pθ(z) = N (0,1).

The key innovation of VAEs lies in how they parameterize the approximate posterior and likelihood
distributions using neural networks:

Approximate posterior. The encoder neural network transforms each input x into parameters
for the posterior distribution. Specifically, it outputs both a mean vector and a variance vector:
enc(x;ϕ) = λ(x) ≡ (µ(x),σ2(x)). These parameters fully specify the approximate posterior:
qϕ(z|x) = N (z;µ(x),σ2(x)). Typically, neural networks are made to output logσ, which is
exponentiated to obtain the variance. This choice ensures the variance always remains positive.

Likelihood. The decoder neural network maps sampled latent variables back to reconstructions in
the input space, producing the mean of the likelihood distribution: µ(z) = dec(z; θ).

Likelihood variance. There are several approaches for handling the variance of the likelihood:

• Fixed variance: Setting a constant variance for all dimensions (this is bad practice: [159]).
• Input-dependent variance: Using a separate neural net to predict variance as a function of z.
• Learned global variance: Learning a set of global variance parameters σ2 for the entire

dataset [69].

In our implementation, we use learned global variance parameters for the decoder, meaning:
pθ(x|z) = N (x; dec(z; θ),σ2).
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Training. A critical component enabling end-to-end training of VAEs is the reparameterization
trick [18]. This technique allows gradients to flow through the sampling operation by expressing a
sample z from qϕ(z|x) as a deterministic function of x and a noise variable ϵ ∼ N (0, I):

z = µ(x) + σ(x)⊙ ϵ,

With this formulation, both encoder and decoder parameters can be jointly optimized by maximizing
the ELBO objective shown in eq. (12).

Extensions and modifications. Since the advent of VAEs [18, 19], numerous proposals have
extended or modified the standard Gaussian framework. These efforts can be broadly categorized into
three main directions: (i) developing more expressive or learnable priors, (ii) replacing the likelihood
function with non-Gaussian alternatives, and (iii) altering the latent distribution.

In terms of priors pθ(z), researchers have introduced hierarchical variants [115, 160, 161], structured
priors such as VampPrior [162], and nonparametric approaches like the stick-breaking process [163].

For the likelihood function pθ(x|z), alternatives to the standard Gaussian have been proposed to better
accommodate binary, count, or highly structured data. Examples include the Bernoulli distribution
for binary data [18, 164], Poisson [165] and negative binomial [166] for count data, and mixtures of
discretized Logistic distributions for natural images [161, 167].

Finally, for inference, many have enhanced the expressiveness of the variational posterior qϕ(z|x)
by applying normalizing flows [168] or inverse autoregressive flows [169], thereby relaxing the
mean-field assumption. Others have replaced the Gaussian latents altogether, exploring alternative
distributions such as categorical [170, 171], Bernoulli [172, 173], Laplace [174], Dirichlet [175],
hyperbolic normal [176], von Mises-Fisher [177], Student’s t [178], and negative binomial [179].

A.7 Poisson Variational Autoencoder (P-VAE)

A particularly relevant departure from Gaussian latent variables is the Poisson VAE (P-VAE; [50]).
Motivated by findings in neuroscience that neural spike counts follow Poisson statistics over short
temporal windows [51, 180], Vafaii et al. [50] introduced a VAE variant in which posterior inference
is performed over discrete spike counts. In P-VAE, both the prior and approximate posterior
distributions of the standard Gaussian VAE are replaced with Poisson distributions. The authors
also developed a novel Poisson reparameterization trick and derived a corresponding ELBO for
Poisson-distributed VAEs.

An important theoretical insight arises from the structure of the P-VAE ELBO: the KL divergence
term naturally induces a firing rate penalty that closely resembles sparse coding [54], a fundamental
and widely documented property of biological neural representations [151]. When trained on natural
image patches, P-VAE learns sparse latent representations with Gabor-like basis vectors [107–110],
much like classic sparse coding results [54].

Despite these advances, P-VAE underperformed the locally competitive algorithm (LCA; [39])—a
classic iterative sparse coding algorithm from 2008—in both reconstruction accuracy and sparsity.
The authors attributed this performance gap to a key difference in inference mechanisms: VAEs rely
on amortized inference; whereas, sparse coding uses iterative optimization at test time.

A.8 Amortized versus iterative variational inference

Once we select our approximate posterior distribution—such as a Gaussian (G-VAE) or Poisson
(P-VAE)—we must decide how to parameterize and optimize it. Let λ denote the distributional
parameters of the approximate posterior (distinct from neural network weights). For example, a
Gaussian posterior requires both a mean µ and variance σ2, i.e., λ ≡ (µ,σ2); whereas, a Poisson
posterior is specified by a vector of rates, λ ≡ r. We now describe three strategies for optimizing λ:
amortized, iterative, and hybrid iterative-amortized inference.

Amortized inference. In amortized variational inference, an encoder neural network enc(x;ϕ),
parameterized by weights ϕ, maps each observation x to its corresponding posterior parameters in a
single forward pass: λ(x) = enc(x;ϕ). This approach, central to VAEs, is efficient at test time, as
the cost of inference is “amortized” over training, much like spreading out a fixed expense over time
in accounting [36].
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The amortized approach is partially motivated by the universal approximation capability of neural
networks [181]: if there exists a mapping from samples to their optimal posterior parameters,
x→ λ∗(x), then a sufficiently large and deep neural network should theoretically be able to learn it.

However, despite this theoretical promise, amortized inference often suffers from an amortization
gap—a systematic mismatch between the inferred posterior parameters, λ(x) = enc(x;ϕ), and the
optimal variational parameters, λ∗(x). This gap can significantly degrade model performance [182,
183] and can be conceptualized in two equivalent ways.

First, within a given family of distributions, the optimal variational parameters λ∗(x) are by definition
those that minimize the KL divergence from the approximate posterior to the true posterior (the
last term in eq. (1)). Second, due to the equality in eq. (1), this KL divergence is mathematically
equivalent to the difference between the ELBO and the model evidence, log pθ(x). The closer the
variational approximation is to the true posterior distribution in terms of KL, the smaller the gap
between ELBO and log pθ(x) becomes, thereby increasing the “tightness” of the lower bound.

In summary, the amortization gap reveals that despite the promise of the universal approximation
theorem [181], even highly parameterized deep neural networks often fail to find the optimal varia-
tional parameters [182]. This results in both poor inference quality, as well as substantial discrepancy
between the ELBO and the model evidence.

Iterative inference. In contrast to amortized inference, iterative variational inference optimizes
the posterior parameters λ separately for each data point by directly maximizing the ELBO, typically
via gradient-based optimization. Although more computationally intensive at test time, this approach
often achieves tighter variational bounds and more accurate posterior approximations [182, 184].

A canonical example is stochastic variational inference (SVI; [185]), which updates local variational
parameters via stochastic gradient ascent. Iterative optimization is also central to classical Bayesian
approaches such as expectation maximization (EM; [13, 186]), coordinate ascent variational inference
[187], mean-field variational inference [17, 188], and expectation propagation [189], all of which
refine posterior estimates through successive updates.

In neuroscience-inspired models, iterative inference emerges naturally in biologically plausible
frameworks such as the locally competitive algorithm (LCA; [39]) for sparse coding (SC), and
in predictive coding models (PC; [22, 23]). Both SC and PC implement inference through local,
recurrent dynamics. While these models are not always formulated explicitly in terms of ELBO
maximization, as reviewed in the main text, appendix A.9, and illustrated in Fig. 2, both SC and PC
can be interpreted as performing variational inference via iterative refinement of latent variables in
response to sensory input.

In summary, iterative inference methods can substantially reduce the amortization gap by producing
more accurate posterior approximations. But they incur increased computational cost at test time,
often requiring multiple optimization steps per observation.

Hybrid iterative-amortized inference. Several hybrid approaches have been proposed to bridge
the gap between amortized and iterative inference, aiming to combine the speed and scalability
of amortized methods with the accuracy and flexibility of iterative refinement. The Helmholtz
machine [4] is an early example, using a recognition network for approximate inference (similar
to amortization) but trained through the wake-sleep algorithm. This approach alternates between
updating the generative model in the “wake” phase and the recognition model in the “sleep” phase,
combining aspects of both amortized and iterative approaches in an EM-like fashion.

More recent examples include iterative amortized inference [91], which trains a neural network to
predict parameter updates rather than the posterior parameters themselves. This approach draws
inspiration from meta-learning [190], where the inference procedure is learned as a dynamical process
conditioned on data. By learning to iteratively improve posterior estimates, such models can adapt
inference trajectories to individual data points while still leveraging amortization during training.

Another example is the semi-amortized variational autoencoder [92], which uses a standard encoder
network to produce an initial guess for the approximate posterior, and then performs a small number of
gradient-based updates, as in stochastic variational inference (SVI; [185]), to refine the estimate. This
two-stage approach retains the test-time efficiency of amortization while reducing the amortization
gap via local adaptation.
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Our models are fully iterative, in the spirit of LCA, but remain conceptually related to these hybrid
strategies. We compare to them thoroughly in our extended results below.

Iterative versus amortized inference: which approach is more brain-like? Unlike one-shot
amortized inference, neural dynamics unfold over time [75], allowing for progressive refinement of
perceptual representations [42, 44]. This temporal unfolding is consistent with recurrent processing
and resonance phenomena observed in neural circuits [40, 41, 43], suggesting that the brain engages
in a form of iterative inference. This idea is reflected in biologically inspired algorithms such as
sparse coding [39] and predictive coding [22, 33], where inference is implemented through ongoing
dynamical interactions that minimize error over time.

A counterpoint comes from Gershman and Goodman [36], who argues that the brain may instead
employ amortized inference, using fast, feedforward mappings (e.g., learned neural networks) that
approximate posterior beliefs without requiring iterative updates. This view emphasizes the efficiency
of inference through learned function approximation, contrasting with the flexibility and adaptivity of
iterative approaches.

However, this efficiency comes at the cost of adaptability and biological realism. Given the strong
evidence for recurrent, time-evolving neural dynamics, we view iterative inference as the more
plausible default. Though in practice, the brain may implement a hybrid of both strategies.

The jury is still out.

A.9 Predictive coding as variational inference

Having established the variational framework for perception, we now demonstrate how the classic
predictive coding model of Rao and Ballard [22] can also be understood as a form of variational
inference with specific distributional choices. Here, we focus on a single-layer predictive coding
network (PCN) with a linear decoder. See Millidge et al. [33] for a comprehensive review, covering
more general cases including hierarchical PCNs.

The key insight is that predictive coding is mathematically identical to free energy minimization
(or ELBO maximization), with three specific distributional choices: (1) factorized Gaussian prior,
(2) factorized Gaussian likelihood, and (3) a Dirac-delta distribution for the approximate posterior,
combined with iterative inference.

Consider images x ∈ RM and latent variables z ∈ RK . Starting from the free energy formulation in
eq. (13), we substitute qϕ(z|x) = δ(z − µ), where ϕ ≡ µ are the encoding parameters. With this
delta distribution, the entropy term vanishes, simplifying the free energy to:

F(x; θ,µ) = Ez∼δ(z−µ)

[
− log pθ(x, z)

]
= − log pθ(x,µ). (14)

For the generative model, we adopt factorized Gaussians:

Gaussian prior: pθ(µ) = N (µ;µ0, I),

Gaussian likelihood: pθ(x|µ) = N (x; Φµ, I),

where µ0 ∈ RK are learnable prior parameters, and Φ ∈ RM×K is a linear decoder (i.e., the
dictionary in sparse coding). Therefore, the generative model parameters are θ ≡ (µ0,Φ).

Substituting these Gaussians into eq. (14) yields:

F(x; θ,µ) = − log pθ(x|µ)− log pθ(µ)

=
1

2

[
(x− Φµ)2 + (µ− µ0)

2
]
+ . . . ,

(15)

where the dots represent constant terms irrelevant to optimization. The two squared terms capture
prediction errors at different levels of the hierarchy.

In predictive coding, the neural dynamics emerge directly from gradient descent on F . Specifically,
predictive coding assumes neural activity µ evolves according to µ̇ = −∇µ F , which gives:

µ̇ = ΦTx︸︷︷︸
feedforward drive

− ΦTΦµ︸ ︷︷ ︸
lateral connections

− (µ− µ0)︸ ︷︷ ︸
leak term

. (16)
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Table 1: Models considered in this paper. Variational autoencoders (VAEs), sparse coding (SC), and
predictive coding networks (PCNs) are different instantiations of variational inference with specific
“prescriptive” choices. Our theoretical synthesis explicitly identifies these critical choices—including
distribution families for priors and approximate posteriors, as well as the inference optimization
method (amortized versus iterative)—that define and distinguish each model. Iterative VAEs, SC, and
PCNs optimize encoding parameters λ through iteration, while amortized VAEs perform one-shot
inference using neural networks with parameters ϕ. The main paper (sections 4 and 5, Fig. 5) focuses
on linear decoders (dictionary Φ), with the general nonlinear decoder case explored in appendices B.6
and C.8 to C.10, Figs. 6 and 13 to 17, and tables 4 and 5. For an illustration of this table as a model
tree, see Fig. 2. φ(·): nonlinear activation function (e.g., relu), Nat. GD: natural gradient descent.

Model
family Model

Posterior Prior Likelihood Architecture

qλ(z|x) pθ(z) pθ(x|z) Encoder Decoder
Reference

iterative
VAE

iP-VAE
iG-VAE
iGφ-VAE

Poisson
Gaussian
Gaussian

Poisson
Gaussian
Gaussian

Gaussian Nat. GD
Φz
Φz
Φφ(z)

This paper

amortized
VAE

P-VAE
G-VAE
Gφ-VAE

Poisson
Gaussian
Gaussian

Poisson
Gaussian
Gaussian

Gaussian enc(x;ϕ)
dec(z; θ)
dec(z; θ)
dec(φ(z); θ)

Vafaii et al. [50]

Kingma and Welling [18]

Whittington et al. [89]

PCN PC
iPC

Dirac-
delta Gaussian Gaussian GD φ (Φz)

Rao and Ballard [22]

Salvatori et al. [90]

Sparse
coding LCA Dirac-

delta Laplace Gaussian GD Φz
Olshausen and Field [54]

Rozell et al. [39]

A.10 Variational free energy minimization unifies machine learning and neuroscience

Throughout this extended background, we reviewed how variational free energy (F) minimization
serves as a unifying theoretical framework that connects seemingly disparate approaches across
machine learning and theoretical neuroscience. This synthesis reveals that models as diverse as
variational autoencoders (VAEs), predictive coding, and sparse coding can all be derived from the
same fundamental principle of F minimization, differing only in their specific prescriptive choices.

Our synthesis emphasizes two critical dimensions of choice that determine a model’s characteristics:

1. Distributional choices: The selection of three distributions

• approximate posterior : qλ(z|x),
• prior : pθ(z),
• likelihood : pθ(x|z).

2. Inference optimization strategy: The decision between

• amortized inference: training a neural network to compute posterior
parameters in a single forward pass, versus

• iterative inference: optimizing parameters through iterative (e.g.,
gradient-based) refinement.

These choices define a rich taxonomy of models, illustrated in Fig. 2. For example, combining
amortized inference with factorized Gaussian distributions yields the standard VAE (G-VAE; [18]).
Replacing the Gaussian prior and posterior with Poisson distributions leads to the Poisson VAE
(P-VAE; [50]).

On the neuroscience side, models based on iterative inference with Dirac-delta posteriors and Gaussian
likelihoods give rise to predictive coding [22] and sparse coding [54]. Predictive coding typically
assumes a Gaussian prior, while sparse coding often uses a Laplace prior to encourage sparsity
(Fig. 2). See Friston [23] and Millidge et al. [33] for derivations of predictive coding as variational
inference, and Olshausen [55] and Chapter 10 of Dayan and Abbott [56] for sparse coding.
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Overall, this systematic mapping clarifies how models originally developed in separate domains and
described with different terminology can be understood through a common theoretical lens.

Building on this synthesis, our contribution is introducing the FOND framework (Free energy Online
Natural-gradient Dynamics), which derives brain-like inference dynamics as natural gradient descent
on free energy with specific distributional and structural assumptions. Unlike post-hoc theoretical
interpretations, FOND starts with principles and derives algorithms in a top-down manner. We apply
FOND to derive a new family of iterative VAE architectures: the iterative Poisson VAE (iP-VAE),
the iterative Gaussian VAE (iG-VAE), and the iterative Gaussian-relu VAE (iGrelu-VAE).

These models exemplify FOND’s prescriptive power, while combining the strengths of two theoretical
traditions: the probabilistic foundation of machine learning and the recurrent, adaptive processing
characteristic of neuroscience models. By making our prescriptive choices explicit and theoretically
grounded, FOND provides not just a synthesis of existing approaches, but a principled framework
for developing new algorithms that address limitations in both fields. See Table 1 for a summary of
models considered in this work.

B Extended Theory: Motivations, Derivations, and Discussions

In this appendix, we present additional motivations for our modeling choices, detailed derivations,
and occasional commentary on key outcomes, complementing the theoretical exposition in the main
paper (sections 3 and 4).

We begin by clarifying what we mean by “prescriptive” using an analogy from fundamental physics.
We then motivate the Poisson assumptions, which led us to the iP-VAE architecture. In the remainder
of this appendix, we further develop the theoretical foundations and present generalizations of our
framework beyond what is covered in the main paper, along with interpretive insights that clarify its
connection to principles of neural computation.

B.1 What do we mean by “prescriptive”?

In physics, prescriptive theories derive dynamics from first principles rather than hand-tuning to
fit data. Notably, the Principle of Least Action [61] states that physical systems follow trajectories
minimizing the Action (time integral of the Lagrangian). However, this principle alone is insufficient
without addressing two fundamental questions:

Deriving dynamics from first principles

(Q1) Dynamical Objects: What are the mathematical objects of interest which
exhibit the dynamics we seek to understand?

(Q2) Dynamical Equations: What differential equations govern these
objects’ time evolution?

For instance, effective field theory [62] addresses these questions most elegantly, where symmetry
principles alone resolve both questions (e.g, see Chapter 17 in Schwichtenberg [63]). Thus, in
prescriptive theories, the arrow goes from principles→ dynamics, and not the other way around.

While the elegant derivations of physics (where everything follows from symmetry alone [64]) may
not be fully achievable in the messy world of NeuroAI, we can still apply this prescriptive philosophy.

In this work, we follow the same arrow—from principles to dynamics—to derive brain-like inference
dynamics from first principles. Specifically: (1) we choose real-valued neural membrane potentials as
our dynamical objects (Fig. 1a). This is because membrane potentials are the source of information
processing in the brain and they directly generate spiking activity [70, 84], which in turn causally
drive perception and behavior [191], and (2) we derive inference dynamics as natural gradient descent
on variational free energy with Poisson assumptions in an online inference setting (Fig. 1b, FOND).
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B.2 Why Poisson?

To fully specify the variational free energy objective, one must make concrete decisions about
distributional assumptions. Our choice of Poisson distributions for both the approximate posterior
and prior is motivated by both theoretical principles and empirical observations from neuroscience.

From a theoretical perspective, Poisson is a natural choice for neural coding because spike counts are,
by definition, discrete, non-negative integers. When implementing variational inference, distributional
choices should reflect the natural constraints of the variables being modeled, and the Poisson
distribution inherently respects these constraints for neural spike counts.

Empirically, the Poisson assumption aligns with extensive neurophysiological observations. Neurons
exhibit variable responses across repeated presentations of identical stimuli, with spike-count variance
proportional to the mean [51–53]. For brief time windows, this proportionality approaches unity
[192–194], approximately matching Poisson statistics. While longer windows and higher cortical
areas often show super-Poisson variability, this can be attributed to modulation of an underlying
inhomogeneous Poisson process [180].

In other words, neurons can be modeled as conditionally Poisson, even if not marginally so [195].

The apparent precision observed in certain neuronal responses [196] is not inconsistent with Poisson
processes. Modern models demonstrate that inhomogeneous Poisson rate codes can capture precise
spike timing [197], and the high-precision examples often cited against rate coding are effectively
captured by Poisson-process Generalized Linear Models [198].

Overall, the Poisson assumption offers mathematical convenience, and it is not too biologically
implausible. Neurons are not literally Poisson in all contexts, but this distributional choice provides
a reasonable approximation that respects the discrete nature of spike counts while capturing key
statistical properties of neural activity. By grounding our theory in these biologically realistic
assumptions, we derive dynamics that naturally reproduce important features of cortical computation.

B.3 Poisson Kullback–Leibler (KL) divergence

We provide a closed-form derivation of the KL divergence between two Poisson distributions. Recall
that the Poisson distribution for a single spike count variable z, with rate r ∈ R>0, is given by:

Pois(z; r) =
rz

z!
e−r. (17)

Now suppose p = Pois(z; r0) is the prior distribution for this single neuron, and q = Pois(z; r) is
the approximate posterior. The KL divergence is given by:

DKL

(
q
∥∥ p) = Ez∼q

[
log

q

p

]

= Ez∼q

[
log

rze−r/z!

rz0e
−r0/z!

]

= Ez∼q

[
log

((
r

r0

)z

e−(r−r0)

)]

= Ez∼q

[
z log

(
r

r0

)
− (r − r0)

]

= Ez∼q

[
z log

(
r

r0

)]
− r + r0

= r log

(
r

r0

)
− r + r0

= r0 + r

(
log

(
r

r0

)
− 1

)
.

(18)
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We now express the final result in terms of the membrane potentials, u := log r, to get:

DKL

(
Pois(z; exp(u))

∥∥Pois(z; exp(u0))
)

= eu0 + eu (u− u0 − 1) . (19)

This concludes our derivation of KL divergence for a single Poisson variable. It’s easy to see how
this result would generalize to K latents, which is what we show in eq. (2).

B.4 Fisher information matrix

To derive inference dynamics as natural gradient descent on free energy, we must account for the
geometry of distributional parameter space. The Fisher information matrix defines this geometry by
acting as a Riemannian metric over the space of probability distributions, measuring how sensitively
a distribution changes with its parameters.

When small parameter changes produce large shifts in the distribution, the Fisher information is high,
meaning those parameters are farther apart in distribution space. Natural gradient descent leverages
this structure, adjusting updates to reflect the true curvature of the space; whereas, standard gradient
descent implicitly assumes a flat, Euclidean geometry. These geometry-aware updates lead to more
efficient and stable optimization, especially in ill-conditioned settings [35, 57, 76, 199].

In what follows, we formalize this idea and derive explicit Fisher information matrices for Poisson
and Gaussian distributions.

B.4.1 Fisher information matrix as a second-order approximation of the KL divergence

To derive the Fisher information matrix, we begin with a local approximation of the KL divergence
between two nearby distributions. Consider a distribution pλ(x) parameterized by λ, and the same
distribution with slightly perturbed parameters, pλ+∆λ(x). The KL divergence between these
distributions can be expanded using a second-order Taylor approximation:

DKL

(
pλ
∥∥ pλ+∆λ

)
=

∫
pλ(x) log

pλ(x)

pλ+∆λ(x)
dx

≈ 1

2
∆λTG(λ)∆λ + O(∥∆λ∥3),

(20)

where G(λ) is the Fisher information matrix defined as:

G(λ) = Ex∼pλ(x)

[
∇λ log pλ(x)∇λ log pλ(x)

T
]

(21)

This matrix appears as the Hessian in the second-order approximation of the KL divergence, revealing
its role as the natural metric for measuring distances between nearby probability distributions.

From this perspective, natural gradient descent updates take the form:

λt+1 = λt − ηG−1(λt)∇λL(λt) (22)

where L(λ) is the loss function (in our case, variational free energy), and η is the learning rate.
By incorporating the inverse Fisher information matrix, the update accounts for the curvature of
distribution space, leading to more effective optimization.

B.4.2 Poisson Fisher information matrix

In this paper, we considered the canonical parameterization of the Poisson distribution in terms of log
rate, u := log r, interpreted as membrane potentials. We now derive the Fisher information matrix
for a single Poisson variable in this log rate parameterization, where the probability mass function is:

Pois(z; eu) =
euz

z!
e−eu (23)

The log-likelihood as a function of u is:

logPois(z; eu) = uz − eu − log z! (24)
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Taking the derivative with respect to u:

∂

∂u
logPois(z; eu) = z − eu (25)

Plug this expression in eq. (21) to get:

G(u) = Ez∼Pois(z;eu)

[(
∂

∂u
logPois(z; eu)

)2
]

= Ez∼Pois(z;eu)

[
(z − eu)2

]
= Ez∼Pois(z;eu)

[
z2 − 2zeu + e2u

]
= Ez∼Pois(z;eu)

[
z2
]
− 2eu Ez∼Pois(z;eu)

[
z
]
+ e2u.

(26)

For a Poisson distribution with rate eu, we know E[z] = eu and Var[z] = eu, which means
E[z2] = Var[z] + E[z]2 = eu + e2u. Substituting, we get:

G(u) = (eu + e2u)− 2eu · eu + e2u

= eu + e2u − 2e2u + e2u

= eu.

(27)

The final result reveals a remarkably simple form for the Fisher information matrix in the membrane
potential parameterization:

Poisson: G(u) = eu (28)

For the multivariate case with independent Poisson components, the Fisher information matrix
becomes diagonal with entries Gii(u) = eui , or in vector notation, G(u) = diag(eu).

The natural gradient update for the membrane potentials thus takes the form:

u̇ = −G−1(u)∇uF = −e−u ⊙∇uF . (29)

This derivation leads directly to the dynamic equations shown in eq. (6), providing a principled
foundation for our spiking neural inference model.

B.4.3 Gaussian Fisher information matrix

For the Gaussian distribution, we define the log standard deviation, ξ := log σ, and derive the Fisher
information matrix using the (µ, ξ) parameterization. The probability density function is:

N (x;µ, e2ξ) =
1√

2πe2ξ
exp

(
− (x− µ)2

2e2ξ

)
(30)

And the log-likelihood is:

logN (x;µ, e2ξ) = −1

2
log(2π)− ξ − (x− µ)2

2e2ξ
(31)

We compute the partial derivatives with respect to the parameters:

∂

∂µ
logN (x;µ, e2ξ) =

x− µ

e2ξ
,

∂

∂ξ
logN (x;µ, e2ξ) = −1 +

(
x− µ

eξ

)2

.

(32)
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The Fisher information matrix components are:

Gµµ = Ex∼N (x;µ,e2ξ)

[(
∂

∂µ
logN (x;µ, e2ξ)

)2
]

= Ex∼N (x;µ,e2ξ)

[ (x− µ)2

e4ξ

]
=

1

e4ξ
Ex∼N (x;µ,e2ξ)

[
(x− µ)2

]
=

1

e4ξ
· e2ξ

= e−2ξ.

(33)

And for the ξ component:

Gξξ = Ex∼N (x;µ,e2ξ)

[(
∂

∂ξ
logN (x;µ, e2ξ)

)2
]

= Ex∼N (x;µ,e2ξ)

[(
−1 +

(
x− µ

eξ

)2
)2]

= Ex∼N (x;µ,e2ξ)

[
1− 2

(
x− µ

eξ

)2

+

(
x− µ

eξ

)4
]
.

(34)

For a Gaussian, we have E[(x−µ)2] = e2ξ and E[(x−µ)4] = 3e4ξ . After expansion and computing
the expectations, we get the final result:

Gξξ = 2. (35)

Remarkably, when using the log standard deviation parameterization, the corresponding Fisher
information metric becomes constant.

Finally, for the cross-terms we have:

Gµξ = Ex∼N (x;µ,e2ξ)

[
∂

∂µ
logN (x;µ, e2ξ) · ∂

∂ξ
logN (x;µ, e2ξ)

]

= Ex∼N (x;µ,e2ξ)

[
x− µ

e2ξ
·

(
−1 +

(
x− µ

eξ

)2
)]

.

(36)

Since E[x− µ] = E[(x− µ)3] = 0 for a Gaussian, this cross-term vanishes:

Gµξ = 0. (37)

Therefore, the Fisher information matrix for a univariate Gaussian with (µ, ξ) parameterization is:

Gaussian: G(µ, ξ) =

(
e−2ξ 0
0 2

)
=

(
1
σ2 0
0 2

)
(38)

For the multivariate case with a diagonal covariance matrix, the Fisher information becomes block-
diagonal with entries corresponding to each dimension’s parameters. This structure leads to separate
natural gradient updates for means and log standard deviations.

Equation (38) shows that natural gradient descent in Gaussian parameter space involves scaling the
mean gradients by the variance, while the log standard deviation updates require a simple constant
scaling factor. In appendix B.7, we will use this result to derive the inference dynamics for the case
of Gaussian posterior distributions.
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B.5 Interpreting the terms in Poisson dynamics equations

In this section, we interpret each term in the neural dynamics, eq. (6). We explain their biological
significance and draw connections to canonical models in computational neuroscience.

B.5.1 Feedforward drive

The first term, ΦTx, represents the feedforward excitatory input to neurons (i.e., “feedforward drive”).
It projects the incoming stimulus x into the linear subspace spanned by each neuron’s receptive field
(the columns of Φ). This operation loosely corresponds to the selective tuning of synaptic weights,
with each neuron responding strongly to stimuli matching its preferred feature. In sensory cortices,
for example, this feedforward drive could correspond to thalamocortical projections that relay sensory
information to cortical neurons [200, 201].

B.5.2 Recurrent explaining away

The second term, ΦTΦ z(u), with spikes sampled from the posterior z(u) ∼ qu(z|x), captures
recurrent interactions within the neural population. Crucially, this interaction occurs through spiking
activity z(u), not membrane potentials, thereby preserving the biological principle that neurons
communicate via discrete spikes rather than continuous voltages [82, 84].

The recurrent connectivity matrix, ΦTΦ, allows lateral interactions among latent dimensions. This is
known as “explaining away” in probabilistic inference contexts [7]; or as “lateral competition” or
“lateral inhibition” in neural circuit models [81, 86, 202–206].

Two distinct suppressive mechanisms emerge: (1) self-suppression via diagonal terms ([ΦTΦ]ii > 0),
where neurons with high activity suppress their own future responses, acting as a form of spike-
frequency adaptation [207]; and (2) lateral inhibition through off-diagonal terms ([ΦTΦ]ij ̸= 0),
where neurons with similar feature preferences compete [85–87]. While most interactions are
inhibitory when features are positively correlated ([ΦTΦ]ij > 0), excitatory effects can also arise
when features are anti-correlated ([ΦTΦ]ij < 0).

B.5.3 Homeostatic leak

The final term, β(u−u0), effectively functions as a homeostatic “leak” that pulls membrane potentials
back toward their prior values. This establishes a direct formal connection between a fundamental
biophysical property of neurons—their leaky integrator dynamics [81]—and the Kullback-Leibler
divergence in variational inference, which measures the relative information [208] between posterior
and prior distributions.

From a biological perspective, this leak term reflects passive membrane properties that restore neural
excitability to baseline in the absence of input, preventing hyperactivity and ensuring metabolic
efficiency [209]. From an information-theoretic standpoint, it implements a regularization pressure
that penalizes deviations from the prior, balancing the reconstruction objective against representational
complexity [77, 78].

The strength of our framework lies in unifying these perspectives: the biophysical constraint of “don’t
deviate too much from your baseline state” aligns nicely with the information-theoretic principle that
“encoding more stimulus-specific information incurs a coding cost.” This duality offers a principled
explanation for why neural systems operate in sparse regimes: they naturally minimize free energy
by balancing reconstruction fidelity against metabolic constraints [50].

Overall, the derived iP-VAE dynamics, eq. (6), reveals how neural circuits can implement Bayesian
inference through local computations and spiking communication, in a way that mimics established
principles of neural physiology. The emergence of these biologically plausible mechanisms directly
from variational principles suggests that evolution may have indeed optimized neural systems to
perform approximate Bayesian inference [6, 74, 148].
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B.6 Extension to nonlinear decoders

In the main derivation (section 4), we made two simplifying assumptions to enhance clarity: (1) we
assumed a linear decoder, and (2) we ignored the variance of the decoder. In this section, we relax
these assumptions and provide a full derivation that reduces to those in the main text.

Throughout this work, we assume a Gaussian likelihood function for all models considered. The
mean is produced by a decoder neural network, µ(z) = dec(z; θ) ≡ fθ(z), with parameters θ. For
the main derivation, we assumed a unit covariance. But in fact, in the code we have a set of global
learnable parameters, σ2, that we learn end-to-end alongside other parameters [69]. Given these
assumptions, the likelihood is given by:

pθ(x|z) = N (x; fθ(z),σ
2).

And the negative log-likelihood is:

− log pθ(x|z) =
1

2

∥∥∥∥x− fθ(z)

σ

∥∥∥∥2 + . . . ,

where the dots represent terms that are going to vanish after differentiating with respect to the
variational parameters, so we didn’t bother writing them out.

Similar to the main text, we approximate the reconstruction term using a single Monte Carlo sample:

Lrecon.(x; θ,λ) ≈
1

2

∥∥∥∥x− fθ(z); θ)

σ

∥∥∥∥2 ,
where z(λ) ∼ qλ(z|x). We see that to compute the gradient of the reconstruction term, we only
need to compute the gradient of the sample and simply use chain rule ∂/∂λi = (∂zi/∂λi) (∂/∂zi):

∂

∂λi
Lrecon.(x; θ,λ) = − ∂zi

∂λi

M∑
j=1

[Jθ]ij
xj − [fθ]j

σj
,

where we defined the decoder Jacobian as follows:

[Jθ(z)]ij :=
∂

∂zi
[fθ(z)]j . (39)

In matrix form, the gradient of the reconstruction term reads:

∇λ Lrecon.(x; θ,λ) = −∂z

∂λ
⊙
(
Jθ(z)

[
x− fθ(z)

σ2

])
, (40)

where ∂z/∂λ is a vector of length K, the decoder Jacobian Jθ is a K ×M matrix, the expression
inside the bracket is a vector of length M , and ⊙ is the Hadamard (element-wise) product. During
inference, we evaluate eq. (40) at the particular sample drawn from the posterior, z = z(λ).

This concludes our extension of the results to the case of nonlinear decoders with a learned global
variance. If the decoder is a neural network with relu activations, then the Jacobian can be interpreted
as a dynamic feedforward receptive field. In the case of a linear decoder, fθ(z) = Φz, we get a fixed
Jacobian: Jθ = ΦT , producing the main paper result: ∇λ Lrecon. ∝ −

(
ΦTx− ΦTΦz

)
.

Finally, compare Fig. 5 and Fig. 6 for a ResNet-style view of the unrolled encoding algorithms,
contrasting linear and nonlinear decoders.

B.7 Extension to Gaussian posteriors

In the main text, we derived dynamics for the case of Poisson latent variables, resulting in the spiking
inference dynamics shown in eq. (6). This led to the corresponding iterative Poisson VAE (iP-VAE)
architecture.

Here, we extend these results to Gaussian latents, with an optional nonlinearity, φ(·), applied after
sampling, corresponding to the iG-VAE and iGφ-VAE architectures, respectively.

42



a b

S
ta

nd
ar

d 
 R

es
N

et

O
ur

  E
nc

od
in

g 
 A

lg
or

ith
m

(u
nr

ol
le

d 
in

 ti
m

e)

layer index time index Amortized Encoder (a)

Our Iterative Encoder (b)

single set of shared parameters (decoder-only) :

independent set of parameters per layer :

Deterministic

Adaptive
Stochastic

Spiking

Figure 5: Comparison between standard deep residual neural networks (ResNet; [210]) and our
inference algorithm. (a) Standard ResNets process information through a series of deterministic
layers, each with independent parameters ϕt, where t is the layer index. (b) The iP-VAE encoding
algorithm (eq. (7)) unrolled in time resembles a ResNet with shared parameters, but incorporates
adaptive, stochastic, and spiking dynamics. This recurrent architecture is conceptually similar
to Looped Transformers [211–213], which use “input injection”—conditioning on the input x at
each step—as an effective heuristic to improve stability and performance. In our framework, this
mechanism is not a heuristic choice, but emerges directly from the first principles of online variational
inference. Finally, unlike conventional networks [95], the iP-VAE uses only decoder parameters θ,
enabling online Bayesian inference through iterative sampling and recurrent updates conditioned on
both current state ut and input x. This figure illustrates the linear decoder implementation used in
the main paper. For the general nonlinear decoder case, see Fig. 6.

Instantaneous Firing Rates

Integer Spike Counts

Prediction Errors

Decoder Jacobian

Figure 6: Detailed view of the iP-VAE iterative inference algorithm with a nonlinear decoder. The
left panel illustrates the computational flow: membrane potentials (ut) are transformed into firing
rates (rt) through an exponential nonlinearity, then sampled to produce integer spike counts (zt).
These spikes are passed through a decoder to generate predictions, with errors propagated back
through the decoder Jacobian. The right panel shows the corresponding mathematical formulation
derived in appendix B.6. For the simpler case of linear decoders used in the main paper, see Fig. 5.

Let’s revisit the prescriptive choices needed for deriving dynamics from first principles (appendix B.1).
For the Gaussian case, we select the mean, µ, and log standard deviation, ξ := log σ, as our dynamical
variables. This parameterization avoids constrained optimization that would be necessary with σ
directly, since σ must remain strictly positive while ξ can take any real value. Additionally, as shown
in appendix B.4.3, the log standard deviation parameterization yields a constant Fisher scaling, which
simplifies our derivations.

Next, we derive Gaussian inference dynamics from natural gradient on free energy. Since we use
Gaussian likelihoods across all models in this paper, we’ve already addressed this component in the
main text for linear decoders (eq. (4)) and extended it to general nonlinear decoders in the appendix
(eq. (40)). We now need to derive the KL component.
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B.7.1 Gaussian KL divergence

Suppose the posterior and prior parameters for a single latent variable are given by (µ, σ2) and
(µ0, σ

2
0), respectively. The Gaussian KL term reads:

DKL

(
qµ,σ2(z|x)

∥∥ pµ0,σ2
0
(z)
)

=
1

2

[(
µ− µ0

σ0

)2

+

(
σ

σ0

)2

− log

(
σ

σ0

)2

− 1

]
.

With our log standard deviation parameterization, ξ = log σ, this becomes:

DKL

(
qµ,ξ(z|x)

∥∥ pµ0,ξ0(z)
)

=
1

2

[(
µ− µ0

eξ0

)2

+ e2(ξ−ξ0) − 2 (ξ − ξ0)− 1

]
.

B.7.2 Gradient of the Gaussian KL term

For the general factorized K-variate Gaussian, we compute derivatives with respect to the variational
parameters to find:

∇µDKL(q ∥ p) =
µ− µ0

e2ξ0
,

∇ξDKL(q ∥ p) = e2(ξ−ξ0) − 1.
(41)

The next step is to estimate the reconstruction gradient from eq. (40). This requires computing the
partial derivative of the sample with respect to each parameter. Using the Gaussian reparameterization
trick [20], we have:

z = µ + exp(ξ)⊙ ϵ, (42)
with ϵ ∼ N (0,1). Therefore, the sample derivatives are:

∂z

∂µ
= 1,

∂z

∂ξ
= ϵ. (43)

B.7.3 The Gaussian inference dynamics

Following our prescriptive approach:

λ̇ = −G−1(λ)∇λ F
= −G−1(λ) [∇λ Lrecon. +β∇λ LKL] .

(44)

Combining eqs. (38), (40), (41), (43) and (44) yields the final dynamics for the Gaussian case:

µ̇ = e2ξ ⊙
(
Jθ(z)

[
x− fθ(z)

σ2

])
− β e2(ξ−ξ0) ⊙ (µ− µ0)

ξ̇ =
1

2
ϵ⊙

(
Jθ(z)

[
x− fθ(z)

σ2

])
− 1

2
β
(
e2(ξ−ξ0) − 1

) (45)

Remember that we had z = µ+ exp(ξ)⊙ ϵ, and ϵ ∼ N (0,1).

This completes our derivation of the full Gaussian inference dynamics. Next, we examine how this
general equation simplifies for linear decoders and when applying nonlinearities after sampling.

B.7.4 The iterative Gaussian VAE (iG-VAE)

In the main paper, we focus on linear decoders, defining the iterative Gaussian VAE (iG-VAE) model.
For a linear decoder, we have fθ(z) = Φz and Jθ = ΦT . Substituting these into eq. (45) gives us
the iG-VAE dynamics:

µ̇ = e2ξ ⊙
[
ΦTx− ΦTΦz

σ2

]
− β e2(ξ−ξ0) ⊙ (µ− µ0) ,

ξ̇ =
1

2
ϵ⊙

[
ΦTx− ΦTΦz

σ2

]
− 1

2
β
(
e2(ξ−ξ0) − 1

)
.

(46)
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B.7.5 The iterative Gaussian-φ VAE (iGφ-VAE)

We can further extend our framework by applying a nonlinearity, φ(·), immediately after sampling:

z̃ := φ (z) = φ (µ + exp(ξ)⊙ ϵ ) . (47)

This modification affects the dynamics equations in two ways. First, we decode from z̃ = φ(z) rather
than z directly: fθ(z)→ fθ(φ(z)). In the linear decoder case, this simplifies to: Φz → Φφ(z) (see
Table 1). Second, we now have to apply the element-wise product of the derivative of the nonlinearity,
evaluated at the sample point. This stems from the sample derivative term from eq. (40).

With these two changes applied, the iGφ-VAE dynamics becomes:

µ̇ = e2ξ ⊙ φ′(z)⊙
(
Jθ(φ(z))

[
x− fθ(φ(z))

σ2

])
− β e2(ξ−ξ0) ⊙ (µ− µ0) ,

ξ̇ =
1

2
ϵ⊙ φ′(z)⊙

(
Jθ(φ(z))

[
x− fθ(φ(z))

σ2

])
− 1

2
β
(
e2(ξ−ξ0) − 1

)
.

(48)

This approach provides a general recipe that works with any differentiable function. In this paper, we
specifically use φ(·) = relu(·) for two key reasons. First, Whittington et al. [89] demonstrated that
applying relu to amortized Gaussian VAEs, combined with activity penalties, produces disentangled
representations that can even outperform beta-VAEs [78]. Second, Bricken et al. [214] showed that
combining a relu activation with noisy inputs is sufficient to approximate sparse coding.

In our implementation, we use the exact derivative of the relu function:

relu′(z) = Θ(z),

where Θ(·) is the Heaviside step function.

Finally, the iGrelu-VAE dynamics under a linear decoder are given by:

µ̇ = e2ξ ⊙Θ(z)⊙
[
ΦTx− ΦTΦrelu(z)

σ2

]
− β e2(ξ−ξ0) ⊙ (µ− µ0) ,

ξ̇ =
1

2
ϵ⊙Θ(z)⊙

[
ΦTx− ΦTΦrelu(z)

σ2

]
− 1

2
β
(
e2(ξ−ξ0) − 1

)
.

(49)

B.8 Biological interpretation of the standard predictive coding dynamics

Due to Gaussian assumptions, the predictive coding inference dynamics (eq. (16), appendix A.9)
reveal a rate model where the variables µ are real-valued and only loosely interpretable as neural
activity. In contrast, biological neurons communicate through discrete spikes, not continuous values.
One possible interpretation is that µ represents membrane potentials resulting from the summation
of many stochastic synaptic inputs. By the central limit theorem, these could plausibly follow a
Gaussian distribution.

Additionally, the dynamics include a recurrent term of the form ΦTΦµ, which can be interpreted
as each neuron being directly influenced by the membrane potentials of other neurons, which is
unrealistic. Membrane potentials of real neurons are typically thought to be internal to each neuron
and not accessible to others. Communication between neurons occurs primarily through spikes [84].
One solution to this is to stay in the space of rate models, but apply a nonlinearity to map from the
membrane potentials to rates. In canonical circuit models—starting with Amari [80] (1972), and
developed further in biologically inspired frameworks [81–83]—it is standard to apply nonlinearities
to neuronal activity before it influences other neurons, thereby maintaining biological plausibility.

While some predictive coding formulations incorporate nonlinearities, they typically apply them after
the decoder weights [33]: Φµ → φ(Φµ). This yields recurrent terms like ΦTφ(Φµ), which are
still at odds with principles of local computation and communication. A more biologically plausible
formulation would instead apply nonlinearities before lateral communication: ΦTΦφ(µ).

Our framework addresses these limitations in two distinct ways. In the Poisson case, communication
occurs through sampled spike counts, so each neuron only transmits spikes to its neighbors, preserving
the privacy of membrane potentials (eq. (6)). In the Gaussian case, we apply a nonlinearity such as
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relu after sampling from the posterior, allowing only rectified activity to propagate laterally (eq. (49)).
Unlike predictive coding dynamics (eq. (16)), in both of these formulations, membrane potentials
remain local to each neuron, in line with biological constraints.

B.9 Free energy for sequences

Consider a sequence of input data, {xt}Tt=0, where xt ∈ RM (e.g., frames of a video). For such
sequential data, we must account for the temporal dependencies in our inference process. After
observing the first t frames, we form a prior belief:

pθ(z|x<t), (50)

where x<t = {x0,x1, . . . ,xt−1} represents all previously observed frames. Upon receiving the
next observation xt, we update our beliefs by computing the posterior distribution q(zt|u).
This posterior update can be formulated through the minimization of a local-in-time free energy:

F t(u) = Ezt∼q(zt|u)

[
− log pθ(xt|z)

]
︸ ︷︷ ︸

reconstruction term

+ DKL

(
q(zt|u)

∥∥ pθ(zt|x<t)
)

︸ ︷︷ ︸
KL divergence from prior

. (51)

This formulation captures the essence of Bayesian belief updating: the posterior balances fidelity to
the current observation (reconstruction term) against deviation from prior beliefs shaped by all the
previous observations (KL term).

Applying natural gradient descent on this time-dependent free energy, we derive the general update
equation for sequential inference:

ut+1 = ut + ΦTxt − ΦTΦ zt, (52)

where zt ∼ q(zt|ut). This equation reflects a rolling update scheme in which the posterior at time t
serves as the prior at time t+ 1. We examine this update rule in more detail in the next section.

For stationary sequences (i.e., repeated presentations of the same image, xt → x), this general
update equation reduces to the simplified form presented in the main text (eq. (7)). In this paper, we
focus exclusively on such stationary sequences, leaving richer non-stationary dynamics for future
work. Future extensions could incorporate more sophisticated predictive dynamics beyond the simple
rolling update scheme, potentially allowing the model to anticipate future frames rather than just
adapt to current ones.

The overall free energy for the entire sequence is the sum of local-in-time free energies:

F =

T∑
t=0

F t . (53)

During model training (i.e., learning the generative model parameters θ), we perform iterative
inference updates, computing F t at each time point while accumulating gradients. After processing
the entire sequence, a single gradient update is then applied to θ to minimize the overall F , similar to
meta-learning approaches [190].

This sequential formulation reveals how our encoding algorithms can be interpreted as unrolled
residual networks (ResNets), where each time step corresponds to a network layer with shared
parameters (Figs. 5 and 6).

B.10 Static versus online inference

Traditional variational inference operates on static datasets, assuming samples are drawn indepen-
dently from a fixed distribution. In sharp contrast, biological perception involves continuous belief
updating from streaming observations. This fundamental difference motivates our preference for
online inference approaches with an evolving prior.

This section contrasts static and online approaches to inference and their mathematical implications.
A key distinction is that online inference features an evolving prior, as opposed to a fixed prior in
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Static iterative inference:
fixed prior, multiple gradient updates

Online inference:
evolving prior, single gradient step per time point

Figure 7: Comparison of static and online inference frameworks. (a) In static iterative inference, all
posterior distributions (points along the red curve) are regularized toward a fixed prior at t = 0. Each
blue line represents a KL divergence term computed relative to this same unchanging reference point.
(b) In online inference, the prior evolves over time, with each posterior becoming the prior for the
next time step. KL divergence is computed only between adjacent time points (consecutive points
on the red curve), representing a rolling update scheme. This fundamentally different regularization
structure leads to the vanishing KL term phenomenon when performing single gradient updates at
each time step (e.g., compare eq. (6) with eq. (7)).

static inference. This evolving prior means the KL term (eq. (12)) is always computed relative to the
previous time step (Fig. 7b). We show how this observation explains why a single gradient update in
online settings naturally leads to dropping the KL contribution to free energy, providing intuition for
why BONG [60] advocates using only the expected log-likelihood term in gradient updates.

In static inference (Fig. 7a), the time index t reflects gradient iterations, with each posterior being
regularized toward the same fixed prior. As optimization progresses, the KL term consistently pulls
the distribution back toward this initial prior point, preventing excessive drift regardless of how many
iterations are performed.

In online inference (Fig. 7b), the time index represents sequential data points rather than optimization
iterations. The crucial difference is that prior beliefs themselves get updated as new data arrives.
When we follow the BONG approach [60] and perform a single gradient update per time step, we
only compute the KL divergence between adjacent time points, rather than regularizing all the way
back to an initial prior.

Why does the KL regularization term effectively vanish in our discrete-time online setting with single
gradient updates? To understand this, we revisit the continuous differential equation from eq. (6):

u̇ ∝ ΦTx− ΦTΦ z(u)− β(u− u0)

When we discretize this equation for a single update step, we get the following general update rule:

ut+δt = uinit + δt
[
ΦTx− ΦTΦ z(uinit)− β(uinit − u0)

]
,

where δt is some small time interval. We choose to initialize at the prior from the previous time point,
uinit ← u0. Consequently, the third term, β(uinit − u0), vanishes for this first gradient step:

ut+δt = u0 + δt
[
ΦTx− ΦTΦ z(u0)− β�����(u0 − u0)

]
,

Because of the rolling update scheme, we know the prior at time t is the same as the posterior from
time t− 1, denoted by ut. In other words, we have u0 ≡ ut, resulting in:

ut+δt = ut + δt
[
ΦTx− ΦTΦ z(ut)

]
.

Assuming δt = 1, we recover the update rule shown in the main text (eq. (7)). This explains why
the leak term is absent in eq. (7). It also explains why BONG [60] advocates dropping the KL term
entirely when performing single-step online inference: it has no effect on the first gradient step.
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More generally, this analysis reveals a fundamental difference between static and online inference
paradigms: static approaches maintain stability through persistent regularization to a fixed prior;
whereas, online methods continually update the reference point for regularization and are more
adaptive as a result. This distinction is particularly relevant for modeling biological perception, which
must balance the preservation of accumulated knowledge with flexibility to new observations.

C Extended Experiments: Methodological Details and Additional Results

This appendix complements the main experimental results from section 5. We provide detailed
information about model architectures, hyperparameters, and training protocols in appendix C.1,
along with additional methods, analyses, and findings as we summarize below.

We describe our convergence detection methodology (appendix C.2), demonstrate that iP-VAE
exhibits cortex-like properties such as contrast-dependent response latency (appendix C.3), extend
our reconstruction-sparsity analysis with MAP decoding experiments (appendix C.4), present MNIST
results comparing iterative VAEs with predictive coding networks (appendix C.6), and provide
evidence for iP-VAE’s strong out-of-distribution (OOD) generalization capabilities for both within-
dataset perturbations and cross-dataset settings (appendix C.8).

C.1 Architecture, Hyperparameter, and Training details

This appendix describes the implementation details of the iterative VAE models introduced in this
paper. We cover architecture design, hyperparameter selection, and training procedures. We also
provide details about all the other models we compare to, including amortized VAEs, predictive
coding variants (PC, iPC), and LCA.

C.1.1 Architecture details

Our iterative VAE architectures consist of three key components:

Encoding mechanism. The encoding algorithm implements natural gradient descent on variational
free energy (eq. (7)), visualized in Figs. 5 and 6. Different distributional choices yield distinct
dynamics: Poisson encoding (eq. (7)) for iP-VAE versus Gaussian encoding (eq. (46)) for iG-VAE.
The encoder is fundamentally coupled to the decoder, performing analysis-by-synthesis [68]. We
derive results for linear decoders in the main paper and extend to nonlinear decoders in appendix B.6.

Key implementation details include: (1) learned priors (one parameter per latent dimension), and (2)
a learned global step size, δt, interpretable as a time constant: ut+1 = ut + δt u̇t, with u̇ given by
eq. (6). These parameters are learned end-to-end alongside decoder parameters θ.

Sampling mechanism. To approximate the reconstruction loss (eqs. (4) and (40)), we use differ-
entiable sampling from the posterior distribution. For Gaussian models, we employ the standard
reparameterization trick [18] (eq. (42)), while for iP-VAE we use the Poisson reparameterization
algorithm [50]. In iGφ-VAE models, we apply a nonlinearity φ(·) post-sampling, which effectively
modifies the latent distribution. For example, applying relu to Gaussian samples creates a truncated
Gaussian distribution, corresponding to the iGrelu-VAE architecture.

Decoding mechanism. Our main results use linear decoders (Φ) that map from latent to stimulus
space. This enables closed-form theoretical derivations (eqs. (6), (46) and (49)). In appendix B.6
extend our theory to cover nonlinear decoders; and, in appendix C.8, we extend our empirical analysis
to MLP and convolutional decoders. Throughout this paper, all models use Gaussian likelihoods
(yielding MSE reconstruction loss) with learned global variance parameters [69].

Implementation details for other models. For amortized VAEs, we utilized the implementation
from [50], including their five-layer ResNet encoders. For LCA, we used the LCA-PyTorch library
[215] (BSD-3 license). For PC and iPC models, we employed the PCX library [113] (Apache-
2.0 license) with their default MNIST-optimized MLP architectures. But we matched the latent
dimensionality to the other models, using a consistent value of K = 512 throughout.
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C.1.2 Hyperparameter details

For the reconstruction-sparsity analysis (Fig. 4), we swept across Ttrain ∈ {8, 16, 32} and β values
proportional to each Ttrain, with factors ∈ {0.5, 0.75, 1.0, 1.25, 1.5, 2.0, 3.0, 4.0}. This can be seen
in the x-axis of Fig. 10. For amortized models, we used the same proportional β values but with
Ttrain = 1. For MNIST experiments, we used β = Ttrain.

For the convergence experiment (Fig. 3), we used Ttrain = 16 with β = 24.0 for iP-VAE and β = 8.0
for iG-VAE and iGrelu-VAE, based on optimal values identified in our hyperparameter sweep (Fig. 4).
The contrast experiments (Fig. 8) used the same iP-VAE configuration.

For LCA, we used a time constant τ = 100 with 1000 inference iterations and a learning rate of
0.01. We optimized the sparsity parameter λ through an extensive sweep on the van Hateren dataset,
finding λ = 0.5 performed best.

C.1.3 Training details

We trained iterative VAEs using PyTorch with the Adamax optimizer [216] and cosine learning rate
scheduling [217], but without warm restarts. We implemented KL term annealing during the first
10% of training following standard VAE practices [218, 219], though we observed minimal impact
since our models use a single layer.

For iP-VAE, we adopted the Poisson reparameterization algorithm from [50], annealing the tempera-
ture from tempstart = 1.0 to tempstop = 0.01 during the first half of training.

For the van Hateren dataset, we used a learning rate of 0.002, a batch size of 200, and trained for 300
epochs. MNIST [220] models used identical hyperparameters but were trained for 400 epochs. These
settings were consistent across both iterative and amortized VAEs.

For LCA, we adapted the training approach from [50], gradually increasing λ from 0 to the target
value over 100 epochs. For PC and iPC models, we followed the PCX library examples [113],
doubling the default epoch count to ensure convergence.

C.1.4 Training compute details

The computational requirements for iterative VAEs scale with the number of inference iterations
(Ttrain). For example, training the models presented in Fig. 3 with Ttrain = 16 requires approximately
three hours per model on an NVIDIA A6000 GPU. Memory usage and training time both scale
approximately linearly with Ttrain, as each additional inference iteration requires maintaining the
computational graph for backpropagation.

Our complete set of experiments, including all hyperparameter sweeps and model variants, was
conducted over the course of approximately one week using six NVIDIA A6000 GPUs (48GB
VRAM each). To maximize GPU utilization, we often ran multiple smaller experiments concurrently
on a single GPU. Linear decoder models were the most memory-efficient, while experiments with
nonlinear decoders for the OOD generalization tasks required more resources due to their additional
parameters and the need to backpropagate through relatively more complex architectures.

C.2 Convergence detection procedure

In section 5 and Fig. 3, we determined convergence by finding the first time point where the R2 trace
flattens out and stays flat. Here, we provide more details about this convergence detection algorithm.

The main intuition. We consider inference to be complete once the R2 trace becomes essentially
flat. This is because R2 is monotonically related to the log-likelihood, and when the curve levels off,
further improvements in log-likelihood are negligible.

To obtain a robust estimate of the local trend, we fit a straight line to every 60-step segment (a sliding
window) of the trace and measure its slope. We call a window flat when the absolute slope falls
below a fixed tolerance of 10−5. To protect against short pauses in learning, we require at least five
successive windows to be flat before declaring convergence.
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Figure 8: iP-VAE neurons exhibit contrast-dependent response latency, mimicking a well-
documented property of V1 neurons. The figure shows trial-averaged firing rates (PSTHs) from
a representative model neuron in response to drifting gratings of varying contrast levels. Higher
contrast stimuli (blue and orange) elicit responses with shorter onset latencies, earlier peak times, and
larger firing rates compared to lower contrast stimuli (green and red). Insets show the learned feature
of the selected neuron (top) and the appearance of high contrast (left) versus low contrast (right)
grating stimuli. The x-axis represents time in units of grating cycles, while the y-axis shows mean
spike counts across N = 500 trials. Shaded regions indicate standard deviation. This behavior likely
emerges from the divisive normalization in our model dynamics (eq. (8)), even though the model
was trained only on static images, suggesting that our theoretical framework captures key aspects of
visual cortical computation [111, 112].

Details of the convergence detection algorithm. Given s = (s1, . . . , sTtest), a one-dimensional
array of R2 scores in [0, 1], let window= 60, tol= 10−5, and consecutive= 5.

1. Compute local slopes. For each start index i = 0, . . . , Ttest − window, define

τ = (0, 1, . . . , window− 1), y = (si, . . . , si+window−1),

and compute the least-squares slope

βi =

∑
j(τj − τ̄)(yj − ȳ)∑

j(τj − τ̄)2
.

Store |βi| in an array slopes.

2. Mark flat windows. Set flat = (slopes < tol).

3. Require persistence. Find the smallest index k at which flat is true for consecutive = 5
windows in a row. If no such run exists, define tconverge = Ttest.

4. Report the convergence index. Otherwise return

tconverge = k + window,

the first sample that follows the verified flat period (at least 5 × 60 = 300 uninterrupted
steps).

Please see our code for more info.
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C.3 iP-VAE exhibits cortex-like dynamics: contrast-dependent response latency

The iP-VAE learns spatially localized, oriented, and bandpass (i.e., Gabor-like [107–110]) features
(Fig. 11), similar to those learned by classic sparse coding models [54] and LCA [39]. Previous studies
have shown that LCA exhibits cortex-like properties, including contrast invariance of orientation
tuning, cross-orientation suppression, and so on [221]. Given the theoretical (section 4) and empirical
(Fig. 4) similarities between iP-VAE and LCA, we investigated whether iP-VAE also exhibits cortex-
like dynamics. We focused on two key neural phenomena with strong experimental support: temporal
sparsification dynamics and contrast-dependent response latency.

V1-like sparsification dynamics. Recent electrophysiological findings in mouse primary visual
cortex (V1) by Moosavi et al. [106] demonstrate that V1 neurons become progressively sparser
over time, even after initial response convergence, while maintaining high mutual information with
the input stimuli. Remarkably, both iP-VAE and iGrelu-VAE exhibit analogous dynamics in our
experiments, continuing to sparsify their representations by an additional ∼10% after functional
convergence as measured by reconstruction quality (Fig. 3). For iP-VAE, this post-convergence
sparsification coincides with a distinctive dip in the gradient norm ∥u̇∥ (Fig. 3), suggesting a transition
to a new phase of representational refinement. The emergence of this biological property across both
models provides evidence that our normative framework captures fundamental principles of neural
computation, without being explicitly designed to do so.

V1-like contrast-dependent response latency. A significant theoretical outcome of our approach
is that a multiplicative form of divisive normalization naturally emerges from the derivations (eq. (8)).
The resulting equation differs from canonical normalization that was developed to describe cortical
circuits in that there is a product instead of a sum [222]. However, in practice, it captures features of
normalization in the cortex. In particular, Carandini et al. [111] demonstrated that V1 neurons exhibit
contrast-dependent response latency when presented with drifting gratings of varying contrast. Higher
contrast stimuli consistently elicit faster responses, as measured by both onset time and time-to-peak
[111, 112].

To investigate whether our model reproduces this phenomenon, we conducted an analogous ex-
periment on the spiking “neurons” of the iP-VAE. We first characterized the tuning properties of
individual model neurons to identify their preferred orientation and spatial frequency. We then
presented drifting gratings matching these preferred parameters while systematically varying contrast
levels ∈ {15%, 25%, 50%, 100%} (a contrast level of 100% corresponds to a maximum amplitude
of 1 in the simulated gratings). We measured iP-VAE neuron responses across N = 500 trials, and
computed trial-averaged firing rates (i.e., peristimulus time histograms, PSTHs) as shown in Fig. 8.

The results reveal response dynamics that are similar to those observed in biological V1 neurons
(Fig. 8). At high contrasts (50%, 100%), responses exhibit shorter onset latencies and higher peak
firing rates compared to lower contrasts (15%, 25%). Response peaks also occur earlier in time
at higher contrasts, with peak timing progressively delayed as contrast decreases. Quantitatively,
we observe a mean latency difference of approximately 0.15 (in units of relative grating cycles)
between the highest (100%) and lowest (15%) contrast stimuli, with intermediate contrasts showing
progressively longer delays as contrast decreases.

This contrast-dependent latency shift arises naturally from iP-VAE’s recurrent dynamics and is likely
a direct consequence of the divisive normalization mechanism in eq. (8). Notably, the model was
trained solely on static natural images, with no exposure to time-varying stimuli or explicit temporal
structure.

C.4 Reconstruction-sparsity with deterministic MAP decoding, and dependence on β

In the main text (section 5), we explored the reconstruction-sparsity trade-off, shown in Fig. 4. We
found that all iterative VAEs outperformed their amortized counterparts, and that both LCA and
iP-VAE achieved the best overall performance (Fig. 4b).

Here we note an important distinction in inference methods: LCA performs maximum a posteriori
(MAP) estimation [39], while the VAE models maintain uncertainty in their posteriors by sampling.
For a more direct comparison, we also evaluated all VAE models using MAP decoding instead of
sampling. Specifically, for the Poisson family, we used firing rates directly for reconstruction (instead
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Figure 9: Related to Fig. 4, but using maximum a posteriori (MAP) decoding instead of sampling for
all VAE-based models. For Poisson models, this means using firing rates directly for reconstruction,
while for Gaussian models, we use the posterior means. This approach provides a more direct
comparison to LCA, which performs MAP estimation by design [39]. Under these conditions,
iP-VAE slightly outperforms LCA while maintaining the benefits of a probabilistic representation.

of spike-count samples), while for the Gaussian family, we used the posterior mean parameters. Note
that for iterative VAEs, the inference dynamics was still fully stochastic (eqs. (6), (46) and (49)). The
difference here was that for MAP decoding, we simply used the final posterior parameters (instead of
samples drawn from it) for the reconstruction.

MAP decoding. The results are presented in Fig. 9. As expected, all VAE models improve their
reconstruction R2 performance under MAP decoding. The best overall reconstruction is achieved by
iG-VAE and iP-VAE with a large Ttrain = 32, approaching R2 ≈ 1.0. Notably, iP-VAE achieves this
high reconstruction quality while maintaining considerable sparsity levels exceeding 60%, and slightly
outperforms LCA in this MAP decoding setting. This result demonstrates that our probabilistic
framework can match or exceed the performance of established sparse coding algorithms while
maintaining the additional benefits of a fully probabilistic, integer spike-count representation.

The effects of varying β. We also analyze the relationship between the β hyperparameter and
iP-VAE performance in Fig. 10. The results confirm the theoretical prediction that for Poisson
models, the KL divergence term effectively functions as a metabolic cost penalty [50], with higher
β values inducing greater sparsity. This relationship establishes a direct link between information
rate (KL divergence) and our heuristic “proportion zeros” measure of sparsity, partially justifying the
interpretation of the reconstruction-sparsity landscape of Fig. 4 as a rate-distortion map [77].

Interestingly, the relationship between β and model performance is significantly influenced by the
training duration Ttrain. As shown in Fig. 10, models trained with longer inference trajectories
(Ttrain = 32) achieve better reconstruction across all β values compared to those with shorter training
iterations (Ttrain = 8), which tend to be sparser. The overall performance metric (distance from
the optimal point, marked by a gold star) reveals different patterns: Ttrain = 32 models show
steady improvement that plateaus at higher β values, while models with shorter training durations
(Ttrain = 8, 16) exhibit a U-shaped curve, initially improving but then degrading as β increases beyond
an optimal point.

These results suggest that extended inference during training enhances the model’s ability to find
optimal representations, even when evaluated at a fixed inference length during testing. Our approach
bears similarities to meta-learning [190], where the inner loop of optimization affects the outer loop
performance. Future work should further explore this dependency on inner-loop iterations to better
understand the mechanisms behind these performance differences across training regimes.
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Figure 10: Effect of β on iP-VAE performance metrics across different training durations. Each
column represents a different training duration (Ttrain ∈ {8, 16, 32}), with performance metrics shown
as a function of normalized β (scaled by Ttrain). Top row: Overall performance improves with higher
Ttrain, with longer training allowing higher β values before performance degrades. Middle row:
Reconstruction quality (R2) decreases with higher β across all training durations, but MAP decoding
(using firing rates, gray dashed line) consistently outperforms sampling-based decoding (blue solid
line). Bottom row: Sparsity monotonically increases with β for all Ttrain values, confirming the direct
relationship between the KL penalty and representational sparsity for Poisson latents [50]. The gold
star (defined in Fig. 4) indicates the theoretical optimum: perfect reconstruction (R2 = 1.0) with
maximum sparsity (portion zeros = 1.0). See Figs. 4 and 9 for a comparison with LCA and other
iterative and amortized VAEs, embedded in a shared sparsity-reconstruction landscape.

C.5 Reconstruction-sparsity performance across latent dimensionalities

In addition to β (Fig. 10), latent dimensionality K also influences the reconstruction-sparsity trade-off.
To systematically evaluate this effect, we trained iP-VAE models on 16× 16 natural image patches
(van Hateren dataset) with linear decoders, varying K ∈ {32, 64, 128, 256, 512, 768, 1024, 2048}.
All models used Ttrain = 16 and β = 24, matching the configuration from the model shown in Fig. 3.
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Figure 11: The full set of K = 512 dictionary elements, corresponding to the models from Fig. 3.
Features are ordered in ascending order of their aggregate posterior membrane potentials (i.e., the
final ut=1000 for iP-VAE, and µt=1000 for Gaussian models, averaged over the entire test set).
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Table 2: Effect of latent dimensionality (K) on reconstruction and sparsity. The iP-VAE model from
the main paper used K = 512 (highlighted), which balances performance and sparsity.

K R2 ↑ Sparsity ↑ Overall perf. ↓ Active neurons
32 0.24 0.28 1.05 23
64 0.42 0.28 0.93 46
128 0.64 0.32 0.77 87
256 0.77 0.55 0.51 116
512 0.83 0.77 0.28 116
768 0.83 0.86 0.22 110
1024 0.83 0.90 0.20 107
2048 0.84 0.95 0.17 103

We report reconstruction quality (R2), sparsity (portion zeros), overall performance—Euclidean
distance from the ideal point: R2 = 1, sparsity = 1, golden star in Fig. 4—and the average number
of active neurons, defined as K × (1− portion_zeros). Results are shown in Table 2.

We observe several key patterns:

1. Overcompleteness improves performance: Overall performance consistently improves
as K increases, with most gains occurring between K = 32 and K = 512. Performance
saturates around K = 1024, with diminishing returns beyond this point.

2. Efficient coding emerges: The total number of active neurons plateaus around ∼ 110,
even as latent dimensionality grows to 2048. This suggests the model learns an efficient
sparse code that maintains a consistent activity budget regardless of available capacity.

3. Reconstruction-sparsity trade-off: Beyond K = 512, further increases in dimensionality
primarily improve sparsity (from 77% to 95% zeros) while reconstruction quality remains
stable (R2 ≈ 0.83–0.84). This validates our choice of K = 512 for the main experiments
as a reasonable balance point.

These results demonstrate that iP-VAE exhibits the expected overcomplete sparse coding behavior
while maintaining computational efficiency through consistent use of approximately 100 active
neurons across the natural image patch dataset.

C.6 Reconstruction performance and downstream classification accuracy on MNIST

In this appendix, we explore the reconstruction fidelity and downstream classification accuracy of
iterative and amortized VAEs on MNIST, comparing them to predictive coding networks (PCNs).
Specifically, we compare to the original PC model of Rao and Ballard [22], and a recent enhanced
version, incremental PC (iPC; Salvatori et al. [90]). See Table 1 for a summary of model details.

C.6.1 Temporal scalability: iP-VAE scales consistently with training depth on MNIST

As we saw in the main text (section 5, Fig. 4), iterative VAE performance strongly depends on Ttrain.
Therefore, we first performed a systematic search to select an appropriate Ttrain for different iterative
VAE models on MNIST, exploring Ttrain ∈ {4, 8, 16, 32, 64, 128}.
We evaluated these models using a consistent Ttest = 1,000 and examined reconstruction performance.
We observed markedly different behavior across variants. iG-VAE showed continuous improvement
up until Ttrain = 64, but plateaued thereafter with negligible gains from doubling to Ttrain = 128.
iGrelu-VAE initially improved but began to deteriorate and diverge beyond Ttrain = 32. We suspect this
instability stems from the absence of the divisive normalization mechanism that naturally emerges in
iP-VAE theory (eq. (8)).

Notably, iP-VAE was the only model that exhibited consistent improvements as we increased Ttrain.
It likely would continue improving with even longer training sequences, but the computational cost
becomes prohibitive beyond what we tested (Ttrain can be conceptualized roughly as the number of
layers in a deep ResNet, see Fig. 5).
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In conclusion, iP-VAE demonstrated the most promising scalability characteristics (at least on
MNIST). Based on these results, we selected Ttrain = 128, 64, 32 for iP-VAE, iG-VAE, iGrelu-VAE,
respectively, for the MNIST experiments reported below.

C.6.2 Iterative VAEs with an overcomplete latent space outperform PCNs on MNIST

We trained unsupervised models on MNIST and evaluated reconstruction quality using normalized
per-dimension MSE, following prior work [113]. Additionally, as in the main text, we report R2, a
dimensionality-independent metric bounded between 0 and 1. To evaluate downstream classification
performance, we extracted latent representations and trained a logistic regression classifier. Results
are shown in Table 3.

Iterative VAEs substantially outperform both PCNs and amortized VAEs in reconstruction fidelity.
iP-VAE achieves the lowest per-dim MSE (4.39× 10−3) and highest R2 (0.951) among all models,
significantly surpassing both PC (MSE: 9.24× 10−3, R2: 0.896) and iPC (MSE: 9.08× 10−3, R2:
0.898). Remarkably, iP-VAE accomplishes this favorable reconstruction while maintaining high
sparsity (84% zeros), whereas PCNs produce entirely dense representations.

For classification, P-VAE achieved the highest accuracy of 97.89% on downstream unsupervised
classification, approaching the performance of supervised PCNs reported in ref. [113]. iP-VAE
achieves the second-best classification performance at 96.46%, substantially outperforming both PC
(90.74%) and iPC (91.60%).

Limitations of the PCN comparisons. We acknowledge several important limitations in our
comparative analysis. All iterative and amortized VAE models in this experiment used a single
linear decoder, while amortized models employed convolutional encoders. In contrast, PCNs utilize
hierarchical architectures with fundamentally different design principles. Rather than conducting
a comprehensive architectural optimization for PCNs, we used default settings from the official
implementations released by Pinchetti et al. [113], with only minor adjustments (e.g., doubling the
number of epochs to ensure convergence, or matching latent dimensionality to other models – see
appendix C.1 for more details).

These substantial architectural differences limit the conclusiveness of our PCN versus iterative VAE
comparisons presented in Table 3. A more rigorous comparison would require carefully controlling
for network capacity and depth. Additionally, our evaluation metrics may inherently favor certain
architectural choices. For instance, reconstruction metrics advantage models with overcomplete latent
representations with direct pathways between the latents and reconstruction spaces.

Despite these methodological limitations, our results provide valuable initial evidence that iterative
VAEs can achieve comparable or superior performance to PCNs in both reconstruction quality
and downstream classification tasks. Particularly noteworthy is that iP-VAE accomplishes this
while maintaining high sparsity (84% zeros) and using integer-valued spike count representations
that better align with biological neural computation. Future work should explore more controlled
comparisons across these model families, including matching parameter counts, architectural depth,
and computation budgets to establish more definitive performance relationships.

C.7 Runtime comparison: iterative versus amortized inference

A primary motivation for amortized inference is computational efficiency: a single forward pass
through an encoder network should be faster than iterative optimization. However, as we saw in Fig. 4,
this potential speed advantage comes at the cost of inferior reconstruction-sparsity performance. Here
we quantify the actual runtime trade-off to determine whether iterative models’ performance gains
justify their computational costs—and whether they are even slower at all.

Experimental setup. We compared the iterative VAE models from Fig. 3 (Ttrain = 16) against
amortized counterparts trained with standard ELBO (β = 1). All models used linear decoders trained
on 16× 16 natural image patches (van Hateren dataset), with amortized models employing 6-layer
convolutional encoders.

We measured inference time using CUDA events for accurate GPU synchronization:
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Table 3: Comparison of reconstruction performance, representational sparsity, and downstream
classification accuracy on MNIST across model families. Iterative VAEs consistently outperform both
PCNs and amortized VAEs in reconstruction metrics while using significantly fewer parameters than
their amortized counterparts. Bold values indicate best performance in each category. Amortized VAE
models used deep ResNet convolutional encoders, and all VAE models (both iterative and amortized)
used a single linear decoder for a consistent comparison with the main text results. Iterative VAE
models were trained with optimized iteration counts: Ttrain = 128 for iP-VAE, Ttrain = 64 for
iG-VAE, and Ttrain = 32 for iGrelu-VAE, based on convergence properties. Mean squared error (MSE)
values are normalized per dimension for consistent comparison with previous benchmarks [113].
Classification accuracy is reported using a linear classifier trained on unsupervised features. Values
are mean ± 99% confidence interval, estimated from 5 random initializations. See appendix C.6.1
for analysis of how Ttrain affects performance, and appendix C.6.2 for detailed interpretation.

Model
family Model

Reconstruction

MSE×10−3 ↓ R2 ↑
Portion
Zeros ↑

Classification
Accuracy ↑

Num
Params ↓

iterative
VAE

iP-VAE
iG-VAE
iGrelu-VAE

4.39±.04 .951±.000

7.63±.02 .914±.000

8.45±.92 .906±.011

.84±.00

.00±.00

.78±.05

96.46±.11

92.73±.14

95.74±.43

0.40 M
0.40 M
0.40 M

amortized
VAE

P-VAE
G-VAE
Grelu-VAE

25.48±.24 .713±.002

14.40±.19 .841±.002

17.13±.20 .809±.002

.84±.00

.00±.00

.50±.00

97.89±0.34

95.75±2.19

95.41±1.51

6.79M
6.93M
6.93M

PCN PC [22]
iPC [90]

9.24±.03 .896±.000

9.08±.00 .898±.000

.00±.00

.00±.00

90.74±.26

91.60±.10

0.13M
0.13M

start = torch.cuda.Event(enable_timing=True)
end = torch.cuda.Event(enable_timing=True)

start.record()
output = model(x)
end.record()

torch.cuda.synchronize()
duration = start.elapsed_time(end)

Since iterative methods distribute computation across many timesteps, they may underutilize available
parallelism for small batches but benefit substantially from large-batch parallelization. We therefore
evaluated two extreme scenarios: single-sample inference (batch size = 1) and large-batch inference
(batch size = 10,000).

C.7.1 Inference runtime results: iterative models match or exceed amortized speed.

Figure 12 shows reconstruction quality, sparsity, and overall performance as functions of wall-
clock time. The key question is: how long does it take iterative models to reach the same overall
performance as amortized models? The answer challenges conventional assumptions:

Small batches (batch size = 1): Amortized models complete inference in ∼3ms (marked by X’s).
Iterative models reach equivalent performance (distance from optimal point) within 3–15ms. Iterative
models then continue improving, converging to superior final performance by ∼400ms.

Large batches (batch size = 10,000): Parallel computation reveals an unexpected advantage for
iterative inference. Amortized models complete inference in ∼50ms, but iterative models achieve
the same performance (distance from optimal point) in approximately the same duration. After
matching amortized performance, iterative models continue refining their representations, converging
to substantially better reconstruction-sparsity trade-offs by ∼2000ms.

This pattern holds across all three iterative variants: iP-VAE, iG-VAE, and iGrelu-VAE all reach
amortized-level performance within comparable speed to their amortized counterparts when batch size
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is large. The iterative models then leverage additional compute to achieve superior final performance
that amortized models cannot match.

Training time considerations. While inference speed is competitive between the two VAE types,
training iterative models requires more time. As noted in appendix C.1.4, training iterative VAEs
with Ttrain = 16 takes ∼ 3 hours—approximately twice as long as amortized models with 6-layer
encoders. This reflects the effective depth of iterative models: backpropagation through time across
Ttrain steps creates computational graphs comparable to deep ResNets (Fig. 5). Training costs scale
with both Ttrain and dataset size, though inference remains efficient.

Implications. These results challenge the assumption that iterative inference is prohibitively slow.
For small batches, iterative models match amortized performance at slightly slower speeds. For large
batches, iterative models are actually comparable at reaching equivalent performance levels, then
continue improving to achieve superior reconstruction-sparsity trade-offs. Combined with their better
out-of-distribution generalization (appendix C.8) and 25× parameter efficiency, iterative models offer
a compelling alternative to amortized inference. The increased training time appears to be the only
meaningful trade-off, making iterative models particularly attractive for applications where inference
performance matters more than training speed.
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Figure 12: Runtime comparison between iterative and amortized VAEs for batch sizes of 1 (top) and
10,000 (bottom). Iterative models (solid lines) progressively improve over time, while amortized
models (X markers) produce immediate but inferior results. Left: Reconstruction quality (R2).
Middle: Sparsity (portion zeros). Right: Overall performance (distance from optimal point, lower
is better; see Fig. 4). For large batches, iterative models reach amortized-level performance at
comparable speeds to amortized models. Iterative models then continue improving to achieve
superior final performance across all metrics by ∼200–300ms.

C.8 iP-VAE exhibits strong out-of-distribution (OOD) generalization

In the main paper, we compared our novel iterative VAE architectures, including the iP-VAE, to their
amortized counterparts, as well as neuroscience models such as sparse coding [39] and predictive
coding networks (PCNs; [22, 90]). With the exception of PCNs, all other models we tested in the
main paper employed a single linear layer decoder (x̂ = Φz, Fig. 5). In appendix B.6, we extended
our theoretical framework to nonlinear decoders by deriving inference algorithms that incorporate the
decoder’s Jacobian (eq. (40), Fig. 6).
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This appendix presents experiments with nonlinear decoders, where we replace the linear Φ with
a deep neural network: x̂ = dec(z; θ), parameterized by θ. We compare iP-VAE to P-VAE and
hybrid iterative-amortized VAEs across various generalization tasks.

Tasks and Datasets. We evaluate performance primarily based on out-of-distribution (OOD; [98,
99]) generalization, measured through both reconstruction fidelity and downstream classification
accuracy. We use MNIST as our primary training dataset, and test generalization on rotated MNIST,
extended MNIST (EMNIST; [223]), Omniglot [224], and ImageNet32 [225], with the latter two
resized to 28× 28 for consistent comparisons.

Architecture notation. We experimented with both convolutional and multi-layer perceptron
(MLP) architectures, denoted using the ⟨enc|dec⟩ convention. For example, ⟨mlp|mlp⟩ indicates
both encoder and decoder networks are MLPs. We use ⟨grad|mlp⟩ to denote our fully iterative
(non-amortized) iP-VAE, which replaces the encoder neural network with natural gradient descent
on variational free energy (section 4 and appendix B.6). We designed symmetrical architectures,
ensuring that ⟨mlp|mlp⟩ has exactly twice as many parameters as ⟨grad|mlp⟩.

Alternative models. To isolate the impact of inference method in OOD settings, we compare
iP-VAE to the amortized P-VAE and state-of-the-art hybrid methods that combine iterative with
amortized inference: iterative amortized VAE (ia-VAE; [91]) in both hierarchical (h) and single-level
(s) variants, and semi-amortized VAE (sa-VAE; [92]).

Inference iterations. For iP-VAE, we explored different training iteration counts, Ttrain ∈
{4, 16, 32, 64}. Recall that during training, we differentiate through the entire sequence of iterations
(learning to infer), which can lead to qualitatively different dynamics. For most OOD experiments,
we use a ⟨grad|mlp⟩ iP-VAE with Ttrain = 64. At test time, we evaluate with Ttest = 1,000 iterations.
For the hybrid models, we use their default iteration counts unless otherwise specified (sa-VAE:
Ttrain = Ttest = 20, ia-VAE: Ttrain = Ttest = 5).

C.8.1 Stability beyond the training regime and convergence for nonlinear decoders

An algorithm with strong generalization potential should learn inference dynamics that extend beyond
the training regime. In the main paper (section 5), we found that all iterative VAEs converge when
trained on natural image patches with linear decoders (Fig. 3). Here, we investigate whether this
convergence holds for the more challenging case of nonlinear decoders.

We trained models on MNIST using different numbers of training iterations (Ttrain ∈ {4, 16, 32, 64})
with both ⟨grad|mlp⟩ and ⟨grad|conv⟩ architectures, then tested whether they continue to improve
beyond Ttrain. As shown in Fig. 13a, even iP-VAE models trained with as few as Ttrain = 4 iterations
learn to keep improving during test time, eventually converging to stable solutions. Interestingly,
models trained with more iterations initially show worse performance but ultimately converge to
better solutions, suggesting that iP-VAE learns temporally-extended inference dynamics that depend
on the training sequence length but generalize well beyond it.

In contrast, hybrid models (sa-VAE and ia-VAE) begin with strong amortized initial guesses but
plateau rapidly (Fig. 13a, right), converging to substantially higher MSE than iP-VAE models despite
having more parameters. We note that sa-VAE’s authors acknowledged issues with the dominance of
the iterative component on Omniglot and reported using techniques like gradient clipping to mitigate
this (see footnote 6 in [92]), which may explain our observations on MNIST. More concerning, ia-
VAE (single-level) begins to diverge outside its training regime and frequently resulted in numerical
instabilities at test time when exceeding Ttrain.

Overall, iP-VAE demonstrates better reconstruction performance and continues to improve outside
the training regime, unlike other models. This extends our convergence results from linear decoders
(Fig. 3) to the more general nonlinear case and reveals iP-VAE’s first form of OOD generalization:
temporal generalization beyond the training horizon. Next, we examine whether iP-VAE can
generalize across visual domains.
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Figure 13: iP-VAE generalizes beyond its training regime and across datasets. All models shown
here are trained on MNIST and tested either on MNIST (panel a) or Omniglot (panel b). (a) iP-VAE
models trained with as few as Ttrain = 4 inference steps continue to improve well beyond the training
regime (Ttest > Ttrain). This temporal generalization holds across architectures: ⟨grad|mlp⟩ (left) and
⟨grad|conv⟩ (middle). In contrast, hybrid iterative-amortized models either plateau or diverge outside
their training regime (right). (b) iP-VAE trained exclusively on MNIST successfully generalizes
to the structurally different Omniglot dataset, showing substantial improvement in reconstruction
quality as inference iterations increase. With higher Ttrain, iP-VAE models show initially worse but
ultimately better performance, suggesting they learn more complex but effective inference dynamics.

C.8.2 Out-of-distribution generalization

We evaluate two levels of generalization for MNIST-trained models: (1) within-dataset perturbations,
and (2) transfer across related datasets.

OOD generalization to within-dataset perturbation. We tested whether models trained on
standard MNIST could generalize to rotated MNIST digits [98, 226]. At test time, we rotate digits
between 0◦ and 180◦ in increments of 15◦. We evaluated (a) reconstruction quality of the rotated
digits, and (b) whether the resulting latent representations support downstream classification (Fig. 14).

iP-VAE and sa-VAE maintained relatively consistent performance across rotation angles, though
iP-VAE demonstrated superior performance in both reconstruction and classification. The amortized
P-VAE showed substantially worse reconstruction than iterative models, but its classification accuracy
remained remarkably stable across angles, outperforming all models except iP-VAE.

In contrast, both ia-VAE variants showed significant degradation in performance as the rotation angle
increased, with substantial drops in both reconstruction fidelity and classification accuracy. Overall,
iP-VAE maintained the most stable and superior performance across all rotation angles, suggesting it
learns rotation-invariant features that generalize effectively to unseen transformations.
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Figure 14: Robustness to rotational transformations of MNIST digits. Left: Visual comparison of
reconstructions for moderately rotated (θ = 15◦) and severely rotated (θ = 90◦) digits across models.
iP-VAE maintains high reconstruction fidelity across rotation angles, while other models show
progressive degradation. Right: Quantitative evaluation of reconstruction MSE (top) and downstream
classification accuracy (bottom) across rotation angles from 0◦ to 180◦. iP-VAE demonstrates
remarkable stability in both metrics, with minimal performance degradation even at extreme angles.
The solid lines represent means, while shaded regions show standard deviations across test samples.
All models were trained only on standard (unrotated) MNIST, making this a challenging test of
generalization to unseen transformations.
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Figure 15: Cross-dataset generalization from MNIST to novel character datasets. Left panels:
Visual comparison of original samples and their reconstructions for EMNIST (left) and Omniglot
(center-left) across different models. All models were trained exclusively on MNIST. Center-right
panel: Reconstruction MSE for EMNIST and Omniglot. Lower is better. iP-VAE consistently
achieves the lowest error on both datasets despite never seeing them during training. Right panel:
Classification accuracy on EMNIST using a linear classifier trained on latent representations. iP-VAE
representations support significantly higher accuracy, suggesting they capture more discriminative
features that transfer well to new character classes.

OOD generalization across similar datasets. A model that learns compositional features with an
effective inference algorithm should generalize to datasets structurally related to, but distinct from,
the training distribution. To test this, we evaluated MNIST-trained models on EMNIST (Fig. 15) and
Omniglot (Fig. 13b, Fig. 15), reporting both reconstruction MSE and classification accuracy (except
for Omniglot, which has over 1,000 classes, making classification challenging).

iP-VAE consistently demonstrated superior generalization, achieving lower reconstruction error and
higher classification accuracy than all other models. The visual quality of its reconstructions on both
EMNIST and Omniglot was noticeably better, preserving key structural elements of characters it had
never seen during training. This suggests that iP-VAE learns a more general and compositional latent
space that captures fundamental structural elements shared across different character datasets.

Extreme cross-domain generalization with iP-VAE: from MNIST to natural images. Most
remarkably, a ⟨grad|mlp⟩ iP-VAE trained exclusively on MNIST still performs well when tested
on cropped, grayscaled natural images from tiny ImageNet (Fig. 16), a domain vastly different
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Figure 16: Extreme cross-domain generalization: MNIST-trained models tested on cropped,
grayscaled natural images. Left panels: Ground truth grayscale ImageNet32 samples (resized
to 28× 28) alongside their reconstructions from various models. Despite being trained exclusively
on MNIST digits, iP-VAE captures significant semantic information and structural details of natural
images. Right panel: Reconstruction MSE over inference iterations. iP-VAE continues to improve
with more iterations, while hybrid models plateau quickly. The ia-VAE variants fail to adapt to
the new domain, while sa-VAE shows moderate adaptation. This challenging generalization task
demonstrates iP-VAE’s ability to represent visual concepts far outside its training distribution. This
capability is likely enabled by its Gabor-like primitive features that can be recombined to represent
novel visual structures (Fig. 17).
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Figure 17: Visualization of learned features in the final decoder layer for iP-VAE with a ⟨grad|mlp⟩
architecture (left), versus an ⟨mlp|mlp⟩ P-VAE (right), both trained on MNIST. iP-VAE learns
Gabor-like features (fundamental visual primitives found in primate early visual cortex [107–110])
rather than digit-specific features. In contrast, P-VAE learns more class-specific features resembling
complete digits or digit fragments. Features are ordered by increasing kurtosis of their weight
distributions to highlight the sparse nature of iP-VAE’s representations. The more general, primitive
features learned by iP-VAE likely contribute to its superior generalization capability across datasets,
as these features can be recombined to represent novel visual structures not seen during training.

from handwritten digits. Despite never seeing natural images during training, iP-VAE continues to
improve its reconstruction quality with increasing inference iterations, capturing significant structural
details; whereas, hybrid models like ⟨conv|conv⟩ sa-VAE and ⟨mlp|mlp⟩ ia-VAE plateau quickly
or even diverge (Fig. 16, right panel). This extreme cross-domain transfer challenges common
assumptions about generalization boundaries in representation learning and suggests that iP-VAE
captures something fundamental about visual structure that transcends specific datasets.

Primitive visual codes enable generalization. How does iP-VAE achieve this unexpected gener-
alization capability? We visualized the 512 learned features from the final layer of the ⟨grad|mlp⟩
iP-VAE’s decoder and compared them to those learned by an amortized ⟨mlp|mlp⟩ P-VAE (Fig. 17).
The contrast is striking: iP-VAE learns Gabor-like features—fundamental visual primitives similar to
those found in primary visual cortex—while P-VAE learns features that resemble entire digits or digit
fragments. Previous work has identified strokes as compositional sub-components of digits [227], but
iP-VAE learns an even more general and primitive visual code. These elementary Gabor-like features,
combined with iP-VAE’s adaptive inference process, create a powerful compositional system that can
flexibly recombine primitives to represent novel visual structures far outside the training distribution.
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C.8.3 A discussion of the out-of-distribution (OOD) generalization experiments

Empirically, iP-VAE demonstrates promising adaptability and robustness to OOD samples while dy-
namically balancing computational cost and performance. It consistently outperforms both amortized
models and hybrid iterative-amortized VAEs on the tasks we evaluated, despite using substantially
fewer parameters.

These results are especially promising given the growing emphasis on OOD generalization in machine
learning [98, 99, 226]. iP-VAE ’s ability to learn primitive, compositional features that transfer across
domains suggests its potential value for representation learning, whether as a pretraining method for
downstream tasks or as a backbone for diffusion models [228, 229].

That said, we acknowledge that more systematic evaluation is needed to fully characterize the
compositional capacity of iterative VAEs. While our experiments focus primarily on reconstruction
and classification, future work should explore more diverse tasks and evaluation metrics. The strong
performance demonstrated here motivates a deeper investigation into the generalization capabilities
of iP-VAE and its potential applications across a broader range of domains.

C.8.4 Methodological details for the OOD experiments

For our comparisons, we utilized the official implementations of sa-VAE [92], ia-VAE [91], and
P-VAE [50]. Across models, we maintained consistent train/validation splits and hyperparameters
unless otherwise specified.

Since sa-VAE’s original code used a Bernoulli observation model, we adapted it for Gaussian
compatibility by removing the sigmoid in the decoder and replacing its reconstruction loss with MSE.
For sa-VAE, we used the default configurations provided for Omniglot (batch size 50, 100 epochs),
and adjusted appropriately for other datasets: MNIST (batch size 50, 32 epochs), and EMNIST (batch
size 50, 16 epochs).

For ia-VAE, we used the authors’ provided configurations for both Bernoulli and Gaussian observation
models, as appropriate. The MNIST configuration was applied across our MNIST, EMNIST, and
Omniglot experiments. Although the codebase hard-codes training to 2000 epochs, we halted training
earlier, once the loss had converged (between 780 and 2000 epochs). In some runs, we encountered
numerical instabilities that required restarting training from checkpoints.

Overall, the consistently strong performance of iP-VAE across these generalization tasks suggests
significant potential for applications in representation learning and transfer learning. We hope these
results motivate further exploration of iterative inference models for representation learning.

C.9 iP-VAE scales up to complex, high-dimensional color image datasets

Theoretical neuroscience has produced many normative models, including predictive coding [22],
sparse coding [39, 54], efficient coding [230], and the free-energy principle [24]. However, from a
machine learning standpoint, existing implementations rarely meet modern data complexity require-
ments. Sparse coding, despite decades of development and widespread recognition of its advantages,
still predominantly uses linear decoders and operates on small, grayscale image patches. While we
previously demonstrated that iP-VAE can perform nonlinear deep sparse coding (appendices B.6,
C.8 and C.10), a critical question remains: can it scale to realistic, high-dimensional datasets?

Here we show that iP-VAE successfully scales to modern color image datasets, including CIFAR-10
(3× 32× 32), tiny ImageNet (3× 32× 32), and CelebA (3× 128× 128).

CelebA (cropped to 128× 128). We trained four models on CelebA to systematically compare
iterative versus amortized inference and deep versus linear decoders:

1. iP-VAE, ⟨grad|conv⟩: iterative encoding + 8-layer convolutional decoder
2. iP-VAE, ⟨grad|lin⟩: iterative encoding + single-layer convolutional layer decoder
3. P-VAE, ⟨conv|conv⟩: convolutional encoder + 8-layer convolutional decoder

(amortized counterpart of #1)
4. P-VAE, ⟨conv|lin⟩: convolutional encoder + single-layer convolutional decoder

(amortized counterpart of #2)
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All models used latent dimensionality 256 × 16 × 16, with linear decoders using kernel size 38.
We trained with β = 1 and evaluated reconstruction-sparsity performance. Overall performance is
measured as Euclidean distance from the ideal point (R2 = 1, sparsity = 1, marked by the gold star
in Fig. 4); lower is better. Results are shown in Table 4.

Table 4: Reconstruction-sparsity performance on CelebA (cropped to 128× 128). The ⟨grad|conv⟩
iP-VAE with deep decoder (model #1) achieves the best overall performance while using 63% fewer
parameters than its amortized counterpart (model #3).

Model Encoder Decoder R2 ↑ Sparsity ↑ Performance ↓ Params ↓
(1) iP-VAE iterative 8-layer conv 0.95 0.93 0.09 0.7 M
(2) iP-VAE iterative linear conv 0.90 0.91 0.13 1.1 M
(3) P-VAE conv 8-layer conv 0.86 0.96 0.15 1.9 M
(4) P-VAE conv linear conv 0.74 0.99 0.26 2.3 M

CIFAR-10 and Tiny ImageNet (32 × 32). To verify scalability across datasets, we trained a
⟨grad|conv⟩ iP-VAE with 6 convolutional layers and latent dimensionality 256 × 8 × 8 on both
CIFAR-10 and tiny ImageNet (β = 1). Results are shown in Table 5.

Table 5: Reconstruction-sparsity performance on CIFAR-10 and tiny ImageNet (32 × 32). The
iP-VAE consistently achieves strong performance across diverse natural image datasets.

Dataset R2 ↑ Sparsity ↑ Performance ↓
CIFAR-10 0.93 0.97 0.08
Tiny ImageNet 0.95 0.94 0.08

Across all three datasets, iP-VAE achieves overall performance scores of 0.08–0.09, demonstrating
consistent scalability to complex, high-dimensional color images. These results provide strong
evidence that normative, brain-inspired models need not be limited to toy datasets: iP-VAE bridges
theoretical neuroscience and modern machine learning, achieving superior reconstruction–sparsity
trade-offs with fewer parameters than amortized alternatives.

C.10 iP-VAE generates novel samples through an iterative procedure

The primary focus of this work (and of FOND more broadly) is on brain-like inference dynamics,
where generation serves as a means to this end (i.e., “analysis-by-synthesis” [68]). Nevertheless,
assessing the model’s generative behavior provides useful insights into its learned representations.

To this end, we performed a qualitative evaluation of a ⟨grad|conv⟩ iP-VAE trained on the MNIST
dataset with Ttrain = 16. The generation procedure is as follows:

Algorithm 1 Iterative Generation Procedure for iP-VAE

1: Sample from initial prior: z0 ∼ Pois(z0; exp(u0))
2: for t = 1 to T do
3: Generate image: x̂t−1 ← fθ(zt−1) ▷ decoder output
4: Treat generated image as input: xt ← x̂t−1

5: Run one inference step: update ut via eq. (7), where x ≡ xt

6: Sample new latent: zt ∼ Pois(zt; exp(ut))
7: end for

The model successfully produced coherent and recognizable digits (Fig. 18). Notably, during the
iterative generation process, some initially ambiguous samples (e.g., resembling both ‘3’ and ‘6’)
would converge to well-defined digits after several refinement steps. This progressive clarification
mirrors the convergence behavior observed during inference (Fig. 3), suggesting a unified dynamical
principle underlying both processes.
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(a) Sample generation process across time (using a                                 )

(b) Generated samples at 100 iterations (using the same architecture as a)

Figure 18: Generation results from a ⟨grad|conv⟩ iP-VAE trained on MNIST, sampled using
Algorithm 1. (a) Temporal dynamics of generation: horizontal axis shows iteration steps, vertical
axis shows different sampled trajectories. (b) Final generated samples after 100 iterations.

However, we observed modest class imbalance in generated samples: certain digits (e.g., ‘8’) appeared
more frequently than their ∼ 10% training prevalence. This bias likely reflects the learned prior
distribution exp(u0) and could be mitigated through more expressive hierarchical priors.

D Extended Discussion

This appendix expands on key topics introduced in the main paper’s discussion (section 6). We begin
by summarizing FOND and discuss how it relates to existing literature (appendix D.1). We then
analyze possible factors underlying iP-VAE’s effectiveness (appendix D.2), assess its potential for
hardware implementation (appendix D.3), and explore relationships to sampling-based inference
methods (appendix D.4).

We conclude with a discussion of limitations and future directions (appendix D.5). These include:
accelerating iterative inference (appendix D.5.1), biologically plausible learning (appendix D.5.2),
predictive dynamics (appendix D.5.3), hierarchical extensions (appendix D.5.4), and applications to
explain neural data variance, thereby bringing theory and experiment closer together (appendix D.5.5).

D.1 A summary of our prescriptive framework, and how it relates to BLR and BONG

In this work, we started by reviewing and synthesizing existing models—from VAEs in machine
learning to sparse coding and predictive coding in neuroscience—as instances of variational free
energy (F) minimization. Drawing on this unification potential, we introduced FOND (Free energy
Online Natural-gradient Dynamics): a framework that prescribes a clear sequence of choices to
derive brain-like inference algorithms and architectures from first principles.

FOND establishes a three-step guideline for developing inference models:

1. Select the distributions that fully specify the variational free energy, F
2. Identify the dynamic variables that parameterize the approximate posterior
3. Apply online natural gradient descent on F to derive the dynamics
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The first two steps are flexible design choices, while the third is fixed: it is an algorithmic prescription
that determines the equations governing the temporal evolution of the dynamic variables. Equivalently,
this also fully determines the dynamics of the posterior distribution.

To fulfill the “online” component (the O in FOND), we require that inference is performed through
continual belief updates, reflecting the adaptive [45–49] and recurrent [40–44] nature of neural
processing. This iterative, sequential approach departs from the one-shot amortized inference typical
in VAEs [37, 38, 216]. The “natural gradient” component [34, 35, 57] (the N in FOND) ensures that
optimization respects the intrinsic geometry of probability distribution space [65, 76, 199].

Situating FOND within existing literature: FOND vs. BONG vs. BLR. Both FOND and BONG
[60] are specialized applications of the Bayesian Learning Rule (BLR; [34]) in sequential settings,
but they address fundamentally different problems through distinct technical approaches. We clarify
these relationships here.

Bayesian Learning Rule (BLR, [34]) — BLR provides a general mathematical framework for
deriving learning algorithms as natural gradient descent on variational objectives. It unifies diverse
optimization methods—from SGD to Adam—under a single principled lens. Both FOND and BONG
instantiate this framework but diverge in their goals, scope, and technical implementation.

BONG (Bayesian Online Natural Gradient, [60]) — BONG focuses on learning the parameters θ
of Bayesian neural networks in supervised settings. Given labeled data (x, y), BONG updates network
weights online to improve predictive performance. Technically, BONG restricts itself to Gaussian
approximate posteriors, which enables the use of analytical results—specifically Price’s [231] and
Bonnet’s [232] theorems—to compute gradients of expectations (their Eq. 3). This Gaussian-specific
approach yields closed-form update rules (their Eqs. 9-10) that BONG then approximates in various
ways to achieve computational efficiency.

FOND (Free energy Online Natural-gradient Dynamics) — FOND, by contrast, focuses on
deriving inference dynamics for variational parameters (e.g., membrane potentials u) in unsupervised
settings. FOND’s goal is to specify how neural activity evolves over time to perform posterior
inference, not to learn network weights.

This fundamental difference in goals necessitates a different technical approach: FOND must be
distribution-agnostic to derive models like iP-VAE (Poisson) alongside iG-VAE (Gaussian). Because
Price’s and Bonnet’s theorems do not apply beyond Gaussians, FOND follows the standard VAE
approach: approximate expectations via Monte Carlo sampling, then compute gradients of the
resulting stochastic objective. This generality allows FOND to derive the spiking dynamics of
iP-VAE, which is impossible within BONG’s Gaussian-restricted framework.

BONG vs. FOND: Key Differences

Goal: BONG learns network parameters (θ); FOND derives neural dynamics (u̇)

Setting: BONG primarily targets supervised learning (though applicable to unsupervised
settings via likelihood choice); FOND targets unsupervised inference

Scope: BONG is Gaussian-specific; FOND is distribution-agnostic

Technical approach: BONG uses analytical gradient computation via Price’s and Bonnet’s
theorems; FOND uses Monte Carlo sampling then differentiation

These are not merely different “flavors” of the same algorithm but distinct mathematical procedures
addressing complementary problems. BONG focuses on online supervised learning with Gaussian
uncertainty, while FOND derives brain-inspired inference dynamics across diverse distributional
assumptions. Both enrich the BLR framework by demonstrating its versatility in different domains.

FOND’s utility: application to derive iterative VAEs. To demonstrate the viability and utility of
FOND, we developed a novel iterative VAE model family, including a spiking variant, the iP-VAE.

For this specific implementation, we made two biologically motivated choices:
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1. Modeling neural activity as spike counts [180, 191, 192, 194, 233–235]
via Poisson distributions [50], departing from the standard Gaussian
assumptions in predictive coding [22, 33].

2. Assigning log-rate as the dynamic variable for each neuron. Log-
rate is the canonical parameter of the Poisson distribution, and it is
interpretable as the membrane potential of the neuron [70, 71].

With these choices fixed, the natural gradient descent on F unambiguously determined the form of
the spiking neural dynamics in iP-VAE.

The resulting architecture, iP-VAE, shares theoretical and empirical similarities with LCA [39],
effectively functioning as a spiking, stochastic extension of this classic model. Our empirical
results showed that all iterative VAEs (iP-VAE, iG-VAE, iGrelu-VAE) consistently outperformed their
amortized counterparts in balancing reconstruction and sparsity, with iP-VAE and LCA achieving
the best overall trade-offs. Additionally, when evaluated against hybrid iterative-amortized VAEs in
out-of-distribution generalization tasks, iP-VAE showed strong performance.

Why is iP-VAE effective? We explore this next by drawing connections to recent advances in
sequence modeling and hierarchical VAE theory.

D.2 Three possible explanations for the effectiveness of iP-VAE

Several complementary factors contribute to iP-VAE’s effectiveness. First, we note interesting
parallels with recent advances in sequence modeling. Recently, Beck et al. [114] introduced extended
LSTM (xLSTM) that performs competitively with state-of-the-art transformers and state space
models. xLSTM achieves this mainly through two key modifications: (1) replacing sigmoid gates
with exponential nonlinearities, and (2) implementing a normalization scheme that stabilizes training.
Similarly, iP-VAE employs the exp(·) nonlinearity to map membrane potentials to firing rates,
providing a highly expressive activation function (Figs. 5 and 6). Furthermore, the theoretical
derivations naturally gave rise to a multiplicative divisive normalization that stabilizes network
dynamics and promotes convergence (eq. (8)).

Second, all our iterative VAEs, including iP-VAE, benefit from effective stochastic depth. Child
[115] demonstrated both theoretically and empirically that hierarchical VAEs gain their effectiveness
from stochastic depth. When we unroll the iterative VAE encoding algorithms in time (e.g., Figs. 5
and 6), they resemble specialized hierarchical VAEs, but without the spatial coarse-graining found in
typical hierarchical architectures [115, 125, 161]. Based on the arguments put forth by Child [115],
we speculate that this temporal depth in iP-VAE’s stochastic representations contributes significantly
to model performance.

In summary, iP-VAE’s success likely stems from at least three key elements: (1) the exponential
nonlinearity providing expressiveness, (2) emergent normalization ensuring stability and convergence,
and (3) effective stochastic depth through temporal unrolling.

A promising direction for future work would be extending iP-VAE into a full hierarchical architecture
with spatial coarse-graining, potentially further enhancing its already strong performance, which we
discuss in detail below.

D.3 Hardware-efficient implementation and real-world deployment potential of iP-VAE

The computational characteristics of iP-VAE make it particularly well-suited for efficient hardware
implementation, especially on specialized accelerators and resource-constrained devices. This
efficiency stems from three key properties: (1) sparsity, (2) weight reuse, and (3) integer-valued
representations, as detailed below.

First, iP-VAE generates sparse, integer-valued spike counts as representations. This sparse coding
strategy aligns with emerging sparse tensor accelerators and neuromorphic computing architectures,
which can achieve substantial improvements in energy efficiency compared to dense matrix operations
[116]. The predominance of zeros in these representations (60%-95%, in natural image patch
experiments, Fig. 4; and up to 84% in MNIST experiments, Table 3) enables both memory and
computation savings through sparse storage formats [102] and compute-skipping optimizations [103].
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Second, iP-VAE’s inference algorithm reuses the same set of weights across all iterations (Fig. 5),
potentially reducing memory bandwidth requirements compared to deep neural networks with unique
parameters at each layer. This is particularly significant for hardware deployment, as memory transfers
often dominate energy consumption in neural network inference [103, 236, 237]. Where traditional
deep networks must continuously load new parameters from memory, iP-VAE’s weight-sharing
minimizes costly memory accesses and allows for efficient on-chip caching of the entire model.

Third, the discrete, integer-valued nature of spike counts eliminates the need for high-precision
floating-point arithmetic [103–105], enabling deployment on simpler fixed-point hardware with
reduced power consumption. Combined with the inherent sparsity, this positions iP-VAE as a
promising candidate for edge computing applications where energy and computational resources are
severely constrained.

These properties are particularly valuable for real-world autonomous systems and robotics applica-
tions, where power budgets are limited and attaching power-hungry GPUs is impractical [103]. For
instance, drones, mobile robots, and wearable devices could leverage iP-VAE for efficient on-device
perception without requiring cloud connectivity or massive batteries.

As noted above, iP-VAE and LCA share key theoretical, computational, and empirical characteristics.
Given that LCA has been successfully implemented both as a spiking neural network [123] and on
neuromorphic hardware [238], we expect iP-VAE to be similarly deployable on such platforms,
potentially with even greater efficiency due to its principled stochastic dynamics.

Overall, iP-VAE’s combination of sparse integer representations, weight reuse, and alignment with
neuromorphic computing principles offers a promising path toward deploying sophisticated perception
capabilities in resource-constrained environments, bridging the gap between theoretical neuroscience
models and practical applications.

D.4 Relationship to sampling-based inference methods

Throughout this work, we focused on variational inference (VI) as our framework for approximating
Bayesian posteriors. However, sampling-based methods, particularly Markov Chain Monte Carlo
(MCMC; [239–242]), represent an equally important alternative approach. Like VI, sampling-based
methods have been extensively explored in theoretical neuroscience [117–122, 243–251]. See Haefner
et al. [252] for a balanced review.

Both VI and sampling address a key limitation of maximum a posteriori (MAP) inference by providing
access to the full posterior distribution rather than just a point estimate. The iP-VAE extends LCA
[39] from a deterministic point estimate to a probabilistic representation with full posterior uncertainty.
Similarly, recent sampling-based approaches have enhanced both sparse coding [120] and predictive
coding [121, 122] by incorporating stochastic dynamics that explore the full posterior landscape rather
than converging to a single point. These parallel developments in both VI and sampling frameworks
reveal their complementary roles in addressing the limitations of traditional MAP estimation.

Sampling-based models all perform Bayesian posterior inference, but differ in whether they adopt
a “prescriptive” approach, as outlined in appendix B.1. For a non-prescriptive example, Echeveste
et al. [246] began with a well-established biophysical circuit—the stochastic stabilized supralinear
network (SSN; [83, 253, 254])—and adapted it to perform posterior inference. Their optimized
network exhibited key biological properties and achieved substantially faster sampling than standard
Langevin samplers. These results compellingly demonstrate that biologically realistic circuits can
perform Bayesian inference. However, this represents a bottom-up, descriptive strategy—starting
from an existing circuit and adapting it for inference; whereas, other sampling-based approaches
align more closely with the top-down, principle-driven methodology we advocate.

A particularly relevant example is the work of Masset et al. [119], who demonstrated that incorporat-
ing natural gradients into Langevin sampling significantly accelerates convergence. Their approach
directly parallels ours: they derive a spiking neural network algorithm prescriptively from first princi-
ples, drawing inspiration from Ma et al. [255], who proposed a “complete recipe” for constructing
MCMC samplers. This “complete recipe” serves a role analogous to the Bayesian learning rule
(BLR; [34]) in our work, as they both provide a unifying framework for their respective domains.
While BLR unifies learning algorithms under variational inference with natural gradient updates, the
“complete recipe” provides a corresponding unifying framework for sampling-based MCMC methods.
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Interestingly, our iterative VAE models, while fundamentally grounded in VI principles, incorporate
sampling elements during inference by approximating the reconstruction loss through Monte Carlo
sampling. This hybrid character hints at an opportunity for theoretical unification between VI and
MCMC. Prior work has explored this direction [256, 257], but further research is needed to clarify
the relationships between VI and sampling. This unification potential is particularly interesting in the
context of brain-like inference models [23, 117, 252].

D.5 Limitations and future work

In this final appendix, we discuss the limitations of our work and how future work can address them.

D.5.1 Iterative inference: Generalization advantages with manageable computational costs

Our experiments consistently suggest that iterative inference outperforms amortized approaches in
reconstruction-sparsity trade-offs (Fig. 4). Additionally, the fully iterative iP-VAE also outperformed
hybrid iterative-amortized VAEs in out-of-distribution (OOD) generalization experiments, including
both reconstruction and downstream classification OOD tasks (Figs. 13 to 16).

Furthermore, we observed a clear pattern: the less amortized the inference process, the better the
generalization capability. Semi-amortized VAE (sa-VAE; [92]), which relies partially on iterative
updates, outperformed the more heavily amortized iterative amortized VAE (ia-VAE; [91]), suggesting
that reducing dependence on learned amortization functions enhances adaptability to novel inputs.

Iterative reasoning in other domains. Similar advantages of iterative inference have been observed
in other domains as well. Recent advances in large language models employ iterative reasoning at test
time, either explicitly through prompting techniques like chain-of-thought [258] and tree-of-thought
[259], or through more sophisticated inference-time algorithms and architectures. These approaches
generally fall into two categories: some focus on the inference algorithm, like the MCMC-based
sampler from Karan and Du [260], which elicits latent reasoning from a base model. Others modify
the architecture itself to be inherently more iterative. For instance, the brain-inspired Hierarchical
Reasoning Model (HRM; [261]) introduces a novel recurrent structure for latent reasoning, while
Koishekenov et al. [262] train a model to recursively apply its own reasoning-critical layers.

This principle has earlier roots in computer vision, where the brain-inspired recursive cortical
network (RCN; [263, 264]) showed that a generative model using iterative message-passing, equipped
with both feedback and lateral recurrent connections, could achieve remarkable data efficiency and
generalization on challenging visual reasoning tasks, such as breaking text-based CAPTCHAs [263].

These diverse approaches—spanning prompting, sampling, and architecture—all converge on a
similar principle: dedicating more test-time computational steps to a problem enables superior
performance on complex reasoning tasks, despite the additional overhead.

The power of iterative inference is particularly evident on benchmarks designed to test the limits of
abstract reasoning. On the challenging ARC-AGI benchmark [265], Liao and Gu [266] achieved
strong performance (34.75% on training set, 20% on evaluation set) by replacing encoder networks
entirely with expectation-maximization (EM) iterative updates. This is conceptually similar to
our approach, where iterative optimization replaces learned encoders. Remarkably, Liao and Gu
[266] achieved these strong results without any pretraining, further supporting the idea that iterative
inference may offer inherent advantages for generalization on difficult, abstract problems.

The serial scaling hypothesis. These results align with the emerging serial scaling hypothesis
[267], which posits that many challenging problems in machine learning, particularly those involving
reasoning, planning, sequential decision-making, or physical simulation, are “inherently serial.” Such
problems possess computational dependencies that resist parallelization, meaning that simply scaling
parallel compute (e.g., model width) is insufficient.

Therefore, progress fundamentally requires scaling serial computation: increasing the number of
sequential processing steps (e.g., recurrent iterations or model depth). This perspective suggests the
benefits of iterative methods might stem not just from mimicking biological processes, but from
fulfilling a fundamental computational requirement for certain task classes.
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Re-evaluating the computational trade-off. Our runtime analysis (appendix C.7) challenges
the assumption that iterative inference is prohibitively slow at test time. Iterative models reached
amortized-level performance within comparable wall-clock times (especially with large-batch paral-
lelization), then continued refining to achieve substantially better reconstruction-sparsity trade-offs.
The primary cost is training time—roughly 2× longer than amortized models (appendix C.1.4)—
which is understandable given their increased effective depth, interpretable as training deeper ResNets
with shared parameters (Fig. 5). This suggests that iterative models are particularly well-suited for
applications where inference quality and generalization are central, and the one-time cost of longer
training is acceptable.

Despite these encouraging runtime results, the general efficiency of iterative methods remains an
active area of research. The growing adoption of iterative techniques in large-scale commercial
models has spurred optimization efforts. Recent advances in hardware acceleration [268, 269],
specialized architectures for recurrent computation [114, 270], and algorithmic improvements for
iterative processes [271, 272] suggest that the efficiency gap may narrow in the coming years.

The fundamental question remains whether the generalization advantages of iterative inference,
increasingly supported by both empirical results and theoretical arguments, will continue to justify
any remaining computational costs as both approaches evolve.

D.5.2 Biologically plausible learning rules

In this paper, we presented a prescriptive framework for deriving inference dynamics from first
principles, but we did not address this question for learning the generative model. In other words, our
work is prescriptive about u̇, but not θ̇.

We optimized model parameters through a procedure that can be interpreted as backpropagation
through time [93, 94]. This is not biologically plausible, because it still suffers from the weight
transport problem [273]. It’s even worse for temporal credit assignment because neurons lack a
mechanism to store activation histories needed for precise backward passes through time [274, 275].

Other models, like predictive coding (PC), are prescriptive about both inference and learning aspects.
Specifically, PC learning is effectively Hebbian [33, 276]. Biologically plausible synaptic learning
rules exist for sparse coding as well. For instance, Zylberberg et al. [123] introduced SAILnet, a
spiking network that performs sparse coding using only synaptically local information. Interestingly,
the distribution of inhibitory connections learned by SAILnet is lognormal, matching experimental
observations in cortex [277].

In general, we consider inference dynamics as more fundamental than learning, for several reasons.
First, inference is far more experimentally accessible than synaptic weight dynamics. We can
record from large populations of neurons while animals receive sensory stimulation, but we lack
complete electron microscopy reconstructions of synapses before, during, and after learning. Second,
what we call “learning” in machine learning likely corresponds to a complex mixture of evolution,
development, and experience-dependent plasticity in biology [143]. Given this complexity, it is
reasonable to achieve learning in neural networks using powerful but biologically implausible methods
such as backpropagation [278–280].

With that said, future work should still explore biologically plausible prescriptive frameworks for
learning synaptic weights, potentially building on emerging theories like eligibility traces [281],
feedback alignment [282, 283], and e-prop [274].

A natural extension: combining BONG and FOND for continual learning. Beyond biological
plausibility, an exciting direction is to combine BONG with FOND. As we discussed in appendix D.1,
BONG and FOND are complementary specializations of BLR. Using the same framing adopted here,
BONG can be viewed as a prescriptive framework for deriving weight dynamics, θ̇, while FOND
prescribes inference dynamics, u̇. Since both frameworks minimize the same free energy objective,
their combination is mathematically natural.

This BONG/FOND fusion would yield a fully Bayesian, principled algorithm that is prescriptive
about both learning and inference: a continually learning, online Bayesian system that adapts both
its beliefs and its generative model simultaneously—potentially enabling lifelong learning without
catastrophic forgetting. We consider this unified framework a promising direction for future work.
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D.5.3 Predictive dynamics, with application to non-stationary sequences

Brains are prediction machines [146, 284, 285]. Overwhelming evidence, ranging from retina [286]
to cortex [287], suggests that biological circuits are engaged in predictive computations, anticipating
the future [288], rather than merely adapting to the past. However, our current framework lacks a
concrete mechanism for such anticipatory computation. While we emphasized the importance of
online inference for modeling biological perception, we left a crucial element unaddressed: online
inference is most meaningful in the context of non-stationary inputs. Our work, however, explored
only the simplest type of sequence: stationary inputs with the same sample repeated multiple times.

Future extensions should incorporate genuinely predictive updates that evolve the current posterior
into a predictive prior distribution, rather than relying on the identity mapping we used in this work.

Several promising approaches could guide this development. In machine learning, Duran-Martin
et al. [124] introduced Bayesian online learning in non-stationary environments (BONE), a unifying
framework for probabilistic online learning in changing environments. Within neuroscience, Jiang
and Rao [289] introduced dynamic predictive coding, in which higher-level neurons modulate the
transition dynamics of lower-level ones, which is conceptually similar to HyperNetworks [290].
Millidge et al. [291] introduced temporal predictive coding networks, where recurrent connections
are used to predict the network’s own future activity, allowing it to approximate a Kalman filter with
biologically plausible, local learning rules. Another notable contribution is the polar prediction model
proposed by Fiquet and Simoncelli [292]. Inspired by the temporal “straightening” hypothesis [293],
the model performs linear extrapolation of phase in a learned complex-valued latent space, enabling
next-frame prediction with strong performance, interpretability, and computational simplicity.

We believe predicting the future and adapting to the past represent two distinct yet complementary
computations employed by biological systems. When modeling these processes, both should be
clearly motivated and, ideally, derived from first principles. In this work, we addressed adaptation but
left prediction largely unexplored. We aim to develop the missing predictive component in future
work, while evaluating the resulting architectures on non-stationary datasets such as natural videos.

D.5.4 Hierarchical extensions with realistic synaptic transmission delays

Another dimension of being prescriptive lies in architectural design. In this paper, we focused on
single-layer models and did not provide prescriptions for multi-layer, hierarchical architectures [5,
294]. Yet this is an important direction, given growing evidence that hierarchical VAEs exhibit
cortex-like organization [125, 126]. Future extensions should address two key components [295]: (1)
the structure of the generative model, and (2) information flow during inference.

For the generative model, a fundamental decision concerns the probabilistic dependencies between
latent variables across different layers. Should the joint distribution be structured in a Markovian
chain, where each layer interacts only with its immediate neighbors? Or might a more flexible
heterarchical structure [296–298] with an arbitrary graph topology [299] better capture the complex
causal structure of natural signals?

For information flow during inference, several questions arise: what information propagates between
layers, and in which directions [300]? Each choice leads to different computational trade-offs and
makes distinct predictions about neural dynamics. For example, predictive coding typically propagates
prediction errors upward in the hierarchy. Crucially, biological systems do not transmit raw signals
between hierarchical levels, but instead apply various forms of pooling [301] or coarse-graining [125]
operations that transform lower-level representations into increasingly abstract features at higher
layers. This pooling serves both computational efficiency and representational purposes, enabling the
extraction of invariant features while reducing dimensionality [302]. In the future, our framework
could be extended to derive normative pooling operations through free energy minimization under
appropriate architectural constraints, potentially explaining why the visual system employs specific
receptive field pooling strategies rather than alternatives.

Finally, realistic neural models should account for finite signal propagation delays in biological axons
[303–305]. In future work, we plan to incorporate such transmission delays into our framework to
enhance biological realism and potentially uncover computational mechanisms uniquely enabled by
temporally structured information flow [306].
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D.5.5 Applications to explain neural data variance

The ultimate test of a model is its ability to explain empirical data. iP-VAE demonstrated several
emergent behaviors that mimic cortical properties at a phenomenological level (Figs. 3, 8 and 11), but
this is only a first step toward rigorous validation against neural data. A comprehensive assessment
would require testing our model’s capacity to explain neural response variance [307, 308], for
example, in frameworks like Brain-Score [127].

Our philosophical approach differs from purely descriptive models that are directly optimized to fit
neural responses [128, 309]. Instead, we advocate for normative models that are validated against
neural data, rather than trained explicitly to reproduce it, in line with critiques of purely descriptive
approaches [310]. This approach offers greater interpretability, as the model’s behavior stems from
principled objectives (e.g., free energy minimization) rather than parameter fitting [311]. From this
point of view, there are two promising paths forward.

First, we can systematically explore different prescriptive choices within our framework to identify
which configurations best explain neural data. For instance, comparing how alternative inference
dynamics or distributional assumptions affect the model’s ability to predict neural responses to novel
stimuli. Second, we might consider a semi-supervised training approach [312], where free energy
minimization is augmented with a neural regularization term that encourages alignment between
iP-VAE spike patterns and recorded neural activity in response to identical stimuli.

The spiking nature of iP-VAE makes it particularly appropriate for comparison with neural recordings,
offering closer parallels to biological data than non-spiking alternatives. Beyond explaining variance,
iP-VAE’s spiking representation also enables in silico experiments that can potentially inform future
in vivo studies [128, 313]. Finally, this compatibility with spike train data creates an opportunity for
rigorous comparisons between variational inference approaches like ours and sampling-based spiking
models [118, 119, 244, 246, 248–251, 304] (appendix D.4), in terms of their ability to account for
empirical neural responses.

In the future, we are excited to test a fully predictive, hierarchical version of iP-VAE against neural
data to put our framework to the ultimate test. Such experiments could validate the theory and help
identify which aspects of neural computation are most effectively captured by variational principles.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?
Answer: [Yes]
Justification: In section 4 we show that online natural gradient descent on F , under Poisson
assumptions, leads to a recurrent spiking neural network that performs variational inference
via membrane potential dynamics. In the same section we also show its desirable theoretical
features. In section 5 and appendix C we present the empirical results.
Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We briefly overview limitations in section 6, and then substantially expand upon
them in appendix D.5. Specifically, we discuss limitations concerning iterative inference
(appendix D.5.1), learning rules (appendix D.5.2), sequences (appendix D.5.3), architecture
(appendix D.5.4), and applications to neural data (appendix D.5.5).
Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.
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3. Theory assumptions and proofs
Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: Our theory includes derivations from first principles, with the full set of
assumptions and details provided in section 4 and appendix B.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Details about architectures, hyperparameters, training, and experiment are
provided in section 5 and appendix C (specifically, appendix C.1).

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
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In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
Answer: [Yes]
Justification: Our code, data, and model checkpoints are available at:
https://github.com/hadivafaii/IterativeVAE

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?
Answer: [Yes]
Justification: Most details needed for understanding the train and test details are provided in
section 5 and appendix C. The code will also be provided for full details.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?
Answer: [Yes]
Justification: For the main experiments shown in Fig. 4, we report variability with respect
to hyperparameters using box plots (showing median, interquartile range, minimum, and
maximum). For our only numerical result in Table 3, we report 99% confidence intervals
estimated from 5 random initializations, assuming the sample means follow a t-distribution
by the central limit theorem.
Guidelines:
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• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confi-

dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: We specify the hardware and compute usage in appendix C.1.4. Overall our
experiments were very light on compute and are accessible to academic research.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: Our research conforms to the NeurIPS code of ethics in every aspect.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).

10. Broader impacts
Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
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Justification: Our work aims to provide a theoretical understanding of how brain-like
inference models can be derived from first principles. The experiments are conducted on
small-scale, controlled settings without practical deployment. As such, we do not foresee
immediate societal impact, either positive or negative, or potential for malicious applications.

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: Our work is primarily theoretical and involves small-scale experiments using
publicly available datasets. It does not involve the release of models or data with high risk
of misuse, so this question is not applicable.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We credit and cite the creators of the code libraries, models, and datasets used
in the paper. We specify licenses in appendix C.
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Guidelines:
• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a

URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: We provide code for reproducibility, which contains documentation on how
to replicate experiments. We will also release code notebooks with more learning-oriented
documentation.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: This paper does not involve research with human subjects or crowdsourcing.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
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Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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