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Abstract
Tensor Train (TT) decomposition has emerged as
a powerful tool for mitigating the curse of dimen-
sionality in a variety of machine learning and com-
binatorial optimization tasks. Recent advances
show that TT-based generative models can effi-
ciently represent and explore high-dimensional
discrete spaces, even when the cost function
structure is unknown. However, incorporating
hard linear constraints into TT-based optimiza-
tion remains challenging, as existing interpola-
tion and sampling approaches often fail when
feasible points are rare. In this work, we de-
velop a general TT-based framework for con-
strained combinatorial optimization built upon
U(1)-symmetric tensor networks. Our method
introduces an expressibility-enhancement mech-
anism for constructing sparse symmetric tensors
and a graph-based diversity measure that guides
sample selection during training. Experiments
demonstrate that our Julia implementation signifi-
cantly outperforms existing open-source libraries.

1. Introduction
Tensor Train (TT) decomposition has become a powerful
tool in the domains of Artificial Intelligence and Combina-
torial Optimization in recent years. The idea of squeezing
high-dimensional data via tensor train decomposition orig-
inated in the field of quantum mechanics (Affleck et al.,
1987; White, 1992), where many-dimensional systems nat-
urally arise from particle interactions. In 2011, Oseledets
formalized the approach and brought these ideas into com-
putational mathematics (Oseledets, 2011). To date, TT de-
composition was applied to low-rank network layer approxi-
mation (Novikov et al., 2015), LLM fine-tuning (Yang et al.,
2024), optimization (Antil et al., 2023; Mugel et al., 2022),
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options pricing (Arenstein & Kastoryano, 2025), and some
others (Dolgov & Savostyanov, 2020; Iudin et al., 2025;
Sulimov et al., 2017; Sozykin et al., 2026)

This paper focuses on applications of TT in combinatorial
optimization. In comparison to classical mixed-integer lin-
ear programming (MILP) TT is not limited to linear cost
functions and does not use any integrality relaxation. In
comparison to Constraint Programming (CP) solvers (Biere
et al., 2009) and QAOA (Farhi et al., 2014), the cost func-
tion structure may be unknown. Compared with Bayesian
optimization (Jones et al., 1998), TT offers better scaling .

We know two paradigms for TT-based optimization. First,
we may request cost function values at specific grid points,
then interpolate the entire landscape using a low TT-rank as-
sumption (Zheltkov & Osinsky, 2019; Sozykin et al., 2022).
Second, we may apply a generative approach (Batsheva
et al., 2023): based on some data, learn a probability distri-
bution that encourages low-cost values, and store it as TT.
Then we may sample new data from it and use the data for
further education until the minimum is found. TT-format
speeds up both the education and sampling phases, making
high-dimensional distribution tractable.

The challenge of applying TT to combinatorial optimization
appears when variables are constrained to a feasible region
(e.g., by linear equalities). In such a case, building a TT
surrogate for the cost function is difficult due to a large frac-
tion of infeasible grid points. The probability of finding any
feasible point is small, and interpolation based on infeasible
points is not informative. On the contrary, even a straight-
forward generative approach may be pre-trained on feasible
data, and in a sampling phase, all infeasible samples may be
eliminated. However, if the constraints are hard to satisfy,
the algorithm’s efficiency may decrease significantly. To ad-
dress the challenge of constraint embedding, the authors in
(Nakada et al., 2025) used the method of nilpotent matrices.
While effective for some practical cases, it is not general-
izable to arbitrary linear equations because of exponential
scaling with the number of constraints. In (Ryzhakov &
Oseledets, 2023), the authors represent the method of ex-
act constraints encoding, but only for constraints that have
a particular structure, which is consistent with the tensor
train linear topology and locality of interactions. The paper
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(Lopez-Piqueres et al., 2023) suggests using U(1)- sym-
metric tensor networks for problems with linear constraints.
The available feasible dataset was used to build a sparse
probability distribution tensor, assigning zero probability to
all infeasible vectors. Later, an exact framework for incorpo-
rating any linear inequalities into a symmetric TT structure
was developed (Lopez-Piqueres & Chen, 2025), with a code
available on git (Lopez-Piquer, 2024a).

Main contributions. We developed a library for constrained
optimization, using tensor trains. Our approach is based on
a generative U(1)-symmetric paradigm, which is the most
general and suits any number of linear equality constraints.
Two major contributions expand the paradigm: i) We sug-
gested the expressability enhancement step, increasing feasi-
ble dataset exploitation. Thus, instead of only two strategies
of building a sparse U(1)-symmetric tensor from the feasi-
ble data, as in the pioneer paper, we suggest a family of such
strategies, controlled by a parameter (exploitation power).
These strategies outperform the original one. ii) We repre-
sented a sparse symmetric tensor train as a graph of U(1)
charges, and suggested a graph diversity measure, which
helps to choose which samples to use for training on the
next algorithm iteration (increasing exploration). Arguably,
our library for constrained optimization, implemented in
Julia, is 100x faster than the primary one, which is avail-
able as open source (Lopez-Piquer, 2024a).

2. Problem Statement
We consider a similar class of optimization problems as in
(Lopez-Piqueres et al., 2023):


C(x) → min,

Ax = b,

x ∈ {0, 1}N ,

(1)

where C : {0, 1}N → R is a black-box objective function,
A and b are integer-valued. We emphasize that the domain
of the x variable may be, in principle, any finite integer
domain; also, A and b may be rational, if they are obtained
from an integer by dividing by some scaling factor.

All known to the authors black-box solvers, which assume
no structure of the objective function, struggle with hard
constraints. E.g., Simulated Annealing (SA) (Kirkpatrick
et al., 1983) requires a random step implementation that
maintains feasibility. Or constraints may be implemented
as penalties of the form λ (Ax− b)

2, but this may be even
more problematic, because of the necessity to choose a
value for λ and probably a low fraction of feasible solutions
evaluated. In this work, we assume that some feasible data
for hard constraints is available. This may be due to one of

the following reasons: i) There is a feasible dataset sampler
available, which may produce diverse feasible samples using
some knowledge about the matrix A and vector b. The
optimization itself may still be very challenging due to the
black-box function C(x), which, in the worst case, takes a
long time to evaluate. ii) Feasible space may be explored
in some other way, e.g., with a random search / MILP / CP
solver, etc.

3. Tensor Train Generative Modeling
Algorithm 1 describes a general generative optimization
framework based on tensor-train (TT) probability mod-
els. The method maintains a TT-parameterized distri-
bution P (x) for integer vector x = (x1, . . . xN ), with
xk ∈ {0, 1, . . . , Nk − 1}:

P (x) =
∑

α1,...,αN−1

G
(1)
1, x1, α1

G(2)
α1, x2, α2

· · ·G(N)
αN−1, xd, 1

.

(2)

All TT-cores G(k) are initialized either randomly or as uni-
form tensors. The algorithm iteratively refines the probabil-
ity distribution, using samples drawn from the current model.
At each iteration, TT-sampling generates a batch of candi-
dates. A subset of good samples is then selected and merged
into the training set, enabling the algorithm to accumulate
knowledge about promising regions of the search space. The
algorithm assigns importance weights to selected samples,
typically using a Boltzmann-type reweighting scheme, and
then updates the TT parameters by minimizing a weighted
negative log-likelihood loss. After T iterations, the algo-
rithm returns the best found solution.

Some implementation details vary between different realiza-
tions of the algorithm, see Section A. For the constrained
problem (1), it is much more effective to initialize the ten-
sor with some sparse structure, with zero probabilities for
vectors that violate constraints. It helps avoid generating
such samples that violate the problem’s hard constraints.
For this purpose, we exploit properties of U(1)-symmetry.
Let us define it carefully, but first, give some preliminary
definitions. We consider a tensor Px1...xN

for which the
following holds:

• Each index xk has one of two possible orientations
(directions): xk ∈ Iin or xk ∈ Iout. We call Iin a set of
incoming indices and Iout a set of outgoing indices.

• Each value of index xk may be decomposed into the
pair of values (cxk

, tcxk
), where we call cxk

a charge
index, and tcxk

a degeneracy index. In this paper,
the charges may be integers or integer vectors. More
formally, for each k linear space V (k) (associated with
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index xk) is a direct sum of charge subspaces:

V (k) =
⊕
ck

V (ck). (3)

Let Cin =
∑

xi∈Iin
cxi

, and Cout =
∑

xi∈Iout
cxi

. We
say that the set of index values (x1, . . . xN ) conserves the
charge c if Cin − Cout = c. Finally, we call the tensor
Px1...xd

U(1)-symmetric if the following holds for some
charge c and all possible values of indices (x1, . . . xN ):

Px1...xN
= (Pc1...cN )tc1 ...tcN

δCin,Cout+c, (4)

where δi,j is the Kronecker delta symbol, ck = cxk
∀k

and Pc1...cN is a tensor indexed only by charges. Informally,
that means that P becomes block-sparse. If Px1,...,xN

is
U(1)-symmetric, then Px1,...,xN

= 0 for all sets of values
(x1, . . . , xN ) that do not conserve the charge c. In such
cases, c is called a flux of the tensor. We will also call (4)
a charge conservation law.

Algorithm 1 Generative Optimization with Tensor-Train

Require: Training data T
1: Initialize tensor-train model Pθ(x)
2: for t = 1, 2, . . . , T do
3: Sample K candidates S = {x(1), . . . , x(K)} ∼ Pθ

4: Select Tnew ⊂ S, T ← T ∪ Tnew
5: Compute probability weights wi for x(i) ∈ T
6: Update θ by minimizing:

L(θ) = −
∑
i

wi logPθ(x
(i))

7: end for
8: return best sample found in T

3.1. Generative modeling with U(1)-symmetry

The rigorous description of a generative algorithm based
on U(1)-symmetric tensor trains may be found in (Lopez-
Piqueres et al., 2023). All crucial steps from Algorithm 1
remain the same, but require less memory for storing Pθ,
as only nonzero blocks are stored. Also, the big saving
of computational resources takes place while calculating
the gradients of L(θ) and applying gradient descent steps,
because all these operations are done on sparse tensors.

In detail, we describe only initialization from the training
data. The idea is to associate each variable xi in problem
(1) with a charge xiA⃗i, where A⃗i is the i-th column of the
constraints matrix A. Then, the probability distribution
P (x) is given as symmetric TT with the flux b, and each
TT-core G(k) is a U(1)-symmetric tensor of rank 3. Then,
for each TT-core, we choose the direction of the indices.

Left (virtual) link index αk−1 ∈ Iin, (site) index xk ∈ Iout,
right (virtual) link index αk ∈ Iout:

G(k)(αk−1, xk, αk) =

αk−1 αk

xk

By convention, we put the flux on the 1-st TT-core, on the
first virtual index of G(1). Thus, the example TT, which
encodes the probability distribution for the problem with 4
binary variables, is:

G(1) G(2) G(3) G(4)

{A⃗1, 0⃗} {A⃗2, 0⃗} {A⃗3, 0⃗} {A⃗4, 0⃗}

b⃗ 0⃗

. The charge conservation low (4) is then equivalent to
constraints in (1), because it says, that P (x) ̸= 0 only if
b⃗− x1A⃗1 − x2A⃗2 − x3A⃗3 − x4A⃗4 = 0⃗.

Building on an exact symmetric TT for the problem (1) may
be exponentially hard, because it requires an exponentially
large number of link charges (thus, exponentially large rank
of tensor train). In (Lopez-Piqueres et al., 2023), heuristic
strategies are suggested, which limit the minimum required
rank to construct a symmetric tensor train, but also build
only the approximation of the required tensor. We describe
Method (i) in Section B. We chose Method (ii) (the most
expressive) for this paper as the baseline:

Method (ii): Given the feasible dataset T , for each x ∈ T ,
we calculate all the link charges cαk

by propagating: c1 = b⃗,
cαi = cαi−1 − xiA⃗i. It requires |b||T |(N − 1) opera-
tions, where |T | is the number of (unique) feasible sam-
ples, and |b| is the number of equalities in the problem.
Then, for each G(k), we search for consistent (with the
left link charges cαk−1

and right link charges cαk
) site

charges cxk
∈ {⃗0, A⃗k}. This step requires checking for

all cαk−1
and cxk

, if (cαk−1
− cxk

) ∈
⋃

αk
{cαk
}. We store⋃

αk
{cαk
} as a hash-table based type, thus all the checks

take O(N |b||T |) operations on average, and O(N |b||T |2)
in the worst case (many hash collisions). TT-rank grows
with the dataset size as O(|T |).

The process of building a nonzero subspace of the tensor
train may be interpreted as building a directed acyclic charge
graph, with nodes corresponding to link charges, edges
corresponding to values of xi, and paths in this graph from
the initial node b⃗ to the final node 0⃗ corresponding to feasible
solutions to Ax = b. For instance, look at the Figure 1

3
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(a). In these terms, the algorithm of encoding constraints
in U(1)-symmetric TT is expressive if it generates many
feasible paths in the charge graph.

a)

b)

c)

d)

2

1 0 0

01

2 2 1

x1 = 1

x2 = 1 x3 = 0

x4 = 0

x1 = 0

x2 = 0 x3 = 1

x4 = 1

x1 x2 x3 x4

{1, 2} {0, 1, 2} {0, 1}

{2} {0}

x1 + x2 + x3 + x4 = 2

xi ∈ {0, 1}, i = 1 . . . 4

T =


1 0
1 0
0 1
0 1



X =


1 0 1 0
1 0 0 1
0 1 0 1
0 1 1 0



Figure 1. Example problem, where EELS reveals new samples,
while standard approaches do not find any new feasible solutions.
a) Charge graph of the problem. Cyan paths correspond to the
training data, green and yellow lines show new feasible samples
after local search. Red charge is a ”newborn” charge. b) TT and
the link charges nodes, obtained from the training data (black)
and found by local search (red). c) Problem constraints and initial
feasible dataset. d) All possible unique samples. The sample color
in X matches the color of the corresponding path in the graph.

3.2. Expressability Enhancement Local Search (EELS)

We noticed that all methods for building symmetric TT
from data, as suggested in (Lopez-Piqueres et al., 2023),
may fail for the same reason. Methods take link charges
only from the data but do not apply any strategy to search
for unknown charges. If the training data is too small or
not diverse enough, then the required link charges, which
encode near-optimal solutions, simply do not appear in TT.
Moreover, this disadvantage may not be compensated during
the training step, because the charge structure pre-defines
all samples, which may be sampled from symmetric TT
in principle, and the learning procedure updates only the
probabilities of principally possible samples.

For example, look at the combinatorial problem and dataset
T on Figure 1 (c). Method (ii) fails to find any new samples
that do not appear in T . On Figure 1 (a), black circles are the
link charges obtained from T , and cyan arrows are all paths
in the graph, which encode the dataset samples. Obviously,
no new path exists through the black charges, which satisfy
the charge conservation law cαk+1

= cαk
− xk+1 on each

edge; thus, no new samples were obtained in TT.

We propose a new parameterized family of methods for ini-
tializing symmetric TT, called Expressability Enhancement
Local Search (EELS). First, we initialize symmetric TT with
Method (ii). Then, we apply the expressability enhancement

(a) |T | = 400.

(b) |T | = 4000.

(c) |T | = 10000.

Figure 2. Number of unique samples in TT for different U(1)-
symmetric TT building strategies on the assignment problem.

phase. The Figure 4 illustrates the main idea of this phase:
we fix the k-th link of TT, and then search for such charges
cnew, which i) do not appear at the k + 1-th link; ii) may
connect the charges at the k-th link with the charges at the
(k + 2)-th link, satisfying charge conservation law for some
xk+1, xk+2. Thus, we ”jump” over the k + 1-th link, and
conduct a local search in a charge graph, finding such cαk

,
xk+1, xk+2, which satisfy the U(1)-symmetry. Sometimes
this procedure spawns new charges, which may be assigned
to the k + 1-th link. The length of the ”jump” may be reg-
ulated with the parameter γ, which is equal to the number
of links we jump over. At the Figure 4, γ = 1, and the Al-
gorithm 2 also provides the detailed description for γ = 1.

4
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(a) N=50, m=5, r=1. (b) N=50, m=5, r=1.

(c) N=75, m=5,10; r=1. (d) N=75, m=5,10; r=2.

Figure 3. Comparison of U(1)-symmetric TT building strategies on random problems with N binary variables, m linear equalities and
constraints matrix sampled from uniform distribution in range [−r, r]. (a) Number of samples dependency on training dataset size. (b)
Wall time to build initial U(1)-symmetric TT. (c),(d) Num sumpes ratio on matrix sparsity.

xk+1 xk+2

cnew

cαk
cαk+1

Figure 4. One step of the EELS algorithm for γ = 1.

Method (ii) may be associated with γ = 0. For γ > 1, we
search for new charges at the links k + 1, k + 2, ..., k + γ
simultaneously, by considering all possible combinations
of cαk

, xk+1, ..., xk+γ+1, thus, the complexity of the al-
gorithm is O

(
2γ+1|T ||b|(N − γ)

)
on average. Figure 1

shows that even for γ = 1, our expressability enhancement
procedure may find some new charges, and thus, new paths
in the charge graph, corresponding to feasible samples.

We emphasize that EELS has nothing in common with regu-
lar local search, which may be applied to the data samples to
obtain new solution candidates. It acts more like a crossover
operator, entangling all the samples from T . On Figure 1(a),
EELS obtains the solution, which takes the first bit of the

Algorithm 2 EELS algotithm, γ = 1

Require: C1, . . . , CN−1 - Sets of link charges, de-
fined from data; A, b - constraints for the problem;
G(1), . . . , G(N) - TT-cores;

1: cα0
← b⃗, cαN

← 0⃗
2: for k = 1 to N − 2 do
3: for cαk

∈ Ck do
4: for xk+1 ∈ {0, 1} do
5: cnew ← cαk

− xk+1
⃗Ak+1

6: for xk+2 ∈ {0, 1} do
7: if cnew − xk+2

⃗Ak+2 ∈ Ck+2 then
8: cαk+2

= cnew − xk+2
⃗Ak+2

9: Ck+1.add(cnew)
10: Insert new nonzero blocks:
11: G(k+1) ← (cαk

, xk+1
⃗Ak+1, cnew)

12: G(k+2) ← (cnew, xk+2
⃗Ak+2, cαk+2

)
13: end if
14: end for
15: end for
16: end for
17: end for

5
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solution 1100, and the last bit from the solution 0011, and
the bits 00 in the middle are found using the charge conser-
vation law. Similarly, EELS also finds a feasible solution,
taking the first bit from 0011 and the last bit from 1100, fill-
ing the middle with a guess of 11. For large datasets, EELS
may generate new feasible candidates by mixing all samples
from T , producing unpredictable bit concatenations with
some ”guessed” fillers.

3.3. Amplification of Data Diversity (ADD)

EELS from Section 4.1 is useful when we lack training
data or want to better exploit existing data. In this section,
we consider the special case of constraints Ax = b when a
feasible dataset sampler is available, or it is easy to construct
a large dataset T using extra knowledge. Such situations
include, for instance, cardinality constraints

∑N
i=1 xi = κ.

In this case, because tensor train optimization trains on
the fly, we probably should not use the entire available
data but rather pick a good, diverse subset. Otherwise, the
complexity of the training step may be (too) large.

We formulate a problem as follows. Let T be a data, avail-
able at the t-th iteration of the Algorithm 1. This data
includes samples from TT and other feasible solutions gen-
erated by the feasible data sampler. How to choose a subset
T ′ ⊂ T , such that |T ′| = χ < |T |, to achieve exploration-
exploitation trade-off, and keep the complexity of the train-
ing step manageable? We need to define the measure of the
sample’s novelty relative to what the generative scheme has
already explored. To do this, we give a formal definition of
the charge graph for the problem (1), which we discuss in-
formally in Section 4.1. Let |b| = m be the number of equal-
ities in problem (1) and N the number of binary variables.
Let consider a DAG D = (V,E, ω, ξ), with ω : V → Rm

and ξ : E → {{0}, {1}, {0, 1}}. Here ω(v) is a charge of
the vertex v, and the set of all vertices consists of several
layers: V = L0 ⊔ L1 ⊔ · · · ⊔ LN . We call such a graph a
charge graph of problem (1) if all of the following stand:

1. |L0| = |LN | = 1, ω(v0 ∈ L0) = b⃗, ω(vN ∈ LN ) = 0⃗

2. (u, v) ∈ E ⇒ u ∈ Li, v ∈ Li+1 for some i

3. If uk ∈ Lk, and vk+1 ∈ Lk+1, then ω(uk) −
ω(vk+1) = 0⃗ or ω(uk) − ω(vk+1) = ⃗Ak+1, where
⃗Ak+1 is a k-th column of the matrix A

4. ξ(e(uk, vk+1)) = {0, 1}, if ⃗Ak+1 = 0⃗, else
ξ(e(uk, vk+1)) = {0} if ω(uk) = ω(vk+1), or
ξ(e(uk, vk+1)) = {1} if ω(uk)− ω(vk+1) = ⃗Ak+1.

Charge graph on Figure 1(a) satisfies all conditions from
the definition. On each path p with edges (e1, . . . eN ) from
v0 ∈ L0 to vN ∈ LN , we define the operation of feasible

subset evaluation as the Cartesian product: F (p) = ξ(e1)×
· · · × ξ(eN ). We call a charge graph full if the set F(D) =⊔

p∈P(D) F (p) coincides with all the solutions of Ax = b,
whereP(D) is a set of all the paths from v0 to vN . We define
the width of the charge graph as |D| = maxNk=0 (|Lk|).

The search for the full graph charge may be exponentially
hard, and the same is true for storing such a graph. That is
why Method (ii) from Section 3.1 builds only a subgraph
H ⊂ D with a limited width |H| ≤ |T |. The goal of
the U(1)-generative approach is to find such H ⊂ D, that
x∗ ∈ F(H) for the optimal solution x∗ of problem (1).
The structure of H , which is explored on the training step
in Algorithm 1, is completely defined by the selection of
samples from the whole available samples set Tnew ⊂ S.
The articles (Alcazar et al., 2024) and (Lopez-Piqueres et al.,
2023) suggest only the selection of samples with the best
cost function C(x), or picking up some rare samples from S
for diversity. We suggest using graph distance as a diversity
measure. Let S = (V S , ES , ωS , ξS) be a charge graph
for some feasible solution s = (x1, . . . , xN ). Let V S =⊔

k{vk}. On each step of the generative optimization, we
store a charge graph of already seen samplesH, as the sets
of charges for each vertex layer: CH

k =
⊔

v∈LH
k
{ωH(v)}.

Then the graph distance between S andH is:

ρ(S,H) =
N−1∑
k=1

(
1− χ(ωS(vk) ∈ CH

k )
)
, (5)

where χ(·) is an indicator function of the condition in brack-
ets. Thus, we count the number of new charges that appear
in the solution s and were not previously seen by the algo-
rithm. In Section 4 we discuss how to balance this novelty
measure with exploitation of the near-optimal samples.

4. Results
4.1. Comparison of EELS with other methods

We may compare the expressibility of the methods of build-
ing U(1)-symmetric tensor trains by fixing the dataset
T , defining all link charges degeneracy ranks in (3)
dim(V (ck)) = 1 and then, calculating the number of
nonzero elements. If we initialize G(k)(αk−1, xk, αk) = 1
for all positions, preserving U(1)-symmetry, then P (x) = 1
for all x, conserving charge b. Thus, the number of unique
samples in tensor train is just a Frobenius norm squared,
which may be calculated efficiently in TT-format.

Figure 3 shows the group of experiments for the problem
(1) with the random matrices A of size m× n and random
vector b, both sampled from the uniform distribution on
[−r, r]. Figure 3a shows the dependency of the number of
unique samples in U(1)-symmetric TT as the function of
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(a) Best Cost + Graph Distance Filter. wfilter = 0.3. (b) Best Cost + Graph Distance Filter. wfilter = 0.3.

(c) Mixed Selection. wmix = 0.4. (d) Mixed Selection. wmix = 0.4.

(e) Weighted Rank. wrank = 0.7. (f) Weighted Rank. wrank = 0.7.

Figure 5. Relative cost function improvement on the assignment problem. Baseline strategy is Best Cost. Each box is obtained from 50
random problems. Parameter tuning is done by grid search. On the left: linear cost function cTx, with c sampled uniformly on [−50, 50].
On the right: quadratic cost function xTQx, with from the uniform distribution on [−7, 7]. |T | = 1000, K = 2 · 104.

training dataset size. With EELS, the number of unique
samples grows as ∼ |T |5 for r = 1, while applying only
the baseline method (Method (ii) from Section 3.1) encodes
only ∼ |T |4 possible feasible solutions. EELS improves
the baseline with a small increase in computational time to
build an initial U(1)-symmetric TT, as shown in Figure 3b.
Other experiments on Figure 3 demonstrate that the benefit
of using EELS depends a lot on the sparsity of the matrix
A, the number of constraints, and the value of parameter
r. Generally, if r is big, or the number of constraints is
huge, then it is hard to satisfy the if-condition in line 7 of
Algorithm 2, and EELS spawns only a small fraction of new

link charges cnew, if it spawns any at all. In contrast, if
the matrix A is sparse, EELS may be an efficient strategy
for several dozen constraints. For example, we consider an
assignment problem (Koopmans & Beckmann, 1957) with
the constraints matrix of size 2n× n2, given by the rule:


Aj,(i−1)n+j = 1, ∀i, j = 1, . . . , n

An+i,(i−1)n+j = 1, ∀i, j = 1, . . . , n

else Ak,m = 0,

(6)

and bi = 1 ∀i = 1, . . . , n2. This problem is NP-hard
for a quadratic/black-box oracle C(x), and the density of
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matrix A scales as O( 1n ). Figure 2 shows the group of
experiments with the assignment problem. The total number
of feasible samples grows monotonically with the problem
size as n!; however, for large problems, building symmetric
TT methods struggle to find new feasible samples when the
training data is insufficiently expressive. That is why the
number of samples in TT saturates and then decreases. The
peak of saturation shifts to the right as the initial dataset
size grows. EELS provides approximately 3− 6 times more
samples at the peak point than Method (ii) from Section 3.1.

4.2. ADD impact on optimization results

We use the graph distance Equation (5) to balance the nov-
elty of the samples and the exploitation of near-optimal
samples on the data selection step 4 of Algorithm 1. The
assignment problem gives exactly the setting described in
Section 3.3: all feasible samples can be generated from
permutations of n elements. Thus, it is not a problem to ob-
tain the dataset of feasible samples T , but to choose which
data is worth learning. In our experiments, we sample K/2
candidates for the dataset S from Pθ, and K/2 candidates
from the random feasible sampler, and limit the number
of samples used for training to µ, because training is an
expensive procedure. For some strategies, we also store the
graph of all already seen chargesH, as a set of charges for
each TT link index i. The computation of ρ(S,H) is then
requires O(|b|(N − 1)) operation in average, and storing
H produces extra memory overhead. In our experiments,
these parts were not the bottleneck of the whole algorithm;
the most intensive step is training, which includes gradient
evaluation, sparse core updates, and, for 2-site DMRG, also
concatenations and reshapes with U(1)-tensors. We suggest
three strategies of data selection, and compared them with
the baseline from (Lopez-Piqueres et al., 2023):

1. Best Cost (Baseline): Pick data from Tnew ⊂ S with
the best cost function C(s) values.

2. Best Cost + Graph Distance Filter: Pick (1−wfilter)µ
samples from Tnew ⊂ S with the best cost function
C(s), then filter remaining data based on condition
ρ(S,H) > 0 and take wfilterµ samples with the best
cost. The filtering with 0 < wfilter ≤ 1 ensures that
any new data that in S will be used for training.

3. Mixed Selection: Pick (1 − wmix)µ samples from
S based on the best cost, and wmixµ samples based
on the largest values of graph distance ρ(S,H), 0 <
wmix ≤ 1. This strategy picks the ”newest” samples,
maximizing diversity of the training data.

4. Weighted Rank: Pick samples from S based on the
lowest weighted rank sum rC + wrankrρ, where rC is
a rank of sample based on cost function value (rC = 1

for s with the minimal C(s)) and rρ is a rank of the
sample based on graph distance (rρ = 1 for the sample
s with the maximal ρ(S,H)), 0 < wrank < +∞.

Figure 6. Wall time for assignment problem. Each algorithm
performs one iteration, with one sweep, and the training data size
is |T | = 400. The degeneracy of the block dim(V (ck)) = 1 for
each link index.

Figure 5 demonstrates the relative improvement produced
by each of the suggested strategies in comparison to the
baseline. We fixed all hyperparameters of the generative
scheme, including |T |, K, the feasible sampler, the number
of iterations, etc. We used the assignment problem for the
benchmarking. All of the suggested strategies are better than
baseline, with the median relative improvement achieving
up to 10% on the problems with 256 binary variables.

4.3. Benchmarking library performance

The implementation of (Lopez-Piqueres et al., 2023) is
not open-source. However, the more recent article by the
same authors has a GitHub repo ConstrainTNet (Lopez-
Piquer, 2024a). It implements another approach to build-
ing U(1)-symmetric TT, which is exact (no data is needed
for initialization, but initialization may be computationally
intractable for difficult constraints). Nevertheless, (Lopez-
Piquer, 2024a) also uses iTensors (Fishman et al., 2022)
dependency. We compared the libraries performance on
the assignment problem, excluding the time to build sym-
metric TT from both methods, since it is done in a funda-
mentally different way. Results are provided on Figure 6.
It seems that our library is ×100 faster (we do not use
iTensors and rely on our own back-end implemented in
Julia). We tested the script from the example folder of the
ConstrainTNet GitHub (Lopez-Piquer, 2024b) (with A
and b replaced with the assignment problem) and measured
the wall time. The result may be the consequence of our
optimizations, aimed at speeding up the computations in a
non-degenerate case, with more than a dozen constraints
(while iTensors aims at more general tensor computa-
tions). All our code is available at GIT REFERENCE WILL
BE HERE IN CAMERA-READY.
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5. Impact Statement
This work advances methods for black-box constrained com-
binatorial optimization by leveraging a low-rank symmetric
tensor decomposition within the generative Machine Learn-
ing approach. The scope of potentially useful applications
includes all problems where the cost function structure is
unknown and some hard linear constraints must be satisfied.
As a result, practitioners in logistics, scheduling, resource
allocation, engineering design, and scientific simulation
can obtain better solutions faster, lowering computational
budgets and accelerating iteration cycles in real-world work-
flows. We aim to make these benefits broadly accessible:
the paper documents algorithmic choices, provides repro-
ducibility artifacts (A REFERENCE TO GIT WILL BE
HERE IN CAMERA-READY)
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A. TT Generative Modeling implementation details
In Algorithm 1, if the objective function C(x) is computationally expensive, only a fraction of samples may be evaluated,
and the remaining samples are assigned probability weights heuristically. The probability distribution for the samples may
be replaced with another physically motivated distribution, such as the Fermi-Dirac distribution. For minimizing L(θ),
usually the Density Matrix Renormalization Group (DMRG) algorithm is used, which optimizes each TT-core alternatingly
(2), or optimizes merged TT-cores (2-site DMRG variation). An optional annealing schedule may gradually decrease the
temperature parameter to sharpen the distribution around low-cost regions.

B. Strategies of building U(1)-symmetric TT

Method (i): Given the feasible dataset T , for each x ∈ T , we calculate all the link charges cαk
by propagating: c1 = b⃗,

cαi = cαi−1 − xiA⃗i. It requires |b||T |(N − 1) operations, where |T | is the number of (unique) feasible samples, and |b| is
the number of equalities in the problem. Then, we initialize each TT-core G(k) with non-zero blocks for subspace with
charges (cαk−1

, xkA⃗k, cαk
).
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