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ABSTRACT

Learning generative models of 3D point clouds is one of the fundamental prob-
lems in 3D generative learning. One of the key properties of point clouds is their
permutation invariance, i.e., changing the order of points in a point cloud does not
change the shape they represent. In this paper, we analyze the recently proposed
equivariant OT flows that learn permutation invariant generative models for point-
based molecular data and we show that these models scale poorly on large point
clouds. Also, we observe learning (equivariant) OT flows is generally challeng-
ing since straightening flow trajectories makes the learned flow model complex
at the beginning of the trajectory. To remedy these, we propose not-so-optimal
transport flow models that obtain an approximate OT by an offline OT precompu-
tation, enabling an efficient construction of OT pairs for training. During training,
we can additionally construct a hybrid coupling by combining our approximate
OT and independent coupling to make the target flow models easier to learn. In
an extensive empirical study, we show that our proposed model outperforms prior
diffusion- and flow-based approaches on a wide range of unconditional generation
and shape completion on the ShapeNet benchmark.

1 INTRODUCTION

Generating 3D point clouds is one of the fundamental problems in 3D modeling with applications
in shape generation, 3D reconstruction, 3D design, and perception for robotics and autonomous
systems. Recently, diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020) and flow match-
ing (Lipman et al., 2022) have become the de facto frameworks for learning generative models for
3D point clouds. These frameworks often overlook 3D point cloud permutation invariance, implying
the rearrangement of points does not change the shape that they represent.

In closely related areas, equivariant optimal transport (OT) flows (Klein et al., 2024; Song et al.,
2024) have been recently developed for 3D molecules that can be considered as sets of 3D atom
coordinates. These frameworks learn permutation invariant generative models, i.e., all permutations
of the set have the same likelihood under the learned generative distribution. They are trained using
optimal transport between data and noise samples, yielding several key advantages including low
sampling trajectory curvatures, low-variance training objectives, and fast sample generation (Poola-
dian et al., 2023). Albeit these theoretical advantages, our examination of these techniques for 3D
point cloud generation reveals that they scale poorly for point cloud generation. This is mainly due
to the fact that point clouds in practice consist of thousands of points whereas molecules are as-
sumed to have tens of atoms in previous studies. Solving the sample-level OT mapping between a
batch of training point clouds and noise samples is computationally expensive. Conversely, ignoring
permutation invariance when solving batch-level OT (Pooladian et al., 2023; Tong et al., 2023) fails
to produce high-quality OT due to the excessive possible permutations of point clouds.

In this paper, we propose a simple and scalable generative model for 3D point cloud generation
using flow matching, coined as not-so-optimal transport flow matching, as shown in Fig 1. We
first propose an efficient way to obtain an approximate OT between point cloud and noise samples.
Instead of searching for an optimal permutation between point cloud and noise samples online during
training, which is computationally expensive, we show that we can precompute an OT between a
dense point superset and a dense noise superset offline. Since subsampling a superset preserves the
underlying shape, we can simply subsample the point superset and obtain corresponding noise from
the precomputed OT to construct a batch of noise-data pairs for training the flow models.
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Figure 1: Different coupling types between Gaussian noise (left) and point clouds (right), where
coupled noise and surface points share the same color: (a) Independent Coupling randomly maps
noises to point clouds. (b) Minibatch OT computes OT map in batches of noises and point clouds.
(c) Equivariant OT follows the similar minibatch OT but aligns points via permutation. (d) Our
approach precomputes dense OT on data and noise supersets, then subsamples it to couple point
clouds with slightly perturbed noise. Note that only (c) and (d) can produce high-quality OT.

Figure 2: In the OT flow model,
the vector field vt(x0) admits a
large change in its output with a
small perturbation of x0 at t=0.

We demonstrate that our approximate OT reduces the pairwise
distance between data and noise significantly and benefits from
the advantages of OT flows, e.g., straightness of trajectories
and fast sampling. However, a careful examination shows that
learning (equivariant) OT flows is generally challenging since
straightening flow trajectories makes the learned flows com-
plex at the beginning of the trajectory. Intuitively, in the OT
coupling, the flow model should be able to switch between
different target point clouds (i.e., different modes in the data
distribution) with small variations in their input, making the
flow model have high Lipchitz (see Fig 2).

To remedy this, we propose a simple approach to construct a
less “optimal” hybrid coupling by blending our approximate
OT and independent coupling used in the flow matching model. In particular, we suggest perturbing
the noise samples obtained from our approximate OT with small Gaussian noise. While this remedy
makes our mapping less optimal from the OT perspective, we show that it empirically shows two
main advantages: First, the target flow model is less complex and the generated points clouds have
high sample quality. Second, when reducing the number of inference steps, the generation quality
still degrades slower than other competing techniques, indicating smoother trajectories.

In summary, this paper makes the following contributions: (i) We show that existing OT approxi-
mations either scale poorly or produce low-quality OT for real-world point cloud generation. (ii)
We show that albeit the nice theoretical advantages, equivariant OT flows have to learn a complex
function with high Lipchitz at the beginning of the generation process. (iii) To tackle these issues,
we propose a not-so-optimal transport flow matching approach that involves an offline superset OT
precomputation and online random subsampling to obtain an approximate OT, and adds a small per-
turbation to the obtained noise during training. (iv) We empirically compare our method against
diffusion models, flows, and OT flows on unconditional point cloud generation and shape comple-
tion on the ShapeNet benchmark. We show that our proposed model outperforms these frameworks
for different sampling budgets over various competing baselines on the unconditional generative
task. In addition, we show that we can obtain reasonable generation quality on the shape completion
task in less than five steps, which is challenging for other approaches.

2 RELATED WORKS

Score-based Generative Models. Recently, diffusion models (Sohl-Dickstein et al., 2015; Ho et al.,
2020; Song & Ermon, 2019) have gained popularity in generating data of various formats, especially
images (Rombach et al., 2022; Ramesh et al., 2022) and videos (Blattmann et al., 2023; Brooks et al.,
2024). These generative models employ an iterative process to transform a known distribution,
typically a Gaussian, into a desired data distribution. Song et al. (2020) demonstrate that these
models can be generalized to a continuous time setting, solving an SDE with an ODE that shares
the same marginal. Lipman et al. (2022) train a vector field to trace a linear interpolation between
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training pairs from data and noise distribution (further details in Section 3.1). We also focus on the
flow matching models and aim to employ them effectively for 3D point cloud generation.

Relation of Flow Matching with Optimal Transport (OT). Flow matching is closely related to the
Optimal Transport (OT) problem, which aims to find a map with minimal transport cost between two
distributions. As for flow matching, the trajectory flows can be taken to define the map that solves
the OT problem. However, when the flow models are trained with random pairs, the trajectories are
usually curved, so using pairs from the OT map can lead to straighter trajectories that improve the
efficiency, as Pooladian et al. (2023); Tong et al. (2023) show. Since the OT map is usually unavail-
able, various methods are introduced to obtain better training pairs as we discuss in Section 3.1.
Another approach to obtain better pairs is to iteratively straighten the trajectory from a flow match-
ing model. Rectified Flow (Liu et al., 2022) obtains training pairs by simulating ODE trajectories of
pre-trained models. However, this involves an expensive ODE simulation and introduces errors in
the straightening process. In this work, we mainly study the limitations of existing OT solutions on
the first approach and derive a new solution that is specific for point cloud generation.

3D Point Cloud Generation. Point cloud generation has been studied extensively using various
generative models including VAEs (Kim et al., 2021), Energy-based models (Xie et al., 2021),
GANs (Achlioptas et al., 2018; Shu et al., 2019; Li et al., 2021), and flow-based models (Yang
et al., 2019; Kim et al., 2020). Recently, diffusion models (Zeng et al., 2022; Zhou et al., 2021; Luo
& Hu, 2021; Peng et al., 2024; Zhao et al., 2025) have achieved great success in producing high-
quality generation results. However, these methods often ignore point clouds’ permutation-invariant
nature in training by treating them as high-dimensional flat vectors. PSF (Wu et al., 2023) uses
Rectified flow (Liu et al., 2022) to generate point clouds, addressing permutation issues implicitly
through flow straightening. This approach is computationally expensive due to multiple sample in-
ferences needed for constructing training pairs. In this work, we focus on constructing an efficient,
high-quality OT approximation for permutation-invariant point cloud generation based on the flow
matching models.

3 METHOD

In Section 3.1, we begin by covering preliminaries of training a continuous normalizing flow and
recent OT flows. Section 3.2 explores the challenges of applying existing OT approximation meth-
ods to 3D point clouds. To tackle these challenges, we introduce our approximate OT approach in
Section 3.3 that precomputes OT maps in an offline fashion, and in Section 3.4, we explore a simple
hybrid and less optimal coupling approach that makes target flows easier to learn.

3.1 PRELIMINARIES

Continuous Normalizing Flow (CNF) (Chen et al., 2018) morph a base Gaussian distribution q0
into a data distribution q1 using a time-variant vector field vθ,t : [0, 1] × Rd → Rd, parameterized
by a neural network θ. The mapping is obtained from an ordinary differential equation (ODE):

d

dt
xt = vθ,t(xt). (1)

Conceptually, the ODE transports an initial sample x0 ∼ q0, where x0 ∈ Rd with pt denoting
the distribution of samples at step t and p0(x) := q0(x). Usually, the vector field vθ,t is trained to
maximize the likelihood p1 assigned to training data samples x1 from distribution q1. This procedure
is computationally expensive due to extensive ODE simulation for each parameter update.

Flow Matching (Lipman et al., 2022) avoid the computationally expensive simulation process for
training CNFs. In particular, we define a conditional vector field ut(·|x1) and path pt(·|x1) that
transform q0 into a Dirac delta at x1 at t = 1. Lipman et al. (2022) show that vθ,t can be learned via
a simple conditional flow matching (CFM) objective:

LCFM = Et,q1(x1),q0(x0)||vθ,t(xt)− ut(xt|x1)||2. (2)

A common choice for the conditional vector field is ut(x|x1) := x1 − x0, which can be easily
simulated by linearly interpolating the data and Gaussian samples via xt = (1− t) ∗ x0 + tx1.

Optimal Transport (OT) Map. In the CFM objective in Eq. 2, the training pair (x0,x1) is sampled
from an independent coupling: q(x0,x1) = q0(x0)q1(x1). However, Tong et al. (2023); Poola-
dian et al. (2023) show that we can sample the training pair from any coupling that satisfies the
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Figure 3: Comparison of OT Approximation Methods. Left: Average OT distance across batch
sizes. Minibatch OT (blue) fails to reduce distances much compared to independent coupling (red
dash). Equivariant OT (orange) significantly reduces distance values. Our OT approximation is on
par with Equivariant OT. Right: Computational time for OT across batch sizes. Minibatch OT (blue)
maintains a reasonable computational time (∼1 second) with batch size B = 256. Equivariant OT
(orange) grows quadratically starting from 2.2 seconds with B = 1.

marginal constraint:
∫
q(x0,x1)dx1 = q0(x0) and

∫
q(x0,x1)dx0 = q1(x1). They show an opti-

mal transport (OT) map π that minimizes
∫
||x0 − x1||2π(x0,x1)dx0dx1 is a good choice for data

coupling, leading to a straighter trajectory. Yet, obtaining the optimal transport map is often difficult
for complex distributions. Next, we review two main directions for approximating the OT map:

(i) Minibatch OT: Tong et al. (2023); Pooladian et al. (2023) approximate the actual OT by com-
puting it at the batch level. Specifically, they sample a batch of Gaussian noises {x1

0, · · · ,xB
0 } ∼ q0

and data samples {x1
1, · · · ,xB

1 } ∼ q1, where B is the batch size. They solve a discrete optimal
transport problem, assigning noises to data samples while minimizing a cost function C(x0,x1).
The cost function is typically the squared-Euclidean distance, i.e., C(x0,x1) = ||x0 − x1||2, and
the assignment problem is often solved using the Hungarian algorithm (Kuhn, 1955). After comput-
ing the assignment, we can use the assigned pairs to train the vector field network via Eq. 2. As the
batch size B approaches infinity, this procedure converges to sampling from the true OT map.

(ii) Equivariant OT Flow Matching: Song et al. (2024); Klein et al. (2024) also approximate
the OT at the batch level, but they focus on generating elements invariant to certain group G,
such as permutations, rotations, and translations. Specifically, they propose replacing the afore-
mentioned cost function C(x0,x1) with one that accounts for these group elements: C(x0,x1) =
ming∈G ||x0 − ρ(g)x1||2, where ρ(g) is the matrix representation of the group element g. This
approach significantly reduces the OT distance even with a small batch size, demonstrating success
in generating molecular data. Intuitively, using the cost function defined above allows us to align
data and noise together (in our case via permutation) when computing the minibatch OT.

So far, we consider generic unconditional generative learning. It is worth noting that mini-batch OT
does not easily extend to conditional generation problems, i.e., learning p(x|y) for a generic input
conditioning y, when there is only one training sample x for each input conditioning y. This is
because the OT assumes access to a batch of training samples for each y.

3.2 EXISTING OT APPROXIMATION FOR POINT CLOUD GENERATION

We focus on generating 3D shapes represented as point clouds. A point cloud x1 ∈ RN×3 is a set of
points sampled from the surface of a shape S, where N is the number of points. Unlike 2D images,
point clouds have unique properties that pose challenges for existing OT methods:

(i) Permutation Invariance. A point cloud, while arranged in a matrix form, is inherently a set.
Shuffling points in x1 should represent the same shape. Mathematically, given a permutation matrix
ρ(g), the sampling probability remains unchanged, i.e., q1(ρ(g)x1) = q1(x1).

(ii) Dense Point Set. Point clouds are finite samples on surfaces. However, similar to low-resolution
images, sparse point sets may miss fine geometric structures and details. Thus, most works use dense
point sets (say N ≥ 2048) to accurately capture 3D shapes.

Existing approach to estimating OT maps face these challenges on point clouds:

Ineffectiveness of Minibatch OT. Minibatch OT, effective in low-dimensional and image domains,
fails for point clouds due to property (i). There are N ! equivalent representations of the same point
cloud, implying N ! equivalent training pairs (x0,x1). An OT-sampled pair should minimize the
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Figure 4: Analysis of trajectory straightness using different couplings to obtain training pairs. Left:
We plot the square norm of the difference between successive vector fields, i.e., ||vθ,t+1(xt+1) −
vθ,t(xt)||, as a measure of trajectory curvature. Right (a-c): Trajectory samples obtained by models
trained with (a) independent coupling, (b) our OT approximation, and (c) our hybrid coupling with
β = 0.2. Note that we subsample the point cloud to 30 points for a better trajectory visualization.

cost: C(x0,x1) = ming∈G C(x0,ρ(g)x1). However, in Minibatch OT’s with no permutation, the
assignments grow quadratically with batch size, while the number of permutations grows exponen-
tially. As shown in Figure 3 (left), Minibatch OT achieves only about 6% reduction in the cost even
with batch size 256, indicating limited effectiveness of this approach in point cloud generation.

Inefficient OT Maps in Equivariant OT. Equivariant OT produces high-quality maps, but is com-
putationally expensive for point cloud generation. Figure 3 (left) shows a 48.7% reduction even with
a batch size 1, showing the importance of aligning points and noise via permutation. However, un-
like molecular data, which has limited size (N=55 in (Klein et al., 2024)), representing 3D shapes
needs a larger N , following property (ii). Solving the optimal transport cost takes an O(B2N3)
computational complexity because of the quadratic number of noise and point cloud pairs in a batch
of B examples, and O(N3) for the the Hungarian algorithm (Kuhn, 1955). Figure 3 (right) shows
how this grows rapidly even for a typical point cloud size (N = 2048). It takes around 2.2 seconds
for the OT computation even for B = 1, leading to a significant bottleneck in the training process
that is more than 40x slower than independent coupling.

3.3 OUR OT APPROXIMATION

A simple approach to generate training point clouds is to re-sample the points from the object surface
in each training iteration. However, most point cloud generation methods avoid this tedious online
sampling by pre-sampling a dense point superset X1 ∈ RM×3 with M >> N . During training,
random subsets of X1 are selected as training targets. This procedure converges to the true sam-
pling distribution, following a straightforward extension of the law of large numbers (see Appendix
proposition 1 for details). In a similar spirit, we compute an offline OT map between a dense point
superset X1 ∈ RM×3 and a dense randomly-sampled Gaussian noise superset X0 ∈ RM×3, and
during training, subsample data-noise pairs from the supersets based on the offline OT map.

Superset OT Precomputation. Given supersets X0 and X1, we compute a bijective map Π between
them, i.e., Π : X0 ↔ X1. When M is small, following (Song et al., 2024; Klein et al., 2024), we
compute the bijective map using the Hungarian algorithm (Kuhn, 1955). However, this algorithm
scales poorly for large point clouds, i.e., M > 10K. For such large point clouds, we use Wasserstein
gradient flow to transform X0 into X1 by minimizing their Wasserstein distance iteratively. Using an
efficient GPU implementation (Feydy et al., 2019), the OT precomputation takes only ∼30 seconds
for 100K points, showing its high scalability. See Appendix C for the details in procedure.

Online Random Subsampling. Given precomputed coupling Π(X0, X1), we randomly sample
data-noise pair (x0,x1) ∼ Π(X0, X1) and we train the flow matching model according to Equa-
tion 2. As we show in Figure 3 (left), this significantly reduces the transport cost, while introducing
negligible training overhead. In Appendix A.1.2, we show that the sampled training pair converges
to correct marginals if M is sufficiently large.

In practice, using these pairs for training results in straighter sampling trajectories, measured by the
curvature of the sampling trajectory, as shown in Figure 4 (left). The model trained with our OT
approximation (orange curve) exhibits a much lower maximum curvature compared to the one with
independent coupling (blue curve). We also visualize the sample trajectories of these two models in
Figures 4 (right) (a-b), confirming straighter trajectories for our model.
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3.4 HYBRID COUPLING

Though training flows with OT couplings comes with appealing theoretical justifications (e.g.,
straight sampling trajectories), we identify a key training challenge with them that is often over-
looked in the OT flows literature. Our experiments (e.g., Section 4.1) indicate that flows trained
with equivariant OT maps are often outperformed by those with independent coupling in terms of
sample quality, especially when the number of sampling steps is large. We hypothesize this is due
to the increasing complexity of target vector fields for OT couplings that makes their approximation
harder with neural networks.

Figure 5: We show Jaco-
bian Frobenius Norm for dif-
ferent trained vθ,t over differ-
ent time intervals, which mea-
sures the model complexity as
in (Dockhorn et al., 2022).

Intuitively, as we make target sampling trajectories straighter using
more accurate OT couplings, the complexity of generation shifts
toward smaller time steps. As Figure 2 shows, in the limit of
straight trajectories, the learned vector field vθ,0(x0) should be able
to switch between different target point clouds with small variation
in x0, forcing vθ,0 to be complex at t=0. This problem is fur-
ther exacerbated in the equivariant OT flows with large N where
permuting Gaussian noise cloud in the input makes it virtually the
same for all target point clouds. To verify this, we measure the
trained vector field’s complexity for 3D point cloud generation us-
ing the Jacobian Frobenius norm in different timesteps in Figure 5.
As hypothesized above, switching from independent coupling (blue
curve) to our OT approximation (orange curve) shifts the high Ja-
cobian norm at t ≈ 1 for independent coupling to t ≈ 0 for OT
coupling. This motivates us to develop a method to make it easier
for neural networks to approximate the target vector field, while still maintaining a relatively straight
path.

Hybrid Coupling. Given the different behavior of independent and OT couplings in Figure 5, we
aim to reduce the complexity of the vector field at early timesteps by combining our OT approxima-
tion with independent coupling. To do so, we propose injecting additional random Gaussian noise
into x0, making our OT couplings even less “optimal”. The new training x′

0 is defined as:

x′
0 =

√
1− βx0 +

√
βϵ, ϵ ∼ N (ϵ; 0, I), (3)

where β ∈ [0, 1] is the blending coefficient. Intuitively β allows us to switch smoothly between
independent and OT couplings. Specifically, for β → 0, the coupled data and noise pairs converge
to our OT couplings, whereas when β → 1, they follow the independent coupling.

We empirically observe that β = 0.2 in most experiments strikes a good balance between learning
complexity (as shown by the green curve in Figure 5), low curvature for the sampling trajectories
(the green curve in Figure 4 (left) and Figure 4 (right) (c)), and sample generation quality (shown
later in Section 4.3). In the next section, we refer to this hybrid coupling as our main method.

4 EXPERIMENT

In this section, we present our experimental results for unconditional and conditional 3D point cloud
generation, i.e., shape completion, after reviewing dataset and evaluation details.

Dataset. Following Yang et al. (2019); Klokov et al. (2020); Cai et al. (2020); Zhou et al. (2021),
we employ the ShapeNet dataset (Chang et al., 2015) for training and evaluating our approach.
Specifically, we train separate generative models for the Chair, Airplane, and Car categories with
the provided train-test splits. To form our training point clouds, we randomly sample a superset
of M = 100K points on each input 3D shape. Then, during the online random subsampling, we
randomly subsample the superset to N = 2,048 points, following the procedure in Section 3.3.

In addition, we prepare a partial input shape for the shape completion task for each training shape.
We use the GenRe dataset (Zhang et al., 2018) for depth renderings of ShapeNet shapes. Partial
point clouds are obtained by unprojecting and sampling up to 600 points from these depth images.

Evaluation Metrics. We use LION (Zeng et al., 2022)’s evaluation protocol, focusing on 1-NN
classifier accuracy (1-NNA) with Chamfer Distance (CD) and Earth Mover’s Distance (EMD) met-
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Figure 6: Quantitative comparisons of generation quality for different training paradigms using
1-NNA-CD (top) and 1-NNA-EMD (bottom) for Chair (left), Airplane (middle), and Car (right).
We present evaluation metrics across various inference steps, i.e., from 1 steps to 100 steps, for five
methods: (i) ours, (ii) diffusion model with v-prediction (Salimans & Ho, 2022), and three flow
matching models with different coupling methods: (iii) independent coupling (Lipman et al., 2022),
(iv) Minibatch OT (Tong et al., 2023; Pooladian et al., 2023), and (v) Equivariant OT (Song et al.,
2024; Klein et al., 2024). Note that values closer to 50% indicate better performance.

Figure 7: Qualitative comparisons of generation quality for Chair (top) and Airplane (bottom)
categories. We present inference results with 10 steps (left) and 100 steps (right).

rics. 1-NNA measures how well the nearest neighbor classifier differentiates generated shapes from
test data. Optimal generation quality is achieved when the classifier accuracy is ∼50%. As discussed
by Yang et al. (2019), 1-NNA is more robust and correlates better with generation quality.

For shape completion, since we have a ground-truth (GT) shape for each given condition, we fol-
low (Zhou et al., 2021) to measure the similarity of our generated shape against the GT shape. In
particular, we randomly sample 2,048 points on the GT shape surface and use CD and EMD distance
metrics, where lower values indicate a higher similarity and thus a better performance.

4.1 UNCONDITIONAL GENERATION

For unconditional generation, we first evaluate our framework against alternative training paradigms,
including diffusion models and flow matching models with different couplings:

Baselines. We consider both quantitative and qualitative comparisons. In this setting, We maintain
the same architecture and hyperparameters, changing only the training procedure or objective for
fair comparison. We then compare with four training alternatives: (i) the diffusion model objective
using v-prediction (Salimans & Ho, 2022), and (ii)-(iv) three flow matching models with different
coupling methods: independent coupling (Lipman et al., 2022), Minibatch OT (Tong et al., 2023;
Pooladian et al., 2023), and (iv) Equivariant OT (Song et al., 2024; Klein et al., 2024). For Minibatch
OT, we obtain the OT using a batch size of 64 on each GPU but compute the training losses across
all four GPUs. For Equivariant OT, due to its high computational demand, we can only consider
permutations with a batch size of 1, and train the model with the same training time (4 days).
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Figure 8: Quantitative comparisons with other point cloud generation methods using 1-NNA-CD
(top) and 1-NNA-EMD metrics (bottom) for Chair (left), Airplane (middle), and Car (right). We
present evaluation metrics across various inference steps, i.e., from 1 step to 100 steps, for five
methods: (i) ours, (ii) PVD (Zhou et al., 2021), (iii) LION (Zeng et al., 2022), (iv) PSF (Wu et al.,
2023) without rectified flow, and (v) DiT-3D (Mo et al., 2023).

Figure 9: Qualitative comparisons of generation quality for Chair (top) and Airplane (bottom)
categories. We present inference results with 10 steps (left) and 100 steps (right).

Quantitative Comparisons. Figure 6 plots 1-NNA-CD & EMD for varying computation budget
(inference steps) over the Chair, Airplane, and Car categories. Overall, our approach (blue curve)
achieves similar or better performance across all metrics and categories, particularly when given a
sufficient number of steps, e.g., 100. Our approach performs best with fewer inference steps (10-20)
due to a straighter trajectory, demonstrating the advantages of our approximate OT. Minibatch OT’s
generation performance matches original flow matching, possibly due to small OT distance reduc-
tions between training pairs. Equivariant OT (orange curve) shows inferior performance compared
to others, likely due to slow training within training budget.

Qualitative Comparisons. Figure 7 shows visual comparisons of different training methods for
the Chair and Airplane categories, which feature more distinguishable characteristics. To facilitate
easier comparisons, we use our generation results to retrieve the closest results from other methods.
We display the generation results with 10 inference steps on the left. Unlike other methods that often
add noise to distinct shape parts such as chair’s armrests or airplane’s wings, our approach better
preserves these structures. With sufficient steps (right), nearly all methods (except Equivariant OT)
can produce high-quality results with thin structures and fine details, e.g., the back of the chair.

Next, we compare with other point cloud generation methods that require multi-steps generation:

Baselines. We also compare our framework with the following four baselines under the same in-
ference budget: (i) PVD (Zhou et al., 2021) and (ii) DiT-3D (Mo et al., 2023) are diffusion-based
models that directly generate point clouds, whereas (iii) LION (Zeng et al., 2022) employs a diffu-
sion model to produce a set of latent points that are later decoded into a point cloud. Since these
models are trained for more inference steps (1,000), we employ a DDIM sampler at inference, which
is considered to be effective with fewer inference steps. (iv) Lastly, PSF (Wu et al., 2023), similar
to our approach, uses a flow-based generative model, but additionally applies a rectified flow pro-
cedure (Liu et al., 2022) to progressively straighten the inference trajectory, taking significantly
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Figure 10: Comparisons with other training paradigms on the shape completion task. Left: Quan-
titative comparisons with other alternatives using different inference steps. Right: Qualitative com-
parisons with other methods show the completion generated by 2, 5, and 100 steps, respectively.

Table 1: 1-NNA-CD & EMD over 100 steps for models trained with different β.

Metrics Interpolation Coefficient (β)
0 0.001 0.01 0.1 0.2 0.5 1.0

1-NNA-CD 0.7289 0.6918 0.6223 0.5968 0.5853 0.5861 0.5989
1-NNA-EMD 0.6647 0.6563 0.6156 0.5884 0.5741 0.5780 0.5869

additional training time. Since our method can be further accelerated with rectified flows, we only
compare performance with PSF before the expensive rectification step. Note that we only report
DiT-3D’s result on the Chair category, as the pre-trained models for other categories are unavailable.

Quantitative Comparisons. Figure 8 shows results on 1-NNA-CD & EMD for different inference
steps. Our method shows a comparable performance with existing flow-based and diffusion-based
generative models when given 100 inference steps. Additionally, our method can achieve signifi-
cantly better generation quality when the inference is reduced to around 20 steps, without relying on
additional expensive straightening procedures, e.g., rectified flow.

Qualitative Comparisons. Figure 9 shows visual comparisons with other point cloud generation
methods for the Chair and Airplane categories, which feature more distinguishable characteristics.
Overall, all existing methods can generate high-quality 3D shapes when given a large number of
inference steps. However, when the number of inference steps is reduced, the generation quality of
other methods declines significantly, as illustrated by the jet planes example on the left.

4.2 SHAPE COMPLETION

Baselines. We evaluate against the same baselines from Figure 6 for the shape completion task.

Quantitative Comparisons. Figure 10 (left) shows the evaluation metrics (CD & EMD) against
various inference steps. We observe that our model can achieve reasonable generation quality with
only five inference steps, while other approaches typically require about 50 steps to obtain similar
quality. For Equivariant OT, it can produce comparable performance to our approach at two infer-
ence steps but fails to improve further with additional steps. Minibatch OT shows poor metrics, even
with inference steps, as its batch-level OT is computed under different partial shapes. This violates
assumptions that OT should be computed between training instances with the same condition.

Qualitative Comparisons. We present a visualization of shape completion results for various meth-
ods in Figure 10 (right). Our approach produces a reasonable-looking shape with only five inference
steps, while other methods still generate noisy shapes. Furthermore, Minibatch OT generates a shape
that does not correspond to the input due to violating the training assumption. Equivariant OT fails
to produce shapes of similar visual quality even with increased inference steps.

4.3 MODEL ANALYSIS

In the followings, we perform analysis on major modules in our approach, including the blending
coefficient β of the hybrid coupling and the effect of the superset size M for the OT computation.

9
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Table 2: 1-NNA-CD & EMD over 100 steps for models trained using different superset sizes (M ).

Metrics OT Superset Size (M )
2048 5000 10000 20000 50000 100000

1-NNA-CD 0.6352 0.5853 0.5853 0.5853 0.5921 0.5725
1-NNA-EMD 0.6254 0.5853 0.5741 0.5627 0.5695 0.5627

Blending Coefficient β. We examine the impact of different couplings on flow matching model
training. Specifically, we train models with coupling blending coefficient β from 0 (OT approxi-
mation) to 1.0 (independent coupling). For each value, we train a model from scratch on the Chair
Category and evaluate it using the 1-NNA-CD & EMD metrics with 100 steps. To avoid approxima-
tion errors in larger supersets, we adopt a superset size of 10, 000 with exact OT in this experiment.

Table 1 presents the results. We can observe that directly employing our OT approximation (β =
0.0) can lead to inferior performance, which can be gradually improved by injecting a small amount
of noise into the coupling. Interestingly, the best performance is achieved when compared with other
cases at around β = 0.2. Injecting more noise until arriving at independent coupling does not yield
further improvement. These results demonstrate that neither our OT approximation nor independent
coupling is optimal in terms of generation quality, and the hybrid coupling is necessary.

OT Supersets Size M . Next, we investigate the importance of constructing sufficiently large su-
persets for OT computation. Here, we try supersets of varying sizes, starting from 2,048 (number
of points to be generated) and progressively increasing the number towards 100,000. As outlined
in Section 3.3, we employ the exact OT method for superset sizes of 10,000 or fewer points, and
the OT approximation method for larger sets. For each superset size, we also train a flow matching
model on the Chair Category and evaluate also its generation quality over 100 inference steps.

Table 2 reports the evaluation results. Overall, we notice that a small superset size usually leads to
slightly worse performance, potentially due to overfitting the same target generation points. Increas-
ing the number of points in the superset helps improve the performance. Notably, despite using an
approximate OT (introduced in Section 3.3), we still observe some improvement in the generation
quality when using a large superset (M = 100, 000), indicating the benefit of using a large superset
outweighs the errors introduced by the approximation.

5 CONCLUSION
In conclusion, we proposed a novel framework, coined as not-so-optimal transport flow matching
for 3D point cloud generation. We demonstrated that existing OT approximation methods scale
poorly for large point cloud generation and showed that target OT flow models tend to be more
complex, and thus, harder to be approximated by neural networks. To address these challenges, our
approach introduces an offline superset OT precomputation followed by an efficient online subsam-
pling. To make the target flow models less complex, we proposed hybrid coupling that blends our
OT approximation and independent coupling, making our OT intentionally less optimal. We demon-
strated that our proposed framework can achieve generation quality on par with existing works given
sufficient inference steps, while achieving superior quality with smaller sampling steps. Addition-
ally, we show our approach is effective for conditional generation tasks, such as shape completion,
achieving good generation even with five steps. Despite these advancements, there are still several
limitations and potential extensions of this work. First, we do not consider other forms of invariance,
such as rotational invariance that is present in large shape datasets such as Objaverse (Deitke et al.,
2023). Second, we only consider point clouds representing coordinates. It would be interesting
to explore the generation of point clouds with additional information, such as points with colors
or even Gaussian splitting. Third, we currently focus on generation with a fixed resolution, and it
would be interesting to extend our method for resolution-invariant cases, such as those in condi-
tional tasks (Huang et al., 2024). Forth, we assume our dataset does not contain outliers in the point
cloud following existing works, and developing a robust learning procedure with a noisy point cloud
dataset would be another interesting direction. Fifth, we show empirically that hybrid coupling can
reduce the trained models’ complexity (as shown in Figure 5), a theoretical connection between β
and the complexities is yet to be studied. Last but not least, we hope that this work can inspire
further development around OT maps that are easier to learn and that our proposal, especially for
the hybrid coupling, can translate to success at generating other forms of large point clouds such as
large molecules or proteins.
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6 REPRODUCIBILITY STATEMENT

We demonstrate our efficiency in enabling the reproduction of this work’s results. In particular, we
describe the dataset (ShapeNet (Chang et al., 2015)) and the data splits employed in training and
evaluation of this work in Section 4. We also cover the evaluation protocol used in this work for
assessing performance. Additionally, we include implementation details, such as training specifics,
network architecture, and shape normalization for evaluation in Appendix B. Lastly, we outline the
procedure of our superset computation and describe the hyperparameter choices in Appendix C.
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Jean Feydy, Thibault Séjourné, François-Xavier Vialard, Shun-ichi Amari, Alain Trouvé, and
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Christian Léonard. From the schrödinger problem to the monge–kantorovich problem. Journal of
Functional Analysis, 262(4):1879–1920, 2012.

Ruihui Li, Xianzhi Li, Ka-Hei Hui, and Chi-Wing Fu. SP-GAN: Sphere-guided 3D shape generation
and manipulation. ACM Transactions on Graphics (TOG), 40(4):1–12, 2021.

Yaron Lipman, Ricky T. Q. Chen, Heli Ben-Hamu, Maximilian Nickel, and Matt Le. Flow matching
for generative modeling. arXiv preprint arXiv:2210.02747, 2022.

Xingchao Liu, Chengyue Gong, and Qiang Liu. Flow straight and fast: Learning to generate and
transfer data with rectified flow. arXiv preprint arXiv:2209.03003, 2022.

Zhijian Liu, Haotian Tang, Yujun Lin, and Song Han. Point-voxel CNN for efficient 3D deep
learning. Advances in neural information processing systems, 32, 2019.

Shitong Luo and Wei Hu. Diffusion probabilistic models for 3D point cloud generation. In Proceed-
ings of the IEEE/CVF conference on computer vision and pattern recognition, pp. 2837–2845,
2021.

Shentong Mo, Enze Xie, Ruihang Chu, Lewei Yao, Lanqing Hong, Matthias Nießner, and Zhenguo
Li. DiT-3D: Exploring plain diffusion transformers for 3D shape generation. arXiv preprint
arXiv: 2307.01831, 2023.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan, Trevor
Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, et al. PyTorch: An imperative style,
high-performance deep learning library. Advances in neural information processing systems, 32,
2019.

Yong Peng, Linlin Tang, Qing Liao, Yang Liu, Shuhan Qi, and Jiajia Zhang. Se(3)-diffusion: An
equivariant diffusion model for 3d point cloud generation. In Jerry Chun-Wei Lin, Chin-Shiuh
Shieh, Mong-Fong Horng, and Shu-Chuan Chu (eds.), Genetic and Evolutionary Computing, pp.
510–522. Springer Nature Singapore, 2024.

Aram-Alexandre Pooladian, Heli Ben-Hamu, Carles Domingo-Enrich, Brandon Amos, Yaron Lip-
man, and Ricky T. Q. Chen. Multisample flow matching: Straightening flows with minibatch
couplings. Proceedings of International Conference on Machine Learning (ICML), 2023.

Aditya Ramesh, Prafulla Dhariwal, Alex Nichol, Casey Chu, and Mark Chen. Hierarchical text-
conditional image generation with clip latents. arXiv preprint arXiv:2204.06125, 1(2):3, 2022.

Robin Rombach, Andreas Blattmann, Dominik Lorenz, Patrick Esser, and Björn Ommer. High-
resolution image synthesis with latent diffusion models. In Proceedings of the IEEE/CVF confer-
ence on computer vision and pattern recognition, pp. 10684–10695, 2022.

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2025

Tim Salimans and Jonathan Ho. Progressive distillation for fast sampling of diffusion models. In-
ternational Conference on Learning Representations (ICLR), 2022.

Dong Wook Shu, Sung Woo Park, and Junseok Kwon. 3D point cloud generative adversarial net-
work based on tree structured graph convolutions. In Proceedings of the IEEE/CVF international
conference on computer vision, pp. 3859–3868, 2019.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised
learning using nonequilibrium thermodynamics. In International conference on machine learn-
ing, pp. 2256–2265. PMLR, 2015.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
Advances in neural information processing systems, 32, 2019.

Yang Song, Jascha Sohl-Dickstein, Diederik P. Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equations. arXiv preprint
arXiv:2011.13456, 2020.

Yuxuan Song, Jingjing Gong, Minkai Xu, Ziyao Cao, Yanyan Lan, Stefano Ermon, Hao Zhou,
and Wei-Ying Ma. Equivariant flow matching with hybrid probability transport for 3D molecule
generation. Advances in Neural Information Processing Systems, 36, 2024.

Alexander Tong, Nikolay Malkin, Guillaume Huguet, Yanlei Zhang, Jarrid Rector-Brooks, Kilian
Fatras, Guy Wolf, and Yoshua Bengio. Improving and generalizing flow-based generative models
with minibatch optimal transport. arXiv preprint arXiv:2302.00482, 2023.

Lemeng Wu, Dilin Wang, Chengyue Gong, Xingchao Liu, Yunyang Xiong, Rakesh Ranjan, Raghu-
raman Krishnamoorthi, Vikas Chandra, and Qiang Liu. Fast point cloud generation with straight
flows. In Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recognition
(CVPR), pp. 9445–9454, June 2023.

Jianwen Xie, Yifei Xu, Zilong Zheng, Song-Chun Zhu, and Ying Nian Wu. Generative point-
net: Deep energy-based learning on unordered point sets for 3d generation, reconstruction and
classification. In IEEE Conference on Computer Vision and Pattern Recognition (CVPR), pp.
14976–14985, 2021.

Yilun Xu, Mingyang Deng, Xiang Cheng, Yonglong Tian, Ziming Liu, and Tommi Jaakkola. Restart
sampling for improving generative processes. Conference on Neural Information Processing
Systems (NeurIPS), 36:76806–76838, 2023.

Guandao Yang, Xun Huang, Zekun Hao, Ming-Yu Liu, Serge Belongie, and Bharath Hariharan.
PointFlow: 3D point cloud generation with continuous normalizing flows. In Proceedings of the
IEEE/CVF international conference on computer vision, pp. 4541–4550, 2019.

Xiaohui Zeng, Arash Vahdat, Francis Williams, Zan Gojcic, Or Litany, Sanja Fidler, and Karsten
Kreis. LION: Latent point diffusion models for 3D shape generation. In Advances in Neural
Information Processing Systems (NeurIPS), 2022.

Xiuming Zhang, Zhoutong Zhang, Chengkai Zhang, Josh Tenenbaum, Bill Freeman, and Jiajun Wu.
Learning to reconstruct shapes from unseen classes. Advances in neural information processing
systems, 31, 2018.

Runfeng Zhao, Junzhong Ji, and Minglong Lei. Decomposed latent diffusion model for 3d point
cloud generation. In Zhouchen Lin, Ming-Ming Cheng, Ran He, Kurban Ubul, Wushouer Silamu,
Hongbin Zha, Jie Zhou, and Cheng-Lin Liu (eds.), Pattern Recognition and Computer Vision, pp.
431–445. Springer Nature Singapore, 2025.

Linqi Zhou, Yilun Du, and Jiajun Wu. 3D shape generation and completion through point-voxel
diffusion. In Proceedings of the IEEE/CVF International Conference on Computer Vision (ICCV),
pp. 5826–5835, October 2021.

13



702
703
704
705
706
707
708
709
710
711
712
713
714
715
716
717
718
719
720
721
722
723
724
725
726
727
728
729
730
731
732
733
734
735
736
737
738
739
740
741
742
743
744
745
746
747
748
749
750
751
752
753
754
755

Under review as a conference paper at ICLR 2025

A APPENDIX

A.1 PROOF FOR SATISFACTION OF MARGINAL CONSTRAINTS.

A.1.1 LAW OF LARGE NUMBERS

Proposition 1. Given (X1, · · · , Xn), which are independently and identically distributed (IID) real
d-diemsnion random variables, following a probability distribution p(X), i.e., Xi ∼ p(X), X ∈ Rd.
We have an additional random variable Y that is random uniform sample of these variables, i.e.,
P (Y = Xi) = 1

n . The cumulative distribution function (CDF) F̄ (t) of random variable Y will
converge to the F (X), i.e., CDF of X .

Proof: We first define an empirical cumulative distribution function F̂n(X) over the random vari-
ables (X1, · · · , Xn):

F̂n(t) =
1

n

n∑
i=1

1Xi≤t, (4)

where 1Xi≤t is an indicator for Xd
i ≤ td for all dimensions {1, · · · , d}.

The Glivenko–Cantelli theorem states that this empirical distribution function F̂n(X) will converge
to the cumulative distribution F (X) if n is sufficiently large:

supt∈Rd |F̂n(t)− F (t)| → 0. (5)

If we have an additional random variable Y that its value is a random subsample of the variables
(X1, · · · , Xn):

P (Y = Xi) =
1

n
,∀i = 1, 2, · · · , n. (6)

The CDF of this variable F̄ (t) is:

F̄ (t) = P (Y ≤ t) =

n∑
i=1

P (Y = Xi) · 1Xi≤t =
1

n

n∑
i=1

1Xi≤t = F̂n(t). (7)

Therefore, the CDF of Y also converges to the original underlying CDF F (t) if n is sufficiently
large.
Proposition 2. Assume we have n random samples (X1, · · · , Xn) ∼ p1, and another n random
samples (Y1, · · · , Yn) ∼ p2, and we are also given an arbitrary bijective map between random
variables, i.e., Π : {1, · · · , n} ↔ {1, · · · , n}. If we construct a new random variable Z : (X,Y )
follows the following couplings:

P (X = Xi, Y = Yj) =

{
1
n , if j = Π(i)

0, else j ̸= Π(i);

The CDF of the marginal P (X) will converge the CDF of p1, while the CDF of the marginal P (Y )
will converge to the CDF of p2.

Proof: Since Π is bijective, we can compute the marginal P (X = Xi) directly:

P (X = Xi) =

n∑
j=1

P (X = Xi, Y = Yj)

= P (X = Xi, Y = YΠ(i)) +
∑

j ̸=Π(i)

P (X = Xi, Y = Yj)

=
1

n
+ 0 =

1

n

(8)

Similarly, we can show the marginal of P(Y) is also 1
n . By leveraging Proposition 1, we show that

P (X) will converge the CDF of p1, and the CDF of P (Y ) will converge to the CDF of p2.
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A.1.2 PROOF OF OUR OT APPROXIMATION

We first give a definition of coupling q(x0, x1) in our case before showing its marginal fullfils the
marginal requirements. In particular, we denote x0 ∈ RN×3 and x1 ∈ RN×3 as two random vari-
ables following the distributions, q0(x0) and q1(x1), respectively. It is noted that q0 := N(0, I),
which is the standard Gaussian for each dimension in x0, and q1(x1) is the distribution all pos-
sible point clouds, which involves the joint modeling of point cloud distribution given a shape S
(q1(x1|S)) and the distribution of shape (q(S)), i.e., q1(x1) =

∫
q1(x1|S)q(S)dS.

We can notice that each row in x0 is independently and identically distributed (IID), i.e., q0(x0) =∏N
i q̂0(x

i
0), where we denote the i-th row of x0 as xi

0 and distribution of xi
0 as q̂0(x

i
0), which

is 3-dimensional unit Gaussian. We can also assume each point in x1 is IID given a shape, i.e.,
q1(x1|S) =

∏N
i q̂1(x

i
1|S), where we denote the i-th row of x1 as xi

1 and the distribution of xi
1 as

q̂1(x
i
1|S).

In our superset OT precomputation for a given shape S, we pre-sample a set of random variables
(x1

0 · · · , x
j
0, · · · , xM

0 ) ∼ q̂0, and a set of random variables (x1
1, · · · , xk

1 , · · · , xM
1 ) ∼ q̂1, and have a

precomputed bijective mapping Π : {1, · · · ,M} ↔ {1, · · · ,M}. With these defined, our coupling
q̂(xi

0, x
i
1|S) for one row in the training pair (xi

0, x
i
1) given S can be formulated as:

q̂(xi
0 = xj

0, x
i
1 = xk

1 |S) =
{

1
n , if j = Π(k)

0, else j ̸= Π(k);

Since the each row in the training pairs are independently subsampled, the coupling of the train-
ing pair (x0, x1) given a shape is defined as q(x0, x1|S) =

∏N
i q̂(xi

0, x
i
1|S). In the end, the

coupling over all training pairs can be obtained by marginalize over all possible shapes, i.e.,∫
q(x0, x1|S)q(S)dS.

Theorem 1. Our coupling without blending converge the following marginal if the superset size M
is sufficiently large: ∫

q(x0,x1)dx1 = q0(x0),

∫
q(x0,x1)dx0 = q1(x1). (9)

Proof: We first show the left constraint:

LHS =

∫
q(x0, x1)dx1 =

∫ ∫
q(x0, x1|S)q(S)dSdx1 (10)

=

∫
q(S)

∫
q(x0, x1|S)dx1dS change the order of integration (11)

=

∫
q(S)

∫ N∏
i

q̂(xi
0, x

i
1|S)d(x1

1, · · · , xN
1 )dS independent assumption of each row in training pair

(12)

=

∫
q(S)

N∏
i

∫
q̂(xi

0, x
i
1|S)dx

j
1dS integrals of independent products

(13)

=

∫
q(S)

∏
i

M∑
k

q̂(xi
0, x

k
1 |S)dS restricting to discrete values in supersets

(14)

=

∫
q(S)

∏
i

q̂0(x
i
0)dS Proposition 2 (15)

=

∫
q(S)q0(x0)dS = q0(x0) independent assumption of each row in Gaussian noises

(16)
(17)
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Similarly, we perform the same computation on the right constraint:

LHS =

∫
q(x0, x1)dx0 =

∫ ∫
q(x0, x1|S)q(S)dSdx0 (18)

=

∫
q(S)

∫
q(x0, x1|S)dx0dS change the order of integration (19)

=

∫
q(S)

∫ N∏
i

q̂(xi
0, x

i
1|S)d(x1

0, · · · , xN
0 )dS independent assumption of each row in training pair

(20)

=

∫
q(S)

N∏
i

∫
q̂(xi

0, x
i
1|S)dxi

0dS integrals of independent products

(21)

=

∫
q(S)

∏
i

M∑
j

q̂(xj
0, x

i
1|S)dS restricting to discrete values in supersets

(22)

=

∫
q(S)

∏
i

q̂1(x
i
1|S)dS Proposition 2 (23)

=

∫
q(S)q1(x1|S)dS = q1(x1) independent assumption of each row in point cloud

(24)
(25)

A.1.3 PROOF OF HYBRID COUPLING

In the last, we would like to show even with our hybrid coupling, the marginal still fulfills the
requirements. In particular, we define a new noises x′

0 after perturbation:

x′
0 =

√
1− βx0 +

√
βϵ, ϵ ∼ N(ϵ; 0, I), (26)

where β ∈ [0, 1] is the blending coefficient. We denoted this as a conditional distribution q(x′
0|x0),

which has a form of N(x′
0;
√
1− βx0, β). It is noted that since ϵ ∼ N(ϵ, 0, I), each row of x′

0 is also
IID given x0, i.e., q0(x′

0|x0) =
∏N

i q̂0(x
′i
0 |xi

0). Due to the independent properties, it is sufficient to
show that: ∫

q(xi′

0 , x
i
1|S)dxi′

0 = q1(x
i
1|S),

∫
q(xi′

0 , x
i
1|S)dxi

1 = q0(x
i
0). (27)

For the sake of simplicity, we remove all the index i and shape S in the folloings. We first show the
left constraint: ∫

q(x′
0, x1)dx

′
0 =

∫ ∫
q0(x

′
0, x0, x1)dx0dx

′
0 (28)

=

∫ ∫
q0(x

′
0|x0)q(x0, x1)dx0dx

′
0 (29)

=

∫
q(x0, x1)

∫
q0(x

′
0|x0)dx

′
0dx0 (30)

=

∫
q(x0, x1)(1)dx0 (31)

= q(x1) (32)

By Proposition 1, we can show q(x1) still converge to the right CDF if M is sufficient large.
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On the other hand, we show that:∫
q(x′

0, x1)dx1 =

∫ ∫
q0(x

′
0, x0, x1)dx0dx1 (33)

=

∫ ∫
q0(x

′
0, x0)dx0 (34)

=

∫ ∫
q0(x

′
0|x0)q(x0)dx0 (35)

= N(0, I) (36)

where the last equality is obtained by inserting q(x0) = N(0, I) and q0(x
′
0|x0) =

N(x′
0;
√
1− βx0, βI).

B IMPLEMENTATION DETAILS

Training Details. We implement our networks using PyTorch (Paszke et al., 2019) and run all ex-
periments on a GPU cluster with four A100 GPUs. We employ the Adam optimizer (Kingma, 2014)
to train our model with a learning rate of 2 × 10−4 and an exponential decay of 0.998 every 1,000
iterations. Following LION (Zeng et al., 2022), we use an exponential moving average (EMA) of
our model with a decay of 0.9999. Specifically, we train our unconditional generative model for
approximately 600,000 iterations with a batch size of 256, taking about four days to complete. It is
noted that we use larger batch sizes and more training iterations compared to existing work, includ-
ing (Zhou et al., 2021; Wu et al., 2023), to effectively compare various training paradigms (Figures 6
& 7). This choice ensures our training procedure has higher stability and converges properly. Addi-
tionally, we want to highlight that the online subsampling procedure introduces negligible overhead
in the training process (merely requiring additional indexing of a cached array).

Network Architecture. For the network architecture, we adopt the same structure as PVD (Zhou
et al., 2021) and employ PVCNN (Liu et al., 2019) as our vector field network for the unconditional
generation task. In the shape completion task, we use an additional 256-dimensional latent vector to
represent the input partial point cloud, which is then injected into PVCNN. To do so, we use another
PVCNN follow LION (Zeng et al., 2022) to extract the latent vector from the partial point cloud.

Generated Shape Normalization. To ensure a fair evaluation among different baselines in the
unconditional task, we convert the inference results of various generative methods into a common
coordinate domain. For all baseline methods, including PVD (Zhou et al., 2021), DiT-3D (Mo et al.,
2023), LION (Zeng et al., 2022), and PSF (Wu et al., 2023), we respect the original normalization
adopted in their training procedures. Since all these methods compute a global mean coordinate and
global scale ratio across all training shapes, we use these two quantities to reverse the normalization
on the generated shape, based on the values obtained from the training set. This procedure aligns
with existing baselines, such as (Yang et al., 2019; Zeng et al., 2022).

C APPROXIMATED OT DETAILS

In the following, we outline the procedure for the approximated Optimal Transport (OT) employed
for supersets with size M > 10, 000. We are motivated to use an approximated OT because the
computational time for the exact method, i.e., the Hungarian algorithm (Kuhn, 1955), is prohibitively
large for a large superset size. Given supersets of size 10,000, it already takes 220 seconds. Consider-
ing the complexity of O(M3), this is unlikely to be scalable for larger set sizes, e.g., M = 100, 000,
for the thousands of training shapes in each ShapeNet category, even if we move this computation
offline. Therefore, we resort to an approximation procedure that utilizes Wasserstein gradient flow
to obtain our point superset X1 by progressively transporting a noise X0.

OT Distances. To enable an optimization procedure to move the points, we need to define an
objective to be optimized, which is the 2-Wasserstein distance in our case. In particular, the OT
distance can be defined as:

W (q0, q1) := min
q∈Γ(q0,q1)

∫
C(x0, x1)q(x0, x1)dx0dx1, (37)
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Figure 11: Quantitative comparisons of generation diversity for different training paradigms using
COV-CD (top) and COV-EMD (bottom) for Chair (left), Airplane (middle), and Car (right). We
present evaluation metrics across various inference steps, i.e., from 1 steps to 100 steps, for five
methods: (i) ours, (ii) diffusion model with v-prediction (Salimans & Ho, 2022), and three flow
matching models with different coupling methods: (iii) independent coupling (Lipman et al., 2022),
(iv) Minibatch OT (Tong et al., 2023; Pooladian et al., 2023), and (v) Equivariant OT (Song et al.,
2024; Klein et al., 2024). Note that a higher value indicates better performance.

where Γ(q0, q1) represents all couplings with marginals q0 and q1. However, explicitly computing
the OT is not tractable, so a relaxation of this cost is introduced by adding an entropic barrier term
weighted by ϵ for solving various problem, including (Léonard, 2012). This relaxation enables
an efficient solution by employing the Sinkhorn algorithm, which can be highly parallelized on
the GPU. As shown in (Feydy et al., 2019), this entropic barrier introduces bias in measuring the
distance. Even when the marginals in the above equation are equal, i.e., q0 = q1, the distance
might not be zero, leading to poor gradients. To address this issue, Genevay et al. (2018) introduce
correction terms to the objective, forming the Sinkhorn divergence. Additionally, Feydy et al.
(2019) provide an efficient, memory-saving GPU implementation that scales to millions of samples.

Optimization Procedure. With the defined objective, our optimization will compute the gradient
with respect to this objective to update the current point samples. Initially, we initialize the coor-
dinates of a set of points as the noise superset x0. At each optimization iteration, we compute the
Sinkhorn divergence between the current point set and the target superset X ′

1. By repeatedly mini-
mizing the OT distance in the form of Sinkhorn divergence, we obtain a deformed point set that fits
the given superset well. Finally, we use this deformed point set as our point superset to represent the
shape S.

Note that using this computed superset as X1 introduces approximation errors compared to true
samples X ′

1. However, we empirically observe that the procedure usually converges well with only
small errors, and in our experiments, the large superset size typically outweighs the introduced error
(as shown in Section 4.3).

D ADDITIONAL QUANTITATIVE COMPARISON

D.1 COVERAGE METRIC (COV)

Following Zhou et al. (2021); Zeng et al. (2022), we also evaluate coverage (COV), a metric that
measures the diversity of generated 3D shapes. COV calculates the proportion of testing shapes that
can be retrieved by generated shapes, with higher values indicating higher diversity. However, Yang
et al. (2019); Zhou et al. (2021); Zeng et al. (2022); Wu et al. (2023) have noted that this metric is
not robust as training set shapes can have worse COV than generated results. Moreover, Yang et al.
(2019) suggest that perfect coverage scores are possible even when distances between generated and
testing point clouds are arbitrarily large. Given these limitations, COV should be considered only
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Figure 12: Quantitative comparisons with other point cloud generation methods using the COV-
CD (top) and COV-EMD metrics (bottom) for Chair (left), Airplane (middle), and Car (right). We
present evaluation metrics across various inference steps, i.e., from 1 step to 100 steps, for five
methods: (i) ours, (ii) PVD (Zhou et al., 2021), (iii) LION (Zeng et al., 2022), (iv) PSF (Wu et al.,
2023) without rectified flow, and (v) DiT-3D (Mo et al., 2023).

Table 3: We provide evaluation results (1-NNA-CD and 1-NNA-EMD) using 1000 inference steps
for DiT-3D (Mo et al., 2023), PSF (Wu et al., 2023) without rectified flow, PVD (Zhou et al., 2021),
and LION (Zeng et al., 2022). The best-performing method is highlighted in red, while the second-
best is shown in blue.

Chair Airplane Car
1-NNA-CD 1-NNA-EMD 1-NNA-CD 1-NNA-EMD 1-NNA-CD 1-NNA-EMD

DiT-3D 0.6072 0.5604 - - - -
PSF 0.5612 0.5642 0.7457 0.6617 0.5682 0.5412
PVD 0.5626 0.5332 0.7382 0.6481 0.5455 0.5383
LION 0.537 0.5234 0.6741 0.6123 0.5341 0.5114
Ours 0.5551 0.5763 0.6864 0.6185 0.5966 0.5355

as a reference metric, while 1-NNA provides a more reliable measure that captures both generation
quality and diversity.

Evaluation Results. We present quantitative comparisons with different baselines in Figure 11
and 12. Our approach generates shapes with reasonable diversity even with a limited number of steps
(10-20), demonstrating the framework’s effectiveness. With sufficient inference steps (100), our
approach achieves comparable performance to other baselines. However, we observe contradictory
conclusions between 1-NNA and COV metrics (as shown by simultaneously high 1-NNA and COV
scores for Equivariant OT in the Airplane category), which aligns with the previously discussed
limitations of the COV metric.

D.2 MORE INFERENCE STEPS

In addition to the baseline comparisons presented in the main paper (Figures 8 and 9), we provide
additional comparisons with 1000 inference steps, matching the original settings used by the baseline
methods. We employ the DDPM sampler (Ho et al., 2020) rather than the DDIM sampler (Song &
Ermon, 2019) in this experiment and refer to the original values of PVD and LION reported in (Zeng
et al., 2022).

Evaluation Results. We present the evaluation results based on 1-NNA-CD and 1-NNA-EMD in
Table 3. Our method achieves comparable performance with PVD (Zhou et al., 2021), which also
directly generates point clouds. When compared to LION (Zeng et al., 2022), which generates latent
point cloud representations, our framework performs slightly worse. Note it is known that at a high
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Figure 13: Qualitative comparisons of generation quality for Chair category. We present inference
results with 10 steps (left) and 100 steps (right).

sampling budget, SDE-based samplers often outperform ODE-based samples (see (Karras et al.,
2022) and (Xu et al., 2023)).

E ADDITIONAL VISUAL RESULTS
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Figure 14: Qualitative comparisons of generation quality for Airplane category. We present infer-
ence results with 10 steps (left) and 100 steps (right).
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Figure 15: Qualitative comparisons with other methods show the completion generated by 2, 5, and
100 steps, respectively.
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Figure 16: Qualitative comparisons of generation quality for Airplane (top) and Chair (bottom)
categories. We present inference results with 10 steps (left) and 100 steps (right).
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