Diffusion Model’s Generalization Can Be Characterized by Inductive Biases
toward a Data-Dependent Ridge Manifold
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Abstract

We study a data-dependent notion of diffusion-
model generalization: when a model does not
memorize the training set, where do its generated
samples go relative to the geometry induced by
the data? To answer this, we introduce a time-
dependent family of log-density ridge manifolds
constructed from the smoothed empirical distri-
bution, and use it to characterize reverse-time in-
ference. Our main result shows that generated
samples evolve by a reach-align-slide mecha-
nism: they first enter a neighborhood of the ridge,
then their distance to the ridge is controlled by
the normal component of training error, and fi-
nally their motion along the ridge is controlled by
the tangential component. We further connect this
geometric picture to training dynamics through di-
rectional decompositions of the learned error, and
make this link explicit for random feature models,
where architectural bias and optimization error
can be separated quantitatively. Experiments on
synthetic multimodal data and MNIST latent dif-
fusion support the predicted geometric behavior
in both low and high dimensions.

1. Introduction

Diffusion models (Sohl-Dickstein et al., 2015; Ho et al.,
2020; Song et al., 2021) now achieve state-of-the-art sample
quality across a wide range of generative tasks, making them
a central tool for image, audio, and video generation (Dhari-
wal & Nichol, 2021; Kong et al., 2021; Brooks et al., 2024).
At the same time, it is increasingly important to understand
how innovative these models actually are, that is, what they
generate beyond the training data. A central concern is mem-
orization: in some regimes, diffusion models can behave
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like stochastic parrots that simply reproduce training data,
raising both scientific and practical concerns, including pri-
vacy and safety risks (Carlini et al., 2023; Somepalli et al.,
2023; Duan et al., 2023; Liu et al., 2024). Recent theory
and empirical evidence suggest that non-memorizing behav-
ior arises from various sources of error inside the learned
diffusion model (e.g., Ye et al., 2025), and in literature the
term generalization is often used in precisely this sense of
non-memorization (e.g., Kadkhodaie et al., 2023; Zhang
et al., 2023).

This leads to the central question of the paper:

When a diffusion model does not memorize the training set,
where do its generated samples go?
Equivalently, once non-memorization has occurred, what
geometric structure organizes the new samples produced by
reverse-time inference? Our goal is to answer this question
explicitly and quantitatively. In particular, we seek not
merely to say that generated samples differ from the training
data, but to describe where they are located relative to the

geometry induced by the data.

This question should be understood in a fully data-dependent
sense. Rather than taking an unknown population distribu-
tion as the primary reference, we take the finite training
dataset itself as the object that defines the relevant geome-
try, and ask how generation departs from that geometry. In
this sense, our focus is different from classical population-
level generalization: we are not primarily asking how close
the generated distribution is to an unknown population law,
but how the model generates new samples relative to the
observed data. This viewpoint is especially natural when
one wants to understand structured intermediate generations
between training samples, since the key issue is not only
distributional discrepancy, but also the spatial organization
of generated samples. We defer a more detailed comparison
with related notions of generalization to Appendix A.

Our answer is geometric. We construct a time-indexed fam-
ily of log-density ridge manifolds from the smoothed em-
pirical distribution, and use this family as the reference ge-
ometry for reverse-time inference. Relative to these ridges,
generated samples follow a reach—align—slide mechanism:
after an initial transient they enter a neighborhood of the
ridge, then move toward it in normal directions, and finally
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evolve along it in tangent directions. This perspective goes
beyond only locating generation near a low-dimensional
geometric object: while the reach and align stages explain
where generation concentrates, the slide stage provides addi-
tional information about how generation is organized along
that geometry through tangential motion relative to nearby
data-induced centers. At the same time, this description re-
mains appropriately partial: our analysis predicts tangential
components toward nearby data, rather than fully character-
izing the generated configuration inside the tangent space.
Moreover, this geometric picture is directly tied to train-
ing: the normal component of training error governs how
closely samples align with the ridge, while the tangential
component governs how far they slide along it.

Figure 1 illustrates this picture on a simple semi-circular
dataset. After an initial phase, the generated samples reach a
neighborhood of the log-density ridge, which then becomes
the natural reference set for the remainder of inference. They
subsequently align toward the ridge in normal directions,
although the residual distance need not vanish and is con-
trolled by the normal component of training error. At the
same time, they slide along the ridge in tangent directions
toward the training data, and the extent of this sliding is con-
trolled by the tangential component of training error. In this
way, the reach—align—slide decomposition gives a geometric
description not only of where non-memorizing generation
occurs, but also of part of its internal organization along the
data-induced geometry.

A particularly tractable setting in which this training-to-
geometry link becomes explicit is random feature neural
networks (RFNNs) trained by gradient descent. In that
setting, we derive directional decompositions of training
error and show how approximation and optimization errors
translate into quantitatively different alignment and sliding
behaviors during inference. This RFNN analysis is not
meant to model all practical architectures faithfully; rather,
it serves as an explicit nonasymptotic example showing
how architectural bias and training accuracy can jointly
determine the geometry of diffusion generation. In this
way, the RFNN case makes concrete the broader message
of the paper: training affects generation through direction-
dependent geometric effects relative to the ridge family.

Our perspective is most closely related to recent theoretical
work that seeks to explain why diffusion models generate
non-memorizing samples. One line of work studies whether
generalization can already arise from the stochasticity or
structure of the finite training target itself (Vastola, 2025;
Bertrand et al., 2025); in contrast, we take the empirical
training set as given and ask how the learned model gener-
ates relative to the geometry induced by that set. Another
closely related direction analyzes training-induced bias, fo-
cusing on how model class, feature learning, or optimiza-

tion shape the learned scores (Kamb & Ganguli, 2024; Shah
et al., 2025; Wu et al., 2025; Bonnaire et al., 2025). Our
contribution is complementary: rather than only asking what
bias training creates, we quantify how that bias appears dur-
ing inference through distinct normal and tangential effects
relative to a data-dependent ridge family. Finally, several re-
cent works study inference-time behavior under structured
settings or geometry-adaptive smoothing (Baptista et al.,
2025; Farghly et al., 2025; Li et al., 2025). Our work is
closest in spirit to this direction, but differs in three ways.
First, we make the relevant geometric object explicit from
the empirical data through a time-dependent ridge family.
Second, we characterize reverse-time inference relative to
this geometry in a way that goes beyond concentration near
a low-dimensional set: the reach—align—slide analysis also
captures part of the tangential organization of generation
relative to nearby data. Third, we connect this geometry
back to directional components of training error.

Taken together, this paper connects training architecture
and optimization choices to the data-dependent generation
geometry of diffusion models in three steps: we

(1) introduce a time-dependent log-density ridge geometry
induced by the smoothed empirical distribution, which
provides the reference object for describing where gen-
eration occurs (Section 3.1).

(2) show that reverse-time inference evolves relative to this
geometry by a reach—align—slide mechanism: the reach
and align stages explain concentration toward the ridge,
while the slide stage captures tangential organization
relative to nearby data, yielding a geometric description
of non-memorizing generation beyond mere concentra-
tion near a low-dimensional set (Sections 3.2-3.4).

(3) connect these geometric behaviors back to training
by identifying directional error components that con-
trol alignment and sliding, and make this link ex-
plicit in a nonasymptotic RENN+GD setting through
architecture- and optimization-driven decompositions
(Sections 4.1-4.2).

Empirical support for this training-to-geometry picture is
provided in Section 5.

2. Preliminaries

SDE-based Diffusion Models. To generate samples in R¢
from data samples x(()l)7 e ,a:(()n) € R?, we consider the
variance-preserving (VP) forward process d X; = — X;dt +
V2dB; for all t € [0, 7], with marginals p; = Law(X;)

and pg = p. The corresponding reverse process is

dY; = (Y, + 2Vlogpr—(Yy))dt + V2dB,. (1)

Write a; == e, hy = 1 — e 2t so that X; = a; Xo + Ve
in distribution with z ~ A (o, I4) independent to X,. We



Diffusion Model’s Generalization Can Be Characterized by Inductive Biases toward a Data-Dependent Ridge Manifold

—— Ridge
Generated
x  True centers

—— Ridge
Generated
x  True centers

—— Ridge
Generated
% True centers

—— Ridge
Generated
% True centers

6 6 -4 2 o 2 a 6

(a) earlyx ]phase (b) re;ch

2 a 6 -6 -a 2 [ H a 6

(d) slide

-6 -a 2

(c) alxi]gn

Figure 1. Reach-align-slide on semi-circular dataset: 9 unevenly spaced data points (red crosses) lie on a semi-circle of radius 4

centered at the origin. Generated samples (blue dots) evolve relative to the log-density ridge (

curve), exhibiting the reach—align—slide

pattern. The zoom-in boxes in (c),(d) show region-dependent sliding: red arrows denote sliding directions and green arrows denote
directions of continuation of alignment phase, with arrow lengths indicating intensity.

introduce the early stopping time 0 < § < 1 so that the
score V log p; is used only on [4, T').

Denoising Mean Matching Loss. We consider learning the
posterior mean instead of the score. By Tweedie’s formula,

T 1
_i_i'_i

Vlogpi(x) = he " hy

Eompoy, (12)laezo],  (2)

where po|¢(-|z) denotes the law of X given X; = z. Define

m(t,x) = Ezompoy (]2) [azo], 3)

Thus learning the score is equivalent to learning the posterior
mean, which we use throughout the paper. We measure
approximation error through the mean matching loss

T
ﬁMM:ﬂA TS%EMmA@V&J—nNuXaHﬂdm @

t

where m 4 (¢, x) is the learned posterior mean. In practice
we train using its denoising version

T

t

Lo = / wh(z)E[H — arXo +ma(t, Xo)|P]dt. (5)
s hi

More details on Lpyy are discussed in Appendix B. The
simulated reverse process, initialized at Gaussian, is
hr—¢

ay; = (V; + )dt +v2dB;. (6)
Random Feature Neural Network and Gradient Descent.
We parametrize the posterior mean by a RFNN:

7U(Wxx N Wipr +b) = ig ()
VP Vd V2K, +1 RV

where Wy, € RP*? W, e RP*(2Ke+1) gre Gaussian ran-
dom matrices. ¢, € R?Kt+1 consists of Fourier basis on
[0,7] and b ~ N(0,I,) is the bias feature. o is the acti-
vation function and A € RY*? is the trainable parameter
matrix. The corresponding denoising mean matching loss is

ma(t,x) =

T
w(t) A >
Lpovm (4 :/ Ell| — a; Xo + — o0 (X, dt.
(4) 2 [l = arXo \/ﬁt(t)”]
We optimize the loss Lpym(A) by gradient descent with
constant learning rate 1, which yields

A1 — Ap = —20A,0 + 29V, 7
T
with [ — / w(;f) E[Ut(Xt)Ut(Xt)T]dt € RP*P,
s h p

dt e R¥xP,

- (T w(t) E.fa: Xoo:(X,)T]
V= /5 B2 VP

3. Geometric Properties of the Inference
Process

In this section, we introduce the data-dependent ridge ge-
ometry that characterizes non-memorizing generation and
study reverse-time inference relative to it. This yields the
three-stage picture from the introduction: generated samples
first reach a neighborhood of the ridge, then align toward
it in normal directions and slide along it in tangent direc-
tions. Throughout the paper, we work under the following
empirical-data setting.

Assumption 3.1. Data points {xéi) }, are well-separated
and bounded, i.e., A = min;4; ||xéi) - x(()j)H > 0 and
R = max; H:c((f)H < oo. The data distribution p is the
empirical distribution of the data, i.e.,p = = > | 8,0

3.1. Data-dependent Manifolds - Log-density Ridge Sets

For the smoothed empirical distribution p;, log-density
ridge is a geometric object that reflects the structure in-
duced by the training data and serves as the reference object
for describing generation; see Figure 1 for a visual exam-
ple. Intuitively, it is a low-dimensional set along which the
log-density is locally flat in normal directions and curved
downward away from the set. In this sense, ridges general-
ize local modes: O-dimensional ridges are isolated modes,
1-dimensional ridges trace connecting curves, and higher-
dimensional ridges capture broader structures in the data.
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Definition 3.2 (Log-density Ridge Sets). For any smooth
probability density p € P(R?) and any positive integer
d* < d, the d*-dimensional log-density ridge set of p with
threshold 8 > 0, denoted as R4+ (p; /3), is defined by

{z e R4 E(z)E(z)TVlog p(z) = 0, Age 41 (2) < -8}

where E(z) = (vd*ﬂ(m), o wg(r)) € R4 with
{( (), vi(z)) }L, being the eigenvalues/eigenvectors of
VZlogp(z)in descendlng order, i.e., A1 (x) > Ao(z) -+ >
Mg+ () > Ageg1(z) > - > A\g(x), for all x € R4,

The definition identifies a d*-dimensional set on which the
log-density is locally maximal in the normal directions given
by the bottom (d—d*)-eigenspace of V2 log p(z): the condi-
tion E(x)E(x)TV log p(x) = 0 requires stationarity along
them; the threshold Az 1 (x) < —f3 enforces sufficient con-
cavity in those directions, making the ridge geometrically
identifiable at scale f3.

Classical density ridges have been studied in statistics and
geometry (Genovese et al., 2014; Chen et al., 2015). Here
we instead introduce the ridge in log-density space, which is
more natural for diffusion models: the reverse-time dynam-
ics is governed by the score V log p;, and the local geometry
relevant for our analysis is determined by V2 log p;. For
this reason, log-density ridges are better suited than classical
density ridges for describing diffusion generation.

For each ¢ € [4,T], we apply Definition 3.2 to forward
marginal p; and denote the ridge by ;. This yields a
family of ridges varying with the noise level, which serves as
the evolving reference geometry for reverse-time inference.
The threshold is chosen at scale 8; = ©(1/h;), the natural
curvature scale near the data, and also the scale needed for
the later alignment estimates. See Remark D.6 for details.

Tube neighborhood and projection map. To analyze in-
ference relative to R, we need a notion of distance to the
ridge (denoted by dist(-, R:)). For this purpose, we work in
a tube neighborhood around R, where the nearest-point pro-
jection onto the ridge is well-defined. This in turn requires
geometric regularity of the ridge family, which we express
through the following smoothness-and-reach assumption.

Assumption 3.3 (Smoothness and positive reach). For any
t € [d, T, there exists r; > 0 such that R, is a (piecewise)
C?-embedded submanifold in R? with a reach no smaller
than r, > 0, i.e., for all z € R? with dist(z, R¢) < 7y,
there exists a unique nearest point on R;.

The following proposition provides the projection estimates
needed for the later dynamical analysis.

Proposition 3.4. Under Assumption 3.1, the log-density
ridge family {R}s<i<r satisfies Assumption 3.3. More
precisely, as t — 6T < 1, the reach satisﬁes Ty =
Q(h20, ' R=3) for arbitrary 0; = exp(—o(h; ')). For any
radius p; € (0,714), define the tube neighborhood

Ti(ps) = {z € RYdist(z, R¢) < pi }. ®)

Then the nearest-point projection Iy : Ti(pt) — Ry is

well-defined, and

(1) for all x € Ti(p:), the displacement ny(x) = x —
I1;(x) lies in the normal space of Ry at I1;(x);
(2) Ty is C on Ti(pt) and sup,er, () [IVIL(2)]] <
1 .
1—pi/re’
(3) if pr = O(ry), the ridge motion is uniformly bounded:

SUPeT; (p,) 0L (2)[| = O (R).

In particular, this proposition gives a well-defined projection
onto the ridge inside a tube neighborhood, identifies projec-
tion residuals as normal directions, and controls both the
spatial stability of the projection map and the time variation
of the ridge family.

3.2. Stage 1 - Reaching the Tube Neighborhood

We first ask whether the inference trajectory enters the ridge
tube, since the later normal/tangent analysis is meaningful
only after projection becomes well-defined. We therefore
introduce the first entrance time into the tube neighborhood
and ask whether it occurs before inference ends.

Define i, := inf{0 <t <T—0|Y; € Tr_¢(pr—:)}. The
following theorem shows that, with high probability, the
trajectory enters the tube before the end of inference.
Theorem 3.5 (Informal, formal one in Theorem E.1). Under
Assumption 3.1, we have

Pltin <T —6)>1—es —e(T) —\/ea(T,6)/8,

0, limyroe(T) = 0 and
hi ?E[|m(t, X;) — ma(t, X;)||?]dt.

where lim540+ es =

EAT5 fé

Thus, with high probability, the learned process reaches
the ridge neighborhood before inference ends; the failure
probability is controlled by early-stopping, large-time ap-
proximation, and global posterior-mean error.

3.3. Stage 2 - Aligning along Normal Directions

Once the inference trajectory enters the tube, we measure the
off-ridge displacement through the squared normal distance
to the ridge: Dr—y(z) = [l — Tr—y(2)]1* = [[nr—(2)]*.
The key mechanism is contraction of this quantity along
time after entry into the tube. In the main text, we state only
the resulting bound at the final inference time 7" — §; the full
time-resolved contraction estimate is given in Appendix F.

Theorem 3.6. Under Assumption 3.1, let e%(t,x) =
P4 (z))ea(t, z) withes = ma—m. Choose 3; = c/hy
forc € [5,1)". Then for § < 1, E[Ds(Yr—s)] is of order

'c can be chosen arbitrarily between [1, 1) due to the property
of V2 log p;(x) as explained in Remark D.6.
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T—6
o <déc + 50/ hp = E[|le (T —u, Yu)2]du).
t;

in

This theorem shows that the final squared distance to the
ridge is controlled by a training-independent geometric term
dd¢ and a cumulative contribution from the normal com-
ponent of training residual. Thus, good normal alignment
follows when the learned model has small error in directions
transverse to the ridge.

3.4. Stage 3 - Sliding along Tangent Directions

The final stage concerns motion along the ridge rather than
toward it. Near the end of inference, the smoothed em-
pirical density pr_; is a Gaussian mixture centered at the
transported training points {mgf)_ ;= ar—i Xy )}

this regime, a trajectory typically enters a region Where one
mixture component is dominant. Inside such a region, the
local tangent space of the ridge can be approximated using
the top eigendirections of V2 log pr_¢, which allows us to
define tangent coordinates relative to the nearby center.

Define the it" center-dominant region B{” (6,) = {z €
2
R? | Softmax(f%)i > 1 — 65} where 0, =

exp(—o(h;')) as s — 0F. ForY; € Bg,f)_th_t), define
the tangent coordinate

@) = (URL)T (Vi —mil ) eRT, )

Rdx d*

where U}izt IS consists of orthonormal columns as
(1)

the top-d* eigenvectors of V2 log pr—¢(my._,). The vector

11,(51) measures the displacement of the sample along the
local tangent directions of the ridge, relative to the nearby
center mg,f)_t. As in the normal-direction analysis, the key
mechanism is a time-evolution estimate along inference; in
the main text we state only its consequence at the terminal
time 7" — 4. The full time-dependent estimate is deferred to

Appendix G.

Theorem 3.7. Under Assumption 3.1, let ¢ (t,z) =
(Ut(l))TeA(Lx) with ey = ma —m. IfY; € Bgfit(GT,t),
then for § < 1, ]E[||ﬂ(i)

u,f’u)HZ]du).

@f+f/
This is the tangent analogue of Stage 2: the final amount
of sliding along the ridge is controlled by a training-
independent term d+/4 and a cumulative contribution from
the tangential training residual. Hence samples may align
closely with the ridge without collapsing onto the training
points, leaving structured intermediate generations.

||2] is of order

Elllely' (T

Remark 3.8 (Effect of training weight on generation). Com-
bining the normal and tangential bounds gives a simple

interpretation of the role of training weight w(t). Sup-
pose the per-time contribution satisfies w(t)h; *E[||e (T —
t,Y;)||?] = O(1), then the cumulative mean-error terms in
the normal and tangential bounds scale as

T*fin 1 Tftin 1
56/ hi™¢/w(t)dt and 55/ h? Jw(t)dt
5 5

respectively. Hence placing larger weight on small t sup-
presses end-stage errors in both directions, which pushes
the model toward memorization by reducing both off-
ridge deviation and along-ridge spread. In particular, for
w(t) = h?, hy, 1, the resulting mean-error scalings in both
directions are O(1), O(J), and O(5?), respectively, leading
to different inductive biases in generation.

4. How Training Affects Generation: General
Theory + an Explicit RF Example

Section 3 showed that non-memorizing generation is gov-
erned by directional errors: normal error controls alignment
to the ridge, while tangential error controls spread along
it. In this section, we connect these geometric quantities
back to training. We first show that they can be controlled
by corresponding directional components of the posterior
mean matching loss, and then make this connection explicit
in RFNN, where the same directional errors further split
into architecture-driven and optimization-driven parts.

4.1. Directional Decomposition of Training Loss

Since the reverse-time dynamics depends linearly on the
learned posterior mean, the posterior mean matching loss
decomposes naturally into normal and tangential parts:

L = Ly + L) st for e {1, 1}
T " w@EIP! (Xea X1
Llpg(A4) = /6 LCealt X0l gy
with e4 = m4 — m. Li; measures training error in

directions normal to the ridge and EL‘/IM measures training
error in tangent directions.

Theorem 4.1. Under mild assumptions, the normal and
tangential errors in Theorems 3.6 and 3.7 can be estimated
by projected posterior mean matching loss in corresponding
directions:

normal-error bound < Ci Ly + do° + C5(Vd + R)e™ 7T,
tangent-error bound < CL L\ + d6 + C)(Vd + R)e T,

[N

[N

=o0(1vig) ol =56
c = limy_,5 hy3; is arbltrary in [ ,1).

where C (Sl ) and

(1v 3(5)

Theorem 4.1, proved in Appendix H, shows that the geomet-
ric errors from Section 3 are controlled by projected training
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losses, up to training-independent remainders that vanish
as 6 — 0 and T" — oo. Thus normal training loss predicts
alignment, while tangential training loss predicts sliding.

4.2. RFNN: Architecture and Optimization Effects on
Generation

We now specialize this training-to-geometry connection to
RFNN trained by gradient descent. In this setting, the di-
rectional training losses become explicit and can be further
decomposed into two qualitatively different parts: an ar-
chitecture term, reflecting the finite-width approximation
floor, and an optimization term, reflecting incomplete train-
ing from initialization. This decomposition allows us to
distinguish how model class and training procedure affect
alignment and sliding.

Theorem 4.2. Assume the conditions in Theorem 4.1 hold.
Let { Ay }r>0 be the GD iterates in (7) with learning rate
n < %1 then up to remainders controlled by 0, T,

e the normal error at training step k is bounded by
1 il
Cg_ (Errarc + Errtrain(k));
e the tangential error at training step k is bounded by

ClErl, +Err) . (k).

train

For each t € {L, ||}, Exr! _ is the architecture-driven term
and Err} . (k) is the optimization-driven term; their ex-
plicit formulas are given in Appendix I.

Theorem 4.2 makes the training-to-geometry connection ex-
plicit in RFNN by showing that both normal and tangential
generation errors split into an architecture-driven part and
an optimization-driven part. Thus, the ridge-based analysis
does more than say that training matters: it separates how
model class and training procedure contribute to generation,
and does so differently in normal and tangential directions.
The explicit form of this split, and its dependence on initial-
ization and spectrum, becomes especially transparent in the
two-point example below.

Fully Explicit Results of Two-point Data. WLOG as-

sume that a:( ) = = (—u,0) and x(()2) = (4,0). Then the
ridge R; = {afg = 0} and the posterior mean m(t,z) =
(azptanh(SE21),0). The initialization of GD writes as
Ao = (Ao1,40,2)7.

In this setting, the optimization-driven errors can be written
explicitly, making the role of initialization and spectral bias
fully visible: with {(\;,u;)};_, the spectrum of U and @
the first row of V for U , Vin ),

ErrH

tr azn

= Z Ai(1 = 27))\-)2’“(/15 L — 0Tug/\)?

Z)\ 1—2n\)2

(A82u1) .

1
Errtruzn

These expressions reveal a strong directional asymmetry.
In particular, the normal optimization error depends only
on the second row of the initialization. If that component
vanishes, then Erry-. ;. (k) = 0, so the theory predicts essen-
tially immediate alignment to the ridge. By contrast, if the
initialization is aligned with the slowest spectral mode, then
Errf;,am (k) decays only at the rate determined by the small-
est positive eigenvalue, so normal alignment can remain
poor for a long time.

In contrast, the architecture-driven error is purely tangential:
Erry,. = 0, while

T
[ 08 b

is strictly positive at finite p. Hence samples can align
strongly to the ridge while still spreading along it, produc-
ing edge-like interpolation between the two data points. As
width increases, this tangential floor shrinks, and the behav-
ior becomes increasingly memorization-like.

Errl = 1)) dt—oTU T

This example isolates the two core mechanisms of the paper:
optimization error can delay normal alignment, especially
through slow spectral modes, while finite-width architec-
ture error can sustain tangential spreading along the ridge.
Their combination yields non-memorizing generation with
strong ridge alignment but persistent along-ridge spread.
Numerical illustrations are given in Section 5.2.

5. Experiments

In this section, we evaluate the proposed geometric frame-
work from three complementary perspectives. We begin
with simple 2D examples that illustrate the role of the log-
density ridge in characterizing non-memorizing generation.
We then turn to the 2D two-point problem, where the ridge is
explicit and the theoretical quantities can be checked quan-
titatively against the generated samples. Finally, we study
MNIST latent diffusion and show that the same reach-align-
slide picture remains informative in higher dimensions. Ex-
perimental details are deferred to Appendix J, and additional
experiments are presented in Appendix K.

5.1. 2D Illustrations of the Role of Ridge

We first consider two simple 2D examples to illustrate that
the ridge geometry explains generation even when the rele-
vant low-dimensional structure is more complicated than a
straight line. The goal here is not quantitative verification,
but to show that the proposed log-density ridge captures
nontrivial generation patterns from the data.

Our first example uses four training points at (£1, £1). As
shown in Figure 2, the generated samples concentrate along
edge-like structures that are not part of the training set. The
moving ridge tracks this behavior closely, indicating that it
correctly predicts where non-memorizing generation occurs.
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The second example shows that this phenomenon is not lim-
ited to straight-line interpolation. Here the training distribu-
tion is supported on the three points (0, 0), (3, 0), and (0, 5).
In Figure 3, the corresponding ridge is visibly bent, and the
generated samples follow this curved geometry rather than
concentrating on a straight segment between modes. This
shows that the proposed ridge can capture genuinely curved
low-dimensional structures induced by the data.

Step 0 (t = 10.000)

, Step 1200 (t ~ 0.040) Step 0 (t = 10.000)
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Figure 2. Generalization from 4
training points.

Figure 3. Generalization from 3
training points.

5.2. Synthetic Data - Two Points in 2D Plane

We next turn to the simplest setting in which the geometry
is completely explicit:: a two-point dataset {(£3,0)}. In
this case, the ridge is exactly the horizontal axis, so the
tangent and normal directions are simply e; = (1,0) and
e2 = (0,1). This makes the example ideal for quantitatively
testing both the geometric predictions of Section 3 and
the training-to-geometry mechanism of Section 4. We use
RFNN in this subsection; the MLP results show the same
qualitative behavior and are deferred to Appendix K.

Directional geometry and its training origin. In this ex-
plicit two-point setting, we can directly compare the pre-
dicted directional quantities with the observed sample ge-
ometry. Figure 4 shows the generated samples under three
weighting schedules w(t) € {1, hy, h?}, while Figure 5(a)
reports the corresponding normal and tangential geometric
errors in Section 3 and Figure 5(b) reports the corresponding
directional training losses in Section 4.

. . B
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Figure 4. Generated samples with RFNN. (a)—(c) Comparison of
generated sample configurations under different weight schedules.
Boxed numbers indicate sample counts around the target modes
(radius = 0.5). The background color represents the KDE plot.

The geometric pattern is clear when Figure 4 is read to-

gether with Figure 5(a). Across all schedules, the normal
error in Figure 5(a) remains extremely small, and corre-
spondingly the generated samples in Figure 4 stay tightly
concentrated near the ridge y = 0. The tangential configura-
tions, however, differ substantially across schedules and are
consistent with the tangential errors reported in Figure 5(a):
for w(t) = 1, the tangential error is smallest and the sam-
ples are concentrated almost entirely around the two data
points; for w(t) = h?, the tangential error is largest and the
samples exhibit a pronounced edge structure; the geometry
for w(t) = hy lies between these two extremes. This is
exactly the trend predicted by the theory: once normal align-
ment is achieved, the remaining tangential error determines
how strongly the generated samples spread along the ridge.

Figure 5(b) explains where this behavior comes from at
the training level. The normal loss remains small across
all schedules, consistent with the uniformly strong nor-
mal alignment in Figure 5(a). The tangential behavior is
more subtle and highlights why Theorem 4.1 is needed:
w(t) = h? yields a relatively small tangential training loss

while still producing a large tangential geometric effect,

because the coefficient C (ls‘ strongly amplifies end-stage tan-

gential error when w(d) is small. Conversely, w(t) = 1
has a larger tangential training loss but still induce smaller
tangential spread because the corresponding amplification
factor is much weaker. Thus, the experiment validates The-
orem 4.1: directional training losses control directional geo-
metric errors, which in turn determine the observed sample
geometry. This is also consistent with the effect of w(t)
predicted by Remark 3.8.

Normal Error (Log Scale)

Tangent Loss (Linear Scale)

Tangent Error (Linear Scale)
" Normal Loss (Log Scale)

0a 06 05 0 0% 07
Epoch le7 Epoch

(a) Error Dynamics (b) Loss Decomposition

107

Figure 5. Error dynamics and training loss decomposition of
RFNN. (a) Evolution of tangent- and normal- errors (b) Evolution
of tangent- and normal- loss components. Both under weights
1, ht, hZ, with solid lines, linear scale on left axis for tangent di-
rection; dash-dot lines, log scale on right axis for normal direction.

Biases of Different Initializations. We next test the ini-
tialization effects predicted by the RFNN analysis in Sec-
tion 4.2. Figure 6 compares finite-training-time generation
under three initialization schemes: zero, all-ones, and slow-
spectrum. The zero initialization yields samples that remain
essentially on the horizontal ridge, while the other two pro-
duce a visible arch before full alignment is reached.

This is consistent with the RFNN analysis in Section 4.2:
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Figure 6. Initialization Effects (Epoch 40k). Comparison of
generated sample configurations under different initializations.
The colored shading denotes the KDE of the distribution.

initialization mainly affects how quickly normal alignment
is achieved. When the relevant slow modes are weak, align-
ment is nearly immediate; when they are emphasized, the
approach to the ridge is much slower, producing the tran-
sient arch-shaped geometry seen in the figure.

5.3. Higher Dimension Data - MNIST

We next test whether the same geometric picture remains
meaningful in higher dimensions. We study a binary MNIST
problem in latent space and ask whether the generated sam-
ples exhibit the two behaviors predicted by the theory: nor-
mal alignment toward the ridge geometry and limited tan-
gential sliding toward the training data.

Experimental setup. We consider the digits 4 and 8 from
MNIST. To simplify the problem, we first train a VAE to
embed the images into a 32-dimensional latent space, and
then train a time-conditioned MLP score model in that latent
space with weight w(¢) = 1. Full architectural and training
details are deferred to Appendix J.3.

Qualitative Visualization. Figure 7 provides a qualitative
view of the generation dynamics through UMAP. At the
beginning of inference, the generated samples are far from
the ridge structure; as reverse-time inference proceeds, they
move toward the global geometry captured by the ridge.
This supports the ridge-based description of inference, al-
though only at a qualitative level, since UMAP does not
preserve the normal/tangent decomposition needed for a
precise test of the theory.

Quantitative normal and tangential behavior. We next
examine the two directional effects quantitatively. Since the
true latent distribution is unknown, we estimate distance
to the ridge by numerically solving the corresponding con-
strained optimization problem, with details in Appendix J.4.
Figure 8(a) plots the mean distance to the ridge over 200
inference trajectories. The distance decreases steadily over
most of inference and then stabilizes at a small floor near
the end, matching the predicted normal-alignment stage.

Tangential motion behaves differently. Figure 8(b) shows
the tangent error over the full inference horizon, and Fig-
ure 8(c) zooms in on the final stage. Compared to the nor-
mal distance, tangential motion decreases more slowly and

Step 0 Step 200 Step 400

Step 1000

Figure 7. UMAP visualization of generated samples and ridge.
Red points represent the underlying ridge structure R with t =
0.001, and blue points represent the generated samples at different
time steps. The ridge accurately captures the sample distribution.

becomes negligible only near the end of inference. This tem-
poral imbalance is the key observation: most of inference
is spent aligning toward the ridge, leaving limited time for
substantial sliding toward the exact training examples. As a
result, the generated samples organize around the ridge with-
out fully collapsing onto the training set, which is precisely
the non-memorizing mechanism predicted by the theory.
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6. Conclusions and Limitations

This work gives a data-dependent geometric perspective on
diffusion models’ generation. We show that when memo-
rization does not occur, generated samples are organized
by a time-dependent log-density ridge geometry induced by
the training data, and that reverse-time inference follows
a reach—align—slide mechanism relative to this geometry.
The analysis also clarifies how training affects generation:
normal training error controls alignment to the ridge, while
tangential training error controls spread along it.

Our analysis has several limitations. We do not study errors
induced by time discretization, which could alter both nor-
mal and tangential geometry, although prior discretization
results suggest these effects should remain limited unless
the step sizes are very large (Lee et al., 2022; De Bortoli,
2022; Chen et al., 2023b;a; Benton et al., 2024; Conforti
et al., 2023; Wang et al., 2024). In addition, our explicit
training-level decomposition is developed in the RFNN set-
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ting, which serves as a tractable nonasymptotic example
rather than a full model of modern diffusion architectures.
Extending the present framework to discretized samplers
and richer learning models would be natural next steps.

Impact Statement

This paper presents work whose goal is to advance the field
of machine learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Related Work

This appendix expands the brief discussion in the introduction and clarifies how our notion of generalization and our
ridge-based analysis relate to several nearby directions in the diffusion-model literature. Our goal is not to survey the entire
area, but to explain more precisely which question our paper addresses and how it connects to existing viewpoints.

Population-level generalization versus our data-dependent question. A substantial line of work (e.g. Wang et al.,
2024; Bertrand et al., 2025; Ye et al., 2025; Bonnaire et al., 2025) studies diffusion-model generalization by comparing
the generated distribution to an unknown population distribution and deriving bounds in global discrepancy metrics. This
perspective is natural when the goal is population-level recovery or distributional approximation. Our paper addresses a
different question. We take the finite training dataset itself as the primary reference object and ask where generated samples
go relative to the geometry induced by that dataset. In this sense, our focus is not primarily on global closeness to an
unknown population law, but on the geometric organization of non-memorizing generations relative to the observed data.
This viewpoint is especially useful when the phenomenon of interest is structured intermediate generation between training
samples, since the relevant issue is not only how different two distributions are, but also how generated samples are spatially
arranged.

Target-side stochasticity and finite-data target structure. One line of work (e.g., Vastola, 2025; Bertrand et al., 2025)
asks whether generalization can already arise from the stochasticity or structure of the finite-data training target itself. From
this viewpoint, the learned diffusion model may generate non-memorizing samples not only because of imperfections in
training or inference, but also because the empirical target differs from a population-level object in a structured way. Our
framework is related to this direction in that it also adopts a fully finite-data viewpoint. However, our emphasis is different:
rather than analyzing the stochastic gap between empirical and population targets, we take the empirical dataset as given and
study how reverse-time inference organizes samples relative to the geometry induced by that dataset.

Training-induced bias. A closely related direction studies the inductive bias created during training, for example through
model class, feature learning, optimization dynamics, or finite training time (e.g., Kamb & Ganguli, 2024; Shah et al.,
2025; Wu et al., 2025; Bonnaire et al., 2025). This literature explains how the learned score or posterior mean differs from
the ideal one and how such differences depend on architecture and optimization. Our contribution is complementary in
two ways. First, rather than stopping at aggregate training or test error, we identify directional components of training
error relative to a data-dependent geometric object. Second, in the RFNN setting, building on random-feature analyses of
diffusion training (George et al., 2025; Bonnaire et al., 2025), we show how limited expressivity due to finite width and
incomplete optimization translate into different geometric effects during inference: normal components of error control
alignment to the ridge, while tangential components control spreading along it. In this sense, our framework explains not
only what bias training creates, but also how that bias appears geometrically during sampling.

Inference-time bias accumulation: metric and geometric viewpoints. Another broad perspective studies how errors
accumulate through inference. One version of this literature (e.g., Lee et al., 2022; Chen et al., 2023a; Benton et al., 2024;
Wang et al., 2024) characterizes the gap between exact and learned reverse processes through divergence-type quantities
such as KL or TV. Such results are useful for quantifying distributional discrepancy, but by themselves they say relatively
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little about the geometry of generated samples or how those samples are organized relative to the training data beyond a
global metric.

A second version (Chen, 2025; Baptista et al., 2025; Farghly et al., 2025; Li et al., 2025) takes a more geometric viewpoint,
often under manifold-type assumptions on the data distribution. Our work is closest in spirit to this line, but differs in several
important respects. First, we make the relevant data structure explicit by constructing a time-indexed family of log-density
ridge sets directly from the smoothed empirical distribution, rather than assuming an underlying manifold a priori. This
differs from Farghly et al. (2025), which motivates log-density smoothing as a useful analytical lens but does not study
simulated inference trajectories or provide a data-dependent ridge-manifold description. It is also complementary to Baptista
et al. (2025), which analyzes memorization through the reverse dynamics induced by the empirical-loss minimizer using
Voronoi geometry, whereas our focus is the complementary non-memorizing regime, where we identify a time-dependent
ridge geometry from the smoothed empirical distribution and analyze how inference evolves relative to it. Second, we
analyze how inference trajectories evolve relative to this geometry through a reach—align—slide mechanism. This goes
beyond concentration near a low-dimensional set by capturing part of the tangential organization of generation relative
to nearby data, while remaining intentionally partial: the analysis predicts tangential motion toward nearby data-induced
centers rather than fully characterizing the generated configuration inside the tangent space. Third, our setting complements
Li et al. (2025), which studies the transition between sampling uniformly from a low-dimensional manifold and sampling
a target distribution supported on that manifold. In contrast, we study full denoising diffusion, where the noise level is
time-dependent and vanishes as sampling approaches the data, and we explicitly quantify how the learned score or posterior
mean estimator drives inference around the geometric object governing generation. Finally, compared with analytical
explanations of interpolation bias in stylized settings or under imposed error ansatz (e.g., Chen, 2025), our conclusions are
derived under verifiable regularity conditions and connect the resulting geometric bias explicitly to both the dataset and the
training parameters.

How our framework combines these perspectives. Viewed together, our framework combines several of the above
viewpoints in a single data-driven analysis. We work directly with the empirical data distribution, avoiding any need
to assume an underlying smooth population distribution or a fixed manifold known in advance. We then construct a
time-dependent ridge family adapted to the diffusion noise level and prove that reverse-time inference evolves relative to this
family through a reach—align—slide mechanism. Finally, in the RFENN+GD setting, we decompose the relevant directional
training errors into architecture-driven and optimization-driven terms, making explicit how model class, training procedure,
and inference geometry interact. Throughout, the analysis is nonasymptotic: the dataset is finite, and in the RENN example
the data dimension, sample size, network width, and training time are all kept finite rather than taken to infinity.

Summary. Relative to nearby work, the main distinction of our paper is therefore not a single isolated technical improve-
ment, but a shift in viewpoint. We study non-memorizing generation in a fully data-dependent setting, identify an explicit
time-dependent geometric object from the empirical data, analyze reverse-time inference relative to that object through
reach-align-slide, and connect the resulting geometry back to directional components of training error.

B. Denoising Mean Matching Loss

In this section, we introduce the detailed derivation of the posterior mean-matching loss Ly and the denoising posterior
mean-matching loss Lpyv. According to Tweedie’s formula that
x  Ela:Xo| Xt = z] x  m(tx)

1 = — — _— = — _—
Viogpi(a) = — -+~ o,

to parametrize the score, it suffices to parametrize the posterior mean m. We denote the parametrization by m 4. Then the
posterior mean matching loss Ly defined in (4) is equivalent to the score matching loss:

T
t
Lym = / %E[HmA(t?Xt) —m(t, X,)||*]dt
s hi
T . _
= [ wopp Rt R) Rl R
s t ¢

1] dt
_ /5 w(OE[sa(t, X¢) — Vlog py(X1)]|?]dt.
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However, Ly can’t be evaluated directly using data from X. We can apply the same denoising trick as what’s done for
score matching loss.

T
Loty — /5 ) g ma(t, X0) — m(t, X,)|P] dt

—/T“’<) E[|lma(t, X;) — arXo + ar Xo — m(t, X;)||?] dt
= ; ma t At Ag T GrAg y At

T T
= [k e, X axol?Jat+ [ sl %) - o
5 4 t

m t, Xt) — atX())]dt

where the last term in the third identity is canceled due to the definition of m and tower property. The second term in the
third identity is a constant independent to the trained parameter A. Therefore, we can train to optimize Lpypy directly. The
DMM loss evolves two expectations and one integral:

T

_ w(t) / 2

= 5 — s

EDMM / h IEXOE [H atXO + mA(t Clth + htZ)H }dt
)

Under data assumption 3.1 that p = % >, 4, the expectation Ex,, can be exactly evaluated through empirical average
0
over all training data, i.e.,

Lovm = — Z/ h2 E.[|| — awwl) +ma(t, azl? + /hez)|?] dt. (10)

For the convenience of analysis, we focus on analyzing the loss defined in (10), which corresponds to exact evaluations for
E, and integral in ¢.

In practice, the loss in (10) is used after further numerical approximations for [E, and integral in ¢. The practical DMM loss
is given by

nm N
m,N —tgp—1 i i i
CDMM_i Z Z hf |—ath(())+mA(tk,athé)+,/htkz( vJ))”2
=1 k= k

where {27 }1<;<p, 1<j<m is a sequence of i.i.d. standard Gaussian vectors in R? and § = tg < t; < --- <ty = T are
the time grids for numerical integration on [d, 7.
C. Data-Independent Properties of the Log-density Ridge Sets

In this section, we introduce properties of the log-density ridges that are independent to our data assumptions. We summarize
them in the following Proposition.

Proposition C.1. Under Assumption 3.3, for any p; € (0,r¢] and the tube neighborhood T;(p;) given below
Ti(pe) = {x € RYdist(z,R;) < pi}, (11)

the nearest-point projection 11; : Ti(p:) — Ry is well-defined and we have

(1) Wy is C on Ty (ps);
(2) Yz € Ty(pe), ni(x) == x — Iy(x) is in the normal space at I1;(x), i.e, ny(x) € Ny, (2)(R¢);
(3) super;(p,) [VIL(2)] <

1 .
1—pe/re’
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(4) the motion of 11y is bounded: for any z € Ry, there exists a velocity field vy € N.(R¢) s.t. Supger, (p,) 1011 <
Vi+ = p /T W where
Vi=sup [log(2)[, Wi= sup ||P!(2)(Vue(z)u)|
ZERy 2ERL,||u||=1

Proof of Proposition C.1. That I1; is well-defined on 7T;(p;) directly follows from Assumption 3.3. The C'! smoothness
of II; in space follows from Leobacher & Steinicke (2021, Theorem 2). Property (2) follows from the optimality of the
nearest-point: z = II;(x) minimizes ||z — 2’||* over 2’ € R;. Therefore, differentiating 2’ + ||z — 2’||? along any tangent
direction u € T,(R;) yields

D(||x — z’||2)[u]|z/:z = —2(x — z,u) = =2(ns(x),u) = 0.
Therefore, nt(x) € N,(R4).
To prove (3), we first apply the explicit expression of VII;(x) in Leobacher & Steinicke (2021, Theorem C):

x — ()
[l = Ty ()]

where S; 11, (2),0 1s the shape operator in the normal direction ¢. According to Lemma C.3 and the linearity of S; 11, (4,0 in
0, we have

—1
VI (2) = (idry, )=, — |17 = (@) St )0)  Pl(IT(2), 6=

. -1
IVIL (@)} < || (idy, 0y (re) = 12 = (@) St a1, (0),0) P (@)

. -1 1 1
< ||(ZdTHt(z)(Rt) - St,Ht(w%Hw—Ht(ﬂC)Ilv) | < 1— |z — ,(z)| /re < 1= pu/re

Last, to prove (4), we first apply Lemma C.4 to show existence of the normal velocity field v;. Then the estimation of
||OI1; || follows from the definition of V; and Lemma C.5. O

Definition C.2 (Shape Operator). LetII; , be the second fundamental form of R, at z € R;. For § € N,(R,), the shape
operator in the direction of 6 is defined as Sy . ¢ : T.(R¢) — T>(R;) is then defined as

(St 0u,v) = (I . (u,v),0), Yu,veT.(Ry).

Lemma C.3. Under Assumption 3.3, for any z € Ry and 6 € N,(R;), we have

(1) the shape operator is bounded: || St ..ol < |10/

(2) if |0]] < pt < 14, the operator Ly . g = idy, (r,) — St,z,0 is invertible and

1L 2 6ll <
PR 1 ||9||/7“

Proof of Lemma C.3. According to Niyogi et al. (2008, Proposition 6.1), under Assumption 3.3, |[IL; .|| < 1/r; for all ¢.

Therefore, ||.S;,» || < ||0]|/7: and hence ||Lt 2ol = (idr,(r,) = St.z0) M < W. O

Lemma C4. Fixt € [0,T]. Let U C R be open and ®, : U — R? be a C*~family of C* embeddmgs such that
®,(U) C Ry and , is a local parametrization of Ry along a given C-curve z(t) € Ry. Assume that z(t) = ®,(u(t)) for
some Ct-curve ii(t) € U. Then there exists a C-family of local diffeomorphisms 1, : U' — U Then there exists a family of
diffeomorphism 1 : U’ — U such that

Dy i=DBpothy U = Ry, 0:Pi(u) L T, )(Re), V(t,u) € [6,T] x U'.

Consequently, the velocity field vy(z) = 0,®¢(u) for z = ®4(u) is a well-defined C° normal velocity field on ®(U’), i.e.,
v(2) € N.(R¢). Moreover, vy is intrinsic in the sense that it equals to the normal component of 0;®¢: vy (®¢(u)) =
Py, (01 D¢ (¢ (u))), and is therefore independent of the tangent reparametrization of the chart.

2For any z € Ry, we use P!l(z) (or P*(2)) to represent the orthogonal projection from R? to T, (R+) (or N, (R+)).
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Proof of Lemma C.4. Define ¥;(u) = 0,®,(u). Since ®; is an embedding, V&, (u) : RY — T4, (u)(Re) is a linear

isomorphism for each (¢, ). Let Pll(®,(u)) denote orthogonal projection onto T, (u)(Re). Define a time-dependent vector
field a; on U by

VP, (w)ay(u) = —Pl(®;(u)T(u) € Ty, (1 (Ra). (12)

Since V&, (u) is invertible on T3, () (Rt), a¢(u) in (12) is uniquely defined. Furthermore, under our assumptions,
(t,u) — V&, (u) and (t,u) — Pl(®,(u))d;(u) are continuous in ¢t and smooth in u, hence (t,u) — a;(u) is also
continuous in ¢ and smooth in w.

Pick an open set U’ C U that contains @(t) for all ¢ € [9, T]. Consider the ODE
Oe(u) = ar(r(u)), Ps(u) =uel’ (13)

Due to the regularity of a.(-), there exists a unique solution v, for all ¢ € [d, T'] and 1) is a diffeomorphism for each ¢.

Now apply chain rule and we get

0y @y (u) = 0p(Dy 0 1hy)(u) = By (e (u)) + VO (e (1)) Dty (w)
B (Ve (1) + VO (1 (w))ay (e (1) = r(he(u)) — PU( @y (e (u)))Te (e (1))
PH(®y (e (u))) T (v (),

where the second last identity follows from (12) and P+ (®, (¢, (u))) = I — PI(®,(4p4(u))) is the normal projection.
Therefore, 0P (u) L Ty, (), (uy) (Re)- Last, v(2) == 0Pi(u) € Ng, (u))(Rt) with z = ®4(u) is well-defined on @, (U")
and we can check that v, (®;(u)) is exactly the normal component of 9;®; (1 (u)), hence independent to the tangent
reparametrization. O

Lemma C.5. Fort € [0, T), let x € T¢(p:) and z(t) := I (x). Under conditions in Lemma C.4 and Assumption 3.3, there
exists a reparametrization chart ®; in normal gauge and a C'* curve u(t) € U C RY such that z(t) = ®;(u(t)) and

Oilly(w) = ve(2(t)) + 71, ve(2(t)) € Nooy(Re) and 14 == Vo, @4 (u(t))Opu(t) € Topy(Re)-

Furthermore, ||| < 1= pt/m Wi.

Proof of Lemma C.5. The existence of ®; follows from Lemma C.4. Next, differentiate z(t) = ®;(u(t)) and we get
(9,52’(7,‘) = 8t<1>t(u(t)) + qu)t(u(t))@tu(t) = Ut(Z) + 7.

To prove the bound for ||7; ||, we consider the local tangent frame { E;(¢)}%~, along z(t) induced by the chart u +— ®,(u).
Since n¢(r) = x — z(t) L T.(4)(Ry), we have (ns(x), E;(t)) = 0 forall 1 <4 < d*. Differentiate wrt ¢ on both sides and
we get

—(Orz2(t), Ei(t)) + (ne(2), 0, Ei(t))-

Decompose 0;2(t) = v¢(2(t)) 4+ 7; and use the fact that v (2(t)) L T.(+)(R¢), and we get

)
(11, Ei(t)) = (ni(z), 0 Ei(1))- (14)

Using the local frame we can compute 0; F; (t) as follows. Since F;(t) = 0, P+(u(t)), we have

OB (t) = Dy, 0P (u Z 2 £))du(t)
= Dy, (v 0 D)) (u +ZPL D4 (u(t)))dru, (t +ZP” D4 (u(t)))dru,(t)
= Vui(z +an (), (1) Dpu; (1) +ZP” Py (u(t)))Dru; (1).
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Since n¢(w) € N, 1) (R¢), we have
(ni(2), O Ei(t)) = (ni(x), Vi (2(1)) Eu(t)) + <m($),Ht,z(Ei(t)7Zatuj(t)Ej(t)»

= (nu(), Vo (2(8)) Ei(t)) + (St.zm,(2)Tes Ei()),

where the last identity follows from the definition of shape operator and 7 = > 9yu;(t) E;(t). Plug the above equation
into (14) and we get that restricted to the tangent space 7T_ ;) (R¢).

(I = Stz me(w)e = PU((8)) (Vor(2(1))) T ().

Therefore, according to Lemma C.3, the definition of W; and the fact that = € T;(p;),

t,z,ne(z)

< ||L? Vo (2(t <P
I7e]] <] Ve (2()) | [[me () ]| < T gVt

D. Data dependent Ridge Motion Estimations
In this section, we provided some data-dependent estimations for quantities related to dynamical properties of the log-density
ridges.

Proposition D.1. Under Assumption 3.1, the log-density ridge sets satisfy Assumption 3.3. Furthermore, whent — 6+ < 1,
we have the following order estimations:

= QB30 RT3, V= 0B 'hy'R), W, =03 'hy ' Rr; 1Y),

where 0, is arbitrarily with order 0; = exp(—o(h; 1)).
Remark D.2 (Order estimation of ridge motion). Combining Propositions C.1 and D.1, picking p; = O(r;) and 5; =

©(1/hy), we proved Proposition 3.4-(3): sup,c7; ,,) 1011t (2)[| = O (R).

To study the relation between the data Assumption 3.1 and properties of the data-dependent manifold R;. The key is to

estimate the derivatives of the score V log pr—,(-) in different regions dominated by centers {mgflt = aT,t;v((f)}?:l. For
each i € [n] and |0s| < 1 for any ¢ > 0 when s — 0T, define the center-i dominate region

| — ar_pxol|?

BY) ,(07_4) == {w € R? | Softmax(—
2hr_¢

)i > 1—67p_4}. (15)

Next, we introduce a sufficient condition for x € Béf)_t(GT_t).

Lemma D.3. Forany z € R? and 07_, € (0, 3), if

(1=0r_¢)(n— 1))

o =m) 12 =l = {12 > 27—t log (——
T—t

Vi # 4, (16)

then x € Bglt(GT,t).

Remark D.4. Ast — T, if hy_, = o(1) and 07—, = exp(—o(h;',)), then RHS of (16) is of order o(1). Therefore,
Y; (or Y;) satisfies the (16) with probability 1 as ¢ — T~. As a consequence of Lemma D.3, Y; € Bg)_t(OT_t) (or
Y, € Bg)_t(HT_t)) with probability 1 ast — 7.

Proof of Lemma D.3. Under (16), we have that for all j # 1,

(— HI—MT—tHZ) .

Softmax S (e m{ % = |z - méflth) . Or—i
Softmax(—%)i 2hr—y T (1=0r—)(n—1)
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Therefore,
|l — mr—s |
1 — Soft —_—);
oftmax( Sy
[l — mp—_¢|” 07—+ [l — mr_¢||”
= Softmax(— < Softmax(————),.
Z ( 2hr_4 )i < (1 —07_y) ( 2hr_y )
J#i
The statement follows from the definition of B(Tilt(nT,t). O
Now we provide estimates of derivatives of the score on the center-dominate regions.
Lemma D.5. Foranyt € [0,T), we have
20a20; R? 80a30; R?
sup [Vl z)|| < === sup  [|[VP logpi(w)]| < 15—

he n;

zeur, B (6:) zeur_, B9 (0,)

where Bgi) (0,) is defined in (15) with any 0; = exp(—o(h; 1))

Remark D.6 (Choice of 8;). Lemma D.5 also validates the choice of ridge threshold 8; = ©(1/h;) whent — 0T. According
to Lemma D.7, V2 log p;(z) = *h%fd + #E(t, x). According to estimations in Lemma D.5, each eigenvalue \; (¢, ) of

V2 log p; () satisfies

1 20026, R? c 1
N(tr) < —— F L < © 1
it x) < ht+ " ST 2<c<,

under some choice of 6; = exp(—o(h; ')). Therefore, as t — 0%, the choice of 3; = ¢/h; makes the second condition in
the log-density ridge definition automatically satisfied.

Proof of Lemma D.5. According to Lemma D.7, for all 2 € Bt(i) (0:)

V(e )l = 12060 < o Z%MW b= ol o) mit )1

Notice that for j = 1,

(i) — awo|? 2
arxy’ —m(t,x)|| = a/x Softmax(—
laczg (t, z)| = [las E oh; —r Jirarg |
< E Softmax(finx _2(;;%” )j/||atac(()j) ayxy )|| < 2a:0:R.

J'#i
For j # i, we have
laczd) —m(t, )| < lazl” —m(t, )| + lal” — azd| < 2a0(6; + 1)R < 4a,R.

Combining the above estimations and we get

[Vm(t, z)|
1 |z — azxol|? — agxo|? 2
< — -
< Softmax( o0, )i(2a:0,R)? E Softmax(— th ——);) (4 R)

J#i
- 20a?6, R* '
<=
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Following the same approach, we can bound || V3 log p;(z)|| for z € Bgi) (0¢):

I\V?’logpt( )l
ZSoftmax — auto* )J||atxéj) —m(t,z)|]?
2hy
1 T — ax arx .
< hg(Softmax( %) )(2a,6,R ? ;Softmax tht oll® );)(4a;:R)3
80a§9tR3

Now we introduce the proof of Proposition D.1.

Proof of Proposition D.1. According to Lemma D.8, we have
1
sup [Te..|| < 5 sup IV log pe (2)]|-
2€R Bt zer

Since reach is at least the reciprocal of maximal curvature, we derive that

e 2 Bi( SUTIS V3 log pe (2)])) ™"
z€R¢

Ast — 0T, according to Lemma D.3 and definition of Bfi) (0:), x € U’i’;lBt(i) (0;) with probability 1 and U?ZlBgi)(é?t)) —
R<. Therefore, as t — 07, we have

. h}
re 2 Be(sup [V logpy(2)])) 1 2 Bi( L”vdlogl’t( z)|)~! (ZRg,)?

2ERy zeur_ B (0y)

for any 0; = exp(—o(h; *)) and the last estimation follows from Lemma D.5.

To bound V;, recall that V; = sup_ g, [|v¢(2)| with vs(2) being the velocity field induced by the normal gauge in Lemma
C4.

According to Lemma D.9,
ve(2) = —(By(2)V? log pe(2) Be(2)) ™ Er(2)T0,V log pe(2)
= —(Ei(2)V?logps(2)Ey(2)) ! hitEt(z)Tatm(t, z),
where the last identity follows from Lemma D.10. Therefore,

Ve < sup lug(2)]]
zER

hi sup || (Ee(2)V2log pe(2) Ex(2) " || Ee(2)T0emi(t, 2) |
t zER+

IA

IN

sup [|[E:(2)Toym(t, z)||,
o S B o)

where the last inequality follows form the estimate in the proof of Lemma D.9. Hence according to Lemma D.11,

Ve =0(z5)-
Last, to bound Wi, recall that Wy = sup.cg, ju|=1 | PI(2)(Vvi(2)u)|. Notice that v;(z) € N.(R:). Hence
P+ (2)vi(2) = vy(2). Differentiate both sides of the equation at z along direction u, we have
(VWP (2)vi(2) + PH(2) Vi (2) = Vv (2)
— (VP (2)vi(2) = (I — P1(2)) Vi (2) = Pl(2)V,ui(2).
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Therefore, we immediately obtain

W, <( sup ||VuPJ'(Z)H)Vt
2ER,|lull=1

Next, we bound ||V, Pl (2)|. Notice that Pll(z) + PL(z) = I, hence ||V, Pl(2)|| = |V,P*(z)||. Now we start from
P+ (2)? = P*(z), taking the directional derivative on both side, left multiplying P!!(z) and right multiplying P'l(z),

Pl(z)(VuPl(2))Pl(2) + PI(2)(VuP(2)) Pl (2) = Pl (2) V. Pl(2) Pl (2),

Hence Pl (2)V,Pll(2)Pl(z) = 0. Similarly, we start from P (z)? = P~ (z), taking the directional derivative on both
side, left multiplying P (z) and right multiplying P+ (z), and get

PH(2)(VuPI(2) Pl (2) P (2) + P (2) PI(2) (VW P(2)) P4 (2) = P (2)(Vu P (2) P (2).

Since P!l(z)P*(z) = P*(2)Pll(z), we can express V., Pl (2) on T, (R;) & N.(R;) as

v.Pl(z) = (g BOT> ,

with B = P+(2)(V,Pl(2))Pl(2) : T.(R:) — N.(R:). Therefore,

1
IVu P () = VWPl ) = 1Bl = 1Mz (s )7 o ve(Re) S "

where the last inequality follows from Aamari et al. (2019, Theorem 3.4). Therefore, we have
Wi S Vi/7e.

Hence we proved Proposition D.1-(3). O

Lemma D.7 (Explicit formulas). Under Assumption 3.1, we have that for all t € [6,T),

r m(t,x 1 it x
Viogn(a) =~ + "D Glogp () = -2 4 HL),
t
E[(U(t, z) — m(t, 2))®"]

V3 logpi(x) = 3 ,
t

lz—aizoll®\ \n
- )i}, and

where U(t, z) € R is a random vector taking values {atx(()i)}?zl with probabilities {Softmax(
m(t,x) =E[U(t,z)], X(¢t )= Cov(U(t, x)),
: _ (. 2 () _
withxg = (xy ', xg -+ &y ). Furthermore, Vm(t,z) = L(t, )/ hy.
Lemma D.8 (Second Fundamental Form Bound). Foranyt € [0,T] and z € Ry, we have
L3
I, < - lIV=log pi(2)])

Proof of Lemma D.S. For any z € R;, we consider T € R¥*?" and N € R%*(4=4") {0 be the orthonormal basis spanning
the spaces T, (R;) and N, (R;) respectively. We use coordinates (u,v) € RY x R4=%" via z(u,v) = 2z + Tu + Nv. We
can define the function

F(u,v) := NTVlog p(z(u,v)) € R,

Since z € Ry, the definition of ridge set R; includes the normal component of the score V log p; () is zero, i.e., F'(0,0) = 0.
The partial derivatives along the normal direction is

Oy F (u,v) = NTV2log ps (z(u, v))N,  0,F(0,0) = NTV?log p;(z)N.
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Since V2 log p; is invertible, we have
_ _ 1
18, F(0,0) 7| = [[(NTV*log pi(2)N) 1| < B’

where the inequality follows from the second condition in the definition of R,. Therefore, apply the implicit function
theorem and we get: there exists a neighborhood 0 € U € R and a C? map ¢ : U — R4~ with ¢(0) = 0 such that the
local solution set to F'(u,v) = 0 is the set {(u, v) | v = ¢(u)}. Therefore, a local parametrization of the manifold is

Y(u) =z +Tu+ No(u).

And differentiating F'(u, ¢(u)) = 0 at u = 0 implies V¢ (0) = 0. Now differentiate F'(u, ¢(u)) = 0 twice and evaluate at
u = 0 and use the fact that V¢(0) = 0, we get

uuF(0,0) + 0, F(0,0)V24(0) = 0.
Since F(u,v) = NTV log p;(z(u,v)), we have that for all £ € RY",
0uuF(0,0)[€, €] = NT(V log py(2))[T€, T€] = (|04 F(0,0)[| < ||V log pe(2)]-

Therefore, we have
_ _ 1
IV26(0)]| = || = (0, F(0,0)) ' 0uuF(0,0)|| < || = (8, F(0,0)) |8 F(0,0) || < EIIV?’ log p(2)||.

Last, along the local parametrization y(u) = z + T'u + N¢(u), we have
97,7(0) = N3, ¢(0).
Therefore, apply the definition of II and we get
It - (VY(0)€, V4(0)0) = P~ (2)V*1(0)[€, 0] = NV?$(0)[¢, 0].
Since N is isotropic (orthonormal), we prove the Lemma. O

Lemma D.9 (Normal velocity field expression). For all fixed t € [5,T] and z € Ry, let By € R>(1=4") pe the normal
eigen-matrix in the definition of Ry. The normal velocity field in Lemma C.4 can be expressed as

ve(2) = —(Ey(2)V2log py(2) Ey(2)) L E(2)0:V log py(2) € N.(Ry). a7

Proof of Lemma D.9. Fix tg € (6,T) and 2y € Ry,, consider the normal gauge parametrization near (¢, zp). we define
F(t,z) == Ey,(20)TVlogpi(x) € R¥~% with E;, being the orthonormal basis of N, (R;,). Since zg € R;,, we have
F(to, z0) = 0. Taking partial derivatives of F' and evaluating at (¢, z¢), we get
OLF (to, 20) = Eiy(20)70:V log pi(20) 1=t
VF(to,z0) = B, (20)TV?log pr, (20)-
Pick a normal gauge curve t — z(t) € Ry with z(tg) = z¢ and 0;2(t)|t=t, € N.,(R4,). We have F(z, z(t)) = 0. Taking
derivative wrt. ¢ to both sides of the equation, we get
0= 0.F(to,20) + VF(to, 20)0:2
= Et, (20)70:V 10g pi(20)|t=to + Bro (20)TV? 10g Dty (20)0e2(8) | 1=t
= E4,(20)70:V 1og ps (20)|t=t, + Et,(20)TV? log pe, (20) Ex, (20) o,
In the last identity, due to the fact that 0;2(t)|i=s, € N, (Ry,), we write 0;2(t)|¢=1, = Ft,(20)0o for some 6, € RI~4".

According to the definition of R, all eigenvalues of Fj, (z0)TV? log py, (20)Er, (20) € R(@=4)%(d=d") are Jess than — By, .
Therefore, Ey, (20)TV? log py, (20) Et, (20) is invertible and

”(Eto (zO)TV2 Ingto(ZO)Eto (ZO))_IH < 1/6150'
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Hence the normal velocity field vy, (zp) is unique and
Vio(20) = Eiy(20)00
= By (20) (B (20)TV? 10g pry (20) Bt (20)) ™" Bty (20) 70,V log pe(20) 1=t
= (B (20)TV?10g pty (20) By (20)) ™" Bty (20) 70,V 10g i (20) |e=to -
Therefore, the Lemma is proved by varying ¢o and 2. O
Lemma D.10 (Expression of ridge motion). Let E;, € R¥*(@=4") be the normal eigen-matrix in the definition of Ry, i.e.,

Ri = {x € R | Ey(2)Vlogpi(z) = 0,, \g++1 < —B:}. Then we have

1
Ey(2)T0,Viogpi(z) = h—Et(z)Tc?tm(t,z).
¢

Proof of Lemma D.10. According to Tweedie’s formula, we have

By()V log (o) = 5 Be(a)(m(, ) ~ o),
— Ee)Vogn(a) = 5 Bu()0m(t.) = S5t Bya)(mi(t.a) o) 18)

For x = 2z € R, we have

Ey(2)V log py () = hitEtu)(m(t,x) —z)=0.

Therefore, the last term in (18) cancels. The Lemma is proved. L]

Lemma D.11. For any z € Ry, let E,(z) be the eigen-matrix in Definition 3.2. We have

|E:(2)TO:m(t, 2)|| S (14 ht)atR.

Proof of Lemma D.11. By Lemma D.7,
ohm(t, z)
= 0 (hV1ogpi(z) + he2)
Opi(2)
pe(z)
2 - Vpe(2) + Api(2) + dpe(2)
pe(z)

= W Vlogpi(2) + V2 log py(2)z + dhyV 1og pi(2) + hV(

= h,V logpi(z) + he V( )+ hyz

= 1V logpi(2) + hV( ) + Iz

Ap(2)

pt<z) ) + htZ

= (hu + dhy)V log pi(2) + hy V* log py(2)z + huz
+ hy(contaz V2 log pi(2) + 2V2 log py (2)V log py(2)).
Since E;(2)TV logp:(z) = 0 and E;(2)TV?log ps(2)V log p:(z) = 0 for all z € R;, we have
E(2)T8ym(t, z) = hyEy(2)TV2log py(2)2 + By (2)T 2 + hy By (2) Teontas V2 log py(2).
Next we bound the three terms on the RHS. First, according to Lemma D.7 and the fact that E;(2)TV log p;(z) = 0,
IE:(2)T2] = [ Ee(2)Tm(t, 2)|| < [[m(t, 2)| < asR.

3(t,2)
h3
V2 log p; are at least —h%. On the other hand, E;(2)T only preserve eigenvalues that are smaller than — ;. Therefore,

V2 log p;(2) only contributes eigenvalues that are smaller than — 3, hence negative, in F;(2)TV? log p;(z)z. We have

1 aR
1E:(2)TV? log py(2)z]| < — | Ee(2)T2] < —.
hy hy

Next, according to Lemma D.7, V2 logp; = —h%ld + with 3(¢, z) = 0. Therefore, all negative eigenvalues of
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Regarding the last term, according to Lemma D.5,

Vdo, R
o

1B+ (2)Tcontas V* log pi (2)|| = | Ex(2)T(V? log pe(2) = T)[| < V||V? log pi(2)]| = O(

Since 6; can be arbitrarily chosen with order exp(—o(h; 1Y), the last term is negligible in the final order estimation. Hence
we proved Lemma D.11. O

E. Analysis of Stage 1

In this section, we analyze the first stage: the reverse-time inference process enters the tube neighborhood of the log-density
ridge with high probability. The formal version of Theorem 3.5 is derived from considering exactly the reverse OU process
as the reference process:

2
hr_¢

)X+

dx;7 = ((1- m(T —t,X;7))dt + V2dB{~, X§ ~ pr,

hr_4
and X;~ ~ pp_; forall 0 < ¢ < Ts. We define the entering time of X :

t =1nf{0 <t < T —0|X; € Tr—t(pr—+)}.
And we also analyze the reverse-time inference dynamics Y; with

tn =Inf{0<t<T—-06|Y; € Tr—i(pr—e)}-

Then the formal Theorem that describing our stage 1 states as follows:

Theorem E.1. Under Assumption 3.1, we have
(1) P(ti; <T—6)>1—es
(2) ]P)(tin <T- 5) >1—es— E(T);

(3) P(fin <T—-0)>1—e5—¢(T)— /ea(T,0)/8,

where e5 = hg for any ¢ > 0 and es — 0 at any polynomial order as § — 07. ¢(T) = %(% + R) — 0 exponentially
fastas T — oo.

Proof of Theorem E. 1. First, for the exact reverse OU process, we have

P(X5_s € Ts(ps)) = P(X5 € Ts(ps)) = P(dist(Xs, Rs) < ps) > P(dist(as Xo, Rs) + V/hs]|2]| < ps)-

We will first show dist(as X, Rs) is very small when ¢ < 1, and then apply the concentration of d-dimensional Gaussian
to bound the probability.

2 p2
According to Lemma E.2, if § is small enough such that hgl > a22A2 ln(4a5Rp§"—1) ), then
)

dist(as Xo, Rs) < ||z; — a(;xéi)H < ps/2.
Then we have
P(X7_s € Ts(ps)) = P(Vhslz|| < ps) = P(||2]1*> < p3/hs)

According to the order estimation of r; in Proposition D.1, we can pick § small such that p3/hs < d + 2+/d( log(1/hs) +
2¢log(1/hs) for any ¢ > 0. Then according to the LMI inequality (Moshksar, 2024), we have

P(X4 5 € Ts(ps)) > P(||2]|? < d + 2¢/dClog(1/hs) + 2¢ log(1/hs)) > 1 — RS.
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Next, for the reverse-time inference process Y;. Notice that Y; and X;~ have the same generator but with different
initializations: Yy ~ N (0, I4) while X§~ ~ pr. Therefore, we have

P(Yr—s5 € T5(ps)) = P(X7_5 € T5(ps))| < TV(Law(Yr_5),ps) < TV(N(0, 1a), pr)

IN

v
Vhr
where the second inequality follows from data processing inequality. The third inequality follows from Pinsker’s inequality.
The last inequality follows from property of OU process, see He et al. (2024, Proposition C.1). Therefore, we proved

2(\/@+R)>1hgag(\/@+R)

Last, for the inference process Y;, except for initialization error, there are extra trajectory error from X due to the
approximate posterior mean m 4. We have

P(Yr—s € Ts(ps)) = P(X1_5 € Ts(ps)) —

[P(Vrs € Ts(ps)) — P(Xi—5 € Ts(ps))| < TV (Law(Vr_s), ps) < w’

where P* is the path measure of X;~ and P is the path measure of Y;. Then we can apply the traditional analysis of the
inference process via Girsanov’s Theorem. We get

IP(Yr—s € Ts(ps)) — P(X5_5 € Ts(ps))|

T
\/KL(PTV;/W+;/ hy 2E(|[m(t, X,) —ma(t, Xo)||2]dt

< (I?T(\/i +R)+ \/ / he E[[lm(t, Xi) — ma(t, Xy)||?]de

The statements follows from transferring the probability to the defined stopping times. O
Lemma E.2. Under Assumption 3.1, when § < 1, for each i € [n], there exists a point z; € Rs such that

aZ?
2hs

).

2 — agxl || < 2a5R(n — 1) exp(—

Proof of Lemma E.2. According to Lemma D.7, we know

|2 — aswol|®
2hs

)Zaéféi)

Viegps(z) = —— —|— — Z Softmax(—
Iz — aswol?

o ilasz) —m(6 ) a5z —m(8,2)T.

V2logps(z) = T Id + Z Softmax(—

Next, we find critical points of V log ps(x) and show that they are on the log-density ridge R 5.

According to the expression of V log ps(z), the critical points are fixed points of

|l — aswol*

)
Ty )iasxy m(d,x).

n
T = Z Softmax(—

i=1
We claim: for each ¢ € [n], within B(a(;:c(()z), asA/4), there exists a unique fixed point, denoted as z;. We prove the claim
by the contraction mapping theorem. First, B(asz|”, asA/4) C R%is a closed ball. Second, for all 2 € B(asz|”, asA/4),
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for all j # 4, we have

|lz—aszo)| 1 i
Softmax(—%)j — exp(— ||z — a(;xéj)H n |z — aaxg)H) < exp(_GEAQ)
SoftmaX(—”w%ff;wo”)i 2hs 2hs - hs ©

B 2A2
— ZSoftmax(fW)j <(n-1) eXP(*aghé )

i

Hence, we can show m/(4, ) : B(aga:((f), asA/4) — B(a(;:c((f), asA/4),ie., forallz € B(a(;x((f),a(;A/él),

i [z — aszo j i
Im (8, 2) — asz§|| <> Softmax(—T)ja(;Ha:gj) — 2
J#i
2A2
< 2a5R(n — 1) exp(—aghé ) < asA/A4,
given the early stopping time is small enough such that h; ' > GEQAQ ln(%). Meanwhile, for x € B (a(;zgi), asA/4),
similar to the proof of Lemma D.5,
1 |z — aszo| j i
[9m(6,2)]] < 5= > Softmax(— =20 af o — (|
J#i
< aiR*(n—1) a%Az) -1,

P,
. . . . 1 2 aiR*(n—1)
given the early stopping time is small enough such that 5" > —7 In( )
5

hs
mapping theorem, there exists a unique fixed point z; € B (a(;as((f), asA/4). Ateach z;, according to Lemma D.7, we have

1 Cov(U(9,x))

. Therefore, according to the contraction

V2 logpg(zz) = —h75[d+ hg
1 1 a?A?
< ——I;+ —aiR*(n—1 -2
= gy Tt gl n = Dexp(= =)
1
< ——1
> 2h6 ds

2 p2
GEQAQ In( %2 RQ}(:_D ). Therefore, we proved that z; € Rs

with Bs = @(hié) Last, we estimate the distance from z; to a(;xéi).

given the early stopping time is small enough such that hgl >

i i sz - (16960” j i
l2i — a5zl || = m(t, z;) -« <3 Softmax(— =, 0= )jaslzd) — 28|
Jj#i
2A2
< 2a5R(n — 1) exp(fagh[s ).

F. Analysis of Stage 2

In this section, we analyze the stage 2 - align along normal directions. We start from stating the formal version of Theorem
3.6 which includes the dynamical property of the squared normal distance to the ridge.

Theorem F.1. Under Assumption 3.1, define rs = QfSt(ﬂT,u — 1)du, Bst(d,R) = fst e fut(pr_ R+ d)du and
ex(t,x) = PL(Iy(z))ea(t,x) withes = ma — m. Then for any t € [t;n, T — 6],

du.

t n o\ 12
~ . —w Ellleg(T —u,Y,
E[Dr_+(Y3)] Se %mprﬂn+l%m¢«LR)+l/ et H‘Ag il
Lin hTfuﬂT*U
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Furthermore, picking picking By = ¢/hy for any c € [%, 1), when 6 < 1, we have
BIDs(Vr—)] = O +5° [ hyl Bl (T — u. o) Fdw).

tin

We will prove Theorem F.1 and Theorem 3.6 naturally follows from it. The proof relies on a property of the square-normal
distance, which simply follows from the log-density ridge property proved in Appendix D.

Corollary F.2. As a consequence of Proposition C.1, the following properties hold for the square-distance function
Dy(x) = ||z — y(@)|%:

(1) Dy € C*(Ti(pi)) and V Dy (x) = 2n4(z);
(2) sup, [|[V2Dy(z)|| < ﬁ. As a consequence, sup, AD,(x) < —22

— 1—py/re”

We now prove Theorem F.1 for both Y; and Y, given below

5 _
AV, = (Y, — —Yi+ ——m(T — ,Y,) dt + V2dB,, Yy ~ N(0, 1),

hr_y hr_y
=b(T—t,Y3)
- - 2 . ) - - -
AY; = (Y, — ——Y, + ——ma(T — ,Y;)) dt + V2dB,, Yy ~N(0,1,).
hr_y hr_4
==ba(T—t,Y;)

Note that for Y3, it is differed from exact reverse-time OU only in initialization. Therefore, we would like to highlight the
relation between reverse OU-dynamics and the log-density ridge geometry through analysis of Y;. The gap between Y; and
Y, lies in the approximation error of the posterior mean. Therefore, our analysis for Y, will highlight the effect of posterior
mean approximation error.

Proof of Theorem F.1. For any t € [0,T — 8], * € Tr_i(ps), recall that Dy_,(x) = |nr_(z)|* and ny_,(z) =
x — IIp_;(x). Once the processes enter Tr_¢(p;), we can track the evolution of Dr_; via Itd’s formula. For the reverse
process Y;, we have

AD7_(Y;) = (0:Dr—(Yz) + 2(nr—¢(Y2), b(T — t,Y;)) + 2trace(V2Dr_y(Yy))) dt
+2v2(np (Y1), dBy),
where we have the following estimations for the drift terms:
(1) According to Corollary F2, 2trace(V2Dr_¢(Y;)) < H@fif/'ri"—t. Picking p; = 7;/2 for all ¢+ and we get
2trace(V2Dr_¢(Y};)) < 8d.
(2) According to Remark D.2,

8tDT—t(}/t) = _ast(i/t”s:T—t = 2<”T—t(}/t)7asns(}/t)|s=T—t>

<2pr4 sup |0s10s ()| s=7—¢|| == 2p1—tST—¢,
x€Tr_t(pT—1)

and Sy_; = O(R) when T —t — 0.
(3) if we denote z = 27— = Ur_+(Y3), nr—¢(Yy) L T, (Rr—t) and we have

2nr—o(Y2),b(T = £,Y2)) = 2(np—(Y2), Yo} + 4(ng—o(Y2), Vlog pr—i(Y:))
= 2|lny—(Y2)[|* + 4np—e(YVz), Viog pr—:(V3)),

?¢ can be chosen arbitrarily between [%, 1) due to the property of V* log p:(z) as explained in Remark D.6.
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In the last term, we can write Y; = z + np_4(Y};) and expand V log pr—¢(Y;) at 2 € Ry—_;. Then we have

(nr—(Y2), Viog pr—¢(Y7))
= (nr_1(Y7), Viog pr—i(2)) + (nr—¢(¥2), VZ1og pr—i (2)nr—¢(¥1))

1
+ 5 (o (Y2), V¥ log pro(2)nr o (Y)*2),

where

(nr_(Yy), Viogpr_i(2)) =0, definition of R _4,
(nr_1(Y7), V2 log pr—(z)nr—1(Y7))

=(np_4(Yy), PH(2)V?log pr—i(z)np—4(Y)) < —Br—ilnr—(Yy)|1?, definition of Ry,
(nr—¢(Y2), V*1og pr—i (2" )nr—4(Y2)®?)

5 80a}_,R? 9

<sup [V og pr—i(a) | mr— (V) < =Ty vy Lemma D.5
x T—t
3

SGT%BT%DT%(K) Proposition D.1

The last identity follows from Proposition D.1 by picking 6; such that 7, = 3;h3 R=3 /80 and p; = r;/2. Combining
the above inequalities, we have

3
(nr_(Y2), Viogpr—¢(Y2)) < —Br—i(1 — ah_,/4) Inp—¢ (V) ||* < _ZﬂTftDTft(Y;f)
Therefore, we have
2ng_i (Vi) b(T — £, Y,)) < —(36r— — 2)Dr_y(Yy).

Combining all the estimations and taking expectations of D _;, we obtain the following inequality
d
aE[DT t(Y)] < —=(3Br—t — 2)E[D7_(Y3)] + 2pr—¢S7—¢ + 8d.

Last, apply Gronwall’s inequality, for any ¢;, € (0,7 — §) and ¢ € (¢in, T — d], we obtain

E[Dr_((Yy)] < exp (— / 367w — 2du)E[Dy_q, (Vi)

in

t t
+ / exp ( — / 3Pr_s — 2ds) (2pT_uST_u + 8d)du.
t u

in

Whent =T — 4, 5t = ¢/h; and 6 < 1, we have

T-6 T-6
/ exp ( — / 3Br_s — 2ds) (QpT_uST_u + 8d)du = O(dé%).
tin u
For the reverse-time inference process }7}, we have
dDr_4(Y;) = (atDT—t(Y/t) + 2(nr—¢(Y2),ba(T — t, 7))
+ 2trace(V2DT_t(}~/t)))dt + 2\f2<nT_t(ﬁ), d3t>.

Notice that the only difference to that of Y; is the error es(t,-) = m(t,-) — ma(t,-) within the normal space, i.e.,
ek (t,r) = PL(Il;(z))ea(t, ). Similarly, we have the inequality

d

aE[DT—t(f’t)]
< ~ (381 — DEIDr (V)] + 207570 + 8+ 2E[(nr—o(¥e), - —ea(T — 1, ¥3))
Lo _ 1 viy12
< =2(Br—¢ — DE[Dr_(Y)] + 2p70—+Sr—s + 8d + Efllea(” — ¥4I

h%ftﬂTft ’
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where the last inequality follows from Young’s inequality. Therefore, according to the Gronwall’s inequality,

E[Dr_(Y;)] < exp (—2 /t Br—u — 1du)E[D,_; (Y7 )]

t t Efflex TﬁUﬁﬁL 2
+ / exp (-2 / Br. — 1d5) 2pr_uSr_ + PLIAL )2
fin v TfuBTfu

Whent =T — 6, 5t = ¢/h: and 6 < 1, we have

T—§ T-5
[ exp ( - 2/ Br—_s — 1ds)du = 0(69),
t u

in

+ Sd) du

T—6 T—6 B
[ exp (2 / B — 1ds)hs?, B L Elleh (T — u, V) |2ldu
t u

in

T—6
— 05 / B E]eh (T — u, Y2 [?)du).
t

in

G. Analysis of Stage 3

In this section, we analyze Stage 3, namely the tangential sliding behavior of both the ideal reverse process Y; and the learned
Teverse process Y, relative to the log-density ridge geometry. We first state a formal dynamical version of Theorem 3.7, which
controls the evolution of the squared tangential residual along inference. The terminal-time estimate stated in Theorem 3.7
in the main text follows directly by integrating this formal bound.

Theorem G.1. Under Assumption 3.1, for any t € [tin, T — 6], define el 1(t x) = (Ut(i))TeA(t, x)withea =my —m. If
Y, € Bglt(GT,t), then we have

d ) 1 z) ” i ~ 2
—E < —(— + — ’ —t. Y
dt [H H ] = (hTft ) [H H } t || ( ) t)” ’
where e( ) = O(d). Furthermore, with 6 < 1, we have

E[[1aS) 1% = O(dv5 + V5 / hd Elle (T - u, V)| du).

‘We now introduce the objects used in the proof. Recall that the ideal and learned reverse processes satisfy

9 _
dY; = (V; = —Yi + —m(T = t,Y;) dt + V2dB,, Yy~ N(0,14),

hr_y hr_y
=b(T—t,Yy)
2 . - - -
Yy = (Vi = 5——Yi+ s——ma(T = £, Y3)) dt + V2dB,, Yo ~ N (0, 1a).
T—t T—t
==ba(T—t,Y;)

In Section 3.4, we introduced the tangent frame U}Qt € RI>4" at the center mgflt, whose columns are the top-d*

eigenvectors of V log pr_ (m(Ti) ,). For trajectories lying in the tube neighborhood and the i*" center-dominant region, the

(@) _

natural residuals relative to the local center are r, * = Y; — mgf) . and f,i) Y, — mgf)_f We then define the corresponding

tangential coordinates ug )= (U:(Flzt) () ¢ RY" and u(i) = (U’ () DT ( ) € R, These are the appropriate quantities to
study because Stage 3 concerns motion along the ridge rather than dlstance to the ridge. Strictly speaking, the ideal tangent

frame wold be taken at the projected ridge point Ht(m(Tlt) not at the center m;) , itself. However, Lemma E.2 shows that
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m(T) , 1s exponentially close to Ht(m(T) ,)asT —t — 6" < 1. Therefore, ug " and u( R provide accurate local proxies for
the tangential components of the residuals, while keeping the analysis explicit and tractable.

‘We next prove the formal tangential contraction theorem.

i)

Proof of Theorem 3.7. Apply Itd’s formula to u( and we get

ul = 0,(U )TV = m$) yat + (U )T (BT — ¢, Y3)dt — dyar—exldt + v/2dB,)

2
B _(hTft

(U )T(B(T —t,Yy) — (Vs +

— D dt + 0, (U )TV, —m)dt +v2(Ul) ) TdB,

o (mil = Y))dt.

Now apply Itd’s formula again to ||u§i) ||? and we get,

dllul”)? = 2u?, duly + 2trace((U )TUD ,)dt
2

= 20— — Dlluf” Pt + 20, 9UF )T - miP )t
@) 7@y 20
20l (UFL)T (T ~ £,Y0) = (Y4 j—(mil, ~ Vi)

+2d*dt + 2v2(ul”, (U )TdBy),
where according to Lemma G.4,
(i, 8, (U )T (Y, — m),))
=<@%a@#hNU?1ﬁb + (w0 (UR )T (1g = URL (U )T)(¥: = mf) )

<0+ Hw|ﬁ+mwmmmT»@ P(m$) ) (I — Pm$ )2 |1,

hr_
and according to Lemma G.3 and Assumption 3.1,
2
hr—t

2 i %
< IT = ,Y5) = (Y + 31— (mil, = YO)IIY: — )|

< 8R%a%_,hyt 07—y,

(0l LT = 830 = (¥t G, = ¥0)

2. we have

d ; 1
Elllu”?) < ~2(;—
T—t

+8R%a2_,h3_ ¢ + 2d*,

— DE[|u{”[1?] + 2hr— | P(m§) )0 P(m) ) (Lg — P(mG )22

whereas T —t — 6T < 1,
(1) —Q(ﬁ — 1)E[||u§i) ||?] is a strict contraction term with infinite force;
@ 2hr|[P(my JOPOmi) ) (Ta = Pyl )P > = O(1);

|2 = O(R?);

(ii) According to the definition of P (mg,f)_t) and estimations Lemma D.5,

1P(m$) )a,P(m{) ) (I — P(m{) )| = O(6r_poly(R, h; 1))

for any 07_; = exp(—o(thft ):
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Combining the two estimations, we have the whole term is O(1).

(3) 8R?az_;h7 01— = O(1) since we can choose 7, = exp(—o(7-—)) as discussed in Remark D.4.

Therefore, we obtain that %]E[Hu,(f) 12] < —2(:2— — DE[|ul”||2] + %), with ! , = O(d) as t — T~. By Gronwall’s

inequality,

hr ¢

. t t t
E[Hug )||2] <exp(-— 2/ — 1du)E [||ut )|| 1+ / exp (— 2/ — lds) ~ . du.
tiw NT t u b

in —u in T—s

Whent =T — § and § < 1, we have

T—5 T-5
/ exp ((— 2/ T 1d8)€T Ldu = O(ddlog(1/9)).
t u

T—s

in

Hence we prove that as ¢ — T' — §, with high probability (tends to 1 as § — 07), Y; will enter some region dominated by
one of the center B(Tl ) (07— t) and then be pulled towards the center aT,t:c((f). Furthermore, quantitatively, the expected

square-norm of Y; _s — agx ) is of order 0(0).

For the reverse-time inference process Yt, we utilize the same idea. Define
fﬁ”:Yt m;“)t’ ~() = (Uj(’)t) (Y mgf 1)
The following the same estimations, we have

d -G 1 (i 4 i > i
GBI 17 < —2G— — DEl" ") - (@, U5 ) Tea(T - 1. Y)) + &L,
T—t T—t

where €(i) = O(1) ast — T~. Apply Young’s inequality, we have ;—— 4 <u§”, (U;ilt)TeA(T —t, V) < #_fnai” 12 +

| T’>t)TeA(T —t,7})||?. Therefore,

d
dt

LEad)?) < - %%;—

(i 4 i
mMMﬂH+E:M%L) AT =, V)| + &2,

Apply Gronwall’s inequality and we get

t

~ (1 1 1

E[[a"]?] < exp (- . —2du)E [||u( || ]+ / exp ( / e 2ds)eT Ldu
tin T—u tin T—s

¢ t 9
— —2d
+ /E exp( /u . s) P

Whent =T — § and § < 1, we have

T-5 T-5 o
- exp(— T 2ds) ey, du = O(W5),
t u —s

in

T-6 T-96
1 4
exp ( — — 2ds
/f« P ( /u hT—s )hT—u

in

(U VTea(T — u, V)| *du.

(U )Tea(T —u, V)| du

T—6 5 . _
OGS [ hp? (U )Tea(T —u, V)| du).

tin
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(@)

Remark G.2 (Tangential distribution of the residual). To study the distribution of residual Y;_5 — my’ along the tangent

direction, we look at the SDE of ||ﬂ§i) ||? and only look at the leading order drift as t — T~ and the diffusion term:

(i 2 (i i i
dla” | = —2(=— - Dlla" IPde + 2(uf”, 0,(UF)T (Vi = m{L )t

(m$), — Vi))))dt

(i i > > 2
+ 2", (UFL)T (T = ,¥5) = (Vi + o
—t

+2d dt + 2v2(@”, (U )TdB,)
4 i 4 i -
=———w&Wm—7fﬂwx@me@—uth
t

O(1)dt +2v2(al”, (UW ) TdBy)
which implies
2 i i > =
(@ + (U )Tea(T —t,Y,))dt +V2d B, + O(1)dt

T—t

day) = —

dominant drift

Notice that
Y/t:mgfl)—t"‘U:E}) ()+( Ui(")t(UI(“)t) )(Y; — mg,f)_t)

normal component
Assume the normal component is negligible, then we have
(UF))Tea(T = t.Y)) ~ (UF) )Tea(T — t,m), + Up) ).

Then the approximate SDE for aﬁ“ is given by

i 2 G i i i) -
dal” = e (@ + (UD )Tea(T —t,mi , + U ,a{"))dt + v2dB,. (19)

Lemma G.3. Under Assumption 3.1, if v € BT (nr—¢), then

2 _
1T = t.2) = (@ + 5~y = 2)) | < 4Rar— izl o7

Proof of Lemma G.3. According to Lemma D.7, we have

m(T —t,x) mT ' ZSoftmax 2}::Tt iy )Jant(x((f) - xgi)).
J#i

Under Assumption 3.1 and the definition of B(Ti)_t(nT_t), we immediately have |m(T — t,z) — mgﬁ)_tH < 2Rar_¢07_;.
Therefore,

2 (), - )]

(T —t,x) — (x+
(T = t.2) = (& + 57—

(T —t,2) - 2) — (& + ——(m, — )]

= ||z +
I s

hr—¢

(T —t,x) - mT ¢l < 4Rar— thT 07—

O
Lemma G.4. The local tangent frame Ut(i) satisfies that (u, (O Ut(i))TUt(i)u) = 0foranyu € RT.
Proof of Lemma G.4. Starting from (Ut(i))TUt(i) = I~ and take derivative wrt. ¢ on both side and we get
@MUY = (@)U
Therefore, (9, Ut(i))TUt(i) is skew-symmetric. Hence we proved (1). O
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H. From Inference to Training

This section converts the error-bound terms in Theorems 3.6 and 3.7, which are expectations along the simulated inference
path Y, into quantities that depend only on the exact reverse-time OU path X;~. The key tool is a change of measure
(Girsanov’s theorem). A minor technical issue is that Yy ~ A (0, 1) while X§~ ~ pr. To isolate the initialization error, we
introduce an auxiliary process Y, that shares the transition kernel with Y; but starts from the correct initialization py-.

Reverse-time processes. Let e4(t,2) := ma(t,x) — m(t, z). Consider the following reverse-time processes on [0, 7" — J]:

2 2
dx; = (X7 - X+ m(T —t,X{7))dt + V2dBf~, X§ ~pr,
hr—¢ hr—¢
b(T—t,X;)
T—t hr_y
=ba(T—t,Y3)
- - 2 . - - -
4y, = (Y, — — Vit hT_th(T —t,Y}))dt +V2dB,, Yo ~ N(0,1).

=ba(T—t,Y:)

We denote the path measures of X;~ and Y, respectively by P and Q. Since X < and Y5 have the same initial distribution,
we can apply Girsanov’s theorem without evolving extra initial-density ratio factor. The remaining gap between Y; and Y; is
purely from initialization, and it will be controlled since pr is close to A(0, I;) when T is large.

Assumption H.1. We assume the following hold:

T—35 |lea(T— sX“)\|2ds)

T—s

(0) Novikov’s condition: exp (2 f

(1) Bound x? along trajectory: sup,c(o.7—g X°(Q:|P;) < CF = O(1);

Nl

(2) Normal/tangent posterior mean error satisfies: forany t € {_L, ||}, E[||e], (T—t, X)||*]
for some C,,, = O(1);

CrnE[lley (T —t, X))

(3) Uniform boundedness of the weighted posterior mean error:

_ -~ 2
sup sup w( t)H;féA(T bl
te[0,T—6] x€Tr—t(pT—1t) T

— T-9

for some C,, = O(1) and decreasing weight ¢ — w(t).

Theorem H.2. Under Assumption H.1, the normal/tangent-error floors in Theorems 3.6 and 3.7 can be estimated by the
projected posterior mean matching loss in normal/tangent direction, i.e.,

T Elllet (£ X, )12
normal-error floor < C5- / w(?) [||e;:2(t, Il ]dt +C5 (Vd+ R)e T + dé°, (20)
& t

T l 2
Elw(t t, X
tangent-error floor < CJ;I/ wl )He;;‘Q( ROty
5 t

dt + CJ(Vd+ R)e™T + do*. 1)
where C; = (S"(l \VJ %) (C = limt_,5+ htﬁt) and C(ls‘ = \/5(1 V wﬁ)

Proof of Theorem H.2. Applying Girsanov’s Theorem, define £; := v/2 f ! MdB & and according to Assumption
H.1-(0), we have £(L); == exp (L, — $[L];) is a P-martingale and

<
Lo BE — \f/ m—sX)dS
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is a Brownina motion under £(L)7_sP and Q = £(L)7p_sP. Therefore, we can change the path measure from Q to P,
hence relating the inference bounds to the training error.

Recall that with e (t, ) = ma(t,x) — m(t,z) and e} (t,7) = P-(x)ea(t,z). When B; = c/h, for some c € [1/2,1),
the normal-error term related to training in Theorem 3.6 is

T-6 T-5 n AP
ﬁ exp(—2/ (Br_s — 1)ds) Elleall = w YOI

i u h%_uﬁT—u
<6C/T—é B w(T = OE[les (T -t V)|,
~ i w(Tft) h%—t
1—c T-6 — - - y 2
550(1v5 )/ w(T t)IE[HezA(T t%)llldt?
w(8)’ Ji, hr—

WLOG, assume that fin = 0. According to Girsanov’s theorem,

/T§ E[w(T —t)|lex(T —t,Y:)||?]

_ /T‘s w(T = E[les(T —t,Y)|”] — eA(T — ¢, Y3)|I”] a
0 hp—y

dt

dt.

T=0 w(T — OE[E(L)]|ek (T — t, X))
Notice that
EIE(L)elek(T — t, X% = Elllex (T — t, X2 + E[(E(L): — V)llek(T — t, X%
E[lle4 (T — t, X)) + E[(E(L): — 1)?2E[||ek (T — t, X;)||*]2
Ellex (T — ¢, X712 + VXA (QPOE[| ek (T — t, X[

IN

Under Assumption H.1-(1)(2), we have

dt.

/T_‘S w(T = OEE(L)e]lex (T —t, X7)|]
0

dt < (1+ CCm) 70 w(T — OE[llex(T — t, X))
h%_y a xem

2
0 hT—t

Meanwhile, under Assumption H.1-(3), we have

/” (T~ OE(Ief(T ~ 1 I2) AT I 4 _ o ovn0, Luyopr) < (Va4 R)eT.
0

2
h’T—t

Therefore, the normal-error floor for aligning can be estimated as

i1 o 87 [T Eles(T —u, Vo)1)
v w(é))/o ht_ a
cir o 80 [T w(T = OE[lex(T —t, X)) e(1y 0° o
55(1vw(5))/0 . dt+5(1vw(5))(m+3)e :

Similarly, along the tangent direction, the tangent floor is of the form

T—6 T—6 1 4 @) ~ )
i exp ( — — 2ds) N(Upl,)Tea(T —u,Y,)||*du

tin u hT—S hT_u
VB (T8 w(T = wE[|(UF) ) ea(T — u, ¥o) |
< 1v 2 -
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where the order estimation follows from the choice of ; = ©(1/h;). When Y, € Tr—i(pr—t) N B® (6r—¢)andt — T — 9,

we have U, () (U’ () L P¥ (m g) )~ P%_t(ﬁ). Hence we can use the following tangent error to reflect the tangent-
floor of the shdmg phase:

- I (v ;) ||?
Vil N )[T *w(T — )E[| Pr_,(Yi)ea(T — t,Yy)|| ]dt

Ly m in h%—t
0 =6 (T — OE[||el (T — V)12
R

Then following the same change of measure discussion, the tangent-error floor for sliding can be estimated as

- I \/ 2
V(v Yo | S w(T — wWE[leg(T —u. V)]
0

w(d) ht
5 (T w(T — B[l (T —t, X
5\/5(1\/\[)/ wT =Y [”eg( A )|Hdt+f(1v7\f)(\f+R)
w(d)” Jo h_y w(d)
Last, the theorem follows from writing the reverse-time OU X~ into the forward-time OU X, and adding the contraction
terms depending on d, R in Theorems 3.6 and 3.7. O

I. Analysis of the Training Process
Recall from (7) that
Aji1 = Ap(I, — 200) + 20V,
with Ut = E[O’t(Xt(Z))O't(Xt(Z))T] € RP*P and ‘/t = Ez[athat(Xt(z))T] € Rpr
2 T w(t) Eloy(Xi(2))0u (X (2))T] > /T w(t) Elai Xooy (X¢(2))T]
U= dt, V= dt.
/a hi p s hi VP

U is the RENN kernel matrix in (7) with rank » < p and eigen-decomposition U = Z;Zl Ajujuj with {u;} ;e[ being a
set of orthonormal vectors in R? and \; > Ao > --- > A\, > 0.

We first provide initialization-dependent expressions for Ay and the equilibrium of gradient descent.

Apply the iteration recursively and we get
Ay = Ao(I, — 2nU)* Z I, —2qU)
j=0

If 2n||U|| < 1, the gradient descent is stable. As k — oo,
Ap = As = Ao(I, - UUH) + VU™,
where U is the pseudo-inverse of U.

Next, we present the error decomposition of Ly (Ay) into architecture-driven error and optimization-driven error.

Proposition L.1. Let { A} be the matrix iterates from gradient descent (7) with learning rate n < 2/ and initialization
Ay, then the Ly can be decomposed as

»CMM (Ak) = Errarc + Errtrain(k)a ['MM(AOO) = Errarm

with

VUt
h? VD

Erryrain(k) = 3 A(1— 200:) % |ai] %,

i=1

T
Brrgre — / O gt X,(2)) — Y oy (X)) Pl
)

and a; = (Ag — VU )u; € R forall j € [r].
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Proof of Proposition I.1. Based on the dynamics of {Ag}r>0, we can study the dynamics of the DMM loss
{Lpmm(Ar) }i>0. According to (5), we have

T w A
Lonn(d) = [ Bl - X+ T ()Pt
- T%t) —a 2 T@ i(7 2))|?
= [ SR - ol s [ DR ol
o [ g vy A (e
2 [ G Bl oo
= C + trace(AUAT) — 2trace(AVT), (22)

wt)

where the constant C' = [; " E[||a; Xo||?]dt is independent to A. Notice that V 4 Loy (A) = 2(AU — V). Therefore,

the equilibrium satisfy A* satlsfy A*U = V and they share the same DMM loss value Lpmm (A*). Next, we study the

decay of DMM loss along gradient descent by tracking Loy (Ax) — Lomm (A*). Define AAy, = Ay — A*, according to
(22), we have

Lowmm(Ay) = C + trace((A* + AAR)U(A™ + AAg)T) — 2trace((A* + AA,)VT)
= C + trace(A*U(A*)T) — 2trace(A*VT) 4 trace(AA,UAA])

+ 2(trace(AAU ace(AA;JN/T))
= Lovm(A*) + trace(AA UAA])
= Loana(A") + [ AAD = |3,

where the last part in the second equation cancel due to the property of the equilibrium A*. Meanwhile, according to the
iteration formula, we can easily get that

Adjr = Appr — A" = AA (1, — 290) + 29(A*U + V) = AA(I,, — 2n0),
where the last identity follows from the property of the equilibrium A*. Combined with our equation of Lpnn (Ag), we
have

Loan(Ar) = Lonm(A%) + [|AAT 2|2 = Lovm(A*) + |AA(I, — 200) T2 ||2.

Therefore, based on the spectral information of U and Ay, we can represent the DMM loss along gradient descent as follows

ﬁDMM(Ak) = EDMM(A*) + Z )\i(l — 277/\7;)2k||ai\|2. (23)
i=1
In order to look at a loss with minimum strictly zero, we need to go back to the (non-denoising) posterior mean matching
loss, i.e., Ly (A) = féT w}fﬁ)E[H —m(t, X¢(2)) + %O’t(Xt(Z))”z]dt. The DMM loss Lpyu can be easily related to
EMMZ ’

T
Loni(A) = /6 Wff;” H—atijﬁaaxt( 2))|PJat
= Tw(t) -m z iU
_/5 A7 Elll = m(t, Xu(2) + Zoo(Xuls ))IIP)dt
N /5 wh@f) E[|| — a:Xo + m(t, X,(2))|2]dt




Diffusion Model’s Generalization Can Be Characterized by Inductive Biases toward a Data-Dependent Ridge Manifold

where the cross term is canceled based on definition of m(¢, x) = E[a; Xo|X; = 2| and the tower property. Therefore, we
can derive a decomposition of Ly (Ay) along the gradient descent dynamics:

Ly (Ag) (24)

— Comna(s) = [ 2l = 00X+ m X, Pl

r T
. t
= S = 200 el + Lown(47) = [ 2B — 00X + (e, Xu(2) e
i—1 & t
r T
_ (1 — o\ 2K 112 w(t) AT
_;)\1(1 20" ||asl| +/5 2 E[(a: X0, a: Xo \/ﬁat(Xt(z)»]dt

T
_ /5 wh(ft)]EH — a; Xo +m(t, X;(2))[|*)dt

T T *
= 37 (1 — 2020) P a2 + /5 O Bl (t, X,(2)),mit, Xu(2)) — Ao (X(2))dt

i=1 Tf /P
N (1 2K 1|12 T@ . . _ﬁo e
_;)\1(1 20Ai) ™" |laq| +/5 E E[||m(t, X,(2)) N (X (2))|P]dt, 25)

where the second last property follows from the tower property and the last identity follows from the property of A* and the
tower property. Therefore, Equation (24) decompose the posterior mean error into two parts which induce different type of
implicit bias.

(1) Architecture Implicit Bias: the term | (ST w}g )E[Hm(t, X (2)) = %at(Xt(z))||2]dt orients from the inadequate rep-
resentation ability of the RFNN with finite p. Even though the equilibrium A* can be any matrix of the form
Ao(I, — UUT) + VU™ (depending on initialization), the value of the architecture implicit bias stays the same.

Therefore, we can pick a special A* = VU* to represent it, i.e.,

T .

w(t) vUt 5

Err,,. = / El||m(t, X¢(2)) — o (X (z dt.

2 [Im(t, X(2)) 7 1(Xe(2))17]

(2) Training Dynamical Implicit Bias: the term > ;_, A;(1 — 2nA;)?*{|a;||? is produced by running the optimization
algorithm for finite time. If we can ideally run the gradient descent for infinite many step, this bias will vanish. We
represent the training dynamical bias as follows

Ertyrain(k) = 3 A(1 = 20200)% ;.

i=1

Based on Proposition 1.1, we can proceed to prove Theorem 4.2.

Proof of Theorem 4.2. The decomposition of training dynamical/architecture implicit bias requires to repeat our analysis to
the total DMM loss.
w(t)

T A
Lisn(A) ::/5 n JE[HP#(Xt(Z))(—atXﬁﬁOt(Xt(Z)))IIZ}dt

_ T w(t) 1 MN—a 2 TM 1 2 ia N2
= [ SR K oo+ IR X o Xt P

=CL quadratic in A

T w(t) n A
_2/5 h2 E[(P; (Xt(z))(atxo),%Ut(Xt(z))”dt,

linear in A
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Then we have

Ly (Ar) = Loy (A* + AA)

o [T Lo (o A DA
= oty [ PRI

~2 [ RO ) k), T

_ x Tw(t) A A
= chun(4) + | SBIPENS
A* AAg

T
#2 [ BP0 (o (X(2) - ), S (X))

«(Xi(2)))|1%)dt

o1 (Xi(2)))]dt

o1 (Xe(2)) )t

Therefore, the posterior mean loss is

Chia(A) = Coana(A) — [ PBIIPE ) (- anXo + mit, X(2) [P

T w
~ Chuna4) + [ GNP (S

VP
T w *
#2 [ BP0 (o (X(2) - o), S (X))

T
_ /5 wh(;)E[”PtJ_(Xt(Z))( —a; Xo +m(t, Xi(2)))[|*]dt

o1 (Xe(2))) )t

2/6 w}g)E[IIP#(Xt(z))(m(t,Xt(z))— j;at(Xt(z)))”Q]dt

o (X (2)))[°]dt

Fw) bt A4k
v [ GBI (S

T@ - z A*U z))—m z —AAkU z
+2/6 72 E[(P (X ))(\/13 ((Xu(2) = mt Xi(2), = ou(Xel2)

Similarly, along the tangent directions, we have

T *
Choa(e) = [ FBIP (X(2) (it X0(2) = (X)) P

T
+/5 %E[Hpt‘l(xt(z))(

Then along the normal and tangent directions, the architecture implicit bias are

TUJ *
Brrk = [ G EIR (X0(2) (e Xu(2) = (X))
T
I'I'” = @ H z m z *A*U z 2
Brel. = [ GBI (X2 0, Xi(2) — o) P
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The training dynamical implicit bias along the tangent directions are

1 _ Tw() 1 AAy
Erron(8) = [ G EIPE G R (X))
T w(t) N A* AA
+2 [ SR (oK) — mit X)), SR (XK
AAy

Brel () = [ S BIIPL (X)

") V(X (2 ﬁa 2)) —m z %0 z
+2/5 2 E[(F; (X ( ))(\/13 1(Xi(2)) —m(t, Xi(2)), 7 1(Xi(2)))]dt
Again, since AA, = AAg(1 — 2nU)*, we have A\/Aﬁk o(Xe(2)) = Z§=1( — 20 )’“L\/ﬁt(z))aj = Z;zl(l -
2nA;)¥ o, a;. Then we have
Tw(t)pro1 Adg 2
[ SR e R I
- Z 1—2nX)" (1 — 2n\)*al /5 wh(g)E[ot,ujot,u,P#(Xt(Z))]az

7,l=1

_Z 1 —29A;)"(1 = 2n\)*al Pjray
7,l=1

oW ps A — ot Xu(2)), 2 g (2
2 /5 T EUPE (G Eon(Xal2) = m(t X)), =~ o(Xu())lde

B o Tw(t) A*
QZ — o) /5 S Bl P ToXi() — mit Xi()J

) E Tpl
=2 2(1 —2nX;)Falby.
j=1
We can work on the tangent directions similarly. Therefore, we have

T

Bt g (k) = 3 (1= 202)F(1 = 2np\)*al Prag +2 > (1 — 2nA))*alb},

J)l=1 j=1
Bty g (k) = 3 (1= 202)F(1 = 2p\)*al Plag +2 3 (1 — 2nA;)Falbl,
Jil=1 j=1

*

A
\/ﬁvt(Xt(Z)) —m(t, Xi(2))]dt,

P = /5 ) 1,00 P (X)), b = /5 YO gy, . PHX(2))(

Jjl ht2 h,2
| [T w() l(x. (s [T w® lexe oy (A ) it Xl
Py */5 n Elotu; o0 Py (Xe(2))]dt,  b; 7/5 2 Elot,u, Py (X ))(\/ﬁgt(Xt( )) —m(t, Xi(2))]dt (26)

u}'at(Xt

and recall oy, = 7 ©) for all J € [r]. It is worth mentioning that

T

w(t

P + Pl = / %E[at,waml}dt = Nlj, b +b) =0
5 t

Hence Ertypqin (k) = Brrs . (k) + Errl (k). O

train
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J. Experimental Details

In this section, we list the specific model architectures and hyperparameters that were not included in the main text.

J.1. Two Points in 2D Plane

Model Architectures Our RFNN model strictly follows the architecture defined in Section 2, with a model width of
p = 2000 and a temporal embedding dimension of K; = 128.

Training and Loss Computation We optimize the model via gradient descent for 107 epochs with a learning rate of
5 x 1074, The gradient descent is performed using the full-batch SGD optimizer in PyTorch and loss function (5). We
numerically evaluate the integral in the loss function (5) using the trapezoidal rule with 2,000 discretization points.

SDE and Sampling Details We model the diffusion process using a stochastic differential equation (SDE) with a drift
coefficient of f(z,t) = —x and a constant diffusion coefficient of g(t) = /2. For generation, we employ the Euler-
Maruyama sampler with N = 1000 discrete time steps. The time schedule follows a geometric progression decaying from
T = 10 down to & = t,,,, = 1073, Specifically, the time points are defined as t; = T - (t,in,/T)" "N fori =0,..., N.

J.2. More Points in 2D Plane

We use the RFNN model with the same architecture, training, and sampling settings as described in Section J.1. The only
differences are the training epochs: for the four-point case (Figure 2), we train for 5,000,000 epochs with I = 0.0005; for
the three-point case (Figure 3), we train for 3,000,000 epochs with Ir = 0.0005.

J.3. MNIST

Model Architectures We utilize Multi-Layer Perceptrons (MLPs) for all components of our framework.

 VAE Architecture: The encoder maps the flattened input image (R7*) to the latent space through two hidden layers
with 400 and 200 units, respectively. It uses ReLLU activations and outputs the mean and log-variance parameters. The
decoder mirrors this structure (latent — 200 — 400 — 784) and uses a Sigmoid activation at the final layer to ensure
pixel values lie within [0, 1].

e Latent Score Network: The score model is a time-conditioned MLP. The time step ¢ is first mapped to a 128-
dimensional feature vector using Sinusoidal Embedding. This embedding is concatenated with the input vector and
passed through three fully connected layers (sizes: input — 256 — 256 — latent dimension) with ReLU activations to
estimate the score function.

Training Configuration All models are trained on a single GPU using the Adam optimizer with a batch size of 1024.

* VAE Training: The VAE is trained for 100 epochs with a learning rate of 10~3. It minimizes the standard Evidence
Lower Bound loss.

* Score Model Training: The latent diffusion model is trained for 300 epochs with a learning rate of 10~%. The loss
function follows the denoising score matching objective (5). The weight schedule in the loss function is set to a constant
w(t) = 1.

SDE and Sampling Details We model the diffusion process using a stochastic differential equation (SDE) with a drift
coefficient of f(z,t) = —x and a constant diffusion coefficient of g(t) = /2. For generation, we employ the Euler-
Maruyama sampler with NV = 1000 discrete time steps. The time schedule follows a geometric progression decaying from
T =10 down to & = t,,4, = 1073, Specifically, the time points are defined as t; = T - (t,in/T)/N fori =0,..., N.

J.4. Projection onto Log-density Ridge Sets

During the reverse sampling process, given a sample o € R? generated by the diffusion model at a specific time step, our
objective is to find its exact projection y* onto the ridge manifold R 4« (p; 3). This naturally formulates as a constrained
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non-linear optimization problem:

D Lly— zof?
min — — X
JeRi 2 Y 0

st. F(y) = E(y)"Vlogp(y) =0,
Ad+1(y) < =B
where F(y) € R4~=?" represents the residual projection of the score function onto the normal space. To solve this projection

problem, we introduce the Lagrange multiplier v € R?~%" for the equality constraint F(y) = 0. The unconstrained
Lagrangian function is given by:

27)

1
L(y,v) = 5ly = zol” +vTF(y) (28)

According to the KKT conditions, the exact projection point must satisfy the following stationarity conditions:

VyL(y,v) = (y —x0) +J(y)Tv =0 29)
F(y)=0
where J(y) ==V, F(y) € R(4=4") % 5 the Jacobian matrix of the normal residual. In high-dimensional spaces, approxi-
mating J(y) via finite differences introduces severe numerical instability. Instead, we construct the Jacobian analytically.
Applying the product rule to F'(y), we obtain:

J(y) = E(y)TV?logp(y) + (V4 E(y)) 'V logp(y) (30)

Let H(y) := V2 log p(y) denote the Hessian matrix. Since the column vectors of E(y) are precisely the eigenvectors of H (1)
spanning the normal space, the first term simplifies directly to A | (y)E(y)T, where A | (y) = diag(Ag++1, - - - , Aq).For the
second term, which involves the derivative of the invariant subspace, we use matrix perturbation theory. Let T(y) € R%*¢"
be the orthogonal basis of the tangent space, and A (y) be the corresponding diagonal matrix of the tangent eigenvalues.
The normal basis E(y) satisfies the eigenvalue equation H (y)E(y) = E(y)A (y). Differentiating both sides with respect
to the coordinate component 3(©) yields:
0H (y OFE(y OF(y OA (y

8y((g)) E(y) + H(y) ay&)) = 8;@)) AL(y)+ E(y) ay(ﬁ) )
To isolate the variation of the normal space that alters the manifold’s geometry—namely, its “’tilt” towards the tangent
space—we pre-multiply both sides by T'(y)T. Utilizing the orthogonality 7'(y)TE(y) = 0 and the symmetry T'(y)TH (y) =
Ay (y)T(y)T, the equation simplifies to a standard Sylvester equation:

Ay(y) (T(y)Taa§EZ)> - (T(y)Tég;%)> AL(y) = —T(y)Taaz ((g)E(y)

Given the strict eigengap Ag-(y) > Ag-+1(y), the spectra of A (y) and A (y) are disjoint, guaranteeing a unique solution.
Using the Kronecker sum @, the projection of the derivative onto the tangent space can be solved analytically. By mapping
this tangent projection back to the ambient space, the correction term induced by the partial derivative of F(y) can be

explicitly expressed as:

aai%) — —T()(A(y) @ (~AL () T(y)T 6;; ((g)

By aggregating this correction term across all dimensions ¢ € {1,...,d}, we compute the exact Jacobian matrix J(y).
This analytical construction effectively avoids the systematic biases inherent in second-order root-finding processes when
tracking the "tilt” of the normal space.

E(y)

Because J(y) can become ill-conditioned when the initial point is far from the manifold, we employ a Levenberg-Marquardt
(LM) approach with a damping parameter o > 0 to solve the KKT system. At the k-th iteration, given the current point
Yk, we linearize the constraint as F'(yx + s) ~ F'(yx) + J(yr)s. We then solve the following regularized linear system to
obtain the dual variable v and the primal step s:

(J(yr) I (yr)T)v = (1 + o) F(yx) — J () (yx — o)
(yr — o) + J(yx)Tv (3D
1+0

s = —
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To ensure that the iteration sequence strictly converges to a point within the valid ridge manifold boundaries (i.e., satisfying
the strict curvature condition A4+ 1(y) < —f defined in Definition 3.2), we design a merit function with boundary penalties
to guide the line search:

1
M(y) = §|y — zo|® + gIF(y)I2 + ymax (0, Ag-41(y) + 6)2 (32)

where ¢ > 0 is the penalty weight for the equality constraint, and v > 0 is the penalty factor for curvature violations. During
each iteration, if the trial step yuia = yx + s yields a decrease in the merit function (M (yuia) < M (yx)), the step is accepted,
and the damping parameter o is reduced. Otherwise, the step is rejected, o is increased, and the LM system is solved again.
This procedure is repeated until the convergence criteria || F'(y)|| < €0 and Ag+41(y) < —f are simultaneously met.

In our experiments, to find the exact projection of generated samples onto the log-density ridge manifold during the reverse
sampling phase, we set the intrinsic manifold dimension to d* = 3,5, 8, 12 and enforce a strict normal curvature margin
of 8 = 1073. For solving the KKT system, we employ Levenberg-Marquardt optimization algorithm with a maximum
of 30 iterations and a convergence tolerance of ¢,; = 107°. A diagonal perturbation of €reg = 1075 is introduced during
the Jacobian inversion to ensure numerical stability, and the penalty weights for both the equality constraint and curvature
violation in the merit function are set to ¢ = v = 100.0. Throughout the 1000-step diffusion generative trajectory, we
dynamically monitor the geometric distance to the manifold every 100 time steps using 200 samples.
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Algorithm 1 Projection onto Log-density Ridge Sets via Regularized LM

1: Input: Initial sample o € R?, score function V log p(-), intrinsic dimension d*.
Parameters: Curvature margin 3 = 1073, tolerance €, = 10~%, max iterations ;. = 30, initial damping o = 1073,
KKT regularization €., = 1075, merit weights ¢ = 100,y = 100.
Initialize: y < x¢
for k =0to Nyax — 1 do
Compute score g < V log p(y) and Hessian H «+ V2 log p(y)
Compute eigendecomposition of H to yield tangent basis 7' € R4*?" normal basis E € R?*(4=4") ‘and eigenvalue
matrices Ay, A
7:  Evaluate normal residual F'(y) < ETg
8:  if |F(y)|| < €01 and Ag- 1 < —f then
9.

»

AN

: return y Converged to exact ridge manifold
10: Construct analytical Jacobian J(y) € R=A)Xd yig matrix perturbation
11:  endif
12: for{=1toddo .

13: Compute normal basis derivative: 570 ¢ —T'(Aj © (=AL)) TT 0GB

14:  end for T T

15:  Assemble Jacobian via column aggregation: J(y) < A ET + [(%) Gyens (%) g}

16: Solve the regularized KKT system for dual variable v and primal step s

17:  Update dual variable: v < (J(y)J(y)T + €eg]) (L + o) F(y) — J(y)(y — 20))

18:  Compute primal step: s —1_%0 ((y — o) + J(y)Tv)

19:  Define trial step: yyja <— y + S

20: Evaluate merit function to ensure constraints and boundary penalties
21:  Evaluate trial merit: M (z) = ||z — 2o||* + §||F(2)||* + v max (0, Ag+ 41 (2) + 6)2

22: if M(yma]) < M(y) then

23: Accept step and decrease damping: y <— Yuial, 0 < max(0/2, €rg)

24:  else

25: Reject step and increase damping: ¢ <— 10 - ¢

26: endif

27: end for

28: return y Return best approximation if max iterations reached
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J.5. Stability

In the tables below, we track the dynamic geometric relationship between the generated samples and the local ridge manifold
during the reverse sampling process. The columns are defined as follows: Step and ¢ represent the iteration step and the
corresponding noise scale. Mean Dist. is the average geometric projection distance from the samples to the ridge manifold.
Curv. OK counts the samples that strictly meet the negative curvature condition (Ag«11 < —/3). Mean Resid. shows the
initial normal score residual norm (|| F'(z;)||) before projection. Mean Gap is the average eigengap between the tangent
and normal spaces, which measures how well the manifold structure is separated. Failures counts how many times the
Levenberg-Marquardt projection algorithm failed to converge in 30 steps.

Importantly, the Reliable column counts samples that successfully converged with an eigengap strictly greater than zero
(Ag= > Ag=+1). However, we must note a numerical behavior in the very early stages of generation (e.g., Steps 0 and
100). Although these samples are counted as "Reliable” because their gap is technically > 0, their actual eigengaps are
extremely small (typically < 10~°). Physically, this means the local geometry is very close to random isotropic Gaussian
noise, causing the tangent and normal spaces to blend together. Because a clear manifold structure has not yet formed in
this high-noise phase, the algorithm’s numerical stability is weak. Therefore, the projection distances measured at these
earliest steps have limited geometric meaning. Based on this observation , we deliberately omit the initial high-noise stages
att = 10.0 and ¢ = 4.67 (i.e., Steps 0 and 100) in Figure 8(a).

Step t Mean Dist.  Reliable Curv. OK  Mean Resid. Mean Gap  Failures
0 10.00000  5.373256 200 200 5.373264 0.000000 0
100  4.67624  3.108178 200 200 3.108809 0.000005 0
200 2.18672  3.038782 200 200 3.072826 0.000740 0
300 1.02257  2.805413 200 200 3.141728 0.014021 0
400 047818  2.339501 200 200 3.570831 0.081940 0
500  0.22361 1.990165 180 180 4.398019 0.275265 0
600  0.10456 1.927771 68 80 6.084632 1.476575 12
700  0.04890 1.191260 128 128 10.155400  5.755606 0
800  0.02287  0.971192 196 196 19.608429  4.012766 0
900 0.01069  0.919455 200 200 40.914448 1.886402 0
1000 0.00500  0.911901 200 200 86.183301 0.003698 0

Table 1. Dynamic manifold distance monitoring data during the reverse sampling process of the diffusion model (intrinsic dimension
d* = 3).

Step t Mean Dist. Reliable Curv. OK Mean Resid. Mean Gap  Failures
0 10.00000  5.130307 200 200 5.130310 0.000000 0
100  4.67624  2.989573 200 200 2.989411 0.000007 0
200 2.18672  2.882148 200 200 2.919268 0.001082 0
300 1.02257  2.724726 200 200 3.124859 0.013572 0
400 0.47818  2.207066 200 200 3.423936 0.058334 0
500  0.22361 1.710056 200 200 4212194 0.196339 0
600  0.10456 1.407467 180 180 5.857416 0.852296 0
700  0.04890 1.058827 192 192 9.560239 2.028122 0
800  0.02287  0.799892 200 200 16.567018  0.794553 0
900 0.01069  0.741769 200 200 32.952072  0.029825 0
1000 0.00500  0.664260 200 200 65.937224  0.001428 0

Table 2. Dynamic manifold distance monitoring data during the reverse sampling process of the diffusion model (intrinsic dimension
d* =5).

43



Diffusion Model’s Generalization Can Be Characterized by Inductive Biases toward a Data-Dependent Ridge Manifold

Step t Mean Dist. Reliable Curv. OK Mean Resid. Mean Gap  Failures
0 10.00000  4.770034 200 200 4.770048 0.000000 0
100 4.67624  2.750176 200 200 2.750356 0.000002 0
200 2.18672  2.737994 200 200 2.785426 0.000339 0
300 1.02257  2.592569 200 200 3.022125 0.008972 0
400 0.47818  2.179726 200 200 3.496142 0.052296 0
500  0.22361 1.609191 200 200 4321711 0.142764 0
600  0.10456 1.086982 200 200 5.644727 0.440631 0
700  0.04890  0.790139 200 200 8.168482 0.438126 0
800 0.02287  0.602685 200 200 13.046494  0.033540 0
900 0.01069  0.446253 200 200 20.609062  0.003741 0
1000 0.00500  0.394242 200 200 37.758054  0.000013 0

Table 3. Dynamic manifold distance monitoring data during the reverse sampling process of the diffusion model (intrinsic dimension
d* = 8).

Step t Mean Dist.  Reliable Curv. OK Mean Resid. Mean Gap  Failures
0 10.00000  4.487469 200 200 4.487473 0.000000 0
100 4.67624  2.584268 200 200 2.584496 0.000000 0
200 2.18672  2.636067 200 200 2.669750 0.000021 0
300  1.02257 2.265963 200 200 2.603463 0.000262 0
400 0.47818 1.901320 200 200 3.089631 0.001413 0
500 0.22361 1.445835 200 200 4.017063 0.006943 0
600  0.10456 1.017067 200 200 5.483668 0.024523 0
700  0.04890  0.690710 200 200 7.568390 0.013740 0
800  0.02287 0.493879 200 200 11.140062 0.000369 0
900 0.01069  0.344695 200 200 16.157481 0.000003 0
1000  0.00500  0.356638 200 200 32.602336 0.000000 0

Table 4. Dynamic manifold distance monitoring data during the reverse sampling process of the diffusion model (intrinsic dimension
d* =12).
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K. More Experiment Results
K.1. Numerical Verification of Geometric Biases for Two-Point on MLP

We also verify the two-point example in the main text using a standard MLP in place of RFNN. The purpose of this
experiment is to check that the geometric picture from Section 3 is not specific to the RFNN parametrization. As in
Section 5.2, the dataset is D = {(—3,0), (3,0)} C R?, for which the ridge is the horizontal axis and the normal and tangent
directions are explicit.

Model Architectures We employ a two-layer MLP for m 4 (x, t). The scalar ¢ is first transformed via a sinusoidal embedding
of dimension 32. This embedding is concatenated with the input x € R2, passed through a hidden layer of 128 units with
ReLU activation, and finally projected to R2.

Training and Loss Computation We trained for 3 x 10* epochs with a learning rate of 1 x 10~*. The gradient descent is
performed using the full-batch SGD optimizer in PyTorch and loss function (5). We numerically evaluate the integral in the
loss function (5) using the trapezoidal rule with 2,000 discretization points.

SDE and Sampling Details We model the diffusion process using a stochastic differential equation (SDE) with a drift
coefficient of f(z,t) = —x and a constant diffusion coefficient of g(t) = /2. For generation, we employ the Euler-
Maruyama sampler with N = 1000 discrete time steps. The time schedule follows a geometric progression decaying from
T = 10 down to § = t,,,;,, = 10~3. Specifically, the time points are defined as t; = T - (tmm/T)i/N fori =0,...,N.

Figure 9 shows that the same directional geometric pattern observed in RFNN also appears in MLP. The normal error
remains very small throughout training, and the generated samples stay tightly concentrated near the ridge y = 0. By
contrast, the tangential error settles at a visibly larger floor, and the generated samples spread along the line segment between
the two data points. Thus, even for MLP, the generated geometry is well explained by strong normal alignment together
with persistent tangential spread.

The weighting schedule again mainly affects the tangential geometry rather than the normal geometry. In particular,
w(t) = 1 yields the smallest tangential error and the strongest concentration near the two training points, while w(t) = h;
and w(t) = h? produce progressively larger tangential floors and more pronounced edge-like interpolation. This is fully
consistent with the interpretation in Remark 3.8 and shows that the directional geometric picture is not tied to the RFNN
setting.
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Figure 9. Error dynamics and generated samples of MLP. (a) Evolution of tangential errors (solid lines, left axis, linear scale) and
normal errors (dash-dot lines, right axis, log scale) during training. (b)—(d) Comparison of generated sample configurations under different
weighting schedules. Boxed numbers indicate sample counts around the target modes (radius = 0.5). The background color represents
the KDE plot.

K.2. RENN on Different Sets

We consider additional 2D examples to illustrate that the ridge geometry continues to explain generation even when the
geometry is no longer as simple as in the two-point case. The purpose of these experiments is not primarily quantitative
verification, but to show that the proposed log-density ridge captures nontrivial low-dimensional generation patterns beyond
a single straight line.

Two-PoOINT CASE: (-3,0), (3,0)

We compare three distinct weight schedules: w(t) = 1 (Figure 10), w(t) = h; (Figure 11), and w(t) = h? (Figure 12).
Across all three cases, the same qualitative three-stage evolution is visible, but the later tangential behavior changes
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substantially with the weight schedule.

Step 0 Step 800 Step 1000 Step 1200

Step 1400

Step 1600

Step 1800 Step 2000

Figure 10. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(¢) = 1. The visualization
displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the kernel density

estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 800. Steps 800-1800 illustrates Normal
Alignment. Steps 1800-2000 demonstrate Tangent Sliding.
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Figure 11. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h:. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict

the kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 800. Steps 800-1800
illustrates Normal Alignment. Steps 1800-2000 demonstrate Tangent Sliding.
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Figure 12. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h?. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the

kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 1200. Steps 1200-1800
illustrates Normal Alignment. Steps 1800-2000 demonstrate Tangent Sliding.
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THREE-POINT CASE: (0,0), (5,0), (0,5)

This example shows that the theory is not limited to straight-line interpolation between two modes. Here the relevant ridge
geometry is asymmetric and bent, so the figures illustrate how the same reach—align—slide mechanism persists even when
the low-dimensional structure is no longer a single line segment. In particular, Figures 13, 14, and 15 show that for all
three weight schedules w(t) = 1, w(t) = hy, and w(t) = h?, the late-stage motion follows the curved ridge induced by the
three-point configuration rather than collapsing onto a straight interpolation path.

Step 0 Step 800 Step 1000 Step 1200

Step 1400 Step 1600 Step 1800 Step 2000
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Figure 13. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(¢) = 1. The visualization
displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the kernel density
estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 800. Steps 800-1400 illustrates Normal
Alignment. Steps 1400-2000 demonstrate Tangent Sliding.
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Figure 14. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h:. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the
kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 1000. Steps 1000-1600
illustrates Normal Alignment. Steps 1600-2000 demonstrate Tangent Sliding.
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Step 0 Step 800 Step 1000 Step 1200

Step 1400 Step 1600 Step 1800 Step 2000

Figure 15. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h?. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the
kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 1200. Steps 1200-1600
illustrates Normal Alignment. Steps 1600-2000 demonstrate Tangent Sliding.

FOUR-POINT CASES

These examples probe more complicated ridge structures generated by four-point configurations. Figure 16 corresponds to
the symmetric configuration (2, +2), where the ridge geometry is comparatively regular and the resulting sample evolution
is correspondingly structured. Figure 17 shows an unsymmetric four-point configuration, where the ridge becomes more
distorted and locally less regular. Figure 18 considers a qualitatively different arrangement in which three points form a
triangle and the fourth lies inside that triangle, producing a more intricate interior geometry. Taken together, these examples
show that the proposed ridge remains a useful reference object even when the local data structure becomes substantially
more complicated than in the two- and three-point cases, and that the qualitative reach—align—slide behavior is still visible
across these different configurations.

Step 0 Step 600 Step 1000 Step 1200
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x Centers
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(t ~ 0.016) (t ~ 0.006) (t ~ 0.003) (t ~ 0.001)

Figure 16. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h:. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the
kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 1200. Steps 1200-1600
illustrates Normal Alignment. Steps 1600-2000 demonstrate Tangent Sliding.
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Figure 17. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h:. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the
kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 1200. Steps 1200-1600
illustrates Normal Alignment. Steps 1600-2000 demonstrate Tangent Sliding.
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Figure 18. Evolution of generated samples under the proposed sampling dynamics with weight schedule w(t) = h;. The
visualization displays snapshots of N = 2000 particles in a 2D plane during the sampling process. The background contours depict the
kernel density estimation (KDE) of the particle distribution. Samples reach the ridge neighborhood at Step 1200. Steps 1200-1600
illustrates Normal Alignment. Steps 1600-2000 demonstrate Tangent Sliding.

K.3. MNIST Trajectories

The figures in this subsection complement the quantitative MNIST results in the main text by showing the full visual
evolution of generated samples. Figure 19 displays the overall sampling process, while Figure 20 focuses on the final 200
steps. The main point is that the large-scale semantic structure emerges relatively early, whereas the final stage of sampling
produces only minor refinements. This is consistent with the main-text observation that normal alignment occupies most of
inference, while late-stage tangential motion becomes very limited.
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Figure 19. Visualization of the full sampling evolution for 10 independent trajectories. The process initiates from standard Gaussian
noise at Step 0. Distinct geometric structures begin to emerge around Step 200 as the samples are pulled towards the ridge manifold. By
Step 800, the digits (4 or 8) are clearly formed, showing that the semantic content has stabilized.
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Figure 20. Evolution during the final sampling phase (Steps 800-1000). In this regime, the visual changes are negligible, restricted to
minor high-frequency refinements. This visual stability corroborates our quantitative finding that the tangent direction error plateaus,
indicating that the generated samples remain stationary on the manifold rather than drifting towards specific training data points.
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