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Diffusion generative models have emerged as powerful tools for producing syn-
thetic data from an empirically observed distribution. A common approach in-
volves simulating the time-reversal of an Ornstein-Uhlenbeck (OU) process ini-
tialized at the true data distribution. Since the score function associated with the
OU process is typically unknown, it is approximated using a trained neural net-
work. This approximation, along with finite time simulation, time discretization
and statistical approximation, introduce several sources of error whose impact on
the generated samples must be carefully understood.

Previous analyses have quantified the error between the generated and the true
data distributions in terms of Wasserstein distance or Kullback-Leibler (KL) diver-
gence. However, both metrics present limitations: KL divergence requires absolute
continuity between distributions, while Wasserstein distance, though more general,
leads to error bounds that scale poorly with dimension, rendering them impractical
in high-dimensional settings.

In this work, we derive an explicit, dimension-free bound on the discrepancy be-
tween the generated and the true data distributions. The bound is expressed in
terms of a smooth test functional with bounded first and second derivatives. The
key novelty lies in the use of this weaker, functional metric to obtain dimension-
independent guarantees, at the cost of higher regularity on the test functions. As
an application, we formulate and solve a variational problem to minimize the time-
discretization error, leading to the derivation of an optimal time-scheduling strat-
egy for the reverse-time diffusion. Interestingly, this scheduler has appeared previ-
ously in the literature in a different context; our analysis provides a new justification
for its optimality, now grounded in minimizing the discretization bias in generative
sampling.

1. Introduction

Generative models (GMs) have attracted substantial interest in machine learning over the past
decade. Their core objective is to learn the underlying probability distribution of observed data, en-
abling the generation of new samples that resemble the training set. Notable classes of GMs include
Variational Autoencoders (VAEs), Generative Adversarial Networks (GANs), and diffusion-based
models (DMs), each employing distinct optimisation objectives to achieve faithful data synthesis
and generalisation [[1-4]].

Score-based generative diffusion models (SGMs) have recently gained particular attention, achiev-
ing state-of-the-art results in generative modelling [5, 6]]. Roughly speaking, the functioning of
SGMs can be described as follows. Let mg denote the true data distribution that the model aims to
learn. One first simulates an Ornstein—Uhlenbeck (OU) process starting from my; for sufficiently
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large times, its marginal distribution m, approaches the invariant measure of the OU process, de-
noted m*, which is Gaussian. In the second step, a time-reversed process is simulated, initialised at
m”*, to obtain an approximation of the original distribution m,. However, the score V In m, required
for the time-reversal dynamics is unknown in practice and must be approximated, for example, by a
neural network trained via score matching. Furthermore, a time-discretisation scheme is introduced
to numerically simulate the reversed process.

This procedure inevitably introduces several sources of error: the statistical error, due to replacing
the true data distribution with its empirical approximation from finite samples; the finite-time sim-
ulation error, stemming from approximating the true marginal distribution of the OU process by its
invariant measure at large times; the score-matching error, arising from training the neural network
to approximate the score function; and the time-discretisation error, incurred when simulating the
reversed process numerically.

From a practical perspective, it is crucial to understand how these errors propagate through the dif-
fusion model and impact the generated outputs. Most existing analyses of error estimation in diffu-
sion models rely on relatively strong regularity assumptions on the score function or its estimator
[[7H1Z]]. More recent work [[13]] has proposed introducing an early stopping rule in the backward
process to derive explicit and sharp bounds on the Kullback-Leibler (KL) divergence between the
data distribution and the generative model output.

In the existing literature, the discrepancy between the generated distribution and the empirical data
distribution is typically evaluated using the KL divergence or the Wasserstein distance, each of
which has limitations. In particular, since the empirical approximation m{)’ of the learned distribu-
tion my is not absolutely continuous, the KL divergence is not applicable to quantify the statistical
error. As for the Wasserstein distance, it yields an estimate of the form W (mg, m{’) = O(N~1/4),
where d is the data dimension [[14]]. This curse of dimensionality on the estimate becomes very poor
in high-dimensional settings common to real-world applications.

In this paper, we propose to overcome these limitations by introducing a weaker distance, defined
through a class of smooth test functions with bounded derivatives. This approach yields statistical
error estimates that are well-defined for empirical measures and free from the curse of dimension-
ality.

The main contribution of this paper is the derivation of a dimension-free explicit bound on the error
between the true data distribution and the distribution generated by the SGM. This error is mea-
sured via a distance defined through a class of smooth test functions with bounded first and second
derivatives. Achieving a dimension-free estimate comes at the cost of requiring higher regularity of
the test functionals.

We begin by deriving the dimension-free error bound in the continuous-time setting. The resulting
upper bound decomposes naturally into contributions from the statistical error, the finite-time sim-
ulation error, and the score-matching error incurred during the diffusion process. We then extend
our analysis to incorporate a time discretisation scheme for simulating the time-reversal process.
To improve the efficiency of the backward simulation, we introduce time scheduling into the time-
reversal diffusion and derive the resulting error estimate as a function of both the discretisation step
size and the scheduling function.

Importantly, minimising the derived error bound yields an optimal scheduler that enhances the accu-
racy of the generated approximation of the data distribution. This optimisation problem is equiv-
alent to a variational problem for the scheduler, whose continuous-time solution can be obtained
explicitly. Interestingly, the scheduler thus derived coincides with a scheduling scheme that has
already been proposed in the SGM literature, where it has been empirically shown to improve
generative performance [[15]]. Other scheduling strategies have also been studied previously [[16]].
Our theoretical results provide a rigorous justification for the optimality of the obtained scheduler,
demonstrating that it minimises the error associated with the time discretisation of the inverse dif-
fusion process.



2. Background

We first introduce diffusion model following the Stochastic Differential Equation (SDE) point of
view of [[6]]. We highlight that this is not the only possible presentation of diffusion models and
more recent ones include Flow Matching [[17]] and Stochastic Interpolant [[18]. However, focus on
the SDE perspective as it is amenable to our theoretical investigation.

We aim at generating samples from a distribution mg. Let m( denote the true underlying data distri-
bution, and define the empirical distribution based on N available data points as m{’ := + ZZ 102/
where the samples z{) are assumed to be i.i.d. draws from my. Let X be forward diffusion:

Denote by m; := Law(X;) given Xo ~ mg, and by m{¥ := Law(X;) given Xo ~ m{'.

In order to generate sample from the distribution mq we consider the time-reversal of X. Under mild

assumptions, see [[19] for instance, we have that the backward process (Xt)te[o,T] is given by the
following SDE
2

d?t = ( — b(?f) + @ ; 1V1Og mZN_t(?f))dt + Oéth, for o Z 0.

Denote by uf = Law(yt) given Law(yo) = m4. In particular, note that u¥ = m{’. Next, intro-
duce the parametrized function S to approximate the score function V logm™:

Sirelg/ /}wogmt — Si(z )| m (dx)dt. (1)

In practice, S is parameterized with an expressive neural network and the loss is minimized using
using Stochastic Gradient descent derived optimizers.

3. Main result

3.1. Continuous-time model

In this work, we are interested in the accuracy of the generation of ([2)). More precisely, we are
interested in the error between the distribution of p._5, which correspond to the distribution of
the generative process stopped at time 7" — 9, and m, the underlying target data distribution. We
begin by considering the case without time-discretization and extend our results to deal with the
time-discretization in Section 3.2

Assumption 3.1. Assume that the drift b is Lipschitz, that the forward diffusion admits a unique
invariant measure m*, and that H(m;|m*) < e 2P*H(mg|m*) for some p > 0, where H denotes
the relative entropy (Kullback-Liebler divergence) and, for measures p and v such that 4 < v, is

defined via i
H( | v) = [ 1og( L )d.

Assumption 3.2. Assume that there exists a score matching function S* such that

1. o~ S} (z;m{}) is L-Lipschitz on t € [§,T7;

2. The score matching error satisfies:

l/ /|V10gmt -5 (x )| iv(dm)dt] < é

Remark 3.3. Although m} is singular at ¢t = 0, the Hessian of its log-density is bounded on any

interval [§, T] with § > 0. In the Ornstein—-Uhlenbeck case b(z) = —xz, a direct computation gives
1 e~ 2 max; ; ||zf — o) ||?
2 ij 110 — %o
||V logm;’ Hop = 1 _e-u (1—e2t)2



Consequently, for any 0 < § <t < T, the right-hand side is finite, and the bound depends only on
8, T and the initial diameter max; ; [|{, — 2||. Therefore, when using S; to approximate V logm}",
it is justified to require S} to be Lipschitz in = uniformly for ¢ € [§, T'].

Now consider the diffusion driven by the score matching function:
2
1
ax; = (- o(X7) + %Sg,t(i?;))dt +adiV,, fora>0. @)

Denote by pf = Law(yf) given Law(?é) = m*. We are going to estimate the error between p.
and pf = m{’, and further obtain the error between 13 and my.

Unlike the vast majority of related literature, which estimates the error between the target mea-
sure mg and the simulated measure p%. under some well- known metrics or divergences, such as
Wassertein distance, total variation and Kullback-Leibler divergence, we shall consider the error
through regular test functionals. As we shall see, the regularity of the test functionals helps to ob-
tain a dimension-free upper bound on the error.

Let P, be the set of probability measures on R¢ with finite second moment, and G : P> — Rbe a test
functional. We say that G is linearly differentiable, if there exists a linear derivative $< : P, xR? — R
such that for any m, m’ € Py

Glon') = Glm) = [ [ 39 (o4 (1= Ny o — )i

Remark 3.4. Here are some examples of linear derivatives. If G(m) = [ f(z)m(dz), then, & =
f(z), For a cylindrical functional of the form

Gom) = F( [ fi@mds), [ fa@miao).... [ felamian))

we have

% = g@iF(/ fl(x)m(dx),/fg(x)m(dx), 7/fk(x)m(dx))fl(x)

Similarly, we may define the second order linear derivative gig . Further, we recall the definition of

the intrinsic derivative: 5C
D =V—
mG(m, ) V&m (m,x),

where V denotes as usual the gradient in .

Assumption 3.5. Assume that G admits bounded intrinsic derivatives D,,,G and VD,,,G, as well as
el
dm?2"

Remark 3.6. Let 7 < d and let A € R"* satisfy||A|| < 1. For any ¢ € CZ(R"), define

bounded linear derivatives g—g and

G(m) = ¢(Ax) m(dx).
Rd

This functional admits bounded first and second linear and intrinsic derivatives with bounds not
depending on the ambient dimension d. Since the metric only probes m through test functions de-
fined on a low-dimensional feature space, it can be insensitive to high-frequency differences in the
ambient space. Concretely, two distributions can agree on low-complexity observables while dif-
fering on fine-scale structure (e.g. narrow spiky components, high-frequency texture, or perceptual
artifacts).

Theorem 3.7 (Error for continuous time-reversed diffusion). Let $* and G satisfy Assumptions|3.}
B.2land[B.5 Then the error reads

1
E[[G(ni—s) ~ Glmo)|” | < Crp + Coe™T +Co(0 +1)° + Cud”

4



where 01 = C1l| 8l (158 1 + 151 ), Co = CallgZ 12 Hlmolm*), Gy = C5TeT | DG

Cy = Co(|DmG|% + IV - DWG|2%,), C1, Ca, Cs3, Cy are independent constants, and C' depends
linearly on the Lipschitz constants of b and S;.

Remark 3.8. Note that S* and .5 are random due to the randomness of m{’. The law p}._; is the
law of the time-reversed diffusion process with the learned score function S;._, which is chosen to
match the empirical score m¥_, as in Assumption

Remark 3.9. Note that a functional of the type G(m) = (¢, m) for a given ¢ does not separate

measures. However, one can take a supremum over all the C 2 bounded functions ¢ with bounded
V¢, A¢ to obtain an error estimate on a functional that separates measures.

Remark 3.10. The proposed metrics is weaker than the Wasserstein metrics in the following sense.
When measuring the distance between two measures in the Wasserstein-1 metrics, the difference
between the measures is tested against Lipschitz functions with Lipschitz constant smaller than 1:
Wi(p,v) = sup (fip—v).
Ifllzip<1

Note that W5 is stronger, i.e. W1 (p,v) < Wa(p, v) . For metrics defined via G the testing is performed
against a narrower class of regular test functions. To measure the TV distance between two functions
one needs to consider even a larger set of test functions, namely, all bounded measurable functions:
Il = vlirv = 5 supy g <o (fope = v).

The differences between the metrics considered above further leads to the following comparison
between continuous measure p with its empirical counterpart pV in terms of these metrics. Note,
that due to the classical result of [14] we have Wi (u, u’¥) = O(1/N'/?). We also have that || —
pN|l7y = 1 (does not decrease as N augments). At the same time, with the metrics considered in

the present paper we get G(1) — G(u™) = O(1/V/'N) (see Lemma.

An example of a metric related to a functional G satisfying the assumptions of the paper is the MMD
metrics:

MMD? (1, v) // x,2") du(z) du(x // y,y') dv(y) dv(y 72// (z,y) du(x) dv(y).

If k is, for example, a Gaussian kernal (often used in practice), then G : y — MMD? (11, v) admits
bounded 1st and 2nd order linear and intrinsic derivatives.

Remark 3.11. Note that if the functional G is chosen as in Remark[3.6] then the bounds on derivatives
are dimension-independent; otherwise they typically scale linearly with d.

Remark 3.12. Theorem B.7| gives a decomposition of error, notably, (i) statistical or finite-sample
error given by L term, (ii) finite time error Cye =277, (iii) score matching error C5¢?(a? + 1), and
(iv) a small- tlme cutoff Cy62.

Given a desired error level err, one can take 6 < /&, N > g’;lr, and then choose T of order

log (e“> and the score-matching error of order —'— 1 /ec—r;.

3.2. Discrete-time model and optimal scheduling

We further investigate the error when we discretize the time-reversal diffusion. In order to study
the optimal discretization scheme, we introduce the scheduling (g(t)): of the forward diffusion:

Compared to the study in Section we restrict ourselves to the case b(z) = —x. Let (mt )¢ be its
marginal laws given X, ~ m{)’. Note that the invariant measure m* is Gaussian N (0, $1,) in this
case.

Define p := mY /m*, so that
VinpY (z) := Vinml (z) + 2.



The continuous time-reversal diffusion reads:
aX, =41 - 1) ( D 1ogp¥_t(§t))dt AT —)div,.

Denote as in Section by JUAREES Law(?t) given Law(?o) = mY. We are going to study the
discretized time-reversal diffusion, where V log p? is approximated by the score function: for ¢ €

[ths trt1)
dX} = (7 —t)( = X0 + 85, (X0))dt + V(T — )iV,

withtg =0,tg 1 —tp = h,tg =T — 6 and ?8 ~ m*. Denote by puf := Law(??).
Assumption 3.13. Assume that:

1. o+ Sf(x;m{’) is L-Lipschitzon t € [§,7T7;
2. The score matching error is well-controlled

K-1

tet1
> [ e v x [ |Viogpl (o) - Sp @) md, (o) < € (4)
k=0

Note that we assume that for given € and g there exists a score-matching function S* such that the
property (@) holds, i.e. S* depends on € and g.

Remark 3.14. Compared to Section we use the score function to approximate V log p" rather
than V logm®™. This choice is motivated by two main reasons. First, when b(x) = —x, the invariant
measure m* is explicitly known and Gaussian. Second, the proof of our discrete-time result relies

on key estimates involving V log p'_, (yt) This dependence also explains why we restrict ourselves

to the case oo = 1, in contrast to Section for o # 1, the definition of ? changes, and the required
estimate no longer holds.

Take a linear test functional
G(m) := (p,m).
We consider the error between G (p._5) and G(my).

Assumption 3.15. Assume that ¢ is bounded and of bounded derivatives Vi, Ap, and that g is
increasing and convex with g(d) = 4.

Theorem 3.16. Let G(m) = (¢, m). Under Assumptions [3.13|and [3.15} we have
E[ ’G(Nl%—zs) - G(mo)|2} S

_ 1 . _
(IVe, + 180l1%)5% + 1% (e o) 4 N) G [9l26 + g(T)e2 09D 4

tk+1
Vel / T — t)[2dte20-9(T~ tk+1)))
ty

Remark 3.17. Comparing the conclusions of Theoremsand we see that the additional terms

tk+1

(T) 2(6—g(T)) + Ch Z/ |2 —29(T—tk+1) dt

capture the discretization error. Since the first term is O(e~29(T)) and therefore negligible for suf-
ficiently large T', controlling the discretization error reduces to choosing the scheduler g so as to

minimize
tr41
E / |2 —QQ(T tk+1) dt
g() 6 g(T) T



Moreover, note that this discrete objective differs from its continuous-time counterpart by an O(h)
term. Indeed,

K=1| ptyis s
Z / (T — t)‘26729(T7tk+1) di — / (T — t)‘2672g(T7t) dt
k=0 | /tr te

K-1 4
=3 / G(T — ) (29T —t4e2) 2970 at = O(h),
k=0 Ytk

tr

and a change of variables then yields

K=1 4., .
Z/ |9(T —t)[Pe2T0 dt:/ 1G(t)[e29® dt.
k=0 'tk 0

This motivates the following continuous-time optimal control problem:

T
inf o(t 2 —2g(t) dt. 5
g(()):()l,I;(T):T//O 19" e )

Corollary 3.18. The minimization problem in (5] is solved by the following optimal scheduling:

1—€_Tl
*(t) = —1 1—t— .
g*(t) n( t— >

Remark 3.19. For the dynamics of (B)), the relative Fisher information with respect to the invariant
Gaussian measure m* satisfies the sharp decay estimate

I(my | m*) = e 2O [(mg | m*),
while the relative entropy H(m; | m*) obeys the dissipation identity
dH (my | m*) = —I(my | m*) g(t) dt =~ —I(mg | m*) e~ 29® g(t) dt.

In our framework, the optimal scheduler g* is defined as a minimizer of (§)). This choice enforces a
uniform distribution in time of the effective entropy dissipation along the evolution on [0, T'].

This criterion is closely related, at an intuitive level, to approaches that characterize optimal sched-
ules via constant-speed geodesics in the Fisher-Rao metric [20]. While in [20] the optimality is
interpreted in terms of geometric interpolation in probability space, our perspective emphasizes
temporal regularization of the dissipation rate. The two viewpoints coincide in special cases: for
instance, when the initial law in (3]) is Gaussian with the same variance as the invariant measure,
mo = N (p, 1) , the scheduler g* also yields a constant-speed Fisher-Rao geodesic. In general, how-
ever, the two notions of optimality do not coincide.

4. Discussion on the optimal scheduler

We give in Corollary [3.18| the scheduler g* to minimizer the discretization error upper bound ob-
tained in Theorem [3.16| Here we compute a Gaussian example, to illustrate that the scheduler is
indeed often optimal.

Suppose the target distribution is N(u, 02), that is mg = N(u, 02). Then, the dynamic
dX; = —g(t) Xy + /g(t)dW,
will have the distribution as

1 1
my = N(e‘g(t)u7 3+ e=29®) (02 - 2))
So we can compute V log m;(x) by

2z — e 9M )
1+e 291 (202 — 1)

Viogmy(z) =

7



Therefore, assuming zero estimation error of the score function, we get the reverse discrete dynamic:
?h = g(T—tk
h_ o _Sh € T
aXh = g4(T t)( X R T +2f? )dt—l—\/g(T Haw,
fort € [tg, tx+1). Since inside each time 1nterval itis an OU process, we can explicitly write out the
distribution of ? given that Law(?h) =N(0, 514).

In order to see the discretization error upper bound obtained in Theorem[3.16]c an be sharp, we take

0% = 1. In this case, we have

k
E[§Z€] E[?S}S*Q(T)+Q(T*tk) +Qquefg(Tfte)Jrg(Tftk)(efg(Tftz_l) 76*29(T*tz—1)+g(T*t£))
=1
k k
— 9pes(T=1) < e 2Tt +Zeg<m1>g(w>>
=1 =1

k
= 2/,L69(T_t’“) Z e_QQ(T_tefl)g(T —te-1)h. (6)
{=1

Note that fOT e 29M2g(t)dt = 1 — e=29(T) ~ 1. Therefore, the discretization error reads
K te
p—E[Xh] ~ Z/ (e720T=t) _ e=20(T—te=))2g(T — t,_4)dt
=1"7te—1

K
~Aph? Y e 2T |G(T — )P,
/=1

where the right hand side is approximately the value we aim to minimize in Corollary In this
sense, we claim the scheduler in Corollary can be optimal.

In the following we numerically evaluate the expectation E [YH by ([6) according to several com-
mon schedulers. Let T' = 1, we shall try:

e The linear scheduler g(t) = T"¢;

’

o The optimal scheduler prescribed in Corollary gt) = —In(1—t(1—e"T));
e The commonly used cosine scheduler g(t) = — 1n(cos(g at)) where a is such that cos(5a) =
—T’
e .

We compare the errors on the computed expectation values for different values of o.

o=01 0=05 o=1

o=2
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Figure 1: Error on expectation with different variances and schedulers

As shown in Figure[l} the prescribed optimal scheduler stays optimal or almost optimal in different
cases.

Finally, we present a non-Gaussian experiment. We take m to be a mixture of Gaussians in R?; in
that case the score function can be computed explicitly. We compare mg and p/_; in terms of mean
log-likelihood, Wasserstein W2, Wasserstein W1 and MMD metrics with a Gaussian kernel.



The results of the experiment are presented in Figures [2| and We take mg = 0.3N(0,1) +
0.7N((3,3),0.5I). We observe that the scheduler proposed in Corollary significantly outper-
forms the linear scheduler, and generally exhibits superior performance compared to the cosine
scheduler.

Samples from m_0

SMD, no scheduler

SMD, cos scheduler

SMD, opt scheduler
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Figure 2: Target distribution m and the result of score-matching diffusion (SMD) with linear, cosine
and optimal scheduler.
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Figure 3: Comparison of mg and p/._; for a Gaussian mixture model in R? (known score).
Remark 4.1 (Relation to variance-preserving and rectified-flow parameterizations). Consider the
scheduled Ornstein-Uhlenbeck forward SDE

dXy = —g(t) Xp dt + /g(t) AWy,

where g : [0,Th;] — [0,7"] is increasing. Under the time change s
standard OU process and yields the explicit coupling

g(t), this reduces to the

Xy =e 90X+ V1 —e 290 7.

Introducing the interpolation parameter 7vp : 1 — e=29(), we recover the spherical (variance-
preserving) interpolation X; = \/1 — 7% X¢ + 7vp Z, which coincides with the VP coupling used
in flow-matching.

Rectified flow instead employs the linear interpolation X, = (1 — 7) X, + 7Z. Defining 7gp := 1 —
e~9® linearizes the data coefficient a(t) = e9(), but the corresponding noise coefficient becomes

Trr(2 — Trr), and thus does not match the linear RF path. Under the optimal scheduler g*(t)
proposed in this work, a*(t) is affine in algorithmic time, so that mgp is linear in ¢. This is the sense
in which the proposed scheduler aligns with rectified-flow parameterizations; the induced coupling
remains the VP (spherical) interpolant rather than the linear RF path.

5. Related works

State-of-the-art results There exists an extensive literature on the convergence of denoising diffu-
sion models. While early works such as [8, 9] 21} 22]] and more recent works such as [23]] proved
convergence results with exponential dependencies in the problem parameters, those results have
been refined in subsequent analyses.



Early works proved error bounds with polynomial dependencies with respect to the dimension or
linear dependency with respect to the dimension but under strong assumptions on the regularity
of the score function, see [[7, 12} 24-26]]. Those results were also extended to bound the probability
flow ODE associated with diffusion models [27, 28]].

The first bounds on the Kullback-Leibler divergence linear with respect to the dimension were
proven in [[13, 29] and do not require any smoothness condition on the score. The dependency
with respect to ¢ was mitigated in [30,31]] to O(d/¢). To the best of our knowledge the best results
obtained so far are of complexity O(min(d, d*/3L'/3,d'/3L)e~2/3) in [32] leveraging a relaxed Lips-
chitz constant. It is also possible to improve those results by assuming that the data distribution is
low dimensional [33} 34]]. To the best of our knowledge, the result most closely related to our con-
tribution is [35] which identify dimension-free convergence rates for diffusion models in the case
of Gaussian Mixture Models.

Those state-of-the-art results can even be improved with a dependency of O(d'*%/X¢=1/K) ypon
using higher order samplers [36] and O(d*/c!/2) using accelerated samplers, see also [[37]. We also
highlight that it is possible to improve those convergence rates even further, even deriving sub-linear
time complexity results, by considering parallel sampling strategies as in [126]138]]. Those results have
been partially extended to the case of stochastic interpolants [[15] in [39] (with sub-optimal rates).

Convergence in other modes. The convergence of the diffusion models regarding other metrics has
been investigated in several papers. For instance in [40H44]] show the convergence of diffusion mod-
els with respect to the Wasserstein distance of order 2. Contrary to [8]] their results is not exponential
in some parameters of the diffusion models. Other results on the convergence of diffusion models
in Wasserstein distance including [[11]] which improves significantly improves upon [8]. However
it relies on strong assumptions regarding the Lipschitz constant of the denoiser. While [45]] draws
connection with information theory their analysis does not provide insights with respect to the dis-
cretization of the reverse process and its convergence.

Other theoretical analyses. Finally, we highlight a few other areas of theoretical exploration of
diffusion models. [46]] explored the convergence of discrete categorical diffusion models, while [47]]
characterized different modes of the backward diffusion leveraging tools from statistical physics.
[48] provides sample complexity bounds for distribution estimation in low dimensional settings.
Finally, [49] identified memorization and generalization conditions for diffusion models. [50, 51]]
focus on the learning problem in diffusion models and provide result for general Gaussian mixtures.
Combining learning guarantees with the aforementioned convergence results several works have
derived near minimax optimality results [52H54]].

6. Proof of Theorem 3.7

fniroduce U(t,m) = G(Law(?}_ﬂ&j ~m)).
By definition of U we have trivially that U(T — 6, u%_5) = G(Law(?*T_é\Y}_a ~ h_s)) =
Gluy_s)- Also U(0, u3) = G(Law(X5_s| X5 ~m*)) = Gluz_s) by (@), so that
U(T = 6, wp_g) = U0, 43)-
On the other hand, the function U satisfies the backward Kolmogorov equation:

2
atU+/<DmU(—b o + Si-)+ O;V'DmU) dm =0 )

(see Theorem 7.2 of [[55]]).
Lemma 6.1 (Regularity bound for U). Under Assumption [3.2) (1) and we have the following
regularity estimate on U:

52
om?

oU

|DnU(t,m, x)| < Cr|| DGl -

(tmx‘<C’H

wmen| < o5
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Lemma 6.2. Assume that ¢ has bounded derivatives g—ﬁ and g;ﬁ . Then, there exists a constant C,

depending on the bounds on the first and second-order derivatives, such that,
C

E(xf))iNm(?N [‘@(mT) . ‘p(mg)‘ﬂ < N

The proof of Lemma [6.T|and [6.2]is postponed to the Appendix.

Proof of Theorem 3.7, The weak error between 5.5 and pgl_s = mj’ reads
G(pr—s) = G(my)

= U(T =0, pp5) = U(T =6, 47 )

= U(O,m*) — U(O,m?)

T o’ +1 N a’ N N
- U +DpU(—b+ > Viegmy_,) + 7V DU | (8, mp_y, x)mip_y(da)dt
0

= U(0,m") —U(0,m})

a?4+1 [T N . N
_ 5 A / (DmU(V log mp_; — S;“ft)) (t7 Mp_y, m)mT,t(dx)dt

where the second equality holds due to the It6’s formula for measure processes (see for instance
Theorem 5.99 of [56]]) and the third equality holds due to the backward Kolmogorov equation (7).

Recall Pinsker’s inequality: || —v/||3, < $H(u | v), where || —v||7v denotes the total variation dis-
tance between . and v. This inequality implies that |U (0, mr) —U (0, m*)[* < 1 || 22 Hzo H(mp|m*).
Therefore, by Pinsker’s inequality and Assumption 3.1} we have

E[|G(ur_s) — G(m)[*]

< CE[|U(0,m*) = U(0,m)[*] + Cré*(a? + 1)?| D%

=€ Hggl H(mr|m™) + CE “U(O,mT) - U(O,m?)ﬂ + Cr|| D U2 €2 (a2 + 1)2

2
o)

S C Hg:; 6_2!JTH(mO|m*) + CE [‘U(O, mT) - U(O7m¥) ’2:| + CTHDmUHgO€2(a2 + 1)2,

2
00

where constant C ' may vary from line to line. Moreover, due to the boundedness of the linear deriva-
tive of G and U (0, -) (Lemma , by It6’s formula and Lemmawe obtain:

s 2
E [\G(mo) - G(m(s)ﬂ —E / / (DmG(mt,x)b(a:) + iy DmG(mt,x))mt(dx)dt < 082,
0 Jrd 2
E[le(ms) - cm))] < S E[U@.me) -vmd)] < S
§ 5 =~ N7 , e ) e = N
Finally, the desired estimate follows. O

7. Proof of Theorem 3.16
Let us define a family of functions {u™ (-;2)}(r—0.12, k—1,zer) and {vW}_01, . Kk by

Fort € [tp, tpy1), u™(t,z;2p) = E{v(k“)(?h ) ?? = x,ygc = xk}, (8)

tr41

with
v (2) = (), and V¥ (z) == uP) (¢, 25 2), for k = 0,1,2,.., K — 1.
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Lemma 7.1. Given the definition of {v")} o 1 and {u®};_o 12 x_1above, fixk € {0,1,.., K—
1}, forall z € RY, and t € [ty, tx11) we have

[u® (t, 5 2) oo < Nelloes  [VUP (5 2)[loo < | Vipl|acet 187 Im1.00)a(T),
Moreover, for all k € {0,1,.., K}

0™ e < llelloo, V0™ loo < | Vipllagel HIE lirtoT,

The proof is postponed to the Appendix.
Further, on [t} tx41) the function u(*)(-; 2}, ) solves the PDE:

0 (1,520) + 9T A (t,500) + §(T = 1) (3 + Sy, (20) ) VPt wm) = 0. g
u®) (tyy, z;25) = v*FD (2).
Since
o ¥ @) = u® (b, 2i0) = E[o™ D (XL, )| X0 = a] = E[o(X}_p)| XL, = 1],
we get v(0(z) = E[g( K% s) ’yo =z, and ¢(z) = v¥)(z). Therefore, we have

G(u’;_5>—0<m?>=1€[¢<¥%_6>} (o, mf') = (WO, m) = (), md).

Now we are ready to prove the main result on the discrete-time model.

Proof of Theorem Note that
Gpy—s) — G(my") = (0, m*) — (W@ m) + (0@, mi) = (1, mf).

By Pinsker’s inequality and Lemmal6.2} the difference (v(®), m*) — (v(®, m¥) is controlled as follows:
E@b)ivmdN U W@ m*y — (@ mdy ﬂ (10)
2 i N 2
< ’(v(0)7 m*) — (0, mz) ‘ 4 R inm§ U @0® mp) — (0O, m%‘ }

< O TV(m*, mr)? + E()i~mg ™ {

2
(0, mr) ~ (00,

ooy L - 1
S 0O (Hmrlm*) + 1) S el (e72) + ). (11)

To estimate the difference (v(5) mY) — (v(® m&), it follows from Itd’s formula and the PDEs (9)
that

) m) = 0, mi) = E[o09 (Xrs) —v® (Xo) | = Yy IE[ D (X) =0 (X))
k=0

:K—lE[u(k)(tHl,ytk+17§tk)—u (tk,ytk;ytk)}

k=0

K-1 tet1
Igs tU yh y - u(k) ytv ytk

k:OE|:/tk‘ (a Pt ) (T — ) Au®) (¢, )

+9(T —1) ( - yt +Vinpy_, (?t))Vu(k) (¢, yt; ytk.)>dt]

@K1E[/tk+1g(T_t)(v1np¥t(f?) i (X1, ) (X, X, )d ]

k=0 Lk
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where ?0 ~ m& . Therefore,

(<v<K>,mf¥ )~ (0, m} >)2

{ 1/ttk+1 vlin t(f?) Sr— tk& ) M(t, f?t,?tk)dt} ]
{ /ml _t ‘Vlin (X =55, (X4) 2dt}

tr

{ 1/ (@ - 0)|a® (1, s Ko dt}]

=0 7tk

N

ol
O

£
I
=

By (22)), we have

/tk+1 (T —1)||[Vu® (¢, X.: ?tk) Hth < HVu(k)HQ /tK G(T — t)dt

ty 00 to (12)
< (D) Vil 3el 215 e (™)

In order to deal with the first term, using the assumption (@) and the estimate (38) in [13]], we get

tr41 2
B[ Y [ o - o[ inpd (%0 - S, (B @]
k=0 “tr
K—-1 oty 2
<2 ¥ [ o - oaB[|[Vipd o (%) - 57 (%) ]
k=0 “tx
K-1 tht1 9
+2 3 B[ [ - 0]V inpd (K - Vit (%)t
k=0 tx
K—-1

tht1
<22+CS E [/t G(T — 1) (T(md_ |m*) — T(mA_,, |m*))dt] ,
k=0 k

Moreover, as proved in Proposition 3 of [13]], we have

T(my_ |m*) < 20T==9T=NT(mN_ |m*) < T(mY__|m*) fort < s.
T—t T—s T—s
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Therefore

S e[ [ o @) - ot o )a]

K-1
<E lz (9(T —tr) = 9(T — tiy1)) (Z(mi_,, , Im*) = T(mi_y, Im*))]

k=0
—1
Z — 1) = 29(T = tx) + g(T — t—1)) Z(my_y, [m*) + (9(T = tr—1) — g(é))I(mMm*)]
k=1
K—-1
<EZ( m(; \m (Z —tpa1) — 29(T — tg) + g(T — tk_1))62(5_9(T_tk)) +9(T —tx_1) — 5)

K-1

=EZ(m} |m*) ( (9(T — ty) — g(T — ts1)) (62(579(T*tk+1)) — 62(579(T*tk))) + (9(T) — g(T — h))e2(6g(T))>

k=0
1
<BZ(mY ) <Z2 T t) g(T—tkH))Qe?“—g‘T—tk“”+hg<T>e2<5—g<T>>>
k=0
- tk+1

k=0 ik

Together with (12)), we finally have
2
(05, md) = (0, mi))

K tr+1
<Cr < +REZ(m} m*) (3 2 / [9(T = 1) Pdee®CoTt0)) g(T)éMT”)) 1Vell2.
k b

<hEZ(mY|m*) ( |g(T — t)‘Zdw?((;*g(T*tw—l)) + g(T)e2(69(T))>

and combining with ((I0]), we have

QN

~m 2 - 1
B0 (G) - GOm) | < el (70 + N) + Crll Vgl

tk+1
+ Cr|| Vol 2L EZ(mY jm*)h Z / 2dt62(5 9(T—tr41)) +g(T)e 2(579(T)))_

m*), where
m? ' is the law of process at time ¢ corresponding to mo = dx,. Then a direct calculation gives
that EZ (m" | m*) < € (Var[X;] + £).

By convexity of Z in the first argument we get that Z (m} | m*) < £ SV 7 (m?i

Finally, the difference G(m2) — G(m{’) follows from It&’s formula, and we obtain the desired esti-
mate. O

Proof of Corollary[3.18} Denote G(g f |g(t)|2e=29M) dt. Consider a variation d; of g(t) verifying
0:(0) = 0,0:(T) = 0. Then we have
G(g(t) + ) — G(g(t) = Ay(8;) + o(6:), where
T T
/ 2(t)d,e 29 dt — / 21g(t)|?6,e=29M at.

0
Integrating by parts and taking the boundary conditions into account, we obtain the following first
order condition on the solution of the optimization problem g;:

- lgif? =o.
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Integrating this ODE we obtain that g; = — In(—t+C})+ Cs. Finally, using the boundary conditions
we obtain that C; = 1_374,, Cy=1In (H%T,) which yields the required formula. O

Remark 7.2. Let g; be the optimal scheduler. Consider a small variation é; of g; verifying 6,(0) =
0,0:(T) = 0. Then

T
Glgr +6:) — Glgr) = e ©2 / (Cr — 02824t + 0(62).
0

This term gives a measure of sensitivity of the error with respect to deviations from g*.

8. Conclusion

In this paper, we have proved the convergence of denoising diffusion models under a weaker dis-
tance than what is usually considered in the literature. More precisely, we have derived an upper-
bound on the weak error of a discretization of the denoising process under some regularity assump-
tions on the test functions used in the computation of the weak errors and regularity assumptions
on the noisy score of the empirical measure. Our main result is a dimensionless upper bound on
the weak convergence error of diffusion models. To the best of our knowledge this bound is new.
We show how our proof can be extended to cover the case of discrete diffusion models. Finally, we
show that we recover the well-known Flow Matching (or Rectified Flow) schedule by optimizing
the upper bound of our weak error analysis.

While our analysis is tight in the Euclidean case, in future work we would like to extend our weak
error bounds to the case of general Denoising Markov Models combining our analysis with the
infinitesimal generator framework of [57]].
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A. Analog in finite-state generative model setting

Recently, the finite-state generative model driven by the time-reversal Markov jump process has
been earning an increasing interest. In this section, we briefly explain how our method can adapt to
this context. Since it is not within the main scope of the paper, we will only focus on the continuous
time model (without time discretization error) for an oversimplified one-token model.

Consider an example where the token can take values from K := {0,1}. As in the diffusion model,
we initialize the forward process at the distribution my € R? on K. Eventually we shall sample
according to mg, using a time-reversal process. Let the forward process be a jump process with
jump rate A and transition kernel 7(i, j) = % fori,j € K. In this setting, the marginal distribution
(my); evolves as the solution to the equation:

d . 1 . .
@mt(l) = )\(5 —my(i)), forallie K.

Therefore m; (i) = e *mq(i) + (1 — e~*")1, and the marginal m, exponentially converges to the

invariant measure, the uniform distribution on C, denoted by m*. As studied in [58]], by denoting
my (

%, the time-reversal jump process is of the jump rate A (i) :=

2(2 — s4(i)) and of the transition kernel T, 1 — i) = %1%*((;) and 7 ,(i,i) = #() Let the
time-reversal jump process be initialized by the distribution ms. One can verify that its marginal
distribution is py = mq_;. The dynamics of (y); reads

d A

%ﬂt(i) =3 ((1 —sr—p(1 =) pe(1 —4) — (1 - ST—t(i))ﬂt(i))'

the score function s,(7) :=

In practice, due to limited access to data, one may initialize the forward process by a distribution
m{’ instead of mg. We will denote by (m¥); the marginal distribution of the associated forward
jump process, and by (u¥); that of the time-reversal process. On the other hand, one may use the
data to estimate the score function s; by a parametrized function s* and try to control the error so
that

3 /0 1306) — 57 (D) PN (i) dt < €2. (13)
i=0,1

Denote by (4f): the marginal distribution of the time-reversal jump process driven by the function
s* and starting from m* so that u§ = m* and

Do) = (1= s = (- ) — (1 s ()i (). (14

Now, as in our result for the diffusion model, we aim at measuring the error of the generative model
through a smooth test function G : R? — R by estimating |G(mq) — G(u7)|.

Similar to the diffusion case, we again rely on the function U (t,m) := G(uy"™) where ;"™ is the
terminal value at time 7" of the solution to the equation given the initial condition p; := m. We
have G(m{’) = U(T,m{) = U(T, &), G(u%) = U(0,m*), and more importantly that U (¢, zo, 1)
solves the backward Komologrov equation

U+ 5 3 U (L= st = )m1i — (1= si_0)a) =0. (15)
i=0,1

Now note that

G(mo) — G(ur) = G(mo) — G(mg)) + U(T, ') = U(0, pig’) + U(0,m7’) — U(0,m").
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While it is easy to obtain E|G(mg) — G(m)')| < ﬁ and |U(0,m¥) — U0, m*)]|
estimate of the middle term relies on the PDE ([15]). Provided that 9,,U is bounded, we can verify

that

%‘ /OT 3 amU(t,,uiv)((sT,t(l—z’)—s*T,t(l—z‘))us(l—i)— (sT,t(z')—s*T,t(i))uiV(i))dt‘ S €T,

i=0,1

where the last inequality is due to assumption on the score matching error ([13]). Therefore, the
conclusion reads

1
E|G(mo) — G(uh)| S N +e M 4T

Remark A.1. The literature on error estimation for discrete-state diffusion models remains relatively
sparse. We note in particular the following several works that contribute to the understanding of
discrete space diffusion models. [59] derive bounds on TV distance between target and generated
distibution in terms of statistical error in the framework of discrete flow matching. [60]] develop
the complexity theory for (masked) discrete diffusion providing bounds on the number of discrete
score evaluators necessary to achieve the desired TV accuracy. [61]] introduce training techniques
for reasoning diffusion models that allow for estimating the KL divergence accuracy in an ana-
lytically tractable manner. [[62]] develop a theoretical framework for deriving non-asymptotic KL
divergence and TV error bounds for discrete flows with generator matching. [[63]] show that the
visual autoregressive generation is mathematically a discrete diffusion model allowing to export
diffusion-related tools to VAR.

The works that are closest to our approach are [46, 58], quantifying the error via the Kullback-
Leibler (KL) divergence. Note, however, that when the state space K is large and the token vocabu-
lary is rich, then the empirical or model distribution my is typically highly sparse. In that regime, the
KL divergence is often ill-posed (infinite or numerically unstable due to zero coordinates) unless
ad hoc smoothing is introduced. Measuring generalization error through a test regular function, as
above, avoids this issue.

B. Proofs of Lemmas

Here we collect the proofs for the technical lemmas.

B.1. Proof of Lemmal6.1]
Proof of Lemma First, it follows directly from [55, Lemma 5.1] that

DUt m, ) = B [0, X575 - DG (s, (m), X35 |

where X' the process defined in (2)) starting from z at time ¢. Then, the bound of the intrin-
sic derivative of U, D,,,U, follows from our Lipschitz assumption on b and S* together with the
boundedness of D,,,G.

In order to estimate the linear derivative, we perform the following lifting, enabling us to reuse the
estimate for the intrinsic derivative. Define the operator 7 : C(R?) — C(R*!) by

p(z) = To(z,y) = e(z)y,
and the adjoint operator 7* : P(R¥*1) — P(R?) by

P T (p)(de) = | ypldady).

Define G : P(R!) — R by
G(p) = G(T"(p))-
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For p1, p2 € P(R*™), it holds, by definition of linear derivative,
Glp1) — Glp2) = G(T*(p1)) — G(T*(p2))
N /0 <§G (AT*(p1) + (1L = XN)T*(p2),-), T*(p1) — T*(P2)>d)\
= [T T )+ A= NT (02, )1~ pa)ar
0

Hence, we have for all p € P(R?H1),

that is for all z € R%, y € R, we have
5G 6G .,
Similarly, we have
582G G, _,
W(p’ (x,y) ( x,y )) T(T p,m,x')yy’. (17)

Consider the dynamic:

A% = (= b(X0) + L85, (K0) ) dt + adV,;
dY; = 0.

and p;(p) = Law(X;, Y;) given Law(Xy, Yy) = p. Define U:[0,T] x P(R*1) — R by
U(t,p) = G(pr—s-4(p).

Let p := m ® 01, where §; is the Dirac measure at 1. It is not hard to see that p; (p) = pj (m) ® d;, and

T (p) =m, T"(pi(p)) = pi (m)
then
U(t,p) = G(pr_s_1(p) = G(r_s_i(m)) = U(t,m).
Then, by and (7)), we have

sU

E(t,p, (z,y)) = %é(p;%%(p), (z,9)) = o

%G(/ﬁ“féft(m), z)y = 5 (t,m, )y,

and similarly

52U 82U ,
5 < o (t P (33’ y) ( /)) = W(tvmawax/)yy .

SU 52U
dm’ dm?2

Therefore, we establish the link between the linear derivatives with the intrinsic derivatives

sU a2 §°U
Oy 6p’6yy 57

sU U 52U 52U
%(t,m,x) ay(s (t m, (Z‘,y)), W(tamaxax) ajy 5 BYT) (t Ps (33 y) ( lvyl))'

Finally, we again apply [55, Lemma 5.1, Lemma 5.2] to obtain the desired bounds. O
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B.2. Proof of Lemmal6.2]
Note that

(&, mg) ZMZ (¢, m7) = $(X1)|Xo = X],

uMz

where X!, .., XV arei.i.d copies followmg the law my.

Proof of Lemma This essentially repeats the proof of Lemma 5.10 in [[64]. Since ¢ is differentiable,
we have the following expansion:

o) =tmr) = [ (2 (il +(0 = N, )mf )

Y6 5 5
:/0 <£(Am¥ + (1= Nmp,-) — %(mm'),mg —mT>d/\+<£(mT,-),m¥ fmT>.

S S2

Step 1. We first deal with the term S, This may be rewritten as

o C [ T

where under E, dX; = b(Xt)dt + th and Law()N(o) = my. Therefore, we have

E[S] Var(;iE[gi(mT»XT)‘Xo = XZD ~z ZVa ( { (mz, X7 ‘Xo XZ])

! X3 071 _z[de N sl

Step 2. We turn to the term S;, which we first rewrite in the form

1o [t
== SdA
N;A%7
where we define, fori =1,--- ,nand X € [0,1],

i op op i
ey =E L;m (Amg +(1 = Nyme, Xr) — %(mTaXT)’XO =X }

o e~ dp e~
—E|:5m ()\TTLT + (1 — /\)mT,XT) — M(mT,XT):|,

where E is taken independently with mA (Vlewmg m4 as non-random) and Xr is given by the
dynamic dX, = b(Xt)dt + th with Law(Xo) = mg. Now, we have

2<1/1<§¢->th1/1&(@2-)2”2@]-)&
N2 o i=1 ’ NZ Jo i=1 g i<j A .

Note that [} | < 4||22]|__, we have

1 TS 16/ 22
v, 2 (#) < H?v“

It remains to bound ¢} ¢} for i # j. Define my' "7 by
1

(d,my ™" 7) = N _3 > E[¢(X1)[Xo = X*],
oy
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and gpi’*jﬁk by

i,—j,— g —J,— 0 2
oo R = %(Am?’ PR = Nmer, Xr) _(S:Z(mTvXT)’XO:XZ]

~| dyp N,—j,—k = S ~
—-E %()\mT J + (1 — )\)mT,XT) — %(mT,XT) .

Then, it is not hard to see that apf\’fi’fj is conditionally independent of o 3 4 given {Xj }r ; and
therefore o
E[py "ol ] =0. (18)
Observe that ¢} — ¢% " ~* can be calculated by
5 5 L .
L;p (AmN+(1 = Nyma, Xr) — ﬁ(xmg’ k(1 - )\)mT,XT)‘XO = X’]
dp ] (19)
—-E [5m ()\m¥ + (]. — )\)mT, XT) — %()\mqj\[’ij’ik + (]. — )\)mT7XT)] R
and
5 op

i()\m¥+<1 — )\)’ITLT,XT> —

om ()\m¥7_j7_k + (1 — )\)7’77/1“7 XT)

om

1 2
:/ <6 (Mymg + A1 =y)mp ™" + (1= Nymy, Xr,-), A(my —mp ™" J)>d7'
0

5 2
Recall that
1 . )
(6, mi ¥ZJ%=N(m<XﬂMb:Xﬂ+m<XﬂMb:Xq)
N9 Z E[o(Xr)|Xo = X*],
k;éz]

we have

dep N dep N,—j,—k 2)‘” giﬁ ||oo 2/\H giﬁ Hoo

%(/\mT + (1 — )\)mT, XT)fﬁ()\mT + (1 — )\)mT, XT) < N N _29

8l §m‘3 H

where the last inequality holds because without loss of generality, we could assume N > 3 and
3(N —2) > N. Plugging back into ([I9)), we get

|<,0)\ i.fj,fk| <

and together with (I8]), we have

‘E[%@i] ‘ [lei™ ™) +E[eh(wh — od ™) +E[(0h - k) ek
_ 64|| S 2
< EU%H% pht J” +EU% 3| | — o J|:| < |5 HN 5l
Therefore, we have ,
|12 e
E[S%] 6|| || 8||67n2|| ||6m“
and thus
Ny |2 2 C

E[Jo(mz) - omi)|’] = E[|$1 + $2|"] < 5

where C depends only on the bounds on the first and second-order derivatives. O
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B.3. Proof of Lemma[7.1]

Proof of Lemmal7.1] The bound of ||u*®)|| and ||v*)|| can easily be obtained by its probability repre-
y y 1ts p y rep

h

sentation. As for the gradients’ bound, For t € [tg,tx11), given X}, h follows an OU process,

then we can write

yh ~ N(??e—g(T_t)+g(T—tk+1)+S§;tk (?gc)(1_6—9(T—t)+g(T—tk+1))7

1— e—Q(Q(T—t)—g(T—tkH))

- 5
Then,

u® (2 2x) = E[Mk“)(f@kﬂ) Xt =0, X = o] = E[o® ) (00 ()2 + p) (¢, 33.21)) .
and

v (z) = E[v(k“)(?h )

tht1

Kb, = o] =E[0) (60102 + 1 (tr, 35)

where Z ~ N(0, I;) is standard normal and

—2(g(T—t)—g(T—t
(a(k))Q(t) :: 1 — e 2g(T—t)—g(T—tk11)) uk) (t, 2 25) = xe—g(T—t)—&-g(T—thrl)_f_S% , (xk)(1_€—g(T—t)+g(T—tk+1))
2 ) g Ly —ti

Then,

do* D (60 (1) Z + p®) (¢, 23 7))
dm,-

0y, v () = E{

d
=K {Z (1 _ e*Q(T*tk)+9(T*tk+1))aIi(S}_tk (z)), - 8@7@(’“*1) (U(k) (te)Z + u(k) (t, 3 x))

j=1
9Tt T =) g D) (6 0) (1) Z 4 ) (1, x))] ’

which leads to

V68 oo < [Vt - (oI RAT 0] 4 (1 — 0Tt H0) 871 (20)

By iteration, we get

K-1
[Vo®| < [ Vo) || o eZ i (9(T—tur)=g(T—te)) H (1 + (e9(T—te)=9(T—tea) _ 1)||5*HUP>
l=k
K-1
= [[Vlloo exp {g(T — i) = g(T =) + D In (1 (e2T—t0a(T=te) 1) ||S*up,1,oo)}

l=k

K—-1
< Vel exp {g<T —tg) = g(T —t&) + 19" [Lipoe Y (1 eg”’f”g(”“))}
=k
K—-1
< [V llos exp {g<T —t5) = g(T —tx) + 1S luip,1,00 > 9(T —te) — g(T — tm)}
=k

< [Veelloc exp{(g<T —t) = 9(T' = t1)) (1+ 11" Iuip.1.cc }
(21)

which leads to the desired bound of ||Vv(®) || .. Using the similar argument in , we can also get
for ally € R?,

d.’Ei
—-E {69<T7t>79(T—tk+1>3ﬁU(kﬂ) (e® (1) Z + u® (1., 2 xk))} :
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which means for all y € R,
[Fu® (2, )| < edT=D=9T 1) [0
Combining with (21]), we have for all y € R
IVu™ (t,59)| o < [Vllooe IS in.)aD), (22)

which completes the proof of the lemma. O
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