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Fig. 3: LCQPs can model many robotics problems with non-smooth or switching constraints, including a hopper with contact
dynamics and friction (left), a rocket catch with state-triggered safety constraints (middle), and quadrotor gate traversal with

ordered completion constraints (right).

Abstract—Many problems in robotics require reasoning over a
mix of continuous dynamics and discrete events, such as making
and breaking contact in manipulation. These problems are locally
well modeled by linear complementarity quadratic programs
(LCQPs), which extend QPs to complementarity constraints.
While expressive, LCQPs are non-convex, and few solvers exist
for computing good local solutions. In this work, we observe that
complementarity constraints form a Lie group under relaxation
which can be used to perform on-manifold optimization. We
introduce a retraction map that is numerically well behaved and
use it to parameterize the constraints such that they are satisfied
by construction. The resulting solver avoids many of the classical
issues with complementarity constraints. We provide an open-
source solver, Marble, that is implemented in C++, is competitive
on a suite of benchmark problems, and solves robotics problems
where existing approaches fail.

Index Terms—robotics, optimization, complementarity, Lie
groups

I. INTRODUCTION

Many important planning and control problems in robotics
involve optimizing over a mix of continuous and discrete
elements. For example, manipulation and locomotion extend
smooth motion planning to include decisions over when to
make and break contact with the environment. Solving these
problems globally is known to be NP-hard and combinatorially
expensive, but in many cases we are satisfied with local
feasible solutions, such as in model-predictive control.

It is well established that smooth nonlinear optimization
problems are locally well modeled by quadratic programs
(QPs) [1]. A natural choice for local approximations for
non-smooth optimization is linear complementary quadratic
programs (LCQPs), which extend standard QPs with linear
complementarity constraints: s > 0, ¢ > 0, and s © ¢ = 0.
LCQPs are very expressive, as shown by the example problems
in Figure but are non-convex and challenging to solve.
Relatively little research has focused on developing fast local
solvers [2], [3], [4].

In this work, we present a novel approach for solving
LCQPs. Our approach solves a series of subproblems with
relaxed complementarity constraints similar to [5] and is in-
spired by [6], which introduced a log-domain parameterization
of relaxed complementarity constraints through an exponential
retraction map. Our contributions are:

o A parameterization of relaxed complementarity using its
Lie group structure

o A proposed retraction map that avoids the numerical ill-
conditioning of the exponential map

o A solver with an open-source C++ implementation

o Comparisons to an existing solver on a benchmark suite
and a variety of robotics problems showing improved
performance and robustness



II. BACKGROUND
A. Linear-Complementarity Quadratic Programs

Complementarity constraints take the following form ove
vectors s € RP and ¢t € RP where ® denotes element-wisi
multiplication:

0<su>0<:>{820’t20 (1
sOt=0
The L-shaped feasible region for (I)) is non-convex and non-
smooth at the corner (s,t) = (0,0), as shown in Figure

LCQPs are optimization problems that minimize a quadratic
cost subject to linear equality, inequality, and complementarity
constraints:

1
mlItl izTQz + gTz (2a)
subjectto Az—+b>0 (2b)
Lz+1l=s (2¢)
Rz+r=t (2d)
0<sLlt>0 (2e)

Here, z € R™ is the solution vector, A € R™*™ and L, R €
RP*™ are the constraint Jacobians, b € R™ and [,r € RP are
the constraint affine terms, and s,¢ € RP are complementarity
slack variables.

B. Lie Groups and Lie Algebras

Lie groups are groups that also have a smooth manifold
structure (i.e. they are continuous). Common examples in
robotics are the 2D and 3D rotation groups. Lie groups must
be closed under a multiplication operation, and must have an
identity element and inverse. Importantly for us, there is a very
well-developed theory of optimization on Lie groups that takes
advantage of their differentiability and algebraic structure [7].

While Lie groups are not vector spaces, they can be locally
linearized to enable vector-space calculations in optimization
algorithms. Roughly speaking, calculations involving gradi-
ents, Jacobians, and Hessians can be performed on the Lie
algebra, which is the linearization (i.e. tangent space) of a Lie
group at the identity [8]]. Vectors in this tangent space can then
be mapped back onto the group via a retraction map [9] so
that they are on the group manifold by construction.

III. EXISTING WORKS

Approaches to the general class of mathematical programs
with complementarity constraints [10], [11] fall into three
main categories: mixed-integer reformulations, smoothing or
relaxation methods, and penalty methods.

1) Mixed-Integer Reformulation: Complementarity con-
straints may be re-formulated using the big-M method
with bounds ms > s,m; > t and binary variable 6 € {0,1}
[12]:

0<s<mgd

0<sLt>0 <= 3
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Fig. 3: Relaxed complementarity feasible sets for different
relaxation parameters. o smoothly and globally parametrizes
a feasible set for a fixed relaxation (black, red dot).

These are often solved with commercial solvers like
Gurobi[13]] that use branch-and-bound methods, which scale
combinatorially in the number of integer variables, leading to
prohibitively long solution times.

2) Smoothing and Relaxation Methods: For a general re-
view of smoothing and relaxation methods, including nonlin-
ear program (NLP) reformulations, we refer to [[14f]. This work
relaxes s ©t = 0to s ®t = k for kK > 0 and performs
continuation, solving subproblems while driving « — 0,
similar to interior-point and barrier methods for inequality-
constrained problems.

3) Penalty Methods: In penalty-based methods, constraints
are incorporated through penalty terms in the cost function
and continuation is used to solve subproblems for increasing
penalty values. LCQPow, an open-source software package
for LCQPs, includes s © ¢ = 0 as a quadratic penalty p - s't,
leaving the inequality constraints explicit, which forms a QP
subproblem. This method suffers from two weaknesses: QP
subproblem failures due to the lack of a unique solution, and
stalls at infeasible stationary points where the quadratic cost
and penalty gradients point orthogonally into the infeasible
region.

IV. COMPLEMENTARITY BY CONSTRUCTION

Our approach avoids the challenges associated with comple-
mentarity constraints by performing on-manifold optimization.
We relax the constraint s ©t =0to s ©t = & for K > 0,
resulting in a smooth feasible set which is a Lie group. As
observed in [6]], the relaxed complementarity manifold can be
parameterized by a single variable, o, in the Lie algebra as
shown in Figure [3| through the exponential map as s = \/ke,

t=+/ke °.
A. Softplus Retraction Map

In practice, we found that the exponential map suffers from
numerical ill-conditioning due to unbounded gradients. To
address these issues, we propose the following retraction map:

Hafa ) e

o) =5\ =
This scaled softplus function is asymptotically linear outside
the corner at ¢ = 0, quickly approaching p,(c) = o for



g

positive ¢ and p,(c) = 0 for negative 0. The scaling 7
makes the gradients bounded between 0 and 1.

V. MARBLE
A. Problem Formulation

Marble replaces the complementarity conditions 2c)), (2d),
and (2¢)), with the implicit softplus parameterization introduced
in the previous section:

1
min izTQz +9'z— k1T log(w) (5a)
subject to Az +b=w (5b)
Lz+1=pg(o) (50)
Rz +r =pu(—0), (5d)

where « is the relaxation parameter, p, (o) is our retraction
function (@), and inequalities are enforced through a log-
barrier. For brevity in the rest of our derivation, we represent
the implicit complementarity constraints as Jz + ¢ = h(o):

g e [] vz @

We solve this problem using an augmented Lagrangian (AL)
approach. The corresponding augmented Lagrangian for (3)
is:
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where « and 3 are Lagrange multiplier estimates. Our solver
consists of an inner loop that minimizes £ 4 for fixed , p, «, 8
and an outer loop that updates k,p,«, 3 as described in
Section

We use Newton’s method to minimize (/) in the inner loop.
The KKT conditions are:

a+p(Az+b—w))

LA A _

92 Q”“M L@’er(Jerc—h(U))) =0
(8a)

%:—(a—i—p(flz—i—b—w))—g:() (8b)
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The Jacobian 9h/0c can be computed efficiently using prop-
erties of our retraction map (@):

oh_[ ) 1_[ pilo) o
do  |=p(=0)]  |pllo) =1
This system of equations becomes ill-conditioned as the
penalty p increases, which we avoid using a primal-dual
reformulation [1]] by introducing dual variables \,, € R™ and
Ao € R?P:
Aw =a+ p(Az+b—w)
Ao =B+ p(Jz+c—h(o))

(10)
(1)

=

2 100 —

E 75

é 50 == Marble (ours)

g o — LCQPQW

~ === Gurobi

§ O | J
10° 10t

10?
Performance ratio 7

Fig. 4: Total problems solved versus performance ratio (solve

time scaled by minimum time per problem) for each solver.

Marble is the fastest for 72% of problems and is at most 4.85x

slower.

Substituting \,, into (Bb) and multiplying both sides by the
diagonal matrix diag(w) results in the interior-point relaxed
complementarity condition diag(w)\,, = —x1. We satisfy this
as in [6]] using our retraction map p, with variable v.

w = pn(v)v Aw = _pm(_v) (12)

We now arrive at the KKT residual r that is driven to zero in
each inner loop:

Qz+g+A N +J N,
>\w+pn(_v)
_ % T)\U
p_l(a_/\w)+AZ+b_pm(v)
p~ Y B—=Xo) +Jz+c—h(o)

=0 13)

T(Za v, o, )‘Uh >\0')
B. Solver Strategy

Given the non-convexity of our problem, we adopt standard
strategies from the nonlinear programming literature. The
inner problem is solved using Newton’s method with a filter
line search for step evaluation and inertia correction as in
IPOPT ([1], [15].

The inner loop runs until the co-norm of the KKT residual
defined by (I3) is below a tolerance e,. In the outer loop,
we first update the penalty parameter p. Once p = pmaxs
we update « and the Lagrange multiplier estimates. The full
Marble algorithm can be found in Appendix

VI. EXPERIMENTS

The Marble implementation and code to reproduce our
results are made publicly available ﬂ We evaluate Marble
on the MacMPEC benchmark suite [[16] and three robotics-
specific problems, and compare the solutions to LCQPow [|12]],
using qp-OASES as the underlying QP solver, and Gurobi [13]
which provides the global solution.

A. MacMPEC Benchmark

The MacMPEC benchmarks contain problems from fields
such as game theory, operations research, and structural dy-
namics [[10]. Marble obtains feasible solutions for all problems
and finds the global solution for 38 of 39 problems. It achieves

ICode: https://roboticexplorationlab.org/Marble



TABLE I: Solver comparison across robotics tasks.

Contact Dynamics
n. = 1560, ne = 780,n; = 540, ne = 540

Progress Constraints
ny, = 1706, ne = 760, n; = 1942, n, = 120

State-triggered Constraints
n. = 678, ne = 444, n; = 718, n. = 40

Solver Feasibility =~ Objective Solve Time Feasibility ~ Objective Solve Time Feasibility ~ Objective Solve Time
Gurobi [13] v 29.20 344.56 s v 464.46* 845 ms v 380.71* 45 ms
LCQPow [12] v 29.21 55.11s X — — X — —
Marble (ours) v 31.68 130 ms v 465.56 69 ms v 381.19 34 ms

* Indicates Gurobi achieves global optimum.

a solution equal to or better than LCQPow, which only finds
global solutions for 33 problems. Figure |4| shows the percent
of problems solved with at most performance ratio 7 for each
solver, where 7 is the solve time scaled by the minimum solve
time across the solvers for each problem [17].

B. Robotics Benchmarks

We formulate and solve three robotics-specific problems.
The feasibility, objective, and solve times for each solver are
shown in Table [} Marble is faster for all problems and solves
both problems that LCQPow fails on.

1) Contact: We solve a trajectory optimization problem
for a hopper as shown in Figure [3| Contact is modeled as
complementarity between the signed distance to the floor d
and the normal force f,. The hopper exerts a friction force
against the ground, and complementarity constraints on the
tangential velocity v; prevent slipping, expressed as:

d, v, vy >0, vy =0 —v; (14)
0<vt+wv, +dLl f, >0, (15)
7.ufn < ff < an- (16)

where the positive slack variables vt+ ,v; upper-bound |uv;]
through v;” + v; . The last constraint on the friction force f;
represents the planar friction cone.

We compute the signed distance using d = 2fo0t — A (Zfoot )
where h(zgo0t) is the height map of the stairs, represented
as the sum of four shifted and scaled sign functions. Sign
functions cannot be explicitly used in an LCQP, but can
be implicitly represented through the KKT conditions of the
linear program:

s = sgn(x) = arg min(—sz). (17)

—1<s<1
A quadratic tracking cost on the z position is used to
encourage moving across the platform at a constant speed,
along with quadratic costs on the controls and control rates.
2) State-Triggered Constraints: State-triggered constraints
(STCs) specify constraints of the form g(z) >0 = h(z) >
0, expressed as:

gt =9 =g(2), 97,97 =0 (18)
ht —h™ =hy(2), h",h™ >0 (19)
0<gtLh >0 (20)

We use STCs in a trajectory optimization problem to guide a
rocket into a catch tower. The rocket dynamics are planar and
linearized about the upright state # = 0. When the rocket is
within a specified range of the tower, both ends of the rocket

must be in front of the tower with the engine pointed away
from the tower to avoid plume impingement; these are written
as:

g(y) = htrigger ) (21)

m.6) = (4 20) |j)) 22)
ao.0) = el (v+100) | ) 23
hs(6,0) = 6 + a, (24)

where Airigger s the altitude at which the constraints become
active, ¢ is the half-length of the rocket, p = [z,y] is
the rocket position, and R(f) is a linearized body-to-world
rotation matrix. The trigger region and catch trajectory are
shown in Figure 3]

3) Progress Constraints: We plan a trajectory for a quadro-
tor linearized about hover flying through a series of m
rectangular gates. Gate completion is modeled with progress
state 7, € R™ indicating whether a gate has been passed
through, and progress control variables i, € R™ that update
~% according to:

k=1

e = 1223
Vo1 +pr 1<kE<N

To ensure that all gates are completed in order by the end of
the trajectory, we enforce:

(25)

49 =1 1<j<m (26)

The progress control u,(j ) for gate j at timestep k may only be
active when the drone passes through the bounds of the gate:

0<uf L |Rly (e — o) + s Z0 @
) < Si.j) < 09 (29)

where 09, 0() and R{,V are the half-extents, position, and
orientation of gate j, respectively.

VII. CONCLUSIONS

In this work, we develop an approach to solving LCQPs that
leverages the Lie group structure of relaxed complementarity
constraints. We introduce a softplus retraction map that offers
numerical advantages over the common exponential map, and
demonstrate that the resulting solver is competitive across
both standard benchmarks and robotics-specific problems. Our
open-source solver, Marble, is implemented in C++ with
Python and Julia bindings.
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APPENDIX A
MARBLE ALGORITHM

Algorithm 1 Marble Algorithm

Require: Problem data, optional initial guess for z
1: Initialize p < pg, Kk < Ko, F < &
2: Initialize s < [z,0,v, Ay, As], [, 8] < [0,0]
3: fori=1,2,..., Npax do
4 Compute residual r, Jacobian Vr from @I)
5: Initialize regularizer ¢ <— 0
6: loop
7
8
9

[L, D] + QDLDL(Vr, 6)

if D has incorrect inertia then

: § + max(10%, 109); continue
10: end if

11: As + SOLVEKKT(L, D, r)

12: sT «+ FILTERLINESEARCH(s, As)

13: if line-search succeeds then

14: break

15: else

16: § + max (102, 106)

17: end if

18: end loop

19: s+ st

20: if || (T3) ||1 < €res then

21: if constraint violations < €., €;, €. then
22: return s > Solution found
23: else if p < pnax then

24: p < min(v, p, Pmax)

25: else

26: K 4+ max(vYx Ky, Kmin)

27: [, B] < [Aws Ao)

28: end if

29: end if

30: end for
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