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ABSTRACT

In-context learning (ICL) exhibits dual operating modes: task learning, i.e., ac-
quiring a new skill from in-context samples, and task retrieval, i.e., locating and
activating a relevant pretrained skill. Recent theoretical work proposes various
mathematical models to analyze ICL, but they cannot fully explain the duality. In
this work, we analyze the dual operating modes leveraging assumptions on the
pretraining data. Based on our analysis, we obtain a quantitative understanding of
the two operating modes of ICL. We first explain an unexplained phenomenon ob-
served with real-world large language models (LLMs), where the ICL risk initially
increases and then decreases with more in-context examples. We also analyze ICL
with biased labels, e.g., zero-shot ICL, where in-context examples are assigned ran-
dom labels, and predict the bounded efficacy of such approaches. We corroborate
our analysis and predictions with extensive experiments with real-world LLMs.

1 INTRODUCTION

In-context learning (ICL), an emergent ability of large language models (LLMs), operates in two
distinct modes: task learning and task retrieval (Pan et al., 2023). They can learn unseen functions
from in-context examples, demonstrating the learning mode (Brown et al., 2020; Razeghi et al., 2022;
Garg et al., 2022). Concurrently, LLMs can also retrieve a pretrained skill. Motivated by this, our
work seeks to address the following questions: How do we rigorously explain the dual operating
modes of ICL? Can we define the conditions when retrieval mode is dominant and vice versa?

A New Model for Pretraining Data To find the answers, we first propose a new probabilistic
model for pretraining data. We consider in-context learning of linear functions (Garg et al., 2022;
Akyiirek et al., 2023; Li et al., 2023; von Oswald et al., 2023; Raventos et al., 2023; Wu et al., 2024).
We extend the existing model for pretraining data (Raventos et al., 2023) by introducing multiple task
groups and task-dependent input distributions. Shown on the left-most panel in Fig. 1 is a simple
visualization of our model. As illustrated, the red task group is modeled as the cluster of linear
functions with negative coefficients (w ~ —1), with input distribution centered at E[x] = —1.

Analysis With our new model for pretraning data, we analyze the Bayes-optimal pretrained model
under the squared loss. Here, the pretraining task distribution (of multiple task groups) is the prior,
and in-context examples are the observations. By fully quantifying the posterior distribution, we
characterize how in-context examples are used to update those task groups. We will call updates of
mixture probabilities as task group (component) re-weighting and updates of task group center as
task group (component) shifting. See the central panel in Fig. 1 for visualization. By analyzing these
two effects, we obtain a quantitative understanding of how two different operating modes emerge.

Explanation of Two Real-World Phenomena We demonstrate the practical value of our new
insights by explaining and predicting two phenomena observed with LLMs in practice.

* The early ascent phenomenon refers to the observation that, the ICL risk initially increases and
then decreases when more in-context examples are introduced (Brown et al., 2020; Xie et al., 2022).
(Fig. 1 left) We offer a plausible explanation for this early ascent phenomenon—a limited number of
in-context samples may lead to the retrieval of an incorrect skill, thereby increasing the risk.

* Bounded efficacy of biased-label ICL is predicted by our model. ICL performs well even with
biased labels (Lyu et al., 2023; Min et al., 2022). Our model provides a rigorous justification that if
in-context examples with biased labels carry sufficient information for retrieving a correct pretrained
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Figure 1: A summary of our contributions. We propose a model for pretraining data and in-context
examples. Via analysis, we obtain a quantitative understanding of the duality of ICL, and explain two
real-world phenomena observed with LLMs.

task, then this approach would work. Meanwhile, our analysis suggests that when the learning mode
starts taking place, the test risks of such methods will start increasing. (Fig. 1 left) We observe the
predicted phenomenon with real-world LLMs such as Mistral, Mixtral, Llama 2, and GPT-4.

2 RELATED WORK

Dual Operating Modes of ICL. Pan et al. (2023) empirically disentangle the two operating modes
of ICL: task recognition, which we refer to as task retrieval, and task learning.

Explaining ICL via Bayesian Inference. Xie et al. (2022) model the pretraining data with a
Hidden Markov Model (HMM) (Ghahramani & Jordan, 1995; Rabiner, 1989). On the other hand,
Garg et al. (2022); Raventos et al. (2023) consider the setting where a next-token prediction model is
pretrained on token sequences in the form of (x1, y1, €2, y2, - . .). While this linear regression model
facilitates a tractable analysis and elucidates certain aspects of the dual operating modes, it falls
short in modeling the clustered characteristic of nature language. Han et al. (2023) show that ICL
asymptotically approaches kernel regression as the number of in-context samples increases. On the
other hand, our proposed model allows for tractable analysis and captures the clustered characteristic.

Explaining ICL via Gradient Descent. Garg et al. (2022) hint that under ICL, the pretrained
Transformer might implicitly execute gradient descent. Akyiirek et al. (2023); von Oswald et al.
(2023); Dai et al. (2023) show that one attention layer can be exactly constructed to perform gradient
descent. Further, Ahn et al. (2023); Mahankali et al. (2024); Zhang et al. (2023) show that the
pretrained transformer will implement gradient descent algorithm.

3 PRETRAINING AND DATA GENERATIVE MODEL

A next-token predictor is a sequential prediction model that predicts the next token given an initial
token sequence. During pretraining, this model receives sequences Sk = (x1,¥1,. -, Tk, Yr ) With
2K tokens to predict only the y values in the sequences. During inference, the model receives a
sequence of 2k + 1 tokens with & labeled samples (x;, y;),i € {1,...,k}, and an unlabeled @} 1.
3.1 PRETRAINING DATA GENERATIVE MODEL

We assume pretraining data consists of sequences generated based on Assumption 1.

Assumption 1 (Pretraining Data Generative Model). Given Drrior D and Dy|m, we generate Sg;:
(a) (p,w) ~ DPor: P(p,w) = 2%21 Tm P(p, w|Tyy,), where Ty, is the m™ mixture component!
of the Gaussian mixture, i.e., P(p,w|Ty) = N (p|tm, 021) - N(w|wy,, 02,1), and my, is the

!The concept “mixture component” is analogous to the term “Task Group” depicted in the left panel of Fig. 1.
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mixture weight. Z%Zl Tm =1, 0 < T < 1, (W, Wp,) is the center of the mixture component T,,,
and all components share the same covariance matrix controlled by o, and o.,;

(b) @ ~ Dg(p), P(x|p) = N(x|p,021); (c) yl& ~ Dyjo(w) : P(yle,w) = N (ylw 'z, 0);
vm, (d) ||| = |wml| = 1; (¢) Ir > 1 that 1 < To <1 (f) @, s o, W, W, € R<.

In the sequence Sk, the first 2k elements of Sk is denoted as Sy, and the first 2k + 1 elements will
be indicated by S, @ xy11, €.g., So =[], and S1 D x2 = [x1, Y1, T2

3.2 BAYES-OPTIMAL NEXT-TOKEN PREDICTOR

We consider the pretraining objective: L(F) = Es,, [% f:_ol (F(Sk ® Tpt1) — yk+1)2} , Where
F is a next-token predictor and Sx is generated from DP'F following Assumption 1. We show that
the prediction *(Si @ xx+1) by a Bayes-optimal pretrained F* satisfies:

F 'Sk ®xrs1) = E [ E [Yrt+1|w, Trt1]|Sk ®$k+1} . (D

HW | Yk+1

(See Appendix A.1 for derivation.) Thus, F*(Sy @ @y1) is the expectation (over task posterior) of

E [yg+1|w, xgy1] regarding S @ @1 as observation.
Yk+1

4 INFERENCE AND DUAL OPERATING MODES

4.1 IN-CONTEXT TASK AND IN-CONTEXT FUNCTION

We introduce Assumption 2 for the in-context task and the in-context function of in-context examples:
Assumption 2 (Gaussian/Linear Assumptions for Inference). (a) The input sequence Sy, & Ti+1 of
ICL satisfies, Vi, x; ~ N (p*,72I), y; = {(x;,w*); (b) |p*| = ||w*| = 1.

Assumption 2(a) states that (x;, y;) follows in-context task (p*, w*) and in-context function w*.

4.2 CLOSED-FORM EXPRESSION OF POSTERIOR

The following lemma gives the closed-form expression of posterior DP**! given any Sy, @ @j41:
Lemma 1 (Conjugate Distributions with Noisy Linear Regression Likelihood). Under Assumption I,
the posterior probability of task (p, w) given observation Sy, @ Ty is:

P(p, w8k ® @) = Yy TP, w|Ton) = iy o Nl oy 521) - N (], 53,),

where, Tm is the mixture component in the posterior with mixture weight 7, and component center
(P, Wiy ). (See Appendix A.2 for closed-form expressions of T, (fom, W), Gy, and G,,.)

Lemma 1 states that the task posterior remains a Gaussian mixture, with component centers shifted to
(frn, Wiy, ), namely component shifting (CS) and with mixture weights re-weighted to 7,,,, namely
component re-weighitng (CR).

4.3 CLOSED-FORM EXPRESSION OF ICL PREDICTION

With Assumption | and Lemma 1, we have the following corollary for the prediction F* (S © @gy1):
Corollary 1. Let w = Z,ﬁf:l T W,. With pretraining data generative model 1, if the pretrained
model F* minimizes the pretraining risk, then the prediction on any sequence S, @ T11 by F* is:

F*(Sk ®xpe1) = <:ck+1, E%Zl 7~Tm’u~1m> = (xp11,W). See Appendix A.3 for proof details.

Under Assumption 2, we collected mathematical analyses and numerical computations of CS, CR,
and Prediction in Appendix J, exploring the impacts of pretraining task noises and the number of
in-context examples on 7y, Wy, and F*(Sg & Tp41)-

4.4 DUAL OPERATING MODES

“Task retrieval” mode occurs when component re-weighting outweighs shifting, making predictions
rely more on the interplay between pretraining prior and in-context examples. In contrast, “task
learning” mode occurs when component shifting prevails, leading predictions to be based mostly on
in-context examples, neglecting the pretraining prior.
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(b) The trajectory of the expectation of w with increasing k£ under d equal to 1, 2 and 3.

Figure 2: The early ascent phenomenon. Fig. 2(a) shows expected losses, upper bounds, and
mixture weights, while Fig. 2(b) shows the expectation of w. Under these settings (see Appendix D.3

for setting details) As k increases, task retrieval happens first and retrieves a misleading task, causing
increasing risks, and then risks decrease due to task learning.

5 EARLY ASCENT

Brown et al. (2020) report that GPT-3 on LAMBADA shows a lower one-shot accuracy (72.5%)
than zero-shot accuracy (76.2%), but the few-shot accuracy (86.4%) is higher than the zero-shot
accuracy. Xie et al. (2022) replicate this phenomenon with their synthetic dataset and explain this by
“the few-shot setting introduces the distracting prompt structure, which can initially lower accuracy.”
Based on our analysis, we take a further step to formalize this explanation. See Appendix H where
we derive that the early ascent phenomenon provably occurs under a certain assumption. We also
reproduce this performance tendency in Fig. 2(a) under our model, where the upper bound and the
risk initially increase due to the misleading task (component 1) is retrieved first. Figure 2(b) further
demonstrates the relative locations between the retrieved functions and functions of prior centers.
Finally, we give the formal theorem on the early ascent phenomenon:

2
SNy mm exp(— =l 12 |12 |l —w |2
Theorem 2 (Early Ascent). Assume E., 272

— 2
D T )
* (12 *®\ T %12 2 * 12
. — Wy —W d Wiy —W
E, [l|la]2|lw, — w*||?], where a = arg min 1#m—2"I" | [(wm—w?) p|l + 7o llwm = Then,
1 20 20
m x v

when §,, and 6., are small enough, we have the early ascent phenomenon on the risk upper bound:
M H/-l«,,;,*il}l‘IQ 2 * |12
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2
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M ~
Zm:1 7T7n||m1||2me - 'w*H2
M ~
Zm:l Tm

where E[||z1]|?||wa — w*||?] equals to the risk when the prediction is fully depends on the a
misleading task function w,, of prior center a. See Appendix H.3 for proof details.

< E$k®mk+1

6 BOUNDED EFFICACY OF BIASED-LABEL ICL

The following theorem shows an upper bound for ICL risk with biased labels under mild assumption
to describe the bias of the labels (see Appendix Assumption 3 for details):

Theorem 3 (Upper Bound for ICL with Biased Labels). Consider a next-token predictor attaining
the optimal pretraining risk. When 6,, = o%/o? and 5, = 02/ 05 are sufficiently small, there exists
a particular interval for k such that ICL risk with biased labels is upper bounded by:

2 w2 kz _
Es, [£7] < Cy exp(—k(ﬁ + 81:]721 )) + Co exp(—g) + C3min{1,4k%6,%(1 4+ 72)?},

where Ly = (F*(Sk & Tk+1) — (Wa, Tit+1))?, indicating the target function w,, is associated with
a prior center. C, Cy, and C5 are constants depending on the prior setting. When k is small, the
first and second terms dominate and exponential decay. When k is large, the second term dominates
and increases. Thus, we predict a bounded efficacy phenomenon. See Appendix K.3 for proof details.

Table 1: Bounded efficacy in GPT-4. Error rate measured with respect to “addition (+)” and “biased
+”. The error rate of “4” goes down to k = 2, but it increases afterward.

Number of In-context Examples (k) 0 1 2 4 8 16

Error Rate of “Addition” 75.0% 362% 339% 493% 793% 85.1%
Error Rate of “Off-by-one Addition” 100.0% 98.3% 959% 60.5% 24.4% 16.8%

08 Mistral 7B Llama 2 13B Mixtral 8x7B Llama 2 70B GPT-4

. -
§ \ \. \ \ / w/ True Labels
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Figure 3: Bounded efficacy. The error rates of ICL with random labels increases at large k.

To verify that such a phenomenon exists in real-world LLMs, we first conducted an experiment with
GPT-4 to check which function GPT-4 will predict using “biased +” as the in-context function. The
results of Table 1 verify the existence of the bounded efficacy phenomenon, where GPT-4 will first
retrieve “+4” and then learn “biased 4. See experiment details in Appendix F. We further extend the
experiments of Min et al. (2022) to show this phenomenon exists in real-world ICL algorithms in
Fig 3, such as zero-shot ICL (Lyu et al., 2023) with random labels. The results highlight the bounded
efficacy phenomenon in the error curve associated with random labels compared to gold labels. See
Appendix G for experimental results on all five LLMs and experiment setup.

7 CONCLUSION

In this paper, we introduced a probabilistic model for understanding the dual operating modes of
in-context learning: task learning and task retrieval. Our analysis allowed us to explain the existing
early ascent phenomenon observed in real-world ICL applications, and predict a new bounded
efficacy phenomenon of biased-label ICL. We validated our findings and predictions via experiments
involving real-world LLMs. Our work lays the groundwork for future research in further exploration
and improvement of ICL.
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8 REPRODUCIBILITY STATEMENT

The code for all experiments reported in this paper is publicly accessible. For the purpose of
reproducibility, the code can be found at the following GitHub repository: https://github.
com/UW-Madison—-Lee-Lab/Dual_Operating Modes_of_ ICL.
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A PREDICTION AND POSTERIOR

A.1 BAYES-OPTIMAL NEXT-TOKEN PREDICTOR
We consider the pretraining objective: L£(F) = Es, [% f:_ol(}'(&c D xpt1) — ka)Q} , Where

F is a next-token predictor and Sk is generated from DPi" following Assumption 1. In other
words, for each sequence, we pretrain F to predict each label y based on preceding samples,
measuring risk with the squared loss. Due to the linearity of expectation, we have: L(F) =

+ ZkK:_Ol E [(F(Sk® @ky1) — Ye+1)?] - A variable-input-length next-token predictor F can be
Sk

viewed as K fixed-input-length next-token predictors Fo, ..., Fx_1, where F, takes a sequence of
exactly 2k + 1 tokens as input. Thus, assuming the sufficient expressiveness of F, the pretraining
process of minimizing £(F) can be decomposed into K separate optimization problems:

Fp = argmin E [(Fx(Sk © Tpt1) — yrr1)?], Yk € [K].
Fr Sk
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The solution denoted F}; is an MMSE estimator (Van Trees, 2004, page 63) for each k. Thus, the
prediction F*(S, & xp41) = Ff (Sk B ©p+1) satisfies:

F*(Sk® Tpqn) = E [Yk+1|Sk © Try1] (2)

= E [ E [Yk+1|Da,y, Sk ® Tit1]|Sk @wk+1:|

Da,y LYk+1

= E [ E [Yk+1|Dz,y> Tri1]|Sk @mk+1] .

Do,y [Yr+1

Thus, F*(S, @ xi+1) is the expectation (over task posterior) of E [yr+1|Dax,y, Tr+1) regarding
Yr+1
Sk @ xp41 as observation. We show that the pretrained Transformer can approximate Bayesian

inference in Appendix E.

A.2 CLOSED-FORM EXPRESSION OF POSTERIOR
The following lemma gives the closed-form expression of posterior DP*' given any Sy @ @1 1:

Lemma 2 (Conjugate Distributions with Noisy Linear Regression Likelihood). Under Assumption 1,
the posterior probability of task (p, w) given observation Sy, @ ®jy1 is:

P(“’vw|8k S wk-i-l) = 271—\”/[:1 7~TmP(H»aw|Tm) = er\le ﬁ-m N(iu’“]'m’ &/31) ' N(w‘wnm&?u‘[)'

Here, the mixture component T}, in the prior is mapped to the mixture component T, in the posterior
with mixture weight 7, and component center (i, , Wy, ):
Tm = T C1ch e
2 _ 2
= exp (—[|pm|? — lbm TG00 A1 1y, 5, -1/202)

Con = X (= [|wpn|[* = lwom tkowwlTy 5, 5,0-1/20% )

P = (T + (k+1)0,2,) " (pom + (k +1)8,),
Wy = (I + k6yBe) " (wy, + k@),

p = oI+ (k+1)6,3,) 7",
62 =02 (I +kb6pXe) t,
. . ; - o 02 & o Yk
where C is a normalizing constant, i.e., Y Ty, = 1,0, = o5 bw=28,3,=Ip= =12

k T k s '
S = Zﬁ%, and w = M See Appendix I for the proof.

A.3 CLOSED-FORM EXPRESSION OF ICL PREDICTION

With Assumption | and Lemma 1, we have the following corollary for the prediction F* (S © @gy1):

Corollary 4. Let w = Zn]\le TmWo,. With pretraining data generative model 1, if the pretrained
model F* minimizes the pretraining risk, then the prediction on any sequence Sy, ® 1 by F* is

as follows: F*(Sk ® xpy1) = <a:k+1, Z%zl ﬁ'm'dym> = (Tpt1,W).

Proof. By applying Assumption 1 to Eq. 2, F*(Sk @ ®x11) = E(p,w)~pror[(Tr 11, W) |Sp © Tpy1].

Using Lemma 1, this reduces to ng:l Tm  E _ [(®ry1,w)]. Due to the linearity of expectation
(p,w)~Th,

and inner product, the prediction can be simplified as (zgt1, Zivnle TmWm) = (Tgy1,w). O

B COARSE UPPER BOUND OF ICL RISK

The following theorem shows a coarse upper bound of ICL risk to learn a task:

10
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Theorem 5 (Coarse Upper Bound for ICL). Consider a next-token predictor attaining the optimal
pretraining risk. As k — oo, ICL risk is upper bounded by:

4(1 +dr2)
T46,,2k2

ot

+ O(k°~2),

E3k®wk+1 [L:Z] <

where L, = (F(Sk @ @pt1) — Yj1)? = (F(Sk @ Tpy1) — (@rt1, w*))? and § is an arbitrarily
small positive constant. See Appendix K.2 for proof details. The upper bound decreases as the square
of the inverse of k. Notice there is no noise for y labels of in-context examples under our setting,
which leads to a faster decay rate than standard 1/k for ridge regression (Tsigler & Bartlett, 2023).

The notations 6,,, d,, and & are colored for easier observation.

(5# = 511! = 1/81 6}‘4 = 511! =1/9 5# = 511} =1 (Sﬂ = 6w =9 51 510 =381

N 8 > N — BIR ]
’ » > S
q,\\ — E[F -y
Q Q
S 027168102 S 03168102 S 031681002 S 02168102 S 024068102
Number of In-Context Examples (k)

MSE

Figure 4: R* indicates the prediction by Ridge regression, /™ indicates the prediction by ICL with a
Bayes-optimal next-token predictor, and ;| = (xx41,w"). Let the k samples draw from a task
(p*,w*), which is drawn from the pretraining prior distribution. The dimension d of = equals 6. We
observe that ICL performs better than Ridge regression of small k, and Ridge regression performs
better than ICL when k£ > d. Especially, when the task prior distribution has high task variance (big
0, and J,, values), ICL and Ridge regression have very similar performance.

We further compare the risk Es, ¢z, ., [£};] and the risk under Ridge regression with L2 regularization

parameter equal to 1075, where the same k samples without label noises are used as in-context
examples for ICL and training samples for Ridge regression. Fig. 4 shows the experiment results. In
practice, we can observe more than the simple monotone loss decreasing phenomenon for ICL. The
later sections will introduce and explain them.

C NOTATIONS
This section collects all notations used in the main paper.

Notations initially introduced in Sec. 3:

» F: anext-token predictor.

« Fra pretrained next-token predictor.

» F*: a Bayes-optimal next-token predictor that attains Bayes risk minimization.
» Fj: a Bayes-optimal next-token predictor for k£ in-context examples.

» F: a Bayes-optimal next-token predictor that attains Bayes risk minimization for k in-context
examples.

« x and y: input and label for a task, e.g., « and y of a linear regression task y = « " w.

* k: the number of in-context examples.

» K: the max number of in-context examples in a sequence.

* Si: asequence of k in-context examples, [X1, Y1, . - . , Tk, Y-
» Sk: asequence of K in-context examples, [€1,y1, ..., LK, YK]-
* Sk D xpt1: Sk ® i1 = [T1,Y1, .-+, Tk, Yk, Tk+1], @ sequence of k in-context examples and

T ,+1 pending to be predicted.

* p and w: the parameters control a task. g controls the distribution of & and w controls the function
mapping T to y.

11
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o DM and Dy, 4: DP = D,, 4, and they represent the task prior distribution where each task is
controlled by parameters p and w. The task prior is also named pretraining prior, pretraining task
prior, pretraining prior distribution, pretraining task prior distribution, or simply prior.

* D, (u): the conditional distribution of & conditioned on g of the task (u, w).

* Dy (1, w): the joint distribution of (x, y) in the task (p, w).

* Dyjo(w): y distribution conditioned on the input & and parameter w of the task (p, w).
» P(p,w): the task probability of (x,w) in the task prior DPr,

* P(x | p): the probability of  in D, ().

* P(y | =, w): the probability of y in Dy, (w).

* L(F): the risk of F on samples generated from generative model 1.

* M: the number of mixture components in a Gaussian mixture prior.

* «, (: the indexes of a mixture component in a Gaussian mixture prior.

e Tp: the 8 mixture component in a Gaussian mixture prior.

e 75: the mixture weight of the 3™ mixture component in a Gaussian mixture prior.
* ppand wg: (g, wp) is the center of the 4™ mixture component.

o p* and w*: (p*,w*) is the in-context task, i.e., in-context examples are drawn from this task
without label noises.

* 0, and o, the task noises, i.e., the noise scales of p and w.

* 0, and oy: the sample noises, i.e., the noise scales of  and y of pretraining samples.
* 7,: the sample noise, i.e., the noise scale of « of in-context examples.

* d: the dimension of x.

* r: the max ratio of two mixture weights of two mixture components.

Notations initially introduced in Sec. 4:

* DPost: The posterior distribution of the pretraining prior DP'°F after observing Sy @® X4 1.

s ||z||?: for any vector z, ||z||®> = = " x.

s ||x||%: for any vector z and matrix A, ||z||%} = =" Ax.

o P(p,w | Sk ® xp41): the probability of task (u, w) in the posterior after observing S, ® T+ 1.
. Tg: the 8™ mixture component in the Gaussian mixture posterior.

s 75: the mixture weight of the 3™ mixture component in the Gaussian mixture posterior.

* fig and Wg: (f1g,Wp) is the center of the 3™ mixture component in the Gaussian mixture posterior.

* P(p,w | Ts): the probability of task (g, w) in the 5™ mixture component of posterior.

M)

2
. . . g,
* §, and d,,: the ratio of squared task noise over squared sample noise. J,, = —%, and d,, = T
x

7
u=1

Zf:l zix]

M
M

u

M
M

w k .

e i — Zf;r11m7
CH =TT

Sk
e

w -

T

W w =

* w: the mean of w in the task posterior, i.e., the predicted function by Bayes-optimal next-token
predictor. F*(Sg @ Tpy1) = (Xpt1, W) = <xk+1, 224:1 7?511)[3>.

. cg and cj’: parts of the re-weighting coefficient of Component Re-weighting.

* ¥, (, ) and ¥, (e, B): functions to help analyze the phenomenon of Component Re-weighting.

* r(a, () the ratio of the mixture weight 7, of T, over the mixture weight g of Tg.

* \g(A): the d™ largest eigenvalue of matrix A. In this paper A € R4*?, thus \;(A) represents the
smallest eigenvalue of matrix A.

12
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g of Prior and p* of In-Context Task wp of Prior and w* of In-Context Task

Figure 5: The figure shows the pretraining prior and in-context task. (1, wg) is mixture component
center in the prior. (ftq, w,) for & = 1 (numbers are noted in the center of circles) is the center of
the target task for ICL with biased labels, while (p*, w*) is the in-context task. The dotted purple
lines highlight the distance of 1 from the origin (0, 0, 0) to any point represented by g or w.

* A1(A): the 1% largest eigenvalue of matrix A.
* Yi,1: the label of learning the function w*. y;, | = (Tg11, w*).

* yi,1: the label of retrieving the function w. ¥}, | = (Tri1, Wa)-

Notations initially introduced in Sec. 5

« VB # a,||ug — p|? — e — p*||* > d2,, the p-margin of any other s over pq.

o d2,: VB # a,|lwsg — w*||? — |lws — w*||? > d2,, the w-margin of any other ws over wy,.

o uZ: VB # a, 72 ||lwg — w*||? — (1 + 72)|[|[wa — w*|* > 72u2,, the weighted w-margin of any
other wg over w,.

* The L2 loss of ICL learning to learn the function w*. Lj = (F(Sk ® @rs1) — ¥jy1)? =
(F(Sk & @pr1) — (Ths1, w"))%

* The L2 loss of ICL learning to retrieve the function w, of pretraining prior. £ = (F(S; ©
Tpy1) — Ypy1)? = (F(Sk ® Trp1) — (®hy1, wa))?.

D PRIOR EXAMPLE

In this section, we introduce the prior settings we use in our numerical computations and small-scale
Transformer experiments. We split the setting based on the shape of the centers in the priors. Those
shapes include 3-dimensional regular polyhedrons in Sec. D.1, d-dimensional examples in Sec. D.2,
and a special setting in Sec. D.3 for the early ascent phenomenon.

D.1 REGULAR POLYHEDRONS

For the abstract of the task prior (consider the mixture component centers), we consider 3-dimensional
regular polyhedrons including Tetrahedron (4 vertices/centers), Octahedron (6 vertices/centers), Hexa-
hedron (8 vertices/centers), Icosahedron (12 vertices/centers), and Dodecahedron (20 vertices/centers),
listed with increasing density of the centers on a sphere.

A regular polyhedron setting with M centers is set as follows with all the parameters in Assumption 1:

* Dimension d = 3, number of mixture components M = M, and 5 € {1,...,M};

13
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* The centers of mixture components shape a regular polyhedron with M vertices;

* All component’s mixture weights are the same, 73 = 1/M, and pg = wg, forall 5 € {1,...,M};
* For noises of « and y, we have 0, =0y, = 1,and 7, = 1;

* For noises of p and w, we have o, = o, = 0.25 if not specified;

2w; +wa

* __
and w* = Towirwa]’

* For in-context task, p* = where 15 is the closest center to f41.

2p1+po
12p1+pe2]]
We will mainly use the Tetrahedron setting in the paper. Therefore, we further visualize the setting

and note down the parameters. The 3D visualization of mixture component centers (those clean tasks)
in the prior and the in-context task are shown in Fig. 5. The parameters are noted as follows:

* Dimension d = 3, number of mixture components M = 4, and 8 € {1,2,3,4};

* The centers of topics shape a tetrahedron as shown in Fig. 5. pq = wy = [0, 0, —I]T, Ho = Wy =
/5047 g = wy = (/2,42 31T and g = wy = [/, /2,417

* All component’s mixture weights are the same, 75 = 1/4, and pg = wg, forall § € {1,2,3,4};

* For noise of « and y, we have 0, = 0, = 1, and 7, = 1;

* For noises of p and w, we have o, = o, = 0.25 if not specified;

_ 2pi14+p240.2u3 * __ 2witws+0.2ws : :
. = et 20 an.d w = T2wiws +02wal’ We slightly shift
e in-context tas ,w*) towards (3, ws) for visualization purposes, to make 8 = 3 an
th text task (p*, w*) t ds (p fi lization purp t ki 3 and

B = 4 produce slightly different curves.

* For in-context task, we have u*

D.2 d-DIMENSIONAL EXAMPLES

We consider d-dimensional examples with d centers for d € {2,4,8,16,32}. A d-dimensional
example with d vertices is parametered as follows:

* Dimension d = d, number of mixture component M = d, and 5 € {1,...,d};

1 ifi=
. Forall /Bs I‘I’Bai = {0 le # g,

* All component’s mixture weights are the same, 73 = 1/d, and pug = wg, forall g € {1,...,d};

i.e., pg is a vector with all elements 0 except the B element is 1.

* For noise of « and y, we have 0, = 0, = 1, and 7, = 1;
* For noises of p and w, we have o, = o, = 0.25 if not specified;

2w +wa

* For in-context task, we have pu* = = T2witws]*

2p1 +po *
ZELTE2  and w
12p1+pe2]|

D.3 EARLY ASCENT EXAMPLES

Table 2 shows the setting for reproducing the early ascent phenomenon. The in-context task adopts a
distribution of z close to a misleading task.

E TRANSFORMER PERFORMANCE IN APPROXIMATING BAYESIAN INFERENCE

We examine if a Transformer pretrained on samples generated from our pretraining data generative
model matches the performance of Bayesian inference. We consider three factors of the task prior in
our experiment: prior task noise, number of components, and feature dimension. For scalar y, we
transform it to a d-dimensional vector [y, 0, ..., 0]. Thus, Sy ® x+1 forms a (2k + 1) x d matrix,
comprising @1 and k pairs of (x;,y;).

Experiment Setting. We conduct experiments based on the module GPT2Model from the package
Transformers supported by Hugging Face’>. We use a 10-layer, 8-head Transformer decoder with
1024-dimensional feedforward layers, and the input dimension is set to d, equal to the dimension
of . We train the model over three epochs, each consisting of 10,000 batches, with every batch
containing 256 samples. We use AdamW (Loshchilov & Hutter, 2019) as the optimizer with weight
decay as 0.00001 and set the learning rate to 0.00001.

“https://huggingface.co/
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Component Mixture

Case /Task Weight K w
Component 1 12 pi = [+1] wy = [—1]
d=1 Component 2 172 po = [—1] wy = [+1]
Component 3 / / /
In-context Task / p = [+1] w* = [+1]
777777 Component1 13 p=[+1,+1]  w =[-1,-1
4=2 Component 2 1/3 po =[—1,-1] wo = [+1,+1]
B Component 3 1/3 ps = [+1,—1] w3 = [—1,+1]
In-context Task / p=[+1,+1] w* = [+1, +1]
777777 Component 1 — 1/3  py =[+1]+[+1] x(d—1) w =[-1]+[-1]x(d-1)
d>—p  Component2 1/3 po=[-1+[-1x(d-1) wy=[+1]+[+1] x(d—1)
Component 3 1/3 ps=[+1]+[-1x(d-1) ws=[-1]+[+]1]x(d—1)
In-context Task / pr=[+1] xd w* = [+1] x d

Table 2: In all cases with various dimensions, the pretraining task prior comprises two components
for single dimension and three for two or more dimensions. The aim is to predict following the
in-context function w*, equivalent to prior center 2’s function we (w* = w,). The in-context task is
characterized by having a closer x distribution to the task of prior center 1 but having a closer x — y
mapping to the task of prior center 2. The parameters for all cases are setto 0, = 0, = 0.05, 0 = 1,
and o, = 2. Refer to Fig. 2(b) for visualization of the prior centers under dimension d € {1, 2, 3}.

s of Prior and p* of In-Context Task wg of Prior and w* of In-Context Task

Figure 6: The figure shows the experiment results under varied noise levels. J,, and d,, indicate the

noise levels of the pretraining task prior. 7™ indicates the prediction of Bayesian inference while F
indicates the prediction of the trained Transformer. One can observe that the lower the values of 6,
and d,, are, i.e., the noise levels, the stronger the bounded efficacy phenomenon and the harder for
the Transformer to approach the Bayesian inference.

Experiment Results. Fig. 6, 7, and 8 show the experimental results, where the prediction of the
Transformer is denoted as F, and the prediction of Bayesian inference is denoted as F*. We can
observe that the pretrained Transformer model can approximate the Bayes-optimal predictor under
varied settings. In Fig. 6, we consider the Tetrahedron setting (see Apendix D.1 for setting details)
under varied task noises (9, = 0., € {1/256,1/64,1/16,1/4,1}). The results show that the lower
the task noises, the stronger the bounded efficacy phenomenon in both Bayesian and Transformer
inference, and it is also harder, taking more training epochs, for the Transformer to capture the
Bayesian prediction. In Fig. 7, we consider settings of regular shapes (see Appendix D.1 for setting
details) with different numbers of vertices/components (M € {4, 6,8,12,20}). In Fig. 8, we consider
settings with varied dimensions (see Appendix D.2 for setting details, d € {2, 4, 8, 16, 32}). In Fig. 7
and 8, we observe that the higher the number of dimensions and the number of mixture components,
the harder it is for the Transformer to approximate Bayesian prediction.
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0 10 20 30 0 10 20 30 O 10 20 30 0 10 20 30 O 10 20 30
Number of In-Context Examples (k)

Figure 7: The figure shows the experiment results under varied component densities. M indicates
the number of mixture components, and J,, = 6, = 1—16. JF* indicates the prediction of Bayesian

inference while F indicates the prediction of the trained Transformer. It is observed that the higher
the component density is, the harder it is for the Transformer to approach the Bayesian inference.

. (]:—* !/Z:H)Q
d=32

10()

]
a 1071
L

Number of In-Context Examples (k)

Figure 8: The figure shows the experiment results under varied dimensions. d indicates the dimension
and the number of mixture components, and ,, = d,, = 1—16. F* indicates the prediction of Bayesian

inference while F indicates the prediction of the trained Transformer. It is observed that the higher
the number of dimensions is, the harder it is for the Transformer to approach the Bayesian inference.

F BOUNDED EFFICACY OF BIASED-LABEL ICL IN GPT-4

This section first introduces the experiment design with GPT-4 in Table 3, and then reveals the
bounded efficacy phenomenon of GPT-4 in Table. 1.

Table 3 introduces the experiment setting of GPT-4 including the system message, the prompt, the
in-context task, the “add-1 addition” task, and the “addition” task. While the in-context task is the
“add-1 addition” task, i.e., ¢, = a; + b; + 1, we measure the performances on two goals including
learning the “add-1 addition” task and retrieving the “addition” task.
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Setting Desciption
,,,,,,, um - GPT4
You are a mathematician. Consider the following math problem and
System Message

,,,,,,,,,,,,,,,, follow the exact instruction. . _ ___ _________________
You are given examples. Each example has two integers as input and
one integer as output. Please provide an answer for the last problems

in the math exercise:

Prompt (M01=
(Nby=
(Dbr41=
Provide your answer directly.
- In-Context Task ~ «; and b, are uniformly sampled from [10,99], and ¢; = o, + 0, + 1.
~ Goalof Learning ~ Aiming to learn the “add-1 addition” task, a(?)b=(a+b+1), with ~
the “Add-1 Addition” Task in-context examples following the same “add-1 addition” task,
with True Label a(?7)b=(a+b+1).
~ Goal of Retrieving ~~ Aiming to retrieve the “addition” task, a(?)b=(a+b). However, the
the “Addition” Task in-context examples are provided with a slightly different task “add-1
with Biased Label addition”, a(?)b=(a+b+1).

Table 3: Experiment setting to reveal the bounded efficacy phenomenon of biased-label ICL in GPT-4.

Table 4: 0 in-context examples, & = 0. Prediction is colored red if it is correct for task retrieval
(a(?)b = (a + b)), and colored blue if it is correct for task learning (a(?)b = (a + b + 1)).

prompt  51(2)36= 27(M)15= 76(2)82= 55(7)15=

Without knowing the ~ Sorry, but your  Your question seems to
operation or rule that  questionis not  be missing some

connects the two clear. Could information. Could you

input integers to you please please provide the

the output integer in ~ provide more examples you mentioned?
results e : . 70

the examples, it’s information They are necessary to

impossible to provide about the understand the relationship

a correct answer. operation between the two input

Please provide the between the integers and the output

examples or the rule.  two numbers?  integer.

Table 1 shows the experimental results. As the number of in-context examples increases, we observe
the error rate of the “add-1 addition” task constantly decreases while the error rate of the “addition”
task initially decreases and then increases, revealing a bounded efficacy phenomenon. We further
randomly sample four pairs of prompts and predictions for £ = 0,2, 8 in Tables 4, 5, and 6 for
references. The results show that ICL with biased labels will initially retrieve a commonsense
pretraining task due to the task retrieval mode, and finally learn the in-context task since the task
learning effect.

G BOUNDED EFFICACY IN ZERO-SHOT ICL

We further introduce Lemma 3, a variation of the previous Theorem 3, to explain zero-shot ICL, an
ICL algorithm capable of functioning with random label (Lyu et al., 2023).

Lemma 3 ((informal) Upper Bound for Zero-Shot ICL). Assume a next-token predictor attains the
optimal pretraining risk, the risk of ICL with pure random label (provide no information) will reveal
a bounded efficacy phenomenon. See Appendix L for proof details.
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Table 5: 2 in-context examples, kK = 2. Prediction is colored red if it is correct for task retrieval
(a(?)b = (a + b)), and colored blue if it is correct for task learning (a(?)b = (a + b + 1)).

73(7)80=154

AR(7)73=122  21(7)28=50 94(?)43=138
prompt  59(7)22=82  78(7)80=159 69(?)29=99  98(2)70=169
54097=  21(M33=  47(D10=  96(7)dl=
results 151 54 57 187

Table 6: 8 in-context examples, & = 8. Prediction is colored red if it is correct for task retrieval
(a(?)b = (a + b)), and colored blue if it is correct for task learning (a(?)b = (a + b + 1)).

37(7)70=108

60(7)76=137

66(7)40=107

68(7)88=157

41(7)18=60 69(7)26=96 46(7)81=128 34(7)18=53
19(7D12=32  72(7)85=158 63(7)31=95  70(?)70=141
82(NH67=150 39(7)10=50 41(7)24=66 13(7)35=49
prompt  42(?)13=56 50(7H47=98 70(NH43=114 52(7)50=103
26(7)41=68  19(7)63=83  89(784=174 72(?)32=105
80(7)39=120 45(7)95=141 76(1H82=159 98(?7)82=181
58(7)23=82  69(D4l=111 46(7)28=75  55(7)51=107
40(?7)90= 81(2)36= 49(7)46= 50(7)31=
results 130 118 96 82
60 Classification 60 Multi-choice
55 55
% 50 g50
‘g 45 245
s <
40 Demos w/ gold 40 Demos w/ gold
Demos w/ random Demos w/ random
3575 4 lzz 16 32 3575 4 li 16 32

Figure 9: Ablations on varying numbers of examples in the demonstrations (k). Models that are the
best under 13B in each task category (Channel MetalCL and Direct GPT-J, respectively) are used.

Lemma 3 says that as the number of in-context examples increases, the loss curve of zero-shot ICL
with non-informative labels will have the bounded efficacy phenomenon, which conflicts with the
observation from Min et al. (2022) that ICL with random labels has very similar performance as ICL
with true labels using 0 ~ 32 in-context examples. We believe this observation is due to the small
number of in-context examples. Thus, we extend the experiment of Min et al. (2022) to explore the
number of in-context examples beyond 32. Due to LLMs’ context lengths constraining the maximum
number of in-context examples, we choose different LLMs from Min et al. (2022) for a larger context
length capacity.

Fig. 10 presents the experimental results, highlighting the bounded efficacy phenomenon in the error
curve associated with random labels. First, we note that even with true labels, the error rates increase
at a larger value of k. (We did not observe this with GPT-4 though.) This is possibly due to LLMs
performance degrade when the input contexts become excessively large. However, the error rate of
ICL with random labels are observed to increase at a much smaller £ value, clearly exhibiting the
bounded efficacy phenomenon we predicted.
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Mistral 7B Llama 2 13B Mixtral 8x7B Llama 2 70B GPT-4
N\ s
\ \, \ \ /7 w/ True Labels

T P . \ N — - w/ Random Labels

it

0 20 21 22 23 24 > 90 o7 0 2020 22 2% 24 95 96 97 0 20 21 92 93 91 25 90 o7 PP EEE
Number of In-Context Examples (k)
Figure 10: As k increases, the classification error curve of ICL with random labels exhibits the
bounded efficacy phenomenon. The curve with true labels further confirms that this phenomenon is
not due to models tending to perform worse on long sequences.

We than introduces the experiment setting of Fig. 10. We start by introducing the experiment results
in Fig. 9 copied and pasted from the work of Min et al. (2022). While our theory shows the bounded
efficacy phenomenon for ICL with non-informative labels (Lemma 3), Fig. 9 seems to imply a
conflict phenomenon. Thus, we further extend the number of in-context examples in Fig. 9 left.
The classification task adopts five datasets including (i) glue-mrpc (Dolan & Brockett, 2005), (ii)
glue-rte (Dagan et al., 2005), (iii) tweet_eval-hate (Barbieri et al., 2020), (iv) sick (Marelli et al.,
2014), and (v) poem-sentiment (Sheng & Uthus, 2020). We use the GitHub code® released by Min
et al. (2022) to generate the same data and evaluate LLMs with a larger context length capacity
aiming at a larger number of in-context examples. We selected Mistral 7B (32768) (Jiang et al.,
2023), Mixtral 8 x7B (32768) (Jiang et al., 2024), Llama2 13B (4096)Llama 2 (Touvron et al., 2023),
Llama2 70B (4096) (Touvron et al., 2023), and GPT-4 (8192) (OpenAl, 2023) for our experiments,
with the integers in parentheses indicating the maximum context length for each model. We perform
inference on large models with 8 H100 with the package vlim*.

H MATHEMATICAL DERIVATION FOR EARLY ASCENT PHENOMENON

H.1 FINEGRAINED UPPER BOUND

We first introduce a finegrained upper bound for ICL as follows:
Theorem 6 (Finegrained Upper Bound for ICL). Consider a next-token predictor attaining the
optimal pretraining risk. As k — 0o, ICL risk is upper bounded by:
¥ M « .
E$k€9mk+1 [ﬁk] < Zmzl me -—w ||2E3k@mk+1 [Wm||wk+1 ||2)‘1 (A)Z]v

where |w,, — w*|| is the distance between w* and w,y,, T, is the posterior mixture weight, and
A= I+, Zle x;x] )L See Appendix K.2 and Eq. 16 for proof details.

Notice that in-context examples affect the upper bound by affecting the two factors 7z and A1 (A),
corresponding to the component re-weighting and component shifting introduced in Sec. 4.2. When
ignoring the component re-weighting effect and only considering component shifting, the finegrained
upper bound with in Theorem 6, degrades to the coarse upper bound in Appendix B Theorem 5.

H.2 ACTUAL MATHEMATICAL DERIVATION

To have a cleaner mathematical understanding of the early ascent phenomenon, this section uses the
setting of d = 1 in Table. 3 to show the underlying mathematical logits leveraging Theorem 6. Under
the setting of d = 1 in Table. 3, following Theorem 6, we have:

2

Es,om: [LF] < D lws — w*|PEs 0, [Fall @k [* A1 (A)%]
B=1
= w1 — W *Esgan [T e[ 22 (A)%] + [lwe — w* [P Es e, [Follzni A1 (A)?]
r(1,2)
1+r(1,2)
r(1,2)
1+7(L,2)

= 2Es.oe.pl k11221 (A)?]

= 4E3k@wk+1[ ||wk+1||2>‘1(A)2}'

3https://github.com/Alrope123/rethinking-demonstrations
*https://docs.vllm.ai/en/latest/
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Noticing §,, = 0'10—252, Ow = 0'3252 is very small, when k is small, we have kd,, ~ 0 and \;(A) = (I +

k — r(1,2 ~ r(1,2
Ow Yoty miw] )7t & I thus B e [Trogigy @41 20 (A)?] & Es,omy [Tty | s 1)
and a larger r(1, 2) means a larger upper bound.

Following Eq. 5:

r(1,2) = 1;; exp(¥(1,2) + UW(1,2))

=exp(¥,(1,2) + ¥, (1,2)).

Following Eq. 6:

k+1 k+1
Va(1,2) = O Mg — ill® = Y e — 2l1) /(2051 + (k + 1)57))
i=1 i=1
k+1 k+1
= (D lles —aill® =) l1a — 2il?)/(207)
i=1 i=1
4k
T 2x12
= 2k.
Following Eq. 8:
Vo(1,2) = —[lwr = wll7_ 145, 5,)-1/(200)

~ —(wy — w*)Tkéwiw(un - w*)/(201211)

k
Zi=1 sz”Q

(Notice d = 1,3, = - )
k
_ _421':1 IR
202
ORI ) I
To2x22

Therefore, when k is small, 7(1, 2) ~ exp(k), and the upper bound is approximately equal to:

eXP(k)k) ||xk+1||2]’

41K _—
5k€9$k+1[1 T exp(

which increases as the number of in-context examples increases.

H.3 THEOREM OF EARLY ASCENT

2
M _
Szt o oxp(= 2R a2 w0 |

Theorem 2 (Early Ascent). Assume [Eg,

”I»Lm,_ml”Q)
202

12 T k)2 2 |2
— Wy, —W dri || w, —w
Hﬂ'rv2gé" Il I(wm ) prPHdTy |wam I . Then,
z

Ex, [||:nl||2||wOZ - w*Hz}, where o = arg min 27

m
when §,, and 6., are small enough, we have the early ascent phenomenon on the risk upper bound:

M _ 2
Sy T exp(— 122ty [ |2, — w2
Ik > 15t B, N lam—al?
2 =1 Tm eXP(— =5
M ~
<Ese >t Tl [ wm — w*|?
DTk ~ ’
o Z%:l Tm
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Proof. We examine the following case, when o, and o, are small enough, and k is also big enough
to retrieve a task, i.e., making a center dominate:

M ~
M Tl | win — w*n?]

M~
Zm:l Tm

lim lim Es, ox.
k=200 (0,0,00)—3(0,0) F TR

M *
i e | S @0, 1)+ B, D) [P —
k=00 (0,,00)—(0,0) S T exp(Wp(m, 1) 4 Uy (m, 1))
(Following Eq. 10, we have . Uhgr;( 00) U, (m,1) + Uyp(m, 1) = bt = wk“” 2;2”M1 — Zh |
k
Z e = @ill? = iy —@all® | Jly” = yil1” = llyi = w7l )
— 202 202

m— 2 k — 2 —u*?
E ivn[:l Tm €XP (% + Zi:l( ”l‘l‘néo-mil‘ + llyi" jz I )) ||xk+l|‘2||wm . w*||2
M 2 2 —
E m—1 Tm €Xp (M + E i1 (”l"rréngu + lly:™ 203 F2 ))

= Es,ow. [|Zra [ wa — w*||?]

= Eq, [||lz1]*wa — w1,

= lim ]E3~ .
sy 00 KDOTK41

llptm = p H2 + l[(wim —w™) " p* || +d72 || wm —w ||

207 The limitation of limita-

where a = arg min

tion indicates that for any e > 0, exists a large enough k such that exist small enough 6,

N T exp(—|[m =1 [|*) @1 | [ wm —w™ || _ ap* _
and d,, such that B[ = o ol [7) I> Efl@]lwa = w] - e
Therefore, we know when ]E[Zm 1 Tom XDl — @ )1 20 —20” 1% | < E[||z1]]?|lwa — w*|?]

m=1Tm exp(—|lptm—z1?)
Hl"m_l" H2 + H(wm—w*)Tp,*||2+d7'f,\|'wm—w*|\2
202

where @ = argmin , exists k, o, and o, s.t

m
E[ mey T XD (= [ =1 [|*) |21 ]| | wrm —w* ||

m—=1Tm exp(— [ m—21[|?)

*H2

O

] < ]E[ %:1 m ||21 HQmefw
Ym—1 m

I THE DERIVATION OF POSTERIOR

This section provides detailed derivations for Lemma 1. We begin by showing the posterior is
potentially still a Gaussian mixture in Sec. I.1. Then in Sec. .2 we show how Eq. 3 is proportion to
Eq. 4, which is exactly still a Gaussian mixture.

I.1 PRIOR TO POSTERIOR

We start by showing the posterior is potentially still a Gaussian mixture:
P(p,w|Si & Tpi1)
P (p, w|Sk ® Tpt1)P(Sk © Tpot1)
=P(p,w,S; ® Tpy1)

=P(p, w)P(Sk & Tp11|pt, w)
M

=) maP (1, w|T3)) P(Sk @ @y |, w)
B=1

= 7w P (1, w|Tp) P(Sk & Tppr |, w) 3)

B=1
M ~

Y waP(pwl|Ts). 4)
B=1
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We give the derivation from Eq. 3 to Eq. 4 in the next Sec. [.2.

1.2 CLOSED-FORM SOLUTION FROM EQ. 3 TO EQ. 4
We analyze each component (indicated by a specific ) in Eq. 3. For all 8 € {1,..., M} and all
(p, w), we have:
P, w|Th) P(Sk & @1 |1, w)
xi*

k+1
I\uﬁ—ullz)exp(_z Ll — s
202 202

k
21:1 ||‘13;rw - yzH2
205

Jws — w|?
202

w

) exp(— ) exp(— )

x exp(—

2
o g
(let 6# = 0_757611) = 0_71;})
Y

k+1 k+1
(less® = 2mf o+ [lpe?) + 0, ((k + Dl pll* — 207 3250 s + 30370 [l |?)

:exp(f 20_,3 )
(lwgl|? = 2wiw + [[wl]|?) + 6, (1 wT ] w — 2wT S5 @iy + 30 2)
Xp( 252 )
I
2 1+ (k+1 2_9 5,y
scesp( sl + (Lt (b4 D8Il = 2pa(pas + 8, 5 )

202

wgl|? +w (T + 6, S8 mia] )w — 2w(ws + 60 Sp | i)

exp(= 2030 )
k T
(let Ep, = I, Sw = Zi:lkwlxl )
k+1
— exp(— lisll® + 10Ty 4 1)s,m, — 20" (15 + 0 S ivi))
-oxp 205
k
p(— wsll® + [wll7 s, 5, — 2w (wp + 6w iy fl:iyi))
P 202,
k+1 k T
(let & = Zml,w = %)
e ol 4 112 o, — 207 o+ (5 )
—exp(—
P 202
exp(— lwsll® + [wll3 45, 5., — 2w (ws + k‘5ww))
202,

(Let A, = (k + 1)8,,, Ay = k)
sl + (el a5, = 2087 (o Alt) + s+ Al a5 o) = s+ Al o 5o

=exp(—

)

202,
lwsl? + (lwllf, o, 5, — 20" (w5 + Au®) + [lwg + Aw@Fr, 1 5 ) 0) = lws +Au®lF o 5 )
exp(— 252 )
O‘w
H/"’B”Z - ”.u’ﬂ + A;LﬂH?IJFA“f;‘L)—l HN - (I + AMEP«)_l(NB + Auﬁ)H%JFALf;
:eXp(— 2 3 ) . exp(_ 2 5 | Lt 24 )
UH O—,u
exp(— HwBHQ - ”wﬂ + Awm||?I+Aw2w)*1 ) ex (_ |[w— (I + szw)_l(wﬁ + Awu_’)H%JrAwf;w )
P 202, P 202,
HNb’”Q - ||/"’ﬂ + (k + 1)6”'[1”51-"-(764-1)5”2—3“)’1 ||’w/3||2 - ”w,@ + k5ww||%1+k51‘)§;w)71
xexp(— 552 ) exp(— 2 )
UH 20w
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Figure 11: Numerical computations of ¥, ¥,,,, and 7 for CR with varying task noise parameters.
Nl + (k+1)8,3) " (1o + (k + 1)0u2), o (I + (k + 1)8,8,) ")
N(W|(I + k6 Ew) Hwpg + kdy®), 02 (I + kdySw) )

J  DETAILED ANALYSIS OF COMPONENT SHIFTING AND RE-WEIGHTING

J.1 ANALYSIS OF COMPONENT RE-WEIGHTING

This section analyzes the CR effect on 73 as k increases. We focus on whether 7, of T, surpasses

mg of any other T, s with 5 # «, where « is the index of the closest clean task to the task which
in-context samples follow as Assumption 2. We assess this via the ratio r(«, ) of 7, to 7ga:

Ta waClc“cw T
=—=—7]2 =" \II l:[Jul ) 9 5
rlanf) = 22 = T e = 1 e (Ua(s) + Pl ) )
where we define two functions ¥, (a, 3) = log(ck /cf;) and W, (e, B) = log(cty /c}) to facilitate
the analyses of how 7(«, §) changes with increasing k.

Analysis of ¥, (a, 5). We further simplify the function ¥, (c, 3) as follows:

k1 k1
wl@,8) = Qs = @ill* =Y ke — @ill*)/(205(1 + (k + 1)3,.)). (©)
i=1 i=1

(See Appendix J.4.1 for derivation.) Since x; ~ N (u*,72I), a value of pu* closer to g, tends to
make ¥, («, 3) positive and grow large faster with increasing k. However, as k approaches infinity,
W, (a, B) stabilizes rather than increasing infinitely, i.e., limg_ o ¥, (v, ) = (||pg — p*||> — || o —
p*|1?)/(207,). The leftmost column of Fig. 11 shows the numerical computation of ¥, (, 3) with
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varied task noises under the setting “Tetrahedron” (see Appendix D.1 for setting details). The smaller

2
the value of §,, (= Z—’é) is, the easier for ¥,, (v, () to grow large as k increases.

Meanwhile, we also have:

k+1 k+1
Tim W0 B) = (3 s — il = e — 4l]?)/(202) ™
” i=1 i=1

Analysis of U, («, 5). We further simplify the function ¥, (a, §) as follows:

V(e B) = (lwp — 0" 13- s s 50yt — 00— 0 a5/ (202). @)

(See Appendix J.4.2 for derivation.) Since k0,3, (= dy Zle x;xz; , see definition of X,, in

Lemma 1) is at least semi-positive definite, thus choosing w* closer to w, tends to make

V., (a, B) positive and grow large faster with increasing k. However, as k approaches infinity,

— k mT .

iy o0 k0B = limygyo0 by =050 = kg (p*p* " + 721). Thus, limg oo I — (I +

kdy3a) "t = I and W, (v, ) stabilizes rather than increasing infinitely, i.e., limy_, o0 Wop (cr, B) =

(lwg — w*||* — ||wa — w*||?)/(202). The topmost row of Fig. 11 shows the numerical computation

of U,,(c, 8) with varied task noises under setting “Tetrahedron” (see Appendix D.1 for setting
2

details). The smaller the value of d,, (= ';—12“) is, the easier for ¥,,(«, ) to grow large as k increases.
)

However, one should be caution that |ws — w*||* > ||w, — w*||? does not necessarily imply

l[ws — w*Hif(IJrkéwEw)*l 2 [lwa — w*H?f(IHcéw)iw)*l'

Meanwhile, we also have:

Tim Wy, 0) = (Jws — w55, — lwe — w5, 5,)/(20)

= (lps — zillis, — llua —z:llis, )/ (207)
k k
= Q Iy = wil? =D lly = wil1%)/(203), ©
i=1 =1

where 47 = (x;,ws), y* = (x5, w,), and yi = (@;, w*).

Therefore, combine Eqs. 7 and 9 and we have:
lim W, (a, ) + Vo(a, B)

01,000
k
s = @il = e —@enl 3

2
203

s = ill” = llpa —@il® ly;” = yi 1% = llye — i |2

2 2
20z 20,

)

—

(10)

Numerical Computations of Component Re-weighting. We have seen how noises ¢, and o,
of the task prior affect the values of ¥,, and ¥,,, with increasing k. We further show the numerical
computation of 7g in the center of Fig. 11. The figure shows that the smaller J,, and é,, are, the larger

VU, (o, 8) and ¥, (e, B) will be with increasing &, and the easier for the mixture component 7, to
dominates in the posterior with an increasing number of in-context examples.

J.2 ANALYSIS OF COMPONENT SHIFTING
The Component Shifting described in Lemma 1 involves shifting the variables f15 and wg:

fs = (I + (k+1)8,%,) (g + (k +1)0,02), (11)
g = (I + kb)) H(ws + kb,w). (12)

The following analyses examine these two variables with increasing k.
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Figure 12: Numerical computations of ||z — p*||, ||wg — w™|| for Component Shifting (CS).

Analysis of f15. We provide the derivation of 153 in Eq. 11 (see Appendix J.5.1 for details):
pg = (ps + k6up)/(1+ (k+1)0,). (13)
.
Thus, when k increases, f1g3 moves close to the value of % and limy_,o fig = p*. We also
show the numerical computation of the distance between shifted f1g and p* in the first row of Fig. 12.

Analysis of wg. We provide the derivation of wg in Eq. 12 (see Appendix J.5.2 for details):
wg = (I 4+ kdySew) H(ws — w*) + w*. (14)

_ k T _
Notice when k — 00, kGy Sy = kb =250 5 5, (721 + w*w* T ), thus Ag(kSy Sap) — 00,
and limy,_,, wg = w*, where \4(A) indicates the minimum eigenvalue of A. We also show the
numerical computation of the distance between shifted wg and w™ in the second row of Fig. 12.

15 of Prior and p* of In-Context Task 8 =08,y =1/81 8y =08,=1/9 Gy =0p=1 Su=0,=9 Oy =0y =81

Lo

0.0

-1

= LR -

; il VO T 3 7Tty 0137 LG 0137 B3 0137 3B 0137 5362
10 Number of In-Context Examples (k)

(a) The Tetrahedron set- (b) CR, CS, and risks under the Tetrahedron setting. In the first two
ting. An illustration of  rows, we show the effects of CS and CR with an increasing number of
the in-context task and the ~ in-context examples. In the third row, we show how far the in-context
prior centers. Vm €  predicted function w is from the target function w*. In the fourth row, we
{1,2,3,4}, We set 1., =  show the ICL risk.

Wiy

L0

Figure 13: Numerical experiments. (left) An illustration of the pretraining priors (right) The
numerical computational results

J.3 PRIOR TASK NOISES, CS, CR, AND ICL PREDICTION

We numerically compute how 7,,,, W, and the prediction F*(Sj, @ 1) evolve with increasing k
under different prior task noise conditions. The numerical computation is based on the Tetrahedron
setting with four prior mixture components as illustrated in Fig. 13(a). See Appendix D.1 for more
setting details. Fig. 13(b) shows the computational results. The first row shows the CS effect,
demonstrating the impact of increasing k on w,,. The second row shows the CR effect, illustrating
the impact of increasing k on 7,,. The third and fourth rows depict how increasing k influences the
risk of learning the function w*. We observe that with low task noises and a small k value, the CR
effect initially prevails, significantly boosting the mixture weight of component a over others. Then,
as k increases further, the CS effect aligns all component centers with (p*, w™*).
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J.4 DERIVATION COLLECTION OF ¥, (o, ) AND ¥, (e, )

This section collects derivations for ¥, (v, 3) and W, (cv, 3). The derivation of ¥, («, 3) is collected
in Sec J.4.1 and the derivation of W, («, ) is collected in Sec J.4.2.

J.4.1 DERIVATION OF ¥, (v, )

This section collects the derivation of ¥, (¢, §) in Eq. 6 of Sec. J.1:

\I]H(avﬂ)
leesll® = s + (k + D)8uitllr iy, 5, letall® = leta + (b + DOu 2, prs 5,01
zlog(exp( 202 + + ) M) )/exp(— 202 ( +( + ) © u) ))
:<1+<k+1)6u)||u6||2 s + 6 i @il® (14 (b + D)3 all* = [0 + 6 Sy @il
202(1+ (k + 1)d,,) 202(1+ (k + 1)d,,)
s 48, 3 @l e+ 0 S @)
202(1+ (k +1)3,,) 202(1+ (k+1)d,)
Ml = 2 (0 T i) — 1160 S @l — ol — 200 (0 S ) — 18, S0 il
20%2(1+ (k+1)d,) 202(1+ (k+1)d,)
(e D)Fulls” — 205 (0, ST @) + 00 S @il (K + 10, tal® — 208 (5 S0 ) + 8, S [l
20%2(1+ (k+1)0,) 207(1+ (k+1)d,)

i ullps — il 3 Sullpa — il
202(1+ (k+1)5,)  202(1+ (k +1)5,)

k+1 k+1
i s —mll* = 3000 |Ha —@i*
202(1+ (k + )%)

J.4.2 DERIVATION OF ¥ ,,(a, )

This section collects the derivation of ¥, (¢, §) in Eq. 8 of Sec. J.1:

Vo (a, B)

1 fwall? = e + Kuidl?y g5 5, fwpll? = lws + Kl 5,
~log(exp(~ - )/ exp(= - )
wsl2 = s + k60l 55, + w00l — w0 + k6,002 55
o 202, 202,

k k
(Note kd,w = dy, Z T;Y; = Oy Z mi:ciTw* = kb Zpw™)
i=1 i=1
Jwgs|* — llws + ko2 w*H?IJrkéwa)ﬂ |wall — [lwa + k511)2ww*||?1+k5w2w)*1
202, 2073,

lws ]| = [(wp — w*) + (I + kdwEw) [wall® = [[(wa — w*) + (I + kdy )

2 2
w*”(I—&-kéwi}w)*l W*||(I+k5w§;w)—1

202, 207,
Hw5||2 - Hwﬁ - w*H?IJ,.kgwf;w)—l - Q(wﬂ - w*)Tw* ||waH2 - ”wa w ||(I+k5w2 )-1 Q(wa - w*)Tw*
a 202, 202,
. Hwﬂ - U’*”2 - ”wﬁ - w*”?I—&-kéwflw)*l B ”wﬂé - ’w*”2 - ”wa - *”(I—i-ké Sw)!
N 202 202

lws — W*||§7(I+k5w2w)—1 — llwa - w*||fff(1+k5w2w)‘1

2
202
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J.5 DERIVATION COLLECTION OF fi3 AND wg

This section collects derivations for f153 and wg. The derivation of fi4 is collected in Appendix J.5.1
and the derivation of W, is collected in Appendix J.5.2.

J.5.1 DERIVATION OF fig

This section collects the derivation of 5 in Eq. 13 of Sec. J.1:
fig = (I + (k +1)0,30) " (g + (k + 1), 2)

k+1
= (I + (k+1)6,1) " (g + 6, > )
=1
_ Mptiy Z::ll Ti
1+ (k+1)d,

J.5.2 DERIVATION OF wg

This section collects the derivation of wg in Eq. 14 of Sec. J.1:
wp = (I 4 kbySaw) H(ws + kd,yw)
k k
(recall k0, w = &y Z T;Y; = Oy Z miminw* = kb Zpw™)
i=1 i=1
= (I 4 kb0 Zap)  H(wp + kb Spw™)
= (I +k6uZap) Hwp — w* + (I + k) w*)
= (I + kdpZep) Hwp — w*) + w* (15)

K PRrOOF OF ICL BOUNDS

K.1 PROOF TOOLS

We use the following inequalities in our proofs:

K.1.1 GAUSSIAN TAIL BOUND

If Z; ~ N(0,1), then for ¢ > 0 we have:

k
v 7, 2
P (Zk . t) <o (12

K.1.2 CHI-SQUARED TAIL BOUND

If X ~ x(k),ie, X = Ele Z? where Z; ~ N(0,1) then:

X
p (k —1> 2Vt + 2t1) < exp (—kt})

P (*’2 1< _2\/71) < exp (<k£2)
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As a looser but symmetric bound, for ¢t > 0, we have:

X kt?
X kt?

K.1.3 NORM TAIL BOUND

(See Chi-square Tail Bound.)

Ife; ~N(0,721),€; € R4, I € R%**?, then for t > 0 we have:

k ) 2 2
P(‘Zi—l €; Tf;f(l—i—t)) <exp (—%)

k
Z§:1 €i
k

d k .. 2
Z(Zi—l m)

7j=1

— k
d 2
T S iy
k= \ vk

J

Proof.
2

k
(Notice ¢; ; ~ N(0,72) and let Z; = iziis N(0,1))
vk

szzd Z?:l Zi2
ok d

therefore by Appendix K.1.2 we have:
2a 4 72 2d kt?
(Tw raaty (1+t>> SeXp<_ 8 )

k d k

K.1.4 EIGENVALUE CONCENTRATION BOUND

Lemmad. [fVi, x; ~ N(u,72I), A = Zlekwiwf’ and Z%l &= Zf’:l(:ii”), we have ¥t > 0:

Zilei kt?
P LS)\d(A)g)\l(A)gUandHZTH<Tz v(1+t) ] >1—3exp oy

where L=712(1— 5 —7)? =20,V 1+t, U =14 72(1 + £ +7)? + 21,7V 1 + t and \i(A) is

the i biggest eigenvalue of the matrix A and v = %.
k T k T L, T
We begin with decomposing A to three components A = Zlﬂ% =pup’ + M +

kT . .
Z:%, where x; = u + €;, then consider the eigenvalues of them.

For the first component, we have:
T T
0<Aa(pp’) <M(pp ) <1
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Then, we analyze the second component with Egs. (8.8) and (8.9) in Covariance Matrix Estimation:
Gaussian Data. We have for all s > 0:

AR SF el 1 SF el 7\ ks?

k T, T
Finally for the third component, we examine M We have for all ||a|| = 1:

k k
ol i (el +ep’) a > i1 €i
k

=2
k

k
GT%MTG <2

k
(Notice by Norm Tail Bound in Appendix K.1.3, we have P (H %

Haen) <on (A7)

2 kT ko T 2 2
=P (—2\/”;(1 +1) < A (mz—kle) <\ <2uzl—,;€l> <2 T”,;d(l +t)> >1— exp (—k;)

Lety = \/% , 8 = t/2, and summarize three components we have:

2 2 2
P (Tz (1;7) =2, 9V1+t < N(A) < (A < 1+Tx2 <1+;+”y> +27'$'y\/1+t> >1—3exp <k§)

As a summary, we have:

koo 2
P (L < X(A) <X\ (A) <Uand H%H < Tx\/(1 th)) >1—3exp <ké)

wherey = /4 L=72(1-L —4)? —27,7V/IT+¢t,U=1+72 (141 +’Y)2 + 27,71 + t, and
Ai(A) is the i™ biggest eigenvalue of the matrix A.

K.2 ICL WITH CORRECT LABELS TO LEARN A TASK

This section introduces the proof of Theorem 5.

Proof. Assuming we are using in-context examples following Assumption 2(a), i.e., x; ~
N(w*, 72I),y; = (x;, w*), and we aim to have the prediction of Sy, ® 11 to be (zj11,w*), i.e.,
to learn the function of the in-context task. Let £} indicate the squared loss (F*(Si & @p41) —
(Tpr1, w*))?, where F*(Sy, D x4 1) is the prediction of Sy, ®xx 1 by the Bayes-optimal next-token
predictor F*. We derive the upper bound of the expected squared loss as follows:

Es, DTpt1 [El*c]
“Es, e |(F(Sk @ Trer) = (w7, p0))’]
(By Corollary 1)

M 2
:E5k®wk+1 (Zﬂ_l 7?5<1175a33k+1> - <w*,$k+1>>

—Es, 000, (<Zg/[=1 Ta(ws — w*), $k+1>>2]

(See Eq. 15 for the derivation of wg)

Mo 3 —1 * * * ?
“Espomr | ( (Do, T8I +h0uSw) ™ (ws —w") + w" — w"), @i

(Let A = (I + k6, 3,,) ", and notice A is symmetric positive definite.)
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M

—Es,0m., l(<zﬁ_1 T5(A(ws — w")), wk+1>> 21

<Esioor (Y, Fol(Alws - w), e

= M E 7 —w)TA 2
ZB:I Sk@karl[’/Tﬁ((wﬁ w ) warl) ]
M ~
< Zﬁzl [ws — WP Es,@ay., [TsllTre1]* X1 (A)%] (16)

M
§4Esk@wk+l [Zﬂ=1 T3 ||wk+1 H2)‘1 (A)z]
:4E3k@fﬂk+1 [Hwk+1 ”2)‘1 (A)Q]

(Notice A is a random matrix only depends on @1, €a, . .., T, but not &5, 1.)
Ao, [[Zr41 [P Es, AT (A)]
=4(1 + dr})Es, [3{(A)]
We further have the upper bound on the expected squared loss with Lemma 4:
Esk@$k+1 [‘CZ]
<4(1 + dr})Es, [\ (A)]

<4(1 4+ dr?)Es,

2

< 17 )
k i,
)

Z§=1 wisz
Pa—
2
! +3e ( kt2>
o (K
1+ kou(r2(1— £ —7)2 = 27,7/1 £ 1) P\77s

(Apply Lemma 4 to

<4(1 +dr2)

Lett = kJ*%, where % > § > 0 and 0 is arbitrary small. We have:
4(1 +dr2)

5—32
7452 |2 +O(k 2)

ESkEBfEk,+1 [‘CZ] <

We further validate the expected loss with numerical computations in Fig. 14.

K.3 ICL wWITH BIASED LABELS TO RETRIEVE A TASK

We start with the Assumption of biased labels:

Assumption 3 (ICL with Biased Labels). The function w* of ICL with biased labels is different from
the target function wy, ie., w* # w, where w,, is a function of a pretraining task prior center. The
in-context task is closer to the prior center o compared to all the other prior centers  #

VB # o llus — w | = llpa — w*|I? = di,, Jws — w*||? = |wa — w*||? = d3,, and 73||ws —
w|? — (1 +72) |wa — w*||* > 72ui,.

This section further details the proof of Theorem 3, with Fig.15 serving as a visual guide. The
non-asymptotic and asymptotic bound share the same foundational elements in the proof. However,
they are different in handling the components marked in pink. Fig. 15 is thus provided to offer a
clearer understanding of its overall framework and assist readers in navigating through the proof.

Proof. Assuming we are using in-context examples following Assumption 2(a), i.e., x; ~
N (w*, 721),y; = (x;,w*), and we aim to have the prediction of Sy, ® x1 1 to be (xp11, Wy ), i.e.,
to retrieve the prediction of the clean task a.. Let £§ indicate the squared loss (F*(Si @ @g+1) —
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5, =06,=1/9 85, =0,=1 5, =0,=9
\ I w S I u S L u
1.0 1.0 1.0 ﬁl
T
05 05 ///<4»4_4444444447 0.5 ~
3
— 7
0.0 N 0.0 0.0 ™
02 9 20 — N ofou,ik
—— A of 5, ST
—— Ay of 5,55
0.0 0 0
90 200 2000 — N OfI‘F(SWYEAIT
2 — Nof I +d,va2]
— XNof I+ 0y s aT,
0 0 0
500
2000
20 — ]w —w
0 0 0
2000
20 / 250 / / — YE(IF i)
0 0 0
x10°
100000 2
500 — VYE[(F - i)
- Ol— 0
0 21 42 63 81 105126 0 21 42 63 84 105126 0 21 42 63 81 10512

Number of In-Context Examples (k)

Figure 14: The numerical computation of the task learning. The second and third rows show the

k ., .
eigenvalues of the matrices d,, Zﬂ# and I + 6, Zle a:z:r:lT . The fourth row shows the distance
between the predicted w and w* has a reciprocal decreasing rate with respect to k. The fifth and
sixth rows indicate the expected squared loss follows a quadratic decreasing rate with respect to k.

(Tpr1, Wa))?, where F* (S, @y 1) is the prediction of Sy, B x4 1 by the Bayes-optimal next-token

predictor 7*. In order to have an upper bound on the loss, we consider &; ~ N (u*, 72I) in two
k T k T k )

cases: (1) C: L < )\d(w) < Al(zzﬁ%) < Uand ||%|| < /(1 + 1) (see

Lemma 4 for ¢, v, L and U) and (2) —C: at least one of the previous inequalities does not hold. (the

probability of —=C is bounded by: P(-C) < 3 exp(—%)).

We start our upper bound analysis on the expected squared loss by splitting the loss into three parts:

Esk Bxpi1 [‘Cg]
=Es, 0z [(F* (St ® Ths1) — (Wa, Tps1))?]
(By Corollary 1)

M

2
:Esk@iﬂk+1 (Zﬂ—l 7}501’5’ wk+1> - <wa7mk+1>) ]

M
(Notice 2571 g =1)

Mo : 2
=Esiaaii 2521 g ((Wg, Tpt1) — (Wa, Trt1))

T
—_
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Bounded Efficacy

Asymptotic Bound

2 7 2
P(CQ)E[ g o5 (W — W Xpe11))? |C] 16r(M — 1)Cy—o exp (— %) exp(= “g;;z")
Esy @4, [£i] P(Q)E[Tq (W — Wg, xi+1))?1C] [lwg —w*[12(1 + def) max{1 + 4k%65 (1 + )%}
1
P(_'c)]E[Z%=1ﬁE (W — We, Xper1))? I"C] 48(1 + dt2) exp(— %)
= e 2 8r(M — 1) —d2 + 41 \/Ekg'%
P(OE[Xpq 7tg (W — W, Xi41))? |C] \ oL =0 £ 20} ) +0(k™?)
P(OE[ g0 gl xicr1 [12[C]lIw* — wgl|?
]Eske)xk+1 [LI‘:]
P(Q)E[fEo (W — wg, Xx+1))?]C] [|We — w*||2(1 + d72)
P(SO)E[Zf-q 75 (W — Wa, Xi41))? [ €] 48(1 + dr2) exp(—%
Figure 15: Proof roadmap of ICL with biased labels, Theorem. 3.
(Notice (ZM figag)? < ZM 7iga’, since E[a]? < E[a?])
5y TBAB)TS D, TR =
o ,
<Es,ozi {23—1 Ta((Wg, Thy1) — (Wa, Tr11))?
M
s mes | S, A5 w210
e L
:P(C)E5k®wk+1 ZB:l 77/3(<w5 — Wa, Tp41))”|C| +
L v 2 _
P(ﬁc)]ESkEBmk+1 Zﬁ:l ﬂ-ﬁ(<wﬁ — Waq, wk+1>) -C
:P(C)E5k$wk+l _Zﬁ;éa 7?;3(('&15 — Wy, $k+1>)2 C_ =+ (17)
P(C)Es, o4 [Fo(Wa — Wa, Tr41))?|Cl+ (18)
Mo 2
P(-C)Es, 0wy, |D_,_, Fo((p — wa, @r11))?|=C (19)
We will analyze three parts one by one in the following three sections respectively. O

K.3.1

ICL WITH BIASED LABELS - PART

1

Proof. We firstly analyze the term P(C)Es,aa,,, D540 T5((Ws — Wa, xk11))? | C] (Part. 17):

P(C)Esk Dxrr1

<P(C)E$k@mk+1
(See Eq. 15 for the derivation of wg)

:P(C)Esk@wk+1

>, Aol — wa i)

>, Follbs — wal Pz | C]

2

c|

(Let A = (I +kd,3.,)" ", and A\ (A) is the largest eigenvalue of matrix A))

:P(C)Esk@warl

> Tl Aws = w) 4w — w2 2|c]

32
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<P(OEs,om |2, FolAws = w)] + " = wal)? i || C]

<POEssan [, FolloralP@A(A) + " - wal)?|C]

2
- _ 2 .
<SPCEs o [3,, Follownnl?|C] (1 psp + 1o - wall)
- w

_ ’/Tﬁ ) 4 8
< B
<P(C)Es, 0z, Zﬂia E st ‘C] ((1 Y ko, L) + 1+ kéwL> +

o Follzra 2| C] " = wa? 0)

P(C)Es, g, F1 {Zﬂ

The magenta-colored term will be used for the asymptotic bound in section K.3.2 and the bound for
the bounded efficacy phenomenon in this section. Apply Egs. 5, 6, and 8 and Assumption 1(e) to ;F—B,
we have:

:

k k
— >y g — 2|2 450 e — x4

T
PO 0ns |3, Pl

<P(C)Es, o .
(CFs,om.. [Zﬁ;éa rexp( 202(1+ (k+1)d,) )
—[lws — w*Hi—(Hkawiw)fl + [lwa — ’w*H%—(I-&-k&wiw)*l
exp 202 )
s — pga ||® + e — 2rga |1?
exp( 20.2(1 + (k + 1)6/1«) )H-’Bk+1”2|C]
i (s — il + e — 2])?),
=rP(C Es, oz = — , .
TP(C) )y s Bsvomu [ 202(1 + (k+1)5,) :
* |2 *[|2
eXP(_Hwﬁ ~ Wl szt e — T s, )-
202
s — pa|® + | e — 1|1 2
: - 17| C
eXp( 20_?(1 ¥ (]\ + 1)()“) )Hmk+1” ‘ }
In the following, we analyze the three-colored terms separately.
Recall in case C we have:
Zf:l €
|Z=LE | < /T E
Therefore, when conditioned on case C we have:
S (lles — il + (e — =)
1+ (k+1)d,
(Letx; = p* + €;)
* * i?: 2 —Ma,€q
e e o o s s
1+ (k+1)d,
ke
B T o Ve T R VU T M )
1+ (k+1)0,
ke
b = 17 = s — 7 + 2l — | E
= 1+ (k+1)5,
<l = w717 = llps — po|* + AT+ 1
= 1+ (k+1)d,
Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern
purp ymp ped p
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(Lett = k9% and § is arbitrarily small. See Assumption 3 for definition of di)

S—ﬁ N dr,Vd

L5141 1
5, » +O0(k™)

, ) 1 (/21
(lett = k=T, When 0, < 1, such that 3k < — — 1, s.t. —)‘ > 47,7 v/'l + k L‘)
0y 2
d?
<—k-E
4

Recall in case C we have:

k T
)< (Z=LTT) g

k T
L < a(Zim :

Therefore when conditioned on case C we also have:
— flws — w*Hi—(I-&-kéwi}w)*l + lwa — W*Hi—(uk&wiw)*l
<= Jlwg — w*|PAa(T = (I + k6yZ) ™) + [lwa — w*IPA1(L — (I 4 k6w Ee) ™)

(where A1 (A) and \y(A) indicate the maximal and minimal eigenvalues of the matrix A € R?*?)

1 1
* 112 *||2
< — - 1—-— o — l——
lws = w [P0~ ) + o — 020 - )
(Branch to purple for asymptotic bound or to orange for the bound for the U-shaped pattern.)
llarre — 212 - lws — w|* [wa — w*||?
=l = w2+ g = w[?) + (+ 1R - TR
(Lett = k=% and § is arbitrarily small. See Assumption 3 for definition of d2)
.2 w2y o (Jws = w2 Jlwa — w? 5-3
- - — lw, — - O(k°~ =
(s 0" | = e — ")+ (Rt = ) + 06 H)
4 3
<—d? EL+O(k°—2
b kT O
| ‘2 koL + H_, ké,, U
= lwa — 1 Ml 2w
I T o P L R
< ‘2 kL I Hz ké,U
W —Ww | + kdy7?2 Wo 1+ kb,72

14

. 1
(Lett =k T when 0w < 1, such that 3k < 5

-, st L|lwg — w*||? — Uljlwg — w*||* > 7212, /2)

OwTy

(See Assumption 3 for definition of u2,)

Further, we have:
7H/J*H - :Ek:-&-lH2 + H,qu — mk:+1||2
P(C)Es, & > ‘
(C)Esi@sa [exp( 202(1 + (k + 1)d,,)
—llpes — 2pall® + e — C'31c+1||2)
202(1+ (k +1)d,,)

Mzr41l* | €]

k]

<E5k OTk+1 [exp(

(Let xgpyr1 = " + €)

—lls — 1 —€l® + [lpa — 1~ — €]?
s 0P 5o )5 e

—lls = |2 + [l — w7 |* + (25 — Ba). €)
=Es, 0 41 [oXD(— AT 5 |

(Let — [l — p*|1> + [|pa — p*|I> = =D, 203(1 + (k +1)6,) = E,b = 2(ps — pa))
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B, 01 [exp(2EL ) Y

<o fexp(20 ) a7+ 2]

LI N Yo )

exp(ZE D) B2 )

“afexp(ZIA0 Dy r2q o IO T D) (- eI D))
=201 42+ ) eI D)

=Ck=0 21

Thus, for the asymptotic bound, we have (notice we will not use the magenta-colored term 20 for the
asymptotic bound in this section):

iig 2 4 i
P(C)Esk@wk+1 [Zﬁy&a Tor ||a7k+1|| | C] ((1 +k5wL)2 + 14+ k(SwL)

k : k :
—2ica s —=ill* + 30 [l — 22
202(1+ (k+1)6,)

).

—[lws — w*Hi(Hkawz’:w)fl + llwa — w*H%f(IJrkéwaw)*l
exp( 2052 )
Ow
2 2
_ 53— T; + — @
exp( Hp’ Z” ”/‘La lH )”mk’JrlHQ | C]

202(1+ (k+1)d,)

4 L8
(1+ ko6pL)? " 1+ koyL

d? - 5 3 B - .,
o Y exp(—e KT S e R OWTE) s e
Ba 0 203 P 202, F=0\ %o, L
—d2 + 47,k ~F + O(k7)) —2 4 LR O g
—r(M —1)Cj— p 7 w72 _
r( )Cr—o0 exp( 202 exp 207 (kéwL +O(k ))
_8r(M —1)Cr=o (—d,% + 4 VR~ + O(k*l)) (—d;g + ik O(k‘s*%)) 4O
SR 20, o 202,
) 3
8r(M —1)Ch—y —d? + A7,/ k=3 _ & .
k0 L exp( 502 ) exp( 502 )+ O(k™?)

Thus, for the U-shaped bound, we have (notice we will use the magenta magenta-colored term for the
U-shaped bound in this section):

8w t2 1 C 4 5
P(C)Esk@mk+1 _Zﬁ¢a o ||33k+1|| | C_ <<1 + k5wL)2 + 1+ k‘(SwL> +

P(C)Es,cay _Z/#a ﬁgumkﬂw‘c] [w* — we|?

T
<P(C)Es,eays | D, =zl [C|-16

B#a T
k _, k :
— i s — il + 300 e — 42
202(1+ (E+1)d,)

<167 Zﬁ;éa P(C)Es, @a. [exp( )-
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—llws = w7 rips,ma) 0 T Iwa =W T s, 50 ):
202,
—|lpp — $,||2 + || pha — CE,H2
20301+ (k + 1)3,)

exp(

exp( M) | C]

K.3.2 ICL WITH BIASED LABELS - PART 2

Proof. We then deal with the second term P(C)Es, ¢y, [Ta (W5 — Wa, @x11))? | C], the part 18:
P(OEs, 601 [fa((0 — W @141))? | €]
<P(C)Es, oz [Tal = (I — (I + k6w Za) ™) (Wa — w*) + (wa — wa)|*[&r11]* | C]
< Jlwa — w*[PP(C)Esy [Ta AT (T = (I + kb ) ™) @41 ]| | C]
(Let A1 (A) be the maximal eigenvalue of the matrix A)
<|[wa = w|*P(C)Es, 0mps: [FaAi (I — (I + k6wSw) ™) [zrsa]|? | C]

* . 1
<[|lwa — w*|*P(C)Es, em, ., [Fa(l — m)QHMHHQ | C]
< — w* [2P(C)Es, sy a2 | €1 — )2
a kPxpy1 M k+1 1 +k5wU

Thus, for the asymptotic bound, we have (notice we will use the magenta-colored term 20 for the
asymptotic bound in this section):

Adding the magenta-colored term 20 in section K.3.1:

P(C)Es, 0w, .. [Ta((Wa — wa, Tkt1))” | Cl+

P(C)Es, oz, {ZB;&& T3 $k+1H2‘C} |w* — wq|?

1

* (|12 ~ 2 2
=[lwa — w”|| P(C)Esk@wk+1[ﬂa||wk+1|| | CJ(1 - m)
POEs, 50 [, Fallwre]?|C] w” — wal?
< wo — w*||*P(C)Es ez, [TallTril* | Cl+
|wa — w*||2P(C)Es, o, [Zﬁ#u 7~Tﬂ‘|$k¢+1u2‘c}
=[lwy — w*[|*P(C)Es, gy, [[Ert1]* | C]
< wo — w*||* B, [lzri]l]
=[lwa — w*[|*(1 + dr?)
Thus, for , we have (notice we will not use the magenta magenta-colored term for
the U-shaped bound in this section):
P(C)Esk@mk+1 [ﬁ'a(<ﬁ}a - wavwk+1>)2 | C]
" - 1
<Jwy —w ||2P(C)]E5k®mk+1[ﬂ-a||$k+l||2 | CJ(1 - m)Q
. 1
<Jwa — w*|*Ea, ., [H$k+1||2] (1- m)Z
1
= — w14+ dr>)(1 - ———)?
Jwo w21+ dr2)(1 ~ )
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K.3.3 ICL wiTH BIASED LABELS - PART 3
Proof. Finally for the third term P(—C)Es,, [Y5., 75((t0s — Wa, Tx+1))? | ~C], the part 19:

M
P(_'C)Esk@wk+1 [Zﬁzl

M ~ S —1 * * 2 2

=P(-C)Esm, (Y, (I + k0uE) " (w5 = w') + W' = wa Ao ][? | +C

M _

<PCEs,cmn[Y,_ 52T + k6, S) ™ (w5 —w") [+ 2w = wa|)@esa | | ~C]
Mo 2

<PCEswwn(}, T2 442 4)zinl | -C]

M
:16P(ﬁC)ESkEB:Ek+1 [Zﬂzl

<16P(~C)Ea, [lZss1[* | =C]
(Notice C is defined on {1, ..., zx})
<16P(~C)Ea, ., [ r+1]]
<16(1 + d72)P(-C)
k.25

<48(1 + dr2) exp(—?)

Fo((Ws — Wa, Tpt1))? | 2C]

gl @rsa[|* | =C)

K.3.4 ICL WITH BIASED LABELS - SUMMARY

Proof. Summarizing three terms, we have:
ESk Bxp41 [‘Cg]

(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)
) 3
8r(M —1)Clr—o —dZ, + At \/dkz 1 2 .,
\ \ w k
e ) (52 O+
/{725
lwa = w [2(1+ dr2) + 48(1 + dr2) exp(— )

The region for the are:
1
5

x

1
k< min{é— -1,

14
d2
Ar,y\/1+ k1) < -

Llws — w"||* = Ullwa — w*|* > 7}ug, /2
U< 2(1+472)
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L PROOF OF LEMMA 3

In this subsection, we introduce the proof of Lemma 3. We first give the full version of the lemma:

Lemma 5 ((informal) Upper Bound for Zero-Shot ICL). Assume a next-token predictor attains
the optimal pretraining risk, and Assumption 1 has only two components « and 3, with centers
(Bas wa) = (—pp, —wg). When performing ICL with in-context examples following x; ~ N (pu* |
72I) and y; = 0, i.e., y; has the same preference to prior component « as (3, ICL risk is upper
bounded by:

o 8rCh—o  —d 447,k L,
Es, [L7] < oL exp( 202 )+ O(E—)+
]{,‘26
lwa — w*||*(1 + d72) + 48(1 + dr2) exp(—?),

where § is an arbitrarily small positive number and Cy—q is a constant depends on the setting (see
Eq. 21). When 6,, and 0., are sufficiently small, there is a special region for k that:

Es, [£{] < 16rCr—g exp(— 8;‘2 )+ (14 dr2) max{1, k26,2 (1 + 72)?} + 12(1 + d72) exp(—g).
x

See Appendix L for proof details. We observe that when k is small in this region, the first and third
terms dominate and exponential decay, and when k is large, the second term dominates.

The proof techniques are very similar to the proof techniques for task retrieval in Sec. K.3. We

are using in-context examples following x; ~ N (p*, 72I),y; = 0, i.e., w* = 0, and we aim to

have the prediction on Sy @ ®k11 as (Tr4+1, Wa), i.e., to retrieve the prediction of the clean task

«. In order to have an upper bound on the loss, we consider x; ~ N (p*, 72I) in two regions: (1)
k T k T

C:L< Ad(zﬂ#) < )\1(2:1#) < U (see Lemma 4 for L and U) and (2) —C: either the

previous inequality does not hold. The probability of —C is bounded by:

t2
P(-C) <3 exp(—%).

Let LR indicate the squared loss (F* (S ® Tx+1) — (Tg+1, Wa))? on Sk & k1. With the help of
Lemma | and Corollary 1, we can derive the expected squared loss on the prediction F*(Sg @ Tx11),
and then based on C and the target task &« = 1 (meanwhile we assume another task is indexed 5 = 2),
we split the expected squared loss into three parts similar to Sec. K.3:

E3k®wk+1 [‘C]I:]
<P(C)Es,pa. [Ts((Wp — wa, pr1))? | Cl+ (22)
P(C)E8k®mk+1[7~ra(<ﬁ’a - waawk+1>)2 | C]+ (23)

P(ﬁC)E5k®mk+1[Zi ﬁ-fi(<wﬁ — Wa, wk+1>)2 | ﬁC] (24)

=1

L.1 PROOF OF LEMMA 3: PART 1

We firstly analyze the first term P(C)Es, ga, . [73((Ws — Wa, ®41))? | C] in Part. 22. Similar to
Sec. K.3, we have:

P(C)Es, say. [7p((Wp — Wa, Th11))” | C]

g ) 4 8
< P
7‘P(C)E3k@wk+l |:7~1_a ||wk:+1|| ‘C:| <(1 n k_(SwL)Q + 1+ kJ(SwL) +

P(C)Es, @iy [Tl @rs1]*|C] [lw* — wal?
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The magenta-colored term will not be used for the asymptotic bound for the above term 22 (will be
merged with the term 23) and will be used for the U-shaped bound for the above term 22 (will not be

merged with the term 23). Apply Egs. 5, 6, and 8 and Assumption 1(e) to ;r—ﬁ, we have a different
results from Sec. K.3 since we have wg = —w, and w* = 0:

T
P(C)Es, w1 [z x| | €]
k k
=iz s — z||” + Dizt Mo — 3'31H2)
202(1+ (k + 13,
—lws - w*||§_(1+k5wz—:w),1 + [wa - w*||§_(1+k5w2—:w),l
202
—llps — i l® + [0 — ®rsa|? 2
C
(Notice w* = 0, wg = —w,,)
k k
— iz s — il + 305 e — $z||2)
20201+ (k + 13,
—llps — i1 ]® + o — Taia | 2
)kl [ €]
202(1+ (k+1)d,)

<P(C)E3k€92k+1 [T exp(

).

exp(

exp(

:rP(C)ESk Dxpt1 [exp(

exp(

Same to Sec. K.3, when conditioned on case C, we have:
k
D1 (=llps — @il + [[Ha — =4]?)
1+ (k+1)s,
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern.)
(Lett = k%% and § is small.)

<7@ N A7, V/d
Ou Ou

d_ 3
2

K210k

Same to Sec. K.3, when conditioned on case C, we have:

P(C)]Esk@karl [eXp(

s = pa® + I — i |
- 202(1+(k+1)§ ) )||$k+1||2 |C]:Cl~c:0
x j

As a summary of the above analysis, for the asymptotic bound, we have:

g ) 4 8
P(C)E £ C
(CEsoe1 L%a sl ‘ ] <(1+k§wL)2 M 1+k5wL>
—%+—4Tg#ﬂk%*3+0(k*1))c 8
202 M=k L
8o (fd;i A, Vdk3 Ok Y
" koL Y 202

7
ST‘Ck:()

+O0(k™?))

<rexp(

)+ O(k™?)

3

[N

—d? + A7 dk3
= exp(—*
koL 2(7,21,

)+ O(k™2)
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As a summary of the above analysis, for the U-shaped bound, we have:

Uy 2 4 8
P(C)E -
(C) SkpOxp41 |:7~Ta ||5L'k+1|| C:| ((1 + k(ng)Q + 1+ k5wL) +

P(C>E5k$fﬂk+1 [%ASHJ"}C+] ||2|C] wa - wuHQ

T
<I6P(O)Es,ame |2 |2a4 * | €

L.2 PROOF OF LEMMA 3: PART 2

The analysis for the second term P(C)Es, ¢z, [Ta((Wa — Wa, Tr41))? | C], the part 23 is the
same as Sec. K.3.

L.3 PROOF OF LEMMA 3: PART 3

Finally for the third term P(—C)Es, [Zi:l T ((Wy — Wa, Tr11))? | —C], the part 24:

2 ~ ~
P(-C)Es, 0,1 [3_ Ful (i — wa, 241))* | ~C)

2 _
<POEs w0, (Y A2+ E8,50) " (w0, — w07)2 2w — w2 e |2 | ~C]
(Recall w* = 0)

2
<P(ﬁC)ESk@mk+1 [ZH=1

2 ~
—AP(-C)Es 50,1 [ el ]? [ ~C)
<AP(C)Ea, , [lzis1]* | ~C]

(Notice C is defined on {1, ..., xx})
<AP(C)Ea,, [llzk+1]]
<4(1 + dr2)P(=C)

k.26

<12(1 + dr2) eXp(—?)

(21421 @pia|* | ~C]

L.4 PROOF OF LEMMA 3: SUMMARY

Similar to Sec. K.3, summarizing three terms, we have:
Esk Der1 [‘Cllz]
(Branch to purple for asymptotic bound or to for the bound for the U-shaped pattern. )
8rCheg  —d2 +47,V/dk5 1 )

—2
oL exp( 205 +O(k™)+

. . . k20
o — w*[2(1 + dr2) + 48(1 + dr2) exp(——)
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M DEMO SECTION AS A WARMUP

We study how in-context examples affect the prediction of ICL by a pretrained Bayes-optimal
next-token predictor and how the pretraining distribution affects this phenomenon. Assume the
next-token predictor f is initially pretrained on a dataset distribution to produce the minimum risk
minimizer f*, and then the pretrained f* is used to predict the next value y of the value z. Instead of
directly inference via f*(z), we consider inference with additional k in-context examples {z; }¥_,
via the format f*([z1, ..., zk, z]). We aim to theoretically examine the effect of in-context examples
{x;}¥_, on the prediction f*([x1, ..., 2k, x]). While the formal problem setting may involve heavy
math, this demo section illustrates the basic phenomenon for better delivering our work.

The following demo subsections are organized as follows. We first introduce the problem setting
in Sec. M.1. We then connect ICL with Bayesian inference in Sec. M.2. Further, we introduce the
assumptions for the pretraining dataset in Sec. M.3. Finally, we derive a closed-form posterior and
introduce two phenomena, “Component Shifting” and “Component Re-weighting” in Sec. M.4.

M.1 DEMO: PRETRAING DATA GENERATIVE MODELA

ICL involves two important components: the pretraining dataset, and the LM supporting varied input
lengths. We assume the LM f : Uke{o,__.7K_1}RkX1 — R can fit the pretraining distribution
exactly with enough data and expressivity. To generate a training sample, we first sample a task p
from underlying task distribution D,,, and then we generate values of the sequence from a distribution
D..(u) based on the task . The sample generation process is described below:

Assumption 4 (Demo: Pretraining Data Generative Model). Given a task prior distribution D,,,
and a conditioned x sampler D, (1) conditioned on task i, the process of generating a sequence
Sk = [z1, 22, ..., xx] with length K follows:

(a) Sample a task p from the Prior: (i ~ D, and the probability of  is indicated by P(y);

(b) Sample K samples, x from the chosen task: Fori € {1,2,...,K}, x; ~ Dy(u), and the
probability of x; = x is indicated by P(x|u);

(¢) Define a Sequence Sy For capital K, Sk = [x1,...,xk]; and for lowercase k, the sequence of
the first k demonstrations of Sk is indicated by Sy, = [z1, ..., xi], e.g., So = [x1,z2).

The generation process is related to real-world scenarios via two points: (i) For sampling step 4(a),
the LM is trained on varied tasks; (ii) For sampling step 4(b), when one person/agent produces texts
for one task, the generated text could be noisy. For instance, given a task such as describing a football
game, one person has multiple ways to describe it.

M.2 DEMO: BAYES-OPTIMAL NEXT-TOKEN PREDICTOR

Now we consider training f(-) using sample Sk generated via above generation process 4 via:

:

A highly expressive f can be viewed as K separate models fy,..., fx—1, where f; takes a se-
quence of k values as input. Thus when the model f has enough expressivity, the optimization
problem argmin ; £( f) of minimization of the loss function L(f) could be regarded as K different
minimization tasks:

= argfminéIf] [(f(Sk) — zrs1)?],VE € {0,..., K —1}.

K—1 K—1
1

1 _
L =F | = S (F(Sk) = ax)?| = = ST () = ws)?
(f) ‘;}i K k:O(f( k) xk+1) “EEDM T7{’;/]%(/})(7} K k:O(f( k) xk+1)

1e1,...,

41



Published at the ICLR 2024 Workshop on Understanding of Foundation Models (ME-FoMo)
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Figure 16: The left part of the figure indicates the pretrained next-token predictor is pretrained on the
task prior distribution according to Assumption 5, and the prediction is based on the prior without
in-context examples. The right part of the figure indicates that with in-context samples, the prediction
is based on posterior, regarding the in-context examples as observed samples.

Thus, the solution f;; for each £ is a minimum mean square error (MMSE) estimator (Van Trees,
2004, page 63), and the prediction of f*(S}) satisfies:
f(Sk) = ;E [@kt1|Sk] = E [ E( @it |, SellSkl = E [ E_ [Zkg1|p]|Sk]-
K

u~Dy xi~D(p), w~Dy xpp1~D(p)
ie(1,..,K}

(25)

The prediction f*(Sy) is the expectationof =~ E  [241|u] on the task posterior observing .Sy.
Tr1~D(p

M.3 DEMO: GAUSSIAN ASSUMPTIONS ON PRETRAINING DATA GENERATIVE MODEL

In Sec. M.2 we connect ICL with Bayesian inference, and in Eq. 25 we observe that the prediction
f*(Sk) depends on the posterior. We are interested in how the in-context examples affect the
prediction and the posterior. We make assumptions on the pretraining dataset to have a closed-form
expression of the posterior facilitating further analyses:

Assumption 5 (Demo: Gaussian Generative Model for Pretraining Data).

(a) p~D,:Pp)= ngzl g P(u|Ts), where Tg is the 3" mixture component of the Gaussian
mixture, i.e., P(u|T5) = N (ulug, 02), and 7 is the corresponding mixture weight. 224:1 5 =1,
0 < mg < 1, pg is the center of the mixture component 1, and all components share the same

covariance matrix controlled by o;
(b) x ~ Dy(p): P(x|n) = N(x|ug, 7).

Under our setting, we train the next-token predictor on M tasks, mirroring real-world LM pretrained
on varied topics including environment, market, movie, sports, etc. These tasks have text sequences
from diverse sources like individuals, agents, and websites. Given that each source interprets tasks
uniquely, they provide “noisy” versions of the same task. We model this using a Gaussian mixture for
the task prior. The center of each component represents a specific task, while its variance captures the
interpretive noises. Consequently, sequences of values are generated based on these “noisy” tasks.

M.4 DEMO: POSTERIOR ANALYSIS

With further Assumption 5 on the prior, we can derive closed-form expression on the posterior:

M
P(u|Sk) o< Y 7N (ulig, 5°) (26)

m=1
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k

~ (g — =)
(s = mo e omy -

k
) /,:L _ TQIuB—'—O'Q Zi:]- xi)Q 5_2 _ 7—20'2 )
i 72 4+ ko2 ’ 72 4+ ko2

From Eq. 26, we observe two factors when comparing the posterior with the prior in Assumption 5: (i)

Component-Shifting: after observing Sy, = [x1, x2, ..., xk], the center of each mixture component is

shifted to %kzl”” (ii) Component Re-weighting: the mixture weight 74 of each mixture
_ DLRETRC

component is re-weighted by multiplying exp(%) (which needs to be further normalized

so that re-weighted mixture weights sum to 1). Fig. 16 illustrates the phenomena of Component
Shifting and Component Re-weighting by observing in-context examples.

N PROOF OF POSTERIOR DERIVATION IN DEMO

In this section, we give a detailed derivation of the posterior in Eq. 26 in Sec. M.4:
P | Si) o< Py, )
= P(Sk | 1) P(p)
= (I, P(a; | ) P(n)

M
= (W N (2 | 1, 7)) Y 7N (1| g, 0?)
m=1
(1 — pp)?
oc (TTF_; exp(— 2 Z 7 exp(— 202’8 )
Zk 1 $1 — :u Mﬂ)
= eXp(—ZT Z g exp(— 902 )
M
_ ZF eXp(—T (b= pp)* +0° Zi=1(9€i - N)Q)
s 27202
B=1
B ff: . (_u2(72 +ko?) = 2u(t?pg + 02> @) + (TQ/J% + 02 fo))
B €Xp 27252
m=1
M _ TQNB+‘72Z$1')2 + 2uito’ el (72uﬁ+o2zmi)2
_ Z T3 ex (7 T2+ ko2 72+ ko? 72+ ko? )
B €XP 9_r202 7202
m=1 T21ko?
M kg, T2ug+o® oK xy
o mge P((Mﬁ - Zl?w )2)exp( = %)2)
— 2(72 + ko?) 7-2T+7m2
M
o Y wgN(u| fig,5°)
m=1
POLIREIRY 2 2 \k 2 2
_ : . o
(s = mpexp(LE B ) 5 TR0 DT g2 T
2(72 + ko?) 72 + ko? 72 + ko?
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