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Abstract

The generalization error of a supervised sta-
tistical learning algorithm, defined as the dif-
ference between the population risk and the
empirical risk, quantifies its ability to pre-
dict performance on previously unseen data.
In this work, we analyze the generalization
error under the heavy-tailed assumption on
the loss function with respect to the data-
generating distribution. Specifically, we de-
rive uniform, information-theoretic, and PAC-
Bayesian bounds on the generalization error
under the assumption that the (1 + ϵ)-th
moment of the loss function is bounded for
ϵ ∈ (0, 1]. The generalization error is shown
to have a convergence rate of O(n−ϵ/(1+ϵ))
where n is the number of training samples.
Furthermore, we apply our results to study
the generalization error of the Gibbs posterior
and noisy iterative learning algorithms under
the heavy-tailed assumption.

1 INTRODUCTION

A central concern in statistical learning theory is un-
derstanding the efficacy of a learning algorithm when
applied to test data under Empirical risk minimization
(ERM) as a popular framework in machine learning.
This evaluation is typically carried out by investigating
the generalization error, which quantifies the disparity
between the performance of the algorithm on the train-
ing dataset and its performance on previously unseen
data drawn from the same underlying distribution via
a risk function.

The performances of the empirical risk and generaliza-
tion error are affected when the data set is strongly im-
balanced or contains outliers, which results in a heavy-
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tailed scenario where some moments of loss function
under data-generating distribution are not bounded.
Understanding the generalization behaviour of learning
algorithms under heavy-tailed scenarios is one of the
most important objectives in statistical learning theory.
Unbounded loss functions present a significant chal-
lenge in studying the generalization error of learning
algorithms. To address this, various assumptions, such
as sub-Gaussian or sub-Exponential on data generating
distributions, are often made to model the loss func-
tion. Under these assumptions, all moments of the
loss function under the data-generating distribution
are bounded.

However, in many real-world applications, such as fi-
nancial modeling (Cont, 2001; Müller et al., 1998),
network traffic analysis (Resnick, 2007), image recog-
nition (Zhu et al., 2014; Wang et al., 2017; Van Horn
et al., 2018), and language modeling (Zhang et al.,
2022), data exhibits heavy-tailed behavior, where mo-
ments beyond a certain order may be unbounded or
poorly controlled. Furthermore, empirical data dis-
tributions across diverse fields—including natural lan-
guage processing, medicine, finance, and physics often
follow power-law distributions as heavy-tailed distri-
butions. Prominent examples include Zipf’s law in
language (Piantadosi, 2014) (where the frequency of
words is roughly inversely proportional to their rank),
Pareto’s law in finance and economics (Bouchaud, 2001)
(describing, for example, the heavy-tailed distribution
of incomes or firm sizes), the Gutenberg–Richter law
in seismology (Sornette and Sornette, 1999) (which
relates earthquake magnitudes to their frequency), and
scaling laws observed in physiological and physical
systems (Marquet et al., 2005) (such as 1/f noise in
heart rate variability and the inverse-square law in
gravitational and electrostatic interactions). These dis-
tributions have been widely analyzed, as discussed in
studies such as (Newman, 2005; Clauset et al., 2009)
and related references. Various mechanisms contribute
to the emergence of power-law distributions in both
natural and artificial systems, each relevant to spe-
cific applications; see (Sornette, 2006, Chapter 14)
and (Newman, 2005; Mitzenmacher, 2004). Among
these, the most significant are growth with preferential



Generalization Bounds Under Heavy-Tailed Losses

attachment (Yule’s process) and critical phenomena
(Newman, 2005). Additionally, the Generalized Cen-
tral Limit Theorem states that the normalized sum of
independent and identically distributed random vari-
ables with infinite variance converges only to a stable
distribution; see, for instance, (Nolan, 2020). All stable
distributions with infinite variance exhibit power-law
tails, whereas the Gaussian distribution is the only
stable distribution with finite variance (Samoradnitsky
and Taqqu, 2017). This discrepancy highlights the need
for more general theoretical frameworks that account
for such heavy-tailed scenarios (Asadi, 2024).

Some recent works studied the generalization error un-
der unbounded loss functions with heavy-tailed assump-
tion via the PAC-Bayesian approach, specifically under
bounded second-moment assumption (Kuzborskij and
Szepesvári, 2019; Haddouche and Guedj, 2022). How-
ever, to the best of our knowledge, there is no unified
framework for deriving generalization bounds that is
applicable to uniform, information-theoretic, and PAC-
Bayesian approaches, under the heavy-tailed assump-
tion for bounded (1+ϵ)-th moment of loss functions for
ϵ ∈ (0, 1] with respect to data-generating distribution.
This is the problem that we address in this paper, and
our contributions here can be summarized as follows.

• We extend Bernstein’s inequality for heavy-tailed
random variables.

• We derive generalization bounds through uni-
form, information-theoretic, and PAC-Bayesian
approaches for unbounded loss functions with
bounded (1 + ϵ)-th moment for ϵ ∈ (0, 1]. We
also derived a bound on absolute expected gener-
alization error.

• As applications of our results, we use our bounds
to bound the generalization error and excess risk
of the Gibbs posterior1 and the noisy iterative
learning algorithms.

The paper is organized as follows: Section 2 introduces
notation, the problem, and the risk functions used in
this paper. Then, we discuss some related works in
Section 3. The main theoretical tool and the extension
of one-sided Bernstein’s inequality are introduced in
Section 4. We derive generalization bounds via uniform,
PAC-Bayesian and information-theoretic approaches in
Section 5. As applications of our results, we provide
an upper bound on the expected generalization error
of the Gibbs posterior under heavy-tailed assumption,
an upper bound on the generalization error of noisy
iterative learning algorithm in Section 6.

1It is also known as the Gibbs algorithm (Aminian et al.,
2021a)

2 PRELIMINARIES

Notations: Upper-case letters denote random vari-
ables (e.g., Z), lower-case letters denote the realizations
of random variables (e.g., z), and calligraphic letters
denote sets (e.g., Z). All logarithms are in the natural
base. The set of probability distributions (measures)
over a space X with finite variance is denoted by P(X ).
N (a, b) denotes the Gaussian distribution with mean
a and variance of b.

Information measures: For two probability mea-
sures P and Q defined on the space X , such that
P is absolutely continuous with respect to Q, the
Kullback-Leibler (KL) divergence between P and Q
is KL(P∥Q) :=

∫
X log (dP/dQ) dP . The mutual in-

formation between two random variables X and Y is
defined as the KL divergence between the joint distribu-
tion and product-of-marginal distribution I(X;Y ) :=
KL(PX,Y ∥PX ⊗ PY ), or equivalently, the conditional
KL divergence between PY |X and PY over PX ,
KL(PY |X∥PY |PX) :=

∫
X KL(PY |X=x∥PY )dPX(x).

The symmetrized KL information between X and Y
is given by ISKL(X;Y ) := ISKL(PX,Y ∥PX ⊗ PY ), see
(Aminian et al., 2015). For function f : x → R, we
define f ′(x) as the derivative of function f(x).

Heavy-tailed Random Variable: There are dif-
ferent notions of heavy-tailed random variables (Foss
et al., 2011; Bakhshizadeh et al., 2023). In this work,
we focus on the definition of a heavy-tailed scenario,
where the (1 + ϵ)-th moment of the loss function is
bounded for some ϵ ∈ (0, 1]. In the following, we define
the heavy-tailed random variables.

Definition 2.1 (Heavy-tailed Random Variable). A
random variable X has heavy-tailed distribution, if
there exists ϵ ∈ (0, 1], where (1 + ϵ)-th moment of X is
finite, i.e,

E[|X|1+ϵ] < ∞, (1)

and higher order moments, larger than (1 + ϵ), are
unbounded.

2.1 Problem Formulation

Let S = {Zi}ni=1 be the training set, where each sample
Zi = (Xi, Yi) belongs to the instance space Z := X ×Y ;
here X is the input (feature) space and Y is the output
(label) space. We assume that Zi are i.i.d. generated
from the same data-generating distribution µ.

Here we consider the set of hypothesis H with elements
h : X 7→ Y ∈ H. When H is finite, then its cardinality
is denoted by card(H). In order to measure the perfor-
mance of the hypothesis h, we consider a non-negative
loss function ℓ : H×Z → R+

0 .
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We apply different methods to study the performance
of our algorithms, including uniform and information-
theoretic approaches. In uniform approaches, such as
the VC-dimension and the Rademacher complexity ap-
proach (Vapnik, 1999; Bartlett and Mendelson, 2002),
the hypothesis space is independent of the learning
algorithm. Therefore, these methods are algorithm-
independent; our results for these methods do not spec-
ify the learning algorithms.

For information-theoretic approaches in supervised
learning, following (Xu and Raginsky, 2017), we con-
sider learning algorithms that are characterized by a
Markov kernel (a conditional distribution) PH|S . Such
a learning algorithm maps a data set S to a hypothesis
in H, which is chosen according to PH|S . This concept
thus includes randomized learning algorithms.

2.2 Risk Functions

The main quantity we are interested in is the population
risk, defined by

R(h, µ) := EZ̃∼µ[ℓ(h, Z̃)], h ∈ H.

As the distribution µ is unknown, in classical statis-
tical learning, the (true) population risk for h ∈ H is
estimated by the (linear) empirical risk

R̂(h, S) =
1

n

n∑
i=1

ℓ(h, Zi). (2)

The generalization error for the empirical risk is given
by

gen(h, S) := R(h, µ)− R̂(h, S); (3)

this is the difference between the true risk and the
empirical risk.

Uniform Bounds: In learning theory, to obtain uni-
form bounds, most works focus on bounding the gener-
alization error gen(h, S) from (3) such that under the
distribution of the dataset S, with probability at least
(1− δ), it holds that

sup
h∈H

gen(h, S) ≤ g(δ, n), (4)

where g is a real function dependent on δ ∈ (0, 1) and
n is the number of data samples.

PAC-Bayesian Bounds: In the PAC-Bayesian ap-
proach, we fix a probability distribution over the hy-
pothesis (parameter) space as a prior distribution, de-
noted as Qh. Then, we are interested in the generaliza-
tion performance under a data-dependent distribution
over the hypothesis space, known as posterior distri-
bution, denoted as ρh. Then, an upper bound on the

expectation of generalization error with respect to ρh
is derived under the distribution of the dataset S with
probability at least (1− δ),

EH∼ρh
[gen(H,S)] ≤ gp(δ, n,Qh), (5)

where gp is a real function dependent on δ ∈ (0, 1),
prior distribution Qh and n as the number of data
samples.

Information-theoretic Bounds: For the
information-theoretic approach to generalization,
we consider the hypothesis H to be a random variable
under a learning algorithm as Markov kernel, i.e., PH|S ,
and then we take expectations over the hypothesis H,

gen(H,S) := EPH,S
[gen(H,S)]. (6)

We provide upper bounds on the expected generaliza-
tion error with respect to the joint distribution of S
and H of the form

gen(H,S) ≤ ge(n),

where ge is a real function. We are also interested in
the expected excess risk of the learning algorithm PH|S ,
defined as:

E(H,µ) := EPH
[R(H,µ)]− inf

h∈H
R(h, µ). (7)

3 RELATED WORKS

Different approaches have been applied to study the
generalization error of general learning problems under
empirical risk minimization, including uniform, PAC-
Bayesian, and information-theoretic bounds. In this
section, we discuss the related works on Uniform, PAC-
Bayesian, and information-theoretic bounds. We also
further discuss the generalization error of the Gibbs
posterior.

Uniform Bounds: Uniform bounds (or VC bounds)
are proposed by (Vapnik and Chervonenkis, 1971;
Bartlett et al., 1998, 2019). For any class of functions
F of VC dimension d, with probability at least 1− δ
the generalization error is O

(
(d+ log(1/δ))1/2n−1/2

)
.

This bound depends solely on the VC dimension of the
function class and on the sample size; in particular, it
is independent of the learning algorithm.

PAC-Bayes bounds: First proposed by Shawe-
Taylor and Williamson (1997); McAllester (1999) and
(McAllester, 2003), PAC-Bayesian analysis provides
high probability bounds on the generalization error in
terms of the KL divergence between the data-dependent
posterior induced by the learning algorithm and a data-
free prior that can be chosen arbitrarily (Alquier et al.,
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2024). There are multiple ways to generalize the stan-
dard PAC-Bayesian bounds, including using informa-
tion measures other than KL divergence (Alquier and
Guedj, 2018; Bégin et al., 2016; Hellström and Durisi,
2020; Aminian et al., 2021b) and considering data-
dependent priors (Rivasplata et al., 2020; Catoni, 2007;
Dziugaite and Roy, 2018; Ambroladze et al., 2007).
There are also some works (Haddouche and Guedj, 2022;
Kuzborskij et al., 2019) on using the PAC-Bayesian
approach for deriving the generalization error bounds
for unbounded loss function under more relaxed as-
sumptions, e.g., bounded second moments.

Information-theoretic bounds: (Russo and Zou,
2019; Xu and Raginsky, 2017) propose using the mu-
tual information between the input training set and the
output hypothesis to upper bound the expected general-
ization error. Multiple approaches have been proposed
to tighten the mutual information-based bound: (Bu
et al., 2020) provide tighter bounds by considering the
individual sample mutual information; (Asadi et al.,
2018; Asadi and Abbe, 2020) propose using chaining
mutual information; propose using rate-distortion ap-
proach (Nokleby et al., 2016; Masiha et al., 2023); and
(Steinke and Zakynthinou, 2020; Hafez-Kolahi et al.,
2020; Aminian et al., 2020, 2021b, 2022) provide differ-
ent upper bounds on the expected generalization error
based on the linear empirical risk framework.

Non-linear risk functions: Some recent works
(Aminian et al., 2025; Mulumudi et al., 2026) have
investigated the generalization error of nonlinear risk
functions. In particular, Aminian et al. (2025) and Mu-
lumudi et al. (2026) study the tilted empirical risk and
conditional value-at-risk under heavy-tailed assump-
tions, respectively. By contrast, our focus here is on
the linear risk function in the heavy-tailed assumption.

Other heavy-tailed assumptions: While our work
focuses on deriving generalization bounds relying
strictly on the boundedness of the (1 + ϵ)-th moment,
yielding rates of O(n−ϵ/(1+ϵ)), there is a significant
body of work establishing fast rates for unbounded
and heavy-tailed losses under stronger assumptions.
(Dinh et al., 2016) derives fast learning rates by as-
suming a multi-scale Bernstein condition on the loss
distribution. Similarly, (Grünwald and Mehta, 2020)
establish fast rates for ERM and generalized Bayes by
introducing the central condition (a generalization of
the Bernstein condition) and witness conditions. In the
context of Bayesian learning, (Ho et al., 2020) extends
these results to show that the generalized posterior con-
centrates at a fast rate under similar Bernstein-type
assumptions. In contrast to these works, our analysis
does not rely on Bernstein or central conditions, which

control the variance relative to the risk. Instead, we
derive bounds based solely on the heavy-tailed mo-
ment properties. This provides theoretical guarantees
in regimes where the structural conditions required for
fast rates may not hold, albeit at the cost of a slower
convergence rate. Furthermore, our results can be ap-
plied to a wide range of methods, including uniform,
PAC-Bayesian and information-theoretical approaches.

Generalization error of the Gibbs posterior:
(Raginsky et al., 2016) provide an information-theoretic
upper bound with a convergence rate of O (1/n) for the
Gibbs posterior with a bounded loss function. (Asadi
and Abbe, 2020, Appendix D) provides an upper bound
on the excess risk of the Gibbs posterior under the sub-
Gaussian assumption. (Kuzborskij et al., 2019) focus
on the excess risk of the Gibbs posterior and establish
a similar generalization bound with a rate of O (1/n)
under the sub-Gaussian assumption. (Aminian et al.,
2021a) provide an exact characterization and an upper
bound on the expected generalization error. Although
these bounds are tight in terms of sample complexity,
they rely on restrictive assumptions such as bounded
or sub-Gaussian loss function.

4 EXTENSION OF BERNSTEIN’S
INEQUALITY

In this section, we provide an extension of Bernstein’s
inequality where can be useful in deriving our main
results. This result is based on an useful Lemma by
Behnamnia et al. (2025). All proof details are deferred
to Appendix B.
Lemma 4.1 (Lemma B.8, (Behnamnia et al., 2025)).
For x > 0, the following inequality holds for ϵ ∈ (0, 1],

exp(−x) ≤ 1− x+
x(1+ϵ)

1 + ϵ
. (8)

Note that for ϵ = 1, the inequality in Lemma 4.1
becomes the following known inequality:

exp(−x) ≤ 1− x+
x2

2
,

which has been widely utilized in different applications.
Remark 4.2. Lemma 28 in (Lugosi and Neu, 2023)
states that for y < 0 and ε ∈ [0, 1],

ey ≤ 1 + y + |y|1+ε.

Lemma 4.1 sharpens this inequality by replacing |y|1+ε

with |y|1+ε/(1 + ε), yielding a uniformly tighter bound
(strictly tighter for ε > 0, with equality when ε = 0).

In the following, we extend the one-sided Bernstein’s
inequality (Wainwright, 2019, Proposition 2.14) to the
heavy-tailed scenario using Lemma 4.1.
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Theorem 4.3. Suppose that X ≤ b and there exists
ϵ ∈ (0, 1] such that E[|X − b|1+ϵ] ≤ ∞. Then, we have
for λ > 0,

E[exp(λ(X − E[X])] ≤ exp
( λ1+ϵ

1 + ϵ
E[|X − b|1+ϵ]

)
, (9)

Furthermore, given n i.i.d samples such that Xi ≤ b for
all i ∈ [n], with probability at least 1− δ for δ ∈ (0, 1),
we have,

1

n

n∑
i=1

Xi − E[X] ≤ E
[
|X − b|1+ϵ

] 1
1+ϵ

×
( log(1/δ)

n

) ϵ
1+ϵ

(
ϵ+ 1

ϵ

) ϵ
ϵ+1

.

(10)

We can observe that when b = 0, if the (1 + ϵ)-th
moment of |X| is bounded for some ϵ ∈ (0, 1], Theo-
rem 4.3 gives a non-trivial bound, and for ϵ = 1, it
recovers Bernstein’s inequality. In the next section, we
use Lemma 4.1 to derive generalization bounds under
the heavy-tailed assumption.

5 GENERALIZATION BOUNDS

In this section, we provide generalization error bounds
via uniform, PAC-Bayesian, and information-theoretic
approaches under heavy-tailed loss function assumption
for linear empirical risk. We also compared our results
with other works related to the heavy-tailed assumption
in Table 1. More details are provided in the following
sections. All proof details are deferred to Appendix C.

5.1 Assumptions

We first provide assumptions which are needed to derive
generalization bounds, using uniform, PAC-Bayesian
and information-theoretical approaches.
Assumption 5.1 (Uniform Heavy-tailed Loss Func-
tion). There exists ϵ ∈ (0, 1] and αu ∈ R+, where sat-
isfies EZ̃∼µ[ℓ(h, z)

(1+ϵ)] ≤ αu uniformly for all h ∈ H.

Assumption 5.1 can be relaxed in the following as-
sumption which is made for the information theoretical
analysis.
Assumption 5.2 (Expected Heavy-tailed Loss Func-
tion). There exists ϵ ∈ (0, 1] and αε ∈ R+, such
that the loss function (H,Z) 7→ ℓ(H,Z) satisfies
EPH⊗µ[ℓ

(1+ϵ)(H,Z)] ≤ αε.

The assumption on (1+ ϵ)-th moment, Assumption 5.2,
can be satisfied if the loss function is sub-Gaussian or
sub-Exponential (Boucheron et al., 2013) under the
distribution µ ⊗ PH . Finally, we consider the follow-
ing assumption for our analysis on absolute expected
generalization error.

Assumption 5.3. There exists ϵ ∈ (0, 1] and αε ∈ R+,
such that the loss function (H,Z) 7→ ℓ(H,Z) satisfies
max

(
EPH⊗µ[ℓ

(1+ϵ)(H,Z)],EPH,Z
[ℓ(1+ϵ)(H,Z)]

)
≤ βε.

5.2 Uniform Bounds

Here, we provide uniform bound on generalization error
under Assumption 5.1. Using Theorem 4.3 with union
bound over different hypotheses, we have the following
uniform generalization error bound.

Theorem 5.4 (Uniform Bound). Under Assump-
tion 5.1, with probability at least (1− δ), and a finite
hypothesis space, the supremum generalization error
satisfies,

sup
h∈H

gen(h, S) ≤ α1/(1+ϵ)
u

(ϵ+ 1

ϵ

) ϵ
ϵ+1

×
( log (card(H)

)
+ log(1/δ)

n

) ϵ
1+ϵ

.

(11)

Theorem 5.4 assumed that the hypothesis space is fi-
nite; this is, for example, the case in classification
problems with a finite number of classes. If this as-
sumption is violated, we can apply the growth function
technique from (Bousquet et al., 2003; Vapnik, 1999).
Furthermore, the growth function can be bounded by
VC-dimension in binary classification (Vapnik, 1999)
or Natarajan dimension (Holden and Niranjan, 1995)
for multi-class classification scenarios. Note that the
VC-dimension and Rademacher complexity bounds are
uniform bounds and are independent of the learning
algorithms.

Comparison with existing uniform bounds: A
proof of Bernstein’s inequality via the inequality
exp(x) ≤ 1+x+x2/2 for x < 0 is proposed by Maurer
et al. (2003). We extend Bernstein’s inequality via
Lemma 4.1. An upper bound on generalization error
via VC-dimension and growth function under bounded
(1 + ϵ)-th moment for ϵ ∈ (0, 1] is proposed in (Cortes
et al., 2019, Corollary 12) which is motivated by relative
deviation generalization bounds in binary classification.
Furthermore, the final convergence rate for unbounded
loss is O(log(n)n

−ϵ
1+ϵ ) based on (Cortes et al., 2019,

Corollary 12). In contrast, we derive the results for a
multi-classification scenario with a better convergence
rate of O(n

−ϵ
1+ϵ ).

5.3 PAC-Bayesian Bounds

Inspired by previous works on PAC-Bayesian the-
ory (Alquier et al., 2024; Catoni, 2004), we derive
a high probability bound on the generalization error
with respect to the posterior distribution over the hy-
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Table 1: Comparison of our work with existing literature for heavy-tailed losses: Key features of our results
include support for detailed assumption with a focus on bounded second moments or heavy-tailed assumptions,
methodological approaches along convergence rate with respect to number of samples n.

Work Assumption Details Approach Convergence Rate

(Cortes et al., 2019) Bounded (1+ϵ)-th moment of
loss for ϵ ∈ (0, 1]

Uniform O(log(n)n−ϵ/(1+ϵ))

(Alquier and Guedj, 2018) Bounded second moment PAC-Bayesian O(n−1/2)

(Kuzborskij and Szepesvári, 2019) Bounded second moment PAC-Bayesian O(n−1/2)

(Haddouche and Guedj, 2022) Bounded second moment with
parameter selection

PAC-Bayesian O(n−1/2)

(Zhang et al., 2024) Bounded second moment with
exponential moment on finite
intervals

PAC-Bayesian O(n−1/2)

(Holland, 2019) Bounded second and third mo-
ments

PAC-Bayesian O(n−1/2)

(Lugosi and Neu, 2022) Bounded worst-case (1 + ϵ)-
moment for centered loss for
ϵ ∈ (0, 1]

Information-theoretic O(n−ϵ/(1+ϵ)),

Our Work Bounded (1+ϵ)-th moment of
loss function for ϵ ∈ (0, 1]

Uniform,
Information-theoretic,

PAC-Bayesian
O(n−ϵ/(1+ϵ)),

pothesis space. We have the following PAC-Bayesian
upper bound,

Theorem 5.5 (PAC-Bayesian Bound). Under Assump-
tion 5.1, with probability at least (1− δ) under distri-
bution PS, we have for any η > 0,

Eρh
[gen(H,S)] ≤ ηϵαu

nϵ(1 + ϵ)
+

KL(ρh∥Qh) + log(1/δ)

η
.

(12)

Remark 5.6. Choosing η such that η−1 ≍ n
−ϵ
1+ϵ results

in a theoretical guarantee on the convergence rate of
O(n

−ϵ
1+ϵ ).

Comparison with existing PAC-Bayesian
bounds: Some works studied unbounded loss
function via the PAC-Bayesian approach. Heavy-tailed
loss functions under data-generating distribution are
studied by (Alquier and Guedj, 2018, Proposition 4)
where probability bounds (non-high probability) are
developed under bounded second-moment assumptions.
(Kuzborskij and Szepesvári, 2019; Viallard et al., 2024)
and (Haddouche and Guedj, 2022) also provide bounds
for losses with a bounded second moment using the
PAC-Bayesian approach. The bounds in (Haddouche
and Guedj, 2022) rely on a parameter that must be
selected before the training data is drawn. In contrast,
we provide for a general case under bounded (1 + ϵ)-th
moment for ϵ ∈ (0, 1]. In contrast, our bounds are free
of this parameter selection. Recently, (Zhang et al.,
2024) proposed an upper bound on generalization
error using the PAC-Bayesian approach and defining

exponential moment on finite intervals, which holds for
bounded second-moment condition. However, it is not
shown that it also holds for (1 + ϵ)-th moment with
ϵ < 1. Using a different estimator than empirical risk,
PAC-Bayes bounds for losses with bounded second
and third moments are developed by Holland (2019).
Notably, their bounds include a term that can increase
with the number of samples n.

5.4 Information-Theoretic Bounds

In the following, we present the results based on
information-theoretic approaches.

Theorem 5.7. Suppose that Assumption 5.2 holds.
Then,

gen(H,S) ≤ 1

n

n∑
i=1

2

1 + ϵ

(
I(H;Zi)

)ϵ/(1+ϵ)
α1/(1+ϵ)
ε .

(13)

Sketch of proof. We first provide an upper bound on
Eµ⊗PH

[exp
(
λℓ(H,Zi)

)
] via Lemma 4.1 for λ < 0. We

then apply Donsker’s representation of KL divergence
to derive the final result.

Corollary 5.8. Assuming the same assumption in
Theorem 5.7 and bounded I(H;S), then we have the
convergence rate of O(n

−ϵ
1+ϵ ).
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5.5 Absolute Expected Generalization Error

Next, we provide an upper bound on the absolute value
of expected generalization error with a convergence
rate of O(nζ−1) for 1 > ζ > 0 under the heavy-tailed
assumption. For this purpose, we utilize the following
lemma.
Lemma 5.9 (Lemma 5.2 in (Behnamnia et al., 2025)).
Suppose that X > 0 and γ < 0, then we have for
ϵ ∈ (0, 1],

Var(exp(γX)) ≤ |γ|1+ϵE[X1+ϵ]. (14)

We can also assume that the (1 + ϵ)-th moment of the
loss function is uniformly bounded over the hypothesis
space, i.e.,

EZ∼µ

[
sup
h∈H

ℓ1+ϵ(h, Z)
]
≤ βε. (15)

However, we have

max
(
EPH⊗µ[ℓ

(1+ϵ)(H,Z)],EPH,Z
[ℓ(1+ϵ)(H,Z)]

)
≤ EZ [sup

h∈H
ℓ1+ϵ].

Therefore, Assumption 5.3 is more relaxed in compari-
son with (15).

In the following, we provide an upper bound on the
absolute of expected generalization error.
Theorem 5.10. Under Assumption 5.3, we can de-
rive the following upper bound on absolute expected
generalization error if I(H;S)

n ≤ |λ|1+ϵβε

2 holds, then∣∣∣gen(H,S)
∣∣∣ ≤ 1

|λ|

√
2|λ|1+ϵβε

I(H;S)

n
+

|λ|ϵβε

1 + ϵ
(16)

and if I(H;S)
n > |λ|1+ϵβε

2 holds, then we have∣∣∣gen(H,S)
∣∣∣ ≤ I(H;S)

|λ|n
+

2|λ|ϵβε

1 + ϵ
. (17)

Sketch of proof. Leveraging the sup-exponential upper
bounds on expected generalization error from (Aminian
et al., 2021a), we derive an upper bound on∣∣∣EPH⊗µ[exp(λℓ(H, Z̃))]−EPH,S

[
1

n

n∑
i=1

exp(λℓ(H,Zi))]
∣∣∣,

in terms of Var(exp(λℓ(H, Z̃))). We then apply
Lemma 5.9 to further refine the bound. Finally, us-
ing Lemma 4.1 and the inequality 1 + x ≤ exp(x), we
complete the proof.

Remark 5.11. Assuming |λ|−1 = n1/(1+ϵ), we have
the convergence rate of O(n−ϵ/(1+ϵ)). Furthermore,
assuming negligible βε → 0, we can achieve convergence
rate of O(nζ−1) for 1 > ζ > 0 by choosing |λ| =
n−ζ . For example, choosing ζ = 1 − ϵ, we have the
convergence rate of O(n−ϵ).

Comparison with Existing Information-
Theoretic Bounds: For ϵ = 1, Theorem 5.7
achieves the same convergence rate as (Bu et al., 2020),
while requiring only the second-moment assumption,
which is weaker than their sub-Gaussian assumption.
(Steinke and Zakynthinou, 2020) derived an upper
bound on the expected generalization error under the
condition that the worst-case second moment of the
loss function is bounded (EZ∼µ[suph∈H ℓ2(h, Z)] < ∞).
In contrast, our result has two key advantages: it holds
for ϵ < 1 and requires a more relaxed second-moment
assumption, namely boundedness under the product
measure µ ⊗ PH . (Lugosi and Neu, 2022) proposed
an approach using the convexity of information
measures and derived an upper bound on the expected
generalization error by assuming the bounded second
moment and in terms of mutual information. In con-
trast to (Lugosi and Neu, 2022), our second-moment
assumption is more relaxed, being based on the
expected version with respect to the distribution over
the hypothesis set and the data-generating distribution.
Furthermore, our information-theoretic upper bound
in Theorem 5.7 holds for a more relaxed assumption
where (1 + ϵ)-th moment is needed to be bounded.
In particular, (Lugosi and Neu, 2022, Corollary 5) is
based on α-divergence for ϵ < 1, and the bounded
moment assumption holds for centred loss function,
suph∈H |ℓ(h, Z) − E[ℓ(h, Z̃)]|. In addition, we can
extend our result to improve the results in (Aminian
et al., 2021a) and derive the upper bound on the
Gibbs posterior under a more relaxed assumption (see
Section 6).

6 APPLICATIONS

We now provide some applications of our main results in
KL-regularized empirical risk minimization and noisy
iterative learning algorithms. All proof details are
deferred to Appendix D.

6.1 KL-Regularized Empirical Risk
Minimization

Next, we study the upper bound on the generalization
error under the Gibbs posterior (Xu and Raginsky,
2017; Zhang, 2006). As outlined in (Aminian et al.,
2021a), the Gibbs posterior is motivated by various
scenarios, including information risk minimization and
distribution over hypothesis due to the SGLD algo-
rithm. The solution to the regularized ERM problem,

arg inf
PH|S

{
EPH,S

[R̂(H,S)]+
1

γ
KL(PH|S∥π(H)|PS)

}
,

(18)
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corresponds to the Gibbs posterior, which is defined
as:

P γ
H|S ≜

π(H) e−γR̂(H,S)

V (S)
, γ ≥ 0, (19)

where γ is also called the inverse temperature and V (S)
is the normalization factor. In the following, we derive
an upper bound on its expected generalization error.
Theorem 6.1. Under Assumption 5.2, the following
upper bound holds on the expected generalization error
of the Gibbs posterior,

0 ≤ gen(H,S) ≤
( 2

1 + ϵ

)ϵ+1

αε

(γ
n

)ϵ

. (20)

Sketch of proof. In (Aminian et al., 2021a, Theo-
rem 1), an exact characterization of the Gibbs pos-
terior is derived for the general loss function in
terms of ISKL(H;S). Using the fact that I(H;S) ≤
ISKL(H;S) and combining with Theorem 5.7 complete
the proof.

Inspired by (Xu and Raginsky, 2017, Corollary 3), we
can derive an upper bound on the excess risk of the
Gibbs posterior under the heavy-tailed assumption.
Proposition 6.2. Assume that the loss function is
L-Lipschitz for all z ∈ Z and let H ⊆ Rd. Then, under
the Gibbs posterior, we have,

E(H,µ) ≤
( 2

1 + ϵ

)ϵ+1

αε

(γ
n

)ϵ

+
1

γ
KL

(
N
(
h⋆, β2Id

)
∥π(H)

)
+ Lβ

√
d,

(21)

where h⋆ = arg infh∈H R(h, µ) and we assumed that
KL

(
N
(
h⋆, β2Id

)
∥π(H)

)
< ∞ for given π(H).

Remark 6.3. Assuming π(H) = N (hQ, β
2Id) and

choosing γ and β such that γ ≍ n
3ϵ

2(1+ϵ) and
β ≍ n

−ϵ
2(1+ϵ) , results in a convergence rate of

O
(
max

(
n

−ϵ
2(1+ϵ) , n

ϵ(ϵ−2)
2(1+ϵ)

))
. For ϵ = 1, we recover

the convergence rate of O(n−1/4) in (Xu and Ragin-
sky, 2017) under bounded second-moment assumption
which is more relaxed in comparison with sub-Gaussian
assumption.

Gibbs Posterior Comparison: In (Aminian et al.,
2021a, Theorem 3), authors derive an upper bound on
the expected generalization error of the Gibbs posterior
under the assumption of a sub-Gaussian loss function.
In contrast, we achieve similar convergence with ϵ = 1
under a weaker assumption - requiring only bounded
second moments rather than sub-Gaussianity. Further-
more, our bound in Theorem 6.1 also holds for ϵ < 1
which is novel. Furthermore, we derive an upper bound
on excess risk of the Gibbs posterior under heavy-tailed
assumption.

6.2 Noisy Iterative Learning Algorithms

In this section, we leverage our information-theoretic
result to derive an upper bound on the generalization
error for the Stochastic Gradient Langevin Dynamics
(SGLD) algorithm, building on the results presented
in (Pensia et al., 2018). For this aim, we adopt the
notation introduced in (Pensia et al., 2018) to formalize
the behaviour of noisy iterative learning algorithms.

Let the parameter vector at iteration t be represented
by Ht ∈ Rd, with H0 ∈ H denoting an arbitrary ini-
tialization. At each iteration t ≥ 1, a data point
Zt ⊆ S is sampled, and a direction F (Ht−1, Zt) ∈ Rd

is computed, where for SGLD we have F (Ht−1, Zt) =
∇hℓ(Ht−1, Zt). The update step involves scaling this
direction by a stepsize ηt and adding isotropic Gaus-
sian noise ξt ∼ N (0, ηtId) where the variance of noise
is proportional to stepsize η, resulting in the following
iterative update:

Ht = Ht−1 − ηt∇hℓ(Ht−1, Zt) + ξt, ∀t ≥ 1. (22)

We also made the following assumptions.
Assumption 6.4. The derivative of loss function is
bounded, suph∈H,z∈Z ∥∇hℓ(h, z)∥2 ≤ L, for some L >
0.
Assumption 6.5. The sampling strategy is indepen-
dent from the previous iterates of the parameter vec-
tors:

P (Zt+1 | Z(t), H(t), S) = P (Zt+1 | Z(t), S).

where Z(t) = {Z1, · · · , Zt} and H(t) = {H1, · · · , Ht}.

Note that the bounded gradient can hold due to the
clipped gradient approach in practice. Combining (Pen-
sia et al., 2018, Theorem 1) with Theorem 5.7, we can
derive the following upper bound on expected general-
ization error under the SGLD algorithm.
Theorem 6.6. Under Assumptions 5.2, 6.4 and 6.5,
we can derive the following upper bound on the expected
generalization error,

gen(H,S) ≤ 2

(1 + ϵ)nϵ/(1+ϵ)
α1/(1+ϵ)
ε

×
(L2

2

T∑
t=1

ηt

)ϵ/(1+ϵ)

.

(23)

The convergence rate of the expected generalization
error for SGLD under a heavy-tailed loss function is
observed to be O(n

−ϵ
1+ϵ ).

7 FUTURE WORKS

Since our theoretical tools are novel, they can be applied
to other theoretical results and extended to heavy-tailed
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scenarios. Below, we outline some potential extensions
of our work.

Upper bound based on conditional mutual information:
We aim to extend our approach to derive an upper
bound on the expected generalization error in terms of
conditional mutual information (Steinke and Zakynthi-
nou, 2020) under heavy-tailed assumptions.

Noisy Iterative learning algorithms: Our results can
be applied to establish upper bounds for SGLD us-
ing an information-theoretic approach based on data-
dependent estimates, as proposed by Negrea et al.
(2019), as well as to derive an information-theoretic
bound for SGD based on (Neu et al., 2021). Further-
more, we can apply our results to perturbed SGD,
noisy momentum and accelerated gradient descent as
discussed in (Pensia et al., 2018).

Other methods: Leveraging our theoretical tools, it is
possible to derive an upper bound using Rademacher
complexity (Bartlett and Mendelson, 2002; Golowich
et al., 2018) and stability approaches (Bousquet and
Elisseeff, 2002; Bousquet et al., 2020; Mou et al., 2017;
Chen et al., 2018; Aminian et al., 2023). For these
methods, we need to extend McDiarmid’s inequality
under the heavy-tailed assumption.

Bernstein’s Condition: For a faster convergence rate
in PAC-Bayesian, one approach is to assume Bernstein
condition (Alquier et al., 2024). Applying our approach
under a modified version of Bernstein’s condition for a
heavy-tailed scenario is an interesting direction.

Two-sided Bounds: The uniform bound in Theorem 5.4,
the PAC-Bayesian bound in Theorem 5.5, and the
information-theoretic bound in Theorem 5.7 are all
one-sided. By contrast, Theorem 5.10 provides an
upper bound on the absolute expected generalization
error which is two-sided bound on generalization error.
Extending the uniform and PAC-Bayesian frameworks
to derive bounds on the absolute generalization error
remains an interesting direction for future research.

8 CONCLUSION

In this paper, we extended some previous results on
generalization error of learning algorithms and concen-
tration inequality to support the heavy-tailed scenario.
We first extended Bernstein’s inequality to support the
heavy-tailed random variables, providing a critical tool
for analyzing learning systems under less restrictive
assumptions. Then, we investigated the generalization
error in the presence of heavy-tailed data distributions.
Specifically, we derived bounds on the generalization
error using uniform, PAC-Bayesian, and information-
theoretic frameworks. These bounds establish theoret-
ical guarantees with a convergence rate of O(n

−ϵ
(1+ϵ) )

under the assumption of a heavy-tailed loss function,
characterized by a bounded (1+ϵ)-th moment for some
ϵ ∈ (0, 1]. Additionally, we presented an upper bound
on the expected generalization error and excess risk
of the Gibbs posterior in the context of heavy-tailed
loss functions. Our analysis is further extended to
noisy iterative learning algorithms, where we derived
bounds on their expected generalization error under
similar heavy-tailed assumptions with additional as-
sumptions on noisy iterative algorithms. These results
provide valuable insights into the behavior of learning
algorithms in non-ideal conditions, contributing to a
deeper understanding of generalization in the presence
of heavy-tailed distributions.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes] (Problem setup, heavy-tailed definition,
risks, and learning kernel PH|S in Secs. 2–2.2.)

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Not Applicable] (No novel algorithm; appli-
cations analyze Gibbs posterior/SGLD theo-
retically without runtime analysis.)

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Not Applicable] (Purely
theoretical paper; no code is released.)

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes] (See Assumptions
5.1, 5.5, 5.9.)

(b) Complete proofs of all theoretical re-
sults. [Yes] (Proofs in Appendices B–D for
Secs. 4–6.)

(c) Clear explanations of any assumptions. [Yes]
(Heavy-tailed notion and learning setting ex-
plained in Sec. 2; discussion around Thm. 5.3
and related remarks.)

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [Not Applicable] (No experiments are
included.)

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Not
Applicable] (No experiments are included.)

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Not Applicable] (No experi-
ments are included.)

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable] (No experi-
ments are included.)

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses
existing assets. [Not Applicable] (No external
assets beyond literature citations.)

(b) The license information of the assets, if appli-
cable. [Not Applicable] (No external assets
are used.)

(c) New assets either in the supplemental material
or as a URL, if applicable. [Not Applicable]
(No new assets are released.)

(d) Information about consent from data
providers/curators. [Not Applicable] (No
data is used.)

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable] (No data is
used.)

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable] (No
human-subjects research.)

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable] (No
human-subjects research.)

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable] (No
human-subjects research.)
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A Technical Tools

Lemma A.1 (Bernstein’s Inequality, Proposition 2.10 in Wainwright, 2019). Suppose that S = {Zi}ni=1 are i.i.d.
random variable such that |Zi −E[Z]| ≤ R almost surely for all i, and Var(Z) = σ2. Then the following inequality
holds with probability at least (1− δ) under PS,∣∣∣E[Z]− 1

n

n∑
i=1

Zi

∣∣∣ ≤ √
4σ2 log(2/δ)

n
+

4R log(2/δ)

3n
. (24)

Lemma A.2 (Donsker’s representation of KL divergence, Theorem 4.6 in Polyanskiy and Wu, 2022). Let us
consider the variational representation of the KL divergence between two probability distributions P and Q on a
common space X given by:

KL(P ||Q) = sup
f

[ ∫
X
f(x)P (dx)− log

∫
X
ef(x)Q(dx)

]
, (25)

where f ∈ G = {g : X → R, s.t. EX∼Q[e
g(X)] < ∞}.

Lemma A.3 (Pardo, 2018). Consider P = N (hp, apId) and Q = N (hq, aqId), where, hp, hq ∈ Rd. Then, we
have,

KL(P∥Q) =
1

2

(
d
aP
aQ

+
∥hq − hp∥22

aq
− d+ d log

(
aq
ap

))
. (26)

Lemma A.4. For all x ∈ R, we have 1 + x ≤ exp(x).
Lemma A.5. Suppose that X > 0 and E[X1+ϵ] ≤ U . Then, we have for all λ < 0,

E
[
eλ(X−E[X])

]
≤ e

|λ|1+ϵU
1+ϵ . (27)

Proof. From Lemma 4.1, we have,

E
[
eλX

]
≤ 1 + λE[X] +

|λ|1+ϵE[X1+ϵ]

1 + ϵ

≤ eλE[X]+
|λ|1+ϵE[X1+ϵ]

1+ϵ .

(28)

The final result follows from rearranging terms.

Lemma A.6 (Chernoff Bound Section 2.1.1. in (Wainwright, 2019)). Let X be a random variable with moment-
generating function MX(t) = E[etX ]. Then, for any t > 0, the probability that X exceeds a threshold s satisfies

Pr(X ≥ s) ≤ inf
t>0

MX(t)

ets
.

Similarly, for any t < 0,

Pr(X ≤ s) ≤ inf
t<0

MX(t)

ets
.

B Proofs and Details of Section 4

Theorem 4.3. (restated) Suppose that X ≤ b and there exists ϵ ∈ (0, 1] such that E[|X − b|1+ϵ] ≤ ∞.
Then, we have,

E[exp(λ(X − E[X])] ≤ exp
( λ1+ϵ

1 + ϵ
E[|X − b|1+ϵ]

)
, (29)

Furthermore, given n i.i.d samples such that Xi ≤ b for all i ∈ [n], with probability at least 1 − δ for
δ ∈ (0, 1), we have,

1

n

n∑
i=1

Xi − E[X] ≤ E[|X − b|1+ϵ]1/(1+ϵ)
( log(1/δ)

n

) ϵ
1+ϵ

(
ϵ+ 1

ϵ
)(

ϵ
ϵ+1 ). (30)
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Proof. If X ≤ b and λ > 0, then we have λ(X − b) ≤ 0, using Lemma 4.1 applied to −λ(X − b), we obtain

E[exp(λ(X − b))] ≤ 1 + λE[X − b] +
λ1+ϵ

1 + ϵ
E[|X − b|1+ϵ]. (31)

Consequently, multiplying both sides of (31) by exp(−λ(E[X]− b)), we obtain

E[exp(λ(X − E[X])] ≤ exp(−λ(E[X]− b))
(
1 + λE[X − b] +

λ1+ϵ

1 + ϵ
E
[
|X − b|1+ϵ

])
≤ exp(−λ(E[X]− b))

(
exp

(
λE[X − b] +

λ1+ϵ

1 + ϵ
E
[
|X − b|1+ϵ

]))
= exp

( λ1+ϵ

1 + ϵ
E[|X − b|1+ϵ]

)
,

(32)

where the last inequality follows from Lemma A.4. The proof is completed by using the Chernoff bound in
Lemma A.6.

C Proofs and Details of Section 5

Theorem 5.4. (restated) Under Assumption 5.1, with probability at least (1− δ), and a finite hypothesis
space, the supremum generalization error satisfies,

sup
h∈H

gen(h, S) ≤ α1/(1+ϵ)
u

[
log

(
card(H)

)
+ log(1/δ)

] ϵ
1+ϵ

(
ϵ+ 1

ϵ
)(

ϵ
ϵ+1 ). (33)

Proof. From Theorem 4.3, by choosing b = 0 and having Xi ≤ 0, we have,

1

n

n∑
i=1

Xi − E[X] ≤ E[|X|1+ϵ]1/(1+ϵ)
( log(1/δ)

n

) ϵ
1+ϵ

(
ϵ+ 1

ϵ
)(

ϵ
ϵ+1 ). (34)

Assuming the change of variable Yi = −Xi, we have Yi ≥ 0 and,

E[Y ]− 1

n

n∑
i=1

Yi ≤ E[|Y |1+ϵ]1/(1+ϵ)
( log(1/δ)

n

) ϵ
1+ϵ

(
ϵ+ 1

ϵ
)(

ϵ
ϵ+1 ). (35)

Assuming Yi = ℓ(h,Zi), the final results hold by applying the union bound.

Theorem 5.5. (restated) Under Assumption 5.1 under distribution PS, with probability at least (1− δ),
we have for any η > 0,

Eρh
[gen(H,S)] ≤ ηϵαu

nϵ(1 + ϵ)
+

KL(ρh∥Qh) + log(1/δ)

η
. (36)

Proof. Using Lemma A.5, we have for λ < 0,

E
[
e|λ|

(
EZ̃∼µ[

ℓ(h,Z̃)
n ]− ℓ(h,Zi)

n

)]
≤ e

|λ|1+ϵαu
n1+ϵ(1+ϵ) (37)

Using i.i.d. assumption with (37), we have,

E
[
e|λ|

(
EZ̃∼µ[ℓ(h,Z̃)]−R̂(h,S)

)]
= Πn

i=1E
[
e|λ|

(
EZ̃∼µ[

ℓ(h,Z̃)
n ]− ℓ(h,Zi)

n

)]
≤ e

|λ|1+ϵαu
nϵ(1+ϵ) .

(38)
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Using Donsker and Varadhan’s variational formula, we have ∀ρh ∈ P(H),

E
[
e|λ|Eρh

[gen(H,S)]− |λ|1+ϵαu
nϵ(1+ϵ)

−KL(ρh∥Qh)

]
≤ 1. (39)

Then, using Chernoff bound, Lemma A.6 for t = 1 and s > 0, we have,

PS

(
|λ|Eρh

[gen(H,S)]− |λ|1+ϵαu

nϵ(1 + ϵ)
−KL(ρh∥Qh) > s

)
≤ E

[
e|λ|Eρh

[gen(H,S)]− |λ|1+ϵαu
nϵ(1+ϵ)

−KL(ρh∥Qh)

]
e−s

≤ e−s.

(40)

Now setting e−s = δ and s = log(1/δ), we obtain the following:

PS

(
|λ|Eρh

[gen(H,S)]− |λ|1+ϵαu

nϵ(1 + ϵ)
−KL(ρh∥Qh) > log(1/δ)

)
≤ δ. (41)

This in turn implies

PS

(
Eρh

[gen(H,S)] >
|λ|ϵαu

nϵ(1 + ϵ)
+

KL(ρh∥Qh) + log(1/δ)

|λ|

)
≤ δ. (42)

Taking the complement completes the proof.

Remark 5.6 Discussion:

Let C(H) = KL(ρh||Qh) + log(1/δ). The bound in Theorem 5.5 is given by:

g(η) =
αuη

ϵ

nϵ(1 + ϵ)
+

C(H)

η
.

To find the optimal η, we take the derivative with respect to η and set it to zero:

∂g(η)

∂η
=

ϵαuη
ϵ−1

nϵ(1 + ϵ)
− C(H)

η2
= 0.

Solving for η⋆, we obtain:

η⋆ =

(
nϵ(1 + ϵ)C(H)

ϵαu

) 1
1+ϵ

= n
ϵ

1+ϵ

(
(1 + ϵ)C(H)

ϵαu

) 1
1+ϵ

.

Substituting η∗ back into g(η), we recover the convergence rate of O(n− ϵ
1+ϵ ) with the explicit constant:

g(η⋆) =
1

n
ϵ

1+ϵ
· α

1
1+ϵ
u C(H)

ϵ
1+ϵ

(
1 + ϵ

ϵ

) ϵ
1+ϵ

.

Theorem 5.7. (restated) Suppose that Assumption 5.2 holds. Then,

gen(H,S) ≤ 1

n

n∑
i=1

2

1 + ϵ

(
D(PZi,H∥µ⊗ PH)

)ϵ/(1+ϵ)Eµ⊗PH

[
ℓ(H,Zi)

(1+ϵ)
]1/(1+ϵ)

. (43)

Proof. Note that we have

gen(H,S) =
1

n

n∑
i=1

EPH⊗µ[ℓ(h, Zi)]− EPH,Zi
[ℓ(H,Zi)]. (44)
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We first provide an upper bound on EPH⊗µ[ℓ(h, Zi)]− EPH,Zi
[ℓ(H,Zi)] using Lemma A.2. From Lemma A.2, we

know that for any λ ∈ R−,

D(PZi,H∥µ⊗ PH) ≥ EPZi,H
[λℓ(H,Zi)]− logEµ⊗PH

[eλℓ(H,Zi)]. (45)

For λ < 0 and using Lemma 4.1 and Lemma A.4, we have

Eµ⊗PH
[exp

(
λℓ(H,Zi)

)
] ≤ 1 + λEµ⊗PH

[ℓ(H,Zi)] +
|λ|(1+ϵ)

1 + ϵ
Eµ⊗PH

[ℓ(H,Zi)
(1+ϵ)]

≤ exp
(
λEµ⊗PH

[ℓ(H,Zi)] +
|λ|(1+ϵ)

1 + ϵ
Eµ⊗PH

[ℓ(H,Zi)
(1+ϵ)]

)
.

(46)

This implies

log
(
Eµ⊗PH

[exp
(
λℓ(H,Zi)

)
]
)
≤ λEµ⊗PH

[ℓ(H,Zi)] +
|λ|(1+ϵ)

1 + ϵ
Eµ⊗PH

[ℓ(H,Zi)
(1+ϵ)]. (47)

Combining (47) with (45) gives

D(PZi,H∥µ⊗ PH) ≥ EPZi,H
[λℓ(H,Zi)]− logEµ⊗PH

[eλℓ(H,Zi)]

≥ λ
(
EPZi,H

[ℓ(H,Zi)]− Eµ⊗PH
[ℓ(H,Zi)]

)
− |λ|(1+ϵ)

1 + ϵ
Eµ⊗PH

[ℓ(H,Zi)
(1+ϵ)].

(48)

Rearranging (48), we have for λ < 0,

Eµ⊗PH
[ℓ(H,Zi)]− EPZi,H

[ℓ(H,Zi)] ≤
D(PZi,H∥µ⊗ PH)

−λ
+

|λ|ϵ

1 + ϵ
Eµ⊗PH

[ℓ(H,Zi)
(1+ϵ)]. (49)

Choosing λ = − (1+ϵ)
(
D(PZi,H

∥µ⊗PH)
)1/(1+ϵ)

Eµ⊗PH

[
ℓ(H,Zi)(1+ϵ)

]1/(1+ϵ) , we have,

Eµ⊗PH
[ℓ(H,Zi)]− EPZi,H

[ℓ(H,Zi)]

≤ 2

1 + ϵ

(
D(PZi,H∥µ⊗ PH)

)ϵ/(1+ϵ)Eµ⊗PH

[
ℓ(H,Zi)

(1+ϵ)
]1/(1+ϵ)

.
(50)

The result follows by noting that I(Zi;H) = D(PZi,H∥µ⊗ PH).

Corollary 5.8. (restated) Assuming bounded I(H;S), then we have the convergence rate of O(n
−ϵ
1+ϵ ) for

the upper bound in Theorem 5.7.

Proof. Due to the i.i.d. assumption, we have,

gen(H,S) ≤ 1

n

n∑
i=1

2

1 + ϵ

(
I(H;Zi)

)ϵ/(1+ϵ)
α1/(1+ϵ)
ε

≤
[ 1
n

n∑
i=1

I(H;Zi)
] ϵ

1+ϵ

α1/(1+ϵ)
ε

≤
[I(H;S)

n

] ϵ
1+ϵ

α1/(1+ϵ)
ε ,

(51)

where the last inequality follows from chain rule property of mutual information.
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D Proofs and Details of Section 6

Theorem 6.1. (restated) Assume that Assumption 5.2 holds. Then, the following upper bound holds on
the expected generalization error of the Gibbs posterior,

0 ≤ gen(H,S) ≤
( 2

1 + ϵ

)ϵ+1

αε

(γ
n

)ϵ

. (52)

Proof. From (Aminian et al., 2021a, Theorem 1), we know that for all loss functions we have,

gen(H,S) =
ISKL(H;S)

γ
, (53)

where ISKL(H;S) is the symmetrized KL information as defined in (Aminian et al., 2015). Note that, we have
I(H;S) ≤ ISKL(H;S). Using Theorem 5.7, we have

I(H;S)

γ
≤ gen(H,S) ≤

(I(H;S)

n

) ϵ
1+ϵ

α1/(1+ϵ)
ε . (54)

Therefore, we have,

I(H;S)

γ
≤

(I(H;S)

n

) ϵ
1+ϵ

α1/(1+ϵ)
ε , (55)

where results in,

I(H;S)
ϵ

1+ϵ ≤ γϵ

n
ϵ2

1+ϵ

αϵ/(1+ϵ)
ε . (56)

The final result holds by combining (56) with the upper bound in (51).

Proposition 6.2. (restated) Assume that the loss function is L-Lipschitz for all z ∈ Z and let H ∈ Rd.
Then, under the Gibbs posterior, we have,

E(H,µ) ≤
( 2

1 + ϵ

)ϵ+1

αε

(γ
n

)ϵ

+
1

γ
KL

(
N
(
h⋆, β2Id

)
∥π(H)

)
+ Lβ

√
d, (57)

where h⋆ = arg infh∈H R(h, µ) and we assumed that KL
(
N
(
h⋆, Id√

γ

)
, π(H)

)
< ∞ for given π(H).

Proof. We consider the following decomposition of the excess risk,

E(H,µ) = gen(H,S) + EPH,S
[R̂(H,S)]− inf

h∈H
R(h, µ). (58)

Then, for bounding gen(H,S) we can apply Theorem 6.1. Note that under the Gibbs posterior, we have

EPγ
H|SPS

[R̂(H,S)] ≤ EPγ
H|SPS

[R̂(H,S)] +
1

γ
KL(P γ

H|S∥π(H)|PS)

≤ EQHPS
[R̂(H,S)] +

1

γ
KL(QH∥π(H)|PS)

= EQH
[R(H,µ)] +

1

γ
KL(QH∥π(H)|PS),

(59)

where QH = N
(
h⋆, β2Id

)
. Thus,

EQH
[R(H,µ)] = EQH

[R(h⋆, µ) + R(H,µ)− R(h⋆, µ)]

≤ R(h⋆, µ) + LEQH
[∥H − h⋆∥2]

= βL
√
d.

(60)

It completes the proof.



Generalization Bounds Under Heavy-Tailed Losses

Remark 6.3 Discussion: From Lemma A.3, we have,

KL(N (h⋆, β2Id)∥N (hQ, β
2Id)) =

∥h⋆ − hQ∥22
2β2

. (61)

Using (61) in Proposition 6.2, we have,

E(H,µ) ≤
( 2

1 + ϵ

)ϵ+1

αε

(γ
n

)ϵ

+
∥h⋆ − hQ∥22

2γβ2
+ Lβ

√
d. (62)

Choosing γ ≍ n
3ϵ

2(1+ϵ) and β ≍ n
−ϵ

2(1+ϵ) , we have,

E(H,µ) ≤
( 2

1 + ϵ

)ϵ+1

αε
1

n
ϵ(2−ϵ)
2(1+ϵ)

+
∥h⋆ − hQ∥22
2n

ϵ
2(1+ϵ)

+
L
√
d

n
ϵ

2(1+ϵ)
. (63)

Therefore, the final convergence rate is O
(
max

(
n

−ϵ
2(1+ϵ) , n

ϵ(ϵ−2)
2(1+ϵ)

))
.

Theorem 6.6. (restated) Under Assumptions 5.2, 6.4 and 6.5, we can derive the following upper bound
on the expected generalization error,

gen(H,S) ≤ 2

(1 + ϵ)nϵ/(1+ϵ)

(L2

2

T∑
t=1

ηt

)ϵ/(1+ϵ)

α1/(1+ϵ)
ε . (64)

Proof. From (Pensia et al., 2018, Theorem 1), under Assumptions 6.4 and 6.5, we have,

I(H(T );S) ≤ L2

2

T∑
t=1

ηt. (65)

From (51), we have,

gen(H,S) ≤
[I(H(T );S)

n

] ϵ
1+ϵ

α1/(1+ϵ)
ε . (66)

The final result follows from combining (65) with (66).

Lemma 5.9. Suppose that X > 0 and γ < 0, then we have for ϵ ∈ (0, 1],

Var(exp(γX)) ≤ |γ|1+ϵE[X1+ϵ]. (67)

We mention the similar proof in (Behnamnia et al., 2025).

Proof. By the mean value theorem, for each realisation X(ω) of X for an element ω of its underlying probability
space there is a value c(ω) in the interval between X(ω) and C ∈ R+ such that

exp(γX(ω))− exp(γC) = γ(X − C) exp(γc(ω)).
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As X > 0 we have c(ω) > 0. Moreover,

Var(exp(γX)) = E[(exp(γX)− E[exp(γX)])2]

(a)
= min

C∈R+
E[(exp(γX)− exp(γC))2]

= min
C∈R+

E[| exp(γX)− exp(γC)|1+ϵ| exp(γX)− exp(γC)|1−ϵ]

(b)

≤ min
C∈R+

E[|γ|1+ϵ exp((1 + ϵ)γc)|X − C|1+ϵ| exp(γX)− exp(γC)|1−ϵ]

(c)

≤ min
C∈R+

E[|γ|1+ϵ exp((1 + ϵ)γc)|X − C|1+ϵ]

(d)

≤ |γ|1+ϵE[X1+ϵ],

where (a) follows from the minimum mean square representation, (b) follows from the mean-value theorem, and
(c) follows from the fact that | exp(γX)− exp(γC)| ≤ 1. (d) follows from choosing C = 0 and the fact that the
γX is negative and we have exp((1 + ϵ)γc) ≤ 1.

Theorem 5.10. Under Assumption 5.3, we can derive the following upper bound on absolute expected
generalization error,

∣∣∣gen(H,S)
∣∣∣ ≤

 1
|λ|

√
2|λ|1+ϵβε

I(H;S)
n + |λ|ϵβε

1+ϵ if I(H;S)
n ≤ |λ|1+ϵβε

2
I(H;S)
|λ|n + 2|λ|ϵβε

1+ϵ if I(H;S)
n > |λ|1+ϵβε

2

. (68)

Proof. Using Lemma 5.9 under Assumption 5.3, we have,

Var(exp(λℓ(H, Z̃))) ≤ |λ|1+ϵE[ℓ(H, Z̃)1+ϵ] ≤ |λ|1+ϵβε.

Furthermore, note that, for λ < 0, we have

0 ≤ exp(λℓ(H, Z̃)) ≤ 1,

therefore, the variable exp(λℓ(H, Z̃)) is sub-exponential with parameters (|λ|1+ϵβε, 1) under the distribution
PH ⊗ µ. Using the approach in (Bu et al., 2020; Aminian et al., 2021a) for the sub-exponential case, we have∣∣∣EPH⊗µ[exp(λℓ(H, Z̃))]− EPH,S

[
1

n

n∑
i=1

exp(λℓ(H,Zi))]
∣∣∣

≤


√
2|λ|1+ϵβε

I(H;S)
n if I(H;S)

n ≤ |λ|1+ϵβε

2
I(H;S)

n + |λ|1+ϵβε

2 if I(H;S)
n > |λ|1+ϵβε

2

.

(69)

Note that, for λ < 0 and using Lemma 4.1 and Lemma A.4, we have,

1 + EPH⊗µ[λℓ(H, Z̃)] ≤ EPH⊗µ[exp(λℓ(H, Z̃))] ≤ 1 + λEPH⊗µ[ℓ(H, Z̃)] +
|λ|1+ϵβε

1 + ϵ
,

1 + EPH,Z
[λℓ(H,Z)] ≤ EPH,Z

[exp(λℓ(H,Z))] ≤ 1 + λEPH,Z
[ℓ(H,Z)] +

|λ|1+ϵβε

1 + ϵ
.

(70)

Therefore,

−|λ|gen(H,S)− |λ|1+ϵβε

1 + ϵ
≤ EPH⊗µ[exp(λℓ(H, Z̃))]− EPH,Z

[exp(λℓ(H,Z))]

≤ |λ|gen(H,S) +
|λ|1+ϵβε

1 + ϵ
.

(71)
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Thus, ∣∣∣EPH⊗µ[ℓ(H, Z̃)]− EPH,Z
[ℓ(H,Z)]

∣∣∣
≤

 1
|λ|

√
2|λ|1+ϵβε

I(H;S)
n + |λ|ϵβε

1+ϵ if I(H;S)
n ≤ |λ|1+ϵβε

2
I(H;S)
|λ|n + 2|λ|ϵβε

1+ϵ if I(H;S)
n > |λ|1+ϵβε

2

,
(72)

which completes the proof.
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