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Abstract

In many real-world reinforcement learning
(RL) problems, the environment exhibits in-
herent symmetries that can be exploited to
improve learning efficiency. This paper devel-
ops a theoretical and algorithmic framework
for incorporating known group symmetries
into kernel-based RL. We propose a symmetry-
aware variant of optimistic least-squares value
iteration (LSVI), which leverages invariant
kernels to encode invariance in both rewards
and transition dynamics. Our analysis es-
tablishes new bounds on the maximum infor-
mation gain and covering numbers for invari-
ant RKHSs, explicitly quantifying the sample
efficiency gains from symmetry. Empirical
results on a customized Frozen Lake environ-
ment and a 2D placement design problem
confirm the theoretical improvements, demon-
strating that symmetry-aware RL achieves
significantly better performance than their
standard kernel counterparts. These findings
highlight the value of structural priors in de-
signing more sample-efficient reinforcement
learning algorithms.

1 INTRODUCTION

Reinforcement Learning (RL) has achieved remark-
able empirical success in diverse domains, including
robotic manipulation, autonomous driving, game play-
ing, and chip design (Kalashnikov et al., |2018; |Silver
et al. 2016; Kahn et all 2017 [Mirhoseini et al., |2021;
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Fawzi et all 2022). However, despite these advances,
the theoretical foundations of RL in complex environ-
ments—particularly those with continuous state-action
spaces and nonlinear function approximation—remain
less well understood. While recent work has established
regret guarantees for tabular (Jin et al.; |2018; |Auer
et al.,|2008) and linear settings (Jin et al., 2020; Russo,
2019)), there is an increasing need to analyze RL algo-
rithms that employ expressive function classes under
realistic structural assumptions.

A key structure prevalent in real-world RL problems
is symmetry. Many environments exhibit invariance
under transformations like rotations, translations, or
permutations. For instance: Robotic arms often oper-
ate in rotationally symmetric workspaces; Autonomous
driving scenarios may be invariant to reflections or
road mirroring; Strategic games frequently contain
symmetries due to interchangeable board configura-
tions. By explicitly incorporating these invariances
into RL algorithms, we can enhance sample efficiency
and generalization by eliminating redundant learning.

How can known environment symmetries be systemati-
cally exploited to enhance sample efficiency and regret
guarantees under nonlinear function approximation?
To address this, we focus on kernel methods, which
offer a theoretically tractable framework for modeling
nonlinearity. Leveraging recent advances in invariant
kernels for supervised and bandit learning (Brown et al.|
2024; Haasdonk and Burkhardt], |2007; Mei et al., 2021)),
we introduce a rigorous theoretical and algorithmic
framework for symmetry-aware RL via invariant Repro-
ducing Kernel Hilbert Spaces (RKHSs). In this work,
we assume that the relevant invariances in the reward
and transition dynamics are known a priori, as is com-
mon in many structured domains (e.g., robotics, board
games, or resource allocation). Our approach is comple-
mentary to methods that learn invariances from data,
such as meta-learning symmetry structures (Zhou et al.
2020|) or learning invariances via marginal-likelihood
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optimization in Gaussian processes (van der Wilk et al.
2018]), and can naturally incorporate such learned struc-
tures when available.

Contributions:

1. We introduce a symmetry-aware variant of the
kernel-based optimistic least-squares value itera-
tion (LSVI) algorithm (Yang et al.| [2020a), incor-
porating group invariances in both reward and
transition dynamics via a totally invariant kernel.

2. We provide a theoretical analysis of LSVI with
totally invariant kernels, and give new bounds
on the covering number of the function class of
target Q-functions, which we translate into novel,
symmetry-aware bounds on sample complexity. To
our knowledge, this is the first theoretical anal-
ysis of the gains in sample complexity achieved
in RL due to incorporating symmetries into the
algorithmic design.

3. Finally, we validate our theoretical findings
through a series of experiments where natural geo-
metric symmetry occurs in the MDP, demonstrat-
ing that incorporating prior knowledge of invari-
ance into the kernel yields substantial gains in
sample complexity.

2 RELATED WORK

Regret Bounds/Sample Complexities in RL Nu-
merous studies have explored the sample complexity
problem within the episodic MDP framework. Both
the tabular setting (Jin et al.l |2018; |Auer et al., 2008}
Bartlett and Tewari, 2009) and the linear setting (Jin
et al. [2020; [Yao et al. [2014; Russo|, 2019} |[Zanette
et al, |2020; Neu and Pike-Burke, [2020) have been ex-
tensively investigated. In the tabular case, optimistic
state-action value learning algorithms (Jin et al., 2018)

achieve a regret bound of O (x/H3|S X A|T)7 where H

denotes the episode length, T is the number of episodes,
and S and A represent the finite state and action spaces,
respectively. In the linear setting, regret bounds scale
as O (\/ H3d3T> (Jin et al., [2020)), depending on the
dimension d of the linear model rather than the size
of the state-action space. Moreover, efforts have been
made to extend these techniques to the kernelized set-
ting (Yang et al.l 2020a; |[Yang and Wangj, [2020; |Chowd;
hury and Gopalan| |2019; Domingues et al.| [2021} |Vakili
and Olkhovskaya, 2023)), though further refinements
are required to achieve tighter regret bounds. The most
notable advancement in this direction is |[Yang et al.
(2020a)), which establishes regret guarantees for an op-
timistic least-squares value iteration (LSVI) algorithm.

The regret bounds reported in [Yang et al.| (20204)
are given by O (H2 VI(T) + logN(e))F(T)T), where
['(T) and N(e) are kernel-related complexity mea-
sures—specifically, the maximum information gain and
the e-covering number of the state-action value function
class. In this work, we adopt the same kernel-based
framework as Yang et al.[(2020a), but for the first time,
we incorporate group symmetries by introducing a to-
tally invariant kernel. This allows us to exploit problem
structure directly in the learning algorithm. We an-
alyze the corresponding LSVI algorithm and derive
new theoretical results by bounding I'(7") and N (e) for
invariant RKHSs, thereby establishing the first sample
complexity guarantees for kernel-based RL methods
that explicitly account for symmetry.

Invariant Kernel Methods Invariant kernel meth-
ods incorporate prior knowledge of invariances into
kernel-based learning algorithms. The theoretical
framework for group-invariant kernels was first intro-
duced by Haasdonk and Burkhardt| (2007)); [Kondor
(2008)), and subsequent work has leveraged these ideas
in Gaussian Processes (GPs), kernel ridge regression,
and bandit optimization. For examplejvan der Wilk
et al| (2018) integrates invariances directly into the
GP model structure rather than relying on data aug-
mentation and develops a variational inference scheme
to learn these invariances by maximizing the marginal
likelihood. Other works, such as [Mei et al.| (2021)
and Bietti et al.| (2024)), explore kernelized regression
with translation- and permutation-invariant kernels,
respectively, analyzing the benefits of invariance in
terms of improved sample complexity. A related study
by [Tahmasebi and Jegelka (2023]) provides an exact
characterization of sample complexity gains when the
target function is invariant under the action of an arbi-
trary Lie group, linking these gains to the dimensional-
ity of the underlying group structure. In the context
of kernelized bandit optimization, |[Brown et al.| (2024)
derive upper and lower bounds on sample complexity
for Bayesian Optimization (BO) with invariant kernels
when optimizing invariant objective functions. In this
work, we extend these sample complexity results to the
RL setting under symmetry assumptions on both the
reward and transition dynamics.

RL with Symmetry Classical work on symmetry
in RL is closely connected to model minimization and
MDP homomorphisms (Ravindran and Barto, 2001}
2002; Ravindran, [2004), which formalize structure-
preserving mappings between MDPs under which solv-
ing an abstract MDP yields an optimal policy for the
original. More generally, state abstraction—mappings
that reduce the state space while preserving selected
reward or transition structure (Ravindran and Bartol
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[2003; [Li et al., |2006)—and bisimulation, which defines
equivalence classes of states that are behaviorally indis-
tinguishable (Givan et al. [2003} [Taylor] 2008), provide
principled ways of exploiting structural equivalences in
MDPs.

Building on these ideas, symmetries in Markov Deci-
sion Processes (MDPs) have also been studied from
a modern learning perspective. Several works apply
data augmentation techniques in deep RL to improve
sample efficiency and generalization on well-known
benchmarks (Yarats et al., [2021} Laskin et al., [2020;
Lee et all [2020; [Cobbe et al. [2019; [Weissenbacher|
et all) [2022} [Sinha et all [2022). Beyond data augmen-
tation, a number of studies incorporate symmetry into
neural network architectures to reduce sample com-
plexity (Van der Pol et al. 2020; [Simm et all 2021

ang et all [2022} [Mondal et al. 2022} [Nguyen et al.
2023} |Zhu et al., 2023), including (Van der Pol et al.
2020)), which designs equivariant networks that respect
symmetry-induced homomorphisms and reduce the so-
lution space.

=

s

These ideas have also been extended to the multi-agent
RL setting, where symmetries can help reduce policy
space complexity, enable the discovery of equivalent
strategies, and facilitate coordination between agents.
Such approaches often leverage graph-based methods
or symmetry-aware architectures (van der Pol et al.l
[2022} [Liu et all, [2020} [Jiang et al. [2020} [Sukhbaatar]
let all 2016} Muglich et all, [2022] 2025} [Yu et al. 2024}
Tian et al. 2024; McClellan et all] [Yu et all 2023}
Shi et al.l 2025, [Chen and Zhang| 2024).

In contrast to both classical abstraction methods and
modern parametric approaches, our work focuses on
single-agent RL and provides a non-parametric, kernel-
based framework for incorporating known symmetries.
Rather than learning abstractions or designing equivari-
ant neural networks, we encode invariance directly into
the function class via group-invariant kernels. Concep-
tually, the induced equivalence relation resembles the
state aggregation underlying abstractions and homo-
morphisms, but is implemented implicitly through the
kernel rather than an explicit mapping. This enables
new theoretical insights: we analyze how invariance
reduces the effective hypothesis space through tighter
bounds on the maximum information gain and covering
numbers of the invariant RKHS, thereby quantifying
sample-efficiency gains. Finally, while modern deep RL
symmetry methods such as data augmentation or equiv-
ariant architectures enforce invariances heuristically
or parametrically, our non-parametric, kernel-based
formulation provides formal guarantees of improved
sample complexity.

3 PRELIMINARIES AND
PROBLEM FORMULATION

In this section we introduce the problem formulation
that we require for our theoretical results. Similar
background can be found in |Yang et al.| (2020a); [Vakili
land Olkhovskayal (2023).

3.1 Episodic Markov Decision Processes

An episodic MDP is defined by the tuple M =
(S, A, H,P,r), where S and A are the state and ac-
tion spaces, H is the episode length, r = {r,}L  is
the sequence of deterministic reward functions r, :
Z —[0,1], and P = {P,}}L | is the sequence of tran-
sition distributions Py (- | s,a) over next states, given
(s,a) € Z =8 x A. A policy 7 = {m, }fL | maps states
to actions at each step h, with m, : S — A. At the
start of episode ¢, the environment provides s}, and
the agent selects policy 7. At step h, the agent ob-
serves s, takes af = 7l (s!), receives rp(st,al), and
transitions to s}, ~ Py(- | s},,a},). The episode ends
after H steps.

The goal is to find a policy that maximizes the expected
return from any state s and step h, defined by the value
function:

H

Vii(s) =E [Z The Sy an)

h'=h
Vs e S, hel[H].

%%’ (1)

where the expectation is over trajectories induced by
7. Under standard assumptions, an optimal policy 7*
exists such that V™ (s) = max, V;7(s) for all s and
h (Puterman, 2014). We write V;*(s) := V;™ (s), and
define the expected value under P as

[PuV] = Egnp, (15,0 [Va(s)]- (2)

The state-action value function Q7 (s, a) is the expected
return from (s,a) at step h, defined as Q7 (s,a) =
Eﬂ [Zg:h rh/(sh/,ah/) | Sp = S,ap = a] . The Bell-
man equation for 7 is QF (s,a) = ru(s,a) + P,V 4,
with Vi (s) = Eqr, () [@F (5,a)] and V| := 0. The
Bellman optimality equations are Q% (s, a) = (s, a) +
Py Vi, 1, and Vi (s) = max, Qj(s,a), with V7, := 0.
The regret of a policy sequence {7!}1_; is defined by:

RO =3 (eH-vr (D), ©

where s! is the initial state at episode ¢, and measures
the cumulative value loss relative to the optimal policy.



Reinforcement Learning Using Known Invariances

3.2 Symmetric RL

In many real-world RL problems, the environment ex-
hibits symmetries: structured transformations of states
and actions that leave the reward and dynamics un-
changed. In this section, we formalize this notion and
provide intuitions for how symmetry can be leveraged
to reduce sample complexity. We defer detailed deriva-
tions to Appendix [A]

Group Actions on MDPs. Let (G,-) be a group
acting on a set X. We denote the action map as o :
G x X — X and the induced action by G ~ X. In the
context of an MDP M = (S, A, H, P,r), we say G acts
on M if there are actions G ~ S and G ~ A such
that, for all s,s" € S and a € A:

P(s'|g os 5,904 a) =P(g ' o5 §'|s,a) (4)
r(gos s,goaa) =r(s,a) (5)

The og and o4 actions allow us to define a coupling
between the state and actions spaces. Functions that
preserve this coupling are called equivariant. In partic-
ular this applies to policies.

Equivariant Policies. A policy 7 : § — P(A) is
called equivariant with respect to G if, for all g and s,
m(gos s) = g toam(s). We are particularly interested
in cases where such symmetries are known and can be
used to constrain the hypothesis space of the learning
algorithm. The following proposition which follows
from first principles (see Appendix (B for derivation),
justifies restricting solutions to the space of invariant,
respectively equivariant functions for all policy-value
iteration (PVI) algorithms.

Proposition 1. In finite-horizon MDPs, equivari-
ant policies have invariant value functions Vi(s) and
Qr(s,a). Moreover, if Q(s, a) is invariant under G and
satisfies the Bellman equation, then the greedy policy
7(s) = argmax, Q(s,a) is equivariant.

This result implies that if we start PVI in the space
of invariant functions, and we incur no approximation
error in either policy evaluation or iteration, we are
guaranteed to recover an optimum, and such optimum
is equivariant. However, in practical settings these guar-
antees don’t apply. The following two results, which
we present intuitively here, are meant to bridge the gap
to the realistic setting where function approximation
is of importance.

Effective Reduction in the State Space The first
simply states that in some cases symmetries can be
factored cleanly out of the MDP, resulting in a smaller,
simpler space where all algorithms benefit from reduced
sample complexity guarantees. If the action on A is

trivial (g o a = a), we can define a reduced MDP over
state orbits S/G. This induces a simpler equivalent
problem whose optimal policy can be lifted back to the
original space. See Proposition [2]in Appendix [C}

Simple Sample Complexity Bounds for Q-
learning The second is a variation on a celebrated
result from |Jin et al.| (2018)), where we explore how sam-
ple complexity varies in ()-learning in the tabular set-
ting under data augmentation. In tabular Q-learning,
regret bounds typically scale with |S x A| = SA. In
the presence of symmetry, the relevant complexity be-
comes SA = |[(§ x A)/G|, the number of orbits. This
motivates algorithmic design that explicitly incorpo-
rates symmetry, as we do in the rest of the paper. See
Appendix [D] where we state and prove Theorem

3.3 Kernel-Based RL with Symmetries

Kernel-based models are powerful tools for nonpara-
metric function approximation in RL, offering flexible
predictors and principled uncertainty estimates. Im-
portantly, as seen in [Brown et al.| (2024), the pairing of
the class of inner product kernels with orthogonal sym-
metries creates a powerful framework for incorporating
symmetries naturally into predictors. See Appendix [E]
for standard definitions in kernel methods.

Invariant Kernels. Let k: Zx Z — R be a positive
definite inner product kernel. Assume Z < R? is an
embedding and the orthogonal group O(d) restricts its
action on Z. Let G be a finite subgroup of O(d). Then
the following formula defines an invariant kernel:

Falz ) = 2 S0 Ko(2), 2), (6)
Gl 7=

The RKHS Hj,, induced by kg consists of G-invariant
functions. Invariant kernels constrain learning to a
smaller, structured function class, offering both theoret-
ical and practical benefits in symmetric environments.
In RL, they yield value and transition models that re-
spect MDP symmetries, enhancing generalization and
sample efficiency.

3.4 Main Technical Assumptions

In our RL setting, we use a kernel-based model to pre-
dict the expected value function. For a given transition
distribution P(s'[,-) and value function v : § — R, we
define f = [Pv] and use past observations to construct
predictions and uncertainty estimates for f via ker-
nel ridge regression. Since the value functions evolve
across steps due to the Markovian structure, we aim
to control the estimation error at each step through
confidence bounds. We will need the following standard
assumption.
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Assumption 1. We assume 7,(-,-), Po(s'|,,-) €
Hi, for some invariant kernel kg, and that
Irall3tn g s 1 Pa (8" )2, < 1 for all " € S and
h e [H].

Our analysis depends on the smoothness of the kernel k,
which influences the function approximation properties
of the associated RKHS. Specifically, we characterize
the complexity of the kernel class through the decay of
its Mercer eigenvalues.

Assumption 2 (Eigendecay Profile). Let {\,;,,}2°_; de-
note the Mercer eigenvalues of the invariant kernel kg,
ordered in decreasing magnitude. We assume the eigen-
values satisfy the decay condition A\, = O((m|G|)~P)
for some p > 0.

This assumption is mild and satisfied by many com-
monly used kernels. For instance, in the case of the
Matérn kernel with smoothness parameter v in d di-
mensions, we have p =1+ 27”.

3.5 LSVI Algorithm

We consider the Kernel-based Optimistic Value Itera-
tion (KOVI) algorithm (Yang et al.| (2020a)), see also
Algorithm , which applies optimistic LSVI in the ker-
nel regression setting. Least-Squares Value Iteration
(LSVI) estimates @}, for the optimal Q} at each step h
of episode t via recursive Bellman updates. To encour-
age exploration, an upper confidence bonus b}, : Z — R
is added:

Q4 = min{QY + Abh, H—h+1}*. (7)

Here, 3 > 0 is a tunable parameter, and the term
Q! + Bbl provides an optimistic estimate based on
the principle of optimism in the face of uncertainty.
Specifically, the function @} is the kernel-based pre-
dictor for 74 + [P, V)l ] using the dataset {rp(z}) +
Vi1 (sT 1) Yo2h observed at inputs {27 }1Z}. Since re-
wards are bounded by 1, the cumulative return from
step h is at most H — h + 1. At episode t, the agent
follows a greedy policy 7! based on the optimistic es-
timates Q' = {Q}}L,. Under Assumption [l the
estimates @2 and bonus b} are computed via kernel
ridge regression.

Algorithm 1 The KOVI Algorithm

1: Input: Regularization A, confidence parameter
Br(d), kernel k, MDP M = (S, A, H, P,r)

2: for episode t =1,2,...,T do

3 Observe initial state s!

4: Set Vi ,(s) =0forallsecS

5.

6

for steph=H,H—-1,...,1do
Compute Q! (z) and V}!(z) via kernel ridge

regression
7 end for

8: for step h=1,2,...,H do

9: Take action a}, <+ argmax,eca Q' (s, a)

10: Observe reward 75, (s}, a}) and next state
S?L-‘rl

11: end for

12: end for

4 THEORETICAL ANALYSIS

4.1 Information Gain

We define a kernel-specific complexity term, referred
to as the maximum information gain I'y(T) from T
observations, as follows (Srinivas et al.,|2010):

Ly (T) =

1 T
L logdet (14 505l ).
(8)
This expression takes the maximum of the log determi-
nant of a scaled and regularized kernel matrix, with the
maximum over all input sequences. It quantifies the
complexity of the kernel model and appears in related
problems such as BO. In that context, |Brown et al.
(2024) provides a bound on the information gain for

invariant kernels, formally stated below.

Lemma 1 (Brown et. al.). Consider the mazimum
information gain defined in equation[8 Under Assump-

tion[3, we have
Ts
o (T) =0 <|G|> . 9)

4.2 Covering Number of Function Class

Following [Yang et al.| (2020a)), recall the definition of
the set of @Q-functions in KOVI,

Q(B,R) ={Qj, |V{z}, Cc 2, t<T,

(10)

1Qollx < R, 8 € [0, B}.
Covering Number: Consider a set of real functions
F. For e > 0, we define the minimum e-covering set
C(e) as the smallest subset of F that covers it up to
an € error in Iy, norm. That is to say, for all f € F|
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Figure 1: Comparison of KOVI with invariant kernel vs. standard RBF kernel, across different settings. Cumulative
regret is plotted against the number of episodes. (a) Regret for synthetic setting. (b) A rendered frame of Frozen
Lake. (c,d) Regret for the Frozen Lake, fixed and random setting, respectively. Regret is averaged over 20 random

seeds. Shaded area represents the standard error.

Table 1: Environments, state and action spaces, and group action used in our experiments.

Environment Space Group Action
. S =111 Tr— X, x— —x
Synthetic A= [[-1,1]] }m = T,x— —x{
S = {z=(wi,1)}_, € C®} Dy={z—e%2,2z—>2) nC°
Frozen Lake A = { (-1, 0), (1, 0), (0, -1), (0, 1) } Dy~ Cla
S = {z = (w;,y:)i8, € C'°} Dyi={(z—e%z,z2—z ~C
Synpl A ={z=(z,y) € C} Dy~ Cla

there exists a g € C(¢), such that ||f — g|;.. < e We
refer to the size of C(€) as the e-covering number and
use the notation N (e, B, R, G) to denote the e-covering
number of Q(B, R).

Theorem 1. With the notation above, we have:

) ot
I o))

(11)

R2

IOgN(E,B,R, G) = O<<62|(;p

i

This result provides the explicit dependence of the
covering number on the number of symmetries, i.e. all
other constants are independent of €, B, R and |G/|. See
Appendix [F] for proof.

B2
|G

4.3 Regret Bounds and Discussions

Recall Theorem 4.2 and the associated notation in|Yang
et al.| (2020a), which provides the regret bound in terms
of the maximal information gain and covering number.
Theorem 2 (Yang et. al.). Consider the episodic MDP
described in Section[5.1} Under Assumption[d], for the
KOVI algorithm, there exist B and R such that for
allT € N and € € (0,1), denoting A(kg; B, R,¢,T) =
(Che (1)) 2 (Drg (T) + log N'(e, B, R, G))T) 7 + Te:

R(T) = O (A(kg; B, R,¢,T))

Under Assumption [2] we may follow the choices in
Yang et al| (2020b) for B := Br and € = e, to extract
the dependency of A(kg; B, R,¢,T) on |G| explicitly.
Namely, Lemma, [I] Theorem [1] give:

Corollary 1. Under the assumptions above, ||QF ||z <
Rr(kg) := 2H /T, for By := Hlog(TH) -T*" and
e = H/T we have:

Ak: Br, Re(ke), e, T) < ﬁA(k;BT,RT(k),e,T)
(12)
R(T) =0 (|(1;|A(k;;BT,RT,e,T)> (13)

R(T)=0 ( (14)

Remarks. Substituting p =1+ %” in Corollary
we have, for large d, and any v > 0:
at

Contrast this result, with e.g. Theorem [3]or with regret
in BO, for which Ry ~ /T, (T) (Wang et al.| (2024)))
which both pose a factor of %G‘ in the bound. Why
does KOVT achieve better improvement with |G| over
both these bounds? Compared with BO, the subopti-
mality comes for the acquisition function. Compared
to KOVI in the tabular setting, however, the bound
is consistent, since both M (e, B, R) and I'(T)) ~ SA =
|S x A]. Choosing § = HSA in Theorem [2| gives:
R(T) = O(H?SAV/T) which is consistent with the |—C1;‘
reduction seen above.
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Figure 2: Regret comparison of invariant vs. RBF kernel for SynPl (a); Optimal placement (b); Best placement
achieved by KOVT (c); Baseline random placement from the random policy (d).
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Figure 3: Average return computed on evaluation (test)
data (a) and training data (b) vs. number of training
episodes for the Random Layout Frozen Lake environ-
ment. Shaded areas represent standard error.

5 EXPERIMENTAL RESULTS

We demonstrate the performance improvement gained
by incorporating known invariances in three settings:
(1) a synthetic MDP setting with group symmetry,
(2) a symmetrized Frozen Lake environment from the
OpenAl Gym library and (3) a 2D placement prob-
lem. The code is available at: https://github.com/
mtkresearch/IQL.

Synthetic Setting: We choose H = 10 and S =
A = [—1,1] discretized into 10 evenly spaced points.

—— KOVI with invariant kernel
KOVI with standard RBF kernel

— DQON

—— SymDQN

1.0 -

\A//‘f"/v

0.8

Average Return
o o
N >

o
N

o
)

0 20000 40000 60000 80000 100000 120000 140000
Environment Timesteps

Figure 4: Comparison of KOVI with a standard RBF
kernel, KOVI with an invariant kernel, DQN, and
SymDQN on the FrozenLake (Fixed) environment. Av-
erage episodic return versus number of environment
timesteps, averaged over 20 random seeds. The shaded
area represents the standard error.

The group we consider has size |G| = 2 and includes
the identity and inversion transformations. The reward
function r and transition function P are constructed to
be invariant under G, by sampling functions from the
RKHS of the invariant kernel kg (eq. @ We choose
RBF as the base kernel k, and we train for a total of
1000 episodes. For a more detailed explanation of how
r and P are generated and the hyperparameters used,

please refer to Appendix

Frozen Lake: We build a navigation task based on
OpenAl Gym’s FrozenLake-v1 environment which is
invariant to the 8-fold symmetry group of the square,
D,. The environment itself depends on a layout of
holes, start and goal positions, see Figure Each
state is represented as a concatenation of 2-dimensional
coordinate vectors (z,y) specifying the positions of
the agent, goal, and four holes, resulting in a 6x2
state vector. Actions are represented as 2D discrete
coordinate vectors.

At each episode, the agent is tasked to solve the problem
in any one of the 8 possible transformations of the
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layout according to D4, sampled uniformly at random.
In Figure [1] this is denoted by Fized Layout, denoting
the fact that the only change in environment that the
agent observes is due to the presence of symmetry
in Dy. In order to exploit a more realistic scenario,
where symmetry naturally occurs in the environment,
we also train KOVI on a variant of Frozen Lake with
fully randomized Layouts. In Figure [1] we refer to
these experiments as Random Layout. In this setting, a
new layout of the starting point and holes is randomly
generated at the beginning of each episode. Four holes
are placed randomly, and only configurations that allow
a valid path from the start to the goal state are accepted.
This setting is significantly more challenging due to
the greater diversity of possible configurations. We
train for a total of 2000 episodes. For details about the
hyperparameters used, please refer to Appendix

In Figure we plot the cumulative regret during
training on the synthetic setting, the Fixed and Ran-
dom Layout Frozen Lake. For the latter only, we also
evaluate the episodic return on 40 randomly sampled
test environments and report the average performance
on these test environments in each training episode.
Figure [3a) shows the average return on these test envi-
ronments over the course of training, averaged across
20 random seeds. While the return has not fully con-
verged— due to the complexity introduced by the large
number of random grid configurations—the invariant
kernel consistently outperforms the standard RBF ker-
nel. For reference, we also plot the average return on
the training environment in Figure 3B}

Comparison vs Neural Networks In Figure [d] we
present a comparison of relative sample complexity
of our algorithm versus an Q-Network on FrozenLake
implemented with equivariant MLP layers. The kernel
regression enjoys consistent improvements in sample
complexity versus the more data inefficient Q-network.
See additional experimental details in Appendix

2-Dimensional Placement: The placement prob-
lem can be described as a 2D planar embedding of
a graph of components under geometric constraints.
This problem appears frequently in contexts such as
smart-city design, building floorplanning, electronic
design and VLSI. We build a simplified environment
where we can study this task, denoted by SynPl in
Figure The task is to correctly place 8 units on
an 8x8 grid with the following constraints: 1. No
two units should overlap. 2. Each edge of the graph
should be enclosed in a minimal area subset of the grid.
While the placement task may be easy to solve for hu-
mans by inspection, leveraging our vast compendium
of geometric reasoning and intuition, even simple cases
remain difficult for machines without carefully tailored

backend representations (see, e.g. GNNs used to en-
code the graphical information Mirhoseini et al.| (2021]),
Chang et al.| (2022))). 1-shot placement methods like
BO perform poorly in this setting due to:

1. The subset of invalid configurations lies at the
boundary of the space of optimal configurations
(where the edge length is minimized). If overlaps
are handled via penalties in the optimization ob-
jective, this requires modeling with progressively
less smooth kernels, which rapidly decreases sam-
ple complexity guarantees. Forcing the acquisition
function to only sample valid configurations (ac-
cording to the posterior) is not without its own
issues, with rejection sampling being the most
straightforward, yet cumbersome approach.

2. The configuration space naturally lies on a 2n
dimensional manifold in R?". While lower-
dimensional embeddings of this data exist, they
don’t benefit from the natural action of the isom-
etry group on R?”, missing the crucial geometric
information in the configuration space. Moreover,
such embeddings represent a strenuous design de-
cision on the experimenter. On the other hand, as
n increases, this leads to high-dimensionality BO,
which carries its own sample complexity issues
(Eriksson and Jankowiak| (2021))).

A better design decision is to leverage the sequential
nature of the placement problem to produce valid con-
figurations with progressively higher objective values
®(s). The most general form of the environment would
sample all canvas configurations uniformly however we
consider a simplified setting and fix a single problem
with a unique symmetric solution. Specifically, the
environment places the units sequentially, with each
action being the selection of one of the 64 grid cells.
An action mask is applied to avoid overlaps. The state,
at any one point consists of the position of the pre-
placed units in Cartesian coordinated, with padding
for the yet-to-be-placed units. The reward at each
step t is a function r(st,a:), defined as follows. Let
7* be an oracle policy for all states, which is able to
optimally place all remaining units in all states. Then
Fsi1,a0-1) = D (5)—1) — B (sp1 )41,
the potential difference due to selecting a;_1. As this
quantity is inaccessible, we replace the oracle policy 7*
by a known reference policy my. As this need not be
a deterministic policy, we sample several trajectories
from 7y and average the ® estimates correspondingly.
As the horizon for our problem is low (H = 8), in
our experiments we take my to be the random policy,
and do not observe significant degradations due to this
choice. In our experiments we observe that the invari-
ant kernel consistently produces lower regret, even in
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scenarios where symmetries are not inherently built
into the environment. Empirical results differ from
their theoretical counterparts in that the asymptotic
expected gap isn’t always recovered for small 7. Our
experiments thus strengthen the theoretical results by
providing insight into the behavior of KOVI with and
without invariant kernel in finite time. See Figure [2| for
regret and placements.

5.1 Limitations

The KOVTI algorithm suffers from general limitations
which depend either on its theoretical formulation or
on implementation. The two principal points are the
choice of hyperparameters, primarily 8 and the over-
all complexity of the algorithm. Firstly, notice that
since at every step H GP models are fitted to an ex-
perience buffer which contains all samples acquired
to that point, the complexity of each step is O(Ht?)
due to inverting the kernel matrix, and summing over
t € [0,T) produces a time complexity of O(HT*). This
is prohibitive for realistic environments for which more
than a couple thousand samples need to be collected.
This however can be remedied as follows: 1. The time
complexity can be brought down to O(Ht3), matching
that of BO with exact kernel inversion, by caching
previous calculations in the Cholesky decomposition of
each GP model and performing only rank 1 updates. 2.
Secondly, sparse GP methods can be applied (with or
without optimizing the inducing point acquisition) to
compress the collected samples into a manageable size
for kernel inversion. In terms of algorithmic stability,
the parameter § is empirically identified as the main
contributor. In practice it is kept fixed throughout our
runs and optimized as a hyperparameter, which is in
contrast to the choice of § = Br in the theoretical
formulation (which, in the tabular setting scales as
HSA). This likely produces suboptimal results, how-
ever, more research needs to be done for adaptively
setting /3 in terms of T' (or |G|) in this setting. In terms
of convergence properties of the algorithm, the -0 (2)
exploration bonus, induces a mode-hopping behavior,
by over-estimating -values early in the runtime. Some-
times optimal solutions are found and all neighboring
solutions are explored early on in the training process,
however, the algorithm subsequently selects different,
less explored configurations in an effort to reduce un-
certainty there. This is not problematic in synthetic
settings where the optimal V*(s) is known (s still hid-
den), however, in realistic settings, this behavior can
contribute to a large proportion of the runtime.

6 CONCLUSION

Group symmetry in MDPs provides powerful structural
constraints that, when incorporated effectively into
the RL pipeline—via equivariant policies and invari-
ant function spaces—can significantly reduce sample
complexity. This work is the first to quantify the sam-
ple efficiency gains of incorporating group invariances
into a fully invariant kernel within the kernel-based
RL setting. We derive novel bounds on the maximum
information gain and covering number for the invari-
ant kernel, and demonstrate that our improved regret
bounds are supported empirically through experiments
on synthetic domains, classical RL benchmarks, and
a practical 2D placement task, highlighting real-world
applicability. For future work, it would be valuable to
evaluate our symmetry-aware LSVI algorithm on more
complex or high-dimensional input domains, as well
as to extend our theoretical results to settings with
partial or approximate symmetries.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes, the mathematical setting is introduced
in Section [3] which covers Episodic Markov
Decision Processes (Section [3.1]), Symmetric
RL (Section [3.2)), and Kernel-Based RL with
Symmetries (Section . In the same sec-
tion, we also state our technical assumptions,
namely Assumptions [I]and [2] The LSVI al-
gorithm is then described in Section |

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes, a theoretical analysis of LSVI with a to-
tally invariant kernel, leading to novel bounds
on sample complexity, is provided in Section [
In addition, we discuss the time complexity of
our approach in the limitations section (Sec-
tion ]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including ex-
ternal libraries. [Yes, the code used for the ex-
periments in the synthetic setting and on the
Frozen Lake environment is publicly available
at: https://github.com/mtkresearch/IQL.
For the experiments on the 2D placement
problem, we provide a clear and detailed de-
scription of the setup in Section |9, but we
do not share the corresponding code, as it is
confidential.|

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes, we present in
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Section [3] our technical assumptions, namely
Assumptions [I|and [2] |

Complete proofs of all theoretical results.
[Yes, formal proofs for all theorems and propo-
sitions stated in the main text are provided in
the appendix. The proof of Proposition [1| can
be found in Appendix [B] while Proposition
is stated and proved in Appendix [2} Theo-
rem [3]is stated and proved in Appendix[D} and
Theorem [I] is proved in Appendix [F] Where
our work builds upon lemmas or theorems
from prior literature, the original sources are
clearly cited, and their relevance to our setting
is explained (e.g., Theorem [2)).]

Clear explanations of any assumptions. [Yes,
our main assumptions are clearly explained

in Section [3.4]]

3. For all figures and tables that present empirical
results, check if you include:

(a)

(b)

The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
[Yes, the code used for the experiments in
the synthetic setting and on the Frozen Lake
environment is publicly available at https:
//github.com/mtkresearch/IQL. However,
since the 2D placement experiment relies on
proprietary code and models, the correspond-
ing implementation cannot be disclosed or
made publicly available.]

All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes,
for comprehensive details—such as hyperpa-
rameter tuning, visualizations of the synthetic
reward function, and computational resources
used—please refer to Appendix |G} |

A clear definition of the specific measure or
statistics and error bars (e.g., with respect
to the random seed after running experi-
ments multiple times). [Yes, in all our ex-
periments, we report relevant statistical infor-
mation where applicable. This includes the
sample sizes for experimental runs and error
bars representing the standard error.|

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster,
or cloud provider). [Yes, we make special
mention of the type of compute and memory
we use in Appendix ]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)

(e)

(a)
(b)

(©)

Citations of the creator If your work uses
existing assets. [Yes, we have cited the Scikit-
Learn and BoTorch libraries used in our ex-
periments (see Appendix . ]

The license information of the assets, if appli-
cable. [Not Applicable]

New assets either in the supplemental ma-
terial or as a URL, if applicable. [Yes, the
code generating our experimental results is
publicly available at https://github.com/
mtkresearch/IQL.]

Information about consent from data
providers/curators. [Not Applicable]
Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

The full text of instructions given to partici-
pants and screenshots. [Not Applicable]
Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. [Not Applicable]
The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]
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A Group Action

We recall the standard definition. Let (G, -) be a group acting on a space X’ via a binary operation o : G x X — X
such that:

e go(hox)=(g-h)oxforallghe G,z eXx
e cox = z for identity element e € G
B Proof of Proposition
Proof. Let H be the horizon of the MDP. We will superscript states by ¢ = 0,...H to indicate the time-step it is

observed in a particular trajectory. We’ll show this by induction, starting backwards from a terminal state s,
for which, by definition Q, (s, a) = V,(sf) = 0. Now for an arbitrary state s’, we have:

Qxlgs',ga) = > P(s"gs’, ga)[r(gs', ga, s'*1) + V(s )] (15)
sttlesS

= 3 Bl s st a)r(s! a7 )+ Vi(s') (16)
sttlecsS

= Z P(s' st a)[r(st, a, s") + Vi (gst™) (17)
sttleS

The value function itself satisfies:

Va(gs™) = > m(algs™")Qx(gs™ a) = (18)
= gw(glalst“ww(gst“, a) (19)
= §ﬂ'(a|st+1)Qﬂ(gst+l, ga) (20)
= §ﬂ'(a|st+1)Qﬂ(st+l, a) = Ve (s'), (21)
acA

where the final two equalities follow from the induction hypothesis.

The final element is showing greedy policies of invariant @-functions are equivariant.

1

7,(g9s) = argmax q(gs,a) = g~ argmax q(gs, ga) = g~ argmaxq(s,a) = g~ m,(s) (22)

C Proposition

Denote the orbit of an element x under the action of G by the set Orb(z) = {g(x)|g € G}. Under a couple of
simplifying assumptions, the dynamics of the MDP reduces to that of a simpler MDP with strictly smaller state
space.

Proposition 2. Assume M is a G-invariant MDP. If the action on A is trivial, i.e.
goqa=a,Vg €@, (23)
then the following quantity
P(Orb(s')|Orb(s), a) := P(Orb(s')|s,a) (24)

is well-defined and M/G = (S/G, A, H,P,r¢) given by S/G = {Orb(s)|s € S}, dynamics P given by[24, and
reward given by ra(Orb(s),a) = r(s,a) is a well-defined MDP and the optimal policy Wj‘\A/G extends to an optimal
policy for M, by

() = Ty (Orb(s)). (25)
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Proof. Equation [24] effectively tells us that the probability of transitioning from one state to another, can be
aggregated across orbits in such a way that the corresponding actions are unchanged. Namely given s; = g(s2):

P(Orb(s")|Orb(s1),a) = P(Orb(s')|s1,a) = P(Orb(s’)|g(s2),a) =
=P(g1(Orb(s"))|s2,a) = P(Orb(s")|sq,a) = P(Orb(s')|Orb(ss), a)

Note that we have used Equation [23| here. Now let 77 , /G be an optimal policy for M /G, and V3, be the optimal

value function for M. Due to Proposition (I} Vi, is invariant, so V := V(Orb(s)) := V,(s) is well defined.
Moreover, by construction, V' is a value function corresponding to the policy 7},(Orb(s)). Now by optimality of

T for all s we have V(Orb(s)) < V™/c(Orb(s)). Conversely, V™M/G defines a valid value function on M by
VMG (5) = V™M/G (Orb(s)), and hence, by optimality, V™M/¢ (s) < Vi4(s) for all s. This shows that the two
value functions are equivalent, that 73, (s) := 73,5 (Orb(s)) is optimal for M. O

D Tabular Q-learning with symmetry

In recent years, there has been a family of research outputs which study the complexity of Q-learning algorithms
in the tabular setting. Typical results such as|Jin et al.| (2018]), give complexity bounds in the tabular setting in
terms of the size of the state-action space, |S x A| = SA. In our setting, even though we cannot define a simpler
dynamics on §/G x A/G, we will see that the regret bounds given in terms of SA extend to regret bounds in
terms of SA = |(S x A)/G].

The gains in sample complexity in general will come from how new state action pairs are observed from unrolling
equivariant policies. We will denote a trajectory under m by T to be a sequence (s;,a;)|L; € Z with the
property that a; ~ 7(s;) and s;4+1 ~ P(s;,a;), The corresponding action of G on the space of T’s is given by
9(T) = (9(s:), g(a;)) |”L,. We then have that if 7 is equivariant, the following holds:

1. The returns of 7 and ¢g7 are the same.

2. Po(T) =Px(g7).

We can use these properties to extend algorithms such as Algorithm

Algorithm 2 Q-learning with UCB-Hoeffding & symmetric experience augmentation.
1: Initialize Qp(s,a) < H and Np(s,a) < 0 for all (s,a,h) € S x A x [H].
2: for episode k =1,...,K do
3: Receive s;.

4: for step h=1,...,H do

5: Take action aj, < arg maxy Qn(sk,a’), and observe spy1.

6: for (s,a) € G(sp,a;) do

7: t = Np(s,a) < Np(sp,an)+ 1; by <—cw/Ht3L.

8: Qn(s,a) < (1 — ar)Qn(sn; an) + ot [Tr(sh, an) + Vag1(snt1) + bel.
9: Vi (s) « min{H, maxq ca Qn(sn,a’)}.

10: end for

11: end for

12: end for

The regret bounds directly translate to:

Theorem 3. There exists an absolute constant ¢ > 0 such that, for any p € (0, 1), if we choose by = ¢ HTBL, then
with probability 1 — p, the total regret of Q-learning with UCB-Hoeffding and symmetric experience augmentation

(see Algom'thm@) is at most O(V H*SATw), where ¢ := log (%).
Proof of Theorem[3 Proof: The update to the Q-function is now:

EHL(g ) = (1= a)Qf(s,a) + oy [ru(s,a) + ViF (sh,1) +be] if (s,a) € G(sf, ak) 26)
" , Qﬁ (s,a) otherwise
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so the Q-function remains constant on orbits of G. Because of this formulation, Q’g (s,a) is updated once per
episode - horizon pair, the same as in |Jin et al.| (2018). This means that all results and bounds that apply to a
single (s, a) pair follow through. In particular this applies to Lemmas 4.2 and 4.3 from |Jin et al.| (2018)).

Now, turning to their proof for the result, the quantities:

3= (V= Vi) (gsh) (27)
¢ (Vh )(gsh) and (28)
t =ny = Ny (gsy, gaf) (29)

are still well defined and independent of g € G.
We need to bound Zszl sk

From:

h < alH + Zat%ﬂ + B = Phr + 01 + & (30)

i=1
We bound the summation of the first term:
K K
Zag,ﬁ =H-> lnf =0] < SAH (31)
k=1 k=1

where the final inequality is due to the fact that Qp(s,a) gets updated on entire orbits of G on § X A, so either
Nf(s,a) > 0 for all (s,a) € G(sp,an), or Nf¥(s,a) =0 for all (s,a) € G(sp,ap) in which case Qp,(s,a) = H and
so argmax, Qp(sp,a’) = H. By@ in the first case, we know that NF_,(s,a) > 0 for all (s,a) € G(sp—1,an—1)-
Unrolling the trajectory backwards, we get N¥(s1,a) > 1, which can only happen if all @ € A had been taken in
s1 prior to episode k.

Now, again, following the argument in |Jin et al.| (2018), we get:

Zd’“ <0 <H2SA+ ZZ k4 &) ) (32)

h=1k=1

Subsequently:

K K Nh (s,a)
> B <0(1)-Y B o). \/ L < o H3SAKL) ~0 (\/H2524TL) (33)

k
k=1 k=1 h (5, a)e(SxA /G n= 1

and the final inequality follows due to the fact that >_ ;o c(sxa)/c N[ (s,a) = K and the left hand side is
maximized for NS (s,a) = K/SA. O

E Kernel Methods

Mercer Theorem Let k: 2 x Z — R be a positive definite kernel. Its associated reproducing kernel Hilbert
space (RKHS), H, consists of functions f : Z — R with inner product (-, )3, and norm |- |3, , satisfying the
reproducing property f(z) = (f, k(, 2))#, . By Mercer’s theorem, & admits an eigenfunction expansion

ZI) = Z )\m¢m(z)¢m(zl)a (34)

m=1

where {\,;,}5°_; are positive eigenvalues and {¢.,}>°_; are orthonormal eigenfunctions in Hy. Any f € H; can
o e} . 2 0 2
be expressed as f =) | W/ AP, with norm || f[|3,, = >° " wy,.
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Kernel-Based Prediction. For f € H; and data (zi,yi)ﬁzl with y; = f(z;) + €; and zero-mean noise, kernel
ridge regression yields posterior mean and variance:

fle) = k[ () (K + AD e, 07 (2) = k(z,2) = k[ (2) (Ko + A" ha(2), (35)

where ki(2) = [k(z,21),...,k(z,2)] ", K¢ = [k(zi, ;)]

1,7=1>
bounds of the form |f(z) — fi(2)| < Bio+(2) hold with high probability under standard conditions.

and A\ > 0 is a regularization parameter. Confidence

F Proof of covering number

Since we only care about the dependence of log N'(e, B, R, G) on the newly introduced variable G, in this section
we will simplify notation. Firstly, the definition of the state-action value function class,

Q=1{Q=Qr() + Bor("),Y{z}i_, C Z}.

and the notation N (e) for its e-covering number. Let us use the notation Ny g(e) for the e-covering number
of RKHS ball Byr = {f : || flln, < R}, Njo,p)(€) for the e-covering number of interval [0, B] with respect
to Euclidean distance, and N p(€) for the e-covering number of class of uncertainty functions by = {b(z) =

(k(z,2) — kL (2) (K z + A21)"Vkz(2))? 2] < TY.

Consider Q,Q € Q where Q(z) = min{Qo(z) + 8b(z),H — h+ 1} and Q(z) = min {Qo(z) + Bb(z),H — h + 1}.
We have

Q(2) = Q(2)] < 1Qo(2) = Qo(2)| + |8 — Bl + Blb(2) — b(2)]. (36)

That implies
€

N < Nicr ()N () Nes (55

)- (37)

For the e-covering number of the [0, B] interval, we simply have Ny pj(¢/3) < 1+ 3B/e. In the next lemmas, we
bound the e-covering number of the RKHS ball and the class of uncertainty functions.

Lemma 2 (RKHS Covering Number). Consider a positive definite kernel k : Z x Z — R. Under Assumption[3,
the e-covering number of R-ball in the RKHS satisfies

log N (e) = O ((%) " og(1+ f)) . (38)

Lemma 3 (Uncertainty Class Covering Number). Consider a positive definite kernel k : Z x Z — R. Under
Assumption [, the e-covering number of the class of uncertainty functions satisfies

log Ny p(€) = O <(€2|1G|p)£1(1 + log(l))) (39)

€
Combining equation [37] with Lemmas [2] and [3] we obtain

R? 1 R B? 2 B
m)ml(l—i—log( ))—‘r(m)pfl(l_’_log( )))7 (40)

oz (0= 0 ( b

€

that completes the proof of the theorem. Next, we provide the proof of two lemmas above on the covering numbers
of the RKHS ball and the uncertainty function class.

Proof of Lemma[3 For f in the RKHS, recall the following representation

F=3 wnVAmbm, (41)
m=1
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as well as its projection on the D-dimensional RKHS

D
Ip[f] = D wn vV Am®m. (42)
m=1

We note that

1F=Toflle = Y wnV Anodm
m=D+1
< C1 Y wn|(mo)”3
m=D+1
<o 5 ) (5 )
m=D+1 m=D+1
< ClR(/ x_pdx>
D
_ ClReng%H
p—1

The second inequality follows form Cauchy—Schwarz inequality.

Now, let Dg be the smallest D such that the right hand side is bounded by §. There exists a constant Cy > 0,
only depending on constants C; and p, such that

6 (43)

9*17/21’%1
DogCQ(R ) |

For a D-dimensional linear model, where the norm of the weights is bounded by R, the e-covering is at most
C3D(1+ 1og(§)7 for some constant C3 (e.g., see, [Yang et al., 2020a). Using an ¢/2 covering number for the space
of IIp[f] and using the minimum number of dimensions that ensures |f — IIp[f]| < €¢/2, we conclude that

a3y

€

ROP/2\ 7T R
)" o),

€

log N r(e) < C5Dg(1+ log(

IN

CC5 (

that completes the proof of the lemma.

O

Proof of Lemma[3d Let us define b = {b : b € by} and Ny p2(€) to be its e-covering number. We note that, for
b,beb,

[b(z) — b(2)| < \/I(b(z))2 — (b(2))?I. (44)

2

Thus, an e-covering number of b is bounded by an e2-covering of b?:

Nip(€) < N p2(€7). (45)

We next bound N, p2 (€?).

Using the feature space representation of the kernel, we obtain

(b(z))z = Z ’Ym)\7n¢3n(z)7 (46)
m=1
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for some 7, € [0,1]. Based on the GP interpretation of the model, +,, can be understood as the posterior
variances of the weights. Let Do be the smallest D such that Y 7°_ | Aoy, (2) < €2/2. Similar to the previous
lemma, we can show that, for some constant Cy, only depending on constants C; and p,

1 \7 1
Dy < C4 (W) . (47)

For 22021 YmAm®2,(2) on a finite Do-dimensional spectrum, as shown in Lemma D.3 of [Yang et al.| (2020a)), an

€2 /2 covering number scales with D3. Specifically, an €2/2 covering number of the space of 27?10:1 Y Am®2, (2) is
bounded by
1
C5D§(1 + log(=)). (48)

Combining Equations equation [{7] and equation [48] we obtain

C5D3(1 + log(+))

€

Niew2 (€7)

IN

IN

1 \7" 1
CsC% (grz) (1 ou(2)

€
that completes the proof of the lemma. O

Proof of Corollary[1. From the definition of k*:

. . 2+p+1 2
" _max(5 ’(d+p)-[p—1]’p—3)’
. d+1
STt

Then: - o

- 4p?4p—1 1 p—1 L5 4D 1 \7?

N(e(T), Br, Ry, G) = O (T s <|G|) L= <G|> )

which is dominated by the T'y (T') term in its dependence on |G|, hence the result. O

G Experimental details

Here, we outline the procedure of generating r and P test functions from the RKHS in the synthetic setting.
We also detail the hyperparameters used in both the synthetic and Frozen Lake experiments, along with the
computational resources required.

G.1 Synthetic Setting

The reward function r and transition probability P are chosen as arbitrary functions from the RKHS of the
invariant kernel kg. To generate r, we draw a Gaussian Process (GP) sample on a subset of the domain Z. This
subset consists of evenly spaced points on a 5 x 5 grid covering the range [—1, 1] in both dimensions. Kernel
ridge regression is then fitted to these samples, and the predictions are scaled to the [0, 1] range to produce r (see
Figure [f]). To construct P(s'|s,a), we similarly draw a GP sample on a subset of the domain Z x S, fit kernel
ridge regression to these samples, and then shift and rescale for each z to yield a valid conditional probability
distribution P(-|z). This is a common approach to create functions belonging to an RKHS (e.g., see, [Chowdhury
and Gopalan) |2017)). We use RBF as the base kernel of kg, with length scale = 0.1 and A = 0.01.

For the KRVI algorithm, we use a length scale of 1, A = e~'°, and a confidence interval width multiplier 3 = 0.1
for both the standard RBF and the invariant kernel. Results are averaged over 20 random seeds. Kernel ridge
regression is implemented using the Scikit-Learn library (Pedregosa et al., 2011)), which provides robust and
efficient tools for kernel-based machine learning models. Simulations are run on a computing cluster with 512
GiB of RAM and two Intel(R) Xeon(R) Gold 6248 CPUs running at 2.5 GHz.
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Figure 5: Reward function r(s,a) generated by kernel ridge regression using an invariant kernel with lengthscale
= 0.1 and A = 0.01

G.2 Frozen Lake Experiments

For the Fixed Layout Frozen Lake and Random Layout Frozen Lake experiments, we use the BoTorch library
landat et al., 2020)), specifically the SingleTaskGP model. Simulations are conducted on a node with 376.2 GiB of
RAM and an Intel(R) Xeon(R) Gold 5118 CPU running at 2.30 GHz. We use the code for invariant kernels made
publicly available by (Brown et al. |2024).

We tune the confidence interval width multiplier 8 for each setting (Fixed Layout and Random Layout) for both
the invariant and standard RBF kernels by selecting the best-performing value from the grid {0.01,0.1,0.5,1}.
The kernel length scale is also tuned over the set {0.1,0.5,1}. The noise regularization parameter \ is initialized
to 0.1 and optimized during training by maximizing the marginal log-likelihood, as handled by the BoTorch
library.

To assess sensitivity to 3, Table [2f reports cumulative returns for different values of § on the Frozen Lake (Fixed)
environment for both the standard RBF and invariant kernels, while keeping all other hyperparameters fixed to
their selected values.

Table 2: Cumulative returns for different S values on Frozen Lake (Fixed), with standard RBF and invariant
kernels.

RBF kernel Invariant kernel
Episodes =001 g=01 g=05 pg=10 pg=001 =01 =05 g=1.0
250 ~22 ~22 ~22 ~22 ~42 ~43 ~11 ~8
500 ~TT7 ~47 ~52 ~53 ~138 ~138 ~24 ~23
1000 ~318 ~174 ~85 ~83 ~500 ~371 ~41 ~46
1500 ~T779 ~381 ~129 ~123 ~964 ~626 ~62 ~86

These results indicate that smaller values of 8 tend to perform better in practice, as larger values can lead to
excessive exploration. This trend is consistent across both RBF and invariant kernels and motivates the selection
of 8 =0.01 in our experiments. We observe similar qualitative behavior across settings.

For FrozenLake (Fixed), the selected hyperparameters are:

e RBF kernel: = 0.01, length scale = 0.1, A initialized to 0.1 (optimized during training).

e Invariant kernel: 8 = 0.01, length scale = 0.5, X initialized to 0.1 (optimized during training).

For FrozenLake (Random), the selected hyperparameters are:
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e RBF kernel: 8 = 0.01, length scale = 1, X initialized to 0.1 (optimized during training).

e Invariant kernel: 5 = 0.01, length scale = 0.5, A initialized to 0.1 (optimized during training).

G.3 Additional Experiments: KOVI (with and without symmetry) vs. DQN (with and without
symmetry)

To evaluate the performance of our kernel-based approach (KOVI with a standard RBF kernel) and its symmetry-
aware variant (KOVI with an invariant kernel) against neural network-based methods, we compared them with
DQN and its symmetrized counterpart (SymDQN) (see Figure |[4)). This comparison highlights the practical
advantages of our kernel-based methods and provides insight into how they perform relative to deep RL approaches
that explicitly incorporate symmetry (e.g., equivariant networks). Both DQN and SymDQN were implemented
with the same base network architecture, with SymDQN using an equivariant policy network within the Stable-
Baselines3 API, tailored to the rotational symmetries of the FrozenLake (Fixed) environment.

The results show that KOVT is substantially more sample-efficient than DQN, converging to the highest return
with significantly fewer environment timesteps. Likewise, KOVI with an invariant kernel converges faster than
SymDQN. Moreover, in both the kernel-based and neural approaches, the symmetry-aware variants consistently
outperform their non-symmetric counterparts, highlighting the benefits of incorporating symmetry. Overall,
kernel-based methods (with and without symmetry) achieve higher sample efficiency than their neural counterparts.
These findings demonstrate that kernel methods can be more effective than neural networks, particularly in
low-data regimes. While neural networks are known to be more scalable, they generally require large amounts of
data to perform well. In contrast, kernel-based approaches tend to train faster and achieve superior performance
when data are limited. This makes kernel methods especially valuable in structured, data-scarce environments
where prior knowledge—such as symmetry—can be effectively exploited.

For completeness, DQN was run with light hyperparameter tuning over a grid of discrete values for the
following parameters: learning_starts € {0,1000}, train_freq € {1,100}, batch_size € {128,256},
exploration_fraction € {0.01,0.05}, target_update_interval € {500,1000}, and learning _rate €
{le—4,5e—5}. The final configuration, which performed best, was: learning_starts = 1000, train_freq = 1
gradient_steps = 1, batch_size = 256, exploration_fraction = 0.05, exploration_initial_eps = 1
exploration_final_eps = 0.05, target_update_interval = 500, learning_rate = 0.0001, buffer_size
= 100000.

G.4 SynPl experiments

We reuse most of the settings from the Frozen Lake experiments, but make relevant modifications to the
environment to encode actions and states correctly. Since both actions and states represent positions on an 8x8
grid, we can produce a uniform representation for states and actions. Each position vector is a half integer in
[—4,4]? corresponding to the centers of squares of an 8x8 centered lattice at (0,0). Hyperparameter tuning is
performed for 3, the starting length scale and the starting noise regularization. We run experiments either with
these values fixed or with optimizing these values in BoTorch and warm-starting the optimization in subsequent
episodes. We perform hyperparameter tuning separately for the RBF baseline and for the invariant kernel,
averaging performance over 5 seeds and then selecting the best configuration of hyperparameters. We then rerun
the best configurations for 3 seeds for a total of 4000 episodes. Across both configurations, BoTorch optimization
of the initial parameters provides improvement, and the optimal values found are 8 = 0.1 for the invariant kernel,
B = 0.05 for the RBF kernel. For both kernels the optimal length scale was 1, and optimal noise regularization
was 1076,
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