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Abstract

We consider solving nonlinear optimization problems with equality constraints. We propose a
randomized algorithm based on sequential quadratic programming (SQP) with a differentiable ex-
act augmented Lagrangian as the merit function. In each SQP iteration, we solve the Newton system
inexactly via iterative randomized sketching. The accuracy of the inexact solution and the penalty
parameter of the augmented Lagrangian are adaptively controlled in the algorithm to ensure that the
inexact random search direction is a descent direction of the augmented Lagrangian. This allows us
to establish global convergence almost surely. Moreover, we show that a unit stepsize is admissible
for the inexact search direction provided the iterate lies in a neighborhood of the solution. Based
on this result, we show that the proposed algorithm exhibits local linear convergence. We apply the
algorithm on benchmark nonlinear problems in CUTEst test set and on constrained logistic regres-
sion with datasets from LIBSVM to demonstrate its superior performance. The code is available
at: https://github.com/IlgeeHong/Randomized-SQP.

1. Introduction

We consider the nonlinear equality-constrained optimization problem

Iin f(x) s.t. ¢(x) =0, (1.1)
where f : R"™ — R is the objective function and ¢ : R™ — R are equality constraints. There exist
numerous methods for solving Problem (1.1), including projected first- and second-order methods,
penalty methods, augmented Lagrangian methods, and sequential quadratic programming (SQP). In
this paper, we focus on solving (1.1) via SQP, which is one of the leading second-order methods for
constrained optimization problems [9, 10, 14]. The algorithms in this class typically enjoy global
convergence guarantees, and require a few iterations to find a local solution. However, the com-
putational cost of SQP algorithms is dominated by solving one (or more) Newton system in each
iteration, which can be prohibitive for large-scale problems.

To reduce the per-iteration computational cost, [4] proposed an inexact SQP algorithm where,
in each iteration, the Newton system is approximately solved using a deterministic iterative solver
and the stepsizes are chosen based on a penalized merit function. With suitable conditions on
the quality of the inexact solution, the authors showed that the inexact search direction is still a
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descent direction of the merit function and the algorithm enjoys global convergence. Despite the
solid theoretical underpinnings, the algorithm of [4] suffers from few drawbacks. First, for each
SQP iteration, the algorithm relies on a few fixed tuning parameters (x1, K2, €, 3) for bounding
the residuals of the iterative solver. These parameters may substantially affect the performance of
the algorithm and have to be chosen carefully. In particular, a tighter residual bound will lead to
more inner loop iterations to compute a more precise step. However, the cost of more inner loop
iterations must be balanced against a possible decrease in the outer loop iterations for finding the
local solution. Second, the algorithm uses a nonsmooth merit function ¢ (x) = f(x) + 7||c(x)||
when performing the line search, which is known to cause the Maratos effect—a unit stepsize may
not be accepted near the solution. Such an effect leads to a slow local convergence [5]. Third, the
local behavior of that algorithm has not been rigorously analyzed.

In this paper, we propose a randomized SQP algorithm to solve Problem (1.1) in which the
Newton system in the inner loop is solved using the iterative randomized sketching (IRS) [8]. Thus,
the proposed method could be seen as a randomized extension of [4]. Furthermore, instead of using
fixed bound to control the accuracy of the inexact search direction throughout all SQP iterations,
the proposed method adaptively controls the accuracy of the inexact solution to balance between
the number of inner and outer loop iterations whilst the method achieves fast local convergence. We
use a differentiable exact augmented Lagrangian as the merit function of the form

Lof@ ) = L@ A) + D@ + 2| Vallz, N (12)
where L(x,\) = f(x) + AT¢(x) is the Lagrangian function of Problem (1.1) with A € R™ be-
ing the Lagrangian multipliers, and n = (71,72) is the penalty parameter. The benefit of using
an exact penalty function is that a stationary point (x*, A*) of (1.2) is also a stationary point of
Problem (1.1) and vice versa, provided that n; is sufficiently large and 75 is sufficiently small [2,
Proposition 4.15]. Further, the smoothness of the merit function in (1.2) effectively overcomes the
Maratos effect [3]. We emphasize three novelties of the proposed algorithm. First, we use the iter-
ative randomized sketching [8] to compute an inexact solution of the Newton system. Projecting a
large Newton system into a smaller one and obtaining an approximate solution leads to large com-
putational savings [8, 16, 17]. Second, the algorithm adaptively selects a parameter that controls
a bound on the residuals when accepting the search direction. As a result, the inexact solution of
the Newton system is a descent direction of the merit function, and is accurate enough to guarantee
the global and local linear convergence of the algorithm. Empirically, our adaptive algorithm re-
sults in smaller KKT residuals (the sum of the feasibility error and the optimality error) and fewer
gradient evaluations. Third, despite the randomness in the inexact search direction brought by the
randomized solver, we establish the almost sure global convergence. Furthermore, we show that
the algorithm locally selects a unit stepsize even with the adaptive step acceptance condition, which
leads to a local linear convergence rate. Such a local result complements the existing literature on
inexact SQP algorithms.

2. Method

We propose an adaptive inexact SQP algorithm that uses iterative randomized sketching to solve the
Newton system in the inner loop. We use || - || to denote the {5 norm for vectors and the operator
norm for matrices. At the k-th outer iteration, we let fi, = f(xy), etc., to simplify the notation.
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When a constraint qualification holds, the first-order necessary conditions for * to be a solution
to Problem (1.1) are that there exist multipliers A* such that

(Tecler X)) - (T TN _ (0, o

where G(z) = Vle(z) = (Ver(z),. .., Vem(x))T € R™*™ is the constraint Jacobian. In each
outer iteration k, the SQP algorithm finds the search direction (Ax, AAg) by solving the following

Newton system
Bk G% A.’L‘k _ ka + G{)\k (2 2)
Gk 0 A)\k o Ck ’ )

where B(x, A) is the Hessian of the Lagrangian V2L (x, A) = H(x,A) or its symmetric perturba-

T
tion. Let 'y, = (Bk G

G o ) e R(+m)x(n+m) and we rewrite the Newton system (2.2) by
k

Axy, o kaJrGgAk
(35— (T, o

Instead of finding the exact Newton direction (Axy, AN;), we apply the iterative randomized
sketching to obtain an inexact solution (Awk, A)\k) to (2.3). In particular, we let S € R(n+m)xd
be a random sketch matrix which has some probability distribution P and for each outer iteration
k and inner iteration j, we specify each random matrix by Sj ; ~ S. For j-th inexact solution
(Aa:;m, A)\k,j), we define the residual vectors of the Newton system by

p A T
L Az, j) (ka -+ Gk }\k>
rL . = D — F - 2 + . 24
k,j <,r,g7]> k <AA]€7] Ck ( )
Then the inner loop iteration updates the solution as

)= (88 - ()

~Lk, — (2RI W J) (2.5)
<AAk7j+1 AA;CJ' kg ’r‘g’j

~1
where Wy, ; = TLS, (S,ZijFgSkJ) S,zj e Rtm)x(nt+m) Now we define

i 1 12,k
6tr1a1 — < . > ) ’ 2.6
<=2 ) ST A T D) 20

where Yy, = || B|| V ||Gk|| V || Hg|| and ¥y, is defined in Lemma 6. At each outer iteration k, we
force the adaptive parameter d;, which controls the accuracy of the inexact solution of (2.3), to be
smaller than 6}?*‘1. This procedure ensures the algorithm selects a unit stepsize locally, so that it
enjoys the local linear convergence near a stationary point of Problem (1.1). For the simplicity of
notation, we drop the inner iteration j from (Axy j, A\ ;) and 71, ; when we generally refer to
the inexact search direction and residual vector. The following condition describes when a search
direction will be accepted.
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Step Acceptance Condition. Given 7y 1,725 > 0 and 0 < 0, < 5,‘?3‘1, a step (Aack, A)\k) that is
computed via (2.5) is acceptable if

IV Ly
ol < 6 MY kI 27
|75 < TR (2.7)
and -
Vo Lk A
<vi ﬁ’g) ( Ai’;) < — 5 VL. 28)
n

In each outer iteration k, we first update the inexact search direction by (2.5) until the resid-
ual at the inner iteration j satisfies (2.7) with a given J;. Then, we check if the inexact search
direction is a descent direction of (1.2); that is, whether (2.8) is satisfied for given (1 x, 72,). If it
does not satisfy (2.8), we increase 7; j, and decrease 7 ;. and 0, as

Mk < MEVS, Mok & Mar/v, Ok < (0/vh Ao (2.9)

where v > 1 is a given constant. We repeat the above two steps until we find an inexact search di-
rection which satisfies (2.7) and (2.8) with appropriate (1; , 72k, 0x). We design this scheme using
double while loops in Algorithm 1. The stepsize «y is selected to satisfy the Armijo condition

Vo LE\T (A
k+1 k r~n — k
Ly~ < Ly+ s <vA ﬁ’é) ( M), (2.10)

Tr+1\ _ [Tk éxk
() = ()= (E0) @b

Our Algorithm 1 is presented in Appendix C.

and the iterate is updated as

3. Convergence Analysis

We now study well-posedness of Algorithm 1, and establish global and local linear convergence guar-
antees. We emphasize that the randomness plays a key role in the analysis since the inexact search
direction is calculated by the iterative randomized solver. Compared with an algorithm that uses a
deterministic iterative solver, our inexact search direction is stochastic. As a result, all the compo-
nents of the algorithm that are affected by the search direction are also random; for example, (2.7),
(2.8), and (2.10). Our analysis relies on the following assumption.

Assumption 1 All the iterates {x} >0 belong to an open convex set X. The objective function
f is twice continuously differentiable and bounded over X. Its gradient V f and Hessian V2 f
are Lipschitz continuous and bounded over X. The constraint function c is twice continuously
differentiable, Lipschitz continuous, and bounded over X. Its Jacobian G and Hessian of each
coordinate are Lipschitz continuous and bounded below over X.

Assumption 2 The Jacobian matrices { G}, } ;>0 have full row rank. There exist constants g, Tp >
0, such that, for any outer iteration k > 0, z” Bz > ¢gl|z||? for any z € {z : Gxz = 0} and
| Bkl < Y.
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Assumption 3 The random sketch matrix S satisfies P(STz # 0) > 0 for any z € R"*™\{0}.
For any outer and inner iteration k, j > 0, S, ; i S.

Assumption 1 does not make any assumptions about the set A that contains the dual iterates
{Ak}x>0. The boundedness of A can be proven based on the algorithm itself; see Lemma 13 in
Appendix A. Assumption 2 implies that I'y in (2.3) is invertible. Therefore, for any outer iteration
k, the Newton system (2.3) has a unique solution. This is a standard assumption in the SQP lit-
erature [3]. Assumption 3 is used specifically to establish the well-posedness of Algorithm 1. In
Lemma 7, we first define the subsequence of the inner iteration {j; };>¢ where the reduction of the
error step occurs, and show that the event A = OZLZI{ Jji < oo} happens with probability 1. Thus,
conditioned on the event Ay, the error linearly decays in those iterations (see Lemma 8). Lemma 9
shows that for each outer iteration k, conditioned on the event Ay, almost surely, there exists finite
inner iteration such that the first component in Step Acceptance Condition (2.7) is satisfied. We
denote this event as 3;. In Lemma 10, we show that conditioned on the event Ay N By, the second
component in Step Acceptance Condition (2.8) is satisfied. Thus, Lemma 9 and 10 imply that the
double while loop in Algorithm 1 terminates in finite time. Furthermore, Lemma 11 shows that all
adaptive parameters (71,72, 0) will be fixed at some values after a number of outer iterations. The
formal statements of Lemma 7-11 are presented in Appendix A. Finally, we establish the global
convergence of Algorithm 1 in Theorem 1.

Theorem 1 (Global convergence) Suppose Assumption 1, 2, 3 hold for the iterates {(xj, Ak) k>0
generated by Algorithm 1. Then ||V Ly|| — 0 as k — oo almost surely.

Next, we establish local linear convergence guarantees of Algorithm 1. We first present two
additional assumptions that are necessary to the local behaviour analysis.

Assumption 4 The third derivative of the objective function V3 f exists and continuous over X.
The third derivative of the constraints V3¢; exists and continuous over X forall i € {1,...,m}.

Assumption 5 For any outer iteration k > 0, | Hy, — Bg|| = o(1).

Assumption 4 strengthens the condition of the objective function f and constraints ¢ in As-
sumption 1 to thrice continuously differentiability. For Assumption 4, when using the augmented
Lagrangian as the merit function (see (1.2)), it is common to assume the existence of third deriva-
tives of f and c;, since the Hessian of the augmented Lagrangian V%Ln requires V2 f and V3¢; to
exist. The existence of third derivatives is only necessary for analysis, and they are never computed
in practice. Assumption 5 is standard in the SQP literature and is needed to show local superlinear or
quadratic convergence [3]. Now we establish local linear convergence of Algorithm 1 in Theorem 2.

Theorem 2 (Local linear convergence) Let (x*, X*) be a stationary point of (1.1). Suppose As-
sumption 1, 2, 3,4, 5 hold for the iterates {(x,, A } k>0 generated by Algorithm 1, and (xy, A;) —
(x*, X*). Then for all sufficiently large outer iteration k, almost surely, o, = 1, and

Tl — " < 5 X, —x*
Gl = (%)

where 0* be the stabilized value of § € (0,1).
Proof of Theorem 1 and 2 are given in Appendix B.

)
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KKT Residual
Gradient and Jacobian Evaluations
} {
Objecive and Constraints Evaluations
-

(1) Algorithm 1 with Gaussian Vector Sketching
(2) Algorithm 3 with Gaussian Vect ling
(3) Algorithm 1 with Randomized Kaczmarz

(4) Algorithm 3 with Randomized Kaczmarz

(5) Algorithm 1 with GMRES

(6) Algorithm 3 with GMRES

Figure 1: KKT residual, number of gradient and Jacobian evaluations, and number of objective and
constraints evaluations boxplots for Algorithm 1 and Algorithm 3 on CUTEst problems.

4. Experiments

We implement three inexact SQP algorithms to solve benchmark nonlinear problems in CUTEst test
set [7] and solve constrained logistic regression with datasets from LIBSVM [6]. The considered
three algorithms are Algorithm 1 (the proposed algorithm), Algorithm 2: [4] with the ¢; penal-
ized merit function, and Algorithm 3: adaptive version of Algorithm 2. We use two randomized
iterative solvers and one deterministic iterative solver for (2.3): Gaussian vector sketch [8, Section
3.2], Randomized Kaczmarz [8, Section 3.3], and GMRES [15]. We evaluate each algorithm with
the following three criteria: (1) the KKT residual (|[VLg]), (2) the number of gradient and Jaco-
bian evaluations, and (3) the number of objective and constraints evaluations. We first present the
comparison between Algorithms 1 and 3 on CUTEst set in Figure 1.

From Figure 1, we observe that Algorithm 1 outperforms Algorithm 3 in terms of the KKT
residual and number of objective and constraints evaluations. This result is expected as Algorithm 1
uses tighter bounds on the residuals of the iterative solver to guarantee fast local convergence. This
results in steeper decrease in the merit function at each iteration and fewer number of outer itera-
tions. However, as we mentioned earlier, smaller number of outer iterations yields possible increase
in the number of inner iterations required to satisfy (2.7). We can reduce this cost by applying IRS,
which substantially saves the computational complexities by projecting (2.3) into a smaller space
for each inner iteration.

On the one hand, we see Algorithm 3 shows slightly lower number of gradient and Jacobian
evaluations than Algorithm 1. This is because for each iteration, Algorithm 1 finds a stepsize oy
to satisfy the Armijo condition (2.10), and Ly, () + ozkA:L'k, Ak + akAAk) in (2.10) requires the
gradient and Jacobian to be evaluated at each new trial point. For Algorithm 3, however, the gradient
and Jacobian are not involved in the evaluations of the /1 penalized merit function at new trial points.

Further comparisons between Algorithms 2 and 3, and experiments on LIBSVM datasets are in
Appendix D due to the limitation of space. The code is available at: https://github.com/
IlgeeHong/Randomized-SQP.
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Appendix A.

Lemma 3 (Upper bound on Hessian of Lagrangian) Under Assumption 1, 2, 3, for any outer
iteration k, there exists a uniform constant Y > 0, independent of k, such that for any outer
iteration k, | Hy|| < Y.

Lemma 4 (Upper bound on Newton matrix) Under Assumption 1, 2, for any outer iteration k,

there exists a uniform constant Y > 0, independent of k, such that for any outer iteration k,
Tkl < T

Lemma 5 (Boundedness on Jacobian of constraints) Under Assumption 2, there exist constants
ka,&q > 0 such that for any outer iteration k, g1 < GkG:kF < kal.

Lemma 6 (Upper bound on Newton matrix inverse) Under Assumption 2, for any outer itera-

7(||Bl* v 1

tion k, we let U), = M where o1, is the smallest eigenvalue of Gng. Then for any
¢plok A1)

outer iteration k, I’Ile < U,

For later usage, we further define ¥ = sup;~o{¥x} and T = supy>o{Ts}.

Lemma 7 Let Qy ; be a random matrix with orthonormal columns that form a basis of row (SE. k)
Let {ji}1>0 be a subsequence of the inner iteration where jo = 0 and j; be the l-th iteration such
that

COl (Qk:jlflﬁ’l) + tee + COZ (Qkﬂl) = Rn+m.

Let L be any given positive integer. Under Assumption 2, 3, for any outer iteration k, conditioned
on the event that the algorithm reaches (xy, Ay), the event

Ap = 0z i < o0} (A.1)
happens with probability 1.

Lemma 8 (Subsequence of error linearly decays) Under Assumption 2, 3, for any outer iteration
k and for any positive integer L, conditioned on the event that the algorithm reaches (xy, Ay) and

Ay in (A.1), there exists a sequence of random variables {fyk’l}lL:l where i, k- Yk € [0,1) such

that, for any |l < L,
éwkm - Aazk < ~ émk7]’l71 — Awk
A, — A || HINAAL ., — AX ||

7jl—l
Lemma 9 (Error of inexact solution) For any 6, € (0, 1), let Jy, be the inner iteration such that

IV L |

e g || < Op -
I7sll < OkyE T,

Under Assumption 1, 2, 3, for any outer iteration k, conditioned on the event that the algorithm
reaches (xy, \;) and Ay in (A.1), the event

By, = {Jr < oo} (A.2)
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happens with probability 1. Moreover, conditioned on the event A 0 By, if we let (Awk, A)\k) =
(AZL'ka, AAk”]k), then
AZBk
(AN) H . (A.3)

Lemma 10 (Descent direction of inexact step) Let (A:z:k, A)\k) be the inexact solution that sat-
isfies (2.7). Under Assumption 1, 2, 3, for any outer iteration k, conditioned on the event that the
algorithm reaches (xy, A) and Ay N By in (A.1) and (A.2), if

Awk — A:Uk
~ <
(G-

17k < 3:, UPRESe.
Y A Er R TS

T ~
Vall Az, 72,k 2
. < —I2E )
(vwi; AXN,) = 2 VL]

Mk =

then we have

Lemma 11 (Stability of adaptive parameters) Under Assumption 1, 2, 3, after sufficiently large
outer iteration k, all adaptive parameters (11,12, 0) are stabilized almost surely.

Lemma 12 (Armijo condition) Under Assumption 1, 2, 3, for any outer iteration k, conditioned
on the event that the algorithm reaches (xy,Ai) and Ay N By in (A.1) and (A.2), the Armijo
condition (2.10) is satisfied. Moreover, there exists a uniform constant iy > 0, independent of k,
such that for any k, 0 < apmin < .

Lemma 13 (Boundedness of dual variable) Under Assumption 1, 2, 3, almost surely, {\y}r>0
produced by Algorithm 1 is bounded.

10
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Appendix B. Proof of Lemma and Theorem

B.1. Proof of Lemma 3

Proof Under Assumption 1, 2, 3, Lemma 13 shows { Ay} k>0 1s bounded. Using Assumption 1, we have for
any outer iteration k, V2 fi,, V2¢; ;. are all bounded. Then we get

< [IV2 el ma { el } 3 (192l < T
=1

V2 fi + Z Ak Vieik

=1

1HE | = || VaeLel| =

This ends proof of Lemma 3. |

B.2. Proof of Lemma 4

Proof Assumption 1 implies that for any outer iteration k, there exists a uniform constant Y > 0, indepen-
dent of k, such that for any outer iteration k, ||G|| < Y. Using this fact together with Assumption 2, we
get

[Tkl < [|Bkll +2[|Gkll < Tp +2Y6 < Tw.

This ends proof of Lemma 4. ]

B.3. Proof of Lemma 5

Proof Assumption 2 implies that for any outer iteration k, GG is positive definite. For any outer iteration
k,letop > -+ > o1, > 0 be the eigenvalues of GkGf. Then we can show oy 1 < Gng Somil. If
we let {¢ = infy>o{o1,1}, and kg = supy>o{0m,i} then for any outer iteration &, {1 = GG} = kel
This ends proof of Lemma 5. n

B.4. Proof of Lemma 6

Proof For any outer iteration k, let Zj, be a matrix which has orthonormal columns spanning the null space
of Gy, Using Assumption 2, we have Z] By Zy, = &gl and GF (GLGE)'Gy + Zx Z§ = I. Appendix C.1.

in [11] and [12] implies that
i _ (Be GI\T'_ (K KT
k Gk 0 IC2 IC3

where

Ki=Z(ZEBrZy) ' ZF, Ko = (GrGEY'Gr(I — BpZp(ZE By Z),) 1 Z1T)
Ks = (Gsz)ile(Bka(ZgBka)ilngk — Bk)Gg(Gsz)71

Taking /2 norm on both sides yields,

1 B 1 B
il < 2 Kl < (GG G (1 n ””) <L (1 ; '”) ,

éB VOl k éB
_ Bil? 1 By|)?
1311 < GRGT) Gl (1Bl + 1B} <« 2 gy 4 1B
éB o1,k éB

11
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Let {p < 1 and assume o1, < 1 < || By||. Then we get

T3] < WAl + 2012l + 1K

1 2 B 1 By|?
& /Oik éB o1k éB

_ SIB | 218 _ TR
T Voikés o1 ks T o1kéB

Since we assume o7 < 1 < || By, it follows that

(|| Bll” v 1)
Ep(o1p A1)

This ends proof of Lemma 6. n

R — 0,

B.5. Proof of Lemma 7

Proof Let k& > 0 and we suppose the algorithm reaches (x, Ax). Using (2.3) and (2.4), we rewrite the
updating rule of IRS (2.5) as

A:c;w-H _ A:l?kﬁj - ] Awk’j _ A:Bkyj o ) Awk’j—Awk
(A)\kd.’_l o A)\k,j WkJ T A)\k,j +VLy ) = AA]CJ' WkJFk AAk,j*AAk '

A:Bk,j — Awk

Ifweleter; = | %
we let ey, ; (A)\k,j N

> , then the above display can be rewritten as

6k’j+1 = ek’j — Wkﬁjl"kem-. (Bl)

Using the fact that Wj, ;' = FfSk,jH(S,{)j_s_leFfSk,jH)’1S,Z:j+lfk forms an orthogonal projection
onto row(S,zj+1Fk), (B.1) can be simplified as

€rjt1 = €k — Qujt1QF j 1€k (B.2)
Let jo = 0 and j; be the [-th iteration such that
col (Qk,jl_1+1) + ...+ col (Qk,jz) = TO’LU(Fk) — ]Rn—&-m7

otherwise let j; be infinite. Since I'y is invertible, Assumption 3 implies P(S7Tyz # 0) > 0 for any

z € R"™™\{0}. Given the relationship between row(STT}) and Qy, we further get P(Qfz # 0) > 0
for any z € R"™™\{0}. We denote the lower bound of this probability as m, € (0,1]. Since Qy_; v
Qk, conditioned on the event {j;_1 < oo}, the probability that Zfié col (Qg,j,_,+i) grows in dimension

relative to Z::O col (Q.j,_,+i), when dim (ZE:O col (Qk’jl_lJ’,i)) < n + mis at least 7. As a result,

conditioned on the event {j;—1 < oo}, the probability that the event {dz’m ( fi(l) col (kaflﬂ-)) >

dim (ZE:O col (Qk, j,_lﬂ-)) } happens n + m times in N iterations with N > n + m is dominated by a
negative binomial distribution. Thus,

N -1

for N > n+m, P(j; = N|ji—1 < 00) < <n+m—1

) (1 _ 7_‘,)N—n—mﬂ_n—‘,-m.

12
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Taking N — oo, we get for any [ € N,
P(j = oolji—1 < o0) = 0.
Therefore, for any [ € N, P(j; < oolji—1 < oo) = 1. Let L be given positive integer. Then for any [ < L,

P (Nf1 {5 < 00}) = P(j1 < 00) x P(j2 < 00lji < 00) X -+ x P(jr < 00ljp—1 < 00,...,j1 < 00)
=P(j1 < 00) X P(ja < 00lj1 < 00) X -+ X P(jr < ooljp—1 < 00)
=1.

This ends proof of Lemma 7. |

B.6. Proof of Lemma 8

Proof Let & > 0 and we suppose the algorithm reaches (xx, Ax) and the event Ay happens. Let L be given
positive integer. We denote gy, ; 5, be the h-th column of @y, ;. Using (B.2), we have for any | < L,

ek = (H?:j,,_m (I _, (1 - qk,j,hq/f,j,h)» ki y-

Taking ¢5 norm on both sides yields

lerll < [T, o (B (= aegngl i) | lewa

Let F,; denote all matrices F, ; where the columns of F}, ; are the vectors {ka_yl, RV fk,z,n+m} - {qk_,j171+171, -

that are a maximal linearly independent subset. Theorem 4 in [13] implies that

HH;l:jl—lJrl (Hizl (I - qk,j,hqghj’h)) H < \/1 — mian,lefk’ldet(F,ZleJ).

For any [ < L, define

Yl = \/1 — mian,zG}-k,ldet(Flg:leJ)'

Then we have for any [ < L,
lew il < Ve llexs || -

Using the fact that F];‘F 1F,1 1s positive definite and Hadamard’s inequality, we have {Vki}i<r C [0,1). Let
. . ii.d ii.d

Okt ={Qkj,_1+1,---,Qk,j I Using Assumption 3, we get Qp 1, ..., Qk. 1 "% O, hence, Vi1 Vh,L B9

k. This ends proof of Lemma 8. |

B.7. Proof of Lemma 9

Proof Let k > 0 and we suppose the algorithm reaches (xy,Ax) and the event A; happens. Using
Lemma 8, we have P(yx = 1) = 0, hence, there exists 7, € (0,1) such that P(yx < 7)) > 0. We
denote the lower bound of P(y, < 1) by m, € (0,1]. Let N be the smallest positive integer such that
_ < 0
N > log(dy,/ ||Tx|” ©2)/log(7x) + 1. Then we have 7 < m
k k
where for each iteration [, we generate 7y ; from a distribution of 7, independently. Let L;, be the iteration
such that

Now we consider the procedure

Hyer <t} +-+I{ver, <7} =N,

13

s Qi)



ADAPTIVE INEXACT SEQUENTIAL QUADRATIC PROGRAMMING VIA ITERATIVE RANDOMIZED SKETCHING

otherwise let Lj, be infinite. Since for any [ € N, P(y;; < 7%
the event {yx; < 74} happens N times in N iterations with
distribuiton. Thus,

and 7;,; “%" ~, the probability that
is dominated by a negative binomial

)
N
)
P(Lk = OO) = 0.

Therefore, Ly is finite with probability 1. Now letting L = L and applying Lemma 8, we have
Awk gL, A:L’k L Amk 0— A:Bk L A.’Bk
Tk, < (mk ) Tk, = (H B ) .
(A,\mk AN (T2 Ao — ANy =17k

ANy
Using this expression together with (2.3), (2.4), and Lemma 6 which says ||F & H < WUy, we get
Amk iy, Aa:k J - A:l?k
) — — Ly r Ek < ||
H"'k Il (AAk,ij VL b A)\k Jr, AN - ” k”
Ax
<1ty o) el (A5 H < T2, () [T [T 192

< T () Tkl W VL
Using (B.3) we have

> Tk &
> Ni

for N > N,P(Ly =N (
Taking N — oo, we get

Ailik gL, T A:Bk
AA — AN

(B.3)
{I{’Yk 1 <7} + o+ H{ern, ST} = N} = {HlL—k1(’Ykl) < Tk}

)
= {HlL_’“l (V) < k}

A 7
VLl
= { HTk,ij < 6km
Finally, if we let J, = jr, , then we obtain
. . VL] _
P | there exists finite J;, such that ||y 5, || < 0k (g, Ai), Ax | = 1.
(T W
Now conditioned on the event A N By, we get

Hrk,Jk” S(Sk ||V£‘kH

A:ck Jy — Amk) ’ HVEkH
= U ([T =77k <4
I ’“(mk,Jk — AN | =TT
_ Axy, g, — Awk) ’ IV Ly
S [ e ) Y et <4
I ”‘ ’f(AAk,JkAAk = ]
Azy 5, — Awk) ’ VLl
= . ) <4
(Axk,JkAAk = ]
A
5 i (350)]
(B sy ’ -
AN g, — AN/ || — [Tl
N Az, — Axy, Axy,
A)\k — A)\k A>\k
This ends proof of Lemma 9

14
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B.8. Proof of Lemma 10
Proof Let &£ > 0 and we suppose the algorithm reaches (xy, Ax) and the event Ay N By, happens. We start

. s
from dividing (g f: k> <§ik> into two terms as follows:
k

Vo LE\" (A _ (Valh)' (Awmy, L (VaLn " (Awy — Awmy, B.4)
vAL’f AN, V)\ﬁk AN VAL’“ AN, — AN, ) '
First, we develop the first term and obtain
ValEN' (Axy\ (I +nonHy)Valy +mpGler\” (Azy
V»Ck AN ek + 125GV Ly ANy
_ <Awk)T <I+772’ka 7}1,kGE> (Vw£k>
AN N2,k G I Ck
_ Axy, r I+772,ka nl,ng By G{ Axy,
o AA;C 7’]2,ka I Gk 0 A)\k
_ (Azy ’ (I4+m2xHg)Br +m GGy (I +m2xHy)GL\ Az

- _<A>\k> < G (I + 12,1 Br) 2.k Gr Gl > (N\k>
— Az T ((I + o Hy) ”ng{Gk) Ay, — %AMG{ GrAzy

— 7727kA)\k-TGkG£A)\k- — A)\kTGk (2] + UZ,k(Bk + Hk)) Axy,
2
= —A:E;CT ((I + n2,ka)Bk + mT’szGk) AiL‘k — 7]17,19 ||GkA:E;c||2 — N2,k HG%A}%H
— AN Gy (21 + o (B + Hy)) Azy,.

Using (2.2) we have GyAx = —ci and GfA)xk = — (BgAzy + V5 Ly). Using this expression together
with the above display, we obtain

V ﬂk AiL‘k
VAE’“ AXg

7]
— —Ax,T ((I o Hy) By, + 1o kGTGk> Axy, — '1 "

lerll® = no.n | BeAmy + Vo Ly
— AN G (21 + mo k(B + Hy)) Azy,
= Az’ ((I + 12, Hy) 7712,k GgGk) Az 7712”“

2
I

2 M2k 2, M2k
It Lok Vmﬁ >
VoLl + 2

— M2k HB;.CA:J'J]C + VwﬁkHQ — A)\kTGk (2] + 7]2,I<c(Bl~c + Hk)) Axy,.

Taking the forth and fifth terms from the above display and using the expression VL = — (B;C Az + GgA/\k) ,
we obtain

7722k ||V EkH *772k||BkACEk+V Ek”

k
= —N2,k HBkA:IZkHQ — 27727]§A:Bk,TBkvm£k — T]2

1V L[
= =Nk HBkA:I:kHQ + 27727k.A:BkTBk (BkAmk + GTA)\k») 7]2 k HBkAxk + GTA)\kn
= nQ,kA.’Ek.TBk.Bk.ALBk + ﬁg,kAkaBngA)\k — 772 K ||B Ax ||2 — 772277k HG?A)\kH

< ﬁg,kA.’EkTBkBk.ALEk + ﬁg,kAkaBngA)\k - 7]2 i ||GTA)\kH

15



ADAPTIVE INEXACT SEQUENTIAL QUADRATIC PROGRAMMING VIA ITERATIVE RANDOMIZED SKETCHING

Combining the above two displays we get

Ve U“ A 7]
( ) ( ‘”’“) < Az, ((1+n2,kﬂk)3k+ mkGTGk) Awk—MH Kl — ’“ VL]

VaALh AN,
+ m2x Az, " By BpAzy + 1o s AN, Gy B Az — WTk GgA)\ng
— AN G (21 + m2 k(B + Hy)) Awy,.
Assuming 71 ; > 12,1 at the moment and using Cauchy-Schwarz inequality, we get
VolE\T (A
VAEf; ANy
12,k 2 T N,k ~T 2,k 2
S IVL|" — Az (L +n2k(Hy — B)) 5 Gk Gk) 5 |

— AN G (21 + o Hy) Ay
< —"DTJC HVﬁkHQ — 7727;@AwkT(Hk — Bk)BkAiL’k — AsckTBkAwk — mT’kASCkTGgGkAIEk

B % HGgﬁx\kW — 2AXN Gy, — ok AN G HpAmy,

S _7727,k HVﬁk||2 + 7727k ||(I‘];~C — Bk)A:BkH ||BkA:ck|| — AickTBkA:l?k — an’kAwkTGszA:IIJ~C
2
- % |GEAXN||” + 21| AN [|GeAm || + 12X [|GE AN || A
2
< —BE VL + 2T Ayl - Awi” (Bi+ BEGTG) Awy - BE 6T AN

+ 2| AN | GrAzy]| + n2,6 T || GE AN || [ Ay -

Now we apply Young’s inequality for the last two terms. Note that

maTIGE AN Aen] = ([ 2EIGT AN ) (VoY A )

4
2 axdiGeaa = (VG an ) [~ joiaa )
Vn2.kéa

Using the above expression, we get
2
nea T (|GEAN [|Azi]| < B (| GT AN + 72,72 || A |
and

8
2| ANl Gl < ES an 24 S eyam.
n2,k¢c
Using Lemma 5, we obtain
Vo LI\ (Awmy,
VAE’“ AN

< —BEVLP + 3n0a T A -

T2,k
4

2 8
P+ 5256 AN+ — B | GA?
8 M2,k€G

— Aa:kT ( . n;’k GEG;C) Axy,

8

< BT L] 4 T2 AP - P25 AMIIQ—AwkT<Bk+<m’k— )G{Gk)mk.
8 2 M2.k8a

(B.5)
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ADAPTIVE INEXACT SEQUENTIAL QUADRATIC PROGRAMMING VIA ITERATIVE RANDOMIZED SKETCHING

In order to bound the second and fourth terms from the above display, we decompose Axy as Axy, = Auy +
Awvy, where Auy, € Null(Gy) and Avy, € Image(GT). Then we have ||Az||? = ||Au||? + || Avg||? and
Avy, = GT Avy, for some Avy,. Using Lemma 5, we get |Avy||? = ||GL Avy||? < k|| Avy||* and further
obtain

2
_ 2 _
|GrAa|? = [Grivl? = |GhGTAv | > € l|Aw? > % | Avg?.

Using the above expressions and Cauchy-Schwarz inequality, and assuming 7y ;, > 16/(n21€¢) at the
momonet, we get

302k Y2 || Az |* — Azy” (Bk + (m’k - > GTGk:) Axy,
2 N2, kéa
= 3772,kT2 ||Awk||2 - Au;;FBkAuk — QA'U,szA’Uk — AU%B}CA’U]C — <7712’k — " 8£ > ||GkAIl7k||2
2,kSG
8
< B Y [ Ayl? — €5 | Ay |+ 27 [ Ay [ A + T | A2 — (’“”“ ) 5 | Ay
2 n2,kéc
8
< (30T — ) e + 27 ] o] + (60 + 1) o | - (2255 — 560 gy .
Ra M kkG

Now we apply Young’s inequality for the second term. Note that

T
2T Ay || Avil) = (v/E5 ] A (%Avkn) .

Using the above expression, we get

272 272
21 A Ave]| < 2w+ 5 A l* < 2 lAwe]® + 5 [

ép
This leads to
31,k T2 Az — Azy” (Bk + (771 L > Gy, Gk) Az,
2 M2,k8c
2 8
(3n2 o1 - 5) lazy? + 25 ||Avku T (€5 + 1) [ Awy? - (”;”“gG _ 8 ) |Aw?
ka M2,kKG

T 8
(3n2 ST - 5) lAzel® + ( fep Ty S m. kgG) JAvl.

5 m.kkG 2K,

Plugging the above inequality back into (B.5), we get
Vo LI\ (Awmy,
VAE’,“I AN
272 8
< R0+ (301 — ) w4 (2 b g T e G g TG ay e
2 2 13 Nekka 2K 8
In order to make the upper bound negative, we let
3:
< .
k= 1oy

Furthermore, without loss of generality, we assume kgAY /2 > 1 > {5V &q. Using this assumption together
with (B.6), we obtain

(B.6)

272 8 272 37 8 372 8 1 8 1 8 8 5
0 epyry e 20, 3T, 86 37, 8 1, 86 1 |8
éB mekka — B 2 mexke ~ B Mokke ~ Ak Mekke T A2k Mok T Mok
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Using (B.6) togther with the above inequality, we get

Vo LENT (Amy,
vaLh ) \ax,

In order to make the upper bound negative, we let

772k

8.5 2 ,
e +( ”kaG) JAw]? — 245G AN |2,
72, 2ka 8

B.7)

Note that (B.6) and (B.7) imply 11 > n2 and 01 1 > 16/(n2,x€c), hence, justify our previous assumption.
Using (B.6) and (B.7), we finally have

Vo LI\ (Awmy
vaLk ) \an,

772k

m,kéa 2 &B 2
. |AXg]” — T | Az ||

M2,k 2 M2.kéa 2 M.kéa 2
< 5 |VLL|" — - |AXg]” — - | Az ||

< _7727,k VL2 — n2.k8c

; ’ : (B.8)

Acck 2
AN
Now we develop the second term of (B.4). Using Cauchy-Schwarz inequality and (B.6), we get
Vi Lk éwk — Az émk — Az, Ty mowHe meGE\ (VaLlr
V)\ﬂk AX, — AN, o AN — AN T2, Gk 1 Ck
B (éwk - Awk) ( (I 4+m2xHg)Br +mGLGr (I+ 7)2,ka)G£> (Awk>
AN — AN Gr(I + n2,1Br) 12,k GLGY AN

Awk - Awk A:ck

= (Akk _ AAk) <A>\k> (X + 7260 + (Mg +12,6) L% +2(1 + 12, T)T)
Ai[tk — Axy, Axy, 5 )

= (AAk - AA,) <A>\,€) (3T + 42,k T* + 11, T7)
Az — Am, Az, ¢ )

< A o .

- (A)\k — A)\k> <A)\,€) <3T +5 FmaY

Furthermore, without loss of generality, we assume kg A Y/2 > 1 > €5 V €. Using (B.6) and (B.7), we get
mx > (1766)/(n2,k€2) > 17/ (2kéc) > (17 x 127?)/(€p€c). Then we have 19/6 < n; ;Y and further
obtain

197
3T + %B +mpY? < e + Y2 < 2y 1 Y2

Using this inequality, we finally have

\% Ek 4 Acck — ACBk 2
x n — 9 <
(VA/:E,) (A)\k - AAk> < 2k X

Acck — ACCk Aa:k
GESNE) e

18
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Now plugging (B.8) and (B.9) back into (B.4) and using (A.3), we obtain

Vo L\ (Am) _ (Valh\' (Awy L (VaLy U (Awy — Awmy,
V»Ck AN o VAﬁk ANy V)\Ek AN — AN,

2
M2,k 2 miéa || [ Axy 9 Awk — Az, Axy,

< - > _ s

B | 8 (N‘k) F2ma T A, A)\k AN
72,k 2 Mmiéa || Axg

< _THV&@H i (AA,) + 26,m1,6 Y2 H(A)\k)

<

M2,k > (mxfc 2 Az,
<=7 VL < g 20k kY ) H(AN)

In order to make the upper bound negative, we let

S < m (B.10)
and obtain
<vm£';,)T <§wk) _ ik
VaLy) \Axy) = 2
This ends proof of Lemma 10. n

B.9. Proof of Lemma 11

tl‘ldl

M,k
M2,k
Since the updating rule of the adaptive parameters (2.9) increases 7 , by a factor of v? and decreases 7 x
by a factor of 1/v, we have that 11 o < 11,5 and 72,9 > 12, for all k& > 0. Using this fact, we have that for
any k > 0,

Proof We suppose the event N2 (A N By) happens. We start from finding the lower bound of —~——=

2UE (3T s + 4no kX7 + mx Y3) < 202(3Y + 4o o X2 + 11 1 T?)
S 6‘1’2T + 8’[72’0\112’1‘2 + 2771,k\I]2T2
< 66U + 8o o W2 4 21y, U2Y?

771 k (6\I/2T + 87’]2 O‘II T ) + 27’]17]@\1/2T2
771,0
6U2T  8ijg,o W22
< Mk ( + 20

M0 m.o

+ 2\1/2T2> )

Using the above display, we get

5tr1al _ 1 _ 6 2,k > 2,k 1 _ /6 m.o
k 2 2UZ(3Y, + 4na kX2 + miX2) ~ g \2 GU2T + 812,002 Y2 + 21 U2 T2

and obtain
6tr1al

O "Mk 1 Mo
2 ’ : B.11
M2k <2 ﬁ) 6W2Y + 812 o W2T2 + 21 (W22 ( )

Using Lemma 10 and (B.11), we obtain the conditions for all adaptive parameters to be stabilized as

- S 1Tk ok < 35 okmre - & l—ﬂ .0
BRIk = T RE =T T T 162 0\ 2 GW2T + 81,0 W2T2 + 21y o W2T2

(B.12)
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Note that the lower bound of 7; ;72 and the upper bound of 72 ., k71 k/M2,, do not depend on k. The
updating rule of the adaptive parameters (2.9) implies that 1) ;72 5 increases by a factor of v, 77 ;, decreases
by a factor of 1/v, and 5;@.7717;4/ 72,5 decreases at least by a factor of 1 /v. Thus, conditioned on the event
NP2 o (Ar N By), all parameters are stabilized after sufficiently large outer iterations k. Now, using the fact
that P(Ag|xk, Ax) = 1 and P(Bg| Ak, r, A) = 1, we have P(Ax N By|zk, Ax) = 1. Using Boole’s
inequality,

P (NiZo(Ar N By)) =1 = P(UpZo(Ax N B)®)

zl—iiP«Akmbﬂ

k=0

= 1fZ//XXAP((AkﬂBk)c|mk,)\k)P((Xk,Ak) = (T, ) d(@k, Ar)

_1_2//)“A (X M) = (@0, An)) d(@r Ar)
- 1. (B.13)

Therefore, the event N3 (AN By) happens with probability 1, hence, after sufficiently large outer iterations
k, all parameters are stabilized almost surely. This ends proof of Lemma 11. |

B.10. Proof of Lemma 12

Proof Let k£ > 0 and we suppose the algorithm reaches (xx, A;) and the event A N By, happens. We start
from establishing Lipschitz continuity of V.£,,. Note that

VL, = (I + "72H)va:£ + 771GTC
n c+ GV, L ’

Using Assumption 1, we have H, G, VL, and c are all Lipschitz continuous and bounded over X'. Using
this fact we have V£, is also Lipschitz continuous over X. We denote I" be the Lipschitz constant for V.C,,.
Now we let C be a line segment given by the vector function s(t) = (x) + tarAzy, Ap + tozkA)\k) where
0 <t < 1. Using this expression together with the fundamental theorem for line integrals, we get

E,,(:ck + OzkA:I:k, Ar + OékA)\k)
=Lk +/CV£,, -ds

v (Ax v (Azy,
=L+ o (VL) ~)\];)+/CVL,,~d3—ak (VLy) (A)\’;)

ANy

1 5 5 T It
k) + ag / {Vﬁn(azk +tag Az, A + tarANg) — Vﬁiﬂ <§ik>dt
0 k
1 ~ 2
T Awk
)‘k) —+ g / Ttay, <AA]C)

Az, L Am ?
AXg kz AN

20

dt

1 ~ ~
+ oy / Vﬁg(l’k + takA:ck7 >\k + takA)\k) (éwk>dt — O (V,C?])T (gik
0 k

)
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Using (A.3), we have

Amk Amk A.’Bk A.’Bk Amk
G el N ol @ A e

Using this expression together with Lemma 10, we get

~ 2
L F A(Bk
. < i
L (mk+akAmk,)\k+akA)\k) < LY+ ap <V)‘£I:]) <A)\k> +« 2 H(AA]C)
Vi LFE T Az Azx
< rk aly AL k
<cjron (321) (35 v |(320)[
< LF 4+ ay VaLy ' Aw’“ + 203002 ||V L
= VALl ) \Axg b
<k o (VeLh " (Azy\ 40302 (V,oE\" (Azy,
= TERAVALE )\ A, mk \VaLk) \Ax
ATy, A
< k - i~ —~Lk
<o (1- 55 )er (Grt) (350)

where 73 is the stabilized value of 72. Using the above display, if

(14“1’20% (A= B)ms

> 08 <

then the Armijo condition is satisfied. Moreover, since the upper bound of o, does not depend on k, we can

1
find [ > 0, independent of k, such that for any &, 0 < (p)! < w
for any outer iteration k, we have 0 < auyin < ag. This ends proof of Lemma 12. |

. Finally, if we let apin = (p)?, then

B.11. Proof of Lemma 13

Proof We suppose the event N2 ,(Ax N By) happens. Using Assumption 1, we let ky, ke, kg > 0 be
constants such that | fi| < k¢, ||ck| < ke, and ||V fi]| < k4. Using this fact together with Lemma 5 and
Cauchy-Schwarz inequality, we get for any k£ > 0,

L@ M) = L+ L5 el + T2 [V fic+ GEA
:n+M@+mﬂun BNV i+ G

=fe+ALer+ = 771 Elex + 172 B fl? 2. k)\TGkGTAk

zn+&@mmmavm+@§@wm

\%

ke
B = Il ek + 2k GV il + 2% Al

%

n2,kéc
= fel = IMkll (lexll + n2p 1GEI IV fell) + 5 Ak
n5¢G
2

%

—kg = IA&ll (ke +m2,0Taky) + Xl
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where 75 is the stabilized value of 7,. Using Lemma 10 and 12, we have that £, (xx, Ax) < Ly (20, Ao) for
all £ > 0. This leads to

TS N2~ I (ke + 1200 hy) < L M) + by < | (o, 20)| + K. (B.15)

*
If we let K1 = % >0, Ky = ke + 120 kg > 0, and K3 = |Ly (20, Xo)| + kf > 0, then we get for
any k > 0,
Ky [ Xel” = K2 [|Ax ] < K.

This implies that {Ay} x>0 is bounded. Using (B.13), the event N} (A N By) happens with probability 1,
hence, {Ax } x>0 is bounded almost surely. This ends proof of Lemma 13. |
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B.12. Proof of Theorem 1
Proof We suppose the event N5 (A N By) happens. Using Lemma 10 and 12, we have that for any k& > 0,

Vo LT (Axy, M2,k 2
n ~ < — i
(vxc’:) (A)\k> < -5 VL

T ~
< ~ k Vs LE Az,
En(:ck + arAx, A\ + OékA)\k) < ,Cn + aif (V)\Eg A>\k

and

for some «a, € (0, 1]. Combining the above displays, we have that for any k& > 0,

N2, kOk S
2

_ ngaminﬁ

VLL?
5 VL™,

Lt — ok < — VL7 <

where 73 is the stabilized value of 72. Summing over k, we have

. 2 2 0 .
< — .
k§_OHV£kII S o (ﬁn glxng{ﬁn(wv\)}> < o0

Therefore, [|[VLy| — 0as k — oo. Using (B.13), the event N7 (Ax N By) happens with probability 1,
hence, P (||VL|| — 0 as k — oo) = 1. This ends proof of Theorem 1. |
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B.13. Proof of Theorem 2

Proof We suppose the event N2 (A NBy;) happens. We first show for all sufficiently large k, almost surely,
unit stepsize is admissible. It suffices to show that for all sufficiently large &,

- - k A
Lop(xr + Ay, A + AXg) < Eﬁ +p <§ §k> (gf\k) almost surely. (B.16)
k

Using the fact that for any k£ > 0,

vk — ((I + 02k i)V Ly + nl,ngck)
! ck + N2 kGrVa Ly

and
V(M-¢)=c-VMT + M -Ve
where M € R™*™ and ¢ € R", we get
V2 LE =V (Vo lr +n2uHiVa Li + 016Gl o)
= Hy + 2k (Voli - VoHi + HY) + 01k (cx - VGr + GEGr)
2>\£k = Va (ck + 12..GrValr) = 12xGeVarLy = 12.Gr Gl ,
VaxLy =V (Vele + m2uHe Vel + miGic®) = GL + nok (Voli - VaHy + HiGL)

where Vo Hy = V3 fi + > Xk Ve puCik and ViHy = V2_ci. Using Assumption 4, we have that
the third derivatives of f and c are continuous, hence, VZEk is continuous over X. Now we let

Hy = (Hk + 72, ka + M1, kGTGk GT + 12, kaGk)

G + 12, GrHy, N2, kGrGF
Using ||VL|| = H(V Lk)

augmented Lagrangian merit function about (x, Ay ) yields

= o(1), we have V2LE = Hj, + o(1). Applying Taylor’s theorem to the

En(:ck + Aazk, AL+ AAk)

~ ~ T ~
<ty Vo L\ (Axy L1 (A o o Az, Az,
VAEk ANy 2 AL A)\k A)\k
< ~ T
_ pk V Ek A:Bk 1 L A:Bk AiL‘k
= Lot (V,\E’“ A)\k T3lan,) ™ AAk AAk
:ﬂk V [,k é.’l)k +1 émk T,H A.’Bk +1 V [:k écck +o é.’l)k 2
n T Va Ek ANy 2\ AN A)\k 2 V)\ﬁk AN ANy
~ ~ T ~
ek V ,Ck Ailfk 1 Awk A:ck
=Lats <vk,c’€ Axg) T2\an,) (A,
~ 2
1 %wk (I +n2xHy)Br + mipGLGr (I + n2Hi)GE Az Aick
2\ A\, Gk(I + 77271§Bk.) n27kaG£ AN AAk
_ ,Ck + V Ek é.’l)k + } @:Ek T,H éazk — A:Ek
n vx,ck Axi) T2 \AX.) TTF\AN, — AN,
~ T 2
n 1Az 24— (I +nekHi)Br +mxGEGy (I +nokHg)GE Az Awk
2\ AX; g Gr(I + 2,1 Br) ok G* G} AN Ay '
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This leads to

. . VoL (A 1/Az)\ . [Azp—A
Ly(@y + Azg, A + ANy < £ + (v Ek) (Aii)%(ﬁi) m(ﬁi_ﬁ’;)

<A£L‘k> <(I =+ n2,ka)(Hk — Bk) > <AiL’;€> <A£L‘k)
AN n2,kGr.(Hy, — By,) ANy
Now we let Ty, = || B|| V|| Hg||V||Gk||- Using Assumption 5, we get || (Hx, — Bx)Axg|| < |[(Hix — Bg)|| ||Az|| =

o (||Azg]|). Using this expression together with (A.3), (B.14), and o(|| (Amk, A)\k)H) = o(||[(Azg, AXL)]]),
we have that for any & > 0,

ﬁn(wk + Aazk, Ak + A)\k)

. Ve Ek Az Az Az — Axy,
< rk ATy k K — Amy,
<cye 5 (BuE) (530) 2G5 e | (52250
2
1/A A
# 5 [ (R) |+ st 8 = B Al + sl W~ B Al + (H(&)H)

<eie 3 (T) (550) 3o (S (-
(G5 easemm (|

Vo Lk Az
<k (V ﬁk) (A)\D + k(3T ke + 4n2k Y3 + M Y7)

)))

+ (14 2m25Tk)

(B.17)

G (&)

Using the fact that f k> 0,06, <ouvl = (= 12,k dL 10,
sing the fact that for any k > k< O (2 /3’) Qq’i(STk‘F‘le,kTi‘f‘m,kTi) and Lemma

we have that for any & > 0,

Sk(3 Tk + dmo 1 Y7 + s X3) < < - 5) 2\112

A 2 1
= 63T + 4n2 1 Y3 + m i Y7) (Ai:) < ( -3

2
Ax 1
= 6k(3k + 4n2 1 T3 + 16 Y7) (AAZ) < ( - ﬂ)

2 o [ Az || = (L5 (VeLh)' (Bax

= 0k(8Yk + 412k T +n16T5) <A)\k < 5 B VAQ’% AX,

VoLl Az, 5 o |l /A VaLll Az,
(V L’k> (A)\k) + 03T, +4ne Yy, + 1k Y5) ‘(A <p (VAEJC A )

We let K7 > 0 be the outer iteration such that for any k& > K7,

G- (G0

Plugging the above inequality back into (B.17), we have that for any k£ > Kj,

& ~ k ~ k V ﬂk Ailtk
ﬁn(m + Az, A +A)\k)§£n+6<v ﬁk A)\k :

‘ 3
)
<
)
=

Ve Ek Az
(V)\Ek> (AA:) +0k (3T k+4n2 1 Yo +m1 1 Y7)

B V Ek r é.’l)k
vAz:’“ AXL )
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Using (B.13), the event N2 (A N By,) happens with probability 1, hence,

0o = ~ Ve Ek Az
P (ﬂk_Kl{En(wk + Az, A+ AN < LF + B (v ck) <A>\:> }) =1

Next, we show for all sufficiently large k,
xp + Axy, — o
A+ AN — AF

where 0* be the stabilized value of § € (0,1). We start from dividing <

B

Ty —
()\ _ )\*) H almost surely,

Ty —l—éwk —x*
A+ AN — AF

wk+§mk—m* [z + Axy — n @mk—Awk (B.18)
A+ AN — A T\ AN A AN, — AN ' ’

First we develop the first term in (B.18). Using Assumption 1- 2 together with V., = 0, we obtain for any

k>0,
Tp+ Az —x*\ (B G{ x, —x* + Axy,
Ak +AX — X)) \ Gy Ak — A* ANg
Bk -1 :ck—w Bk Gz 71v£
e Ak — A* Gy O b
_ (B Z k=@
(e ) (( )( ) ver)
B Gj —(VLy —VL,) (B.19)
G 0 Gk >\ ~ )\* b ) '
Using Assumption 1, we know V2L is continuous over X. Using this fact, we apply Taylor’s theorem and
obtain

> into two terms as

follows:

Ak — A*

[V H (@ (@t —xk), Ak EA = M) GT (@ + (e — )\ [ — 2
_/0 ( ’ G(mk+:(m*imk)) ’ ’ 0 ' )(A:A*) dt.

! *
VL= VL, = / V2L (@, + H(@" — @), A+ HAT = ) (“"’“ v ) dt
0

Now we let H(t) = H (x + t(x* — xg), Ak + (A" — X)) and G(t) = G(xk + t(x* — xx)). Then we
rewrite the above display as

VL, —VL, = /01 (g((f)) GTO(t)> (f\z B f\) dt.
Plugging the above display back into (B.19), we obtain for any k£ > 0,
e T\ —1 T "
Gisnex)-a ) (@ §) R -me-ve)
_ <Bk G{)‘l < /1 (Bk —H(t) GT-— G(t)T> <wk - a:) dt)
Gy O o \Gr—G(t) 0 A — A*
Using Assumption 1, we know H and G are Lipschitz continuous over X'. Let I';,I's > 0 be the Lipschitz

constants for H and G respectively. Using this fact together with Lemma 6 and Assumption 5, and taking /o
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norm on both sides, we have that for any & > 0,
x + Axy, — x* Bk GT -1 ! B, — H Gg—G(t)T x, —x* di
i+ AN — A o \Gr—G 0 A — A*
(B N Ml (Be-H® GF -G a:k—w ”
o G, O 0 G, — G 0
1
T
< v [ (1B~ il + 1 - HOI +216: - GO H( A)
1 *
Tr — * Tr —
) 1 'yt 29t —
(e (250 ot —=) | (32250
1 Te =@V pg (T 2+2Ft Al dt
o VU = AR = A 2| g - v
x T x x* x x* z ot
k— k— k—
<vo (|3 o (G275 X)) [
2 2
T — T U || () — x* T, — ¥
<0((Ak—»>>+z (] A (FY
2
L — X L — X
(G5 o (G=50)
T, —x*
(@) -

Furthermore, using (B.20) we have
T, — x* T, — x*
G (G

Axy, T — T* xp + Az — x*
G Gl G a5 <]

Using the above inequality together with (A.3) and (B.20), and taking /5 norm on both sides of (B.18), we
have that for any k£ > 0,

. + Axy — x* < Az — Axy, n x, + Az, — x*
A+ AXN — X | T \AX — AN, Ak + AN — AF
Awk x, —x*
A — A*
T — T, — x*
Ak X‘ Ar — A* ’
xzr + Az, — z* x, —x* .
(Ak L AN, - )‘*> <)\k _ X‘) H holds where §* be
the stabilized value of 0 € (0,1). Now we let Ky = = K Vv K. Then, we have for any k > Ko,
$k+1*m - -'BkJFémk*m* < s Ty — "
Akg1 — S\ F AN =X | T VAR

Using (B.13), the event N2 (Ax N Bx) happens with probability 1, hence,
}) —1

oo Lgy1 — & * x, —x*
A (Eaa o] B (e

This ends proof of Theorem 2. ]

t
t

t
t

—~ ~~ —~

dt

dt

IN

IN

2 1
/ tdt + 29Ty
0

< Op

< Ok

<o

We let K > 0 be the outer iteration such that
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Appendix C. Algorithms

Algorithm 1: Adaptive Inexact SQP via Iterative Randomized Sketching

Input: Initial iterate (xq, Ao);

for

end

Scalars 11,05 712,05 50 € (Oa 1); £B € (07 1]’ /8 € (0’ 1/2); v>1,
k=0,1,2,... do
Compute fx, V fx, cr, G, Hi, and generate By,
Compute (5,‘5“1 by (2.6)
Set (Axy, AX;) < (0,0) and compute 7 by (2.4)
Set §;, < (5k A 5}?2‘1)
while Step Acceptance Condition does not hold do
2
Tl Y5
‘ Generate S ~ P, update (Axy, AX) by (2.5), and compute 7, by (2.4)
end
it Ve lk N ko 12 th
t(eret) (5) > 5 ve e
Set 1k < M gv® and 1y g, < Nk /v
Update 6@ by (2.6) and set &), «— (6 /vt A Sial)

while H’I‘kH > 0k

end

end
Select o, to satisfy (2.10) using backtracking
Update iterate by (2.11)

Set N1 k1 = M ks M2kr1 < N2,k and G yq < O
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Algorithm 2 and 3 use the ¢; penalized merit function of the form ¢ (x) = f(x) + 7||c(x)]|1.
Since ¢ () is not differentiable and its directional derivative is hard to compute, we use the upper
bound of the directional derivative of the merit function ¢, along a step Axy,

Dy(Azy;mi) <V fi" Ay — mi (lewlly — I7elly)

when we check if Az, is a descent direction of ¢. Termination Test 1, Termination Test 2, Model
Reduction Condition, and Trg“‘l are referred to in [4].

Algorithm 2: [4] with /; penalized merit function

Input: Initial iterate (xg, Ao); Scalars k1, €, 7,0,n € (0,1); 5 € (0,1]; mo, B, kK, k2 > 0;

fork=0,1,2,... do

Compute fx, V fi, ci, G, Hi, and generate By,

Set (A:ck, A)\k) <+ (0,0) and compute 7, by (2.4)

while Termination Test 1 AND Termination Test 2 are not satisfied do
\ Generate S ~ P, update (Awk, A)\k) by (2.5), and compute . by (2.4)

end

if Termination Test 2 is satisfied and Model Reduction Condition does not hold then
| Setmy +— mirial 4104

end

Select ay to satisfy (2.10) using backtracking

Update iterate by (2.11)

Set i1 — Tk

end

Algorithm 3: Adaptive version of Algorithm 2
Input: Initial iterate (xg, Ao); Scalars kg, n € (0,1),&p € (0,1], 7o > 0; v > 1;
for k=0,1,2,... do
Compute fx, V fx, ¢k, G, Hi, and generate By,
Set (Aazk, A)\k) <+ (0,0) and compute 7, by (2.4)
while Termination Test 1 is not satisfied do
while ||ry|; > ~||VLy]; do
\ Generate S ~ P, update (Aazk, A)\k) by (2.5), and compute 7 by (2.4)
end
if Model Reduction Condition does not hold then
| Set my, < v and Ky, < Ky /U2
end

end

Select o, to satisfy (2.10) using backtracking
Update iterate by (2.11)

Set g1 — Tk

end
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Appendix D. Further Experiments

Implementation Details.

1. Algorithm 1: The proposed algorithm. The parameters are set as 719 = 1, 2o = 0.1,
00=0.1,(=0.1,6=01,v=14,p=0.5,0, = 1.

2. Algorithm 2: [4] with the ¢; penalized merit function. We follow the parameter setup used
in [4]. The parameters are setas g = 1, Kk = 1, k&1 = 0.1, e = 0.1, 7 = 0.1, n = 1078,
Likewise, the remaining parameters are set as {g = 0.1, 0 = 7(1 —€), and kg = [ =

VL

TV 1.
IOl +1

3. Algorithm 3: Adaptive version of Algorithm 2. The parameters are set as mp = 1, kg = 0.1,
n=10"%£63=01,8=0.1,v =14

For the Hessian modification, we regularize the Hessian Hy by By, = Hy+(£p+|| Hk||) I, whenever
Hj, does not satisfy Assumption 2. The stopping criterion is set as:

VL <107 OR k> 10%

If the algorithm terminates by the former stopping criterion, we say the algorithm converges, other-
wise the latter stopping criterion would be satisfied.

D.1. CUTEst

Among all the problems in the CUTEst test set, we selected the problems for which f is not a con-
stant objective with n < 1000, containing only equality constraints, positive definiteness of G kG;‘g
at all iterates of all algorithms that we ran. This selection scheme yields a total of 47 problems.
Throughout the experiments, we use the initial value of primal-dual variables which are provided
by the CUTESst package. For each algorithm, we average over 10 independent runs.

We compare Algorithms 2 and 3. Remark that Step acceptance condition of Algorithm 1 is
similar with the Termination Test I in Algorithm 2, in that both conditions require an inexact step
(A:ck, A)\k) to acheive certain accuracy and ensure a step to be a descent direction of the merit
function. However, Algorithm 1 adaptively controls the accuracy of an inexact solution of (2.3),
on the other hand, Algorithm 2 uses a consistent bound to the accuracy throughout all iterations.
Since Algorithm 3 adaptively controls the accuracy of an inexact search direction, but relies on
Termination Test 1 in Algorithm 2, we can view Algorithm 3 as an adaptive version of Algorithm 2.

We present the comparison between Algorithms 2 and 3 on CUTEst set in Figure 2. From Fig-
ure 2, we observe that Algorithm 3 is superior than Algorithm 2 in all three criteria. This is because
Algorithm 3 adaptively controls the accuracy of the inexact solution and this adaptive scheme yields
tighter bounds on the residuals of the iterative solver. This results in steeper decrease in the merit
function at each iteration and smaller number of outer iterations. Since both algorithms use the ¢1
penalized merit function, both algorithm do not involve gradient and Jacobian evaluations when we
find a stepsize ay.
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KKT Residual

Gradient and Jacobian Evaluations
Objecive and Constraints Evaluations
|

1 (1) Algorithm 2 with Gaussian Vector Sketching
[ (2) Algorithm 3 with Gaussian Vector Sketching
[ (3) Algorithm 2 with Randomized Kaczmarz
[ (4) Algorithm 3 with Randomized Ka

[ (5) Algorithm 2 with GMRES

[ (6) Algorithm 3 with GMRES

Figure 2: KKT residual, number of gradient and Jacobian evaluations, and number of objective and
constraints evaluations boxplots for Algorithm 2 and Algorithm 3 on CUTEst problems.

D.2. Constrained Logistic Regression

We consider equality-constrained logistic regression problems of the form

N
1
a{rel'ﬁ&f(w) =N Zlog (1+exp(—yi- < Xi,x>)) st Az =b, |z|?=1,
i=1

where X € RV*" is a feature matrix with n feature dimensions and N data points, y € {—1,1}¥
contains corresponding label data, A € R™*™ and b € R™. We follow the experiment details
in [1]. Among all datasets in the LIBSVM collection, we consider 7 binary classification datasets
for which 12 < n < 1000, 256 < N < 100000, and positive definiteness of Gng at all iterates
of all algorithms we ran. For the linear constraints, we fix m = 10 and randomly generate each
entry of A and b from a standard normal distribution for each problem. Combining with the norm
constraint, we use total of 11 number of constraints. For all problems and algorithms, we set the
initial primal and dual iterates as the vector of all ones. For each algorithm, we average over 5
independent runs. Details of the datasets are given in Table 1.

Table 1: Dataset Statistics.

Dataset feature dimension  # data points
a9a 123 32,561
ionosphere 34 351
mushrooms 112 8,124
phishing 68 11,055
sonar 60 208
splice 60 1,000
w8a 300 49,749

We evaluate Algorithm 1 and Algorithm 3 with three criteria on the LIBSVM datasets. The box-
plots for the criteria are shown in Figure 3. From Figure 3, we observe that Algorithm 1 outperforms
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Algorithm 3 in terms of the KKT residual and number of objective and constraints evaluations, but
Algorithm 3 has lower number of gradient and Jacobian evaluations than Algorithm 1 as we ob-
served in Subsection D.1.

"
° 2
2 S
2 5
o E] 3 r
- e © >
® j23
ER - § £ i
3 a s =3 (=]
) Q A
.4 - S 2
g o 2 B S
>4 < l;l T
e © =
2 &
1] - 2
g 3
Qo
s 2
w " w
m B - . s N m B - . s N 0 @ A 0 " 0
——1(1) Algorithm 1 with Gaussian Vector Sketching
[——1(2) Algorithm 3 with Gaussian Vector Sketching
=1 (3) Algorithm 1 with Randomized Kaczmarz
1 (4) Algorithm 3 with Randomized Kaczmarz
=1 (5) Algorithm 1 with GMRES
[ (6) Algorithm 3 with GMRES

Figure 3: KKT residual, number of gradient and Jacobian evaluations, and number of objective
and constraints evaluations boxplots for Algorithm 1 and Algorithm 3 on the LIBSVM
datasets.
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