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Abstract
Understanding the advantages of deep neural networks trained by gradient de-
scent (GD) compared to shallow models remains an open theoretical challenge.
In this paper, we introduce a class of target functions (single and multi-index
Gaussian hierarchical targets) that incorporate a hierarchy of latent subspace
dimensionalities. This framework enables us to analytically study the learning
dynamics and generalization performance of deep networks compared to shal-
low ones in the high-dimensional limit. Specifically, our main theorem shows
that feature learning with GD successively reduces the effective dimensionality,
transforming a high-dimensional problem into a sequence of lower-dimensional
ones. This enables learning the target function with drastically less samples than
with shallow networks. While the results are proven in a controlled training
setting, we also discuss more common training procedures and argue that they
learn through the same mechanisms.

Understanding the computational benefits of deep neural networks over their shallow counterparts
is a central question in modern machine learning theory [76, 87]. While shallow models can
approximate any complex functions [27], deep networks almost universally exhibit remarkable
advantages in practice [49, 4]. There has been much progress in approximation theory on the
advantage of depth (see e.g. [62, 79, 61, 68] and reference therein), however, the dynamics of
learning with gradient descent is a more complex question. A fundamental open problem is thus:
Can one quantify the computational advantage of deep models trained with gradient-based methods

with respect to shallow models in some analyzable setting?

One line of work on GD-based methods in deep networks leading to interesting results is in the
setting of deep linear network —see e.g. [73, 46, 12, 51, 40]. While deep linear networks offer
valuable insights into nonlinear learning dynamics, their simplicity renders them insufficient to
capture the complexity of hierarchical feature learning.
Another popular line of research is to study the dynamics of gradient-based methods learning multi-
index functions with shallow models [19, 17, 39, 22, 1, 81]. Multi-index functions provide a rich class
of targets, but their efficient learnability by shallow two-layer networks [11, 52] undermines their
utility as benchmarks for understanding the computational advantages of depth. This motivates
the following consideration:

What is the natural model of targets to consider for understanding the emergent computational
advantage of depth when training with gradient-based methods?

The present paper addresses both these questions. To answer the latter, we introduce a class of target
functions designed to probe the hierarchical structure and computational potential of deep networks.
These Multi-Index Gaussian-Hierachical Target (MIGHT) functions encapsulate a hierarchy of latent
subspaces with varying dimensionalities. We then proceed to answer the former interrogative
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by analyzing the learning dynamics of multi-layer neural networks on such targets, providing a
characterization of the computational advantages afforded by depth. We show how depth enables a
hierarchical decomposition of tasks, reducing the effective dimensionality at each layer, and leading
to a quantifiable improvement in sample complexity over shallow models.

1 Hierarchical Targets and Main Results
1.1 Single-Index Gaussian Hierarchical Targets
Our simpler setting, where the task —using Gaussian i.i.d. data {xµ}nµ=1 ∈ Rn×d— to learn the
following Single-Index Gaussian Hierarchical Target (SIGHT) function class that we write in three
equivalent forms as:

f⋆(x) = g⋆

(
a⋆

⊤
Pk (W

⋆x)√
dε1

)
, x ∈ Rd, (1)

= g⋆

(
a⋆

⊤
Pk (z

⋆)√
dε1

)
, z⋆ =W ⋆x ∈ Rd

ε1
, (2)

= g⋆ (h⋆) , h⋆ = a⋆ · Pk (z⋆)/
√
dε1 ∈ R . (3)

Here Pk is a fixed polynomial applied component-wise, and dε1 denotes the dimensionality of
the second-layer features (non-linear features) in the intermediate layer, which we choose to be
ε1 ∈ (0, 1). The first-layer features (linear features) are z⋆ = W ⋆x, where W ⋆ ∈ Rdε1×d has
orthonormal unit vectors as rows, and a∗ ∈ Rdε1 is choosen randomly from a fixed distribution. We
refer to the variable h∗ as the index in the name of the class. This construction, a generalization of
the hidden manifold model [43], is motivated by the compositional structure present in real-world
functions and by the analysis carried over by [84, 66]. The strictly decreasing dimensionality of the
features across depth allows us to avoid the pitfall of the original hidden manifold model [43] that
turns out to be equivalent to a Gaussian linear target [41, 45, 64].

1.2 Multi-Index Gaussian Hierarchical Targets
A simple generalization of the above construction is to include many non-linear features, leading to
Multi-Index Gaussian Hierarchical Targets (MIGHT) defined as:

f⋆(x) = g⋆ (h⋆1(x), . . . , h
⋆
r(x)) , (4)

where
h⋆m(x) =

1√
dε1

a⋆⊤m Pk,m (W ⋆
mx) , m = 1, . . . r , (5)

with now r directions, each with their own layer weights (am andW ⋆
m), and polynomials (Pk,m).

1.3 Deep Multi-Index Hierarchical Targets
Finally, we define the deep version of MIGHTs as

f⋆(x) = g⋆
(
h⋆L,1(x), . . . , h

⋆
L,r(x)

)
, (6)

with Gaussian data {xµ}nµ=1∈Rd, and where each features h⋆ℓ (x)∈Rd
ε
ℓ are recursively defined as:

h⋆ℓ,m(x) =
1√

dεℓ−1−εℓ
a⋆

⊤

ℓ,mPk,m,ℓ

(
h⋆
ℓ−1,{1+(m−1)dεℓ−1−εℓ ,...,mdεℓ−1−εℓ}(x)

)
, (7)

with ℓ = 1 · · ·L,m = 1 · · · dεℓ and where a⋆ℓ,m ∈ Rd
εℓ−1−εℓ acts on themth block of the previous

layer feature h⋆ℓ−1(x) (each of them being of size dεℓ−1−εℓ ). Again Pk,m,ℓ are fixed polynomials
for ℓ=1, · · · , L−1; dεℓ denotes the dimensionality of the features at layer ℓ, which we choose
to be strictly decreasing across depth, i.e., 1 > ε1 > ε2 > · · ·> εL−1 > 0, with h⋆L ∈ Rr being
finite-dimensional. This "tree-like" construction ensures that for any layer index ℓ ∈ 1, · · · , L, the
hidden features h⋆ℓ,m(x) remain independent for different indexm ∈ 1, · · · , dεℓ . (Appendix D.1)

Finally, the 1st-layer features are defined as
h⋆1(x) = z⋆ =W ⋆x, (8)

whereW ⋆ ∈Rdε1×d has orthonormal unit vectors as rows. By explicitly incorporating multiple
levels of non-linear feature transformations, each associated with a progressively reduced latent
dimensionality, it models the deep hierarchical structure is a feature of complex real-world tasks,
see e.g. [55, 49, 65, 24, 74]. We exemplify SIGHT (1) and MIGHT (4) functions in Fig. 3, and their
deep version (6), where the tree structure of the deep version of these targets is apparent, in Fig. 4.
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1.4 Learning Model

Figure 1: An illustration of the phase tran-
sitions in learning SIGHT according to the
main Theorem 1 denoting the computational
advantage of depth for two different target
model: (a) generic shallow SIGHT function
(eq. (1)) and (b) the example in eq. (11).

We now consider learning SIGHT and MIGHT func-
tions f⋆(x) through an L-layer neural network, that
is a standard multi-layer perceptron:

f̂θ(x) = bL+w⊤
Lσ(bL−1+WL−1 · · ·σ(b1+W1(x))),

(9)
where θ denotes the ensemble of trainable param-
eters {bℓ,Wℓ, ℓ = 1 · · ·L}. The hidden layer
weights have dimension Wℓ ∈ Rpℓ×pℓ−1 for ℓ ∈
{2, · · · , L − 1} with readout layer WL ∈ RpL
and first layer W1 ∈ Rp1×d, and the biases bℓ
are in Rpℓ . We shall consider Empirical Risk Min-
imization (ERM) of the square loss R̂({xµ}) =∑n
µ=1

(
f∗(xµ)− f̂θ(xµ)

)2
with gradient descent.

1.5 Main Results in a Nutshell
The backbone of our results is the analysis of
the asymptotic performance of learning SIGHT
and MIGHT functions using multi-layer networks
trained with Gradient Descent on Gaussian data, as both n (the number of data) and d (the dimension
of the data) grow to infinity. We unveil a series of sharp thresholds in the sample complexity ratio
κ = logn

log d where neural networks learn the target with increasing accuracy. To summarize:

• Our targets offer a solvable playground to unveil the computational advantage of deep networks
over shallow ones. The learning mechanism can be viewed as the reduction of the “effective
dimension" in which networks trained on f⋆(x) successively reduces the dimensionality of the
search space: dε1 → dε2 → dε3 , · · · ,→ r. Depth acts as a progressive filter that distills data
into lower-dimensional representations (a coarse-graining mechanism akin to renormalization in
physics), enabling the learning of subsequent layers.
• We focus the rigorous analysis in the paper on the case of shallow SIGHT functions (eq. (1))
learned by 3−layer networks, where each layer is trained sequentially and independently. We
prove that a three-layer network trained in a layer-wise fashion can learn a SIGHT function f⋆(x)
efficiently. Specifically, the network first recoversW ⋆ using Õ(dε1+1) samples, then reconstructs
h∗ with Õ(dkε1) samples (with k denoting the degree of Pk , in case kε1 < 1 + ε1 both happen at
1 + ε1), and finally fits f⋆ as a function of h⋆ using only Õ(1) samples. This sample complexity
aligns with predictions from the dimension-reduction/coarse-graining perspective, where earlier
layers successively reduce the effective dimensionality of the learning problem. We also present
additional results for deeper targets and networks.
• We further explore the problem through numerical simulations using more realistic training
procedures than those covered by the theorems. Our results suggest that the dimensionality
reduction mechanism remains broadly applicable. Notably, we illustrate such a phenomenon using
3-layer networks training all the layers jointly with standard backpropagation. We provide the code
of our simulations at https://github.com/IdePHICS/ComputationalDepth.

1.6 Related Works
Random Feature Models — A key attribute enabling the effectiveness of neural networks is
their ability to adjust to low-dimensional features present in the training data. However, inter-
estingly, much of the current theoretical understanding of neural networks comes from studying
their lazy regime, where features are not learned during training. One of the most pre-eminent
examples of such “fixed-features” regimes are Random Feature (RF) models, initially introduced as
a computationally efficient approximation to kernel methods by [69], they have gained attention
as models of two-layer neural networks in the lazy regime. One of the main motivations is their
sharp generalization guarantees in the high-dimensional limit [38, 42, 58, 59, 86, 34]. As mentioned,
however, the performance of such methods, and of any kernel method in general, is limited. A
fundamental theorem in [58] states that only a polynomial approximation up to degree κRF of
any target f∗, with κRF = min(κ1, κ2) when learning with n = dκ1 data and p = dκ2 features.
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While even shallow networks can surpass these limitations [40, 17, 31], this relation for κRF plays
a fundamental role in our analysis.
Multi-index Models — Despite the theoretical successes in describing fixed feature methods,
the holy grail of machine learning theory remains a rigorous description of network adaptation to
low-dimensional features. A popular model to study such low-dimensional structure in the learning
performance is the multi-index model. For this class of target (denoted as f⋆MI ), the input datum x
is projected on a r−dimensional subspaceW ⋆ = {w⋆

j , j ∈ 1 · · · r} and the input-output relation
depend solely on a non-linear map g⋆ of these r (linear) features :

f⋆MI(x) = g⋆(x⊤w⋆
1, . . . ,x

⊤w⋆
r) (10)

While the information theoretical performance is well understood [18, 14], there has been intense
theoretical scrutiny to characterize the sample complexity needed to learn multi-index models with
shallow models. On the one hand, kernel methods can only learn a polynomial approximation
[58]; on the other hand, the situation in neural networks appears more complicated at first as
the hardness of a given f⋆MI has been characterized by the “information” and “leap” exponents
[19, 2, 30, 28, 32, 11, 52, 21, 77, 13]. It was shown, however, that simple modification of vanilla
Stochastic Gradient Descent (SGD), such as Extra-Gradient methods or Sharpness AwareMinimizers,
are able to attain sample complexity corresponding to Statistical Query (SQ) lower bound [11, 52],
and are essentially optimal up to polylog factors in the dimension [28, 81]. A motivation of the
present work is to go beyond such limitations and analyze hierarchical feature learning.
3-Layers Networks — Substantial effort has been devoted to investigating the approximation ad-
vantages conferred by deeper neural network architectures [79, 36, 70]. However, it remains unclear
how these approximation gaps translate into sample complexity ones for neural networks when
trained through gradient descent. An important step towards the role of depth in neural networks
has been carried over by [84, 66], who proved separation results between the test performance of 2
& 3 layer networks. More precisely, [84] proved that 3-layer architectures with a fixed first layer
can learn a target function of the form g⋆(x⊤Ax) in n = Õ(d4) samples through a single-gradient
step on the second layer, where x ∈ Rd and A ∈ Rd×d. In contrast, 2-layer networks require a
super-polynomial number of samples in terms of the degree of g⋆. [66] subsequently improved the
sample complexity to Õ(d2) and generalized the result to functions of pth-order polynomials. [37]
further extended these results to learning multiple-nonlinear features. We go beyond these results
to prove stronger separation results by analyzing fully trained networks without a fixed first layer.
Coarse-graining — The dimensionality reduction we describe is closely related to the concept
of learning features across different scales. This idea has been explored in the context of machine
learning through connections with the renormalization group [85] in physics, where each scale
corresponds to a distinct set of features. Such techniques have inspired studies of deep neural
networks [57, 53, 56]. Here, we present a concrete example of such a coarse-graining mechanism,
illustrating how hierarchical structures can be analyzed explicitly.
Hierarchical data models — A key insight in explaining the superiority of deep over shallow
networks is that depth enables neural networks to progressively reduce the effective dimensionality
of the learned data representation [80, 5, 3, 72, 8, 35, 23]. This aligns with the latent hierarchical
structure observed in real-world data, which deep models exploit through layer-wise composition.
Leveraging these observations, the construction of hierarchical data models has been central in
theoretical analysis [65, 6, 2, 74, 75, 24, 23]. Tree-like structures analogous to our SIGHT (1) and
MIGHT (4) are considered in [68], leading to provable approximation benefits across depth. More
generally, [67] linked compositional sparsity to efficient computability. Since learnability subsumes
computability, such computational sparsity is expected to be necessary for efficiently learnable
functions, further supporting our construction. However, since efficiently learnable functions
form a strict subset of computable functions, functions learnable by gradient descent must possess
additional structure on top of being compositions of local/sparse functions. Our class of targets
shows that one such additional structure is obtained by insuring sufficient regularity/stability w.r.t
intermediate features at each step. In our setting, such regularity is ensured by the presence of
low-degree dependence on lower level features. This mirrors the dependence structure in real
data, where for instance, the target labels for images/language datapoints have direct correlations
with low-level features such as edges or bi-gram, trigram counts. Results supporting the benefits
of deepth for tree-like hierarchical models have been provided by [65] and [23] who consider
tree-structured inputs, in contrast to our focus on structured targets (but non structured input).
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Universality — A crucial role in our analysis is played by the asymptotic Gaussianity of h⋆ℓ (x)
which leads to a simplified description of how dependencies on h⋆ℓ (x) propagate to lower-level
features. Such a property is a crucial component of the analysis in [66, 84]. Specifically, [66, 84]
showed that the projection of g⋆(⟨Hek(x), A⟩) on degree-k Hermite polynomials lies along the
non-linear feature ⟨Hek(x), A⟩ while g⋆ has vanishing projections on lower degree terms. We
generalize these results to describe the projections on all degree components.

2 Heuristic argument underlying the main results
Before presenting the main technical results, we describe here a heuristic argument describing the
narrative behind the results. For concreteness, we focus here on learning a shallow SIGHT function
(1) as a first step toward a broader understanding. For concreteness, we will discuss the following
example (later used in Fig. 2):

f⋆(x) = tanh

(
a⋆

⊤
P3 (W

⋆x)√
dε1=1/2

)
(11)

with a polynomialP3(x) = He2(x)+He3(x) (the second and third Hermite polynomials), ε1 = 1/2,
and discuss the performance of different learning architectures, highlighting the dimensionality
reduction due to feature learning. The learning dynamics for general SIGHT (eq. (1)) and the
particular example above (eq. (11)) are illustrated in Fig. 1 respectively in the top and bottom panel.
a) Kernel methods, or random feature models, can only learn a polynomial approximation of
degree κ in the Hermite basis of f⋆ if n = O(dκ) [58]. This is a strong limitation that leads to poor
performance as the learning method is not sensitive to the presence of relevant low-dimensional
structure, but rather only to the degree of the target. In the example (11), the lowest (Hermite)
polynomial order is quadratic in x (as can be seen by expanding the tanh): learning it thus requires
n = O(d2) samples of data for a kernel method to beat random performance. Learning the cubic
approximation would requires n = O(d3) samples, etc. The corresponding thresholds are sketched
in orange in Fig. 1.
b) We now turn to two layer net of the form (we do not write explicitly the additional biases for
clarity) with a number of neurons p at least of order Θ(dkε1+δ)

f̂θ(x) = w⊤
2 σ(W1(x)) (12)

Thanks to feature learning, such architecture should perform better: Indeed, forW1 to learn the
d × dε1 first-layer feature matrixW ⋆, we need at least n = O(d × dε1) data. If n ≫ d1+ε1 , we
thus expect thatW1 correlates withW ⋆. Intuitively,W1 is then close to a noisy random rotation of
W ⋆and behaves roughly asW1 ≈ Z1W

⋆ + Z2 (with Z1 and Z2 are essentially random matrices).
The two-layer neural net thus now behaves as:

f̂θ(x) ≈ w⊤
2 σ (Z1z

⋆ + Z3) . (13)
Fitting now the outer weightsw2 leads, once again, to a random featuremodel, but now applied to the
target eq. (2) seen as a function of z instead of eq (1) seen as a function of x. This leads to an effective
Random Feature model with respect to the lower dimensional vector {z⋆ ∈ Rdε1 }. Thanks to this
dimensional reduction from dimension d to the effective one dε1 , we just need n = (dε1)

κ samples
of data to now fit a κ−th degree polynomial approximation of f⋆. This is a drastic improvement.
Coming back to the example: with n = O(d1+ε1=1.5), κ = 1.5, data samples a two-layer net
learns the first layer representationW ⋆, leading to a dimensionality reduction from d to

√
d. From

n = O(d3ε1=1.5), κ = 1.5, we are also able to fit a (Hermite) polynomial approximation of degree
3 of the target viewed as a function of z. The next order in the expansion of (11) is power 6 in
z, and thus will be fitted at κ = 3. We discuss the extension of the above arguments to two-layer
networks trained with a general gradient-based algorithm in App. B .
c) We now finally consider a three-layer neural networks, with width p2 = p1 = Θ(dkε1+δ):

f̂θ(x) = w⊤
3 σ(W2σ(W1x)) . (14)

We still expect thatW1 learns the first-layer featuresW ⋆ when n≫ d1+ε1 , at which point:

f̂θ(x) ≈ w⊤
3 σ(W2σ (Z1z

⋆ + Z3)) (15)
However, contrary to the previously depicted shallow case, three-layer networks can further
approximate h⋆ by updating the second layer. With each power of dε1 we expect to be fit an
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additional power approximation of h⋆ and, in particular, with n = O(dkε1), we expect the second
layer preactivation h2(x) =W2σ(W1x) to correlate completely with the (k−polynomial) features
h⋆. Therefore, denoting again Z4, Z5 as random matrices, a 3-layer network now acts as:

f̂θ(x) ≈ w⊤
3 σ (Z4h

⋆ + Z5) , (16)

Fitting now w3 leads to a random feature model on the scalar h, which can be fitted perfectly
with any growing number of samples n. In other words, through successive coarse-graining from
deff =d→

√
d→1, we have reduced the dimension from a diverging one (d) to a finite one.

Note that generalization error as plotted in Fig. 1 can jump for two reasons as n increases: either
because of a reduction of the dimension deff , or because of an increase of polynomial fitting power
within this dimension. The phenomenology is a bit simpler in the particular example (11), where
the advantage of a three-layer net is considerable: for n = O(d1.5), the network learns to represent
the non-linear features h⋆ directly, and thus can learn the entire function.

While such parameter counting sounds reasonable, this heuristic may fail for general data distribu-
tions, as high-degree polynomials may localize on low-dimensional structures and develop heavy
tails. However, for Gaussian and spherical measures, isotropy and hypercontractivity ensures that
such polynomials remain delocalized and well-concentrated [Lemma 5]. Our analysis relies on
proving that such a property holds under feature learning, and even for deep non-linear hidden
features.
This scenario, illustrated in Fig. 1, extends mutatis mutandis to generic deep multi-layer MIGHT
functions, where a sequence of transitions emerges progressively across the layers. Consider for
instance the following hierarchical target function from eq. (7) (see also Fig. 4):

f⋆(x) = tanh

(
a⋆

⊤
Pk′ (h

⋆
2)√

dε2

)
, h⋆2,m =

(
a⋆

⊤

2,mPk (h
⋆
1 =W ⋆x){1+(m−1)dε1−ε2 ,...,mdε1−ε2}√

dε1−ε2

)
.

In this case we expect a reduction from d→dε1→dε2→1. The first one arises at n = O(dε1+1)
when learningW ⋆, then at n = O(dkε1+ε2) (to learn all the dε2 polynomials, each of them requiring
dkε1 data) and finally at n = O(dk

′ε2) to learn the activation in the tanh (a single k′ polynomial in
dimension dε2 ). Note that while these must proceed in this order, some of these jumps can happen
at the same value of κ. For instance, if k′ε2<kε1+ ε2, then the last two jumps arise simultaneously.

3 Main Theoretical Results
We now turn to the main part of our results that describe learning of the SIGHT and MIGHT
function classes with deep neural networks trained by gradient descent. We present a rigorous
analysis of gradient-based Empirical Risk Minimization (ERM). Since a complete rigorous analysis
of gradient descent in deep networks is extremely challenging – and hitherto elusive– we first
present a rigorous description for the SIGHT target of eq. (1) under a specific deep-learning
schedule. This approach enables us to provide precise theorems that capture the hierarchical
learning process. We analyze the following training procedure:
• Initilization: The parameters of the model f̂θ(x) = w⊤

3 σ(W2σ(W1x)) are initialized asW1,i ∼
U(Sd−1(1)) for i ∈ [p1], W2 = Ip1 , and w3,i = 1 for i ∈ [p], where U(Sd−1(1)) denotes the
uniform distribution on the unit sphere in Rd.
• Layer-wise training: (i) We first perform a pre-determined number T1 of gradient updates
on the first layer W1 on independent batches of data for each step [30]. (ii) Subsequently, we
re-initialize the second layerW2 do a single large gradient step. (iii) Finally, we update w3 through
ridge regression. Layer-wise training procedures are a common simplifying assumption in the
analysis of two-layer networks [29, 1, 30]. A complete analysis of the joint training remains open
even for two-layer networks except for training of layers at differing time scales [20, 22]. An
interesting direction for future work is to rigorously show separation results between deep and
shallow networks by constructing targets where joint training of the layers provably surpasses
layer-wise training. A first attempt in this direction was considered in [7], who illustrated the
advantage of joint-training through the mechanism of “backward feature correction".
• Neuron-wise spherical projections: While updating the first layer parametersW1, we utilize
spherical-gradient and project each neuron onto the unit sphere. Such spherical projections are
commonly utilized in the literature on two-layer networks [19, 1].
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• Pre-conditioning of gradient for the second layer: We use a pre-conditioning of the
gradient step — broadly used in various optimization schedules (e.g. Adam [47])— using the
sample-covariance of the features as preconditioning matrix, i.e.,

∆W2 = −η( 1
n
σ(XW⊤

1 )⊤(σ(XW⊤
1 ))−1∇W2

L

Through the feature map x→ σ(W1x), the updates ofW2 in parameter space translate to updates
to h2(x) in function space. Without such pre-conditioning, online SGD leads to a worse sample
complexity of Θ(d2kε1) as in the single-step analysis of [66], as we explain further in Appendix
C.16. Although pre-conditioning plays an important role in the proof scheme, we argue that the
core of the results hold in more realistic routine in Sec. 5.
With this algorithm, we can now study gradient descent and demonstrate the learning of a class
of SIGHT function. The theorem will assume the following conditions:
• Uniform weighting: We set {a⋆i = 1 for all i ∈ 1 · · · dε1}: This operation ensures isotropic
dependence along all components, simplifying the analysis. While a⋆i = 1 is a particular choice of
target weights, the training algorithm of the model is agnostic to this choice and we, therefore, obtain
sample-complexity expected for a general non-linear feature of the form a⋆

⊤
Pk (W

⋆x)/
√
dε1 .

• Information exponent: We shall indeed require that the information exponent [19, 2, 1] of
g⋆(·) is 1 and that of Pk(·) is 2:
Assumption 1. Let z ∼ N(0, 1) denote a standard normal variable. We assume that E [g⋆(z)z] ̸= 0,
E [Pk(z)He2(z)] ̸= 0.
The condition on g⋆(·) is necessary, as gradient descent (without repetition) has a drastic worst
complexity for exponents larger than 2. We expect however, that the condition on Pk(·) can be
relaxed to information-exponent ≥ 2 instead of being exactly 2. The information exponent of Pk(·)
being 1 results in linear components that do not require recovery of the full subspace spanned by
W ⋆. Thus setting the information exponent of Pk(·) to 2 simplifies our analysis by avoiding the
need for a separate treatment of such linear “spikes".
We further require the activations of the neural net σ(·) to be sufficiently expressive and to satisfy
certain alignment conditions:
Assumption 2. σ : R → E is analytic, non-polynomial with σ′(0) ̸= 0 and there exist con-
stants L1, L2 ∈ R+,m ∈ N such that |σ(x)| ≤ L1 + L2|x|m. Furthermore, σ(·) satisfies: (a)
E [σ(z)Hej(z)] ̸= 0 for all 1 < j ≤ k, (ii) E [σ(σ(z))He2(z)]E [Pk(z)He2(z)] > 0 and iii)
E [σ(σ(z))z] = 0
The last two conditions ensure that all neurons inW1 recover spherical projections ofW ⋆. In the
absence of the above conditions, we still expect recovery ofW ⋆ but with anisotropy across neurons.
Such an anisotropy is expected to complicate the subsequent analysis. We show in Appendix C.7
the existence of a σ(·) satisfying the above set of conditions.
The next assumption, however, is only a technical one that arises only because we used {a⋆i = 1}.
It could be relaxed by taking Gaussian values, or by performing more gradient steps onW2, but
this would complicate the proof. We discuss this in detail in App. C.25:
Assumption 3. Ez∼N(0,1) [g

⋆(z)Hej(z)] = 0 for 1 < j ≤ k
Under the above assumptions, our main result now establishes hierarchical learning for the target
of the form (1) by a three-layer network f⋆(x) by first recoveringW ⋆ through the first-layerW1,
next recovering h⋆(x) through the second layer pre-activations h2(x) =W2σ(W1x) and finally
fitting f⋆(x) upon training the last layer w3. The full formal statement of the result is provided in
Appendix C.1.
Theorem 1 (Informal). Let f⋆(x) be as in Eq. (1) with ε1 ∈ (0, 1) and consider a three-layer model:

f̂θ(x) = w⊤
3 σ(b2 +W2σ(W1x+ b1)), (17)

withW1 ∈ Rp1×d,W2 ∈ Rp2×p1 ,w3 ∈ Rp3 .

Let Lc(θ) denote the correlation loss defined as Lcl(θ) := −f̂θ(x)f⋆(x). Under Ass. 1-3, for
any 0 < δ < δ′ < 1, there exist time-steps T1 = O(polylogd) such that with batch-size
n1 = Θ(dε1+1+δ), n2 = Θ(dkε1+δ) and p2 = p1 = Θ(dkε1+δ

′
), the following holds with high

probability as d→∞:

(i) T1 steps of neuron-wise spherical SGD on correlation-loss Lc(θ) applied to W1 with step-size
η = η̃

√
p2
√
dε1 on independent batches of size n1 results inW1 learning random projections along
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W ⋆ upto error od(1). Concretely, there exists a sequence of random matrices Z ∈ Rp1×dε1 with
independent rows sampled uniformly on the unit sphere i.e zi ∼ U(S(1)):

W1 = Z(W ⋆) + o(1), (18)
as d→∞, η̃ → 0.
(ii) Subsequently, upon reinitializingW2 = 0d×d andw3 with entriesN(0, 1), a single pre-conditioned
gradient step on correlation loss Lc(θ) with step size η2 = Θ(

√
p2) and using an independent size n2

results in learning h⋆ upto error od(1) with the preactivation h2(x) =W2σ(W1x) ∈ Rp2 :
h2(x) = cw3h

⋆(x) + od(1), (19)
where c ̸= 0 denotes a constant and the od(1) error is w.r.t the metric induced by L2(N(0, Id)).
(iii) Upon trainingW1,W2 as above, updating w3 with ridge-regression on Θ(dδ) samples results in
approximating f⋆(x) upto error od(1) with the 3-layer predictor w⊤

3 σ(W2σ(W1x)).

10 1

100

Random
2LNN
Kernel
Layerwise
d = 32
d = 48
d = 64

0.5 1.0 1.5 2.0
= log(n) / log(d)

10 1

100

Random
Kernel
Layerwise
Joint
d = 32
d = 48
d = 64

Figure 2: Numerical simulation: Gener-
alization error versus κ = logn/log d for
f⋆(x) = tanh(3a⋆ · P3(W

⋆x))/
√
dε1=1/2)

with different training protocols: (Top) ker-
nel ridge regression (orange points) only
beats the random performance (purple solid
line) starting from n = d + (d − 1)d/2,
and is limited to quadratic approximation (or-
ange line). 2-layer net (green points), instead,
starts to learn at κ = 1.5 (black dashed line)
and can beat the quadratic limit (asymptotics
is given by the green line). 3-layer net trained
with layerwise training (blue markers) not
only learn at κ = 1.5 (vertical line). but also
surpasses the best possible 2-layer net error,
illustrating the advantage of depth; (Bottom)
comparison of layerwise training (blue) with
joint training (red) of all the layers of a 3-
layer net with standard backpropagation.

The details of the initialization projections and pre-
conditioning steps are provided in App. C.5. The
condition p2 = p1 is again solely to simplify the
analysis and we expect the results to hold for p2 =
Θ(dδ), p1 = Θ(dkε1+δ).
Since each row of W ⋆

j contains d parameters, the
complexity n1 ≈ Θ(dε1+1) matches the total num-
ber of parameters inW ⋆

1 , · · · ,W ⋆
r , and is therefore

expected to be the information-theoretic scaling of
the sample-complexity required for the (strong) re-
covery of W ⋆

1 , · · · ,W ⋆
r . Similarly, the complexity

n2 = Θ(dkε1) is the expected minimum sample-
complexity required for the strong recovery of a
degree-k functions on a dε1-dim. space.
Proof sketch — We provide the full proof of the
above result in App. C, and highlight the most im-
portant steps below:
(i) Composition of Hermite decompositions:
Building upon [84], we use the asymptotic Gaussian-
ity of h⋆(x) to relate the Hermite decomposition of
f⋆(x) to the one of h⋆(x).
(ii) Low-dimensional dynamics for W1: Using
the compositional Hermite-decomposition above,
following [19, 10, 1], we show that the evolution
of W1 during the training of the first layer can be
described through an effective dynamics on the over-
lapsW1(W

⋆)⊤. Unlike the single/multi-index anal-
ysis of [19, 10, 1], the diverging dimensionality of
W ⋆,W1 that appear in our approach, as well as the
later use of the updated weightsW2, requires a care-
ful control over the error terms. Concretely, we show
that the components ofW1 alongW ⋆, as well as the
error terms, maintain isotropy and hypercontractiv-
ity through the dynamics. Moreover, such divergent
dimensionality dϵ ofW ⋆ leads to “strong recovery”
ofW ⋆ byW1. We refer to Appendix C.8 for details.
(iii) Function-space decomposition of the 2nd-
layer pre-activations: Gradient steps onW2 extract statistics in features-space σ(W1x). Similar
to [84, 66, 37], we show that these statistics appear in the updates for the pre-activations h2(x) as
projections of a perturbed version of f⋆ on the conjugate Kernel defined by the first-layer:

∆h2(x) ≈ cσ(W1x)
⊤(

1

n
σ(W1X

⊤)⊤(σ(W1X)⊤)−1σ(W1X)f⋆(X), (20)

whereX ∈ Rn×d denotes the batch of data utilized in a gradient step and c > 0 denotes a constant.
(iv) Concentration of the sample-covariance matrix: In light of (iii), the recovery of features
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in h2(x) depends on the feature matrix σ(W1X) being able to approximate and span the relevant
functional subspace, which requires both sufficiently many samples and sufficiently many neurons.
Building on the matrix-concentration analysis of [58], we show that the projections onto the
σ(W1X) up to degree-k functions can be well approximated as long as n, p1 = Θ(dkε1+δ). Low-
degree eigenfunctions concentrate faster since they span lower-dimensional subspaces.

From SIGHT to MIGHT — While we expect similar results to hold in generality, the theorem is
only fully proven for the class of target in eq. (1). While a complete proof for MIGHT is a difficult
task, we discuss additional (r > 1 and ℓ > 1) results in this and subsequent paragraphs.
We first remark that part (i) of Theorem 1 ( weak-recovery of W ⋆), under suitable symmetry
assumptions on g⋆(·), holds for arbitrary r, and thus for MIGHT functions f⋆ (and not only SIGHT
ones) (see App. E). Establishing rigorously part (ii) for r > 1 involves technical hurdles relating to
the control in the Gaussian approximation of h⋆. We describe them in App. E.
MIGHT functions are interesting in illustrating the role of the information exponent in Ass. 1. It is
easy to design counterexamples, for instance, the parity problem with y = sign(h⋆1h

⋆
2h
⋆
3) violates

Ass. 1. We illustrate some of these numerically in App. 5 (See Fig. 10). We believe, however,
that with reusing batches, the information exponent could be replaced with the much permissive
generative one [32, 52, 11]. SIGHT and MIGHT functions are indeed generalizations of the multi-
index functions, and the properties of the latter such as information [19] and generative exponents
[28], and the notion of trivial, easy and hard directions [81]) should translate to the former.

From MIGHT to Deeper MIGHT — Depth introduces more difficulties for rigorous studies,
but our mathematical analysis can be extended for more general constructions. By the tree-like
hierarchical construction of features (Eq. (7)) for general depth, the components h⋆ℓ (x) remain
independent and asymptotically Gaussian. Generalizing Thm. 1 for L ≥ 3 in its full-generality
requires however not only an extension of part (ii) of Thm. 1 to r > 1, but also a careful control
over the non-asymptotic rates for the tails of h⋆ℓ (x) and the associated kernels.
We instead prove a weaker, but useful, result corresponding to the hierarchical weak recovery
of a single non-linear feature at a general level of depth L ∈ N, under an idealized scenario of
perfect spherical recovery of hidden features at level L− 1. We refer to App. D for the full formal
statement and its proof, which exploits the independence of components of h⋆L−1(x) and the
hyper-contractivity of the Gaussian measure:
Theorem 2. For L ∈ N, let f⋆(x) denote a target as in Eq. (6) with r = 1, and let δ′, δ be arbitrary
reals satisfying 0 < δ < δ′ < 1. Consider a model of the form f̂θ(x) = w⊤

Lσ(WL−1σ(Wh⋆L−1(x)))

with W ∈ RpL−2×dεL−2 having pL−2 = Θ(dkεℓ−2+δ
′
) rows independently sampled as wi ∼

U(SdεL−2 (1)). Under Ass. 1-3, after a single step of pre-conditioned SGD on WL−1 with batch-
sizeΘ(dkεℓ−2+δ), step-sizeΘ(

√
pL−1), the pre-activations hL−1(x) :=WL−1σ(Wh⋆L−1(x)) satisfy,

for a constant c > 0:
hL−1(x) = cwLh

⋆
L(x) + od(1), (21)

4 General Conjecture for Efficient Hierarchical Learning
Building on the above results, we now propose a general structure for hierarchical learning and
conjecture its relevance in broader settings, as we briefly alluded to in Section 1.6 under “Hierarchical
data models". As highlighted in Assumption 1, our analysis requires the target nonlinearities g⋆(·)
and Pk(·) to have low-degree components (in our case Information Exponents 1, 2 respectively).
More generally, for any such compositional target to be learnable through gradient descent, we
conjecture that for every depth level ℓ = 1, · · · , L, the intermediate representation h⋆ℓ (x) retains
low-degree correlations with the target y = f⋆(x) or transformations of y. Concretely, defining the
following require that at every layer ℓ: E

[
f⋆(x)(h⋆ℓ (x))

⊗k] = Θ(1) for some small k ∈ N. More
formally, one may introduce the Compositional Information Exponent:
Definition 1 (Compositional Information Exponent). Given a SIGHT or a MIGHT function f⋆(x),
we define the compositional information exponent at level ℓ as:

CIE(ℓ) = inf{k :
∥∥E[(hℓ(x))⊗kf⋆(x)]∥∥F = Θ(1)} (22)

Therefore we conjecture that compositional target learnable through gradient descent have, at
every layer ℓ, low CIE(ℓ). Intuitively, even when the mapping from (h⋆ℓ (x)) to the final label
y = f⋆(x) is highly non-linear, the low-degree correlations with the intermediate representations
h⋆ℓ (x) ensure that it can be recovered through gradient descent. This aligns with the general wisdom
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on the structure of real data. The non-trivial correlation of image labels with low-degree features:
edges, shapes, and colors, or in the case of text, the correlation between labels and certain word-
frequencies or bi-gram counts (see for instance the discussion in [24]). Equivalently, such low-degree
dependence can be interpreted as robustness of y with respect to perturbations in (h⋆ℓ (x)), in which
case the condition becomes to mantain a robust compositionality. This hypothesis generalises
the classical notion of information exponent—originally formulated for the input layer—to all
intermediate representations of a hierarchical model. Consequently, within the SIGHT and MIGHT
classes, functions that are efficiently learnable by gradient descent are characterised by the presence
of such low-degree alignments at each level. When this condition fails, for example, in parity
functions whose first non-vanishing Hermite coefficient lies at large degrees, gradient descent fails
to efficiently recover any intermediate features.
Beyond the information exponent, we believe this layer-wise information exponent condition can
be replaced by a more generic one, at the price of a more complex analysis. For a start, with repeated
passes and data reuse, it is natural to expect that the information exponent can be replaced by the
generative exponent, as discussed for two-layer networks in [28, 32]. In such settings, the condition
can be generalized to: ∥∥E [T(y)(h⋆ℓ (x))⊗k]∥∥F = Θ(1),

for some transformation T : R→ R and small k ∈ N.
Moreover, it may be possible to replace it by the more permissive “staircase” picture once one goes
beyond layer-wise training analyses. Making this precise is an exciting, but challenging, direction
for future work.
5 Numerical Illustrations
While our theorems provide a rigorous control of learning with a particular, well-conditioned,
training procedure, we numerically test the validity of our theory towards describing realistic
training routines with mini-batch updates, finite (and rather low) dimensional examples, using
multi-pass (instead of a single one) for the second layer, etc. For concreteness, we consider f⋆(x) =

tanh

(
3a⋆⊤ P3(W

⋆x)√
dε1=1/2

)
, a similar example as discussed in Section 3 and with, again, a polynomial

Pk=3 with second and third Hermite polynomials. We show simulations in Fig. 2 and discuss here
the most salient observations:
(i) First we compare the performance of kernel methods with those of a two-layer network. On the
one hand, the former method should be able to fit the quadratic part of the target function as soon
as n = O(d2) [60]. This is well observed, with a double descent peak when the number of data hits
the number of features in a quadratic kernel, i.e. npeak = d(d− 1)/2 + d+ 1. On the other hand,
two-layer networks are capable of recoveringW ⋆ when n = O(d1.5), therefore improving the test
performance to quadratic and cubic fit when κ ≥ 1.5.
(ii) We then train a three-layer network, with a layerwise approach resembling the procedure in
Thm 1, where we train every layer in order, (firstW1, thenW2, etc.). We do not, however, follow
the restrictions of the theorem and just perform a standard gradient descent (no reinitializing, no
projection, using minibatch, etc.). Not only does the method starts to learn when n > d1.5 but it
outperforms the 2-layer baseline in agreement with Thm. 1.
(iii) Lastly, we consider the standard training procedure —refered to as joint training– with
backpropagation through the network with mini-batch gradient descent. The routine performs
similarly to the layerwise approach, illustrating the generality of the dimensionality reduction
beyond the assumptions of Thm. 1.
We refer to App. F for details on the numerical implementations, along with the analysis of the
quality of the learned representations as a function of the sample complexity (see Fig. 9).
Conclusion— We introduced a theoretical framework for understanding the computational ad-
vantages of deep neural networks over shallow models when learning high-dimensional hierarchical
functions, where depth facilitates a progressive reduction of effective dimensionality. We hope our
paper will spark interest in these directions.
Acknowledgement— We thank Alex Damian, Jason Lee, Bruno Loureiro, Yue M. Lu, Theodor
Misiakiewicz, Eshaan Nichani, Tomaso Poggio, Zhichao Wang, Denny Wu, and Mathieu Wyart
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(v) Open access to data and code
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• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of
detail that is necessary to appreciate the results and make sense of them.

• The full details can be provided either with the code, in appendix, or as supplemental
material.

(vii) Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appro-
priate information about the statistical significance of the experiments?
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they include error bars as described in Appendix F.4.
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• The authors should answer "Yes" if the results are accompanied by error bars, con-
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support the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated
(for example, train/test split, initialization, random drawing of some parameter, or
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• The method for calculating the error bars should be explained (closed form formula,
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• It should be clear whether the error bar is the standard deviation or the standard error
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hypothesis of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables
or figures symmetric error bars that would yield results that are out of range (e.g.
negative error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

(viii) Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the
computer resources (type of compute workers, memory, time of execution) needed to
reproduce the experiments?
Answer: [Yes]
Justification: We provide the relevant informations regarding the compute resources in
Appendix F.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

• The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.
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• The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments
that didn’t make it into the paper).

(ix) Code of ethics

Question: Does the research conducted in the paper conform, in every re-
spect, with the NeurIPS Code of Ethics https://neurips.cc/public/
EthicsGuidelines?
Answer: [Yes]
Justification: The manuscript is conform to the Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require
a deviation from the Code of Ethics.

• The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

(x) Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [No]
Justification: Due to the theoretical nature of this work, we believe that discussion of
positive and negative societal impacts is not required.
Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

• Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact
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to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used
to generate deepfakes for disinformation. On the other hand, it is not needed to point
out that a generic algorithm for optimizing neural networks could enable people to
train models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns
from feedback over time, improving the efficiency and accessibility of ML).

(xi) Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?
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Answer: [NA]
Justification:
Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released
with necessary safeguards to allow for controlled use of the model, for example by
requiring that users adhere to usage guidelines or restrictions to access the model or
implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

(xii) Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?
Answer: [Yes]
Justification: We work with synthetic data and we are the creator of the code and the
model.
Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a
URL.

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

• If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/
datasets has curated licenses for some datasets. Their licensing guide can help
determine the license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

(xiii) New assets

Question: Are new assets introduced in the paper well documented and is the documenta-
tion provided alongside the assets?
Answer: [NA]
Justification:
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.
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• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

(xiv) Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the
paper include the full text of instructions given to participants and screenshots, if applicable,
as well as details about compensation (if any)?

Answer: [NA]

Justification:

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

• Including this information in the supplemental material is fine, but if the main contri-
bution of the paper involves human subjects, then as much detail as possible should
be included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

(xv) Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification:

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research
with human subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity
(if applicable), such as the institution conducting the review.

(xvi) Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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Guidelines:
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• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/
2025/LLM) for what should or should not be described.
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A Illustration of SIGHT and MIGHT targets
We exemplify visually SIGHT (1) and MIGHT (4) functions in Fig. 3, and their deep version (6) in
Fig. 4. These illustrations clarify how hierarchical compositions operate across layers and how depth
progressively compresses the input through structured non-linear transformations. Specifically,
they highlight the architectural transition from shallow models to deeper ones, where each layer
reduces the effective dimensionality via localized polynomial projections. The tree-like structure
of the deep targets, emphasizes the compositional nature of the learning task and motivates the
layer-wise training regime analyzed in the main results.

x ∈ ℝd

W⋆ ∈ ℝdϵ×d

x ∈ ℝd

z ∈ ℝdϵ

W⋆ ∈ ℝdϵ×d

h⋆
a⋆

SIGHT MIGHT

y = g⋆(h⋆1 , h⋆2 )y = g⋆(h⋆)

z ∈ ℝdϵ

a⋆

h⋆ ∈ ℝ2

Figure 3: SIGHT and MIGHT targets: Illustration of Single and Multi Index Gaussian Hierarchical
Targets, i.e., SIGHT in eq. (2) and MIGHT in eq. (4). Left: A SIGHT function. Here we first go
from x ∈ Rd to z ∈ Rdε . After applying the polynomial transformation pointwise (not shown), this
is projected to create a scalar h⋆ ∈ R. One can then output the label y = g⋆(h⋆). Right: A MIGHT
function. Again, we go from x ∈ Rd to z ∈ Rdε . After applying the polynomial transformation
pointwise, we finally projecte on two values h⋆4,1 and h⋆4,2, from which we create y as a two-index
function y = g⋆(h⋆4,1, h

⋆
4,2).

B Depth Separation
Here, we further discuss the separation in sample complexity for deep versus shallow models
complementing the exposition in the main text. Different works in approximation theory have
established clear depth-separation results in expressive power. For example, [79] constructed a
family of highly oscillatory functions (essentially obtained by iterative compositions of ReLU units)
which a network of depth L and constant width can express in contrast to two-layer networks.
Similarly, [71] demonstrated a depth separation using simple geometric indicator functions that can
be efficiently realized by a network with an extra hidden layer, but cannot be approximated to high
accuracy by any two-layer network of polynomial size. It is important to note that “learning” in the
context of these results refers to the ability of the architecture to approximate a fixed target function
under a given input distribution. In contrast, the present work focuses on representation learning
via gradient descent to recover hierarchical feature compositions in Gaussian data. The depth
separation we highlight is not purely about static approximation power, but about data-efficient
learning through hierarchical dimension reduction. A deep network can progressively extract and
refine features across multiple layers, effectively performing stage-wise dimensionality reduction,
such that each layer learns a meaningful intermediate representation of the data. Along these lines,
[23] addressed under different data models similar questions and found that deep networks trained
with gradient descent learn hierarchical features and progressively reduce dimensionality across
layers. As highlighted in the main, the advances closest to our framework are due to [84, 66, 37],
who established depth separation results between 2-layer and 3-layer networks under simpler
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x ∈ ℝd

h1 ∈ ℝdϵ1

W⋆ ∈ ℝdϵ1×d

h2 ∈ ℝdϵ2

a⋆2,1
a⋆2,2

a⋆2,m
a⋆

a⋆3,1

a⋆3,2

h3 ∈ ℝdϵ3

x ∈ ℝd

h1 ∈ ℝdϵ1

W⋆ ∈ ℝdϵ1×d

h2 ∈ ℝdϵ2

a⋆2,1
a⋆2,2

a⋆2,mh⋆3

a⋆

L = 3 — SIGHT L = 4 — MIGHT

h⋆4 ∈ ℝ2

y = g⋆(h⋆4,1, h⋆4,2)y = g⋆(h⋆3 )

Figure 4: Deep SIGHT andMIGHT: Illustration of deep target functions. Left: A SIGHT function
with depth L = 3. Here we first go from x ∈ Rd to h1 ∈ Rdε1 . After applying the polynomial
transformation pointwise (not shown), we now divide h1 into dε2 blocks of sizes dε1−ε2 . Each of
these blocks is projected to create one of the components of h1 ∈ Rdε2 . After another polynomial
transformation (not shown) we finally project to a single value h⋆3. We can then output the label
y = g⋆(h⋆3). Right: A MIGHT function with depth L = 4. Again, we go from x ∈ Rd to
h1 ∈ Rdε1 . After applyging the polynomial transformation pointwise (not shown), we now divide
h1 into dε2 blocks of sizes dε1−ε2 . Each of these blocks is projected to create one of the components
of h2 ∈ Rdε2 . We repeat this operation: we further divide h2 into dε3 blocks of sizes dε2−ε3 and
each of these blocs is projected to create one of the components of h3 ∈ Rdε3 . After another
polynomial transformation (not shown) we finally project on two values h⋆4,1 and h⋆4,2 and create y
as a two-index function y = g⋆(h⋆4,1, h

⋆
4,2).

training setups, where the first layer remains fixed. In contrast, our analysis strengthens these
separations by considering fully-trained architectures without fixed layers.

B.1 Towards General Two-Layer Networks Lower Bound

In Section 2, we argued why a two-layer network, upon recovering W ⋆ (up to noisy random
rotations), is insufficient for learning SIGHT targets (see eq. (13)). Ideally, one would hope to show
that such barrier introduced holds for two-layer networks trained through a general gradient-based
algorithm. While obtaining unconditional lower-bounds on two-layer networks trained under
gradient descent remains a challenging open problem, we briefly comment on why we conjecture
our class of SIGHT targets to be hard to learn with polynomial sample complexity. Amongst lower-
bounds closest to our class of targets, [33] established that targets of the form g⋆(x⊤Ax), with

A = U

(
0 I
I 0

)
U⊤ for some orthogonal matrix U ∈ Rd×d cannot be learned under polynomial

time and sample-complexity by a two-layer network.

We next discuss how such targets fall under the setup of MIGHT (4). Consider the setting of MIGHT
with r = 2, k = 2, Pk(z) = z2 − 1 and:

g⋆(h⋆1, h
⋆
2) = h⋆1 − h⋆2. (23)
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Since h⋆j = 1√
d

∑dϵ1

i=1(⟨w⋆
j,i,x⟩)2 − 1, we obtain that:

h⋆1 − h⋆2 =
1√
d

dϵ1∑
i=1

(⟨w⋆
1,i,x⟩)2 − (⟨w⋆

2,i,x⟩)2

= x⊤
( 1√

d

dε1∑
i=1

(
w⋆

1,iw
⋆⊤
1,i −w⋆

2,iw
⋆⊤
2,i

))
x

= x⊤U

(
0 I

I 0

)
U⊤x,

where U ∈ Rd×d is an orthogonal matrix whose columns are suitable orthonormal combinations
of the vectors {w⋆

1,i}i ∪ {w⋆
2,i}i. We provide below a short derivation for the mapping.

Letm = dε1 and define the block-rotation R := 1√
2

(
I I
I −I

)
, which satisfies R⊤( I 0

0 −I
)
R = ( 0 II 0 ).

Let U0 ∈ Rd×2m collect the 2m orthonormal vectors {w⋆
1,i} ∪ {w⋆

2,i}, and complete it with an
orthogonal complement U⊥ to form Ũ = [U0 | U⊥ ] ∈ Rd×d. Let U = Ũ diag(R, Id−2m), which
is orthogonal. Then:

1√
d
(h⋆1(x)− h⋆2(x)) = x⊤

( 1√
d

m∑
i=1

(w⋆
1,iw

⋆⊤
1,i −w⋆

2,iw
⋆⊤
2,i)
)
x = x⊤U( 0 II 0 )U

⊤x.

This is exactly of the form g⋆(x⊤Ax) with A = Ũ( 0 II 0 )Ũ
⊤.

C Proofs of the main Results
C.1 Full Statement of Theorem 1
Theorem 3. Let f⋆(x) be as in Eq. (1) with ε1 ∈ (0, 1) and consider a three-layer model:

f̂θ(x) = w⊤
3 σ(b2 +W2σ(W1x+ b1)), (24)

withW1 ∈ Rp1×d,W2 ∈ Rp2×p1 ,w3 ∈ Rp3 .

Let Lc(θ) denote the correlation loss defined as Lcl(θ) := −f̂θ(x)f⋆(x). Under Ass. 1-3, for any
0 < δ < δ′ < 1, with batch-size n1 = Θ(dε1+1+δ), n2 = Θ(dkε1+δ) and p2 = p1 = Θ(dkε1+δ

′
),

the following holds with high probability as d→∞:

Recovery by layer 1: For each i ∈ [p1], letw1
i denote the ith neuron ofW1. Suppose thatw1

i is updated
as in Algorithm C.5 through spherical SGD on correlation loss Lc(θ), using step size η = η̃

√
dε1p2.

Let the value at the tth iterate be denoted by w1,t, i.e.:

w̃1,t
i = w1,t + (Id − (w1,t

i )(w1,t
i )⊤)η

1

n

n∑
i=1

f⋆(xi)σ̃′(⟨w1,t,xi⟩)xi

w1,t+1 =
1

∥w̃1,t∥2
w̃1,t

(25)

Let PW⋆ ∈ Rd×d denote the projection operator onto the subspace spanned byW ⋆ and define:

u⋆i =
PW⋆w1,0

i∥∥∥PW⋆w1,0
i

∥∥∥ (26)

Let τi denote the stopping times defined by:

τ iκ := {inf t : |⟨u⋆i ,w
1,t
i ⟩| ≥ κ}. (27)

then, for any κ < 1, ∃ a constant Cκ > 0 and η̃ > 0 such that w.h.p as d→∞:

•
max
i
τ iκ ≤ Cκ log d (28)
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• ∀i ∈ [p1]:
w1,τκ
i = κ+u⋆i +

√
1− κ+ui + od(1), (29)

where κ+ > 0 and ui ∼ U(Sd−1(1)).

Recovery by layer 2: Suppose thatW2 is re-initialized toW2 = Od×d whilew3 is re-initialized with
entries drawn from N(0, 1). Let Z = σ(X(W1)

⊤) ∈ Rn2×p2 and consider a single pre-conditioned
update of the form:

W2 ←
(
1

n
Z⊤Z + λ2

)−1

∇W2
Lc. (30)

There exists λ2 ∈ R+ with λ2 = Θ(Nn ) and step size η2 = Θ(
√
p2) such that the pre-activation

h2(x) =W2σ(W1x) ∈ Rp2 satisfies:

h2(x) = cw3h
⋆(x) + O≺(

1√
dmin(δ,δ′−δ)

). (31)

Remark: Here, we introduced the regularization parameter λ2 > 0 since we assume that p1 ≫
n2 (overparameterized setting) and thus Z⊤Z is singular. Alternatively, one could consider the
underparameterized setting p1 ≪ n2 without the need for an additional regularization.

Recovery by layer-3: Let X ∈ Rn3×d denote a matrix with rows containing n3 independent samples
from the input distribution N(0, Id). Let H ∈ Rn3×p3 denote the corresponding pre-activation matrix
with rows {W2σ(W1x)) − f⋆(xi), for i ∈ [n3]}. For n3 = Θ(dδ), ∃λ > 0 such that the ridge-
regression predictor ŵλ given by:

ŵλ = (
1

n
H⊤H + λI)−1H⊤f(X), (32)

satisfies:
Ex∼N(0,I)

[∥∥ŵ⊤
λ σ(W2σ(W1x))− f⋆(x)

∥∥2
2

]
= od(1). (33)

C.2 Proof Sketch
We prove each of the three parts of Theorem 1 in succession. We outline the proof for each of these
parts below:
Part (i):

(i) The asymptotic composition of Hermite polynomials allows us to decompose the Hermite
decomposition of f⋆(x) along Hermite polynomials applied toW ⋆x.

(ii) The leading order term in the Hermite-decomposition f⋆(x) lies along He2(W ⋆x), which
contributes a linear drift to the dynamics of each neuron inW1, with the direction of the
drift for neuron i given by u⋆i =W ⋆(W ⋆)⊤w1,0

i , i.e, the initial direction ofw1
i projection

ontoW ⋆.
(iii) We show that the neuron w1

i remains approximately isotropic w.r.t the rows ofW ⋆.
(iv) Under the above isotropy and due to dε1 ≫ 1, we show that the above linear term

dominates throughput the weak-recovery and subsequent states of the dynamics.
(v) As a consequence, each neuron inW1 evolves primarily along u⋆i , with the noise controlled

through the choice of batch-size. A stopping-time based analsyis then yields w(t)
i → u⋆i .

(vi) For subsquent use in part (ii) however, we require finer control over the distribution of
w1
i and its residual terms.

(vii) Inductively, we show that the distribution of w1
i conditioned on a suitable stopping-time

is approximately uniform on the unit sphere alongW ⋆ and maintains hypercontractivity.
Part (ii):

(i) Through results established in Part (i), we show that the distribution of the updated weights
W1 approximately maintains hypercontractivity for the eigenfunctions of the random-
features Kernel associated to the features σ(XW⊤

1 ). This ensures the concentration of the
associated sample covariances.
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(ii) Upon establishing concentration and spherical approximation along the subspace corre-
sponding to W ⋆, through an analysis similar to [58], we show that the feature matrix
Z = σ(XW⊤) contains Θ(dk) spikes with diverging eigenvalues and an isotropic bulk
with eigenvalues O(1).

(iii) Under n, p2 ≫ Θ(dkε1), we show that these spikes suffice for the pre-conditioned update

−η( 1
n
σ(W1X

⊤)⊤(σ(W1X)⊤)−1∇W2
L,

to approximate f⋆(x) upto degree k-components. As a result, we obtain the recovery of
h⋆(x) through h2(x)

Part (iii): Finally, fitting the target f⋆(x) upon training w3 follows through universality of the
random features Kernel associated with σ(·) and perturbation of the Kernel regression operators.

C.3 Preliminaries
C.3.1 Stochastic Domination
Throughout the analysis, much of our probabilistic error bounds will take the following form, which
are standard for functions of random variables with finite Orlicz-norm such as sub-Gaussian/sub-
Exponential random variables:

Pr

[
|X|d ≥ C

(log d)k

dm

]
≤ e−c(log d)

m

, (34)

for some constantsm > 1, k > 0, c > 0. A slightly weaker form of the bound takes the form:

Pr

[
|X|d ≥ C

1

dm−δ

]
≤ 1

dk
, (35)

for any δ > 0 and k ∈ N. To concisely represent such bounds, we use the following notation:
Definition 2. [Stochastic dominance [54]] We say that a sequence of real or complex random variables
Xd in a normed space is stochastically dominated by another sequence Yd in the same space if for all
ε > 0 and k, the following holds for large enough d:

Pr[∥X∥d > dε∥Y ∥d] ≤ d
−k. (36)

We denote the above relation through the following notation:

X = O≺(Y ). (37)

Through a union bound, we obtain that O≺ is closed under addition, multiplication, i.e X1 = O≺(Y1)
and X2 = O≺(Y2) imply that:

X1 +X2 = O≺(Y1 + Y2), (38)
and:

X1X2 = O≺(Y1Y2), (39)
Furthermore, due to the flexibility of setting an arbitrarily large k in Eq. (36), we observe that stochastic
dominance is closed under unions of polynomially many events in d.

We will often exploit this while taking unions over p = O(d) neurons and n = O(d) samples.
Furthermore, ≺ absorbs polylogarithmic factors i.e:

X = O≺(Y ) =⇒ X = O≺(polylog(d)Y ), (40)

subsumes exponential tail bounds of the form:

Pr[Xd > tYd] ≤ e−t
α

, (41)

for some α > 0, as well as polynomial tails of arbitrarily large degree:

Pr[Xd > tYd] ≤
Ck
tk
, (42)

for some sequence of constants Ck dependent on k.

The above bounds directly translate to the following control over moments:
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Proposition 1. Let Xd, Yd denote two sequences of random variables with:

X = O≺(Y ), (43)
then for any q ∈ N and δ > 0:

E [∥X∥p]1/p ≤ dδE [∥Y ∥p]1/p (44)
Proposition 2. The above proposition follows directly through the following decomposition:

E [∥Y ∥p]1/p = E
[
∥Y ∥p 1∥X∥≤dδ∥Y ∥

]1/p
+ E

[
∥Y ∥p 1∥X∥>dδ∥Y ∥

]1/p
, (45)

where 1 denotes the indicator function. Using the property E[Z] =
∫∞
s=0

Pr[Z > s]ds, the second term
is bounded by 1

dk
for any k and large enough d.

Asymptotic notation: In light of the above proposition, throughout the subsequent sections, we
use the notation Õ to denote deterministic asymptotic bounds upto factors dδ for arbitrarily small
δ > 0 i.e:

f(d) = Õ(g(d)), (46)
if for any δ > 0, f(d) ≤ dδg(d) for large enough d
Through a standard application of the Lindeberg exchange technique [26, 82], we further have the
following useful estimate:
Lemma 1 (Non-asymptotic CLT -bound). LetX1, . . . , Xn ∈ R be n i.i.d random variables satisfying
Xi = O≺(1). Then, for any function q : R→ R with q ∈ C3(R), ∥q′′′∥∞ <∞ and any δ > 0:

|E

[
q(

1√
d
(

d∑
i=1

Xi)

]
−Ez∼N(0,1) [q(z)]| ≤ c1

√
d|E [X]|+c2|E [X]

2
1−1|+ c3

d1/2−δ
E
[
|X|3

]
, (47)

where c1, c2 denote constants dependent only on q.

Through standard truncation arguments over the tail of 1√
d
(
∑d
i=1Xi), the above bound extends to

all polynomials R→ R of finite degree.
C.3.2 Orthogonal Polynomials and Spherical Harmonics
Hermite Polynomials: A key role in our analysis is played by the decomposition of square
integrable function with respect to the Gaussian measure in terms of the Hermite polynomials [44].
Definition 3 (Hermite decomposition). Let f : Rm → R be a function that is square integrable w.r.t
the Gaussian measure. There exists a family of tensors (Cj(f))j∈N such that Cj(f) is of order j and
for all x ∈ Rm,

f(x) =
∑
j∈N
⟨Cj(f),Hj(x)⟩ (48)

where Hj(x) is the j-th order Hermite tensor [44].

Gegenbauer and Associated Laguerre polynomials Let w ∼ U(Sd−1(
√
d) denote a random

variable distributed uniformly on the sphere in Rd of radiues
√
d. Let µd denote the associated

push-forward measure of the projection
√
d⟨w, e1⟩. The Gegenbauer polynomials Qdℓ (·) [39] for

ℓ ∈ N form an orthonormal basis w.r.t L2(µd)withQdℓ (·) being a polynomial of degree ℓ. Therefore,
for any f ∈ L2(µd) and v ∈ Rd with ∥v∥ = 1, the following decomposition exists:

f(
√
d⟨v,w⟩) =

∞∑
k=0

νd,kQ
d
k(
√
d⟨v,w⟩) (49)

Next, suppose that x ∼ N(0, Id). Let τd denote the associated pushforward measure of ∥x∥2. Then,
the associated Laguerre polynomials ldk(·) form an orthonormal basis w.r.t τd [9].
Spherical Harmonics Recall that any inner-product Kernel can be diagonalized w.r.t
L2(U(Sd−1(

√
d))) along the basis of spherical Harmonics {Yℓ,k}ℓ∈[B(d,k)],k∈N}, where B(d, k)

denotes the number of spherical harmonics of degree k, satisfying B(d, k) = Θ(dk):

K(x,x′) =

∞∑
k=0

λk

nk∑
l=1

Yl,k(x)Yl,k(x
′), (50)
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where λk denotes the eigenvalue ofK w.r.t the k-degree spherical harmonics Yl,k(x). [40].

The Spherical Harmonics are related to the Gegenbauer polynomials through the following identity:
Proposition 3. For any w1,w2 ∼ U(Sd−1(

√
d)):

Qdk(w1,w2) =
1

B(d, k)

B(d,k)∑
ℓ=1

Yℓ,k(w1)Yℓ,k(w2) (51)

We next recall that the Gaussian measure N(0, Id) admits the following tensor product decomposi-
tion:

N(0, Id) = χ2(∥x∥2)⊗ U(Sd−1(
√
d)), (52)

where U(Sd−1(
√
d)) denotes the uniform measure on sphere of radius

√
d

The above tensor product decomposition naturally relates the Hermite orthonormal basis w.r.t
the Gaussian measure against the product of radial functions and Gegenbauer polynomials. In
particular, we have the following relation:
Proposition 4. For any k ∈ N, the kth-degree Hermite polynomial lies in the subspace spanned by
functions of the form:

f(
∥x∥2 − 1√

dε1
)Yℓ,j(

√
dx/ ∥x∥), (53)

with 0 < j ≤ k.

Proof. Recall that Yℓ,j(
√
dx/ ∥x∥) are homogenous polynomials of degree j. Upon restriction to the

sphere of radius ∥x∥, Hek(x) is a polynomial of degree at-most k. Therefore, by Fubini’s theorem,
we obtain:

E

[
f(
∥x∥2 − 1√

dε1
)Yℓ,j(

√
dx/ ∥x∥)Hek(x)

]
= 0, (54)

for j > k.

Proposition 5. For any k > 2 and polynomial q(x):

E

 1√
dε1

n
∑√

dε1

i=1 ⟨w⋆
i ,x⟩2 − 1

√
dε1

q(
1√
dε1

n

√
dε1∑
i=1

Hek(⟨w⋆
i ,x⟩))

 = O(
1√
dε1

) (55)

Proof. The above is a direct consequence of Lemma 1 applied to the random variables
(He2(⟨w⋆

i ,x⟩),Hek(⟨w⋆
i ,x⟩)) ∈ R2, whose higher-moments are bounded by Gaussian hyper-

contractivity (Lemma 5).

We utilize Gegenbauer polynomials and spherical Harmonics primarily due to the absence of results
on eigenvectors of inner-product Kernel matrices under polynomial scalings. This is also the
primary bottleneck towards the extension of our theory to multiple layers. Essentially, our analysis
relies on showing the concentration of the sample-covariance matrix to the population covariance
matrix along the degree-k components.

C.3.3 Spectral Norm of a tensor

Definition 4. For a symmetric positive-definite tensor T ∈ Rd⊗k of order k, we define the spectral
norm of T as follows:

∥T∥2 = sup
x∈Rd,∥x∥=1

|⟨x⊗k, T ⟩| (56)
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C.3.4 Hermite-tensors and Gaussian-inner Products
We denote by Hek for k ∈ N the normalized Hermite-polynomials forming an orthonormal basis
w.r.t L2(γ). For any f ∈ L2(γ), we have:

f(z) =

∞∑
k=0

µkHek(z). (57)

The Hermite tensors result in the following generalization of the above decomposition:
Proposition 6. Let γm denote the m-dimensional Gaussian measure. For any f, g : Rm → R
∈ ℓ2(Rm, γm), let Ck(f) denote the kth-order Hermite-tensor, defined as:

Ck(f) := Ez∼γm [f(z)Hek(z)] = Ez∼γm
[
∇kf(z)

]
, (58)

where Hek(z) denotes the kth-order Hermite tensor on Rm. Then:

⟨f, g⟩γ =
∑
k∈N
⟨Ck(f), Ck(g)⟩. (59)

C.3.5 Compact Self-Adjoint Operators
We collect here the following well-known properties of bounded linear operators on a Hilbert space
L2(µ) [16]:
Proposition 7. Let A : L2(µ,Ω)→ L2(µ,Ω) denote a bounded-linear operator on a hilbert space
L2(µ). Then:

(i) IfA is compact, self-adjoint thenA can be diagonalized along a countable-basis of eigenvectors.

(ii) Suppose that µ is σ-finite, then any integral operator I(x, y) : ω × ω → R with
∥I(x, y)∥L2(µ)×L2(µ) <∞ is compact

(iii) For a symmetric integral operator ∥I(x, y)∥L2(µ)×L2(µ) <∞:∫
I(x, y)dµ(ω × ω) =

∑
k

λk, (60)

where {λk} denote the eigenvalues associated with I(·, ·).
C.3.6 Concentration in Orlicz-spaces

Definition 5. For any α ∈ R, define ψα(x) = ex
α − 1. The Orlicz norm for a real random variable

X ; ∥X∥ψα
is defined as

∥X∥ψα
= inf

{
t > 0 : E

[
ψα

(
|X|
t

)]
≤ 1

}
(61)

Random variables exhibiting suitable bounds on orlicz norms of finite-order exhibit the following
concentration inequality:
Theorem 4 (Theorem 6.2.3 in [50]). Let X1, . . . , Xn be n independent random variables with zero
mean and second moment EX2

i = σ2
i . Then,∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥
ψα

≤ Kα log(n)
1/α

√√√√ n∑
i=1

σ2
i +max

i
∥Xi∥ψα

 (62)

C.4 Useful Preliminary Results
A central result underlying our analysis for part (ii) of Theorem 1, based on [60] is the following
matrix-concentration bound for matrices with independent heavy-tailed rows:
Lemma 2 (Theorem 5.48 in [83]). LetA ∈ Rn×p be a random matrix with independent rows ai ∈ Rp

with covariance E
[
aia

⊤
i

]
= Σa and E

[
maxi≤n ∥a∥2i

]
≤ m. Then:

E
[∥∥∥∥ 1nA⊤A− Σa

∥∥∥∥
2

]
≤ max(∥Σa∥1/22 δ, δ2), (63)

where δ = C
√
m log(min(n,p))

n .
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Lemma 3 (Weyl’s inequality). For any A,B ∈ Rm×n, for all i ∈ N with i ≤ min(m,n):

|σi(A)− σi(B)| ≤ ∥A−B∥ (64)

Lemma 4 (Resolvent Identity). Let, A,B ∈ Rp×p be two invertible matrices, then:

A−1 −B−1 = A−1(B −A)B−1. (65)

Our next central tool that will be utilized frequently throughout our analysis is the hypercontractivity
w.r.t the Gaussian measure:
Lemma 5 (Gaussian Hypercontractivity, Proposition 5.48. in [15]). For any polynomial q : Rd → R
of degree k and any p ∈ N, p ≥ 2:

∥q(z)∥p,γd ≤ (p− 1)k ∥q(z)∥2,γd , (66)

where γd denotes the standard Gaussian measure on Rd and ∥q(z)∥p,γ denotes the p-norm:

∥q(z)∥p,γ := Ez∼γ [|q(z)|p]
1
p (67)

Proposition 8. Let z ∼ N(0, Id) denote a d-dimensional Gaussian vectors. Suppose thatX1, · · · , Xk

denote i.i.d random variables obtained by applying a fixed polynomial of degree p ∈ N to distinct
subsets of coordinates of z. Then:

1√
k
(

k∑
i=1

Xi) = O≺(

√
|E [X]

2|+ k|E [X]|2). (68)

Proof. Since q(z) = 1√
k
(
∑k
i=1Xi) is a polynomial in z with finite degree p, Lemma 5 implies that

its higher-order moments are bounded as ∥q(x)∥p ≤ Cp ∥q(x)∥2. The result then follows by noting
that:

E
[
q(z)2

]1/2
=

√
E [X]

2
+ 2(k − 1)|E [X]|2 (69)

Lemma 6 (Discrete Gronwall). Let at, bt, ct1, ct2 be non-negative sequences satisfying:

at+1 ≥ at + ct1at + ct2bt, (70)

then, for any t ∈ N:

at+1 ≥
t∏

s=1

(1 + cs1)a0 +

t−1∑
j=1

j∏
s=1

(1 + cs1)c2bj (71)

We analogously have the corresponding upper bound i.e

at+1 ≤ at + ct1at + ct2bt, (72)

implies that:

at+1 ≤
t∏

s=1

(1 + cs1)a0 +

t−1∑
j=1

j∏
s=1

(1 + cs1)c2bj (73)

C.5 Full Algorithm
We describe the full algorithmic routine used in Theorem 1 in Algorithm 1.

C.6 Leveraging Asymptotic Gaussianity
A crucial property of the non-linear feature h⋆(x) that we leverage is its asymptotic Gaussianity,
not only w.r.t their marginals but w.r.t propagation to the lower-level features. Specifically, building
on [84], we show that the high Hermite-degree functions of h⋆m(x) do not propagate projections
along low Hermite-degree functions ofW ⋆x. To show this, we provide an inductive proof inspired
by the combinatorial approach developed in [84], wherein the (entropically) dominant contributions
in (h⋆m(x))k arise from terms having the lowest degrees in Hej(⟨w⋆,x⟩).
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Algorithm 1 Layer-Wise Training for a Three-Layer Network
Input: Training data D, mini-batch sizes n1, n2, learning rates η1, η2, ridge regularization λ,
iteration steps T1.
Initialize:
W

(1)
i

i.i.d∼ U(Sd−1(1)) for i ∈ [p1]

W (2) ← Ip2×d
(b(1), b(2))← 0p1×p2 .

Layer 1 updates (correlation loss with spherical projections):
f̂(x) := f̂θ(x) = w⊤

3 σ(W2σ(W1x))

L : Rd × R→ R← L(x, y) := −yf̂(x) (Set loss L to correlation loss)
for t = 1 to T1 do
Sample mini-batch X,y ⊂ D of size n1
For each neuron j in layer 1:

˜
W

(1)
j ←W

(1)
j − η1∇W (1)

j
L(X, y)(Id − (W

(1)
j )(W

(1)
j )⊤)

W
(1)
j ← 1∥∥∥∥ ˜

W
(1)
j

∥∥∥∥
˜

W
(1)
j

end for

Fix layer 1, update layer 2:
Re-initializeW (2) → 0p2×p1
Sample mini-batch X,y ⊂ D of size n2
W2 ←

(
1
nσ(X(W1)

⊤)⊤(σ(X(W1)
⊤) + λ

)−1∇W2L

Fix layers 1,2, solve forW (3) via ridge regression:
Sample mini-batch X,y ⊂ D of size n3
Form design matrix H :
For each (x, y) in D:
h1 ← σ

(
W 1x+ b(1)

)
h2 ← σ

(
W 2h1 + b(2)

)
H(x,:) ← [h2 ]

⊤, Yx ← y
Solve:
W (3) ←

(
H⊤H + λI

)−1
H⊤Y

Proposition 9. For any ε1 > 0, and k ∈ N, let h⋆(x) for x ∈ Rd denote a non-linear feature of the
form:

h⋆(x) =
1√
dε1

dε1∑
i=1

Pk(⟨w⋆
i ,x⟩), (74)

where Pk denote polynomials of degree k satisfying Ez∼N(0,1) [Pk(z)] = 0 and Ez∼N(0,1) [Pk(z)z] =
0

Denote by S the set of indices in [dε1 ] and by Γm(S) the set of allm-permutations in S consisting of
distinct values.

Then, the following holds for anym ∈ N:

Hem(h⋆(x)) =
1√

mdmε1

∑
s∈Γm(S)

∏
si

Pk(⟨w⋆
si ,x⟩) + rm(x) = O≺(1), (75)

where rm(x) satisfies:

(i)

rm(x) = O≺(
1√
dε1

). (76)
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(ii) For any k ∈ N and v ∈ Rd:

∥E [Ck(rm(x))Hek−1(⟨v,x⟩)x]∥2 = Õ(
1√
dε1

(max
i∈dε1

|⟨w⋆
i ,v⟩|)k−1), (77)

for some δ̃ > 0,

where recall that Õ subsumes factors of the form dδ for arbitrarily small δ > 0.

The above set of properties characterize, in particular the projections onto Hermite-polynomials of x of
non-linear functions applied to h⋆(x)

Proof. The proof proceeds by induction. Similar to [84], the central idea is to utilize the fact that
the Hermite-degree is additive for products of terms dependent on orthogonal subspaces. The
entropically-dominant terms in Hep(h⋆(x)) arise from products of ⟨w⋆

i ,x⟩, ⟨w⋆
j ,x⟩ for i ̸= j

contributing a leading Hermite-degree of dk.
We show inductively that Equation 75 holds for anym ∈ N.
The base casem = 1 holds trivially. Suppose that the statement holds for somem ∈ N. Recall that
the (normalized) Hermite polynomials satisfy the following recursion:

Hem+1(x) = x

√
m

m+ 1
Hem(x)−m

√
m− 1

m+ 1
Hem−1(x). (78)

Applying the above relation with x = h⋆(x) yields:

Hem+1(h⋆(x)) =

√
m

m+ 1
(

1√
dε1

dε1∑
i=1

Pk(zi))Hem(h⋆(x))−m
√
m− 1

m+ 1
Hem−1(h⋆(x)) (79)

The induction hypothesis on Hem(h⋆(x)), then implies:

Hem(h⋆(x))

=

√
m

m+ 1

1√
dε1

dε1∑
i=1

Pk(⟨w⋆
i ,x⟩)(

1√
mdmε1

∑
s∈Γm(S)

∏
si

Pk(⟨w⋆
si ,x⟩) + rm(x))−m

√
m− 1

m+ 1
Hem−1(h⋆(x))

(80)

The first term splits into two components depending on whether i ∈ s or i /∈ s:

Hem(h⋆(x)) =

dε1∑
i=1

(Pk(⟨w⋆
i ,x⟩))2)(

1√
(m+ 1)d(m+1)ε1

∑
s∈Γm−1(S\i)

∏
si

Pk(⟨w⋆
si ,x⟩))+

+ (
1√

(m+ 1)d(m+1)ε1

∑
s∈Γm+1(S)

∏
si

Pk(⟨w⋆
si ,x⟩))−m

√
m− 1

m+ 1
Hem−1(h⋆(x)) + O≺(

1√
dε1

),

(81)

where we used that
∑dε1

i=1
1√
dε1

Pk(⟨w⋆
i ,x⟩)rm(x) = O≺(

1√
dε1

) through the closure under-
muliplication of O≺(·) and Lemma 8. The second term is exactly the desired expression for
Hem(h⋆(x)) in Equation 75.
Next, we rewrite the first term as:

dε1∑
i=1

(
1√

(m+ 1)d(m+1)ε1

∑
s∈Γm−1(S/i)

∏
si

Pk(⟨w⋆
si ,x⟩)︸ ︷︷ ︸

T1

+

dε1∑
i=1

1√
(m+ 1)d(m+1)ε1

((Pk(⟨w⋆
i ,x⟩))2 − 1)

∑
s∈Γm−1(S/i)

∏
si

Pk(⟨w⋆
si ,x⟩)︸ ︷︷ ︸

T2

.
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By the induction hypothesis, T1 cancels with −m
√

m−1
m+1 Hem−1(h⋆(x)) upto an error O≺(

1√
dε
).

It remains to show that T2 is stochastically dominated as O≺(
1√
dε
). To achieve this, we note by

Gaussian hypercontractivity (Lemma 5), it suffices to bound the second-moment of T2. We have:

E
[
T 2
2

]
=

1

d(m+1)ε1

dε1∑
i=1

((Pk(⟨w⋆
i ,x⟩)2 − 1)

∑
s∈Γm−1(S/i)

∏
si

Pk(⟨w⋆
si ,x⟩))

2

+
1

d(m+1)ε1

dε1∑
i ̸=j=1

∏
k=l

(Pk(⟨w⋆
k,x⟩)3 − Pk(⟨w⋆

k,x⟩))
∑

s∈Γm−2(S/(i,j))

(
∏
si

Pk(⟨w⋆
si ,x⟩)

2),

where in the last line we used the fact that the cross-terms vanish for terms with Hek(⟨w⋆
si ,x⟩)

appearing once. The desired bound is obtained by noting that by the inductive hypothesis:∑
s∈Γm−1(S/i)

∏
si

Hek(⟨w⋆
si ,x⟩) = O≺(

√
d(m−1)ε1). (82)

Therefore the first term contributes dε1 terms of orderO≺(d
(m−1)ε1)while the second term consists

of d2ε1 terms of order O≺(d
(m)ε1). Therefore, both the terms are entropically sub-dominant

compared to the factor 1
d(m+1)ε1

, yielding:

T2 = O≺(
1√
dε1

) (83)

It remains to show statement (ii) (Equation 77). We first consider the residual term:
dε1∑
i=1

1√
dε1

Pk(⟨w⋆
i ,x⟩)rm(x) (84)

Recall that for any v ∈ Rd and any r(x):
E
[
⟨∇kr(x)v⊗k⟩

]
= E [r(x)Hek(⟨x,v)] . (85)

Therefore, by induction and the closure of stochastic domination under multplication, the above
term satisfies (ii).

For the remaining term T2, (ii) holds by noting that by Proposition 6, for each i ∈
√
dε1 ,

∥E [Ck(rm(x))Hek−1(⟨v,x⟩)⟨x,w⋆
i ⟩]∥2 is a polynomial in {⟨w⋆

i ,v⟩}i∈√
d
ε1 of degree at-least k−1.

Since {⟨x,w⋆
i ⟩} are orthonormal functions:

√
dε1∑
i=1

∥E [Ck(rm(x))Hek−1(⟨v,x⟩)⟨x,w⋆
i ⟩]∥

2
2 ≤ ∥E [Ck(rm(x))Hek−1(⟨v,x⟩)]∥2 = Õ(

1

dε1
)

(86)

C.7 Existence of activation satisfying Assumptions 2, 3
Consider any σ : R→ R and a constant c > 0. Observe that the activation σ̃ : R→ R defined as:

σ̃(x) := σ(x)− cx, (87)
satisfies:

σ̃((σ̃)(x)) = σ(σ(x)− cx)− c(σ(x)− cx). (88)

Set σ(x) as a bounded-analytic function with E [σ(z)Hek(z)] ̸= 0, for instance σ(z) = tanh(z +
a) − bz, for some a, b ̸= 0 such that such that E [σ(z)Hek(z)] ̸= 0 for all k ∈ N. Furthermore,
we may further set a, b ∈ R such that Ez∼N(0,1) [σ(σ(z))] < 0, for instance by setting b ≈ 0 and
a ≈ 0, a < 0.
Then, by Equation 88, the condition Ez∼N(0,1) [σ̃((σ̃)(z))z] = 0 corresponds to the following
equation on c:

g(c) = Ez∼N(0,1) [σ̃((σ̃)(z))z] = Ez∼N(0,1)

[
σ(σ(z)− cz)− c(σ(z)) + c2z)z

]
= Ez∼N(0,1) [σ(σ(z)− cz)]− cEz [(σ(z))z)] + c2 = 0.

By the choice of σ, g(0) < 0 while the boundedness of σ further implies that g(c)→∞ as c→∞.
Hence ∃c ∈ R such that g(c) = 0. On the other hand, note that σ̃
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C.8 Feature Learning by the First Layer
In this section, we analyze the dynamics ofW1 (part (i) of Theorem 1). In fact, for subsequent usage
in the dynamics ofW2,w3, we require a stronger characterization of (i) of Theorem 1. To state the
precise result, we first set up the required notation. LetDt = {Xt,yt} denote the batch of samples
at time-step t for t ∈ N. Observe that under the correlation loss, and withW2 = I, each neuron wi
for i ∈ [p] evolves independently. In-fact, the dynamics is equivalent to that of a two-layer network
with modified activation σ̃ = σ(σ(·)))
Therefore, the gradient descent dynamics onW1 defines a stochastic mapping:

w0 → w(t), (89)

applied to a random variable w0 ∼ U(Sd−1(1)).

Let {Ft}t∈N denote the filtration generated by D1,D2, · · · . Let U⋆ ∈ Rd denote the subspace
spanned by the teacher weightsW ⋆. Define u⋆ := PU⋆w0

∥PU⋆w0∥ to be the unit-vector along PW⋆w0.
Our analysis proceeds by establishing the following:

(i) The dynamics of w(t) is dominated by drift along the initial direction u⋆.

(ii) The overlap of w(t) along W ⋆ grows linearly upto reaching a threshold κ > 0 and
subsequently w(t) reaches overlap κ in a constant number of iterations.

(iii) The distribution of w(t) maintains isotropy and regularity of tails.

To see intuitively why the dynamics of w(t) is dominated by the drift along u⋆, consider the
following heuristic sketch:

dw(t)

dt
= −∇w(t)Lc

= cE
[
h⋆(x)σ′(w(t))x

]
+ E

[
r(x)σ′(w(t))x

]
+ higher-order terms,

where we substituted the decomposition in Proposition 9.

Next, we note that the degree j contribution in E
[
h⋆(x)σ′(w(t))x

]
is of the form:

E

[
1√
dϵ1

dϵ1∑
i=1

Hej(⟨w⋆
i ,x⟩)σ′(w(t))x

]
=

1√
dϵ1

dϵ1∑
i=1

(⟨w⋆
i ,w

(t)⟩)j−1w⋆
i . (90)

For j = 2, the above term results in a drift along u⋆i , while for j > 2, the contributions are
suppressed as long as ⟨w⋆

i ,w
(t)⟩ = O≺(

1√
dϵ1

). Analogously, the contributions from higher-order
terms are suppressed as long as w(t) doesn’t align with individual directiosn w⋆

i .
We now move on to the full proof. Let κ > 0 be fixed We introduce the following hitting time:

τκ := {inf t : |⟨u⋆,w(t)⟩| ≥ κ}. (91)

Let F⋆ denote the product sigma-algebra w.r.t {Ft}. Since τκ is measurable w.r.t σ(F⋆ ∪ F(w0)),
the random variable wτκ then admits a regular conditional distribution w.r.t F⋆, µκ(|F⋆) [48].
Suppose that each neuron for i ∈ [p1] in Algorithm 1 is stopped at τκ as defined above.
Let e1, · · · ed−dε1 denote a fixed basis for the complement ofW ⋆. The main result of this section
establishes points (i)− (iii) described above and constitutes the formal statement for part (i) of
Theorem 1:
Theorem 5. For any 0 < κ < 1, let µκ(·|X1, X2, · · · ) denote the regular conditional measure over
wτκ conditioned on the sequence of datasetsX1, X2, · · · associated with the natural filtration Ft. Then,
for any k ∈ N, there exists a sequence of “high-probability" events E ∈ ∪t≥1{Ft} such that:

(i) Pr[E] ≥ 1− Ck

dk
for some Ck > 0 and large enough d.
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(ii) For anyX1, X2, · · · ∈ E, the random variablew ∼ µη(·|X1, X2, · · · ), satisfies the following
with probability 1− Ce−C log d2 as d→∞:

wτ
κ = κ+u⋆ + u⊥ + v, (92)

where κ+ ≥ κ and:

(a) u⊥ ∈ U⋆,v ∈ U⋆⊥.

(b) ∥u⊥∥ = O≺(
1
dδ
).

(c)

sup
i∈dε1

|⟨wτ
κ,w

⋆
i ⟩| = O≺(

1√
dε1

). (93)

and
sup

j∈[d−dε1 ]
|⟨wτκ , ej⟩| = O≺(

1√
d
). (94)

(d) For any (deterministic) w⋆ ∈ U⋆:

|⟨w⋆,wτκ⟩| = O≺(
1√
dε1

), (95)

and for any w⊥ ∈ U⋆⊥:
|⟨w⊥,w

τ
κ⟩| = O≺(

1√
d
). (96)

(e)

∥v∥ − |⟨w0,v⟩| = O≺(
1

dδ
), (97)

where w0 ∼ U(Sd−1(1)) denotes the initialization of the neuron.

Properties (c) stipulates that wτ
κ remains approximately isotropic with well-behaved tails along a

fixed basis of U⋆ and its complement. This is important for ensuring concentration of well-behaved
functions of wτ

κ in part (ii). Maintaining this property throughout the dynamics further leads to a
control over the higher-order terms.
Corollary 1. Let wτ

η be as defined in Theorem 5. Then, ∃ δ > 0 and choice of step-size η = η̃
√
dε1

for some η̃ > 0 such that:∥∥∥∥E [wτ
κ(w

τ
κ)

⊤]− κ 1√
dε1

(W ⋆)⊤(W ⋆)−
√
1− κ2 1√

d− dε1
(I − (W ⋆)⊤(W ⋆))

∥∥∥∥ = O(
1

dδ
)

(98)

C.9 Form of the Update
Under the initializationW2 = Ip, b1, b2 = 0, w3 = 1, for any i ∈ [p1], the update to any neuron w
inW1 can be expressed as:

w̃t = wt + (Id − (wt)(wt)
⊤)η

1

n

n∑
i=1

f⋆(xi)σ̃′(⟨wt,xi⟩)xi

wt+1 =
1

∥w̃t∥2
w̃t

(99)

In what follows, we denote the gradient update as:

gt :=
1

n

n∑
i=1

f⋆(xti)σ̃
′((⟨wt,xi⟩)⟨w(t),xti⟩))xti, (100)

and its corresponding spherical version as:

gt⊥ := gt(I− (w(t))(w(t))⊤), (101)
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where we recall that
∥∥w(t)

∥∥ = 1 by the spherical constraint.

Applying the Hermite decomposition to f⋆(x) and utilizing the composition of Hermite-coefficients
established in Proposition 9 results in the following expansion for the gradient:
Lemma 7. Let C⋆k for k ∈ N denote the kth-order Hermite tensor of f⋆(z) and let {ck}∞k=1 be the
Hermite coefficients of σ̃(·). Then:

E[g⊥] = (Id − (wt)(wt)
⊤)

1
√
p

( ∞∑
k=0

ck+1 C
⋆
k+1 ×1...k (w

t)⊗k

)
(102)

Proof. The above is a direct consequence of Stein’s Lemma applied to E[gt]:

E
[
xσ̃′(⟨w,x⟩)f⋆(x)

]
= E [∇xσ

′(⟨w,x⟩)f⋆(x)] + E
[
σ̃′(⟨w,x⟩)∇xf

⋆(x)
]

= wE
[
σ̃′′(⟨w, z⟩)f⋆(z)

]
+ E [σ′(⟨w,x⟩)∇xf

⋆(x)] .

The first term vanishes under the orthogonal projection (Id − (w(t))(w(t))⊤) while the second
term results in Equation 102.

Combining the above with the recursive Hermite decomposition of f⋆(x) through Proposition 9
yields the following form for the expected updates:
Proposition 10. Let {µk}∞k=1, {ck}∞k=1, {c⋆k}∞k=1 denote the Hermite coefficients of g⋆, σ̃, P k⋆ respec-
tively. Then:

E
[
g⊥
t

]
= (Id − (wt)(wt)

⊤)
( 1√

dε1
c2c

⋆
2µ1v

⊤(W ⋆)⊤(W ⋆)w + µ1

k∑
j=3

c⋆jcj
1√
dε1

dε1∑
i=1

(⟨w⋆
i ,w⟩)(⟨w⋆

i ,v⟩)

+

∞∑
m=k+1

µmcm
1√

mdmε1

∑
s∈Γ(S,m),j∈[k]s

m−1∏
i=1

c⋆ji(⟨w
⋆
si ,w⟩)

j1⟨w⋆
sm ,v⟩+

∞∑
m=1

cmE [rm(x)σ̃′(⟨w,x⟩)⟨x,v⟩]
)
,

(103)

where rm(x) denotes the remainder for the degree-m Hermite term in Equation 75.

Proof. Proposition 9 applied to f⋆(x) yields:

f⋆(x) =

∞∑
m=1

µm
1√

mdmε1

∑
s∈Γm(S)

∏
si

Pk(⟨w⋆
si ,x⟩) +

∞∑
m=1

µmrm(x). (104)

Next, by expandingPk(⟨w⋆
si ,x⟩) =

∑k
j=1 c

⋆
kHej(⟨w⋆

si ,x⟩), the first term in the RHS can be further
decomposed as:

∞∑
m=k+1

µm
1√
dmε1

∑
s∈Γm(S)

∏
si

Pk(⟨w⋆
si ,x⟩) =

∞∑
m=k+1

µm
1√
dmε1

∑
s∈Γ(S,m),j∈[k]s

m∏
i=1

c⋆jiHej1(⟨w
⋆
si ,w⟩).

(105)
Equation 103 then follows by noting that any term of the form

∏m
i=1 c

⋆
ji
Hej1(⟨w⋆

si ,w⟩) appears in
C⋆ℓ with ℓ =

∑m
i=1 ji.

The magnitude of the gradient updates is bounded through the following Lemma:
Proposition 11. Let gt⊥,i := σf⋆(x)σ′(σ′(⟨w,x⟩))x(I − 1

ε2ww⊤) denote the spherical gradient
for neuron i at time-step t. Then g⊥ satisfies:

(i) ∥∥gt⊥∥∥2 =
∥∥E [gt⊥]∥∥2 + O≺(

1

dε1+δ
), (106)

(ii) For any v ∈ Rd with ∥v∥ = 1:

⟨gt⊥,v⟩ − E
[
⟨gt⊥,v⟩

]
= O≺(

1√
n1

) = O≺(
1√

d1+δ
√
dε1

) (107)
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(iii) ∥∥PU⋆gt⊥
∥∥− E

[∥∥PU⋆
⊥
gt
∥∥] = O≺(

1√
d1+δ

) (108)

Proof. We begin by writing:∥∥gt⊥∥∥2 =
∥∥E [gt⊥]∥∥2 + ∥∥gt⊥ − E

[
gt⊥
]∥∥2 . (109)

By the assumption on σ, the composed activation σ̃ and its derivatives are polynomially bounded.
Therefore, applying standard concentration results for for independent random variables with
bounded orlicz norm (Theorem 4), we obtain:

gt⊥ − E
[
gt⊥
]
= O≺(

√
d

n
) = O≺(

1√
dδ+ε1

) (110)

which yields Equation 106.
Applying the same result (Theorem 4) to projections of gt⊥ along v and PU⋆ then yields Equations
107 and 108.

C.10 Initial Overlaps
Before proceeding with the analysis, we collect the following result on the concentration of the
initial overlaps alongW ⋆ for the first-layer neurons at initialization:
Lemma 8. For w ∼ N(0, 1dI),

|
√
d1−ε1(∥P ⋆Uw∥2 − 1| = O≺(

1√
dε1

) (111)

Proof. Since w0 ∼ U(Sd−1(1)), the squared overlap norm d
dε1

∥∥W ⋆w0
1,i

∥∥2
2
is an average over dε1

sub-exponential random variables. Therefore, a standard application of Bernstein’s inequality [83]
yields an error probability of 1− ce− log d2 . The proposition then follows through a union bound
over the p1 neurons.

C.11 Difference Inequality
Let P ⋆U⋆ := (W ⋆)⊤(W ⋆) denote the projector onto the subspace spanned by W ⋆. For i ∈ [p1],
define u⋆i to be the unit-vector along the projection of w0

i alongW ⋆:

u⋆ :=
1∥∥∥W ⋆w

(0)
i

∥∥∥P ⋆U⋆w0 (112)

Further definemt = ⟨u⋆,w(t)
1,i⟩ andmt

⊥ =
∥∥(P ⋆U⋆ − u⋆(u⋆)⊤)w(t)

∥∥, denoting the projections of
w(t) along u⋆i and its complement in the span ofW ⋆ and:

mt
× :=

√
dε1 max

i∈
√
dε1
|⟨w(t),w⋆

i ⟩|. (113)

Additionally, we track the residual component in w(t) lying in U⋆⊥ but orthogonal to w0:

rt⊥ := (I−w(0)(w(0))⊤)PU⋆
⊥
w(t) (114)

Our analysis relies on showing that the dynamics of w(t) is dominated by a linear drift along u⋆.
This requires a control over the following additional terms:

(i) Residual linear drift along U⋆⊥: This term is controlled through a bound onmt
⊥.

(ii) Contributions from higher-order terms: These are controlled through a bound onmt
×.

(iii) Noise in the gradient updates: This is supressed through the choice of batch-size n =
Θ(d1+ε1+δ)
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Recall that n1 = Θ(dkε1+δ). Let δ̃ be any arbitrary value satisfying 0 < δ̃ < δ For any η > 0, we
define the following stopping times:

τ+κ = inf(t : |mt| ≥ 1− κ) (115)

τ−
δ̃

= inf(t : |mt| ≤ d−δ̃min(mt
⊥,m

t
×,

1√
d1−ε1

)) (116)

The stopping time τ+κ simply accounts for the overlap reaching the desired value κ. The stopping
time τ−

δ̃
ensures that for t ≤ τ−

δ̃
, the three residual contributions in gt⊥ listed above, namely the

drift along U⋆⊥, higher-order terms and the gradient noise remain supressed.

Note that by definition, m0
i,⊥ = 0 while m0

i = 1√
dε1

by Lemma 8 . While both m0
i,⊥,m

0
i grow

exponentially, we will show that for any 0 < δ̃ < δ, there exists a small enough η̃ such that with
step size η = η̃dε1 , τ+κ > τ⊥

δ̃
with high-probability. Concretely, under small enough step-size, both

m0
i ,m

0
i,⊥ grow under approximately identical linear dynamics, ensuring that the initial lead in

the magnitude ofm0
i is maintained till weak-recovery over the contributions from the remaining

directions.
Proposition 12. Let c = µ1c

⋆
2c̃2 and η = η̃

√
dε1p2 Define τ⋆ := τ+κ ∧ τ−δ̃ For any δ̃ < δ⊥ < δ, κ

and k ∈ N, and any constants c+m, c
+
⊥, c

+
×, c

−
m, c

−
⊥, c

−
× such that c−m < c < c+m, c

−
⊥ < c < c+⊥,

c−× < c < c+× there exists constants C1, C2, C3, C4 and η̃ such that for large enough d:

(i)

P(mt+1 ≥ mt + η̃c−mmt − η̃c+mm2
t − η̃2C1m

3
t , ∀t < τ⋆) ≥ 1− 1

dk
(117)

P(mt+1 ≤ mt + η̃c+mmt − η̃c−mm2
t , ∀t < τ⋆) ≥ 1− 1

dk
(118)

(ii)

P(mt+1
⊥ ≤

(
mt

⊥ + η̃c+⊥m
t
⊥ − η̃c−⊥m

tmt
⊥ + η̃C2(m

t
×) + η̃

C3√
d1−ε1+δ⊥

, ∀t < τ⋆)

)
≥ 1− 1

dk

(119)
(iii)

P(mt
× ≤ mt

× + η̃c−×m
t
× − η̃c+×mt

×m
t + η̃

C4√
d1+δ⊥

, ∀t < τ⋆) ≥ 1− 1

dk
(120)

Before establishing the above proposition, we first show how it implies Theorem 5

C.12 Proof of Theorem 5
Suppose that t ≤ τ⋆. Applying a union-bound over time-steps to (i) in Proposition 12 then implies
that with probability at-least t(1− 1

d

k
), for all t ≤ τ⋆, we have with high-probability:

mt+1 ≥ mt + η̃c−mmt − η̃c+mm2
t − η̃2C1m

3
t . (121)

Since τ⋆ ≤ τ+κ , we further have that mt ≤ κ for all t ≤ τ⋆ and thus η̃2C1m
3
t < η̃2C1κm

2
t .

Equation 121 then implies:

mt+1 ≥ (1 + η̃c−m − (η̃c+m + η̃2C1κ)m
t)mt, (122)

which inductively implies the following intermediate bound:

mt+1 ≥
t∏

s=1

(1 + η̃c−m − (η̃c+m + η̃2C1κ)m
s)m0, (123)

Sincem2
t ≤ κmt, the above simplifies to:

mt+1 ≥ mt + (η̃c+m(1− κ)− η̃2C1κ
2)mt (124)
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Therefore, ∀t < τ⋆, we have:

mt ≥ (1 + η̃c+m(1− κ)− η̃2C1κ
2)tm0. (125)

By Lemma 8, we have:
|m0| = 1

d1/2(1−ε1)
+ O≺(

1

d
), (126)

Since for small enough η̃, c+m(1− κ)− η̃2C1κ
2 > 0, Equation 125 implies:

τ⋆ ≤ cκ,ε log d, (127)
for some constant cκ,ε > 0.

Next, consider the orthogonal componentmt
⊥ = 0. Note thatm0

⊥ = 0 by definition. Part (ii) of
Proposition 12 along with the discrete Gronwall inequality (Lemma 6) implies:

mt
⊥ ≤

t−1∑
j=1

j∏
s=1

(1 + η̃c+⊥ − η̃c
−
⊥m

s)(η̃C2(m
t
×)

2 + η̃
C3√

d1−ε1+δ⊥
)

≤
t−1∑
j=1

j∏
s=1

(1 + η̃c+⊥ − η̃c
−
⊥m

s)(η̃C2
1

d2δ̃
(mt)2 + η̃

C3√
d1−ε1+δ⊥

),

where we used thatmt
× ≤ 1

d

δ̃ since t ≤ τ−
δ̃
.

Our goal next is to compare the above bound against the lower-bound given by Equation 123. Since
|log(1 + a)− log(1 + b)| ≤ |a− b| for a, b > 0, we have:

(1 + η̃c−m − (η̃c+m + η̃2C1κ)m
s)

(1 + η̃c+⊥ − η̃c
−
⊥m

s)
≤ exp(η̃|c−m − c+⊥|+ |c

+
m − c−⊥|+ η̃2C1κ)) (128)

Therefore, we obtain the corresponding bound:

mt
⊥ ≤ t exp(η̃|c−m − c+⊥|+ |c

+
m − c−⊥|+ η̃2C1κ))

(
1

d2δ̃
C2m0 +

C3√
d1−ε1+δ⊥

)

)
(129)

For any 0 < δ⊥ < δ̃, we may set |c+m − c−⊥|, |c−m − c+⊥| and η̃ small enough so that for any
t ≤ cκ,ε log d:

(tη̃|c−m − c+⊥|+ |c
+
m − c−⊥|+ η̃2C1κ) + logC2 < δ⊥ − δ̃, (130)

Implying:
mt

⊥ ≤
mt

dδ̃
(131)

Similarly by setting |c+m − c−×|, |c−m − c+×| small enough enough we have by part (iii) in Proposition
12:

mt
× ≤

mt

dδ̃
(132)

Therefore, while the dynamics ofmt,mt
⊥,m

t
× evolves at arbitrarily close rates. The initial advantage

inmt overmt
⊥,m

t
× through initalization ensures that the hitting time formt arrives first, ensuring

that:
τκ < τ−

δ̃
(133)

By the definition of τ⋆, this establishes all claims in Theorem 1 apart from (e). To obtain e, note
that by the form of the updates, rt⊥ is updated solely through the gradient noise gt⊥ − E [gt⊥] and
normalization. Therefore, Lemma 11 implies that:

rt⊥ = O≺(t
1

d
√
δ
). (134)
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C.12.1 The conditioning input set
To complete the proof of Theorem 5, it remains to specify the high-probability set Eκ,δ̃ . For any
δ̃ > 0 and κ ∈ R, consider the event:

Eκ,δ̃ : ∩t≤τ+
κ

[
|⟨gt,v⟩ − E

[
⟨gt,v⟩

]
| ≥ dδ̃

d1+ε+δ

]
(135)

Equations 107, 110 and a union bound imply that for any k ∈ N:

Pr[Eκ,δ̃] ≥ 1− 1

dk
, (136)

where the probability is w.r.t the joint measure over w0, X1, · · ·Xn

By the law of total expectation:

Pr[E∁
κ,δ̃

] ≥ 1

dk
E
[
1[Pr[E∁

κ,δ̃
|{Xi}i∈N] ≥

1

dk

]
, (137)

implying, for any k > k̃ ∈ N:

E
[
1[Pr[E∁

κ,δ̃
|{Xi}i∈N] ≥

1

dk

]
≤ 1

dk
, (138)

taking the interesection over k ∈ N the required conditioning set E in Theorem 5.

C.13 Proof of Proposition 12
Consider the “effective" activation:

σ̃(x) := σ′(σ′(x)) (139)
Let c̃2 = Ez∼N(0,1) [σ̃(z)He2(z)]. Define the constant c = µ2c

⋆
1c̃2. By assumption 3, c > 0.

part (i): Applying Proposition 10, we obtain the following decomposition for the update g⊥
t :

g⊥
t = (I−w(t)(w(t))⊤)

1√
dε1

µ1c
⋆
2c̃2PU⋆w(t)

+(I−w(t)(w(t))⊤)

k∑
j=3

µ1c
⋆
jcj

1√
dε1

dε1∑
i=1

(⟨w⋆
i ,w⟩)jw⋆

i +

∞∑
m=k+1

µmcm
1√

mdmε1

∑
s∈Γ(S,m),j∈[k]s

m−1∏
i=1

c⋆ji(⟨w
⋆
si ,w⟩)

j1w⋆
sm︸ ︷︷ ︸

∆1

+ (I−w(t)(w(t))⊤)

∞∑
m=1

E [µmrm(x)σ̃′(⟨w,x⟩)x]︸ ︷︷ ︸
∆2

+ (I−w(t)(w(t))⊤)g⊥
t − E

[
g⊥
t

]︸ ︷︷ ︸
∆3

(140)

Sincemt = ⟨w(t),u⋆⟩, ∥wt∥ = 1 the first term simplifies to:
1√
dε1

µ1c
⋆
2c̃2(u

⋆)⊤PU⋆w(t) − 1√
dε1

µ1c
⋆
2c̃2⟨w(t),u⋆⟩w(t)PU⋆w(t) = cmt − cm2

t . (141)

Next, for ∆1, we separately consider the component along w⋆
i for each i ∈

√
dε1 :

⟨∆1,w
⋆
i ⟩ =

k∑
j=3

µ1c
⋆
jcj

1√
dε1

(⟨w⋆
i ,w⟩)j+µmcm

1√
mdmε1

∑
s∈Γ(S,m),sm=i,j∈[k]s

m−1∏
i=1

c⋆ji(⟨w
⋆
si ,w⟩)

j1

(142)
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Each term of the form ⟨w⋆
si ,w⟩ is uniformly bounded as mt

×√
dε1

. Since |Γ(S,m), sm = i| =
Θ(d(m−1)ε1), we obtain:

|⟨∆1,w
⋆
i ⟩| ≤

1√
dε1

∑
j∈N

cj(m
t
×)

j (143)

for some constants cj with supj |cj | < ∞. Therefore a geometric-series bound (applicable since
mt

× < 1) yields:

|⟨∆1,w
⋆
i ⟩| ≤

C√
dε1

mt
×, (144)

for some contant C > 0. Summing the above bound over i ∈
√
dε1 , results in the bound:

∥∆1∥2 ≤
C√
dε1

mt
× (145)

Next, for ∆2, we first apply the Hermite decomposition of σ̃′ to obtain:

E [rm(x)σ̃′(⟨w,x⟩)x] =
∞∑
j=1

c̃jE [rm(x)Hej−1(⟨w,x⟩)x] (146)

By Assumption 2, c̃1 = 0 while (ii) in Proposition 9 implies that the terms corresponding to j > 2
are bounded as 1√

djε1
(mt

×)
j

We therefore obtain:

∥∆2∥ ≤
C̃mt

×√
dε1

, (147)

for some constant C̃ > 0. Lastly, Lemma 7 implies that:

|⟨∆3,u
⋆⟩| = O≺(

1

dkε+δ
). (148)

Since t < τ−
δ̃
, the above bounds on ∆1,∆2,∆3 can be absorbed within arbitrarily small constants

compared tom:
|⟨∆1,u

⋆⟩|+ |⟨∆2,u
⋆⟩|+ |⟨∆3,u

⋆⟩| ≤ Cmt, (149)
for arbitrarily small constant C > 0.

This results in the bound:

mt+1 ≥
mt + c η√

dε1
mt − ηc̃(mt)2√

1 + η2 ∥gt∥2
, (150)

where c̃ ≤ c+ ε̃ for arbitrarily small ε̃. Next, we use the inequality
√
1 + t

−1 ≥ (1− t
2 ) for t ≥ 0

to obtain:

(

√
1 + η2∥gt∥2)−1 ≥ 1− η2

2

∥∥gt∥∥2)
≥ 1− (

1

2
η2c2gm

t
2),

(151)

where in the last line we applied the control over the squared gradient norm in Lemma 11 and
cg < c can again be set arbitrarily close to c. Combining with Equation 150 yields part (i).

Next, for part (ii), introduce the operator:

PU⊥ := (I− (u⋆)(u⋆)⊤)PU⋆ , (152)

corresponding to the projection onto the orthogonal complement of u⋆ in U⋆. Let ut⊥ := (I −
(u⋆)(u⋆)⊤)PU⋆w(t).
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gtPU⊥ =
(I−w(t)(w(t))⊤)√

dε1
µ1c

⋆
2c̃2PU⊥(W ⋆)⊤(W ⋆)wt + (I−w(t)(w(t))⊤)PU⊥∆1+

+ (I−w(t)(w(t))⊤)PU⊥∆2 + (I−w(t)(w(t))⊤)PU⊥∆3

(153)

Since ∥PU⊥wt∥ = mt
⊥ and ∥PU⋆wt∥ = mt , the first term simplifies to:∥∥∥∥ (I−w(t)(w(t))⊤)√

dε1
µ1c

⋆
2c̃2PU⊥(W ⋆)⊤(W ⋆)wt

∥∥∥∥ ≤ µ1c
⋆
2c̃2√
dε1

∥∥PU⊥(W ⋆)⊤(W ⋆)wt
∥∥

− µ1c
⋆
2c̃2√
dε1

∥∥∥(w(t)(w(t))⊤)PU⊥(W ⋆)⊤(W ⋆)wt
∥∥∥

= cmt
⊥ − cmtmt

⊥.

By Equation 145, we have:∥∥∥(I−w(t)(w(t))⊤)PU⊥∆1

∥∥∥ ≤ ∥∆1∥ ≤
C√
dε1

mt
×, (154)

for some constant C > 0.
Similarly, by Equation 147, we obtain a bound:∥∥∥(I−w(t)(w(t))⊤)PU⊥∆2

∥∥∥ ≤ C̃√
dε1

mt
×. (155)

The above combine to result in the term η̃C2(m
t
×) in Equation 126. Finally, by Equation 108 in

Proposition 11,∆3PU⊥ is bounded as:∥∥∥(I−w(t)(w(t))⊤)PU⊥∆3

∥∥∥ = O≺(
1√

d1−ε1+δ̃
) (156)

yielding the last term in Equation 126.

Analogously, part (iii) follows by considering the terms ⟨w⋆
i ,∆j⟩, i ∈

√
dε1 for j = 1, 2, 3 for (iii)

respectively, with the bound on ∥gt∥2 remaining the same.

C.14 Feature Learning by the Second Layer
To motivate our setup for the training ofW2, we start with a heurestic discussion of the dynamics
of gradient updates in the absence of pre-conditioning and projections. Throughout the subsequent
discussions, we denote n2 and p1 by n, p respectively. The presentation of formal results towards
the proof of part (ii) of Theorem 1 starts from Section C.18.

C.15 Updates in Feature Space and Projection Onto the Kernel

Under correlation loss Lc = −f⋆(x)f̂(x), the gradient update for a neuron wi,2, i ∈ [p] in the
second layer has the following form:

wt+1
i,2 = wt

i,2 − η∇W t
2
L = wt

i,2 + η

n∑
µ=1

(f⋆(xµ))wi,3σ
′(⟨wt

i,2, σ(W1(x))⟩)σ(W1(xµ)) ∈ Rp1 .

(157)
Under the approximation f̂(x) ≈ 0, the updated pre-activation out of at a fixed input x are thus
given by:

⟨wt
i,2, σ(W1(x))⟩ ≈ ⟨wt

i,2, σ(W1(x))⟩+ η⟨
n∑
µ=1

f⋆(xµ)aiσ
′(⟨wt

i,2, σ(W1(xµ))⟩)σ(W1(xµ)), σ(W1(xµ))⟩⟩

= ⟨wt
i,2, σ(W1(x))⟩+ η

n∑
µ=1

f⋆(xµ)aiσ
′(⟨wt

i,2, σ(W1(xµ))⟩)⟨σ(W1(xµ)), σ(W1(x))⟩⟩.

(158)
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Letting ht2,i(x) := ⟨wt
i,2, σ(W1(x))⟩, we obtain:

ht+1
2,i (X) ≈ ht2,i(X) + ηw3,iZZ

⊤(f⋆(X)σ′(ht2,i(X)), (159)

with X ∈ Rn2×d the data matrix and Z denotes the feature-mapping σ(W1X
⊤).

We see that in the limit n, p1 →∞, the above update results in a projection of f⋆ on the following
Kernel (integral operator):

K1(x,x
′) = Ew∼µ1 [σ(⟨w,x⟩)σ(⟨w,x′⟩)] , (160)

where µ1 denotes the distribution of the rows ofW1 obtained upon feature learning in part (i).

C.16 The Role of Preconditioning
In light of Equation 159, we obtain a dynamics of the form:

ht+1
2,i (x) ≈ h

t
2,i(x) + ηw3,iEx′

[
K1(x,x

′)f⋆(x′)σ′(ht2,i(x
′))
]
+ noise, (161)

whereK1(x,x
′)f⋆(x)σ′(ht2,i(x)) denotes the projection of f⋆(x)σ′(ht2,i(x)) onto the KernelK1.

Through a central limit theorem-based heurestic, we expect the noise to be of orderO( 1√
n
+ 1√

p ) [66].
However, the decay inK1’s spectrum, entails that the degree-k components inK1f

⋆(x)σ′(ht2,i(x))

are of order O( 1
dk
). Comparing O( 1√

n
+ 1√

p ) and O( 1
dk
), one expects a sample-complexity of d2k

for recovering h⋆(x) through a single (non-preconditioned) gradient step. For quadratic features,
this is precisely the sample-complexity obtained in [66].

A possible way to get around the additional sample complexity would be to re-use a single batch of
size O(dkε) for up to O(dkε) steps, ensuring that the projection on the Kernel is well-approximated
at each step while the number of steps are enough for the dynamics described by Equation 159 to
approximate ridge-regression, which effectively has the same effect as pre-conditioning through
the removal of the learned components. However, analyses of gradient descent with the re-use of
batches for a large number of iterations is expected to be challenging due to the accumulation of
additional correlations and memory terms [32].

Therefore, to allow a simplified “online" analysis we opt to include additional pre-conditioning in
the updates, which effectively removes the extra 1

dkε
factor from Equation 159.

Remark: Under the additional assumption that Ez∼N(0,1) [σ(z)z] = 0, [66] improved the sample-
complexity for recovery of quadratic features from O(d4) to O(d2). Such an assumption on σ(·)
however, appears insufficient towards reducing the general O(d2k) sample complexity to O(dk) for
general degree k components.

C.17 Main Result for part (ii)
This section deals with the recovery of the non-linear features h⋆(x).
Theorem 6. LetW 1

2 denote the updated layer 2 weights after a single pre-conditioned gradient step
with batch-size n2, with initializationW 0

2 = 0p2×p1 as in Algorithm 1:

W 1
2 = −η

(
1

n
σ(W1X

⊤)⊤(σ(W1X)⊤ + λ2

)−1

∇W2L, (162)

whereW1 ∈ Rp1×d denotes the updated weight matrix with independent rows obtained as per Theorem
5. The updated pre-activations h1

2(x) =W 1
2 σ(W1x) then satisfy:

h12,i(x) = ηw3,iσ
′(0)h⋆(x) + r(x), (163)

where w3 is the readout scalar weight and the remainder r(x) satisfies:

r(x) = O≺(
1√

dmin(δ,δ′−δ)
). (164)
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C.18 Structure of the Pre-conditioned Update
Let Z denote the feature matrix Z = σ(XW⊤

1 ) applied to an independent data-matrixX ∈ Rn2×d

using the updated weights W1 obtained in part (i). Throughout the section, we assume that
the threshold parameter κ > 0 in Theorem 5 is fixed to some dimension-independent value and
occasionally consider the limit κ→ 0 (but after d→ 0). Denote by Z(x) the same mapping applied
to a fixed point x ∈ Rd.
The proposition below expresses a pre-conditioned gradient update on W2 as a "Kernel-ridge
regression like" update to ht2(x).
Proposition 13. Suppose thatW2 is re-initialized to 0. The updated pre-activations ht2(x) satisfy for
i ∈ [p2]:

h12,i(x) =
η

n
w3,iZ(x)

⊤(
1

n
Z⊤Z + λ2I)

−1Z⊤(f⋆(X))σ′(0). (165)

C.19 Decomposition into Radial and Spherical Kernels
Let ldk, Qdk for k ∈ N denote the associated Laguerre and Gegenbauer polynomials in dimension d.
Recall that U⋆ denotes the span ofW ⋆.
From Theorem 5, for any i ∈ [p1], the updated neuron w1

i can be decomposed as:

w1
i = ui + vi, (166)

where
∥∥w1

i

∥∥ = 1, ui ∈ U⋆ and vi ∈ U⋆⊥.

For any x ∈ Rd, denote by x⋆,x⊥, its components along U⋆ and U⋆⊥ respectively.
Next, we decompose the inner-product ⟨wi,x⟩ as:

⟨wi,x⟩ = ∥x⋆∥ ⟨u,
x⋆

∥x⋆∥
⟩+

∥∥x⊥∥∥ ⟨v, x⊥

∥x⊥∥
⟩. (167)

By the Gaussianity of x, the random variables ∥x⋆∥ , ⟨u, x⋆

∥x⋆∥ ⟩,
∥∥x⊥

∥∥ , ⟨v, x⊥
∥x⊥∥ ⟩ are mutually

independent. The variables ∥x⋆∥2 and ∥x⊥∥2 are distributed as χ2 variables with dϵ1 and d −
dϵ1 degrees of freedom respectively and hence admit the associated Laguerre polynomials as an
orthonormal basis (Section C.3.2). Therefore, ⟨w,x⟩ admits an orthonormal basis given by the
tensor product of associated Laguerre and Gegenbauer polynomials.
By expanding σ along this bases of associated Laguerre and Gegenbauer polynomials, the activation
σ(⟨w,x⟩+ b) can then be decomposed as:
σ(⟨wi,x⟩+ b)

=

∞∑
k1,j1,k2,j2=0

ad
j1,k1,j2,k2

(b, ∥ui∥ , ∥vi∥)ld
ε1

j1 (∥x⋆∥2)ld−dε1
j2

(∥x⊥∥2)Qdε1
k1

(dε1⟨u, x⋆

∥x⋆∥⟩)Q
d−dε1

k2
(d− dε1⟨v, x⊥

∥x⊥∥
⟩),

(168)

where ldk, P dk denote the associated Laguerre and Gegenbauer polynomials in dimension d respec-
tively. The above convergence holds in L2 w.r.t x ∼ N(0, Id).
Proposition 14. For all k ∈ N:

lim
κ→0

lim
d→∞

adk,0,0,0(b)
√
dε1

k
= µk(b) (169)

Proof. Let d⊥ := d− dε1 , then:

σ(⟨wi,x⟩+b) = σ

(

√
1 +
∥x∥2⋆ − dε1

dε1
)
√
dε1⟨u,

x⋆

∥x∥⋆
⟩+

√
1 +
∥x∥2⊥ − d⊥

d⊥

√
(d⊥)⟨v,

x⊥

∥x⊥∥
+ b)


(170)

Let r⋆ =
∥x∥2

⋆−1√
d

and r⊥ =
∥x∥2

⊥−1√
d

. Subsequently, the result follows through the Taylor ex-
pansion

√
1 + z = 1 + z

2 + o(z2) w.r.t r⋆, while noting that
√
dε1⟨u, x⋆

∥x∥⋆ ⟩ → N(0, κ̃) and√
(d⊥)⟨v, x⊥

∥x⊥∥ ⟩ → N(0, 1− κ̃) by Theorem 5 for some κ̃ > κ.
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The Taylor expansion implies that the coefficient of r⋆ converges to µk(b) 1√
dε1

k . On the other
hand, the coefficient must also equal

∑
j≥k a

d
j,0,0,0cjk, where cjk denotes the coefficient of zk in

the kth associated Laguerre polynomials.

In light of the above decomposition, we introduce the following sequence of radial Kernels, with
k1 = k2 = j2 = 0:

Kd
0 (x1,x2) =

∞∑
j=0

∞∑
j′=0

E
[
adj,k,0,0(b, ∥ui∥ , ∥vi∥)adj′,k,0,0(b, ∥ui∥ , ∥vi∥)

]
ld

ε1

j (∥x⋆1∥
2
)ld

ε1

j′ (∥x⋆2∥
2
)

(171)
Proposition 15. Under Assumption 1, h⋆1,2,K

d
0 admits uniformly continuous eigenfunctionsϕ1,d, ϕ2,d

with associated eigenvalues λ1 = Θ(1), λ2 = Θ( 1√
dε1

) such that r⋆(x) = 1√
dε1

(∥x⋆∥2− 1) satisfies:

r⋆(x) = Pspan{ϕ1,d,ϕ2,d}r
⋆(x) + O(

1√
dε1

). (172)

where P denotes projection in L2(µ(x)).

Proof. By proposition 14, adk converge a.s to deterministic limits adk as d → ∞. We obtain the
following limiting expression forKk(x1,x2):

K0(x1,x2) = Eb
[
a20
]
+ Eb [a0a1] l1(∥x⋆1∥

2
)l1(∥x⋆2∥

2
) + Eb [a0a1] l0(∥x⋆1∥

2
)l1(∥x⋆2∥

2
)

+ Eb [a0a1] l1(∥x⋆1∥
2
)l0(∥x⋆2∥

2
) + · · ·

(173)

Note that:

E
[
l0(∥x⋆1∥

2
)K0(x1,x2)l0(∥x⋆2∥

2
)
]
= Eb

[
a20
]
−−−−−−−→
d→∞,κ→0

Eb
[
µ2
0(b)

]
. (174)

By assumption on σ, µ2
0(b) is analytic in b and hence non-zero almost sure w.r.t b ∼ N(0, 1).

Therefore, by the variational characterization of eigenvalues for compact self-adjoint operators
[16], we obtain:

λ1(K0(x1,x2)) > Eb [a0(b)a0(b)]− O≺(
1

√
d
kε1

) (175)

implying:
λ1(K0(x1,x2)) = Θd(1), (176)

Similarly, we obtain:

E
[
l1(∥x⋆1∥

2
)K0(x,x2)l1(∥x⋆1∥

2
)
]
= Eb

[
a21
]
= Θ(

1

dε1
), (177)

implying:
λ2(K0(x,x

′)) = Θd(
1

dε1
). (178)

Analogously, since σ is analytic, with probability 1, aj,0 ̸= 0,∀j ∈ N, we obtain that the jth
eigenvalue forK0(x,x

′) satisfies:

λj(K0(x,x
′)) = Θd(

1

d
j
2 ε1

). (179)

Equation 172 then follows by noting that:

E [r⋆(x)K0(x,x
′)r⋆(x′)] = Θd(

1

dε1
) (180)

The continuity of the eigenfunctions then follows since we have:
ϕj,d(x) = Ex′ [K(x,x′)ϕj,d(x

′)] , (181)

SinceK(x,x′) is uniformly continuous in x.
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C.20 Decomposition of the Feature Matrix
For ji, ki ∈ N, let θdj1,k1,j2,k2 denote the eigenfunctions of the radial KernelKd

k for k ∈ N, defined
as (Generalizing Equation 171):

Kd
k1,k2(x1,x2) =

∞∑
j1,j′1

∞∑
j′2,j

′
2

E
[
adj1,k1,j2,k2a

d
j′1,k1,j

′
2,k2

]
ld

ε1

j1 (∥x⋆1∥
2
)ld−d

ε1

j2
(
∥∥x⊥

1

∥∥2)ldε1j′1
(∥x⋆2∥

2
)ld−d

ε1

j′2
(
∥∥x⊥

2

∥∥2)
(182)

Analogously, let κdj1,k1,j2,k2 denote the eigenfunctions of the associated companion Kernel defined
on the weights:

Kd
k1,k2(w1,w2) =

∞∑
j=0,j′=0

adj,k1,j′,k2(w1)a
d
j,k1,j′,k2(w2) (183)

Define:
ψj1,j2,k1,k2(x) = θdj1,k1,j2,k2(r

⋆, r⊥)Yk(x
⋆/r⋆)Yk(x⊥/r⊥). (184)

And for the conjugate:

ϕj1,j2,k1,k2(w) = κdj1,k1,j2,k2(b, ∥u∥ , ∥v∥)Yk(u/ ∥u∥)Yk(v/ ∥v∥). (185)

With a slight abuse of notation, we denote θdj,0,0,0 and κdj,0,0,0 by θdj and κdj respectively. These
correspond to eigenvalues for the zeroth-order radial Kernel along U⋆.

We partition the indices j1, j2, k1, k2 into three disjoint sets:

S1 = {j1, j2, k1, k2 : k1 = j2 = k2 = 0, j2 ≤ 2k} ∪ {j1, j2, k1, k2 : j1 = j2 = k2 = 0, k1 ≤ k}
S2 = {j1, j2, k1, k2 : j2, 2j1 + 2j2/ε1 + k1 + k2/ε1 = k} S1
S3 = {j1, j2, k1, k2,∈ N4}\(S1 ∪ S2).

The above partitioning is motivated as follows:

(i) S1 corresponds the set of eigenfunctions whose projections can be approximated via Z
with n2, p2 = Θ(dkε1) and are relevant towards learning f⋆(x).

(ii) S2 corresponds to the set of eigenfunctions whose projections can be approximated by Z
but do not contribute to the learning of f⋆(x).

(iii) S3 corresponds to the high-degree set of eigenfunctions for which the number of samples,
neurons n2, p2 are insufficient towards being approximated through Z .

Let Θdj ,Kdj denote matrices with rows θdj1,k1,j2,k2(r
⋆, r⊥) and κdj1,k1,j2,k2(b, ∥u∥ , ∥v∥) respec-

tively. Similarly, let Ψj1,j2,k1,k2(X),Φj1,j2,k1,k2(W ) denote matrices with rows ψj1,j2,k1,k2(x)
and ϕj1,j2,k1,k2(x)

Expressing Equation 168 in matrix form and applying Proposition 3 to expand each term Qdk(·), we
obtain the following decomposition:

Z =

2k∑
j=1

Θdj (r
⋆)Dr

j (K
d
j (b, ∥u∥))⊤ +

k∑
j=1

Yj(X
⋆)DS1

j Yj(U)

+
∑

j1,j2,k1,k2∈S2

Ψj1,j2,k1,k2(X)DS2

j1,j2,k1,k2
Φj1,j2,k1,k2(W )⊤

+
∑

j1,j2,k1,k2∈S3

Ψj1,j2,k1,k2(X)DS3

j1,j2,k1,k2
Φj1,j2,k1,k2(W )⊤,

(186)

whereDr
j , D

s
j denote diagonal matrices with entries (bdj )2, (adj )2 respectively. We denote the above

three-components corresponding to S1, S2, S3 as Z1, Z2, Z3 respectively.
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C.21 Approximation of Eigenfunctions
Let M = |S1| ∪ |S2|. Since B(d, k) = Θ(dk) (section C.3.2), we obtain M = Θ(dkε). We next
show that the above partitioning of eigenfunctions translates to a “spike"+bulk structure for Z ,
with the spikes arising from components corresponding to S1, S2 allowing the reconstruction of
the corresponding eigenfunctions through the sample-covariance. The higher-degree components
S3, on the other hand, coalesce into a bulk.
For each x ∈ Rd, let ψS1∪S2

(x) ∈ RM denote the combined vector of components along eigen-
functions indexed by S1, S2, i.e:

ψS1∪S2
(x) := (

(
ψdj1,j2,k1,k2(x)

)
j1,j2,k1,k2∈S1∪S2

). (187)

Analogously, define:

ϕS1∪S2(w) := (
(
ϕdj1,j2,k1,k2(w)

)
j1,j2,k1,k2∈S1∪S2

). (188)

These properties are summarized in the following proposition, which constitutes the central result
of this section:
Proposition 16. There exists a sequence cd with cd = O(1) such that

(i) ∥∥∥∥∥ 1n
n∑
µ=1

ψS1∪S2
(xµ)ψS1∪S2

(xµ)
⊤ − IM

∥∥∥∥∥ = O≺(
1

d
δ
2

) (189)

(ii) ∥∥∥∥∥1p
p∑
i=1

ϕS1∪S2
(wi)ϕS1∪S2

(wi))
⊤ − IM

∥∥∥∥∥ = O≺(
1

d
δ
2

) (190)

(iii)
1

p
Z3Z

⊤
3 = cdId + O≺(

1

dmin( δ′−δ
2 , δ2 )

). (191)

(iv)
∥Z3ΦS1∪S2(W )∥F = O≺(

p2

d
δ
2

) (192)

Before proceeding with the proof, we highlight the key-takeaways from the above result. Points
(i), (ii) imply that the matrices Z1, Z2 contributeM spikes to Z with left, right singular vectors
aligned with ψS1∪S2(x) and ϕS1∪S2(w) respectively. Points (ii), (iv) imply that the high-degree
components Z3 contribute an approximately isotropic bulk, that doesn’t interfere with the spikes
along ϕS1∪S2(w). Note that (iv) is necessary since the large rank of Z3 could cause the correspond-
ing components to collectively interfere with the low-degree components.
The crucial consequence is that the spikes inZ1, Z2 allow effective reconstruction of the components
along S1 ∪ S2. In contrast, the failure of Z3 to estimate the covariance structure along S3 prevents
the recovery of such high-degree components.

Proof. Equation 189 is a direct consequence of Lemma 2 and the hyper-contractivity of the spherical
measure. Equation 190 however, requires additional control over the error in w.
We start with showing that the covariance is well-approximated in expectation Let v ∈ Rn, ∥v∥ = 1
denote an arbitrary fixed unit vector. Then:

v⊤E
[
ϕS1∪S2

(w)ϕS1∪S2
(w)⊤ − IM

]
v = E

 ∑
s∈S1∪S2

v2sϕ
2
i (w)

− 1, (193)

since ψ2
i are uniformly lipschitz on Sd, applying a taylor expansion on w around u⋆ yields:

E

[ ∑
s∈S1∪S2

v2sψ
2
s(w)

]
= E

[ ∑
s∈S1∪S2

v2sψ
2
s(w̃)

]
+ O(

1

dδ
) (194)
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where we used that hv(w) = E
[∑

s∈S1∪S2
v2sϕ

2
i (w)

]
is an even polynomial in w. Therefore,

E [∇hv(w)] = 0 while
∥∥E [∇2hv(w)

]∥∥ ≤ C for some constant C > 0. Corollary 1 then ensures
that the second order-term is bounded as O( 1

dδ
). Taking supremum over v for ∥v∥ = 1, we obtain:∥∥E [ϕS1∪S2

(w)ϕS1∪S2
(w)⊤ − IM

]∥∥ = O(
1

dδ
), (195)

for some δ > 0. We move on to establishing the concentration of ΦS1
(w). By Equation 28 in [63],

spherical harmonics Ym,k of degree k ∈ N admit a basis with the following representing along the
cartersian coordinates:

Yα(w) = C1/2
α hα(w1, w2)

d−2∏
j=1

(w2
1 + · · ·+ w2

d−j+1

)αj/2
Q̃(dj)
αj

 wd−j+1√
w2

1 + · · ·+ w2
d−j+1

 ,

(196)
where α ∈ Nd contains at-most ℓ-non-zero entries. Therefore, Yα(w) is a polynomial in at-most
ℓ coordinates in w along with the ℓ projection norms rj =

√∑j
i=1 w

2
j . Applying part ii, c of

Theorem 5 then implies that:

sup
i∈dε1

|1
i

i∑
j=1

(⟨wτ
κ,w

⋆
i ⟩)2| = O≺(

1

dε1
). (197)

Subsequently:
|Y d

ε1

α (ui)− Y d
ε1

α (ũ⋆i )| = O≺(
1

dδ
). (198)

and:
|Yα(ui)− Yα(ũ⋆i )| = O≺(

1

dδ
). (199)

Taking a union bound over the Θ(dkε1) values of α yields:

E
[
max
α

Y 2
α (w)

]
= Õ(1). (200)

For the radial components recall that ∥u∥ , ∥v∥ = O≺(1) while the radial eigenfunctions are
continuous.
We conclude that:

E
[
max
i∈[n]
∥ψS1∪S2

∥2
]
= Õ(M) (201)

Setting δ̃ < δ, δ′ and recalling that, n2 = Θ(dkε1+δ), p2 = Θ(dkε1+δ
′
) while |S1 ∪ S2| = Θ(dkε),

we may apply Lemma 2 to obtain:∥∥ϕS1∪S2
(w)ϕS1∪S2

(w)⊤ − E
[
ϕS1∪S2

(w)ϕS1∪S2
(w)⊤

]∥∥ = O≺(
1

d
δ
2

) (202)

where we absorbed the dδ̃ factor into the 1
p factor in the bound in Lemma 2 (Equation 63).

The proof of (iii) similarly follows from Propositions 4, 8 in [60]. We outline the central steps.
First, via the expansion of σ(·) given by Equation 168, for any x,ΨS3

(x)⊤ΦS3
(w) can be expressed

as σ(⟨w,x⟩ + b) − ΨS1∪S2
(x)⊤ΦS1∪S2

(w). Through Equation 196, ΨS3
(x)⊤ΦS3

(w) therefore
depends onw only through a finite number of coordinates in U⋆. Analogous to Equation 202 above,
applying Lemma 2 and using p >> n, we obtain that:∥∥∥∥1pZ3Z

⊤
3 −G3(X,X)

∥∥∥∥ = O≺(
1

dδ′−δ
) (203)

where G3(X,X) denotes the gram-matrix associated to the Kernel:

K3(x,x
′) =

∑
s∈S3

λsψs(x)ψs(x
′), (204)
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applied to the data-matrix X ∈ Rn×d.
The gram-matrix G3(X

⋆, X⋆) now corresponds exactly to the spherical distribution on U⋆, with
decay identical to the case of spherical data in [58]. Therefore, proposition 8 in [58] applies, which
entails that the off-diagonal contributions from G3(X

⋆, X⋆) are neglible in operator norm. This
results in the bound:

∥G3(X
⋆, X⋆)− cdI∥ = O≺(

1

dδ
) (205)

for some constant c > 0, implying (iii) and (iv).

C.22 Properties of the Feature-covariance Matrix
Having established Proposition 16 and the concentration of the top eigenvectors, the setting of Z is
now reduced to the spike + “bulk" structure in the proof of Theorem 1 in [60] with Θ(dkε1) spikes
arising from the eigenfunctions S1, S2 corresponding to near-identity sample-covariances and a
remaining bulk with uniformly-bounded operator norm. A consequence of such a structure is that
the top singular vectors of Z align closely with these “spikes". This ensures that projections onto Z
“reproduce" functions in S ∪ S2

Therefore, the proofs of Propositions 6, 7 in [60], based on perturbation inequalities for singular
values, singular vectors, result in the following estimates for Z :
Proposition 17. 1√

pZ admits a singular value decomposition

1
√
p
Z = U1S1V

⊤
1 + U2S2V

⊤
2 + U3S3V

⊤
3 , (206)

such that:

(i) σmin(S1 ∪ S2) = Θd(1)

(ii) ∥S3 − c3I∥ = od,p(1), for some constant c3 > 0.

(iii) Ψ⊤
S1∪S2

U3 = od(
√
n) and Φ⊤

S1∪S2
V3 = od(

√
p)

The proof of the above Proposition follows directly through Proposition 6 in [60]. The above result
exactly charaterizes the projections of functions onto pre-conditioned features:
Proposition 18. For any g : Rd → R such that the projections onto radial components of degree > 2
are od(1), for any λ2 = Θ( pn ):

Z(x)(
1

n
Z⊤Z + λ2I)

−1Z⊤g(X) = PS1g(x) + O≺(
1

dδ′−δ
). (207)

The proof of part (ii) of Theorem 1 is then completed by showing that under Assumption 1, the
projection onto S1 is exactly along h⋆(x):
Proposition 19. Under Assumption 1:

PS1
g(x) = µ1h

⋆(x) + od(1). (208)

Proof. By Assumption 3 and the composition of Hermite decompositions (Lemma 9), the non-
vanishing terms along the radial component ∥x∥2 − 1 consists of total input-degree-2 and 2k while
the remaining terms on the complement of h⋆ℓ have degree at least 3(k + 1) > k. S1 therefore
consists exactly of the subspace with effective degree k.

C.23 Proof of Proposition 18

Let ĝ(x) = Z(x)⊤( 1nZ
⊤Z + λ2I)

−1Z⊤g(X). Proposition 18 is equivalent to ∥ĝ(x)− g(x)∥22 =
od(1). Expanding, we obtain:

∥ĝ(x)− Pkg(x)∥22 = ∥g(x)∥2 − 2⟨ĝ(x),PS1
g(x)⟩+

∥∥ĝ(x)2∥∥ . (209)

It therefore suffices to show that:

⟨ĝ(x),PS1
g(x)⟩ → ∥PS1

g(x)∥2 , (210)
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and: ∥∥ĝ(x)2∥∥→ ∥PS2
g(x)∥2 . (211)

Let gS1
denote the vector with components:

gS1
:= [E [g(x)Ψs(x)] : s ∈ S1], (212)

Let Λ≤2,k denote the diagonal matrix with the corresponding eigenvalues.

Then the above terms can be expressed as:

⟨ĝ(x),Pkg(x)⟩ = gS1
DS1

Φ⊤
S1
(
1

n
ZZ⊤ + λ2I)

−1Z⊤g(X), (213)

and: ∥∥ĝ(x)2∥∥ = g(X)⊤Z(
1

n
ZZ⊤)−1Σ(

1

n
ZZ⊤ + λ2I)

−1Z⊤g(X), (214)

where Σ denotes the feature covariance:

Σ =
1

p
E
[
Z(x)Z(x))⊤

]
=

1

p

∑
j1,j2,k1,k2

Φj1,j2,k1,k2(W )Φj1,j2,k1,k2(W )⊤ (215)

To compute the above terms, we use Proposition 17 to estimate certain intermediate quantities
similar to Proposition 7 in [60]:
Proposition 20. Under the setup of Theorem 1, with the decomposition of eigenfunctions specified by
Equation 186 :

(i)

ψ⊤
S1
Z(

1

n
Z⊤Z + λ2I)

−1ϕS1DS1 = Im1 + O≺(
1

d
δ
2

) (216)

DS1ϕ
⊤
S1
Z(

1

n
Z⊤Z + λ2I)

−1Z⊤ 1

p2
fS3 = O≺(

1

d
δ
2

) (217)∥∥∥∥ψ⊤
S1
Z(

1

n
Z⊤Z + λ2I)

−1ϕS1
DS1

∥∥∥∥ = O≺(
1

d
δ
2

) (218)

(ii)

∥ΨS2
f⋆(X)∥ = O≺(

1

d
δ
2

) (219)

Under the above proposition, the terms given by Equations 213, 214 simplify as follows:

gS1DS1Φ
⊤
S1
(
1

n
Z⊤Z + λ2I)

−1Z⊤g(X) = gS1DS1Φ
⊤
S1
(
1

n
Z⊤Z + λ2I)

−1Z⊤
1,2g1,2(X)

+ gS1DS1Φ
⊤
S1
(
1

n
Z⊤Z)−1Z⊤

1,2g3(X) + gS1DS1Φ
⊤
S1
(
1

n
Z⊤Z + λ2I)

−1Z⊤
3 g(X)

By Equation 216, the first term converges to ∥PS1
g(x)∥2 while the other two terms are bounded as

O≺(
1
dδ
) by Equations 217,218 respectively.

Similarly,

g(X)⊤Z(
1

n
ZZ⊤)−1Σ(

1

n
ZZ⊤)−1Z⊤g(X) = g(X)⊤Z(

1

n
ZZ⊤)−1Σ1,2(

1

n
ZZ⊤)−1Z⊤g(X)

+ g(X)⊤Z(
1

n
ZZ⊤)−1Σ3(

1

n
ZZ⊤)−1Z⊤g(X)

By Equation 218, the second term is bounded as O≺(1). This completes the proof of part (ii) of
Theorem 5.
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C.24 Proof of part (iii): Fitting the Target
Upon the completion of part (ii), the second-layer pre-activations h2(x) =W2σ(W1x) are approx-
imately equivalent to those of a random feature-mapping applied to the scalar input h⋆(x), with
the random weights of the feature mapping given by w̃ = cw3, with c = ησ′(0) as in Proposition
13. Hence, we introduce the KernelK(·, ·) : R2 → R:

K(z1, z2) := Ew∼N(0,1) [σ(cwz1 + b)σ(cwz2 + b)] . (220)

For Z ∈ Rn, we further denote by K(Z,Z) the corresponding gram-matrix K(Z,Z) ∈ Rn×n,
with entries

K(Z,Z)i,j = K(zi, zj). (221)

Let HK denote the RKHS corresponding to the Kernel K . Let H⋆ ∈ Rn×p1 further denote the
matrix with rows h⋆(xµ).
Since the moments of h⋆(x) are uniformly bounded in d, we obtain:
Proposition 21. [[25]] For any δ > 0, and large enough d, ∃ constants c, C such that with λ =
Θ(
√
n):∥∥∥∥k(h⋆, H⋆)(

1

n
K(H⋆, H⋆) + λI)−1 1√

n
g⋆(H⋆)− g⋆(h⋆)

∥∥∥∥2
2

− inf
f∈HK

[
∥f − g⋆(h⋆)∥22 + λ ∥f∥HK

]
≤ C

NK(λ) log( 1δ )
c

n
,

(222)

where H⋆ ∈ RN contains independent samples h⋆(x), and NK(λ) denotes the “effective-dimension":

NK(λ) = Tr[(K + λ)−1K], (223)

which admits the following trivial bound:

NK(λ) ≤ Tr[K]

λ
(224)

We next translate the above bound into generalization error through a control of the approximation
error term.
Note that the uniform bounds on the moments of h⋆(x) and Markov’s inequality, for any ε > 0,
∃Rε > 0 such that for large enough d:

Pr[h⋆(x) /∈ BRε ] ≤ ε (225)

Next, define the following class of functions:

Fε = {f ∈ HK : supp(f) ∈ BRε
}. (226)

Then:
inf

f∈HK

[
∥f − g⋆(h⋆)∥22 + λ ∥f∥HK

]
≤ inf
f∈Fε

[
∥f − g⋆(h⋆)∥22 + λ ∥f∥HK

]
(227)

Restricted to the compact set BRε , universality of random feature Kernels with non-polynomial,
polynomially-bounded activations [78] implies that for any ε > 0, ∃fε ∈ HK such that:

inf
f∈Fε

[∥∥f − g⋆(h⋆)1h⋆∈BRε

∥∥2
2
+ λ ∥f∥HK

]
≤ ε+ λ ∥fε∥2HK

. (228)

Therefore, by setting λ small enough such that:

λε ∥fε∥2HK
≤ ε, (229)

we otbain:
inf
f∈Fε

[
∥f − g⋆(h⋆)∥22 + λ ∥f∥HK

]
≤ 2ε+

∥∥g⋆(h⋆)1h⋆ /∈BRε

∥∥2
2
. (230)
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By Cauchy-Shwartz and the uniform bound on E
[
g⋆(h⋆)2

]
, the last term in the RHS is bounded by

Cε for some cosntant C > 0.
Subsequently, we may set n in Proposition 21 large enough such that:

C
Tr[K] log( 1δ )

c

λn
≤ ε, (231)

Implying that for small enough λ(ε) and large enough n(ε, δ), with probability 1− δ:∥∥k(h⋆, H⋆)(K(H⋆, H⋆) + λI)−1g⋆(H⋆)− g⋆(h⋆)
∥∥2
2
≤ Cε, (232)

for some constant C > 0.
Now, returning to the true features h2(x), it remains to combine the above estimate with the
concentration of the gram-matrix to the associated Kernel. This is established similar to the proof
of Proposition 16 through Lemma 2.
Note that the above argument does not yield the dependence of λ, n on ε. Such an explicit depen-
dence requires finer control on the approximation, source terms. For such an analysis, we refer to
the explicit rademacher complexity based bounds for ReLU activation in [29].
We remark that more quantitave estimates can be obtained through rademacher-complexity based
analysis for specification activations such as Relu [29].

C.25 Relaxing Assumption 3
In this section, we adress the requirement of Assumption 3 and steps towards relaxing it. Assumption
3 simplifies our analysis by ensuring that PS1

f⋆(x) is exactly h⋆(x) arising from the first-order
Hermite coefficient of g⋆(x). In general, however, the degree-k approximation of f⋆(x) may
contain additional components involving higher-degree dependence on h⋆(x). For instance, if
g⋆(x) has a non-zero second-order Hermite coeffient, then Lemma 9 implies that He2(h

⋆(x)) can
be decomposed into components of Hermite degree 4, · · · , 2k. Therefore, if k ≥ 4, gradient updates
toW2 result in h2(x) ≈ c(h⋆ + higher order components). While ideally one would hope that the
learning of such additional components would only help towards fitting f⋆(x) by w3, this would
require the second-layer pre-activations to disentangle h⋆ and the remaining components i.e. to
specialize across non-linear features. Analysis of such a specialization remains challenging due to
the reasons described in Appendix 2. Therefore, relaxing Assumption 3 requires going beyond the
single-spike (r = 1) non-linear feature learning.
Additionally, as we saw through the decomposition of the activation into radial and spherical argu-
ments (Equation 168), the radial components exhibit slower-decay w.r.t the degree. Therefore, dkε
samples, neurons suffice towards learning degree-k components on 1√

dε1
∥x⋆∥2 which correspond

to degree 2k components on x. We believe this to be an artifact of our choice a⋆ = 1, which leads
to a special dependence along the radial component. Going beyond the isotropic a⋆ = 1 setting is
however, challenging due to our reliance on diagonalization of the associated Kernel along a fixed
basis.

D Deeper networks: Proof of Theorem 2
D.1 Independence of features
The independence of h⋆(x) follows by noting that by induction, for all ℓ ∈ [L], distinct components
of h⋆ℓ (x) depend on projections of x along distinct subspaces.
Lemma 9 (Block–wise independence of hidden features). For every layer index ℓ ∈ [L], the random
variables

{
h⋆ℓ,m(x)

}dεℓ
m=1

are mutually independent and each has zero mean and unit variance.

Proof. We prove this result by induction.
• Base case (ℓ = 1). The first–layer features are h⋆1(x) = W ⋆x with orthonormal rows.
Hence the components ⟨w⋆

1,m,x⟩ are i.i.d. N(0, 1) and independent.

• Induction step. Assume the claim holds for layer ℓ− 1. Fixm ∈ [dεℓ ] and recall

h⋆ℓ,m(x) =
1√

dεℓ−1−εℓ
a⋆⊤ℓ,m Pk,m,ℓ

(
h⋆ℓ−1,Bm

(x)
)
,
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whereBm is them-th disjoint block of indices of size dεℓ−1−εℓ . By the induction hypothesis
the entries of h⋆ℓ−1,Bm

(x) are independent of those in any other block Bm′ (m′ ̸= m).
Because Pk,m,ℓ and the inner product with a⋆ℓ,m are deterministic maps, h⋆ℓ,m(x) depends
only on blockBm and is independent of h⋆ℓ,m′(x) form′ ̸= m. The variance–normalization
follow from the definition of Pk,m,ℓ and the scaling 1/

√
dεℓ−1−εℓ .

This concludes the proof.

D.2 Proof of Theorem 2
By the independence and asymptotic Gaussianity of the features h⋆ℓ (x)we expect the above result to
extend to a general number of layers. However, proving such a result in its full-generality requires
accounting for the non-asymptotic rates for the tails of h⋆ℓ (x) and the associated kernels.
Instead, we prove a weaker result corresponding to the hierarchical weak-recovery of a single
non-linear feature at a general level of depth, given by Theorem 2.
The central tool underlying our proof is a propagation of hyper-contractivity through the layers:
Proposition 22 (Propagation of Hyper-contractivity). Let f : R → R be a polynomial of finite-
degree k. Then, for any ℓ ∈ N:

(i) h⋆ℓ (x) = O≺(1).

(ii) E [|h⋆ℓ (x)|] = Õ( 1√
dεℓ

)

(iii) E
[∥∥h⋆ℓ (x)h⋆ℓ (x)⊤ − Ipℓ

∥∥] = Õ( 1√
d
).

Proof. The proof proceeds by induction. For ℓ = 1, the statements hold by Gaussian-
hypercontractivity (Lemma 5) since Hek for distinct w⋆i are uncorrelated, zero-mean random
variables and thus h⋆2(x) has all moments of bounded order.
Suppose the statements hold for some ℓ ∈ N. Applying Lemma 1, we obtain:

E [|Hek(h⋆ℓ )|] = O(
dδ√
dεℓ

), (233)

for any δ > 0. Subsequently, applying 8 leads to the following propagation of tails:

h⋆ℓ+1,m(x) =
1√

dεℓ−1−εℓ
a⋆

⊤

ℓ,mPk,m,ℓ

(
h⋆
ℓ−1,{1+(m−1)dεℓ−1−εℓ ,...,mdεℓ−1−εℓ}(x)

)

=
1√

dεℓ−1−εℓ

√
dεℓ−1−εℓ∑
i=1

O≺(1) = O≺(1),

where we used the bound h⋆ℓ (x) = O≺(1) by the induction hypothesis. By Lemma 8 and Equation
233, for any δ > 0, we obtain that:

E
[
|h⋆ℓ+1,m(x)|

]
= Õ(

√
dεℓ−εℓ+1

1
√
d
ε

ℓ

) = Õ(
1

√
εℓ+1

). (234)

The above proposition establishes that the hidden features h⋆ℓ (x)maintain errors inmeansO≺(
1√
d
εℓ )

and preserve tails of the form O≺(1). Theorem 2 then follows by noting that the above error bounds
suffice for Proposition 16 to hold for the feature-matrix σ(Wh⋆L−1(x)). Concretely, h⋆ℓ (x) = O≺(1)
ensures that Lemma 2 applies while the errors in means, covariances suffice for the expected
covariance of spherical harmonics to converge to I.
Analogous to Section C.20, we introduce the following partitioning of the indices:

S1 = {j1, k1 : k1 = 0, j1 ≤ 2k} ∪ {j1, j2, k1, k2 : j1 = 0, k1 ≤ k}
S2 = {j1, k1 ∈ N2}\(S1 ∪ S1).
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Above, we only have two partitions as opposed to the three partitions in Section C.20 since the
features h⋆L−1(x) are no longer partitioned into disjoint spaces, unlike the partitioning of x into
x⋆,x⊥ in Section C.14.
We again write:

σ(Wh⋆L−1(x)) = ΨS1
(h⋆L−1(x))Φ(W )⊤S1

+ΨS2
(h⋆L−1(x))Φ(W )⊤S2

, (235)

Unlike Proposition 16 that involved approximations inW , the above decomposition involves ap-
proximating h⋆L−1(x) through equivalent Gaussian-inputs x. The proof follows that of Proposition
16, with Proposition 22 implying that:∥∥∥∥∥ 1n

n∑
µ=1

ψS1(h
⋆
L−1(xµ))ψS1(h

⋆
L−1(xµ)))

⊤ − IM

∥∥∥∥∥ = O≺(
1√
dδ

). (236)

For the corresponding non-linear features alongW , since the rows ofW are independently sampled
along U(Sd(1), we directly have:∥∥∥∥∥1p

n∑
µ=1

ϕS1
(h⋆L−1(wi))ΨS1

(h⋆L−1(wi)))
⊤ − IM

∥∥∥∥∥ = O≺(
1√
dδ

). (237)

The remainder of the proof follows that of Propositions 17 and 18.

E Extension to MIGHTs
While our analysis is restricted to r = 1, we discuss here the primary challenges and directions
towards the extension of our results to r > 1:

(i) Spherical recovery: Under the assumption, a⋆i = 1, and µ1(g
⋆) = c(1, 1, · · · ) for

some constant c, our analysis for the recovery ofW ⋆
1 , · · · ,W ⋆

r byW1 remains identical.
Specifically, each neuron w1

i recovers u⋆ =
PW⋆

1 ,··· ,W⋆
r
w1

i∥∥∥PW⋆
1 ,··· ,W⋆

r
w1

i

∥∥∥ .
(ii) Specialization: Even under the above symmetric setup, a single pre-conditioned gradient

step only leads to recovery by h2(x) of the symmetric direction 1√
r

∑r
i=1 h

⋆
i (x). Hence,

extension of our analysis to r > 1 requires specialization through multiple pre-conditioned
gradient steps. One promising approach to achieve such specialization is through the use
of the staircase mechanism [2, 1] in the target g⋆(·).

F Details on the Numerical Investigation
In this section, we provide additional insights into the numerical illustrations presented in the main
text. We refer to https://github.com/IdePHICS/ComputationalDepth for the code.

F.1 Shallow methods
We illustrate in Fig. 2 the performance of two shallow methods: kernels (orange) and two-layer
networks (green). At stake with three-layer architectures (red and blue), shallow methods are not
able to perform non-linear feature learning, hence resulting in suboptimal performance. Below, we
provide additional clarifications on these methods.
Kernel methods – We consider a quadratic kernel k(x1,x2) = (x⊤

1 ,x2)
2 + (x⊤

1 ,x2) + c =
φ⊤
quad(x1)φquad(x2) that is an optimal choice among kernel mappings in the data regime explored

(n = od(d
2+δ)), as follows by the asymptotics results in [60]. The feature map φquad is not learned,

therefore we refer to kernel methods as “fixed feature” methods. The lack of feature learning, and
therefore adaptation to the relevant low-dimensional subspaces present in the SIGHT target f⋆,
results in a large error value achieved by the best possible kernel methods (signaled with an orange
solid line in Fig. 2) that serve as a lower bound for the simulations (shown as orange points). This
bound coincides with the best quadratic approximation of the target as shown by [60]. The figure
shows also neatly the presence of the double descent peak when the number of data equals the
dimension of the feature space, sometimes called the interpolation peak: npeak = d(d−1)/2+d+1;
this is illustrated by a vertical orange dashed line in the left section of Fig. 2.
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Figure 5: Reinitialization of subsequent layers: The plots compare the generalization error
achieved by two variants of the layerwise procedure in Theorem 1. The left panel illustrates a routine
with reinitialization of the subsequent layers against a procedure where this assumption is relaxed
in the right panel. There is no substantial difference between the two algorithms when looking at
the generalization performance. The target is f⋆(x) = tanh

(
a⋆

⊤
P3 (W

⋆x)/
√
dε1=1/2

)
and the

hyperparameters are listed in Sec. F.4.
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Figure 6: Reuse of the same data batch over layers: The plots compare the generalization error
achieved by two variants of the layerwise procedure in Theorem 1. The left panel illustrates a
routine without using the same batch of data for different layers of training, while on the right this
assumption is relaxed by always holding constant the total number of samples seen for every layer.
There is no substantial difference between the two algorithms when looking at the generalization
performance. The target is f⋆(x) = tanh

(
a⋆

⊤
P3 (W

⋆x)/
√
dε1=1/2

)
and the hyperparameters

are listed in Sec. F.4.

Two-layer networks – Two-layer networks are able, on the other hand, to capture linear
features in the SIGHT target f⋆ (denotedW ⋆ in eq. (1)). This is exemplified in Fig. 2 by the green
points, with a net decrease in the test error with respect to kernel methods (orange ones). The
generalization error shows a transition around the expected κ = 1.5, where Theorem 1 predicts that
the linear featuresW ⋆ are recovered (shown in the illustration by a vertical black line). However, we
observe that two-layer networks in this setting cannot surpass the green solid line, corresponding
to the best quartic approximation of the target. This is explained by the fact that, although partial
dimensionality reduction has been achieved d→ dε1 =

√
d, two-layer networks are still performing

random features in a
√
d−dimensional space. Therefore, with n ≃ p = O(d2) = O(

√
d
4
) samples

and neurons, we can fit the best quartic approximation of the target [60].

F.2 Three layer networks
The results portrayed in Fig. 2 show a stark contrast between two and three-layer networks, with
the latter surpassing the best possible performance for a shallow network (green solid line) thanks
to the presence of non-linear feature learning.
We consider two training routines: a) the layerwise procedure, resembling Theorem 1 and algo-
rithmically described in Alg. 1; b) training using backpropagation and vanilla regularized gradient
descent for all the layers jointly.
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Figure 8: Training/Validation loss: The plots illustrate the behavior of the training and validation
losses as a function of the iteration time. It shows respectively on the left the layerwise training
procedure inspired by Theorem 1 (Alg. 1), while on the right standard joint training using back-
propagation. The target is f⋆(x) = tanh

(
3a⋆

⊤
P3 (W

⋆x)/
√
dε1=1/2

)
and the hyperparameters

are listed in Sec. F.4

Remark on Algorithm 1 – Throughout this section we will consider a slight generalization of
the routine in Alg. 1: we will update the second layer weights reusing a single batch of size O(dkε)
for up to O(dkε) steps instead of using a single gradient step with preconditioning. We refer to
Sec. C.16 for discussion on the difficulties of analyzing rigorously such routine.
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Figure 7: Visualizing Feature Learn-
ing: The Frobenius norm of the over-
lapsMh,MW (Def. 6), respectively on
the top and bottom panel, as a function
of the sample complexity κ = logn

log d for
three-layer networks trained with the
protocol described in Theorem 1 (blue
circles) and standard backpropagation
(red squares). Following Theorem 1,
the behavior sharply changes around
κ = 1.5 (vertical dashed line) where fea-
ture learning in both layers arises (same
setting as in Fig. 2).

Moreover, we do not follow all the theoretical prescrip-
tions needed to prove rigorously the results and included
in Alg. 1. The goal of Figures 5 and 6 is to exemplify
the capability of lifting some of the theoretically needed
assumptions. Respectively, in Fig. 5 we analyze the pres-
ence of reinitialization of subsequent layers, and in Fig. 6
we consider the presence of shared batches across layers.
In both cases, we do not observe a stark difference be-
tween the two settings. Finally, while the proof scheme is
limited to targets with a⋆i = 1 (see eq. (1)), we consider in
the numerical simulations a⋆ drawn from a Rademacher
distribution rather than being constant.

We plot the training and validation loss curves that guided
our analysis in Fig. 8.

F.3 Visualizing Feature Learning
We now show that this enhanced generalization perfor-
mance is due to feature learning. Indeed, the key result
in Thm 1 refers to the ability of three-layer networks to
perform hierarchically dimensionality reduction through
feature learning. To probe the quality of the learned rep-
resentations, we shall introduce the “overlaps” (or order
parameters).
Definition 6. The order parameters for 3−layer networks
are the matricesMW ∈ Rp1×rdε1 andMh ∈ Rp2×r (with
z ∼ N(0, Id))

MW =
W1W

⋆

∥W1∥F
, Mh =

E[h(z)h⋆(z)]√
E[h(z)2]

. (238)

The behavior of these quantities as a function of the sam-
ple complexity κ is portrayed in Fig. 7. Since we do not
follow the strong prescription of Thm. 1, and are working with a low dimensional example, we do
not expect a sharp 0/1 transition as in the idealized scenario, but instead, the components along
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Figure 9: Visualizing Feature Learning: The plot shows the evolution of the Frobenius norm
of the overlaps (Definition 6) as a function of the training time t for two different values of κ =
logn
log d , respectively κ = 1.2 on the left and κ = 2 on the right. Different training methods are
illustrated with different colors: in blue the layerwise training (Alg. 1), in red standard joint
training using backpropagation. The target is f⋆(x) = tanh

(
a⋆

⊤
P3 (W

⋆x)/
√
dε1=1/2

)
and the

hyperparameters are listed in Sec. F.4

W ⋆ to occupy a Θ(1) fraction (but not full) of the norm ofW1. This is well obeyed (Fig. 7) and the
predicted crossover at κ = 1.5 is clearly observed in both layerwise and joint training.
We exemplify in Fig. 9 the “dual” plot of Fig. 7 by showing the evolution in time of the sufficient
statistics MW ,Mh for two different values of κ = logn

log d . The plot shows that when κ < 1.5

(the critical threshold) feature learning is impossible, as it is reflected by the overlaps attaining
the random guess value. On the other hand for κ > 1.5 the overlaps grow far from the random
initialization performance.
Additionally, we illustrate the evolution in time of the overlaps under the learning of MIGHT
functions (eq. (4)) in Fig. 10. The figure exemplifies the necessity of Assumption 1 that refers to
the generalization of the information exponents [19, 28] of the multi-index target literature to the
present hierarchical setting.

F.4 Hyperparameters
In every figure showing sufficient statistics or generalization errors, we average over 20 different
seeds and plot the median. The regularization strengths for the different layers are optimized with
standard hyperparameter sweeping for every value of κ plotted, while the other hyperparameters
are considered fixed. More precisely, we fix:

(i) First hidden layer size: p1 = int(n1−δmax), with nmax the maximal n probed in the respective
plot and δ = 0.1

(ii) Second hidden layer size: p2 = 600.
(iii) Hidden layer size for two-layer network: p = int(p1/25)

(iv) Learning rates: while the orders of magnitude for the different learning rates as a function
of d are provided in Alg. 1 for layerwise training we use fixed prefactor lr1 = 1, lr2 = 2.
Concerning joint training we use instead for all the three layers all the prefactors equal to
0.2.

(v) Minibatch size: nb = int( 7n10 ), with n = dκ.
(vi) Iteration time: we follow the prescriptions of Theorem 1 iterating for T1 = O(polylog(d))

steps and T2 = O(d1.5) steps. In the numerical implementation we consider for layerwise
training T1 = int(15 log d), T2 = int(5d1.5). On the other hand, for standard training
using backpropagation, we iterate jointly all the layers for T2 steps.
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Figure 10: Easy and Hard Features: The plot shows the evolution of the Frobenius norm of
the overlaps (Definition 6) as a function of the training time t for two different values MIGHT
functions f⋆(x) = g⋆({h⋆l }rl=1) (See eq. (4)), with the non-linear features built as in Fig. 7, i.e.,
h⋆(x) ∝ a⋆

⊤
P3(W

⋆x) and P3 = He2 +He3. The hyperparameters are listed in Sec. F.4. Different
training methods are illustrated with different colors: in blue the layerwise training (Alg. 1), in red
standard backpropagation. The overlap component along different directions (h⋆l , l = 1 · · · r) are
signaled with different markers.
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