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ABSTRACT

The objective of Vertical Federated Learning (VFL) is to collectively train a model
using features available on different devices while sharing the same users. This pa-
per focuses on the saddle point reformulation of the VFL problem via the classical
Lagrangian function. We first demonstrate how this formulation can be solved us-
ing deterministic methods. More importantly, we explore various stochastic mod-
ifications to adapt to practical scenarios, such as employing compression tech-
niques for efficient information transmission, enabling partial participation for
asynchronous communication, and utilizing coordinate selection for faster local
computation. We show that the saddle point reformulation plays a key role and
opens up possibilities to use mentioned extension that seem to be impossible in the
standard minimization formulation. Convergence estimates are provided for each
algorithm, demonstrating their effectiveness in addressing the VFL problem. Ad-
ditionally, alternative reformulations are investigated, and numerical experiments
are conducted to validate performance and effectiveness of the proposed approach.

1 INTRODUCTION

Federated Learning is an emergent paradigm that involves training a model on private data from
several devices. It can be divided into two types: horizontal (HFL)(Konečnỳ et al., 2016; McMahan
et al., 2017), where data samples are distributed across clients, and vertical (VFL) (Liu et al., 2022;
Yang et al., 2023; Wei et al., 2022; Khan et al., 2023) with orthogonal data partitioning. In contrast
to HFL, VFL divides the features of the same samples across clients. In this paper, we focus on
the VFL problem, which appears in various fields from scoring problems (Chen et al., 2021a) to
healthcare (Dankar et al., 2019) and smart manufacturing (Ge et al., 2021).

Since we deal with a distributed environment in both horizontal and vertical data partitioning, the
organization of the communication process plays a crucial role in developing learning algorithms.
Due to the difference in the formulations, unique characteristics and issues can arise. The HFL
problem statement is very similar to the classical distributed cluster learning (Verbraeken et al.,
2020), therefore, the study of various kinds of specialized HFL algorithms that take into account
different aspects ranging from communication efficiency to personalization is quite extensive and
comprehensive (Kairouz et al., 2021). It is a natural idea to transfer most of the techniques and
useful stories from the horizontal scenario to the vertical one. And there are such results – see e.g.
(Liu et al., 2022, Table 3), but not many at the moment. This can be due to the fact that the VFL
problem is more ambiguous and complex from a formal optimization point of view, then it is not
easy to use the theory from HFL.

Formally, VFL can be viewed as a classical minimization problem, with specifics in calculating the
loss function, its gradient, or possibly higher-order derivatives. But there is another way to look at.
In particular, the VFL problem can be rewritten as an augmented Lagrangian (Boyd et al., 2011,
Section 8), which can be solved using the ADMM method (Glowinski & Marroco, 1975; Gabay &
Mercier, 1976). Recent works argue that such a view of VFL is more private (Hu et al., 2019; Xie
et al., 2022b). The augmented Lagrangian reformulation combined with the ADMM algorithm is a
powerful tool for solving many practical optimization problems (not just VFL) (Bioucas-Dias &
Figueiredo, 2010; Forero et al., 2010; Wahlberg et al., 2012; Wang & Banerjee, 2013; Sedghi et al.,
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2014; Li et al., 2014). It provides privacy and an efficient solution for various scenarios, offering
superior performance compared to other methods, making it a viable choice.

In spite of this, the already mentioned modifications from (Liu et al., 2022, Table 3) focus on the
basic minimization formulation. Notably, many of these results are often empirical and lack a theo-
retical foundation for convergence. Moreover, current results around the Lagrangian statement have
also shortcomings and are weakly studied. In particular, the widely-used approach to VFL based
on ADMM is costly, as two additional minimization subproblems must be solved on each iteration.
Thus, we propose to expand the theory around saddle point reformulations in this paper since the
augmented Lagrangian reformulation is a good alternative to the classical minimization formulation.
In particular, we address three research questions:

1. Is there any other way to rewrite the VFL problem which can provide advantages to the
standard minimization formulation?

2. What basic method should be used to solve the new VFL problem reformulation?
3. Is it possible to modify the basic method for practical use?

1.1 OUR CONTRIBUTION

• New look at VFL. We first consider the VFL reformulation via classical Lagrangian and show that
if the original VFL problem is convex, then the reformulation is convex-concave Saddle Point Prob-
lem (SPP), hence methods for SPP, such as ExtraGradient (Korpelevich, 1977; Nemirovski,
2004), can be applied to it.

• New basic method for VFL. The classical Lagrangian is a convex-concave SPP that can be solved
using optimal methods. We introduce the basic deterministic algorithm and its efficient stochastic
modifications for VFL and prove that they significantly outperform existing techniques, e.g., ADMM,
in terms of iteration cost (Table 1 in Appendix A).

• Family of practical modifications. We present various modifications of the basic version of
the algorithm to address practical needs and to make the basic algorithm more robust, including i)
introducing compression operators to reduce the amount of transmitted information and solve the
communication bottleneck (Alistarh et al., 2017; 2018); ii) allowing partial participation for asyn-
chronous device communication (Ribero & Vikalo, 2020); iii) a coordinate modification to reduce
the cost of local computing (Nesterov, 2012). Moreover, we show that the saddle reformulation
allows to fully reveal the possibilities of these modifications.

• More VFL reformulations. We consider additional saddle point reformulations of the VFL prob-
lem, which have advantages, such as easier stepsize estimation, but require extra memory or exis-
tence of dual function of the loss.

• Extension to non-convex problems. We show how our approach can be generalized to handle
non-convex learning problems. It is worth noting that all modifications are easily transferable.

• Numerical experiments. We show empirically that our approach can outperform existing VFL
solutions in the standard minimization formulation and the saddle problem reformulation.

1.2 TECHNICAL PRELIMINARIES

We use ⟨a, b⟩ =
∑d

i=1[a]i[b]i to denote the standard inner product of a, b ∈ Rd where [a]i cor-
responds to the i-th component of a in the standard basis in Rd. It induces ℓ2-norm in Rd in the
following way ∥x∥2 =

√
⟨x, x⟩. To denote maximal eigenvalue of positive semidefinite matrix

M ∈ Rd×d we use λmax(M). Operator E· denotes mathematical expectation, and operator Eξ[·]
express conditional mathematical expectation w.r.t. all randomness coming from random variable ξ.

We also need two classical definitions for the function f .

Definition 1.1. The function f : Rd → R, is L-smooth, if there exists a constant L > 0 such that
∀x, y ∈ Rd ∥∇f(x)−∇f(y)∥ ≤ L∥x− y∥.
Definition 1.2. The function f : Rd → R, is convex, if f(x) ≥ f(y) + ⟨∇f(y), x − y⟩ for all
x, y ∈ Rd.
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2 SADDLE POINT REFORMULATION AND EXTRAGRADIENT

Reformulation. The most common problem in machine learning, known as empirical risk mini-
mization (Shalev-Shwartz & Ben-David, 2014), can be formulated as follows:

minx∈Rd [f(x) := ℓ (Ax, b) + r(x)] , (1)

where x is a vector of model parameters, A ∈ Rs×d is a data matrix, b ∈ Rs is a vector of labels,
ℓ : Rs × Rs → R is a loss function, r : Rd → R is a separable regularizer, s is a number of
data samples and d is a size of the model. This paper considers a VFL setting where data is stored
across n different devices. Here, the matrix A is divided by columns, and each device gets different
features of each of the s data points (for simplicity, we assume that the matrix A contains no missing
data). Thus, we can rewrite (1) in the form of the VFL problem (Liu et al., 2024):

minx∈Rd [ℓ (
∑n

i=1 Aixi, b) +
∑n

i=1 ri(xi)] , (2)

where Ai ∈ Rs×di is a local data matrix on the i-th device, xi is a part of the parameters correspond-
ing to the features of i-th device. It is natural to assume that xi lies on ith device. We additionally
assume that labels b contain private information and are stored in the first device. Problem (2) can
be rewritten as a constrained problem with additional variable z ∈ Rs:

minx∈Rd minz∈Rs [ℓ (z, b) +
∑n

i=1 ri(xi)] , s.t.
∑n

i=1 Aixi = z. (3)

In turn, the problem with constraints can be rewritten as a saddle point problem, where the target
function is the Lagrangian function

min(x,z)∈Rd+s maxy∈Rs

[
L(x, z, y) := ℓ (z, b)+

∑n
i=1 ri(xi) + yT (

∑n
i=1 Aixi − z)

]
. (4)

Formulation (4) is the focus of our paper. Meanwhile, as we mentioned earlier, approaches to
VFL based on ADMM also consider the Lagrangian functions with a regularizer (ρ/2)∥

∑n
i=1 Aixi−

z∥2 (we consider this case in Appendix C.1). For both reformulations, we propose a method that
guarantees its convergence.

Why saddle point? Let us try to motivate the use of the saddle point reformulation (4) instead of
the classical minimization problem (1) with the following example.

If we consider the classical formulation (1), which is valid for both vertical and horizontal cases, the
main difference between these two types of data partitioning is the nature of the gradient computa-
tion, in particular concerning the communication process. In the horizontal case of (1), all workers
have the same parameter vectors but different training samples: ℓ(Ax, b) =

∑n
i=1 ℓ(Âix, bi), where

Âi ∈ Rsi×d, bi ∈ Rsi . To compute the gradient, we simply accumulate ∇xℓ(Âjx
k, b̂j) from all

the workers: ∇f(x) =
∑n

j=1 ∇xℓ(Âjx
k, b̂j). In the vertical case, to calculate the gradient for

the parameters xi stored on the ith device, it is necessary to obtain Ajxj from all the devices:
∇xif(x) = AT

i ∇zℓ(z, b) with z =
∑n

j=1 Ajxj .

In modern applications, various kinds of stochasticity arise in communication: compression to speed
up information transfer or random noise for privacy (Abadi et al., 2016). Let us consider the simplest
model in which the stochasticity of communication is additive to the package on which it acts:
package + noise ξ. As we discussed, we send different things in the horizontal and vertical cases.
More specifically, the randomness we introduce has the following effect on the true gradients:

∇f(x) →
∑n

j=1[∇xℓ(Âjx
k, b̂j) + ξ̂j ] =

∑n
j=1 ∇xℓ(Âjx

k, b̂j) +
∑n

j=1 ξ̂j in the horizontal case,

∇xif(x) → AT
i ∇zℓ(z, b), where z =

∑n
j=1 Ajxj + ξj , in the vertical one.

A key detail can be seen here: the simplest additive stochasticity in the horizontal case remains
additive, but in the vertical case, the influence of randomness dips much more firmly into the gradient
structure. Let us look at how this kind of stochasticity affects the saddle point reformulation (4).
One can note that it is also necessary to collect Ajxj during gradient computing. In more details,
∇yL(x, z, y) =

∑n
j=1 Ajxj − z. With communication stochasticity this transfers to

∑n
j=1[Ajxj +

ξj ]−z =
∑n

j=1 Ajxj+
∑n

j=1 ξj−z. The impact of randomness is additive. Because the saddle point
reformulation ”separates” the loss function ℓ and the data matrix A, the influence of stochasticity
becomes more straightforward compared to (1).

3
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Before moving to stochastic methods, we must learn a deterministic algorithm as a base for con-
structing.

Basic method. The most straightforward idea is to solve the saddle problem using the gradient
descent-ascent method: xk+1 = xk − γ∇xL(x

k, yk), yk+1 = yk + γ∇yL(x
k, yk). Gradient

descent-ascent is not the best solution (4). Indeed, it gives relatively poor convergence guaran-
tees for strongly convex – strongly concave problems (Browder, 1966; Rockafellar, 1969; Sibony,
1970), and may diverge for convex-concave problems altogether (Goodfellow, 2016, Sections 7.2
and 8.2). Therefore, it is suggested to take the ExtraGradient/Mirror Prox method (Ko-
rpelevich, 1977; Nemirovski, 2004). The essence of this method is the use of an additional ex-
trapolation step: xk+1/2 = xk − γ∇xL(x

k, yk), xk+1 = xk − γ∇xL(x
k+1/2, yk+1/2) (the same

for y). It can be explained by the simplest example of a two-dimensional saddle point problem
minx∈R maxy∈R g(x, y) = xy.

Algorithm 1 EGVFL for (4)

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, stepsize γ >
0, number of steps K

2: for k = 0 to K − 1 do
3: 1st device sends yk to other devices
4: All send Aix

k
i to 1st device

5: All update: xk+1/2
i = xk

i − γ
(
AT

i y
k +∇ri(x

k
i )
)

6: 1st updates: zk+1/2 = zk − γ(∇ℓ(zk, b)− yk)
7: 1st updates: yk+1/2 = yk + γ(

∑n
i=1 Aix

k
i − zk)

8: 1st device sends yk+1/2 to other devices
9: All devices send Aix

k+1/2
i to 1st device

10: All update: xk+1
i = xk

i − γ(AT
i y

k+1/2 +∇ri(x
k+1/2
i ))

11: 1st updates: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2)

12: 1st updates: yk+1 = yk + γ(
∑n

i=1 Aix
k+1/2
i − zk+1/2)

13: end for

For the first-order optimality con-
dition, it has the unique saddle
point with (x∗, y∗) = (0, 0). In
any point (xk, yk), the step di-
rection of gradient descent-ascent
(−∇xL(x

k, yk),∇yL(x
k, yk)) is

orthogonal to (xk−x∗, yk−y∗); thus
the iteration of gradient descent-
ascent enlarges the distance to the
saddle point. However, if we make
the step of ExtraGradient, the
direction (−∇xL(x

k+1/2, yk+1/2),
∇yL(x

k+1/2, yk+1/2)) attracts to
the saddle point. Furthermore,
ExtraGradient is optimal for
convex-concave saddle point prob-
lems (Zhang et al., 2021). Iteration
of the ExtraGradient method
for our problem (4) is given in Algorithm 1, and convergence is proved in Theorem 2.2. The proof
is postponed to Appendix D.1.

Assumption 2.1. The function ℓ : Rs → R, is Lℓ-smooth and convex. Each function ri : Rdi → R,
is Lr-smooth and convex.

Theorem 2.2. Let Assumption 2.1 hold. Let problem (4) be solved by Algorithm 1. Then for γ =

1
2 ·min{1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ

}, it holds that gap(x̄K , z̄K , ȳK) = O(
(1+

√
λmax(ATA)+Lℓ+Lr)D

2

K ),

where x̄K := 1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

In Theorem 2.2, we use the convergence criterion for convex-concave saddle point problems

gap(x, z, y):= maxỹ∈Y L(x, z, ỹ)−minx̃,z̃∈X ,Z L(x̃, z̃, y). (5)

It is important that in the formulation of Theorem 2.2 and in the definition (5), we use some bounded
sets X , Z , Y although the original problem (1) is unbounded. Such an assumption is standard for
the analysis of methods for convex-concave problems. Criterion (5) can also be used for uncon-
strained/unbounded problems. To do this, one can use the trick from (Nesterov, 2007) and introduce
bounded sets X , Z , Y artificially as compact subsets of Rd,Rs,Rs. This trick is valid if some
solution x∗, y∗, z∗ lies in X , Z , Y . Moreover, following (Beck, 2017, Theorems 3.59, 3.60), one
can show that in Theorem 2.2 we can use the criterion: ℓ(z̄K , b) − ℓ(z∗, b) + ∥Ax̄K − z̄K∥, in-
stead of (5). It is more natural and means that Ax̄K → z̄K and ℓ(z̄K , b) → ℓ(Ax∗, b), which is
what is required in the original problem (1) (see Section D.11 for more details). One can find a
simplified version of gap (Xu, 2017). If we assume the existence of some solution (x∗, z∗, y∗),
it can be used as follows: gap∗(x, z, y) = L(x, z, y∗) − L(x∗, z∗, y). Theorem 2.2 can be
rewritten with gap∗(x, z, y): there is no maximum in the right-hand side of the estimate, simply
∥x0 − x∗∥2 + ∥z0 − z∗∥2 + ∥y0 − y∗∥2. But still, the use of (5) is preferable, e.g., for the already

4
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mentioned problem minx∈R maxy∈R g(x, y) = xy with the solution (0, 0), but then gap∗(x, z, y) is
always exactly 0. The following corollary can be easily derived from Theorem 2.2.
Corollary 2.3. Under the conditions of Theorem 2.2, to achieve ε-solution we need

O(
(1+

√
λmax(ATA)+Lℓ+Lr)D

2

ε ) iterations.

An intriguing feature of the saddle point reformulation is that the expression ℓ(Ax, b) can be equiv-
alently rewritten as ℓ̃(Ãx, b) with ℓ̃(y, b) = ℓ(y/β, b) and Ã = βA. We can select β such that in

Theorem 2.2 we have
√

λmax(ÃT Ã) = Lℓ̃. It becomes evident that the appropriate choice for

β = L
1/3
ℓ /λ

1/6
max(ATA). Then in Corollary 2.3 we can achieve O(

(1+ 3
√

λmax(ATA)·Lℓ+Lr)D
2

ε )
iteration complexity (further details can be found in Section D.12). One can not Gradient
Descent (GD) and Accelerated Gradient Descent (AGD) – classical deterministic meth-
ods for (1) have the following convergence estimates (Nesterov, 2003): O( (λmax(A

TA)·Lℓ+Lr)D
2

ε )

and O(

√
λmax(ATA)·Lℓ+LrD√

ε
) respectively. It can be seen that the obtained result is better than

Gradient Descent, and better than Accelerated Gradient Descent in terms of
λmax(A

TA) viewpoint (but worse in ε). As we mentioned in Section 1.1, there are approaches
for the saddle point reformulation, e.g., ADMM (Xie et al., 2022a). We compare the results in Table 1
(Appendix A).

This is possible because the loss function ℓ and the data matrix A are “separated”. As mentioned
before, “separation” can be also good the stochastic algorithms, we explore them in the next section,
but now let us note that Algorithm 1 presents several drawbacks. One notable limitation is its de-
terministic nature. In the subsequent section, we underscore the disadvantages of this characteristic
and suggest alterations to enhance the foundational version of our general approach. Another signif-
icant drawback of Algorithm 1 is its reliance on the knowledge of λmax(A

TA). Given that parts of
matrix A are dispersed across different devices, determining λmax(A

TA) is challenging. However,
an estimation can be made using λmax(A

T
i Ai), as illustrated in Lemma D.13. Alternatively, we can

contemplate a reformulation that negates the need for λmax(A
TA) entirely, as discussed in Section

4. Furthermore, incorporating augmentation, as outlined in (Boyd et al., 2011), can be beneficial
and straightforward for implementation. It is crucial to highlight that any variations derived from
Section 4 and Appendix C, as well as any adaptations of Algorithm 1 from Section 3, can be seam-
lessly integrated. Another limitation is that Algorithm 1 assumes we can calculate the gradient of
the function ℓ and the function r. But not all functions even allow this. For example, one can choose
the ℓ1 regularizer as the function r. Or if we want to solve the constrained version of (1), we can
take r as an indicator function of some set X . We consider the case where ℓ and r are generally
non-smooth but simple in Appendix B.1.

3 FAMILY OF MODIFICATIONS

This section presents the different modifications of Algorithm 1. These stochastic modifications
are one of the main reasons for using saddle point reformulation. In any distributed optimization,
including federated learning, both in its vertical and horizontal setting, the issue of communication
organization is crucial. In particular, a lot of research is related to the efficiency to spend less time
on communications (Konečný et al., 2016; Smith et al., 2018; Ghosh et al., 2020; Gorbunov et al.,
2021), since they are from some point of view a waste of time (Kairouz et al., 2021).

3.1 MODIFICATION WITH QUANTIZATION FOR EFFECTIVE COMMUNICATIONS

Let us take a look at one of one of the main techniques in the fight for communication efficiency
– compression (Seide et al., 2014; Alistarh et al., 2017). The following definition can formally
describe the compression of communicated vectors.

Definition 3.1. Operator Q : Rd → Rd is called unbiased compressor/quantization if there exists a
constant ω ≥ 1 such that for all x ∈ Rd it holds E[Q(x)] = x, E[∥Q(x)∥2] ≤ ω∥x∥2.

Operator Q can be e.g., random coordinate choice or randomized rounding (Beznosikov et al., 2020).

Methods with compression in horizontal distributed learning are studied for quite a long time (Seide
et al., 2014; Alistarh et al., 2017). Variance reduction methods provide a breakthrough here, initially

5
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proposed to solve non-distributed stochastic finite-sum problems (Schmidt et al., 2017; Defazio
et al., 2014; Johnson & Zhang, 2013; Nguyen et al., 2017). Several papers have shown that the
variance reduction technique can be transferred to the distributed case, where stochasticity appears
not from the random choice of the batch number but from the compression (Mishchenko et al.,
2019; Gorbunov et al., 2021; Qian et al., 2020). For our algorithm with unbiased compression
(Algorithm 2), we take the variance reduction method for saddle point problems from (Alacaoglu
& Malitsky, 2021). We introduce an additional sequence of points wk

i (reference points for xk
i ) and

uk (reference points for yk). In contrast to the classical variance reduction technique, we do not
introduce reference points for the z variables since we do not communicate them. To update all
wk

i and uk synchronously, we need to generate bk ∈ {0, 1}, one can set the same random seed for
generating bk on all devices to avoid additional communication. Next, we have to send full vectors
Awk

i and uk to the first device and all the others, respectively. The key is that the reference points are
updated rarely, namely with low probability p, only when bk = 1 (see lines 11 – 19). When wk

i and
uk are not updated, we only send compressed vectors Q(yk+1/2 − uk) and Q(Aix

k+1/2
i − Aiw

k
i )

(lines 6, 7). Sending compressed information, rarely forwarding full packages, is the main point of
Algorithm 2. Theorem 3.2 gives the convergence; its proof can be found in Appendix D.3.

Theorem 3.2. Let Assumption 2.1 hold. Let problem (4) be solved by Algorithm 2 with operator Q
that satisfies Definition 3.1. Then for γ = 1

4 min
{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
ωλmax(AAT )

;
√

1−τ
ωλmax(AAT )

}
,

τ = 1− p it holds that

Egap(x̄K , z̄K , ȳK)= O([1 +
√

ω
p (
√

λmax(AAT )) + Lℓ + Lr]
D2

K ),

where x̄K , z̄K , ȳK , D2 are defined in Theorem 2.2.

Algorithm 2 EGVFL with unbiased compression for (4)

1: Input: initial point (x0, z0, y0) ∈ Rd+2s, (w0, u0) ∈
Rd+s, stepsize γ > 0, number of steps K

2: for k = 0 to K − 1 do
3: All update: xk+1/2

i = τxk
i + (1− τ)wk

i

−γ
(
AT

i u
k +∇ri(x

k
i )
)

4: 1st updates: zk+1/2 = zk − γ(∇ℓ(zk, b)− yk)
5: 1st updates: yk+1/2 = τyk + (1− τ)uk

+γ(
∑n

i=1 Aiw
k
i − zk)

6: 1st sends Q(yk+1/2 − uk) to other devices
7: All send Q(Aix

k+1/2
i −Aiw

k
i ) to 1st

8: All update: xk+1
i = τxk

i + (1− τ)wk
i

−γ(AT
i [Q(yk+1/2 − uk) + uk] +∇ri(x

k+1/2
i ))

9: 1st update: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2)
10: 1st update: yk+1 = τyk + (1− τ)uk

+γ(
∑n

i=1[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i ]− zk+1/2)

11: Flip a coin bk ∈ {0, 1} where P{bk = 1} = p
12: if bk = 1 then
13: All update: wk+1

i = xk
i

14: 1st updates: uk+1 = yk

15: All send uncompressed Aiw
k+1
i to 1st

16: 1st sends uncompressed uk+1 to other devices
17: else
18: All update: wk+1

i = wk
i

19: 1st updates: uk+1 = uk

20: end if
21: end for

In Algorithm 2, one mandatory
communication round with com-
pression occurs and possibly one
more (without compression) with
probability p. If Q compress a pack-
age by a factor of β, then each it-
eration requires O

(
β−1 + p

)
data

transfers on average. If p is close
to 1, Theorem 3.2 gives faster con-
vergence, but more data transfer is
needed. If p tends to 0, the transmit-
ted information complexity per iter-
ation decreases but the iterative con-
vergence rate drops. The optimal
choice of p is β−1. For Theorem 3.2,
one can obtain an analogue of Corol-
lary 2.3, which states that if p =
β−1, then the iterative complexity of
Algorithm 2 is

√
wβ times higher

than for Algorithm 1. But the esti-
mated amount of information trans-
ferred for Algorithm 2 is β times less
than the iterative complexity. For
Algorithm 1, the complexity of the
transmitted information matches the
iterative one. Moreover, for most
practical operators β ≥ w. Hence,
in the view of full information trans-
ferred, Algorithm 2 may be better
than Algorithm 1.

The use of compression was investigated for the VFL problem, but not in the saddle point formu-
lation. The papers (Chen et al., 2021b; Xu et al., 2021; Cai et al., 2022; Sun et al., 2023) do not
provide theoretical guarantees at all. The work (Castiglia et al., 2023) investigates only special
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cases of compression operators. Only the authors of paper Stanko et al. (2024) give guarantees only
for the quadratic loss ℓ: O(ω2 λ3

max(AAT )

λ2
min(AAT )

D2

K2 ). This is much worse than our guarantee estimates.

3.2 MODIFICATION WITH BIASED COMPRESSION FOR MORE EFFECTIVE COMMUNICATIONS

Using unbiased compression operators is more straightforward in theory, but the most popular com-
pression operators in practice are biased (deterministic rounding (Horvath et al., 2019), greedy co-
ordinate selection (Alistarh et al., 2018), vector decomposition (Vogels et al., 2019)) and can be
described as follows.
Definition 3.3. Operator C : Rd → Rd (possibly randomized) is called a biased compressor if there
exists a constant δ ≥ 1 such that for all x ∈ Rd it holds E∥C(x)− x∥2 ≤

(
1− 1

δ

)
∥x∥2.

Using biased compressors is a complex issue. It can cause divergence even for quadratic problems
(Beznosikov et al., 2020). To fix this, an error compensation technique (Stich et al., 2018; Karim-
ireddy et al., 2019; Stich & Karimireddy, 2019) can be applied. This approach accumulates non-
transmitted information ({ek}, {eki }) and adds it to a new package at the next iteration of Algorithm
2.

6: 1st sends C(yk+1/2 − uk + ek) to other devices
1st updates: ek+1 = yk+1/2 − uk + ek − C(yk+1/2 − uk + ek)

7: All send C(Aix
k+1/2
i −Aiw

k
i + eki ) to 1st device

All update: ek+1
i = Aix

k+1/2
i −Aiw

k
i + eki − C(Aix

k+1/2
i −Aiw

k
i + eki )

8: All update: xk+1
i = τxk

i + (1− τ)wk
i − γ(AT

i [C(yk+1/2 − uk + ek) + uk] +∇ri(x
k+1/2
i ))

10: 1st update: yk+1 = τyk + (1− τ)uk + γ(
∑n

i=1[C(Aix
k+1/2
i −Aiw

k
i + eki ) +Aiw

k
i ]− zk+1/2)

The full version of the algorithm is given in Appendix A, Theorem 3.4 gives the convergence,
and proof can be found in Appendix D.4. Note that the proof techniques of Theorems 3.2 and
Theorem 3.4 differ considerably, just as the proofs of convergence of distributed GD with unbiased
and biased compression (Mishchenko et al., 2019; Stich & Karimireddy, 2019).

Theorem 3.4. Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 3 (Ap-
pendix A) with operators and C, which satisfy Definition 3.3. Then for τ = 1 − p and
γ = 1

4 min{1; 1
Lr

; 1
Lℓ

;
√

1−τ
δ2[λmax(AAT )+n·maxi{λmax(AiAT

i )}] ;
√

1−τ
ωλmax(AAT )

; }, it holds that

Egap(x̄K , z̄K , ȳK) = O([ δ√
p (
√

λmax(AAT )+n · max
i=1,...,n

{
√

λmax(AiAT
i )}) + Lℓ + Lr]

D2

K ),

where x̄K , z̄K , ȳK , D2 are defined in Theorem 2.2.

The choice of optimal p is the same as Algorithm 2. It is enough to take p = β−1, where β is the
compression power of C. The estimate from Theorem 3.4 shows the central theoretical problem
with biased compressors. If δ ∼ w, the results in Theorem 3.4 are worse than in Theorem 3.2.
Unfortunately, this kind of problem is inherent in all work around biased compressions – one cannot
fully theoretically justify that biased compressors perform better (Gorbunov et al., 2021; Stich &
Karimireddy, 2019; Richtárik et al., 2021). The only thing we can fight for is more or less acceptable
convergence. Meanwhile, intuition and practical results show that biased operators are superior to
unbiased ones (Beznosikov et al., 2020; Richtárik et al., 2021).

3.3 PARTIAL PARTICIPATION FOR ASYNCHRONOUS CLIENT CONNECTION

6: 1st sends yk+1/2 to other devices
7: Random device ik sends Aikx

k+1/2
ik

−Aikw
k
ik

to 1st
8: All update: xk+1

i = τxk
i + (1− τ)wk

i

−γ(AT
i y

k+1/2 +∇ri(x
k+1/2
i ))

10: 1st update: yk+1 = τyk + (1− τ)uk

+γ(n · [Aikx
k+1/2
ik

−Aikw
k
ik
] +
∑n

i=1 Aiw
k
i − zk+1/2)

Algorithm 1 requires that at each
iteration all devices communicate
(send and receive messages). It is
possible that some devices may drop
out of the learning process. In this
subsection, we consider a modifi-
cation of Algorithm 1, where only
1 randomly selected device commu-
nicates at each iteration (Ribero &
Vikalo, 2020; Chen et al., 2020; Cho et al., 2020; Lai et al., 2021). We take Algorithm 2 as a

7
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base, but instead of compression, we use random client selection and only send information from
this client to the first device (see Algorithm 4 for full description).

Even though the first device sends yk+1/2 to all devices, this does not mean that all devices need
to receive the message at the exact same moment. They can get a set of several messages with y at
once when they contact the first device. In that case they just do several sequential updates of xi.
Theorem 3.5. Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 4 (Appendix A).
Then for τ = 1− p and γ = 1

4 min{1; 1
Lr

; 1
Lℓ

;
√

1−τ
λmax(AAT )+n·maxi{λmax(AiAT

i )}}, it holds that

Egap(x̄K , z̄K , ȳK)= O
(
[ 1√

p (
√
λmax(AAT ) + n · max

i=1,...,n
{
√
λmax(AiAT

i )}) + Lℓ + Lr]
D2

K

)
,

where x̄K , z̄K , ȳK , D2 are defined in Theorem 2.2.

Using the same reasonings as after Theorem 3.2, one can find the optimal choice of p. In Algorithm
4, one mandatory communication round with only 1 client occurs and possibly one more (with all
clients) with probability p. Then each iteration requires O

(
n−1 + p

)
data transfers on average. The

optimal choice of p is β−1.

3.4 COORDINATE MODIFICATION FOR LOW-COST LOCAL COMPUTING

The last modification is related to cheapening the cost of local computation in Algorithm 1. The
most expensive local operations are matrix vector multiplications: Aix

k
i and AT

i y
k. To make them

cheaper, we can apply to the idea of coordinate descent (Nesterov, 2012; Nesterov & Stich, 2017;
Richtárik & Takáč, 2013; Qu & Richtárik, 2016) and compute not all coordinates for the resulting
vectors Aix

k
i and AT

i y
k but only 1, then instead of multiplying matrix by vector, we just compute

the scalar product of two vectors. This is implemented in the following modification of Algorithm 2.
The full version of algorithm (Algorithm 5) is given in Appendix A, Theorem 3.6 gives the conver-
gence, proof can be found in Appendix D.6.

6: 1st sends yk+1/2 to other devices
7: All choice coordinate(s) cki , computes ⟨Ai(x

k+1/2
i − wk

i ), ecki ⟩ecki and send to 1st
8: All choice coordinate(s) jki and update:

xk+1
i = τxk

i + (1− τ)wk
i − γ(di · ⟨AT

i (y
k+1/2 − uk), ejki ⟩ejki +AT

i u
k +∇ri(x

k+1/2
i ))

10: 1st update:
yk+1 = τyk + (1− τ)uk + γ(

∑n
i=1[s · ⟨Ai(x

k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i ]− zk+1/2)

Theorem 3.6. Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 5 (Appendix A).
Then for γ = 1

4 min{1; 1
Lr

; 1
Lℓ

;
√

1−τ
sλmax(ATA)

;
√

1−τ
dmaxi{λmax(AT

i Ai)}
} and τ = 1− p, it holds that

Egap(x̄K , z̄K , ȳK) = O
(
[
s
√
p

√
λmax(ATA) +

d
√
p
· max
i=1,...,n

{
√
λmax(AiAT

i )}+ Lℓ + Lr]
D2

K

)
,

where x̄K , z̄K , ȳK , D2 are defined in Theorem 2.2.

Using the same reasonings as after Theorem 3.2, one can find the optimal choice of p. In Algo-
rithm 5, two mandatory computing of scalar products (instead of matrix vector multiplication) take
places and possibly two matrix vector multiplications with probability p. Then each iteration re-
quires O (n+ s+ p · ns) local computations on average. The optimal choice of p is (n+ s)/(ns).

4 FAMILY OF REFORMULATIONS

Let us discuss other reformulations beyond (4), e.g., a reformulation with additional variables. In
formulation (3), instead of Ax = z, we can introduce constraints in a different way with variables
zi ∈ Rs, for i ∈ {1, 2, . . . , n} as follows

minx∈Rd minz∈Rs [ℓ (
∑n

i=1 zi, b) +
∑n

i=1 ri(xi)] , s.t. Aixi = zi for i = 1, . . . , n.

The expression in the form of a Lagrangian function is

min(x,z)∈Rd+sn maxy∈Rsn [L̃(x, z, y) := ℓ(
∑n

i=1 zi, b)+
∑n

i=1 ri(xi) +
∑n

i=1 y
T
i (Aixi − zi)]. (6)

8
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This saddle can be also solved using ExtraGradient (see Algorithm 6 in Appendix A).
Theorem 4.1. Let Assumption 2.1 holds. Let problem (6) be solved by Algorithm 6 (Appendix A).

Then for γ = 1
2 ·min

{
1; 1√

maxi{λmax(AT
i Ai)}

; 1
Lr

; 1
nLℓ

}
, it holds that

gap1(x̄
K , z̄K , ȳK)= O(

(1+
√

maxi=1,...,n{λmax(AT
i Ai)}+nLℓ+Lr)D

2

K ),

where gap1(x, y) := maxỹi∈Ỹ L̃(x, z, ỹ)−minx̃,z∈X ,Z̃ L̃(x̃, z̃, y) and x̄K , z̄K , ȳK , D2 are defined
in Theorem 2.2.

An important detail to note it is that the step γ in Theorem 4.1 depends on λmax(AiA
T
i ). Previous

algorithms assumed knowledge of the estimate for λmax(AAT ) which can be disadvantageous be-
cause we cannot collect A on a single device, and estimating λmax(AAT ) through λmax(AiA

T
i ) can

give deplorable results.

Other reformulations are presented in Appendix C. Although this paper focuses primarily on the
classical Lagrangian, we also consider the augmented version, present an algorithm for it, and prove
convergence estimates. The convergence estimates of the method for the augmented Lagrangian are
no better (or even worse if the augmentation parameter is high) than those of the method for the clas-
sical Lagrangian. That is why we focus on the non-augmented formulation and put the augmented
one in Appendix C.1. It is important to emphasize that for all reformulations, all modifications from
Section 3 can be made.

5 EXTENSION TO NON-CONVEX MODELS

Let us consider a more general formulation where we can use arbitrary functions/models gi(Ai, wi) :
Rdwi → Rs×di with weights/tuning variables wi ∈ Rdwi instead of fixed data matrices Ai (2):
min(x,w)∈Rd+dw [ℓ (

∑n
i=1 gi(Ai, wi)xi, b) +

∑n
i=1 ri(xi)] , Here, the analogue of the Lagrangian

function (4) can be written as follows:

min(x,w,z)∈Rd+dw+s maxy∈Rs

[
ℓ (z, b)+

∑n
i=1 ri(xi) + yT

(∑n
i=1 gi(Ai, wi)xi − z

)]
. (7)

4: All send gi(Ai, w
k
i )x

k
i to 1st device

5: All update: xk+1/2
i = xk

i − γ(gTi (Ai, w
k
i )y

k +∇ri(x
k
i ))

All update: wk+1/2
i = wk

i − γ((yk)T∇gi(Ai, w
k
i )x

k
i )

7: 1st updates: yk+1/2 = yk + γ(
∑n

i=1 gi(Ai, w
k
i )x

k
i − zk)

9: All send gi(Ai, w
k+1/2
i )x

k+1/2
i to 1st device

10: All update: xk+1
i = xk

i − γ(gTi (Ai, w
k+1/2
i )yk+1/2 +∇ri(x

k+1/2
i ))

All update: wk+1
i = wk

i − γ((yk+1/2)T∇gi(Ai, w
k+1/2
i )x

k+1/2
i )

12: 1st updates: yk+1 = yk + γ(
∑n

i=1 gi(Ai, w
k+1/2
i )x

k+1/2
i − zk+1/2)

This SPP is generally not
convex-concave, but can
be solved by the modi-
fied version of Algorithm
1. The complete list-
ing of the algorithm can
be found in Algorithm 7
(Appendix A).

6 EXPERIMENTS

Regression. We conduct experiments on the linear regression problem:
minx∈Rd f(x) = 1

2∥Ax− b∥2 + λ∥x∥22. Here, the smoothness constant of gradients is
L = λmax(AAT ) + λ with λ = λmax(AAT )/103. Other smoothness constants, which we
use in theory for our method, are Lℓ = 1, Lr = λ. We take mushrooms, a9a, w8a and MNIST
datasets from LibSVM library (Chang & Lin, 2011). We vertically (by features) uniformly divide
the dataset between 5 devices.

This experiment uses different formulations to compare deterministic methods for solving the VFL
problem. Here, we’re not focusing on the distributed nature of the problems; instead, we aim to
show that the saddle point reformulation using the classical Lagrangian function has merit (we in-
vestigate modifications in Appendix E) and methods for solving it can compete effectively with
other approaches.

Since there are two formulations of VFL, classical minimization and saddle point, we choose several
methods for each formulation. For the minimization formulation, we take GD as the most popular
method, and AGD (Nesterov, 2003) as the theoretically unimprovable first-order method for smooth

9
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convex problems. For the saddle point formulation, we consider ADMM and Algorithm 1. The
methods are tuned according to the corresponding theory. For GD we choose step as 1

L (Polyak,
2020), for Nesterov – step as 1

L and momentum as
√
L−

√
λ√

L+
√
λ

(Nesterov, 2003), for ADMM we take
regularizer parameter equal to 1√

λmax(AAT )
(Lu & Yang, 2023). Algorithm 1 is tuned according to

Theorem 2.2 with and without β-trick (see disscusion after Corollary 2.3). The application of the
β-trick can also be considered for other methods. However, in the case of GD and Nesterov, it
does not alter the method since the data matrix A and the loss function ℓ are not split. All methods
start from zero.
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Figure 1: Comparison of methods for solving the VFL problem in dif-
ferent formulations: minimization (GD, Nesterov) and saddle point
(ADMM, ExtraGradient/Algorithm 1). The comparison is made on
LibSVM datasets mushrooms, a9a, w8a and MNIST.

The results, illustrated in Figure
1, show that Algorithm 1 with
the choice β convergence dra-
matically faster, the basic version
Algorithm 1 initially lags behind
GD and Nesterov, but in terms
of steady-state convergence Al-
gorithm 1 converges faster and
eventually surpasses both GD and
sometimes Nesterov. Further-
more, as previously discussed in
Section 1, the saddle reformula-
tion offers advantages in terms
of privacy. Significantly, we sur-
pass our competitor in solving
SPP – ADMM, with ADMM also
exhibiting notably costlier itera-
tions. The same experiments but
with grid-search tuning of pa-
rameters for all methods is pre-
sented in Appendix E. In this set-
ting, Algorithm 1 is even more
faster than competitors.
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Figure 2: Comparison of methods
for solving the VFL problem
in different formulations: min-
imization (GD, Nesterov)
and saddle point (ADMM,
ExtraGradient/Algorithm
1). The comparison is made on
CIFAR-10 dataset.

Fine-tuning of neural network. We consider the pre-trained
ResNet18 model on the ImageNet dataset. Our goal is to fine
tune it on the CIFAR-10 dataset. As in the previous experiments,
we take 5 clients, each client gets all the images, but only parts of
them (about 1/5 of the whole image for each client). Then, each
client passes its image portions through the pre-trained ResNet
without the last linear layer, adjusting for the square size. As a
result, each client receives embeddings corresponding to its sliced
images. A new linear layer with the cross-entropy loss is trained
on the embeddings of all clients, which means that the partition-
ing of the data is also vertical in this case. As in the previous
paragraph, we use GD, AGD, ADMM and Algorithm 1 as methods
for comparison. The methods are tuned as in the corresponding
theory, since for this problem we can also estimate L. In the case
of the 1 and ADMM algorithms, we also use the β-trick.

The results reflected in Figure 2 show the superiority of Algo-
rithm 1 over competitors. When the β-trick is used, ExtraGradient significantly outperforms
other methods, but even without the β-trick Algorithm 1 converges slightly worse than AGD, but
later overtakes it as well.
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José M. Bioucas-Dias and Mario A. T. Figueiredo. Alternating direction algorithms for con-
strained sparse regression: Application to hyperspectral unmixing. In 2010 2nd Workshop on
Hyperspectral Image and Signal Processing: Evolution in Remote Sensing, pp. 1–4, 2010. doi:
10.1109/WHISPERS.2010.5594963.

Stephen Boyd, Neal Parikh, Eric Chu, Borja Peleato, Jonathan Eckstein, et al. Distributed optimiza-
tion and statistical learning via the alternating direction method of multipliers. Foundations and
Trends® in Machine learning, 3(1):1–122, 2011.

F. E. Browder. Existence and approximation of solutions of nonlinear variational inequalities. Pro-
ceedings of the National Academy of Sciences, 56(4):1080–1086, 1966.

Dongqi Cai, Tao Fan, Yan Kang, Lixin Fan, Mengwei Xu, Shangguang Wang, and Qiang Yang.
Accelerating vertical federated learning. IEEE Transactions on Big Data, pp. 1–10, 2022. ISSN
2372-2096.

Timothy Castiglia, Anirban Das, Shiqiang Wang, and Stacy Patterson. Compressed-vfl:
Communication-efficient learning with vertically partitioned data, 2023.

Chih-Chung Chang and Chih-Jen Lin. Libsvm: a library for support vector machines. ACM trans-
actions on intelligent systems and technology (TIST), 2(3):1–27, 2011.

Chaochao Chen, Jun Zhou, Li Wang, Xibin Wu, Wenjing Fang, Jin Tan, Lei Wang, Alex X. Liu,
Hao Wang, and Cheng Hong. When homomorphic encryption marries secret sharing: Secure
large-scale sparse logistic regression and applications in risk control. In Proceedings of the 27th
ACM SIGKDD Conference on Knowledge Discovery Data Mining, KDD ’21, pp. 2652–2662,
New York, NY, USA, 2021a. Association for Computing Machinery. ISBN 9781450383325.

Weijing Chen, Guoqiang Ma, Tao Fan, Yan Kang, Qian Xu, and Qiang Yang. Secureboost+ : A high
performance gradient boosting tree framework for large scale vertical federated learning, 2021b.

Wenlin Chen, Samuel Horvath, and Peter Richtarik. Optimal client sampling for federated learning.
arXiv preprint arXiv:2010.13723, 2020.

Yae Jee Cho, Jianyu Wang, and Gauri Joshi. Client selection in federated learning: Convergence
analysis and power-of-choice selection strategies. arXiv preprint arXiv:2010.01243, 2020.

Fida K Dankar, Nisha Madathil, Samar K Dankar, and Sabri Boughorbel. Privacy-preserving anal-
ysis of distributed biomedical data: Designing efficient and secure multiparty computations using
distributed statistical learning theory. JMIR Med Inform, 7(2):e12702, Apr 2019.

Aaron Defazio, Francis Bach, and Simon Lacoste-Julien. Saga: A fast incremental gradient method
with support for non-strongly convex composite objectives. In Advances in neural information
processing systems, pp. 1646–1654, 2014.

Pedro A. Forero, Alfonso Cano, and Georgios B. Giannakis. Consensus-based distributed support
vector machines. Journal of Machine Learning Research, 11(55):1663–1707, 2010.

11



594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620
621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647

Under review as a conference paper at ICLR 2025

Daniel Gabay and Bertrand Mercier. A dual algorithm for the solution of nonlinear variational
problems via finite element approximation. Computers and Mathematics with Applications, 2(1):
17–40, 1976.

Ning Ge, Guanghao Li, Li Zhang, and Yi Liu Yi Liu. Failure prediction in production line based on
federated learning: An empirical study, 2021.

Avishek Ghosh, Raj Kumar Maity, Arya Mazumdar, and Kannan Ramchandran. Communication
efficient distributed approximate Newton method. In IEEE International Symposium on Informa-
tion Theory (ISIT), 2020. doi: 10.1109/ISIT44484.2020.9174216.

Roland Glowinski and A. Marroco. Sur l’approximation, par éléments finis d’ordre un, et la
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Appendix
A MISSING ALGORITHMS AND TABLE

Algorithm 3 EGVFL with biased compression for (4)

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, (w0, u0) ∈ Rd+s, stepsize γ > 0, number of steps
K

2: for k = 0 to K − 1 do
3: All devices in parallel update: xk+1/2

i = τxk
i + (1− τ)wk

i − γ
(
AT

i u
k +∇ri(x

k
i )
)

4: First device updates: zk+1/2 = zk − γ(∇ℓ(zk, b)− yk)
5: First device updates: yk+1/2 = τyk + (1− τ)uk + γ(

∑n
i=1 Aiw

k
i − zk)

6: First device compresses C(yk+1/2 − uk + ek) and sends to other devices
7: First device updates: ek+1 = yk+1/2 − uk + ek −C(yk+1/2 − uk + ek) and sends to other

devices
8: All devices in parallel compress C(Aix

k+1/2
i −Aiw

k
i + eki ) and send to first device

9: All devices in parallel update: ek+1
i = Aix

k+1/2
i −Aiw

k
i +eki −C(Aix

k+1/2
i −Aiw

k
i +eki )

10: All devices update: xk+1
i = τxk

i + (1 − τ)wk
i − γ(AT

i [C(yk+1/2 − uk + ek) + uk] +

∇ri(x
k+1/2
i ))

11: First device update: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2)

12: First device update: yk+1 = τyk + (1 − τ)uk + γ(
∑n

i=1[C(Aix
k+1/2
i − Aiw

k
i + eki ) +

Aiw
k
i ]− zk+1/2)

13: Flip a coin bk ∈ {0, 1} where P{bk = 1} = p
14: if bk = 1 then
15: All devices in parallel update: wk+1

i = xk
i

16: First device updates: uk+1 = yk

17: All devices send uncompressed Aiw
k+1
i to first device

18: First device sends uncompressed uk+1 to other devices
19: else
20: All devices in parallel update: wk+1

i = wk
i

21: First device updates: uk+1 = uk

22: end if
23: end for
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Algorithm 4 EGVFL with partial participation for (4)

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, (w0, u0) ∈ Rd+s, stepsize γ > 0, number of steps
K

2: for k = 0 to K − 1 do
3: All devices in parallel update: xk+1/2

i = τxk
i + (1− τ)wk

i − γ
(
AT

i u
k +∇ri(x

k
i )
)

4: First device updates: zk+1/2 = zk − γ(∇ℓ(zk, b)− yk)
5: First device updates: yk+1/2 = τyk + (1− τ)uk + γ(

∑n
i=1 Aiw

k
i − zk)

6: First device sends yk+1/2 to other devices
7: Random device ik sends (Aikx

k+1/2
ik

−Aikw
k
ik
) to first device

8: All devices update: xk+1
i = τxk

i + (1− τ)wk
i − γ(AT

i y
k+1/2 +∇ri(x

k+1/2
i ))

9: First device update: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2)

10: First device update: yk+1 = τyk+(1−τ)uk+γ(n · [Aikx
k+1/2
ik

−Aikw
k
ik
]+
∑n

i=1 Aiw
k
i −

zk+1/2)
11: Flip a coin bk ∈ {0, 1} where P{bk = 1} = p
12: if bk = 1 then
13: All devices in parallel update: wk+1

i = xk
i

14: First device updates: uk+1 = yk

15: All devices send uncompressed Aiw
k+1
i to first device

16: First device sends uncompressed uk+1 to other devices
17: else
18: All devices in parallel update: wk+1

i = wk
i

19: First device updates: uk+1 = uk

20: end if
21: end for

Algorithm 5 EGVFL with coordinate choice for (4)

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, (w0, u0) ∈ Rd+s, stepsize γ > 0, number of steps
K

2: for k = 0 to K − 1 do
3: All devices in parallel update: xk+1/2

i = τxk
i + (1− τ)wk

i − γ
(
AT

i u
k +∇ri(x

k
i )
)

4: First device updates: zk+1/2 = zk − γ(∇ℓ(zk, b)− yk)
5: First device updates: yk+1/2 = τyk + (1− τ)uk + γ(

∑n
i=1 Aiw

k
i − zk)

6: First device sends yk+1/2 sends to other devices
7: All devices in parallel choice coordinate(s) cki , computes ⟨Ai(x

k+1/2
i − wk

i ), ecki ⟩ecki and
send to first device

8: All devices choice coordinate(s) jki and update: xk+1
i = τxk

i + (1 − τ)wk
i − γ(di ·

⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki +AT
i u

k +∇ri(x
k+1/2
i ))

9: First device update: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2)

10: First device update: yk+1 = τyk + (1− τ)uk + γ(
∑n

i=1[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +

Aiw
k
i ]− zk+1/2)

11: Flip a coin bk ∈ {0, 1} where P{bk = 1} = p
12: if bk = 1 then
13: All devices in parallel update: wk+1

i = xk
i

14: First device updates: uk+1 = yk

15: All devices send uncompressed Aiw
k+1
i to first device

16: First device sends uncompressed uk+1 to other devices
17: else
18: All devices in parallel update: wk+1

i = wk
i

19: First device updates: uk+1 = uk

20: end if
21: end for

17



918
919
920
921
922
923
924
925
926
927
928
929
930
931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971

Under review as a conference paper at ICLR 2025

Algorithm 6 EGVFL for (6)

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, stepsize γ > 0, number of steps K
2: for k = 0 to K − 1 do
3: First device sends yki to other devices
4: All devices in parallel send Aix

k
i to first device

5: All devices in parallel update: xk+1/2
i = xk

i − γ(AT
i y

k
i +∇ri(x

k
i ))

6: First device updates: zk+1/2
i = zki − γ(∇ℓ(

∑n
i=1 z

k
i , b)− yki )

7: First device updates: yk+1/2
i = yki + γ(Aix

k
i − zki )

8: First device sends yk+1/2
i to other devices

9: All devices in parallel send Aix
k+1/2
i to first device

10: All devices in parallel update: xk+1
i = xk

i − γ(AT
i y

k+1/2
i +∇ri(x

k+1/2
i ))

11: First device updates: zk+1
i = zki − γ(∇ℓ(

∑n
i=1 z

k+1/2
i , b)− y

k+1/2
i )

12: First device updates: yk+1
i = yki + γ(Aix

k+1/2
i − z

k+1/2
i )

13: end for

Algorithm 7 EGVFL for (7)

1: Input: starting point (x0, w0, z0, y0) ∈ Rd+dw+2s, stepsize γ > 0, number of steps K
2: for k = 0 to K − 1 do
3: First device sends yk to other devices
4: All devices in parallel send gi(Ai, w

k
i )x

k
i to first device

5: All devices in parallel update: xk+1/2
i = xk

i − γ
(
gTi (Ai, w

k
i )y

k +∇ri(x
k
i )
)

6: All devices in parallel update: wk+1/2
i = wk

i − γ
(
(yk)T∇gi(Ai, w

k
i )x

k
i

)
7: First device updates: zk+1/2 = zk − γ(∇ℓ(zk, b)− yk)
8: First device updates: yk+1/2 = yk + γ

(∑n
i=1 gi(Ai, w

k
i )x

k
i − zk

)
9: First device sends yk+1/2 to other devices

10: All devices in parallel send gi(Ai, w
k+1/2
i )x

k+1/2
i to first device

11: All devices in parallel update: xk+1
i = xk

i − γ
(
gTi (Ai, w

k+1/2
i )yk+1/2 +∇ri(x

k+1/2
i )

)
12: All devices in parallel update: wk+1

i = wk
i − γ

(
(yk+1/2)T∇gi(Ai, w

k+1/2
i )x

k+1/2
i

)
13: First device updates: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2)

14: First device updates: yk+1 = yk + γ
(∑n

i=1 gi(Ai, w
k+1/2
i )x

k+1/2
i − zk+1/2

)
15: end for
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B MISSING MODIFICATIONS

B.1 PROXIMAL MODIFICATION FOR COMPUTATIONAL FRIENDLY LOSSES/REGULARIZERS
AND CONSTRAINED SETTING

Here we consider the case of non-smooth, but computing-friendly ℓ and r. One can modify lines 5,
6, 10, 11 in Algorithm 1 as follows.

Algorithm 8 EGVFL for (4) with proximal friendly functions

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, stepsize γ > 0, number of steps K
2: for k = 0 to K − 1 do
3: First device sends yk to other devices
4: All devices in parallel send Aix

k
i to first device

5: All devices in parallel update: xk+1/2
i = proxγri

(xk
i − γAT

i y
k)

6: First device updates: zk+1/2 = proxγℓ(z
k + γyk)

7: First device updates: yk+1/2 = yk + (
∑n

i=1 γAix
k
i − γzk)

8: First device sends yk+1/2 to other devices
9: All devices send γAix

k+1/2
i to first device

10: All devices in parallel update: xk+1
i = proxγri

(xk
i − γAT

i y
k+1/2)

11: First device: zk+1 = proxγℓ(z
k + γyk+1/2)

12: First device: yk+1 = yk + (
∑n

i=1 γAix
k+1/2
i − γzk+1/2)

13: end for

Here proxγf is a proximal operator (Parikh et al., 2014): proxγf (x) = argminy∈Rd(γf(y)+ 1
2∥x−

y∥2). In the general case, solving an additional minimization problem to calculate such an operator
is necessary. But, in the case of simple, proximal-friendly functions ℓ and r, the proximal operator
has a closed-form solution and can be computed exactly and sometimes for free. Theorem B.1 gives
the convergence, and proof can be found in Appendix D.2.
Theorem B.1. Let ℓ and r be proximal-friendly and convex functions. Let problem (4) be
solved by Algorithm 8 (Appendix A). Then for γ = 1√

2
·min{1; 1√

λmax(ATA)
}, it holds that

gap(x̄K , z̄K , ȳK) = O(
(1+

√
λmax(ATA))D2

K ), where x̄K , z̄K , ȳK , D2 are defined in Theorem 2.2.

C FAMILY OF REFORMULATIONS

C.1 REFORMULATION WITH AUGMENTATION

Let us consider the augmented version of (4):

min
(x,z)∈Rd+s

max
y∈Rs

[
Laug(x, z, y) := ℓ (z, b) +

∑n
i=1 ri(xi) + yT (

∑n
i=1 Aixi − z) + ρ

2∥
∑n

i=1 Aixi − z∥2
]
,

(8)
where ρ ≥ 0. The statement (8) is classical and is considered in (Boyd et al., 2011). The saddle
point problem (8) can also be solved using the ExtraGradient technique.
Theorem C.1. Let Assumption 2.1 holds. Let problem (8) be solved by Algorithm 9. Then for

γ = 1
4 ·min

{
1; 1

ρ ;
1√

λmax(ATA)
; 1√

ρλmax(ATA)
; 1
ρλmax(ATA)

; 1
Lr

; 1
Lℓ

}
,

it holds that

gapaug(x̄
K , z̄K , ȳK) = O

((
1+ρ+

√
(1+ρ)λmax(ATA)+ρλmax(A

TA)+Lℓ+Lr

)
D2

K

)
,
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Algorithm 9 EGVFL for (8)

1: Input: starting point (x0, z0, y0) ∈ Rd+2s, stepsize γ > 0, regularizer ρ, number of steps K
2: for k = 0 to K − 1 do
3: All devices in parallel send Aix

k
i to first device

4: First device sends yk and
∑n

i=1 Aix
k
i − zk to other devices

5: All devices in parallel update:
x
k+1/2
i = xk

i − γ
(
AT

i y
k +∇ri(x

k
i ) + ρAT

i (
∑n

i=1 Aix
k
i − zk)

)
6: First device updates: zk+1/2 = zk − γ

(
∇ℓ(zk, b)− yk + ρ(zk −

∑n
i=1 Aix

k
i )
)

7: First device updates: yk+1/2 = yk + γ(
∑n

i=1 Aix
k
i − zk)

8: All devices send Aix
k+1/2
i to first device

9: First device sends yk+1/2 and
∑n

i=1 Aix
k+1/2
i − zk+1/2 to other devices

10: All devices in parallel update:
xk+1
i = xk

i − γ(AT
i y

k+1/2 +∇ri(x
k+1/2
i ) + ρAT

i (
∑n

i=1 Aix
k
i − zk))

11: First device: zk+1 = zk − γ(∇ℓ(zk+1/2, b)− yk+1/2 + ρ(zk −
∑n

i=1 Aix
k
i ))

12: First device: yk+1 = yk + γ(
∑n

i=1 Aix
k+1/2
i − zk+1/2)

13: end for

where gapaug(x, z, y) := maxỹ∈Y Laug(x, z, ỹ) − minx̃,z̃∈X ,Z Laug(x̃, z̃, y) and x̄K :=
1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

The proof is postponed to Appendix D.8. The results of Theorem C.1 are no better than Theorem
2.2, and in the case of large ρ are even worse. Based on these guarantees (and they seem reasonable
to us) the use of augmentation with ExtraGradeint in the theory does not give bonuses.

C.2 REFORMULATION WITH DUAL LOSS

The definition of the dual function gives ℓ∗(y, b) = maxx∈Rs{⟨z, y⟩ − ℓ(z, b)}. With small refor-
mulation and z = Ax, we get that ℓ(Ax, b) = maxy∈Rs{⟨y,Ax⟩ − ℓ∗(y, b)}. Then, one can rewrite
(1) as follows,

min
x∈Rd

max
y∈Rs

L̂(x, y) :=

[
−l∗ (y, b) +

n∑
i=1

ri(xi) + yT (
∑n

i=1 Aixi)

]
. (9)

The statement (9) is simpler than (4), since it does not contain additional variables z, but it requires
the existence of a dual function for ℓ. The saddle point problem (9) can also be solved using the
ExtraGradient technique.

Algorithm 10 EGVFL for (9)

1: Input: starting point (x0, y0) ∈ Rd+s, stepsize γ > 0, number of steps K
2: for k = 0 to K − 1 do
3: First device sends yk to other devices
4: All devices in parallel send Aix

k
i to first device

5: All devices in parallel update: xk+1/2
i = xk

i − γ(AT
i y

k +∇ri(x
k
i ))

6: First device updates: yk+1/2 = yk − γ(∇ℓ∗(yk, b)−
∑n

i=1 Aix
k
i )

7: First device sends yk+1/2 to other devices
8: All devices in parallel send Aix

k+1/2
i to first device

9: All devices in parallel update: xk+1
i = xk

i − γ(AT
i y

k+1/2 +∇ri(x
k+1/2
i ))

10: First device updates: yk+1 = yk − γ(∇ℓ∗(yk+1/2, b)−
∑n

i=1 Aix
k+1/2
i )

11: end for
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Theorem C.2. Let l∗ be Lℓ∗ -smooth and convex, r be Lr-smooth and convex. Let problem (9) be
solved by Algorithm 10. Then for

γ = 1
2 ·min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ∗

}
,

it holds that

gap2(x̄
K , ȳK) = O

((
1+

√
λmax(ATA)+Lℓ∗+Lr

)
D̂2

K

)
,

where gap2(x, y) := maxỹ∈Y L̂(x, ỹ) − minx̃∈X L̂(x̃, y) and x̄K := 1
K

∑K−1
k=0 xk+1/2, ȳK :=

1
K

∑K−1
k=0 yk+1/2 and D̂2 := maxx,y∈X ,Y

[
∥x0 − x∥2 + ∥y0 − y∥2

]
.

The proof is postponed to Appendix D.9.

C.3 REFORMULATION WITH DUAL LOSS AND REGULARIZER

If we introduce dual functions for both ℓ and r, then equation 4 can be rewritten as follows

maxy∈Rs

[
−
∑n

i=1 r
∗
i (−AT

i y)− ℓ∗(y, b)
]
. (10)

To prove it, we start from (4)

min
(x,z)∈Rd+s

max
y∈Rs

ℓ (z, b) + r(x) + yT (Ax− z)

= max
y∈Rs

[
min

(x,z)∈Rd+s
[(−⟨z, y⟩+ ℓ(z, b)) + (⟨Ax, y⟩+ r(x))]

]
= max

y∈Rs

[
−max

z∈Rs
(⟨z, y⟩ − ℓ(z, b))− max

x∈Rd

(
⟨−AT y, x⟩ − r(x)

)]
.

Definitions of dual functions: ℓ∗(y, b) = maxz∈Rs{⟨z, y⟩ − ℓ(z, b)} and r∗(−AT y) =
maxx∈Rs{⟨−AT y, x⟩ − r(x)}, give

max
y∈Rs

[
−ℓ∗(y, b)− r∗(−AT y)

]
.

Due to the separability of r, its conjugate is also separable. Hence, we have (10).

In fact (10) is the maximization of a concave function, which is very close to the original formulation
(1). This problem can be solved by distributed variants of GD and not only.
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D MISSING PROOFS

D.1 PROOF OF THEOREM 2.2

Theorem D.1 (Theorem 2.2). Let Assumption 2.1 holds. Let problem equation 4 be solved by
Algorithm 1. Then for

γ = 1
2 ·min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ

}
,

it holds that

gap(x̄K , z̄K , ȳK) = O
(

(1+
√

λmax(ATA)+Lℓ+Lr)D
2

K

)
,

where x̄K := 1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

To prove the convergence it is sufficient to show that the problem is convex–concave (Lemma D.11),
to estimate the Lipschitz constant of gradients and use the general results from (Nemirovski, 2004).
But since proofs of the other algorithms is somewhat similar to proof of the basic algorithm, we
provide the proof of Theorem 2.2 to complete the picture and to move from basic proofs to more
complex ones.

Proof. We start the proof with the following equations on the variables xk+1
i , xk+1/2

i , xk
i and any

xi ∈ Rdi :

∥xk+1
i − xi∥2 = ∥xk

i − xi∥2 + 2⟨xk+1
i − xk

i , x
k+1
i − xi⟩ − ∥xk+1

i − xk
i ∥2,

∥xk+1/2
i − xk+1

i ∥2 = ∥xk
i − xk+1

i ∥2 + 2⟨xk+1/2
i − xk

i , x
k+1/2
i − xk+1

i ⟩ − ∥xk+1/2
i − xk

i ∥2.

Summing up two previous inequalities and making small rearrangements, we get

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

+ 2⟨xk+1
i − xk

i , x
k+1
i − xi⟩+ 2⟨xk+1/2

i − xk
i , x

k+1/2
i − xk+1

i ⟩.

Using that xk+1
i −xk

i = −γ(AT
i y

k+1/2+∇ri(x
k+1/2
i )) and x

k+1/2
i −xk

i = −γ(AT
i y

k+∇ri(x
k
i ))

(see lines 5 and 10 of Algorithm 1), we obtain

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

− 2γ⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ), xk+1

i − xi⟩

− 2γ⟨AT
i y

k +∇ri(x
k
i ), x

k+1/2
i − xk+1

i ⟩

=∥xk
i − xi∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

− 2γ⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨AT
i (y

k+1/2 − yk) +∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

=∥xk
i − xi∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

− 2γ⟨Ai(x
k+1/2
i − xi), y

k+1/2⟩ − 2γ⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨Ai(x
k+1
i − x

k+1/2
i ), yk+1/2 − yk⟩

− 2γ⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩. (11)

Summing over all i from 1 to n, we deduce
n∑

i=1

∥xk+1
i − xi∥2 =

n∑
i=1

∥xk
i − xi∥2 −

n∑
i=1

∥xk+1/2
i − xk

i ∥2 −
n∑

i=1

∥xk+1/2
i − xk+1

i ∥2

− 2γ⟨
n∑

i=1

Ai(x
k+1/2
i − xi), y

k+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩
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− 2γ⟨
n∑

i=1

Ai(x
k+1
i − x

k+1/2
i ), yk+1/2 − yk⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩.

With notation of A = [A1, . . . , Ai, . . . , An] and notation of x = [xT
1 , . . . , x

T
i , . . . , x

T
n ]

T from equa-
tion 1 and equation 2, one can obtain that

∑n
i=1 Aixi = Ax:

∥xk+1 − x∥2 =∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨A(xk+1 − xk+1/2), yk+1/2 − yk⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

=∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨AT (yk+1/2 − yk), xk+1 − xk+1/2⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩.

By Cauchy Schwartz inequality: 2⟨a, b⟩ ≤ η∥a∥2 + 1
η∥b∥

2 with a = AT (yk+1/2 − yk), b =

xk+1/2 − xk+1, η = 2γ and a = ∇ri(x
k+1/2
i )−∇ri(x

k
i ), b = x

k+1/2
i − xk+1

i , η = 2γ, we get

∥xk+1 − x∥2 ≤∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ2∥AT (yk+1/2 − yk)∥2 + 1

2
∥xk+1 − xk+1/2∥2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2 +

1

2

n∑
i=1

∥xk+1
i − x

k+1/2
i ∥2

=∥xk − x∥2 − ∥xk+1/2 − xk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ2∥AT (yk+1/2 − yk)∥2 + 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2. (12)

Using the same steps, one can obtain for z ∈ Rs,

∥zk+1 − z∥2 ≤∥zk − z∥2 − ∥zk+1/2 − zk∥2

+ 2γ⟨yk+1/2, zk+1/2 − z⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩
+ 2γ2∥yk+1/2 − yk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2. (13)

and for all y ∈ Rs,

∥yk+1 − y∥2 ≤∥yk − y∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨
n∑

i=1

Aix
k+1/2
i , yk+1/2 − y⟩
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+ 2γ2∥zk+1/2 − zk∥2 + 2γ2

∥∥∥∥∥
n∑

i=1

Ai(x
k+1/2
i − xk

i )

∥∥∥∥∥
2

=∥yk − y∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩
+ 2γ2∥zk+1/2 − zk∥2 + 2γ2∥A(xk+1/2 − xk)∥2. (14)

Here we also use notation of A and x. Summing up (12), (13) and (14), we obtain

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ
n∑

i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩

+ 2γ2∥AT (yk+1/2 − yk)∥2 + 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2∥A(xk+1/2 − xk)∥2.

Using convexity and Lr-smoothness of the function ri with convexity and Lℓ-smoothness of the
function ℓ (Assumption 2.1), we have

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+ 2γ2∥AT (yk+1/2 − yk)∥+ 2γ2L2

r

n∑
i=1

∥xk+1/2
i − xk

i ∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2L2
ℓ∥zk+1/2 − zk∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2∥A(xk+1/2 − xk)∥2.

Using the definition of λmax(·) as a maximum eigenvalue, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+ 2γ2λmax(AAT )∥yk+1/2 − yk∥+ 2γ2L2

r∥xk+1/2 − xk∥2
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+ 2γ2∥yk+1/2 − yk∥2 + 2γ2L2
ℓ∥zk+1/2 − zk∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2λmax(A
TA)∥xk+1/2 − xk∥2.

With the choice of γ ≤ 1
2 ·min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ

}
, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
=∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

+ 2γ⟨Ax− z, yk+1/2⟩ − 2γ⟨Axk+1/2 − zk+1/2, y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
.

After small rearrangements, we obtain(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
+ ⟨Axk+1/2 − zk+1/2, y⟩ − ⟨Ax− z, yk+1/2⟩

≤ 1

2γ

(
∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1 − x∥2 − ∥zk+1 − z∥2 − ∥yk+1 − y∥2
)
.

Then we sum all over k from 0 to K − 1, divide by K, and have

1

K

K−1∑
k=0

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+

n∑
i=1

1

K

K−1∑
k=0

(
ri(x

k+1/2
i )− ri(xi)

)
+ ⟨A · 1

K

K−1∑
k=0

xk+1/2 − 1

K

K−1∑
k=0

zk+1/2, y⟩ − ⟨Ax− z,
1

K

K−1∑
k=0

yk+1/2⟩

≤ 1

2γK

(
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

− ∥xK − x∥2 − ∥zK − z∥2 − ∥yK − y∥2
)

≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

With Jensen inequality for convex functions ℓ and ri, one can note that

ℓ

(
1

K

K−1∑
k=0

zk+1/2, b

)
≤ 1

K

K−1∑
k=0

ℓ(zk+1/2, b),

ri

(
1

K

K−1∑
k=0

x
k+1/2
i

)
≤ 1

K

K−1∑
k=0

ri(x
k+1/2
i ).

Then, with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , z̄K = 1

K

K−1∑
k=0

zk+1/2, ȳK = 1
K

K−1∑
k=0

yk+1/2, we have

ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩
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≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

Following the definition equation 5, we only need to take the maximum in the variable y ∈ Y and
the minimum in x ∈ X and z ∈ Z .

gap(x̄K , z̄K , ȳK)

= max
y∈Y

L(x̄K , z̄K , y)− min
x,z∈X ,Z

L(x, z, ȳK)

= max
y∈Y

[
ℓ(z̄K , b) +

n∑
i=1

ri(x̄
K
i ) + ⟨Ax̄K − z̄K , y⟩

]

− min
x,z∈X ,Z

[
ℓ(z, b) +

n∑
i=1

ri(xi) + ⟨Ax− z, ȳK⟩

]

= max
y∈Y

max
x,z∈X ,Z

[
ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩

]

≤ 1

2γK
(max
x∈X

∥x0 − x∥2 +max
z∈Z

∥z0 − z∥2 +max
y∈Y

∥y0 − y∥2).

(15)

To complete the proof in the cases equation 15 , it remains to put γ = 1
2 ·

min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ

}
.

D.2 PROOF OF THEOREM B.1

Theorem D.2 (Theorem B.1). Let ℓ and r be proximal-friendly and convex functions. Let problem
(4) be solved by Algorithm 8 (Appendix A). Then for

γ = 1√
2
·min

{
1; 1√

λmax(ATA)

}
,

it holds that

gap(x̄K , z̄K , ȳK) = O
(

(1+
√

λmax(ATA))D2

K

)
,

where x̄K := 1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

Before we start proving Theorem B.1, we need a small lemma concerning the proximal operator.

Lemma D.3. Let h be convex and z+ = proxγh(z) with some γ > 0. Then for all x ∈ Rd the
following inequality holds

⟨z+ − z, x− z+⟩ ≥ γ
(
h(z+)− h(x)

)
.

Proof of Lemma D.3. We use convexity of the function γh and get for any h′(z+) ∈ ∂h(z+)

γ(h(x)− h(z+))− ⟨h′(z+), x− z+⟩ ≥ 0.

With definition of the proximal operator and the optimality condition, one can note that z − z+ ∈
γ∂h(z+). The only thing left to do is to take γh′(z+) = z − z+ and finish the proof.

Proof of Theorem B.1. By Lemma D.3 for convex function h = ri, z+ = xk+1
i , z = xk

i −
γAT

i y
k+1/2 (see line 10 of Algorithm 8) and x = xi ∈ Rdi , we get

⟨xk+1
i − xk

i + γAT
i y

k+1/2, xi − xk+1
i ⟩ ≥ γ

(
ri(x

k+1
i )− ri(xi)

)
,
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and for z+ = x
k+1/2
i , z = xk

i − γAT
i y

k (see line 10 of Algorithm 8), x = xk+1
i ,

⟨xk+1/2
i − xk

i + γAT
i y

k,xk+1
i − x

k+1/2
i ⟩ ≥ γ

(
ri(x

k+1/2
i )− ri(x

k+1
i )

)
.

Summing up two previous inequalities, we get

⟨xk+1
i − xk

i + γAT
i y

k+1/2, xi − xk+1
i ⟩+ ⟨xk+1/2

i − xk
i + γAT

i y
k, xk+1

i − x
k+1/2
i ⟩

≥ γ
(
ri(x

k+1/2
i )− ri(xi)

)
.

After small rearrangements and multiplying by 2, we have

2⟨xk+1
i − xk

i , xi − xk+1
i ⟩+ 2⟨xk+1/2

i − xk
i , x

k+1
i − x

k+1/2
i ⟩

+ 2γ⟨AT
i y

k+1/2, xi − x
k+1/2
i ⟩+ 2γ⟨AT

i (y
k+1/2 − yk), x

k+1/2
i − xk+1

i ⟩

≥ 2γ
(
ri(x

k+1/2
i )− ri(xi)

)
.

For the first line we use identity 2⟨a, b⟩ = ∥a+ b∥2 − ∥a∥2 − ∥b∥2, and get(
∥xk

i − xi∥2 − ∥xk+1
i − xi∥2 − ∥xk+1

i − xk
i ∥2
)

+
(
∥xk+1

i − xk
i ∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1

i − x
k+1/2
i ∥2

)
+ 2γ⟨AT

i y
k+1/2, xi − x

k+1/2
i ⟩+ 2γ⟨AT

i (y
k+1/2 − yk), x

k+1/2
i − xk+1

i ⟩

≥ 2γ
(
ri(x

k+1/2
i )− ri(xi)

)
.

A small rearrangement gives

∥xk+1
i − xi∥2 ≤∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1
i − x

k+1/2
i ∥2

+ 2γ⟨AT
i y

k+1/2, xi − x
k+1/2
i ⟩

+ 2γ⟨AT
i (y

k+1/2 − yk), x
k+1/2
i − xk+1

i ⟩ − 2γ
(
ri(x

k+1/2
i )− ri(xi)

)
=∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1
i − x

k+1/2
i ∥2

+ 2γ⟨Ai(xi − x
k+1/2
i ), yk+1/2⟩

+ 2γ⟨Ai(x
k+1/2
i − xk+1

i ), yk+1/2 − yk⟩ − 2γ
(
ri(x

k+1/2
i )− ri(xi)

)
.

Summing over all i from 1 to n, we deduce
n∑

i=1

∥xk+1
i − xi∥2 ≤

n∑
i=1

∥xk
i − xi∥2 −

n∑
i=1

∥xk+1/2
i − xk

i ∥2 −
n∑

i=1

∥xk+1
i − x

k+1/2
i ∥2

+ 2γ⟨
n∑

i=1

Ai(xi − x
k+1/2
i ), yk+1/2⟩

+ 2γ⟨
n∑

i=1

Ai(x
k+1/2
i − xk+1

i ), yk+1/2 − yk⟩ − 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
.

With notation of A = [A1, . . . , Ai, . . . , An] and notation of x = [xT
1 , . . . , x

T
i , . . . , x

T
n ]

T from (1)
and (2), one can obtain that

∑n
i=1 Aixi = Ax:

∥xk+1 − x∥2 ≤∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1 − xk+1/2∥2

+ 2γ⟨A(x− xk+1/2), yk+1/2⟩

+ 2γ⟨A(xk+1/2 − xk+1), yk+1/2 − yk⟩ − 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
=∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1 − xk+1/2∥2

28



1491
1492
1493
1494
1495
1496
1497
1498
1499
1500
1501
1502
1503
1504
1505
1506
1507
1508
1509
1510
1511
1512
1513
1514
1515
1516
1517
1518
1519
1520
1521
1522
1523
1524
1525
1526
1527
1528
1529
1530
1531
1532
1533
1534
1535
1536
1537
1538
1539
1540
1541
1542
1543
1544

Under review as a conference paper at ICLR 2025

+ 2γ⟨A(x− xk+1/2), yk+1/2⟩

+ 2γ⟨AT (yk+1/2 − yk), xk+1/2 − xk+1⟩ − 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
.

By Cauchy Schwartz inequality: 2⟨a, b⟩ ≤ η∥a∥2 + 1
η∥b∥

2 with a = AT (yk+1/2 − yk), b =

xk+1/2 − xk+1 and η = γ, we get

∥xk+1 − x∥2 ≤∥xk − x∥2 − ∥xk+1/2 − xk∥2

+ 2γ⟨A(x− xk+1/2), yk+1/2⟩

+ γ∥AT (yk+1/2 − yk)∥2 − 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
. (16)

Using the same steps, one can obtain for z ∈ Rs,

∥zk+1 − z∥2 ≤∥zk − z∥2 − ∥zk+1/2 − zk∥2

− 2γz⟨yk+1/2, z − zk+1/2⟩

+ γ2
z∥yk+1/2 − yk∥2 − 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
, (17)

and for all y ∈ Rs,

∥yk+1 − y∥2 ≤∥yk − y∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨
n∑

i=1

Aix
k+1/2
i − zk+1/2, y − yk+1/2⟩

+ γ2

∥∥∥∥∥
n∑

i=1

Ai(x
k+1/2
i − xk

i )− (zk+1/2 − zk)

∥∥∥∥∥
2

=∥yk − y∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨Axk+1/2 − zk+1/2, y − yk+1/2⟩
+ γ2∥A(xk+1/2 − xk)− (zk+1/2 − zk)∥2. (18)

Here we also use notation of A and x. Summing up (16), (17) and (18), we obtain

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

+ 2γ⟨A(x− xk+1/2), yk+1/2⟩ − 2γ⟨yk+1/2, z − zk+1/2⟩
− 2γ⟨Axk+1/2 − zk+1/2, y − yk+1/2⟩
+ γ2∥AT (yk+1/2 − yk)∥2 + γ2∥yk+1/2 − yk∥2

+ γ2
∥∥∥A(xk+1/2 − xk)− (zk+1/2 − zk)

∥∥∥2
− 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
.

Again by Cauchy Schwartz inequality: ∥a − b∥2 ≤ 2∥a∥2 + 2∥b∥2 with a = A(xk+1/2 − xk),
b = γ(zk+1/2 − zk), we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

+ 2γ⟨A(x− xk+1/2), yk+1/2⟩ − 2γ⟨yk+1/2, z − zk+1/2⟩
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− 2γ⟨Axk+1/2 − zk+1/2, y − yk+1/2⟩
+ γ2∥AT (yk+1/2 − yk)∥2 + γ2∥yk+1/2 − yk∥2

+ 2γ2
∥∥∥A(xk+1/2 − xk)

∥∥∥2 + 2γ2
∥∥∥zk+1/2 − zk

∥∥∥2
− 2γ

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
.

Using the definition of λmax(·) as a maximum eigenvalue, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

+ 2⟨Ã(x− xk+1/2), yk+1/2⟩ − 2γ⟨yk+1/2, z − zk+1/2⟩
− 2γ⟨Axk+1/2 − zk+1/2, y − yk+1/2⟩
+ λmax(AAT )∥yk+1/2 − yk∥2 + γ2∥yk+1/2 − yk∥2

+ 2λmax(A
TA)γ2

∥∥∥xk+1/2 − xk
∥∥∥2 + 2γ2

∥∥∥zk+1/2 − zk
∥∥∥2

− 2γ
(
ℓ(zk+1/2, b)− ℓ(z, b)

)
− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
.

With the choice of γ ≤ 1√
2
·min

{
1; 1√

λmax(ATA)

}
, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

+ 2γ⟨A(x− xk+1/2), yk+1/2⟩ − 2γ⟨yk+1/2, z − zk+1/2⟩
− 2γ⟨Axk+1/2 − zk+1/2, y − yk+1/2⟩

− 2γ
(
ℓ(zk+1/2, b)− ℓ(z, b)

)
− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
=∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

+ 2γ⟨Ax− z, yk+1/2⟩ − 2γ⟨Axk+1/2 − zk+1/2, y⟩

− 2γ
(
ℓ(zk+1/2, b)− ℓ(z, b)

)
− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
.

After small rearrangements, we obtain(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
+ ⟨Axk+1/2 − zk+1/2, y⟩ − ⟨Ax− z, yk+1/2⟩

≤ 1

2γ

(
∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1 − x∥2 − ∥zk+1 − z∥2 − ∥yk+1 − y∥2
)
.

Then we sum all over k from 0 to K − 1, divide by K, and have

1

K

K−1∑
k=0

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+

n∑
i=1

1

K

K−1∑
k=0

(
ri(x

k+1/2
i )− ri(xi)

)
+ ⟨A · 1

K

K−1∑
k=0

xk+1/2 − 1

K

K−1∑
k=0

zk+1/2, y⟩ − ⟨Ax− z,
1

K

K−1∑
k=0

yk+1/2⟩
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≤ 1

2γK

(
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

− ∥xK − x∥2 − ∥zK − z∥2 − ∥yK − y∥2
)

≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

With Jensen inequality for convex functions ℓ and ri, one can note that

ℓ

(
1

K

K−1∑
k=0

zk+1/2, b

)
≤ 1

K

K−1∑
k=0

ℓ(zk+1/2, b),

ri

(
1

K

K−1∑
k=0

x
k+1/2
i

)
≤ 1

K

K−1∑
k=0

ri(x
k+1/2
i ).

Then, with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , z̄K = 1

K

K−1∑
k=0

zk+1/2, ȳK = 1
K

K−1∑
k=0

yk+1/2, we have

ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩

≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

To complete the proof of the theorem, it is sufficient to do the same steps as when obtaining (15).

Finally, we need to put γ = 1√
2
·min

{
1; 1√

λmax(ATA)

}
.

D.3 PROOF OF THEOREM 3.2

Theorem D.4 (Theorem 3.2). Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 2
with operators and Q, which satisfy Definition 3.1. Then for τ = 1− p and

γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
ω[λmax(AAT )+I(diff. seed)maxi{λmax(AiAT

i )}] ;
√

1−τ
ωλmax(AAT )

;
}
,

it holds that

Egap(x̄K , z̄K , ȳK) = O
(
[1 +

√
ω
p (
√

λmax(AAT )) + Lℓ + Lr] · D2

K

+
√

ω
p I(diff. seed) max

i=1,...,n
{
√

λmax(AiAT
i )} · D2

K

)
,

where the indicator function I(diff. seed) is responsible for whether the different or same ran-
dom seed is used on all devices, x̄K := 1

K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK :=

1
K

∑K−1
k=0 yk+1/2 and D2 := maxx,z,y∈X ,Z,Y

[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

Proof. We start the proof with the following equations on the variables xk+1
i , xk+1/2

i , xk
i and any

xi ∈ Rdi :

∥xk+1
i − xi∥2 = ∥xk

i − xi∥2 + 2⟨xk+1
i − xk

i , x
k+1
i − xi⟩ − ∥xk+1

i − xk
i ∥2,

∥xk+1/2
i − xk+1

i ∥2 = ∥xk
i − xk+1

i ∥2 + 2⟨xk+1/2
i − xk

i , x
k+1/2
i − xk+1

i ⟩ − ∥xk+1/2
i − xk

i ∥2.

Summing up two previous inequalities and making small rearrangements, we get

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

+ 2⟨xk+1
i − xk

i , x
k+1
i − xi⟩+ 2⟨xk+1/2

i − xk
i , x

k+1/2
i − xk+1

i ⟩.
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Using that xk+1
i − xk

i = (1 − τ)(wk
i − xk

i ) − γ(AT
i [Q(yk+1/2 − uk) + uk] +∇ri(x

k+1/2
i )) and

x
k+1/2
i − xk

i = (1− τ)(wk
i − xk

i )− γ(AT
i u

k +∇ri(x
k
i )), we obtain

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

+ 2(1− τ)⟨wk
i − xk

i , x
k+1
i − xi⟩

− 2γ⟨AT
i [Q(yk+1/2 − uk) + uk] +∇ri(x

k+1/2
i ), xk+1

i − xi⟩

+ 2(1− τ)⟨wk
i − xk

i , x
k+1/2
i − xk+1

i ⟩

− 2γ⟨AT
i u

k +∇ri(x
k
i ), x

k+1/2
i − xk+1

i ⟩

=∥xk
i − xi∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

+ 2(1− τ)⟨wk
i − xk

i , x
k+1/2
i − xi⟩

− 2γ⟨AT
i [Q(yk+1/2 − uk) + uk] +∇ri(x

k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ⟨AT
i [Q(yk+1/2 − uk)] +∇ri(x

k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩

=∥xk
i − xi∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

+ 2(1− τ)⟨wk
i − x

k+1/2
i , x

k+1/2
i − xi⟩

+ 2(1− τ)⟨xk+1/2
i − xk

i , x
k+1/2
i − xi⟩

− 2γ⟨AT
i [Q(yk+1/2 − uk) + uk] +∇ri(x

k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ⟨AT
i [Q(yk+1/2 − uk)] +∇ri(x

k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩.

For the second and third lines we use identity 2⟨a, b⟩ = ∥a+ b∥2 − ∥a∥2 − ∥b∥2, and get

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

+ (1− τ)(∥wk
i − xi∥2 − ∥wk

i − x
k+1/2
i ∥2 − ∥xk+1/2

i − xi∥2)

+ (1− τ)(∥xk+1/2
i − xk

i ∥2 + ∥xk+1/2
i − xi∥2 − ∥xk

i − xi∥2)

− 2γ⟨AT
i [Q(yk+1/2 − uk) + uk] +∇ri(x

k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ⟨AT
i [Q(yk+1/2 − uk)] +∇ri(x

k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩ (19)

=τ∥xk
i − xi∥2 + (1− τ)∥wk

i − xi∥2

− τ∥xk+1/2
i − xk

i ∥2 − (1− τ)∥wk
i − x

k+1/2
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

− 2γ⟨Ai(x
k+1/2
i − xi), y

k+1/2⟩ − 2γ⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨Ai(x
k+1/2
i − xi), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+ 2γ⟨Ai(x
k+1/2
i − xk+1

i ), Q(yk+1/2 − uk)⟩

+ 2γ⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩.
Summing over all i from 1 to n and using the notation of A = [A1, . . . , Ai, . . . , An], x =
[xT

1 , . . . , x
T
i , . . . , x

T
n ]

T , w = [wT
1 , . . . , w

T
i , . . . , w

T
n ]

T , we deduce

∥xk+1 − x∥2 =τ∥xk − x∥2 + (1− τ)∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨A(xk+1/2 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
+ 2γ⟨A(xk+1/2 − xk+1), Q(yk+1/2 − uk)⟩

+ 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩
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=τ∥xk − x∥2 + (1− τ)∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨A(xk+1/2 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
+ 2γ⟨ATQ(yk+1/2 − uk), xk+1/2 − xk+1⟩

+ 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩.

By simple fact: 2⟨a, b⟩ ≤ η∥a∥2+ 1
η∥b∥

2 with a = ATQ(yk+1/2−uk), b = xk+1/2−xk+1, η = 2γ

and a = ∇ri(x
k+1/2
i )−∇ri(x

k
i ), b = x

k+1/2
i − xk+1

i , η = 2γ, we get

∥xk+1 − x∥2 ≤τ∥xk − x∥2 + (1− τ)∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨A(xk+1/2 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+ 2γ2∥ATQ(yk+1/2 − uk)∥2 + 1

2
∥xk+1/2 − xk+1∥2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2 +

1

2
∥xk+1/2 − xk+1∥2.

Adding to the both sides ∥wk+1 − x∥2, one can obtain

∥xk+1 − x∥2 + ∥wk+1 − x∥2

≤∥xk − x∥2 + ∥wk − x∥2

− (1− τ)∥xk − x∥2 − τ∥wk − x∥2 + ∥wk+1 − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨A(xk+1/2 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
+ 2γ2∥ATQ(yk+1/2 − uk)∥2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(w

k
i )∥2

=∥xk − x∥2 + ∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− (1− τ)∥xk∥2 − τ∥wk∥2 + ∥wk+1∥2

+ 2⟨(1− τ)xk + τwk − wk+1, x⟩
− 2γ⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
− 2γ⟨A(x0 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
+ 2γ2∥ATQ(yk+1/2 − uk)∥2

33



1761
1762
1763
1764
1765
1766
1767
1768
1769
1770
1771
1772
1773
1774
1775
1776
1777
1778
1779
1780
1781
1782
1783
1784
1785
1786
1787
1788
1789
1790
1791
1792
1793
1794
1795
1796
1797
1798
1799
1800
1801
1802
1803
1804
1805
1806
1807
1808
1809
1810
1811
1812
1813
1814

Under review as a conference paper at ICLR 2025

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2. (20)

Using the same steps, one can obtain for z ∈ Rs,

∥zk+1 − z∥2 ≤∥zk − z∥2 − ∥zk+1/2 − zk∥2

+ 2γ⟨yk+1/2, zk+1/2 − z⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩
+ 2γ2∥yk+1/2 − yk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2. (21)

and for all y ∈ Rs,

∥yk+1 − y∥2 + ∥uk+1 − y∥2

≤∥yk − y∥2 + ∥uk − y∥2

− τ∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨
n∑

i=1

Aix
k+1/2
i , yk+1/2 − y⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩

− (1− τ)∥yk∥2 − τ∥uk∥2 + ∥yk+1∥2

+ 2⟨(1− τ)yk + τuk − uk+1, y⟩

+ 2γ2∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2 + 2γ2∥zk+1/2 − zk∥2. (22)

Summing up (20), (21) and (22), we obtain

∥xk+1 − x∥2 + ∥wk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2 + ∥uk+1 − y∥2

≤∥xk − x∥2 + ∥wk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2 + ∥uk − y∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥zk+1/2 − zk∥2

− τ∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩

− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨
n∑

i=1

Aix
k+1/2
i , yk+1/2 − y⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩

− (1− τ)∥xk∥2 − τ∥wk∥2 + ∥wk+1∥2

+ 2⟨(1− τ)xk + τwk − wk+1, x⟩
− (1− τ)∥yk∥2 − τ∥uk∥2 + ∥yk+1∥2

+ 2⟨(1− τ)yk + τuk − uk+1, y⟩
− 2γ⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
− 2γ⟨A(x0 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩
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+ 2γ2∥ATQ(yk+1/2 − uk)∥2 + 2γ2∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2 + 2γ2∥yk+1/2 − yk∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2.

After small rearrangements, we have

2γ

[
⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩+

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ ⟨Axk+1/2 − zk+1/2, y⟩ − ⟨Ax− z, yk+1/2⟩
]

≤ ∥xk − x∥2 + ∥wk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2 + ∥uk − y∥2

−
(
∥xk+1 − x∥2 + ∥wk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2 + ∥uk+1 − y∥2

)
− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥zk+1/2 − zk∥2

− τ∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

− (1− τ)∥xk∥2 − τ∥wk∥2 + ∥wk+1∥2

+ 2⟨(1− τ)xk + τwk − wk+1, x⟩
− (1− τ)∥yk∥2 − τ∥uk∥2 + ∥yk+1∥2

+ 2⟨(1− τ)yk + τuk − uk+1, y⟩
− 2γ⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
− 2γ⟨A(x0 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩

+ 2γ2∥ATQ(yk+1/2 − uk)∥2 + 2γ2∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2 + 2γ2∥yk+1/2 − yk∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2.

Using convexity and Lr-smoothness of the function ri with convexity and Lℓ-smoothness of the
function ℓ (Assumption 2.1), we have

2γ

[
ℓ(zk+1/2, b)− ℓ(z, b) +

n∑
i=1

ri(x
k+1/2
i )− ri(xi)

+ ⟨Axk+1/2 − zk+1/2, y⟩ − ⟨Ax− z, yk+1/2⟩
]

≤ ∥xk − x∥2 + ∥wk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2 + ∥uk − y∥2

−
(
∥xk+1 − x∥2 + ∥wk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2 + ∥uk+1 − y∥2

)
− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥zk+1/2 − zk∥2

− τ∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

− (1− τ)∥xk∥2 − τ∥wk∥2 + ∥wk+1∥2
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+ 2⟨(1− τ)xk + τwk − wk+1, x⟩
− (1− τ)∥yk∥2 − τ∥uk∥2 + ∥yk+1∥2

+ 2⟨(1− τ)yk + τuk − uk+1, y⟩
− 2γ⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
− 2γ⟨A(x0 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+ 2γ⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩

+ 2γ2∥ATQ(yk+1/2 − uk)∥2 + 2γ2∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+ 2γ2L2
r∥xk+1/2 − xk∥2 + 2γ2∥yk+1/2 − yk∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2L2
ℓ∥zk+1/2 − zk∥2.

Then we sum all over k from 0 to K − 1, divide by K, use Jensen inequality for convex functions ℓ

and ri with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , z̄K = 1

K

K−1∑
k=0

zk+1/2, ȳK = 1
K

K−1∑
k=0

yk+1/2, and have

2γ

[
ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩

]
≤ 1

K

(
∥x0 − x∥2 + ∥w0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2 + ∥u0 − y∥2

)
− 1

K

(
∥xK − x∥2 + ∥wK − x∥2 + ∥zK − z∥2 + ∥yK − y∥2 + ∥uK − y∥2

)
− τ

K

K−1∑
k=0

∥xk+1/2 − xk∥2 − 1− τ

K

K−1∑
k=0

∥wk − xk+1/2∥2 − 1

K

K−1∑
k=0

∥zk+1/2 − zk∥2

− τ

K

K−1∑
k=0

∥yk+1/2 − yk∥2 − 1− τ

K

K−1∑
k=0

∥uk − yk+1/2∥2

+
1

K

K−1∑
k=0

[
∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2

]
+

2

K

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

+
1

K

K−1∑
k=0

[
∥yk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2

]
+

2

K

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩

− 2γ

K

K−1∑
k=0

⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

− 2γ

K

K−1∑
k=0

⟨A(x0 − x), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+
2γ

K

K−1∑
k=0

⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩
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+
2γ

K

K−1∑
k=0

⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩

+
2γ2

K

K−1∑
k=0

∥ATQ(yk+1/2 − uk)∥2 + 2γ2

K

K−1∑
k=0

∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
2γ2L2

r

K

K−1∑
k=0

∥xk+1/2 − xk∥2 + 2γ2

K

K−1∑
k=0

∥yk+1/2 − yk∥2

+
2γ2

K

K−1∑
k=0

∥zk+1/2 − zk∥2 + 2γ2L2
ℓ

K

K−1∑
k=0

∥zk+1/2 − zk∥2.

As in (15) we pass to the gap criterion by taking the maximum in y ∈ Y and the minimum in x ∈ X
and z ∈ Z . Additionally, we also take the mathematical expectation
2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
max
x∈X

∥x0 − x∥2 +max
x∈X

∥w0 − x∥2 +max
z∈Z

∥z0 − z∥2

+max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

− τ

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

− τ

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
1

K

K−1∑
k=0

E∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2

+
2

K
Emax

x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

+
1

K

K−1∑
k=0

E∥yk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2

+
2

K
Emax

y∈Y

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩

− 2γ

K

K−1∑
k=0

E⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+
2γ

K
· Emax

x∈X

K−1∑
k=0

⟨A(x− x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩

+
2γ

K

K−1∑
k=0

E⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+
2γ

K
· Emax

y∈Y

K−1∑
k=0

⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩

+
2γ2

K

K−1∑
k=0

E∥ATQ(yk+1/2 − uk)∥2 + 2γ2

K

K−1∑
k=0

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2
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+
2γ2L2

r

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 + 2γ2

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

+
2γ2

K

K−1∑
k=0

E∥zk+1/2 − zk∥2 + 2γ2L2
ℓ

K

K−1∑
k=0

E∥zk+1/2 − zk∥2. (23)

Next, we work with the terms of (23) separately. Using that 1− τ = p and lines 11 – 19, we get

E∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2

= EEbk

[
∥wk+1∥2

]
− (1− τ)∥xk∥2 − τ∥wk∥2

= Ep∥xk∥2 + (1− p)∥wk∥2 − (1− τ)∥xk∥2 − τ∥wk∥2 = 0. (24)

The same way we can obtain

E∥uk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2 = 0. (25)

With 1− τ = p, one can also note

Emax
x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩ =Emax
x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩+ 0

=Emax
x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

+ E
K−1∑
k=0

⟨(1− τ)xk + τwk − Ebk [w
k+1],−x0⟩

=Emax
x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x− x0⟩.

By Cauchy Schwartz inequality: 2⟨a, b⟩ ≤ η∥a∥2 + 1
η∥b∥

2 with a =
∑K−1

k=0 [(1 − τ)xk + τwk −
wk+1], b = x− x0 and η = 1

4 , one can obtain

Emax
x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

≤ Emax
x∈X

[
1

8
∥
K−1∑
k=0

[(1− τ)xk + τwk − wk+1]∥2 + 2∥x− x0∥2
]

= Emax
x∈X

2∥x− x0∥2 + E
1

8
∥
K−1∑
k=0

[(1− τ)xk + τwk − wk+1]∥2

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

E∥(1− τ)xk + τwk − wk+1∥2

+
1

4

∑
k1<k2

E⟨(1− τ)xk1 + τwk1 − wk1+1, (1− τ)xk2 + τwk2 − wk2+1⟩

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

E∥(1− τ)xk + τwk − wk+1∥2

+
1

4

∑
k1<k2

E⟨(1− τ)xk1 + τwk1 − wk1+1,Ebk2
[(1− τ)xk2 + τwk2 − wk2+1]⟩

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

E∥(1− τ)xk + τwk − wk+1∥2
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= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

E∥Ebk [w
k+1]− wk+1∥2

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

EEbk [∥wk+1∥2]− ∥Ebk [w
k+1]∥2

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

EEbk [∥wk+1∥2]− ∥Ebk [w
k+1]∥2

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

Eτ∥wk∥2 + (1− τ)∥xk∥2 − ∥(1− τ)xk + τwk∥2

= Emax
x∈X

2∥x− x0∥2 + 1

8

K−1∑
k=0

Eτ(1− τ)∥wk − xk∥2. (26)

Making the same steps, one can get

Emax
y∈Y

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩

≤ Emax
y∈Y

2∥y − y0∥2 + 1

8

K−1∑
k=0

Eτ(1− τ)∥uk − yk∥2. (27)

With unbiasedness of Q, we have

E⟨A(xk+1/2 − x0), Q(yk+1/2 − uk)− yk+1/2 + uk⟩
= E⟨A(xk+1/2 − x0),EQ[Q(yk+1/2 − uk)]− yk+1/2 + uk⟩ = 0. (28)

And

E⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩ = 0. (29)

Also with Cauchy Schwartz inequality: 2⟨a, b⟩ ≤ η∥a∥2+ 1
η∥b∥

2 with a =
∑K−1

k=0 AT [Q(yk+1/2−
uk)− yk+1/2 + uk], b = x− x0 and η = γ, one can obtain

Emax
x∈X

K−1∑
k=0

⟨x− x0, ATQ(yk+1/2 − uk)− yk+1/2 + uk⟩

≤ Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2
∥
K−1∑
k=0

AT [Q(yk+1/2 − uk)− yk+1/2 + uk]∥2

= Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

K−1∑
k=0

∥AT [Q(yk+1/2 − uk)− yk+1/2 + uk]∥2

+ Eγ
∑

k1<k2

⟨AT [Q(yk1+1/2 − uk1)− yk1+1/2 + uk1 ], AT [Q(yk2+1/2 − uk2)− yk2+1/2 + uk2 ]⟩

= Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

K−1∑
k=0

∥AT [Q(yk+1/2 − uk)− yk+1/2 + uk]∥2

+ Eγ
∑

k1<k2

⟨AT [Q(yk1+1/2 − uk1)− yk1+1/2 + uk1 ], ATEQk2
[Q(yk2+1/2 − uk2)− yk2+1/2 + uk2 ]⟩

= Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

K−1∑
k=0

∥AT [Q(yk+1/2 − uk)− yk+1/2 + uk]∥2

= Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

K−1∑
k=0

EQ

[
∥AT [Q(yk+1/2 − uk)]− EQ[A

T [Q(yk+1/2 − uk)]]∥2
]
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≤ Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

K−1∑
k=0

∥AT [Q(yk+1/2 − uk)]∥2. (30)

The same way one can note that

Emax
y∈Y

K−1∑
k=0

⟨
n∑

i=1

[Q(Aix
k+1/2
i −Aiw

k
i ) +Aiw

k
i −Aix

k+1/2
i ], y0 − y⟩

≤ Emax
y∈Y

1

2γ
∥y0 − y∥2 + E

γ

2

K−1∑
k=0

∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2. (31)

Combining (23) with (24), (25), (26), (27), (28), (29), (30), (31), we obtain

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
max
x∈X

∥x0 − x∥2 +max
x∈X

∥w0 − x∥2 +max
z∈Z

∥z0 − z∥2

+max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

− τ

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

− τ

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
4

K
Emax

x∈X
∥x− x0∥2 + 1

4K

K−1∑
k=0

Eτ(1− τ)∥wk − xk∥2

+
4

K
Emax

y∈Y
∥y − y0∥2 + 1

4K

K−1∑
k=0

Eτ(1− τ)∥uk − yk∥2

+
1

K
Emax

x∈X
∥x0 − x∥2 + γ2

K
E
K−1∑
k=0

∥AT [Q(yk+1/2 − uk)]∥2

+
1

K
Emax

y∈Y
∥y0 − y∥2 + γ2

K
E
K−1∑
k=0

∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
3γ2

K

K−1∑
k=0

E∥ATQ(yk+1/2 − uk)∥2 + 3γ2

K

K−1∑
k=0

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
2γ2L2

r

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 + 2γ2

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

+
2γ2

K

K−1∑
k=0

E∥zk+1/2 − zk∥2 + 2γ2L2
ℓ

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

− τ

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

K

K−1∑
k=0

E∥wk − xk+1/2∥2
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− 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

− τ

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
1

4K

K−1∑
k=0

Eτ(1− τ)∥wk − xk∥2 + 1

4K

K−1∑
k=0

Eτ(1− τ)∥uk − yk∥2

+
3γ2

K

K−1∑
k=0

E∥ATQ(yk+1/2 − uk)∥2 + 3γ2

K

K−1∑
k=0

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
2γ2L2

r

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 + 2γ2

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

+
2γ2(1 + L2

ℓ)

K

K−1∑
k=0

E∥zk+1/2 − zk∥2.

Applying Cauchy Schwartz inequality and using that τ ≤ 1, we get

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

− τ

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

− τ

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
1

2K

K−1∑
k=0

E(1− τ)∥wk − xk+1/2∥2 + 1

2K

K−1∑
k=0

E(1− τ)∥xk+1/2 − xk∥2

+
1

2K

K−1∑
k=0

E(1− τ)∥uk − yk+1/2∥2 + 1

2K

K−1∑
k=0

E(1− τ)∥yk+1/2 − yk∥2

+
3γ2

K

K−1∑
k=0

E∥ATQ(yk+1/2 − uk)∥2 + 3γ2

K

K−1∑
k=0

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
2γ2L2

r

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 + 2γ2

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

+
2γ2(1 + L2

ℓ)

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

=
1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)
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−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

2K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

2K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
3γ2

K

K−1∑
k=0

E∥ATQ(yk+1/2 − uk)∥2 + 3γ2

K

K−1∑
k=0

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2.

(32)

Using the notation of λmax(·) as a maximum eigenvalue and the definition of unbiased compression,
we get

E∥ATQ(yk+1/2 − uk)∥2 ≤λmax(AAT )E∥Q(yk+1/2 − uk)∥2

≤λmax(AAT )ωE∥yk+1/2 − uk∥2.

For E∥
∑n

i=1 Q(Aix
k+1/2
i −Aiw

k
i )∥2 we have two options. If

∑n
i=1 Q(Aix

k+1/2
i − Aiw

k
i ) =

Q(
∑n

i=1[Aix
k+1/2
i −Aiw

k
i ]) = Q(Axk+1/2 −Awk), then

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2 =E∥Q(Axk+1/2 −Awk)∥2

≤ωE∥A(xk+1/2 − wk)∥2

≤λmax(A
TA)ωE∥xk+1/2 − wk∥2.

If
∑n

i=1 Q(Aix
k+1/2
i −Aiw

k
i ) ̸= Q(

∑n
i=1[Aix

k+1/2
i −Aiw

k
i ]), but Q are independent, then

E∥
n∑

i=1

Q(Aix
k+1/2
i −Aiw

k
i )∥2

=

n∑
i=1

E∥Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
∑
i ̸=j

E⟨Q(Aix
k+1/2
i −Aiw

k
i ), Q(Ajx

k+1/2
j −Ajw

k
j )⟩

=

n∑
i=1

E∥Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
∑
i ̸=j

E⟨EQi
[Q(Aix

k+1/2
i −Aiw

k
i )],EQj

[Q(Ajx
k+1/2
j −Ajw

k
j )]⟩

=

n∑
i=1

E∥Q(Aix
k+1/2
i −Aiw

k
i )∥2

+
∑
i ̸=j

E⟨Aix
k+1/2
i −Aiw

k
i , Ajx

k+1/2
j −Ajw

k
j ⟩

=

n∑
i=1

E∥Q(Aix
k+1/2
i −Aiw

k
i )∥2

+ E∥
n∑

i=1

[Aix
k+1/2
i −Aiw

k
i ]∥2 −

n∑
i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2

≤ ω

n∑
i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2 + E∥A(xk+1/2 − wk)∥2
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≤ ω

n∑
i=1

λmax(A
T
i Ai)E∥xk+1/2

i − wk
i ∥2 + λmax(A

TA)E∥xk+1/2 − wk∥2

≤ ωmax
i

{
λmax(A

T
i Ai)

} n∑
i=1

E∥xk+1/2
i − wk

i ∥2 + λmax(A
TA)E∥xk+1/2 − wk∥2

=
(
ωmax

i

{
λmax(A

T
i Ai)

}
+ λmax(A

TA)
)
E∥xk+1/2 − wk∥2.

Let us introduce

χcompress =

{
ωλmax(A

TA),

ωmaxi
{
λmax(A

T
i Ai)

}
+ λmax(A

TA),

depending on the case Q we consider. Let us return to (32) and obtain

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2

−
(
1− τ

2
− 3χcompressγ

2

)
1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

−
(
1− τ

2
− 3λmax(AAT )ωγ2

)
1

K

K−1∑
k=0

E∥uk − yk+1/2∥2.

If we choose τ ≥ 1
2 and γ as follows

γ ≤ 1

4
min

{
1;

1

Lr
;
1

Lℓ
;

√
1− τ

χcompress
;

√
1− τ

ωλmax(AAT )
;

}
,

then one can obtain

Egap(x̄K , z̄K , ȳK) ≤ 1

2γK

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)
.

With γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
χcompress

;
√

1−τ
ωλmax(AAT )

;
}

, we finish the proof.

D.4 PROOF OF THEOREM 3.4

Theorem D.5 (Theorem 3.4). Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 3
(Appendix A) with operators and C, which satisfy Definition 3.3. Then for τ = 1− p and

γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
δ2[λmax(AAT )+n·maxi{λmax(AiAT

i )}] ;
√

1−τ
ωλmax(AAT )

;
}
,
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it holds that

Egap(x̄K , z̄K , ȳK) = O([1 + δ√
p

(√
λmax(AAT ) + n · max

i=1,...,n
{
√

λmax(AiAT
i )}) + Lℓ + Lr] · D2

K

)
,

where x̄K := 1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

To begin with, let us introduce the useful notation for the further proof:

x̂k
i = xk

i − γAT
i e

k, x̂
k+1/2
i = x

k+1/2
i − γAT

i e
k,

ŷk = yk − γ

n∑
i=1

eki , ŷk+1/2 = yk+1/2 − γ

n∑
i=1

eki .
(33)

It is easy to verify that such sequences have useful properties:

x̂k+1
i =xk+1

i − γAT
i e

k+1

=τxk
i + (1− τ)wk

i − γ(AT
i [C(yk+1/2 − uk + ek) + uk] +∇ri(x

k+1/2
i ))− γAT

i e
k

− γAT
i

(
yk+1/2 − uk + ek − C(yk+1/2 − uk)

)
=τxk

i + (1− τ)wk
i − γ(AT

i u
k +∇ri(x

k
i ))

− γAT
i

(
yk+1/2 − uk + ek

)
− γ(∇ri(x

k+1/2
i )−∇ri(x

k
i ))

=x̂
k+1/2
i − γAT

i

(
yk+1/2 − uk

)
− γ(∇ri(x

k+1/2
i )−∇ri(x

k
i )), (34)

and

ŷk+1 =yk+1 + γ

n∑
i=1

ek+1
i

=τyk + (1− τ)uk + γ

(
n∑

i=1

[C(Aix
k+1/2
i −Aiw

k
i + eki ) +Aiw

k
i ]− zk+1/2

)

+ γ

n∑
i=1

[Aix
k+1/2
i −Aiw

k
i + eki − C(Aix

k+1/2
i −Aiw

k
i + eki )]

=τyk + (1− τ)uk + γ

(
n∑

i=1

Aiw
k
i − zk

)
− γ

n∑
i=1

eki

+ γ

n∑
i=1

[Aix
k+1/2
i −Aiw

k
i ]− γ(zk+1/2 − zk)

=ŷk+1/2 + γ

n∑
i=1

[Aix
k+1/2
i −Aiw

k
i ]− γ(zk+1/2 − zk).

Now we are ready to start the proof.

Proof. We start the proof with the following equations on the variables x̂k+1
i , xk+1/2

i , x̂k
i and any

xi ∈ Rdi :

∥x̂k+1
i − xi∥2 = ∥xk+1/2

i − xi∥2 + 2⟨x̂k+1
i − x

k+1/2
i , x

k+1/2
i − xi⟩+ ∥x̂k+1

i − x
k+1/2
i ∥2,

∥xk+1/2
i − xi∥2 = ∥x̂k

i − xi∥2 + 2⟨xk+1/2
i − x̂k

i , x
k+1/2
i − xi⟩ − ∥xk+1/2

i − x̂k
i ∥2.

Summing up two previous inequalities and making small rearrangements, we get

∥x̂k+1
i − xi∥2 =∥x̂k

i − xi∥2 + 2⟨x̂k+1
i − x̂k

i , x
k+1/2
i − xi⟩

+ ∥x̂k+1
i − x

k+1/2
i ∥2 − ∥xk+1/2

i − x̂k
i ∥2. (35)
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Using the definitions (33) and (34), one can obtain

∥x̂k+1
i − x

k+1/2
i ∥2 ≤2∥x̂k+1

i − x̂
k+1/2
i ∥2 + 2∥x̂k+1/2

i − x
k+1/2
i ∥2

=2γ2∥AT
i (y

k+1/2 − uk)− (∇ri(x
k+1/2
i )−∇ri(x

k
i ))∥2 + 2γ2∥AT

i e
k∥2

≤4γ2∥AT
i (y

k+1/2 − uk)∥2 + 4γ2∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥AT
i e

k∥2. (36)

With (33), (34) and the update for xk+1/2
i , we have

x̂k+1
i − x̂k

i =x̂k+1
i − x̂

k+1/2
i + x̂

k+1/2
i − x̂k

i

=x̂k+1
i − x̂

k+1/2
i + x

k+1/2
i − xk

i

=− γAT
i

(
yk+1/2 − uk

)
− γ(∇ri(x

k+1/2
i )−∇ri(x

k
i ))

+ (1− τ)(wk
i − xk

i )− γ
(
AT

i u
k +∇ri(x

k
i )
)

=− γ(AT
i y

k+1/2 +∇ri(x
k+1/2
i )) + (1− τ)(wk

i − xk
i ). (37)

Combining (35), (36), (37), we get

∥x̂k+1
i − xi∥2 ≤∥x̂k

i − xi∥2 − 2⟨γ(AT
i y

k+1/2 +∇ri(x
k+1/2
i ))− (1− τ)(wk

i − xk
i ), x

k+1/2
i − xi⟩

+ 4γ2∥AT
i (y

k+1/2 − uk)∥2 + 4γ2∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥AT
i e

k∥2 − ∥xk+1/2
i − x̂k

i ∥2

≤∥x̂k
i − xi∥2 − 2⟨γ(AT

i y
k+1/2 +∇ri(x

k+1/2
i )), x

k+1/2
i − xi⟩

+ 2(1− τ)⟨wk
i − x

k+1/2
i , x

k+1/2
i − xi⟩

+ 2(1− τ)⟨xk+1/2
i − xk

i , x
k+1/2
i − xi⟩

+ 4γ2∥AT
i (y

k+1/2 − uk)∥2 + 4γ2∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥AT
i e

k∥2 − 1

2
∥xk+1/2

i − xk
i ∥2 + ∥x̂k

i − xk
i ∥2

=∥x̂k
i − xi∥2 − 2⟨γ(AT

i y
k+1/2 +∇ri(x

k+1/2
i )), x

k+1/2
i − xi⟩

+ 2(1− τ)⟨wk
i − x

k+1/2
i , x

k+1/2
i − xi⟩

+ 2(1− τ)⟨xk+1/2
i − xk

i , x
k+1/2
i − xi⟩

+ 4γ2∥AT
i (y

k+1/2 − uk)∥2 + 4γ2∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥AT
i e

k∥2 − 1

2
∥xk+1/2

i − xk
i ∥2 + γ2∥AT

i e
k∥2.

In the last two steps we use (33) and Cauchy Schwartz inequality in the form −∥a∥2 ≤ − 1
2∥a +

b∥2 + ∥b∥2 with a = x
k+1/2
i − x̂k

i and b = x̂k
i − xk

i . For the second and third lines we use identity
2⟨a, b⟩ = ∥a+ b∥2 − ∥a∥2 − ∥b∥2, and have

∥x̂k+1
i − xi∥2 ≤∥x̂k

i − xi∥2 − 2γ⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ (1− τ)(∥wk
i − xi∥2 − ∥wk

i − x
k+1/2
i ∥2 − ∥xk+1/2

i − xi∥2)

+ (1− τ)(∥xk+1/2
i − xk

i ∥2 + ∥xk+1/2
i − xi∥2 − ∥xk

i − xi∥2)

+ 4γ2∥AT
i (y

k+1/2 − uk)∥2 + 4γ2∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 3γ2∥AT
i e

k∥2 − 1

2
∥xk+1/2

i − xk
i ∥2

=∥x̂k
i − xi∥2 − (1− τ)∥xk

i − xi∥2 + (1− τ)∥wk
i − xi∥2

− 2γ⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 4γ2∥AT
i (y

k+1/2 − uk)∥2 + 4γ2∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2
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+ 3γ2∥AT
i e

k∥2 −
(
τ − 1

2

)
∥xk+1/2

i − xk
i ∥2 − (1− τ)∥wk

i − x
k+1/2
i ∥2.

Summing over all i from 1 to n, we deduce
n∑

i=1

∥x̂k+1
i − xi∥2 ≤

n∑
i=1

∥x̂k
i − xi∥2 − (1− τ)

n∑
i=1

∥xk
i − xi∥2 + (1− τ)

n∑
i=1

∥wk
i − xi∥2

− 2γ

n∑
i=1

⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 4γ2
n∑

i=1

∥AT
i (y

k+1/2 − uk)∥2 + 4γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 3γ2
n∑

i=1

∥AT
i e

k∥2 −
(
τ − 1

2

) n∑
i=1

∥xk+1/2
i − xk

i ∥2

− (1− τ)

n∑
i=1

∥wk
i − x

k+1/2
i ∥2.

With notation of A = [A1, . . . , Ai, . . . , An], x = [xT
1 , . . . , x

T
i , . . . , x

T
n ]

T , x̂ =
[x̂T

1 , . . . , x̂
T
i , . . . , x̂

T
n ]

T and w = [wT
1 , . . . , w

T
i , . . . , w

T
n ]

T , one can obtain that
∑n

i=1 Aixi = Ax,∑n
i=1 ∥AT

i e
k∥ = ∥AT ek∥2 and

∑n
i=1 ∥AT

i (y
k+1/2 − uk)∥2 = ∥AT (yk+1/2 − uk)∥2:

∥x̂k+1 − x∥2 ≤∥x̂k − x∥2 − (1− τ)∥xk − x∥2 + (1− τ)∥wk − x∥2

− 2γ⟨yk+1/2, A(xk+1/2 − x)⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 4γ2∥AT (yk+1/2 − uk)∥2 + 4γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 3γ2∥AT ek∥2 −
(
τ − 1

2

)
∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2. (38)

One can note that the updates for the variable z from lines 4 and 11 of Algorithm 3 are the same as
those from lines 6 and 11 of Algorithm 1. Therefore, we can simply use (13), i.e. for z ∈ Rs it holds

∥zk+1 − z∥2 ≤∥zk − z∥2 − ∥zk+1/2 − zk∥2

+ 2γ⟨yk+1/2, zk+1/2 − z⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩
+ 2γ2∥yk+1/2 − yk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2. (39)

For the updates of the variable y from lines (5), (12) and from (33), we can repeat the same steps as
in obtaining (38). In particular, for all y ∈ Rs, we get

∥ŷk+1 − y∥2 ≤∥ŷk − y∥2 − (1− τ)∥yk − y∥2 + (1− τ)∥uk − y∥2

+ 2γ⟨
n∑

i=1

Aix
k+1/2
i − zk+1/2, yk+1/2 − y⟩

+ 4γ2

∥∥∥∥∥
n∑

i=1

[Aix
k+1/2
i −Aiw

k
i ]

∥∥∥∥∥
2

+ 4γ2∥zk+1/2 − zk∥2

+ 3γ2

∥∥∥∥∥
n∑

i=1

eki

∥∥∥∥∥
2

−
(
τ − 1

2

)
∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

=∥ŷk − y∥2 − (1− τ)∥yk − y∥2 + (1− τ)∥uk − y∥2

+ 2γ⟨Axk+1/2 − zk+1/2, yk+1/2 − y⟩

+ 4γ2
∥∥∥Axk+1/2 −Awk

∥∥∥2 + 4γ2∥zk+1/2 − zk∥2
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+ 3γ2

∥∥∥∥∥
n∑

i=1

eki

∥∥∥∥∥
2

−
(
τ − 1

2

)
∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2. (40)

Here we also use the notation of A and x. Summing up (38), (39) and (40), we obtain
∥x̂k+1 − x∥2 + ∥zk+1 − z∥2 + ∥ŷk+1 − y∥2

≤ ∥x̂k − x∥2 + ∥zk − z∥2 + ∥ŷk − y∥2

− (1− τ)∥xk − x∥2 + (1− τ)∥wk − x∥2 − (1− τ)∥yk − y∥2 + (1− τ)∥uk − y∥2

− 2γ⟨yk+1/2, A(xk+1/2 − x)⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ⟨yk+1/2, zk+1/2 − z⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩
+ 2γ⟨Axk+1/2 − zk+1/2, yk+1/2 − y⟩

−
(
τ − 1

2

)
∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥zk+1/2 − zk∥2

−
(
τ − 1

2

)
∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

+ 4γ2∥AT (yk+1/2 − uk)∥2 + 4γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2

+ 4γ2
∥∥∥Axk+1/2 −Awk

∥∥∥2 + 4γ2∥zk+1/2 − zk∥2

+ 3γ2∥AT ek∥2 + 3γ2

∥∥∥∥∥
n∑

i=1

eki

∥∥∥∥∥
2

.

Using convexity and Lr-smoothness of the function ri with convexity and Lℓ-smoothness of the
function ℓ, we have
∥x̂k+1 − x∥2 + ∥zk+1 − z∥2 + ∥ŷk+1 − y∥2

≤ ∥x̂k − x∥2 + ∥zk − z∥2 + ∥ŷk − y∥2

− (1− τ)∥xk − x∥2 + (1− τ)∥wk − x∥2 − (1− τ)∥yk − y∥2 + (1− τ)∥uk − y∥2

+ 2γ⟨yk+1/2, Ax− z⟩ − 2γ⟨Axk+1/2 − zk+1/2, y⟩

− 2γ(ℓ(zk+1/2, b)− ℓ(z, b))− 2γ

n∑
i=1

(ri(x
k+1/2
i )− ri(xi))

−
(
τ − 1

2

)
∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥zk+1/2 − zk∥2

−
(
τ − 1

2

)
∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

+ 4γ2λmax(AAT )∥yk+1/2 − uk∥2 + 4γ2L2
r∥xk+1/2 − xk∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2L2
ℓ∥zk+1/2 − zk∥2

+ 4γ2λmax(A
TA)∥xk+1/2 − wk∥2 + 4γ2∥zk+1/2 − zk∥2

+ 3γ2λmax(AAT )∥ek∥2 + 3γ2

∥∥∥∥∥
n∑

i=1

eki

∥∥∥∥∥
2

.

Also here we apply the definition of λmax(·) as a maximum eigenvalue. With Cauchy Schwartz
inequality for n summands: ∥

∑n
i=1 e

k
i ∥2 ≤ n

∑n
i=1 ∥eki ∥2 and after small rearrangements, we

obtain

2γ

[
ℓ(zk+1/2, b)− ℓ(z, b)) +

n∑
i=1

(ri(x
k+1/2
i )− ri(xi))
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+ ⟨Axk+1/2 − zk+1/2, y⟩ − ⟨Ax− z, yk+1/2⟩
]

≤ ∥x̂k − x∥2 + ∥zk − z∥2 + ∥ŷk − y∥2

−
(
∥x̂k+1 − x∥2 + ∥zk+1 − z∥2 + ∥ŷk+1 − y∥2

)
− (1− τ)∥xk − x∥2 + (1− τ)∥wk − x∥2 − (1− τ)∥yk − y∥2 + (1− τ)∥uk − y∥2

−
(
τ − 1

2
− 4γ2L2

r

)
∥xk+1/2 − xk∥2 − (1− τ − 4γ2λmax(A

TA))∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
∥yk+1/2 − yk∥2 − (1− τ − 4γ2λmax(AAT ))∥uk − yk+1/2∥2

+ 3γ2λmax(AAT )∥ek∥2 + 3γ2n

n∑
i=1

∥eki ∥2.

Then we sum all over k from 0 to K − 1, divide by K, use Jensen inequality for convex functions ℓ

and ri with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , z̄K = 1

K

K−1∑
k=0

zk+1/2, ȳK = 1
K

K−1∑
k=0

yk+1/2, and have

2γ

[
ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩

]
≤ 1

K

(
∥x̂0 − x∥2 + ∥z0 − z∥2 + ∥ŷ0 − y∥2

)
− (1− τ) · 1

K

K−1∑
k=0

∥xk − x∥2 + (1− τ) · 1

K

K−1∑
k=0

∥wk − x∥2

− (1− τ) · 1

K

K−1∑
k=0

∥yk − y∥2 + (1− τ) · 1

K

K−1∑
k=0

∥uk − y∥2

−
(
τ − 1

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

∥xk+1/2 − xk∥2

− (1− τ − 4γ2λmax(A
TA)) · 1

K

K−1∑
k=0

∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
· 1

K

K−1∑
k=0

∥yk+1/2 − yk∥2

− (1− τ − 4γ2λmax(AAT )) · 1

K

K−1∑
k=0

∥uk − yk+1/2∥2

+ 3γ2λmax(AAT ) · 1

K

K−1∑
k=0

∥ek∥2 + 3γ2n · 1

K

n∑
i=1

K−1∑
k=0

∥eki ∥2. (41)

Using small rearrangements, we can deduce

− (1− τ) · 1

K

K−1∑
k=0

∥xk − x∥2 + (1− τ) · 1

K

K−1∑
k=0

∥wk − x∥2

=
1

K

K−1∑
k=0

∥wk − x∥2 − 1

K

K−1∑
k=0

[(1− τ)∥xk − x∥2 + τ∥wk − x∥2]
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=
1

K
∥w0 − x∥2 − 1

K
∥wK − x∥2

+
1

K

K−1∑
k=0

[∥wk+1 − x∥2 − (1− τ)∥xk − x∥2 − τ∥wk − x∥2]

=
1

K
∥w0 − x∥2 − 1

K
∥wK − x∥2 + 1

K

K−1∑
k=0

[∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2]

+
2

K

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩. (42)

The same way we can make

− (1− τ) · 1

K

K−1∑
k=0

∥yk − y∥2 + (1− τ) · 1

K

K−1∑
k=0

∥uk − y∥2

=
1

K
∥u0 − y∥2 − 1

K
∥uK − y∥2 + 1

K

K−1∑
k=0

[∥uk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2]

+
2

K

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩. (43)

Substituting (42) and (43) to (41), we obtain

2γ

[
ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩

]
≤ 1

K

(
∥x̂0 − x∥2 + ∥z0 − z∥2 + ∥ŷ0 − y∥2

)
+

1

K
∥w0 − x∥2 − 1

K
∥wK − x∥2 + 1

K

K−1∑
k=0

[∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2]

+
2

K

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

+
1

K
∥u0 − y∥2 − 1

K
∥uK − y∥2 + 1

K

K−1∑
k=0

[∥uk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2]

+
2

K

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩

−
(
τ − 1

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

∥xk+1/2 − xk∥2

− (1− τ − 4γ2λmax(A
TA)) · 1

K

K−1∑
k=0

∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
· 1

K

K−1∑
k=0

∥yk+1/2 − yk∥2

− (1− τ − 4γ2λmax(AAT )) · 1

K

K−1∑
k=0

∥uk − yk+1/2∥2
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+ 3γ2λmax(AAT ) · 1

K

K−1∑
k=0

∥ek∥2 + 3γ2n · 1

K

n∑
i=1

K−1∑
k=0

∥eki ∥2.

As in (15) we pass to the gap criterion by taking the maximum in y ∈ Y and the minimum in x ∈ X
and z ∈ Z . Additionally, we also take the mathematical expectation

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
max
x∈X

∥x̂0 − x∥2 +max
x∈X

∥w0 − x∥2 +max
z∈X

∥z0 − z∥2

+max
y∈Y

∥ŷ0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

+
1

K

K−1∑
k=0

E∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2

+
2

K
Emax

x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

+
1

K

K−1∑
k=0

E∥uk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2

+
2

K
Emax

y∈Y

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩

−
(
τ − 1

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2

− (1− τ − 4γ2λmax(A
TA)) · 1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
· 1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

− (1− τ − 4γ2λmax(AAT )) · 1

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+ 3γ2λmax(AAT ) · 1

K

K−1∑
k=0

E∥ek∥2 + 3γ2n · 1

K

n∑
i=1

K−1∑
k=0

E∥eki ∥2.

Since lines 13–21 of Algorithm 3 are equivalent to lines 11–19 of Algorithm 2. Then, we can use
(26), (27), (28), (29) and get

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
5max

x∈X
∥x̂0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈X
∥z0 − z∥2

+ 5max
y∈Y

∥ŷ0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

+
1

4

K−1∑
k=0

Eτ(1− τ)∥wk − xk∥2 + 1

4

K−1∑
k=0

Eτ(1− τ)∥uk − yk∥2

−
(
τ − 1

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2
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− (1− τ − 4γ2λmax(A
TA)) · 1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
· 1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

− (1− τ − 4γ2λmax(AAT )) · 1

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+ 3γ2λmax(AAT ) · 1

K

K−1∑
k=0

E∥ek∥2 + 3γ2n · 1

K

n∑
i=1

K−1∑
k=0

E∥eki ∥2.

Next we work with error feedback terms:

E∥ek+1∥2 =E∥yk+1/2 − uk + ek − C(yk+1/2 − uk + ek)∥2

≤
(
1− 1

δ

)
E∥yk+1/2 − uk + ek∥2.

With Cauchy Schwartz inequality in the form ∥a+b∥2 ≤
(
1 + 1

η

)
∥a∥2+(1+η)∥b∥2 with a = ek,

b = yk+1/2 − uk and η = 2δ, we get

E∥ek+1∥2 ≤
(
1− 1

δ

)(
1 +

1

2δ

)
E∥ek∥2 + (2δ + 1)

(
1− 1

δ

)
E∥yk+1/2 − uk∥2

≤
(
1− 1

2δ

)
E∥ek∥2 + 3δE∥yk+1/2 − uk∥2.

Running the recursion and using that e0 = 0, we have

E∥ek+1∥2 ≤3δ

k∑
j=0

(
1− 1

2δ

)k−j

E∥yj+1/2 − uj∥2.

Then we sum all over k from 0 to K − 1, divide by K.

1

K

K−1∑
k=0

E∥ek∥2 ≤3δ · 1

K

K−1∑
k=0

k−1∑
j=0

(
1− 1

2δ

)k−1−j

E∥yj+1/2 − uj∥2

≤3δ · 1

K

K−1∑
k=0

E∥yk+1/2 − uk∥2
∞∑
j=0

(
1− 1

2δ

)j

≤6δ2 · 1

K

K−1∑
k=0

E∥yk+1/2 − uk∥2. (44)

The same way we can make the following estimate:

1

K

K−1∑
k=0

E∥eki ∥2 ≤6δ2 · 1

K

K−1∑
k=0

E∥Aix
k+1/2
i −Aiw

k
i ∥2. (45)

Combining (41) with (44) and (45), we have

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
5max

x∈X
∥x̂0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈X
∥z0 − z∥2

+ 5max
y∈Y

∥ŷ0 − y∥2 +max
y∈Y

∥u0 − y∥2
)
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+
1

4

K−1∑
k=0

Eτ(1− τ)∥wk − xk∥2 + 1

4

K−1∑
k=0

Eτ(1− τ)∥uk − yk∥2

−
(
τ − 1

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2

− (1− τ − 4γ2λmax(A
TA)) · 1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
· 1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

− (1− τ − 4γ2λmax(AAT )) · 1

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+ 18γ2δ2λmax(AAT ) · 1

K

K−1∑
k=0

E∥yk+1/2 − uk∥2

+ 18γ2δ2n · 1

K

K−1∑
k=0

n∑
i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2.

For
n∑

i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2 we get

n∑
i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2 ≤

n∑
i=1

λmax(A
T
i Ai)E∥xk+1/2

i − wk
i ∥2

≤max
i

λmax(A
T
i Ai)

n∑
i=1

E∥xk+1/2
i − wk

i ∥2

≤max
i

[λmax(A
T
i Ai)]E∥xk+1/2 − wk∥2.

Then one can deduce
2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
5max

x∈X
∥x̂0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈X
∥z0 − z∥2

+ 5max
y∈Y

∥ŷ0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

+
1

4

K−1∑
k=0

Eτ(1− τ)∥wk − xk∥2 + 1

4

K−1∑
k=0

Eτ(1− τ)∥uk − yk∥2

−
(
τ − 1

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2

− (1− τ − 4γ2λmax(A
TA)− 18γ2δ2nmax

i
[λmax(A

T
i Ai)]) ·

1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
τ − 1

2
− 2γ2

)
· 1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2
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− (1− τ − 4γ2λmax(AAT )(1 + 5δ2)) · 1

K

K−1∑
k=0

E∥uk − yk+1/2∥2.

With τ ≤ 1 and Cauchy Schwartz inequality, we have

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
5max

x∈X
∥x̂0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈X
∥z0 − z∥2

+ 5max
y∈Y

∥ŷ0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 2

2
− 4γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2

−
(
1− τ

2
− 4γ2λmax(A

TA)− 18γ2δ2nmax
i

[λmax(A
T
i Ai)]

)
· 1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− (1− 4γ2 − 2γ2L2
ℓ)

1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 2

2
− 2γ2

)
· 1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

−
(
1− τ

2
− 4γ2λmax(AAT )(1 + 5δ2)

)
· 1

K

K−1∑
k=0

E∥uk − yk+1/2∥2.

If we choose τ ≥ 1
2 and γ as follows

γ ≤ 1

4
min

{
1;

1

Lr
;
1

Lℓ
;

√
1− τ

5δ2nmaxi[λmax(AT
i Ai)]

;

√
1− τ

3δ2λmax(AAT )
;

}
,

then one can obtain

Egap(x̄K , z̄K , ȳK) ≤ 1

2γK

(
5max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 5max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)
.

With γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
5δ2nmaxi[λmax(AT

i Ai)]
;
√

1−τ
3δ2λmax(AAT )

;
}

, we finish the proof.

D.5 PROOF OF THEOREM 3.5

Theorem D.6 (Theorem 3.5). Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 4
(Appendix A). Then for τ = 1− p and

γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
λmax(AAT )+n·maxi{λmax(AiAT

i )}

}
,

it holds that

Egap(x̄K , z̄K , ȳK) = O
([

1 + 1√
p

(√
λmax(AAT ) + n · max

i=1,...,n

{√
λmax(AiAT

i )
})

+ Lℓ + Lr

]
· D2

K

)
,

where x̄K := 1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

Proof. The proof repeats almost the same steps as the proof of Theorem 3.2 (Section D.3). In
particular, in the proof of Theorem 3.2 we need to replace Q(yk+1/2 − uk) by yk+1/2 − uk and
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∑n
i=1 Q(Ai[x

k+1/2
i −wk

i ]) by n ·Aik [x
k+1/2
ik

−wk
ik
], and use. In the end, we arrive at the analogue

of (32).

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

2K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

2K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
3γ2

K

K−1∑
k=0

E∥AT (yk+1/2 − uk)∥2 + 3γ2n2

K

K−1∑
k=0

E∥Aik(x
k+1/2
ik

− wk
ik
)∥2.

Using the notation of λmax(·) as a maximum eigenvalue and the random choice of ik, we get

E∥Aik(x
k+1/2
ik

− wk
ik
)∥2 =EEik

[
∥Aik(x

k+1/2
ik

− wk
ik
)∥2
]

=
1

n

n∑
i=1

E∥Ai(x
k+1/2
i − wk

i )∥2

≤ 1

n

n∑
i=1

λmax(A
T
i Ai)E∥xk+1/2

i − wk
i ∥2

≤maxi{λmax(A
T
i Ai)}

n
E∥xk+1/2 − wk∥2.

Therefore, we obtain

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2

−
(
1− τ

2
− 3γ2nmax

i
{λmax(A

T
i Ai)}

)
1

K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

−
(
1− τ

2
− 3λmax(AAT )γ2

)
1

K

K−1∑
k=0

E∥uk − yk+1/2∥2.
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If we choose τ ≥ 1
2 and γ as follows

γ ≤ 1

4
min

{
1;

1

Lr
;
1

Lℓ
;

√
1− τ

nmaxi{λmax(AT
i Ai)}

;

√
1− τ

λmax(AAT )
;

}
,

then one can obtain

Egap(x̄K , z̄K , ȳK) ≤ 1

2γK

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)
.

With γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
nmaxi{λmax(AT

i Ai)}
;
√

1−τ
λmax(AAT )

;
}

, we finish the proof.

D.6 PROOF OF THEOREM 3.6

Theorem D.7 (Theorem 3.6). Let Assumption 2.1 holds. Let problem (4) be solved by Algorithm 5
(Appendix A). Then for τ = 1− p and

γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ

s(λmax(ATA)+I(diff. seed)maxi{λmax(AT
i Ai)}) ;

√
1−τ

dmaxi{λmax(AT
i Ai)}

;

}
,

it holds that

Egap(x̄K
, z̄

K
, ȳ

K
) = O

([
1

√
p

(
s
√

λmax(ATA) + I(diff. seed) max
i=1,...,n

{
λmax(A

T
i Ai)

}
+

)
+ Lℓ + Lr

]
·
D2

K

+

[
1

√
p

(
d · max

i=1,...,n

{√
λmax(AiA

T
i )

})]
·
D2

K

)
,

where x̄K := 1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

Proof. Most of the proof is the same as that of Theorem 3.2. We note only some main steps of the
proof and changes regarding Section D.4 with the proof of Theorem 3.2. We start with an analogue
of (19) and get

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

+ (1− τ)(∥wk
i − xi∥2 − ∥wk

i − x
k+1/2
i ∥2 − ∥xk+1/2

i − xi∥2)

+ (1− τ)(∥xk+1/2
i − xk

i ∥2 + ∥xk+1/2
i − xi∥2 − ∥xk

i − xi∥2)

− 2γ⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki +AT
i u

k +∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki +∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩

=τ∥xk
i − xi∥2 + (1− τ)∥wk

i − xi∥2

− τ∥xk+1/2
i − xk

i ∥2 − (1− τ)∥wk
i − x

k+1/2
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

− 2γ⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki +AT
i u

k +∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki +∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩.

Summing over all i from 1 to n and using the notation of A = [A1, . . . , Ai, . . . , An], x =
[xT

1 , . . . , x
T
i , . . . , x

T
n ]

T , w = [wT
1 , . . . , w

T
i , . . . , w

T
n ]

T , we deduce

∥xk+1 − x∥2 =τ∥xk − x∥2 + (1− τ)∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩
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− 2γ

n∑
i=1

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), x
k+1/2
i − xi⟩

+ 2γ

n∑
i=1

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki , x
k+1/2
i − xk+1

i ⟩

+ 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1/2
i − xk+1

i ⟩.

By simple fact: 2⟨a, b⟩ ≤ η∥a∥2+ 1
η∥b∥

2 with a = di · [AT
i (y

k+1/2−uk)](jki ), b = x
k+1/2
i −xk+1

i ,

η = 2γ and a = ∇ri(x
k+1/2
i )−∇ri(x

k
i ), b = x

k+1/2
i − xk+1

i , η = 2γ, we get

∥xk+1 − x∥2 =τ∥xk − x∥2 + (1− τ)∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ

n∑
i=1

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), x
k+1/2
i − xi⟩

+ 2γ2
n∑

i=1

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki ∥
2 +

1

2
∥xk+1/2 − xk+1∥2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2 +

1

2
∥xk+1/2 − xk+1∥2

=τ∥xk − x∥2 + (1− τ)∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ

n∑
i=1

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), x
k+1/2
i − xi⟩

+ 2γ2
n∑

i=1

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki ∥
2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2.

The analogue of (20) is
∥xk+1 − x∥2 + ∥wk+1 − x∥2

≤∥xk − x∥2 + ∥wk − x∥2

− τ∥xk+1/2 − xk∥2 − (1− τ)∥wk − xk+1/2∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− (1− τ)∥xk∥2 − τ∥wk∥2 + ∥wk+1∥2

+ 2⟨(1− τ)xk + τwk − wk+1, x⟩

− 2γ

n∑
i=1

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), x
k+1/2
i − x0

i ⟩

− 2γ

n∑
i=1

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), x0
i − xi⟩
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+ 2γ2
n∑

i=1

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki ∥
2

+ 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2.

(21) is absolutely the same. The analogue of (22) is
∥yk+1 − y∥2 + ∥uk+1 − y∥2

≤∥yk − y∥2 + ∥uk − y∥2

− τ∥yk+1/2 − yk∥2 − (1− τ)∥uk − yk+1/2∥2

− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨
n∑

i=1

Aix
k+1/2
i , yk+1/2 − y⟩

+ 2γ⟨
n∑

i=1

[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+ 2γ⟨
n∑

i=1

[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i −Aix

k+1/2
i ], y0 − y⟩

− (1− τ)∥yk∥2 − τ∥uk∥2 + ∥yk+1∥2

+ 2⟨(1− τ)yk + τuk − uk+1, y⟩

+ 2γ2∥
n∑

i=1

s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2 + 2γ2∥zk+1/2 − zk∥2.

The analogue of (23) is
2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
max
x∈X

∥x0 − x∥2 +max
x∈X

∥w0 − x∥2 +max
z∈Z

∥z0 − z∥2

+max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

− τ

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

K

K−1∑
k=0

E∥wk − xk+1/2∥2

− 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

− τ

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
1

K

K−1∑
k=0

E∥wk+1∥2 − (1− τ)∥xk∥2 − τ∥wk∥2

+
2

K
Emax

x∈X

K−1∑
k=0

⟨(1− τ)xk + τwk − wk+1, x⟩

+
1

K

K−1∑
k=0

E∥yk+1∥2 − (1− τ)∥yk∥2 − τ∥uk∥2

+
2

K
Emax

y∈Y

K−1∑
k=0

⟨(1− τ)yk + τuk − uk+1, y⟩

− 2γ

K

K−1∑
k=0

n∑
i=1

E⟨di · [AT
i (y

k+1/2 − uk)](jki ) −AT
i (y

k+1/2 − uk), x
k+1/2
i − x0

i ⟩
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+
2γ

K
· Emax

x∈X

K−1∑
k=0

n∑
i=1

⟨di · [AT
i (y

k+1/2 − uk)](jki ) −AT
i (y

k+1/2 − uk), xi − x0
i ⟩

+
2γ

K

K−1∑
k=0

E⟨
n∑

i=1

[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

+
2γ

K
· Emax

y∈Y

K−1∑
k=0

⟨
n∑

i=1

[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i −Aix

k+1/2
i ], y0 − y⟩

+
2γ2

K

K−1∑
k=0

n∑
i=1

E∥di · [AT
i (y

k+1/2 − uk)](jki )∥
2

+
2γ2

K

K−1∑
k=0

E∥
n∑

i=1

s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2

+
2γ2L2

r

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 + 2γ2

K

K−1∑
k=0

E∥yk+1/2 − yk∥2

+
2γ2

K

K−1∑
k=0

E∥zk+1/2 − zk∥2 + 2γ2L2
ℓ

K

K−1∑
k=0

E∥zk+1/2 − zk∥2.

(24), (25), (26), (27) are absolutely the same. The analogue of (28) is

E⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), x
k+1/2
i − x0

i ⟩

= E⟨Ejki

[
di · ⟨AT

i (y
k+1/2 − uk), ejki ⟩ejki

]
−AT

i (y
k+1/2 − uk), x

k+1/2
i − x0

i ⟩ = 0.

The analogue of (29) is

E⟨
n∑

i=1

[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i −Aix

k+1/2
i ], yk+1/2 − y0⟩

= E⟨
n∑

i=1

Ecki

[
s · ⟨Ai(x

k+1/2
i − wk

i ), ecki ⟩ecki
]
+Aiw

k
i −Aix

k+1/2
i , yk+1/2 − y0⟩ = 0.

The analogue of (30) is

Emax
x∈X

n∑
i=1

K−1∑
k=0

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk), xi − x0
i ⟩

≤ Emax
x∈X

1

2γ

n∑
i=1

∥x0
i − xi∥2

+ E
γ

2

n∑
i=1

∥
K−1∑
k=0

di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk)∥2

= Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

n∑
i=1

K−1∑
k=0

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk)∥2

+ E
[
γ

n∑
i=1

∑
k1<k2

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k1+1/2 − uk1),

di · [AT
i (y

k2+1/2 − uk2)]
(j

k2
i )

−AT
i (y

k2+1/2 − uk)⟩
]

= Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

n∑
i=1

K−1∑
k=0

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk)∥2
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+ E
[
γ

n∑
i=1

∑
k1<k2

⟨di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k1+1/2 − uk1),

E
j
k2
i

[
di · [AT

i (y
k2+1/2 − uk2)]

(j
k2
i )

]
−AT

i (y
k2+1/2 − uk)⟩

]
= Emax

x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

n∑
i=1

K−1∑
k=0

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki −AT
i (y

k+1/2 − uk)∥2

= Emax
x∈X

1

2γ
∥x0 − x∥2

+ E
γ

2

n∑
i=1

K−1∑
k=0

∥di · [AT
i (y

k+1/2 − uk)](jki ) − Ejki

[
di · ⟨AT

i (y
k+1/2 − uk), ejki ⟩ejki

]
∥2

≤ Emax
x∈X

1

2γ
∥x0 − x∥2 + E

γ

2

n∑
i=1

K−1∑
k=0

∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki ∥
2.

The analogue of (31) is

Emax
y∈Y

K−1∑
k=0

⟨
n∑

i=1

[s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki +Aiw
k
i −Aix

k+1/2
i ], y0 − y⟩

≤ Emax
y∈Y

1

2γ
∥y0 − y∥2 + E

γ

2

K−1∑
k=0

∥
n∑

i=1

s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2.

The analogue of (32) is

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

2K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

2K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
3γ2

K

K−1∑
k=0

n∑
i=1

E∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki ∥
2

+
3γ2

K

K−1∑
k=0

E∥
n∑

i=1

s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2. (46)

Let us estimate two last lines. Here we use that coordinates ji and ci are chosen uniformly and
independently.

E∥di · ⟨AT
i (y

k+1/2 − uk), ejki ⟩ejki ∥
2 =d2iEEe

jk
i

[
∥⟨AT

i (y
k+1/2 − uk), ejki ⟩ejki ∥

2
]

=d2iE
1

di

di∑
r=1

[
∥⟨AT

i (y
k+1/2 − uk), er⟩er∥2

]
=diE∥AT

i (y
k+1/2 − uk)∥2
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≤diλmax(AiA
T
i )E∥yk+1/2 − uk∥2.

For E∥
∑n

i=1 s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2 we have two options. If cki = ck for all i, then∑n

i=1

∑n
i=1 s · ⟨Ai(x

k+1/2
i −wk

i ), ecki ⟩ecki = s⟨
∑n

i=1[Ai(x
k+1/2
i −wk

i )], eck⟩eck = s⟨A(xk+1/2−
wk), eck⟩eck , then

E∥
n∑

i=1

s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2 =E∥s⟨A(xk+1/2 − wk), eck⟩eck∥2

=s2EEck

[
∥⟨A(xk+1/2 − wk), eck⟩eck∥2

]
=s2E

1

s

s∑
r=1

∥⟨A(xk+1/2 − wk), er⟩er∥2

=sE
[
∥A(xk+1/2 − wk)∥2

]
≤sλmax(A

TA)E∥xk+1/2 − wk∥2.
If cki are chosen independently (i.e. cki ̸= ckj ), then

E∥
n∑

i=1

s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2

=

n∑
i=1

E∥s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2

+
∑
i ̸=j

E⟨s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki , s · ⟨Aj(x
k+1/2
j − wk

j ), eckj ⟩eckj ⟩

=

n∑
i=1

E∥s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2

+
∑
i ̸=j

E⟨Ecki

[
s · ⟨Ai(x

k+1/2
i − wk

i ), ecki ⟩ecki
]
,Eckj

[
s · ⟨Aj(x

k+1/2
j − wk

j ), eckj ⟩eckj ⟩
]

=

n∑
i=1

E∥s · ⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2

+
∑
i ̸=j

E⟨Ai(x
k+1/2
i − wk

i ), Aj(x
k+1/2
j − wk

j )

= s2
n∑

i=1

E∥⟨Ai(x
k+1/2
i − wk

i ), ecki ⟩ecki ∥
2

+ E∥
n∑

i=1

[Aix
k+1/2
i −Aiw

k
i ]∥2 −

n∑
i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2

≤ s

n∑
i=1

E∥Aix
k+1/2
i −Aiw

k
i ∥2 + E∥A(xk+1/2 − wk)∥2

≤ s

n∑
i=1

λmax(A
T
i Ai)E∥xk+1/2

i − wk
i ∥2 + λmax(A

TA)E∥xk+1/2 − wk∥2

≤ smax
i

{
λmax(A

T
i Ai)

} n∑
i=1

E∥xk+1/2
i − wk

i ∥2 + λmax(A
TA)E∥xk+1/2 − wk∥2

=
(
smax

i

{
λmax(A

T
i Ai)

}
+ λmax(A

TA)
)
E∥xk+1/2 − wk∥2.

Let us introduce

χcoord =

{
sλmax(A

TA),

smaxi
{
λmax(A

T
i Ai)

}
+ λmax(A

TA),
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depending on the case ci we consider. It remains to come back to (46) and get

2γEgap(x̄K , z̄K , ȳK)

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

2K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

2K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
3γ2

K

K−1∑
k=0

n∑
i=1

diλmax(AiA
T
i )E∥yk+1/2 − uk∥2

+
3γ2χcoord

K

K−1∑
k=0

E∥xk+1/2 − wk∥2

≤ 1

K

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)

−
(
3τ − 1

2
− 2γ2L2

r

)
· 1

K

K−1∑
k=0

E∥xk+1/2 − xk∥2 − 1− τ

2K

K−1∑
k=0

E∥wk − xk+1/2∥2

−
(
1− 2γ2(1 + L2

ℓ)
) 1

K

K−1∑
k=0

E∥zk+1/2 − zk∥2

−
(
3τ − 1

2
− 2γ2

)
1

K

K−1∑
k=0

E∥yk+1/2 − yk∥2 − 1− τ

2K

K−1∑
k=0

E∥uk − yk+1/2∥2

+
3γ2

K
· dmax

i

{
λmax(A

T
i Ai)

}K−1∑
k=0

E∥yk+1/2 − uk∥2

+
3γ2χcoord

K

K−1∑
k=0

E∥xk+1/2 − wk∥2.

If we choose τ ≥ 1
2 and γ as follows

γ ≤ 1

4
min

{
1;

1

Lr
;
1

Lℓ
;

√
1− τ

χcoord
;

√
1− τ

dmaxi{λmax(AT
i Ai)}

;

}
,

then one can obtain

Egap(x̄K , z̄K , ȳK) ≤ 1

2γK

(
6max

x∈X
∥x0 − x∥2 +max

x∈X
∥w0 − x∥2 +max

z∈Z
∥z0 − z∥2

+ 6max
y∈Y

∥y0 − y∥2 +max
y∈Y

∥u0 − y∥2
)
.

With γ = 1
4 min

{
1; 1

Lr
; 1
Lℓ

;
√

1−τ
χcoord

;
√

1−τ
dmaxi{λmax(AT

i Ai)}
;
}

, we finish the proof.
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D.7 PROOF OF THEOREM 4.1

Theorem D.8 (Theorem 4.1). Let Assumption 2.1 holds. Let problem (6) be solved by Algorithm 6
(Appendix A). Then for

γ = 1
2 ·min

{
1; 1√

maxi{λmax(AT
i Ai)}

; 1
Lr

; 1
nLℓ

}
,

it holds that

gap1(x̄
K , z̄K , ȳK) = O

((
1+

√
maxi=1,...,n{λmax(AT

i Ai)}+nLℓ+Lr

)
D2

K

)
,

where gap1(x, y) := maxỹi∈Ỹ L̃(x, z, ỹ) − minx̃,z∈X ,Z̃ L̃(x̃, z̃, y) and x̄K :=
1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

Proof. We start the proof from (11), since the updates for xi variables in Algorithms 1, 6 are the
same (with a slight modification y to yi):

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

− 2γ⟨Ai(x
k+1/2
i − xi), y

k+1/2
i ⟩ − 2γ⟨∇ri(x

k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨xk+1
i − x

k+1/2
i , AT

i (y
k+1/2
i − yki )⟩

− 2γ⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩.

By simple fact: 2⟨a, b⟩ ≤ η∥a∥2 + 1
η∥b∥

2 with a = AT
i (y

k+1/2
i − yki ), b = x

k+1/2
i − xk+1

i , η = 2γ

and a = ∇ri(x
k+1/2
i )−∇ri(x

k
i ), b = x

k+1/2
i − xk+1

i , η = 2γ, we get

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2

− 2γ⟨Ai(x
k+1/2
i − xi), y

k+1/2
i ⟩ − 2γ⟨∇ri(x

k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ2∥AT
i (y

k+1/2
i − yki )∥2 + 2γ2∥∇ri(x

k+1/2
i )−∇ri(x

k
i )∥2.

Summing over all i from 1 to n and using the notation of A = [A1, . . . , Ai, . . . , An], x =
[xT

1 , . . . , x
T
i , . . . , x

T
n ]

T , we deduce

∥xk+1 − x∥2 =∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ

n∑
i=1

⟨Ai(x
k+1/2
i − xi), y

k+1/2
i ⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ

n∑
i=1

⟨xk+1
i − x

k+1/2
i , AT

i (y
k+1/2
i − yki )⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩. (47)

Using the same steps as for (47), one can obtain for the notation of z = [zT1 , . . . , z
T
i , . . . , z

T
n ]

T and
y = [yT1 , . . . , y

T
i , . . . , y

T
n ]

T ,

∥zk+1 − z∥2 ≤∥zk − z∥2 − ∥zk+1/2 − zk∥2 − ∥zk+1/2 − zk+1∥2

+ 2γ

n∑
i=1

⟨yk+1/2
i , z

k+1/2
i − zi⟩ − 2γ⟨∇ℓ

 n∑
j=1

z
k+1/2
j , b

 ,

n∑
j=1

z
k+1/2
j −

n∑
j=1

zj⟩

− 2γ2n∥∇ℓ

 n∑
j=1

z
k+1/2
j , b

−∇ℓ

 n∑
j=1

zkj , b

 ∥2 + 2γ2∥yk+1/2 − yk∥2,

(48)
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and,

∥yk+1 − y∥2 ≤∥yk − y∥2 − ∥yk+1/2 − yk∥2 − ∥yk+1/2 − yk+1∥2

− 2γ

n∑
i=1

⟨zk+1/2
i , y

k+1/2
i − yi⟩+ 2γ

n∑
i=1

⟨Aix
k+1/2
i , y

k+1/2
i − yi⟩

+ 2γ2
n∑

i=1

∥Ai(x
k+1/2
i − xk

i )∥2 + 2γ2∥zk+1/2 − zk∥2. (49)

Summing up (47), (48) and (49), we obtain

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ

n∑
i=1

⟨Ai(x
k+1/2
i − xi), y

k+1/2
i ⟩+ 2γ

n∑
i=1

⟨yk+1/2
i , z

k+1/2
i − zi⟩

− 2γ

n∑
i=1

⟨zk+1/2
i , y

k+1/2
i − yi⟩+ 2γ

n∑
i=1

⟨Aix
k+1/2
i , y

k+1/2
i − yi⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩ − 2γ⟨∇ℓ

 n∑
j=1

z
k+1/2
j , b

 ,

n∑
j=1

z
k+1/2
j −

n∑
j=1

zj⟩

+ 2γ2
n∑

i=1

∥AT
i (y

k+1/2
i − yki )∥2 + 2γ2

n∑
i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2n∥∇ℓ

 n∑
j=1

z
k+1/2
j , b

−∇ℓ

 n∑
j=1

zkj , b

 ∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2
n∑

i=1

∥Ai(x
k+1/2
i − xk

i )∥2.

Using the definition of λmax(·) as a maximum eigenvalue, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

+ 2γ

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩ − 2γ

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩ − 2γ⟨∇ℓ

 n∑
j=1

z
k+1/2
j , b

 ,

n∑
j=1

z
k+1/2
j −

n∑
j=1

zj⟩

+ 2γ2
n∑

i=1

λmax(AiA
T
i )∥y

k+1/2
i − yki ∥2 + 2γ2

n∑
i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2n∥∇ℓ

 n∑
j=1

z
k+1/2
j , b

−∇ℓ

 n∑
j=1

zkj , b

 ∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2
n∑

i=1

λmax(A
T
i Ai)∥xk+1/2

i − xk
i ∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2
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+ 2γ

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩ − 2γ

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩ − 2γ⟨∇ℓ

 n∑
j=1

z
k+1/2
j , b

 ,

n∑
j=1

z
k+1/2
j −

n∑
j=1

zj⟩

+ 2γ2 max
i

{λmax(AiA
T
i )}∥yk+1/2 − yk∥2 + 2γ2

n∑
i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2n∥∇ℓ

 n∑
j=1

z
k+1/2
j , b

−∇ℓ

 n∑
j=1

zkj , b

 ∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2 max
i

{λmax(A
T
i Ai)}∥xk+1/2 − xk∥2.

Using convexity and Lr-smoothness of the function ri with convexity and Lℓ-smoothness of the
function ℓ, we have

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

+ 2γ

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩ − 2γ

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩

− 2γ

n∑
i=1

(ri(x
k+1/2
i )− ri(xi))− 2γ(ℓ

 n∑
j=1

z
k+1/2
j , b

− ℓ

 n∑
j=1

zj , b

)

+ 2γ2 max
i

{λmax(AiA
T
i )}∥yk+1/2 − yk∥2 + 2γ2L2

r∥xk+1/2 − xk∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2nL2
ℓ∥

n∑
j=1

z
k+1/2
j −

n∑
j=1

zkj ∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2 max
i

{λmax(A
T
i Ai)}∥xk+1/2 − xk∥2.

Cauchy Schwartz inequality in the form: ∥
∑n

j=1(z
k+1/2
j −zkj )∥2 ≤ n

∑n
j=1 ∥z

k+1/2
j −zkj ∥2, gives

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

+ 2γ

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩ − 2γ

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩

− 2γ

n∑
i=1

(ri(x
k+1/2
i )− ri(xi))− 2γ(ℓ

 n∑
j=1

z
k+1/2
j , b

− ℓ

 n∑
j=1

zj , b

)

+ 2γ2 max
i

{λmax(AiA
T
i )}∥yk+1/2 − yk∥2 + 2γ2L2

r∥xk+1/2 − xk∥2

+ 2γ2∥yk+1/2 − yk∥2 + 2γ2n2L2
ℓ∥zk+1/2 − zk∥2

+ 2γ2∥zk+1/2 − zk∥2 + 2γ2 max
i

{λmax(A
T
i Ai)}∥xk+1/2 − xk∥2.

With the choice of γ ≤ 1
2 ·min

{
1; 1√

maxi{λmax(AT
i Ai)}

; 1
Lr

; 1
nLℓ

}
, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2
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≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

+ 2γ

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩ − 2γ

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩

− 2γ

n∑
i=1

(ri(x
k+1/2
i )− ri(xi))− 2γ(ℓ

 n∑
j=1

z
k+1/2
j , b

− ℓ

 n∑
j=1

zj , b

).

After small rearrangements, we obtain

(ℓ

 n∑
j=1

z
k+1/2
j , b

− ℓ

 n∑
j=1

zj , b

) +

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)

+

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩ −

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩

≤ 1

2γ

(
∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1 − x∥2 − ∥zk+1 − z∥2 − ∥yk+1 − y∥2
)
.

Then we sum all over k from 0 to K − 1, divide by K, and have

1

K

K−1∑
k=0

(ℓ

 n∑
j=1

z
k+1/2
j , b

− ℓ

 n∑
j=1

zj , b

) +

n∑
i=1

1

K

K−1∑
k=0

(
ri(x

k+1/2
i )− ri(xi)

)

+

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩ −

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩

≤ 1

2γK

(
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

− ∥xK − x∥2 − ∥zK − z∥2 − ∥yK − y∥2
)

≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

With Jensen inequality for convex functions ℓ and ri, one can note that

ℓ

 1

K

K−1∑
k=0

n∑
j=1

z
k+1/2
j , b

 ≤ 1

K

K−1∑
k=0

ℓ

 n∑
j=1

z
k+1/2
j , b

 ,

ri

(
1

K

K−1∑
k=0

x
k+1/2
i

)
≤ 1

K

K−1∑
k=0

ri(x
k+1/2
i ).

Then, with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , z̄Ki = 1

K

K−1∑
k=0

z
k+1/2
i , ȳKi = 1

K

K−1∑
k=0

y
k+1/2
i , we have

ℓ

(
n∑

i=1

z̄Ki , b

)
− ℓ

(
n∑

i=1

zi, b

)
+

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩ −

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩

≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

Following the definition of gap1, we only need to take the maximum in the variable yi ∈ Y and the
minimum in x ∈ X and zi ∈ Z .

gap1(x̄
K , z̄K , ȳK)
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= max
ỹ∈Ỹ

L̃(x̄K , z̄K , ỹ)− min
x̃,z∈X ,Z̃

L̃(x̃, z̃, ȳK)

= max
y∈Ỹ

[
ℓ

(
n∑

i=1

z̄Ki , b

)
+

n∑
i=1

ri(x̄
K
i ) +

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩

]

− min
x,z∈X ,Z̃

[
ℓ

(
n∑

i=1

zi, b

)
+

n∑
i=1

ri(xi) +

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩

]

= max
y∈Ỹ

max
x,z∈X ,Z̃

[
ℓ

(
n∑

i=1

z̄Ki , b

)
− ℓ

(
n∑

i=1

zi, b

)
+

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+

n∑
i=1

⟨Aix
k+1/2
i − z

k+1/2
i , yi⟩ −

n∑
i=1

⟨Aixi − zi, y
k+1/2
i ⟩

]

≤ 1

2γK

(
max
x∈X

∥x0 − x∥2 +max
z∈Z̃

∥z0 − z∥2 +max
y∈Ỹ

∥y0 − y∥2
)
.

D.8 PROOF OF THEOREM C.1

Theorem D.9 (Theorem C.1). Let Assumption 2.1 holds. Let problem (8) be solved by Algorithm 9.
Then for

γ = 1
4 ·min

{
1; 1

ρ ;
1√

λmax(ATA)
; 1√

ρλmax(ATA)
; 1
ρλmax(ATA)

; 1
Lr

; 1
Lℓ

}
,

it holds that

gapaug(x̄
K , z̄K , ȳK) = O

((
1+ρ+

√
(1+ρ)λmax(ATA)+ρλmax(A

TA)+Lℓ+Lr

)
D2

K

)
,

where gapaug(x, z, y) := maxỹ∈Y Laug(x, z, ỹ) − minx̃,z̃∈X ,Z Laug(x̃, z̃, y) and x̄K :=
1
K

∑K−1
k=0 xk+1/2, z̄K := 1

K

∑K−1
k=0 zk+1/2, ȳK := 1

K

∑K−1
k=0 yk+1/2 and D2 :=

maxx,z,y∈X ,Z,Y
[
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

]
.

To prove the convergence it is sufficient to show that the problem is convex–concave (Lemma D.12),
to estimate the Lipschitz constant of gradients and use the general results from (Nemirovski, 2004).
But for completeness, we give the proof of our special case here.

Proof. We start the proof with the following equations on the variables xk+1
i , xk+1/2

i , xk
i and any

xi ∈ Rdi :

∥xk+1
i − xi∥2 = ∥xk

i − xi∥2 + 2⟨xk+1
i − xk

i , x
k+1
i − xi⟩ − ∥xk+1

i − xk
i ∥2,

∥xk+1/2
i − xk+1

i ∥2 = ∥xk
i − xk+1

i ∥2 + 2⟨xk+1/2
i − xk

i , x
k+1/2
i − xk+1

i ⟩ − ∥xk+1/2
i − xk

i ∥2.

Summing up two previous inequalities and making small rearrangements, we get

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

+ 2⟨xk+1
i − xk

i , x
k+1
i − xi⟩+ 2⟨xk+1/2

i − xk
i , x

k+1/2
i − xk+1

i ⟩.

Using that xk+1
i − xk

i = −γ(AT
i y

k+1/2 + ∇ri(x
k+1/2
i ) + ρAT

i (
∑n

i=1 Aix
k+1/2
i − zk+1/2)) and

x
k+1/2
i − xk

i = −γ(AT
i y

k +∇ri(x
k
i ) + ρAT

i (
∑n

i=1 Aix
k
i − zk)) (see lines 5 and 10 of Algorithm

9), we obtain

∥xk+1
i − xi∥2 =∥xk

i − xi∥2 − ∥xk+1/2
i − xk

i ∥2 − ∥xk+1/2
i − xk+1

i ∥2

− 2γ⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ) + ρAT

i (

n∑
i=1

Aix
k+1/2
i − zk+1/2), xk+1

i − xi⟩
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− 2γ⟨AT
i y

k +∇ri(x
k
i ) + ρAT

i (

n∑
i=1

Aix
k
i − zk), x

k+1/2
i − xk+1

i ⟩

=∥xk
i − xi∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

− 2γ⟨AT
i y

k+1/2 +∇ri(x
k+1/2
i ) + ρAT

i (

n∑
i=1

Aix
k+1/2
i − zk+1/2), x

k+1/2
i − xi⟩

− 2γ⟨AT
i (y

k+1/2 − yk) +∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

− 2γρ⟨AT
i (

n∑
i=1

Ai(x
k+1/2
i − xk

i ) + zk − zk+1/2), xk+1
i − x

k+1/2
i ⟩

=∥xk
i − xi∥2 − ∥xk+1/2

i − xk
i ∥2 − ∥xk+1/2

i − xk+1
i ∥2

− 2γ⟨Ai(x
k+1/2
i − xi), y

k+1/2⟩ − 2γ⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2ργ⟨
n∑

i=1

Aix
k+1/2
i − zk+1/2, Ai(x

k+1/2
i − xi)⟩

− 2γ⟨Ai(x
k+1
i − x

k+1/2
i ), yk+1/2 − yk⟩

− 2γ⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

− 2γρ⟨Ai(x
k+1
i − x

k+1/2
i ),

n∑
i=1

Ai(x
k+1/2
i − xk

i )⟩

− 2γρ⟨Ai(x
k+1
i − x

k+1/2
i ), zk − zk+1/2⟩. (50)

Summing over all i from 1 to n, we deduce
n∑

i=1

∥xk+1
i − xi∥2 =

n∑
i=1

∥xk
i − xi∥2 −

n∑
i=1

∥xk+1/2
i − xk

i ∥2 −
n∑

i=1

∥xk+1/2
i − xk+1

i ∥2

− 2γ⟨
n∑

i=1

Ai(x
k+1/2
i − xi), y

k+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2ργ

n∑
i=1

⟨
n∑

i=1

Aix
k+1/2
i − zk+1/2, Ai(x

k+1/2
i − xi)⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

− 2γ⟨
n∑

i=1

Ai(x
k+1
i − x

k+1/2
i ), yk+1/2 − yk⟩

− 2γρ

n∑
i=1

⟨Ai(x
k+1
i − x

k+1/2
i ),

n∑
i=1

Ai(x
k+1/2
i − xk

i )⟩

− 2γρ

n∑
i=1

⟨Ai(x
k+1
i − x

k+1/2
i ), zk − zk+1/2⟩.

With notation of A = [A1, . . . , Ai, . . . , An] and notation of x = [xT
1 , . . . , x

T
i , . . . , x

T
n ]

T from equa-
tion 1 and equation 2, one can obtain that

∑n
i=1 Aixi = Ax:

∥xk+1 − x∥2 =∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)⟩
− 2γ⟨A(xk+1 − xk+1/2), yk+1/2 − yk⟩
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− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

− 2γρ⟨A(xk+1 − xk+1/2), A(xk+1/2 − xk)⟩
− 2γρ⟨A(xk+1 − xk+1/2), zk − zk+1/2⟩

=∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)⟩
− 2γ⟨AT (yk+1/2 − yk), xk+1 − xk+1/2⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i )−∇ri(x

k
i ), x

k+1
i − x

k+1/2
i ⟩

− 2γρ⟨A(xk+1 − xk+1/2), A(xk+1/2 − xk)⟩
− 2γρ⟨A(xk+1 − xk+1/2), zk − zk+1/2⟩.

By Cauchy Schwartz inequality, we get

∥xk+1 − x∥2 ≤∥xk − x∥2 − ∥xk+1/2 − xk∥2 − ∥xk+1/2 − xk+1∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)⟩

+ 4γ2∥AT (yk+1/2 − yk)∥2 + 1

4
∥xk+1 − xk+1/2∥2

+ 4γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2 +

1

4

n∑
i=1

∥xk+1
i − x

k+1/2
i ∥2

+ 4γ2ρ2∥AT (zk+1/2 − zk)∥2 + 1

4
∥xk+1 − xk+1/2∥2

+ 4γ2ρ2∥ATA(xk+1/2 − xk)∥2 + 1

4
∥xk+1 − xk+1/2∥2

=∥xk − x∥2 − ∥xk+1/2 − xk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ
n∑

i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)⟩

+ 4γ2∥AT (yk+1/2 − yk)∥2 + 4γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 4γ2ρ2∥AT (zk+1/2 − zk)∥2 + 4γ2ρ2∥ATA(xk+1/2 − xk)∥2. (51)

Using the same steps, one can obtain for z ∈ Rs,

∥zk+1 − z∥2 ≤∥zk − z∥2 − ∥zk+1/2 − zk∥2

+ 2γ⟨yk+1/2, zk+1/2 − z⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩
− 2γρ⟨zk+1/2 −Axk+1/2, zk+1/2 − z⟩
+ 4γ2∥yk+1/2 − yk∥2 + 4γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2

+ 4γ2ρ2∥zk+1/2 − zk∥2 + 4γ2ρ2∥A(xk+1/2 − xk)∥2. (52)

and for all y ∈ Rs,

∥yk+1 − y∥2 ≤∥yk − y∥2 − ∥yk+1/2 − yk∥2
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− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩
+ 2γ2∥zk+1/2 − zk∥2 + 2γ2∥A(xk+1/2 − xk)∥2. (53)

Summing up equation 51, equation 52 and equation 53, we obtain

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩ − 2γ⟨∇ℓ(zk+1/2, b), zk+1/2 − z⟩

− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)− (zk+1/2 − z)⟩
− 2γρ⟨zk+1/2 −Axk+1/2, zk+1/2 − z⟩

+ 2γ2∥AT (yk+1/2 − yk)∥2 + 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 4γ2∥yk+1/2 − yk∥2 + 4γ2∥∇ℓ(zk+1/2, b)−∇ℓ(zk, b)∥2

+ 4γ2∥zk+1/2 − zk∥2 + 4γ2∥A(xk+1/2 − xk)∥2

+ 4γ2ρ2∥AT (zk+1/2 − zk)∥2 + 4γ2ρ2∥ATA(xk+1/2 − xk)∥2

+ 4γ2ρ2∥zk+1/2 − zk∥2 + 4γ2ρ2∥A(xk+1/2 − xk)∥2.

Using convexity and Lr-smoothness of the function ri with convexity and Lℓ-smoothness of the
function ℓ (Assumption 2.1), we have

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
l(zk+1/2, b)− l(z, b)

)
− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)− (zk+1/2 − z)⟩

+ 4γ2∥AT (yk+1/2 − yk)∥+ 4γ2L2
r

n∑
i=1

∥xk+1/2
i − xk

i ∥2

+ 4γ2∥yk+1/2 − yk∥2 + 4γ2L2
ℓ∥zk+1/2 − zk∥2

+ 4γ2∥zk+1/2 − zk∥2 + 4γ2∥A(xk+1/2 − xk)∥2

+ 4γ2ρ2∥AT (zk+1/2 − zk)∥2 + 4γ2ρ2∥ATA(xk+1/2 − xk)∥2

+ 4γ2ρ2∥zk+1/2 − zk∥2 + 4γ2ρ2∥A(xk+1/2 − xk)∥2.

Using the definition of λmax(·) as a maximum eigenvalue, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1/2 − xk∥2 − ∥zk+1/2 − zk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩

69



3705
3706
3707
3708
3709
3710
3711
3712
3713
3714
3715
3716
3717
3718
3719
3720
3721
3722
3723
3724
3725
3726
3727
3728
3729
3730
3731
3732
3733
3734
3735
3736
3737
3738
3739
3740
3741
3742
3743
3744
3745
3746
3747
3748
3749
3750
3751
3752
3753
3754
3755
3756
3757
3758

Under review as a conference paper at ICLR 2025

− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
l(zk+1/2, b)− l(z, b)

)
− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)− (zk+1/2 − z)⟩
+ 4γ2λmax(AAT )∥yk+1/2 − yk∥+ 4γ2L2

r∥xk+1/2 − xk∥2

+ 4γ2∥yk+1/2 − yk∥2 + 4γ2L2
ℓ∥zk+1/2 − zk∥2

+ 4γ2∥zk+1/2 − zk∥2 + 4γ2λmax(A
TA)∥xk+1/2 − xk∥2

+ 4γ2ρ2λmax(AAT )∥zk+1/2 − zk∥2 + 4γ2ρ2λ2
max(AAT )∥xk+1/2 − xk∥2

+ 4γ2ρ2∥zk+1/2 − zk∥2 + 4γ2ρ2λmax(AAT )∥xk+1/2 − xk∥2.

With the choice of γ ≤ 1
4 ·min

{
1; 1

ρ ;
1√

λmax(ATA)
; 1√

ρλmax(ATA)
; 1
ρλmax(ATA)

; 1
Lr

; 1
Lℓ

}
, we get

∥xk+1 − x∥2 + ∥zk+1 − z∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩+ 2γ⟨yk+1/2, zk+1/2 − z⟩
− 2γ⟨zk+1/2, yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
l(zk+1/2, b)− l(z, b)

)
− 2ργ⟨Axk+1/2 − zk+1/2, A(xk+1/2 − x)− (zk+1/2 − z)⟩

=∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

+ 2γ⟨Ax− z, yk+1/2⟩ − 2γ⟨Axk+1/2 − zk+1/2, y⟩

− 2γ

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
− 2γ

(
l(zk+1/2, b)− l(z, b)

)
− ργ∥Axk+1/2 − zk+1/2∥2 + ργ∥Ax− z∥2 − ργ∥A(xk+1/2 − x)− (zk+1/2 − z)∥2.

After small rearrangements, we obtain(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+

n∑
i=1

(
ri(x

k+1/2
i )− ri(xi)

)
+ ⟨Axk+1/2 − zk+1/2, y⟩ − ⟨Ax− z, yk+1/2⟩

+
ρ

2
∥Axk+1/2 − zk+1/2∥2 − ρ

2
∥Ax− z∥2

≤ 1

2γ

(
∥xk − x∥2 + ∥zk − z∥2 + ∥yk − y∥2

− ∥xk+1 − x∥2 − ∥zk+1 − z∥2 − ∥yk+1 − y∥2
)
.

Then we sum all over k from 0 to K − 1, divide by K, and have

1

K

K−1∑
k=0

(
ℓ(zk+1/2, b)− ℓ(z, b)

)
+

n∑
i=1

1

K

K−1∑
k=0

(
ri(x

k+1/2
i )− ri(xi)

)
+ ⟨A · 1

K

K−1∑
k=0

xk+1/2 − 1

K

K−1∑
k=0

zk+1/2, y⟩ − ⟨Ax− z,
1

K

K−1∑
k=0

yk+1/2⟩

+
ρ

2

1

K

K−1∑
k=0

∥Axk+1/2 − zk+1/2∥2 − ρ

2
∥Ax− z∥2
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≤ 1

2γK

(
∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2

− ∥xK − x∥2 − ∥zK − z∥2 − ∥yK − y∥2
)

≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

With Jensen inequality for convex functions ℓ, ri and ∥ · ∥2, one can note that

ℓ

(
1

K

K−1∑
k=0

zk+1/2, b

)
≤ 1

K

K−1∑
k=0

ℓ(zk+1/2, b),

ri

(
1

K

K−1∑
k=0

x
k+1/2
i

)
≤ 1

K

K−1∑
k=0

ri(x
k+1/2
i ),

∥∥∥∥∥A 1

K

K−1∑
k=0

xk+1/2 − 1

K

K−1∑
k=0

zk+1/2

∥∥∥∥∥
2

≤ 1

K

K−1∑
k=0

∥Axk+1/2 − zk+1/2∥2.

Then, with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , z̄K = 1

K

K−1∑
k=0

zk+1/2, ȳK = 1
K

K−1∑
k=0

yk+1/2, we have

ℓ(z̄K , b)− ℓ(z, b) +

n∑
i=1

(
ri(x̄

K
i )− ri(xi)

)
+ ⟨Ax̄K − z̄K , y⟩ − ⟨Ax− z, ȳK⟩

+
ρ

2
∥Ax̄K − z̄K∥2 − ρ

2
∥Ax− z∥2 ≤ 1

2γK
(∥x0 − x∥2 + ∥z0 − z∥2 + ∥y0 − y∥2).

Following the definition gapaug, we only need to take the maximum in the variable y ∈ Y and the
minimum in x ∈ X and z ∈ Z .

gapaug(x̄
K , z̄K , ȳK)

= max
y∈Y

Laug(x̄
K , z̄K , y)− min

x,z∈X ,Z
Laug(x, z, ȳ

K)

= max
y∈Y

[
ℓ(z̄K , b) +

n∑
i=1

ri(x̄
K
i ) + ⟨Ax̄K − z̄K , y⟩+ ρ

2
∥Ax̄K − z̄K∥2

]

− min
x,z∈X ,Z

[
ℓ(z, b) +

n∑
i=1

ri(xi) + ⟨Ax− z, ȳK⟩+ ρ

2
∥Ax− z∥2

]

≤ 1

2γK
(max
x∈X

∥x0 − x∥2 +max
z∈Z

∥z0 − z∥2 +max
y∈Y

∥y0 − y∥2).

(54)

To complete the proof in the cases equation 54 , it remains to put γ ≤ 1
4 ·

min

{
1; 1

ρ ;
1√

λmax(ATA)
; 1√

ρλmax(ATA)
; 1
ρλmax(ATA)

; 1
Lr

; 1
Lℓ

}
.

D.9 PROOF OF THEOREM C.2

Theorem D.10 (Theorem C.2). Let l∗ be Lℓ∗ -smooth and convex, r be Lr-smooth and convex. Let
problem (9) be solved by Algorithm 10. Then for

γ = 1
2 ·min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ∗

}
,

it holds that

gap2(x̄
K , ȳK) = O

((
1+

√
λmax(ATA)+Lℓ∗+Lr

)
D̂2

K

)
,
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where gap2(x, y) := maxỹ∈Y L̂(x, ỹ) − minx̃∈X L̂(x̃, y) and x̄K := 1
K

∑K−1
k=0 xk+1/2, ȳK :=

1
K

∑K−1
k=0 yk+1/2 and D̂2 := maxx,y∈X ,Y

[
∥x0 − x∥2 + ∥y0 − y∥2

]
.

Proof. We start the proof from (12), since the updates for x variables in Algorithms 1, 10 are the
same:

∥xk+1 − x∥2 ≤∥xk − x∥2 − ∥xk+1/2 − xk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

+ 2γ2∥AT (yk+1/2 − yk)∥2 + 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2. (55)

Using the same steps as for (12), one can obtain for y ∈ Rs from Algorithms 10,

∥yk+1 − y∥2 ≤∥yk − y∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨∇ℓ∗(yk+1/2, b), yk+1/2 − y⟩+ 2γ⟨
n∑

i=1

Aix
k+1/2
i , yk+1/2 − y⟩

+ 2γ2∥∇ℓ∗(yk+1/2, b)−∇ℓ∗(yk, b)∥2 + 2γ2

∥∥∥∥∥
n∑

i=1

Ai(x
k+1/2
i − xk

i )

∥∥∥∥∥
2

=∥yk − y∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨∇ℓ∗(yk+1/2, b), yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩
+ 2γ2∥∇ℓ∗(yk+1/2, b)−∇ℓ∗(yk, b)∥2 + 2γ2∥A(xk+1/2 − xk)∥2. (56)

Here we also use notation of A and x. Summing up (55) and (56), we obtain

∥xk+1 − x∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥yk − y∥2 − ∥xk+1/2 − xk∥2 − ∥yk+1/2 − yk∥2

− 2γ⟨A(xk+1/2 − x), yk+1/2⟩ − 2γ

n∑
i=1

⟨∇ri(x
k+1/2
i ), x

k+1/2
i − xi⟩

− 2γ⟨∇ℓ∗(yk+1/2, b), yk+1/2 − y⟩+ 2γ⟨Axk+1/2, yk+1/2 − y⟩

+ 2γ2∥AT (yk+1/2 − yk)∥2 + 2γ2
n∑

i=1

∥∇ri(x
k+1/2
i )−∇ri(x

k
i )∥2

+ 2γ2∥∇ℓ∗(yk+1/2, b)−∇ℓ∗(yk, b)∥2 + 2γ2∥A(xk+1/2 − xk)∥2.
Using convexity and Lr-smoothness of the function ri with convexity and Lℓ∗ -smoothness of the
function ℓ and with the definition of λmax(·) as a maximum eigenvalue, we have

∥xk+1 − x∥2 + ∥yk+1 − y∥2

≤∥xk − x∥2 + ∥yk − y∥2 − ∥xk+1/2 − xk∥2 − ∥yk+1/2 − yk∥2

+ 2γ⟨Ax, yk+1/2⟩ − 2γ

n∑
i=1

[ri(x
k+1/2
i )− ri(xi)]

− 2γ(l∗(yk+1/2, b)− l∗(y, b))− 2γ⟨Axk+1/2, y⟩

+ 2γ2λmax(AAT )∥yk+1/2 − yk∥2 + 2γ2L2
r

n∑
i=1

∥xk+1/2
i − xk

i ∥2

+ 2γ2L2
ℓ∗∥yk+1/2 − yk∥2 + 2γ2λmax(A

TA)∥xk+1/2 − xk∥2.

With the choice of γ ≤ 1
2 ·min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ∗

}
, we get

∥xk+1 − x∥2 + ∥yk+1 − y∥2 ≤∥xk − x∥2 + ∥yk − y∥2
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+ 2γ⟨Ax, yk+1/2⟩ − 2γ

n∑
i=1

[ri(x
k+1/2
i )− ri(xi)]

− 2γ(l∗(yk+1/2, b)− l∗(y, b))− 2γ⟨Axk+1/2, y⟩.

After small rearrangements, we obtain

l∗(yk+1/2, b)− l∗(y, b) +

n∑
i=1

[ri(x
k+1/2
i )− ri(xi)] + ⟨Axk+1/2, y⟩ − ⟨Ax, yk+1/2⟩

≤ 1

2γ

(
∥xk − x∥2 + ∥yk − y∥2 − ∥xk+1 − x∥2 − ∥yk+1 − y∥2

)
.

Then we sum all over k from 0 to K − 1, divide by K, and have

1

K

K−1∑
k=0

[
l∗(yk+1/2, b)− l∗(y, b) +

n∑
i=1

[ri(x
k+1/2
i )− ri(xi)] + ⟨Axk+1/2, y⟩ − ⟨Ax, yk+1/2⟩

]
≤ 1

2γK

(
∥x0 − x∥2 + ∥y0 − y∥2

)
.

With Jensen inequality for convex functions ℓ and ri, one can note that

ℓ∗

(
1

K

K−1∑
k=0

yk+1/2, b

)
≤ 1

K

K−1∑
k=0

ℓ∗(yk+1/2, b),

ri

(
1

K

K−1∑
k=0

x
k+1/2
i

)
≤ 1

K

K−1∑
k=0

ri(x
k+1/2
i ).

Then, with notation x̄K
i = 1

K

K−1∑
k=0

x
k+1/2
i , ȳK = 1

K

K−1∑
k=0

yk+1/2, we have

ℓ∗(ȳK , b)− ℓ∗(y, b) +

n∑
i=1

[ri(x̄
K
i )− ri(xi)] + ⟨Ax̄K , y⟩ − ⟨Ax, ȳK⟩

≤ 1

2γK

(
∥x0 − x∥2 + ∥y0 − y∥2

)
.

Following the definition of gap2, we only need to take the maximum in the variable y ∈ Y and the
minimum in x ∈ X .

gap2(x̄
K , ȳK)

= max
y∈Y

L̂(x̄K , y)−min
x∈X

L̂(x, ȳK)

= max
y∈Y

[
−ℓ∗ (y, b) +

n∑
i=1

ri(x̄
K
i ) + yT

(
n∑

i=1

Aix̄
K
i

)]

−min
x∈X

[
−ℓ(ȳK , b) +

n∑
i=1

ri(xi) + (̄yK)T

(
n∑

i=1

Aixi

)]

= max
y∈Y

max
x∈X

[
ℓ∗(ȳK , b)− ℓ∗(y, b) +

n∑
i=1

[ri(x̄
K
i )− ri(xi)] + ⟨Ax̄K , y⟩ − ⟨Ax, ȳK⟩

]

≤ 1

2γK

(
max
x∈X

∥x0 − x∥2 +max
y∈Y

∥y0 − y∥2
)
.

To complete the proof, it remains to put γ = 1
2 ·min

{
1; 1√

λmax(ATA)
; 1
Lr

; 1
Lℓ∗

}
.
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D.10 THREE LEMMAS

Lemma D.11. If ℓ and ri are convex, then L(x, z, y) from (4) is convex-concave.

Proof. We start from checking of convexity.

∇(x,z)L(x, z, y) =


AT

1 y +∇r1(x1)
. . .

AT
i y +∇ri(xi)

. . .
AT

ny +∇rn(xn)
∇ℓ(z, b)− y

 .

Then, we need to check the condition of Theorem 2.1.3 from (Nesterov, 2003):

⟨∇(x,z)L(x1, z1, y)−∇(x,z)L(x2, z2, y), (x1, z1)− (x2, z2)⟩

= ⟨


∇r1(x1,1)−∇r1(x1,2)

. . .
∇ri(xi,1)−∇ri(xi,2)

. . .
∇rn(xn,1)−∇rn(xn,2)
∇ℓ(z1, b)−∇ℓ(z2, b)

 ,


x1,1 − x1,2

. . .
xi,1 − xi,2

. . .
xn,1 − xn,2

z1 − z2

⟩ ≥ 0.

Here we also use that ℓ and ri are convex. It means that the problem (4) is convex on (x, z). Next,
we move to check concavity.

∇yL(x, z, y) =

(
n∑

i=1

Aixi − z

)
.

Then, again with Theorem 2.1.3 from (Nesterov, 2003):

⟨∇yL(x, z, y1)−∇yL(x, z, y2), y1 − y2⟩ = 0 ≤ 0,

we get that the problem (4) is concave on y.

Lemma D.12. If ℓ and ri are convex, then Laug(x, z, y) from (8) is convex-concave.

Proof. We start from checking of convexity.

∇(x,z)L(x, z, y) =


AT

1 y +∇r1(x1) + ρAT
1 (Ax− z)

. . .
AT

i y +∇ri(xi) + ρAT
i (Ax− z)

. . .
AT

ny +∇rn(xn) + ρAT
n (Ax− z)

∇ℓ(z, b)− y + ρ(z −Ax)

 .

Then, we need to check the condition of Theorem 2.1.3 from (Nesterov, 2003):

⟨∇(x,z)L(x1, z1, y)−∇(x,z)L(x2, z2, y), (x1, z1)− (x2, z2)⟩

= ⟨


∇r1(x1,1)−∇r1(x1,2) + ρAT

1 [A(x1 − x2)− (z1 − z2)]
. . .

∇ri(xi,1)−∇ri(xi,2) + ρAT
i [A(x1 − x2)− (z1 − z2)]

. . .
∇rn(xn,1)−∇rn(xn,2) + ρAT

n [A(x1 − x2)− (z1 − z2)]
∇ℓ(z1, b)−∇ℓ(z2, b) + ρ[z1 − z2 −A(x1 − x2)]

 ,


x1,1 − x1,2

. . .
xi,1 − xi,2

. . .
xn,1 − xn,2

z1 − z2

⟩

= ⟨


∇r1(x1,1)−∇r1(x1,2)

. . .
∇ri(xi,1)−∇ri(xi,2)

. . .
∇rn(xn,1)−∇rn(xn,2)
∇ℓ(z1, b)−∇ℓ(z2, b)

 ,


x1,1 − x1,2

. . .
xi,1 − xi,2

. . .
xn,1 − xn,2

z1 − z2

⟩
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+ ρ
(
∥z1 − z2∥2 − 2(z1 − z2)

TA(x1 − x2) + ∥A(x1 − x2)∥2
)

= ⟨


∇r1(x1,1)−∇r1(x1,2)

. . .
∇ri(xi,1)−∇ri(xi,2)

. . .
∇rn(xn,1)−∇rn(xn,2)
∇ℓ(z1, b)−∇ℓ(z2, b)

 ,


x1,1 − x1,2

. . .
xi,1 − xi,2

. . .
xn,1 − xn,2

z1 − z2

⟩

+ ρ∥z1 − z2 −A(x1 − x2)∥2

≥ 0.

Here we also use that ℓ and ri are convex. It means that the problem (8) is convex on (x, z). Next,
we move to check concavity.

∇yL(x, z, y) =

(
n∑

i=1

Aixi − z

)
.

Then, again with Theorem 2.1.3 from (Nesterov, 2003):

⟨∇yL(x, z, y1)−∇yL(x, z, y2), y1 − y2⟩ = 0 ≤ 0,

we get that the problem (8) is concave on y.

Lemma D.13. For any matrix A = [A1 . . . An] it holds that ∥A∥ ≤
√∑n

i=1 ∥Ai∥2.

Proof. Let us consider A = [A1A2]. Then, we have

∥A∥ = sup
∥x∥2=1

[∥Ax∥] = sup
∥x1∥2+∥x2∥2=1

[∥A1x1 +A2x2∥] ≤ sup
∥x1∥2+∥x2∥2=1

[∥A1x1∥+ ∥A2x2∥]

= sup
α∈[0;1]

[
sup

∥x1∥2=α

∥A1x1∥+ sup
∥x1∥2=1−α

∥A2x2∥

]

= sup
α∈[0;1]

[
√
α · sup

∥x1∥2=1

∥A1x1∥+
√
1− α · sup

∥x1∥2=1

∥A2x2∥

]
= sup

α∈[0;1]

[√
α∥A1∥+

√
1− α∥A2∥

]
.

Optimizing α ∈ [0; 1], we get that α∗ = ∥A1∥2

∥A1∥2+∥A2∥2 and

∥A∥ ≤
√
∥A1∥2 + ∥A2∥2.

This result can be extended to any n by induction. In more details, if A = [Ãn−1An] with Ãn−1 =

[A1 . . . An−1] and we assume that ∥Ãn−1∥ ≤
√∑n−1

i=1 ∥Ai∥2, then we have

∥A∥ ≤
√
∥Ãn−1∥2 + ∥An∥2 ≤

√√√√n−1∑
i=1

∥Ai∥2 + ∥An∥2 =

√√√√ n∑
i=1

∥Ai∥2.

D.11 ON CONVERGENCE GAP

In our theoretical analysis, we use the criterion: gap(x, z, y) := maxỹ∈Y L(x, z, ỹ) −
minx̃,z̃∈X ,Z L(x̃, z̃, y), where L(x, z, y) = ℓ(z, b) + r(x) + yT (Ax − z). Since
minx̃,z̃∈X ,Z L(x̃, z̃, y) ≤ L(x∗, z∗, y), we get

max
ỹ∈Y

L(x, z, ỹ)− L(x∗, z∗, y) ≤ gap(x, z, y).
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We note that Ax∗ = z∗, then

max
ỹ∈Y

L(x, z, ỹ)− L(x∗, z∗, y) = [ℓ(z, b) + r(x) + max
ỹ∈Y

ỹT (Ax− z)]− [ℓ(z∗, b) + r(x∗) + (y)T (Ax∗ − z∗)]

= [ℓ(z, b) + r(x) + max
ỹ∈Y

ỹT (Ax− z)]− [ℓ(Ax∗, b) + r(x∗)].

When taking maximum for y ∈ Y we can define Y as we need. In particular, we can choose
Y = [y ∈ Rs | ||y||∞ ≤ C] for some C > 0. Then

max
ỹ∈Y

ỹT (Ax− z) = C∥Ax− zk∥1 ≥ C∥Ax− z∥.

Finally, we get

gap(x, z, y) ≥ [ℓ(z, b) + r(x)− ℓ(Ax∗, b) + r(x∗)] + C∥Axk − zk∥ = newgap(x, z).

If it holds that gap(x, z, y) ≤ ε, we guarantee that newgap(x, z, y) ≤ ε. The question that arises is
whether newgap(x, z, y) ≤ ε implies that [ℓ(z, b) + r(x)− ℓ(Ax∗, b) + r(x∗)] as well as ∥Ax− z∥
are also “small” in the sense that they are smaller than ε (up to constants). In general, the answer
is no: [ℓ(z, b) + r(x) − ℓ(Ax∗, b) + r(x∗)] might be very small (and negative), and ∥Ax − z∥2
can be very large. But Theorem 3.60 from (Beck, 2017) shows that if C is large enough such a
conclusion can be drawn. In particular, if newgap(xk, zk, yk) ≤ ε then C∥Axk − zk∥2 ≤ ε and we
have Axk → zk.

D.12 ON TUNING OF STEPSIZE

We can rewrite the original problem (1) in the following way:

min
x∈Rd

[ℓ (Ax, b) + r(x)] =

[
ℓ

(
1

β
· βAx, b

)
+ r(x)

]
=
[
ℓ̃
(
Ãx, b

)
+ r(x)

]
,

where ℓ̃ (y, b) = ℓ
(

y
β , b
)

and Ã = βA. Next, we can estimate Lℓ̃ and λmax(Ã
T Ã):

∥∇ℓ̃(y1, b)−∇ℓ̃(y2, b)∥ = ∥∇yℓ

(
y1
β
, b

)
−∇yℓ

(
y2
β
, b

)
∥

=
1

β
∥∇ℓ

(
y1
β
, b

)
−∇ℓ

(
y2
β
, b

)
∥ ≤ Lℓ

β2
∥y1 − y2∥,

λmax(Ã
T Ã) = λmax(β

2ATA) = β2λmax(A
TA).

We get that Lℓ̃ =
Lℓ

β2 and λmax(Ã
T Ã) = β2λmax(A

TA).

Our goal is to equivalize Lℓ̃ and
√
λmax(ÃT Ã) in Theorem 2.2 to make stepsize bigger for free.

Then
Lℓ

β2
= Lℓ̃ =

√
λmax(ÃT Ã) = β

√
λmax(ATA)

⇒ β =
L
1/3
ℓ

λ
1/6
max(ATA)

⇒ Lℓ̃ = L
1/3
ℓ λ1/3

max(A
TA).

Hence, the bound on the stepsize in Theorem 2.2 become

γ = 1
2 ·min{1; 1

3
√

Lℓλmax(ATA)
;
1

Lr
}.

This, in turn, modifies the convergence result of the theorem as follows:

gap(x̄K , z̄K , ȳK) = O

(
(1 + 3

√
Lℓλmax(ATA) + Lr)D

2

K

)
.
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E ADDITIONAL EXPERIMENTS

In the main part (Figure 1 of Section 6) we shown that the concept of the saddle point reformulation
and Algorithm 1 for its solution is competitive in the deterministic case. Here we present additional
experiments.

As in the main part, we conduct experiments on the linear regression problem:
minx∈Rd f(x) = 1

2∥Ax− b∥2 + λ∥x∥22. We take mushrooms, a9a, w8a and MNIST datasets
from LibSVM library (Chang & Lin, 2011). We vertically (by features) uniformly divide the whole
dataset between 5 devices.

First we repeat the same experiments as in the main part, but now for each method we tune the
parameters using a grid search. The results are shown in Figure 3. If we compare Figure 1 and
Figure 3, the one method that accelerates the most is Algorithm 1.
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Figure 3: Comparison of tuned methods for solving the VFL problem in different formulations: minimization
(GD, Nesterov) and saddle point (ADMM, ExtraGradient/Algorithm 1). The comparison is made on
LibSVM datasets mushrooms, a9a, w8a and MNIST.

Next, we want to consider modifications of Algorithm 1 and show that they can speed Algorithm 1
up from different points of view.

In the first group of experiments with modifications (Figure 4), we test the performance of Algorithm
2. We use the compression operator Q = RandK%, which is a random selection coordinates: 100%
(Algorithm 1), 50%, 25%, 10%. An important detail is that we set the same random generator
and seed on each of the devices. Therefore, at each iteration we send random coordinates, but
they are the same for all devices. The comparison is made in terms of the number of full vectors
transmitted. In contrast to the main part, here we tune stepsizes, since with the theoretical step it is
not possible to achieve the best acceleration compared to Algorithm 1. The comparison is done in
two settings: the basic one and using the β-trick (see disscusion after Corollary 2.3). The results
show that compression can indeed speed up the communication process.

In the second group of experiments with modifications (Figure 5), we test the performance of Al-
gorithm 3 in comparison with Algorithm 2. We use the compression operators C = TopK% (for
Algorithm 3), which is a greedy selection coordinates, and Q = RandK% (for Algorithm 2) with K
= 25% and 10%. The comparison is made in terms of the number of full vectors transmitted. As
in the previous experiment, we tune stepsizes. In experiments, we see that unbiased compression
outperforms biased compression almost always. In the horizontal case, the opposite is usually true
(Beznosikov et al., 2020). We attribute this effect to the fact that in the case of RandK% compres-
sion we set the same random generator and seed on different devices and therefore they send the
same random coordinates at each iteration. In the case of using TopK% operator we cannot do this,
therefore convergence is worse.
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Figure 4: Comparison of Algorithm 2 for solving the VFL problem (4). The comparison is made on LibSVM
datasets mushrooms, a9a, w8a and MNIST. The compression operator Q = RandK%. The criterion for
comparison is the number of full vectors transmitted. The top line reflects the work of methods on the basic
problem, the bottom line solves the problem with the β-trick (see disscusion after Corollary 2.3).

In the third group of experiments with modifications (Figure 6), we test the performance of Algo-
rithm 4. At each iteration we generate only 2 devices out of 5 that communicate. The comparison is
made in terms of the number of full vectors transmitted from all devices. As in the previous experi-
ments, we tune stepsizes. The results show that the partial participation technique can indeed speed
up the communication process in terms of the number of devices communicated.

In the fouth group of experiments with modifications (Figure 7), we test the performance of Al-
gorithm 5. We use a random selection coordinates: 100% (Algorithm 1), 50%, 25%, 10%. An
important detail is that we set the same random generator and seed on each of the devices. The
comparison is made in terms of the computational powers. Here we also tune stepsizes. The results
show that the random coordinate selection can indeed speed up the computational process.

E.1 TECHNICAL DETAILS

Our algorithms is written in Python 3.10, with the use of PyTorch optimization library. We imple-
ment a simulation of distributed optimization system on a single server. Our server is AMD Ryzen
Threadripper 2950X 16-Core Processor @ 2.2 GHz CPU and x2 NVIDIA GeForce GTX 1080 Ti
GPU.
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Figure 5: Comparison of Algorithm 3 and Algorithm 2 for solving the VFL problem (4). The comparison is
made on LibSVM datasets mushrooms, a9a, w8a and MNIST. The compression operators C = TopK% and
Q = RandK%. The criterion for comparison is the number of full vectors transmitted. The top line reflects
the work of methods on the basic problem, the bottom line solves the problem with the β-trick (see disscusion
after Corollary 2.3).
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Figure 6: Comparison of Algorithm 4 for solving the VFL problem (4). The comparison is made on LibSVM
datasets mushrooms, a9a, w8a and MNIST. The criterion for comparison is the number of full vectors
transmitted.
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Figure 7: Comparison of Algorithm 5 for solving the VFL problem (4) on LibSVM datasets mushrooms,
a9a, w8a and MNIST. The criterion for comparison is the computational powers. The top line reflects the
work of methods on the basic problem, the bottom line solves the problem with the β-trick (see disscusion after
Corollary 2.3).
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