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ABSTRACT

Unsupervised contrastive learning has shown significant performance improve-
ments in recent years, often approaching or even rivaling supervised learning in
various tasks. However, its learning mechanism is fundamentally different from
supervised learning. Previous works have shown that difficult examples (well-
recognized in supervised learning as examples around the decision boundary),
which are essential in supervised learning, contribute minimally in unsupervised
settings. In this paper, perhaps surprisingly, we find that the direct removal of
difficult examples, although reduces the sample size, can boost the downstream
classification performance of contrastive learning. To uncover the reasons behind
this, we develop a theoretical framework modeling the similarity between different
pairs of samples. Guided by this framework, we conduct a thorough theoretical
analysis revealing that the presence of difficult examples negatively affects the
generalization of contrastive learning. Furthermore, we demonstrate that the re-
moval of these examples, and techniques such as margin tuning and temperature
scaling can enhance its generalization bounds, thereby improving performance.
Empirically, we propose a simple and efficient mechanism for selecting difficult
examples and validate the effectiveness of the aforementioned methods, which
substantiates the reliability of our proposed theoretical framework.

1 INTRODUCTION

Contrastive learning has demonstrated exceptional empirical perfor- ‘
mance in the realm of unsupervised representation learning, effec-  ,, ==
tively learning high-quality representations of high-dimensional data  _.,
using substantial volumes of unlabeled data by aligning an anchor S0

point with its augmented views in the embedding space (Caron et al., £os
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contrastive learning may own quite different working mechanisms =0+

from supervised learning, as discussed in Joshi & Mirzasoleiman|  °?

(2023). For example, difficult examples (also known as difficult-to- O-0CIFAR-10  CIFAR-100  STL-10 Tinylmagenet
learn examples inJoshi & Mirzasoleiman|(2023)), which contribute Figure 1: Excluding difficult
the most to supervised learning, contribute the least or even nega- examples improves unsuper-
tively to contrastive learning performance. They show that on image vised contrastive learning.
datasets such as CIFAR-100 and STL-10, excluding 20%-40% of the examples does not negatively
impact downstream task performance. More surprisingly, their results showed, but somehow failed
to notice, that excluding these samples on certain datasets like STL-10 can lead to performance
improvements in downstream tasks.

Taking a step further beyond their study, we find that this surprising result is not just a specialty of a
certain dataset, but a universal phenomenon across multiple datasets. Specifically, we run SimCLR on
the original CIFAR-10, CIFAR-100, STL-10, and TinyImagenet datasets, the SAS core subsets (Joshi
& Mirzasoleimanl, 2023) selected with a deliberately tuned size, and a subset selected by a sample
removal mechanism to be proposed in this paper. In Figure[I} we report the gains of linear probing
accuracy by using the subsets compared with the original datasets. We see that on all these benchmark
datasets, excluding a certain fraction of examples results in comparable and even better downstream
performance. This result is somewhat anti-intuitive because deep learning models trained with more
samples, benefiting from lower sample error, usually perform better. Yet our observation indicates
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that difficult examples can hurt unsupervised contrastive learning performances. This observation
naturally raises a question:

What is the mechanism behind difficult examples impacting the learning process of
unsupervised contrastive learning?

To comprehensively characterize such impact, we first develop a theoretical framework, i.e., the simi-
larity graph, to describe the similarity between different sample pairs. Specifically, pairs containing
difficult samples, termed as difficult pairs, exhibit higher similarities than other different-class pairs.
Based on this similarity graph, we derive the linear probing error bounds of contrastive learning
models trained with and without difficult samples, proving that the presence of difficult examples
negatively affects performance. Next, we prove that the most straightforward idea of directly remov-
ing difficult examples improves the generalization bounds. Further, we also theoretically demonstrate
that commonly used techniques such as margin tuning (Zhou et al., [2024)) and temperature scaling
(Khaertdinov et al .| [2022; [Kukleva et al., 2023} Zhang et al., 202 1)) mitigate the negative effects of
difficult examples by modifying the similarity between sample pairs from different perspectives,
thereby improving the generalization bounds. Experimentally, we propose a simple but effective
mechanism for selecting difficult samples that does not rely on pre-trained models. The performance
improvements achieved by addressing difficult samples through the aforementioned methods align
with our theoretical analysis of the generalization bounds.

The contributions of this paper are summarized as follows:

* We find that removing certain training examples boosts the performance of unsupervised
contrastive learning is a universal empirical phenomenon on multiple benchmark datasets.
Through a mixing-image experiment, we conjecture that the removal of difficult examples is
the cause.

* We design a theoretical framework that models the similarity between different pairs of
samples to characterize how difficult samples in contrastive learning affect the generalization
of downstream tasks. Based on this framework, we theoretically prove that the existence of
difficult samples hurts contrastive learning performances.

* We theoretically analyze how possible solutions, i.e. directly removing difficult samples,
margin tuning, and temperature scaling, can address the issue of difficult examples by
improving the generalization bounds in different ways.

* In experiments, we propose a simple and efficient mechanism for selecting difficult examples
and validate the effectiveness of the aforementioned methods, which substantiates the
reliability of our proposed theoretical framework.

2  DIFFICULT EXAMPLES HURT: A MIXING IMAGE EXPERIMENT

We start this section by revealing that difficult examples do hurt contrastive learning performances
through a proof-of-concept toy experiment.

The concept of difficult examples is borrowed from supervised learning, denoting the examples
around the decision boundary. It is somewhat related to hard negative samples, a pure unsupervised
learning concept defined as highly similar negative samples to the anchor point, but is different in

nature. (See Appendix [A]for more discussions.) a5

. . . ---- Original Dataset
However, in real datasets, as difficult examples rely on the specific clas- ~ *** = Mixing Dataset

sifier trained in the supervised learning manner, we can not precisely oo " Remove thing Semples.
know the ground truth difficult examples. Therefore, we in turn add 881 o) 88.07
additional difficult examples and observe the effects of these examples.

Specifically, we generate a mixing-image dataset containing more diffi- 879

cult samples by mixing a -y fraction of images on CIFAR-10 dataset at 878

the pixel level (these samples lying around the class difficult), termed :;

as y-Mixed CIFAR-10 datasets. Then, we train the representative 1% ixing Ratio y
contrastive learning algorithm SimCLR (Chen et al., [2020a)) on the Figure 2: Excluding (mixed)
original, 10%-, and 20%-Mixed CIFAR-10 datasets using ResNet18 difficult examples improves
model. We report the linear probing accuracy in Figure 2] performance.
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Compared with the model trained on the original dataset, we find that with the mixed difficult
examples included in the training dataset, the performance of contrastive learning drops. This result
indicates that the (mixed) difficult samples significantly negatively impact contrastive learning. As
the mixing ratio y increases, the performance drops, indicating that more difficult examples lead to
worse contrastive learning performances.

Moreover, we show that removing the (mixed) difficult samples can boost performance. Specifically,
we compare performance on the Mixed CIFAR-10 datasets with that on the datasets removing the
mixed examples. As shown in Figure 2| despite being trained with a smaller sample size, models
trained on datasets removing the mixed examples perform better than the ones trained with the mixed
examples, which further verifies that difficult examples hurt unsupervised contrastive learning, and
removal of these difficult examples can boost learning performance.

3 THEORETICAL CHARACTERIZATION OF WHY DIFFICULT EXAMPLES HURT
CONTRASTIVE LEARNING

In this section, to explain why difficult examples negatively impact the performance of contrastive
learning, we provide theoretical evidence on generalization bounds. In Section [3.1] we present the
necessary preliminaries that lay the foundation for our theoretical analysis. In Section [3.2] we
introduce the similarity graph describing difficult examples. In Section [3.3] we respectively derive
error bounds of contrastive learning with and without difficult examples.

3.1 PRELIMINARIES

Notations. Given a natural data 7 € X := R%, we denote the distribution of its augmentations
by A(+|Z) and the set of all augmented data by X', which is assumed to be finite but exponentially
large. For mathematical simplicity, we assume class-balanced data with n denoting the number of
augmented samples per class and  + 1 denoting the number of classes, hence | X| = n(r+1). Let ng
represent the number of difficult examples per class and D, the set of difficult examples. In addition,
we denote k as the feature dimension in contrastive representation learning.

Similarity Graph (Augmentation Graph). As described in|HaoChen et al.|(2021), an augmentation
graph G represents the distribution of augmented samples, where the edge weight w,, signifies the
joint probability of generating augmented views x and ' from the same natural data, i.e., Wy, =
E;.p5[A(x|Z)A(z'|Z)], where P denotes the distribution of natural data. The total probability
across all pairs of augmented data sums up to 1, i.e., EIWE v Wzer = 1. The adjacency matrix
of the augmentation graph is denoted as A = (Wyy )40’ x, and the normalized adjacency matrix
is A = D7Y/2AD~'/2, where D := diag(w,)zcx, and w, := Y., Wyer. The concept of
augmentation graph is further extended to describe similarities beyond image augmentation, such as
cross-domain images (Shen et al.| [2022), multi-modal data (Zhang et al.| 2023)), and labeled examples
(Cui et al, [2023).

Contrastive losses. For theoretical analysis, we consider the spectral contrastive loss £( f) proposed
by HaoChen et al.|(2021) as a good performance proxy for the widely used InfoNCE loss

Lopeelf) 1= ~2- By oo [F@)T ()] + B (1) 1)), m

where z, 1, and 2’ represent the anchor, positive sample, and negative sample, respectively. As
proved in|Balestriero & LeCun|(2022);|Johnson et al.|(2022); Tan et al.|(2024), the spectral contrastive
loss and the InfoNCE loss share the same population minimum with variant kernel derivations. Further,
the spectral contrastive loss is theoretically shown to be equivalent to the matrix factorization loss.

For F' = (uy),ecx, Where u, = wi,/Qf(ac), the matrix factorization loss is:
Lt (F) = |A = FF|[3 = Lspec(f) + const. ©)
3.2 MODELING OF DIFFICULT EXAMPLES

We start by introducing a similarity graph, to describe the relationships between various samples.
In contrastive learning, examples are used in a pairwise manner, so we define difficult sample pairs
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as sample pairs that include at least one difficult sample. As difficult examples lie around the
decision boundary, they should have higher augmentation similarity to examples from different
classes. Therefore, it is natural for us to define the difficult pairs as different-class sample pairs with
higher similarity. Correspondingly, easy pairs are defined as different-class sample pairs containing
no difficult samples, or different-class sample pairs with lower similarity.

Specifically, we define the augmentation similarity between a sample and itself as 1. Then we
assume the similarity between same-class samples is « (Figure[3(a)), the similarity between a sample
(conceptually far away from the class boundary) and all samples from other classes is 5 (Figure

, and the similarity between different-class boundary samples (conceptually close to the class
boundary) is v (Figure[3(c)). Naturally, we have 8 < v < a < 1.

~
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(a) Similarity c. (b) Similarity 3. (c) Similarity ~y. (d) Adjacency matrix.

Figure 3: Modeling of difficult examples. The similarity between same-class samples is « (a), the
similarity between different-class difficult samples is «y (c), and the similarity between other samples
is 8 (b). The adjacency matrix of a 4-sample subset is shown in (d).

In Figure we illustrate our modeling of adjacency matrix through a 4-sample subset Dy :=
1, T, X3, T4, Where x1 and x4 belong to Class 0, and x3 and x4 belong to Class 1. We define x; and
a3 as difficult samples (assuming these two samples are distributed around the classification boundary
as depicted in Figure , i.e. x1,x3 € Dy. Conversely, we define x5 and x4 (assuming these
samples are distributed far from the classification boundary) as easy samples, i.e. x2, x4 € Dy \ Dy.
The relationship between each pair of samples in D4 can be mathematically formulated as an
adjacency matrix shown in Figure 3(d)}

In addition, the above modeling could be relaxed by adding random terms to the similarity values.
Specifically, for some constant € > 0, for a similarity matrix A = (@;;), we replace a;; with
G;j = a;; +¢€-g;; fori # j, where a;; takes values in {«, 3,7}, £;; = €;; are i.i.d. random variables
with mean 0 and variance 1. We discuss the relaxation in detail in Section[B.3]

In what follows, our theoretical analysis is based on the generalized similarity graph containing
|X| = n(r + 1) samples. The formal definition of the generalized adjacency matrix is in Appendix

3.3 ERROR BOUNDS WITH AND WITHOUT DIFFICULT EXAMPLES

Based on the similarity graph in Section[3.2} we derive the linear probing error bounds for contrastive
learning models trained with and without difficult examples in Theorems [3.3]and 3.4 We mention
that we adopt the label recoverability (with labeling error ¢) and realizability assumptions from
HaoChen et al.|(2021)).

Assumption 3.1 (Labels are recoverable from augmentations). Let T ~ Py and y(Z) be its label.
Let the augmentation  ~ A(:|Z). We assume that there exists a classifier ¢ that can predict y(Z)
given x with error at most ¢, i.e. g(x) = y(z) with probability at least 1 — 4.

Assumption 3.2 (Realizability). Let F be a hypothesis class containing functions from X' to R¥. We
assume that at least one of the global minima of Lgpc. belongs to F.

Assumption [3.T]indicates that labels are recoverable from the augmentations, and Assumption [3.2]
indicates that the universal minimizer of the population spectral contrastive loss can be realized by
the hypothesis class. The proofs are shown in Appendix [B.1]
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Theorem 3.3 (Error Bound without Difficult Examples). Denote &, . as the linear probing error of
a contrastive learning model trained on a dataset without difficult examples. Then

4
o S T 85 3

(1—a)+na+nrp

Theorem 3.4 (Error Bound with Difficult Examples). Denote & 4. as the linear probing error
of a contrastive learning model trained on a dataset with ng difficult examples per class. Then if
ng < k <ng+r-+1, there holds

46
bvd € T Gap)
(1—a)+nat+nrB+ngr(y—0)

+ 83. )

(=c)+r(y=5)

Discussions. By comparing Theoremsand also considering that 7— === — e —ay >
-«

T=a)tnasnrp Ve see the presence of difficult examples leads to a strictly worse linear probing error
bound for a contrastive learning model. Moreover, more challenging difficult examples (larger v — 5)
result in worse error bounds. When v = /3, i.e. no difficult examples exist, the bound in Theorem
reduces to that in Theorem

Intuitively, through the augmentation graph, contrastive learning could be understood as a spectral
clustering problem (HaoChen et al., 2021). As the difficult examples lie very close to the classi-
fication boundary, they could fall into the wrong clusters during self-supervised pre-training. In
the downstream applications, the wrongly clustered examples provide false prior knowledge to the
downstream classification, which harms the performance of all test samples.

4 THEORETICAL CHARACTERIZATION ON ELIMINATING EFFECTS OF
DIFFICULT EXAMPLES

Building on the above unified theoretical framework, we theoretically analyze that directly removing
difficult samples (Section {.T), margin tuning (Section[4.2), and temperature scaling (Section[4.3)
can handle difficult examples by improving the generalization bounds in different ways.

4.1 REMOVING DIFFICULT SAMPLES

In Figures [T|and [2] empirical experiments demonstrated that removing difficult samples can improve
learning performance. Corollary provides a theoretical explanation for this counter-intuitive
phenomenon based on our established framework.

Corollary 4.1. Denote Eg as the linear probing error of a contrastive learning model trained on a
selected subset removing all difficult examples Dy. Then there holds

46

&r < + 80. (&)
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Corollary . T shows that when the difficult examples are removed, the linear probing error bound
has the same form as the case where no difficult examples are present (Theorem [3.3), but with n
replaced by n — n4. Compared with the case without removing difficult examples (Theorem [3.4)),

the bound in equation [5|is smaller than that in equation @ when v — 5 > r[(lf;)(izgz(fd';(;jﬁ Ik
This indicates that removing difficult examples enhances the error bound when these samples are
significantly harder than the easy ones (i.e., large v — /) or when the number of difficult samples is

small (i.e., small ng).

4.2 MARGIN TUNING

Aside from sample removal, we also consider using the margin tuning technique to deal with difficult
examples. Specifically, we add additional margin parameters to the similarity of difficult pairs in the
loss function (see Eq.[T4). Here, we delve into how margin tuning can enhance the generalization in
the presence of difficult examples.
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Theorem 4.2. The margin tuning loss is equivalent to the matrix factorization loss
Lnt—m(F) = [[(A— M)~ FF'|%, (©)
where A is the normalized adjacency matrix, and M is the normalized margin matrix.

Theorem [.2]indicates that adjusting margins alters the similarity graph by subtracting a normalized
margin matrix M from the normalized similarity matrix A. Intuitively, by subtracting the additional
similarity values of difficult examples with appropriately chosen margins, the remaining values will
match those of easy examples. Specifically, in the following Theorem [4.3] we show that properly
chosen margins can eliminate the negative impact of difficult examples.

Theorem 4.3. Denote Ey; as the linear probing error for the margin tuning loss equation 31| trained
on a dataset with difficult samples Dy. If we let

Mg = co/(clez) - (v — B) 7

fory(z) #y(@'),z, 2’ € Dg, where cg := (1 —a) +na+ (n—ng)rp, c1 := (1 —a)+na+nrf+
ngr(y — B) and ca := (1 — &) + na + nrf, and my 5+ = 0 for x, ' ¢ Dy, then we have
& = Ewo.- (®)

Note that when n is large enough, m, .+ for z or 2’ ¢ Dy are higher-order infinitesimals relative to
equation[7} and primarily affect normalization rather than the core problem. Thus, we focus on cases
where z, 2" € D, and defer specific forms of other m,, ,+ values to the proofs for brevity.

Theorem [4.3] shows that with appropriately chosen margins, the linear probing error bound for
the margin tuning loss in the presence of difficult examples becomes equivalent to the standard
contrastive loss without such examples, as indicated in Theorem@ Since equation [’ﬂ > (), this
suggests applying a positive margin to the difficult example pairs. Additionally, the more challenging
the example pairs are (i.e., the larger v — [3), the greater the margin value should be.

4.3 TEMPERATURE SCALING

We also consider the widely used temperature scaling technique in eliminating the negative effects
of difficult examples. Specifically, we add an additional temperature scaling parameter to the base
temperature of difficult pairs in the loss function and assign the base temperature to all the other pairs
(see Eq.[I5). Here, we investigate how temperature scaling can enhance generalization.

Theorem 4.4. The temperature scaling loss is equivalent to the matrix factorization loss
Lug-1(F) =T © A= FF|[p, ©)

where A is the normalized adjacency matrix of similarity graph, T' ® A is the element-wise product
of matrices T and A, and || - || F is the weighted Frobenius norm (specified in the proof).

Theorem [4.4] shows that adjusting temperatures modifies the similarity graph by multiplying the
temperature values with the normalized similarity matrix A. Intuitively, by scaling the similarity
values between difficult examples, we can match these values to those of easy examples, thereby
mitigating the negative effects of difficult examples. Specifically, the following Theorem [.3] outlines
the appropriate temperature values to be chosen.

Theorem 4.5. Denote Et as the linear probing error for the temperature scaling loss equation
trained on a dataset with difficult samples Dgy. If we let

oo = (c1/c2)(B/7) (10)
Jor y(z) # y(a'),xz,a’ € Dg, where ¢c; := (1 — a) + na + nrf + ngr(y — B) and ¢y :=

(1—a)+na+nrp, and 7y » =1 for x,z’ ¢ Dy, then we have

A1 = (na/n)* + (v/B)*(na/n)?]6

1 — loa
(1—a)+na+nrp

&r < + 84. (11)

Likewise, here we only focus on the temperature values between difficult examples, and defer the
specific forms of other 7, ,+ values to the proofs for brevity.
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Theorem [4.5] shows the linear probing error bound of the temperature scaling loss when trained on
data containing difficult examples. Specifically, with large n and ng/n — 0, we have E1/Ey .. —
1 =~ O((ng/n)?) and Ey.q./Ew.o. — 1 = O(1/n). This indicates that, when O(ng) < O(n'/?),
Er/Ewo S Ewd./Ewo., meaning Er converges faster to & ... Detailed calculations show that

when ng <\ /o amTm B n'/2, there holds &1 < & 4., which means that temperature scaling

improves the error bound. Note that we have approximately 7, ,» o< 3/~. This inspires us to choose
smaller temperature values for the difficult example pairs. The more difficult the example pairs
(smaller /), the smaller the temperature values that should be chosen.

5 VERIFICATION EXPERIMENTS

This paper primarily focuses on theoretical analysis, explaining how different samples in contrastive
learning impact generalization. The experiments in this part are mainly designed to validate the
theoretical insights and demonstrate that the proposed directions for improving performance are
sound. The experiments are not intended to achieve state-of-the-art results but rather to confirm
the correctness of our theoretical findings. We hope that readers will appreciate the theoretical
contributions of this work and not focus excessively on the experimental results.

In Section[5.1] we present an efficient mechanism for selecting difficult samples. We then evaluate
the removal of difficult samples (Section[5.2), margin tuning (Section[5.3)), and temperature scaling
(Section [5.4), all of which are theoretically established to mitigate the impact of these difficult
examples. In Section[5.5] we propose a combined method, and discuss the scalability under different
paradigms and the connection between difficult samples and long-tail distribution. The specific loss
forms can be found in Appendix

5.1 DIFFICULT EXAMPLES SELECTION

In this section, we design a simple yet efficient selection mechanism to validate our theoretical
analysis, without relying on additional pretrained models or incurring extra computational overhead
(Joshi & Mirzasoleimanl, [2023)).

To identify difficult sample pairs which from different classes but with high similarity, we com-
pute the cosine similarity of each sample to other samples in the same batch using features before
projector mapping. We define posHigh and posLow as percentiles of the similarity sorted in de-
scending order, where SimposHigh and SiMmpesrow are the corresponding similarities. Generally,
following the characterization in Section and Appendix Bl we can roughly assume posHigh
corresponds to 1/(r + 1), where r + 1 is the class numbelﬂ Sample pairs with cosine similarities
above SimposHigh are considered from the same class. Sample pairs with the similarity between
SiMposHigh and StMposrow are considered as difficult examples. Sample pairs with cosine simi-
larities below Sim 0510w are considered as easy-to-learn samples from different classes. Here for
posLow, we note that when optimizing ~ of difficult examples, if some easy-to-learn samples are
involved, the process will also optimize 3, which is a good thing for the representation learning to
push samples from different classes further apart. Therefore, we can easily find a value close to the
bottom of the sorted similarity for posLow, even 100%. Experiments in Figure [4(a) and Figure 4(b)
show that our method is not sensitive to the exact values of posHigh and posLow.

Using this selection mechanism, for an augmented sample pair (z;, ;) in the current batch, we define
the selecting indicator of difficult pairs as

bij = 1[SimposLuwSsij<5imposHigh]7 (12)

where s; ; denotes the cosine similarity between the representations of z; and x;, and 1{condition]
denotes the indicator function returning 1 if the condition holds and 0 otherwise. For each sample z;,
we get a vector P; = (p;, J)ffl representing the indicator of difficult pairs. After calculating these
indicators for all samples in the current batch, we stack the vectors P; row-wise to create the selection
matrix P. In practice, P; can be computed in parallel, making the computation of P efficient. The
elements of P are either O or 1, indicating whether pairs are difficult pairs or not.

'We do not need to know the exact label of each class. A rough class number is enough, which can be easily
known by clustering.
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Figure 4: Parameter sensitivity of difficult example interval ends posHigh (4(a)) and posLow (4(b)).
Parameter analysis on CIFAR-100: the trend of the ratio of sample pairs from different classes in

(SiMposLow» STMposHigh) during the training process (@#(c)).

We can use the class information to verify the proportions of sample pairs from different classes in
(StMposLows SiMposHigh) 0N CIFAR-10, which can demonstrate the effectiveness of our selection
mechanism. As shown in Figure along with the progress of training, the ratio of sample pairs
from different classes approaches close to 100% within the range (St posLow, SiMposHigh)-

5.2 REMOVING DIFFICULT SAMPLES

We here introduce a simple and practical method for removing difficult samples based on our proposed
selection mechanism. Eliminating the impact of difficult samples means preventing sample pairs
that include difficult samples from interfering with the training process. To achieve this, we use the
selection matrix P to identify and remove difficult samples.

Table 1: Classification accuracy with or without removing difficult examples on CIFAR-10, CIFAR-
100, STL-10 and TinyImagenet dataset using SimCLR. Results are averaged over three runs.

Method CIFAR-10 CIFAR-100 STL-10 TinyImagenet
SimCLR (Baseline) 88.26 59.95 75.98 69.58
SimCLR (Removing) 89.03 60.31 76.10 71.06

It can be observed from Table [I]that removing difficult examples yields a 0.8% performance boost on
CIFAR-10, a 0.6% performance boost on CIFAR-100, and a 3.7% performance boost on TinyImagenet
compared to the baseline method. We reach the same conclusion as inJoshi & Mirzasoleiman|(2023)):
By removing difficult samples, we can achieve comparable results or even slight improvements over
the baseline. However, removing difficult samples may not be the most effective method for handling
difficult samples, because it shrinks sample size. Next, we investigate two techniques that handle
difficult samples better, margin tuning in Section [5.3]and temperature scaling in Section [5.4]

5.3 MARGIN TUNING ON DIFFICULT SAMPLES

To effectively apply margin tuning in line with our theoretical analysis, we adopt a margin tuning
factor o > 0. For the selected difficult sample pairs identified by the selection matrix P, we add a
margin o to the similarity values, and for the unselected pairs, we use the original InfoNCE.

Table 2: Classification accuracy with or without margin tuning on CIFAR-10, CIFAR-100, STL-10
and TinyImagenet dataset. Results are averaged over three runs.

Method CIFAR-10 CIFAR-100 STL-10 Tinylmagenet
Baseline 88.26 59.95 75.98 69.58
MT (All Samples) 88.52 60.09 76.02 70.06
MT (Selected Samples) 89.16 61.28 76.83 79.14

It can be observed from Table [2] that applying margin tuning to all samples directly only achieves
comparable results as the baseline SimCLR, highlighting the importance of the selection mechanism
for difficult examples. While applying margin tuning to the selected samples brings consistent
performance gains on CIFAR-10, CIFAR-100, and TinyImageNet. These results validate both the
effectiveness of our selection mechanism and the reliability of our analysis on margin tuning.
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5.4 TEMPERATURE SCALING ON DIFFICULT SAMPLES

We define the temperature scaling factor p > 0. Given the base temperature 7 > 0, we attach
temperature p7 to the selected difficult sample pairs identified by the selection matrix P, whereas
attach base temperature 7 to the unselected pairs.

Table 3: Classification accuracy with or without temperature scaling on CIFAR-10, CIFAR-100,
STL-10 and TinyImagenet dataset. Results are averaged over three runs.

Method CIFAR-10 CIFAR-100 STL-10 TinyImagenet
Baseline 88.26 59.95 75.98 69.58
TS (All Samples) 88.38 59.20 75.76 69.36
TS (Selected Samples) 89.24 61.67 76.62 78.52

It can be observed from Table [3]that applying temperature scaling to all samples directly can even hurt
the performance of contrastive learning compared to baseline SimCLR, highlighting the importance
of selecting difficult examples. In contrast, applying temperature scaling to the selected samples
brings consistent performance gains on CIFAR-10, CIFAR-100, and TinyImageNet. These results
validate both the effectiveness of our selection mechanism and the reliability of our analysis on
temperature scaling.

5.5 EXTENSIONS

Combined method. From Sections 4.2] and we observe that margin tuning and temperature
scaling eliminate the effects of difficult examples in different ways. Therefore, it is natural to combine
the two methods, and see if the combined method could reach better performances.

Table 4: Classification accuracy with or without combined method on CIFAR-10, CIFAR-100, STL-
10 and TinyImagenet dataset. Results are averaged over three runs.

Method CIFAR-10 CIFAR-100 STL-10 TinyImagenet
Baseline 88.26 59.95 75.98 69.58
Margin Tuning 89.16 61.28 76.83 79.14
Temperature Scaling 89.24 61.67 76.62 78.52
Combined Method 89.68 62.86 77.35 80.00

It can be observed from Table[]that the combined method yields a 1.6% performance improvement on
CIFAR-10, a 4.9% performance improvement on CIFAR-100 and a 15.0% performance improvement
on Tinylmagenet compared to the baseline SimCLR. The improvement surpasses that achieved by
using only margin tuning or temperature scaling. The combined method on the Mixed CIFAR-10
datasets also achieves performance improvements consistently as shown in Section[A.5] The complete
algorithm is presented in Algorithm T}

Alternative contrastive learning paradigm. We delve deeper into the scalability of our meth-
ods across various self-supervised learning paradigms. Results in Table [5|demonstrate consistent
performance enhancements comparable to those achieved by SimCLR on the MoCo on CIFAR-10.

Complex classification scenarios. We explore our method by targeting difficult samples under the
long-tail classification scenario, where difficult samples are even more difficult to learn according to
the imbalanced distributions. The findings in Table []illustrate that our approach outperforms the
baseline SImCLR in scenarios involving distributional imbalance, indicating the adaptivity of our
approach to complex classification scenarios.

Table 5: The results of incorporating the Com-  Table 6: Classification accuracy by using Com-
bined method with different architectures on  bined method on Tinylmagenet-LT. We also use

CIFAR-10. SimCLR as the baseline method.
Method | MoCo | SimCLR Method | TinyImagenet-LT
Baseline 85.84 88.26 Baseline 43.34
Combined Method | 86.82 89.68 Combined Method 47.62
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Further discussions. We also provide a sensitivity analysis of parameters in Section[A.4]and conduct
a detailed analysis of results in Table[5]and Table[6]in Section[A.5] Furthermore, discussions about
which features are advantageous for selecting difficult examples are also presented in Section[A.3] In
Section[A.5] we have also included the experimental results on ImageNet-1K, the trending of the
derived bounds with Mixed CIFAR-10 dataset and the significance analysis of y and .

6 CONCLUSION

In this paper, we construct a theoretical framework to specifically analyze the impact of difficult
examples on contrastive learning. We prove that difficult examples hurt the performance of contrastive
learning from the perspective of linear probing error bounds. We further demonstrate how techniques
such as margin tuning, temperature scaling, and the removal of these examples from the dataset can
improve performance from the perspective of enhancing the generalization bounds. The experimental
results demonstrate the reliability of our theoretical analysis.

10
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A TECHNICAL APPENDICES AND SUPPLEMENTARY MATERIAL

A.1 RELATED WORKS

Self-supervised contrastive learning. Self-supervised contrastive learning (Chen et al.,|2020azb;
2021;|He et al.;2020) aims to learn an encoder that maps augmentations (e.g. flips, random crops, etc.)
of the same input to proximate features, while ensuring that augmentations of distinct inputs yield
divergent features. The encoder, once pre-trained, is later fined-tuned on a specific downstream dataset.
The effectiveness of contrastive learning methods are typically evaluated through the performances
of the downstream tasks such as linear classification. Depending on the reliance of negative samples,
contrastive learning methods can be broadly categorized into two kinds. The first kind (Chen et al.,
2020aib; [He et al., 2020) learns the encoder by aligning an anchor point with its augmented versions
(positive samples) while at the same time explicitly pushing away the others (negative samples). On
the other hand, the second kind do not depend on negative samples. They often necessitate additional
components like projectors (Grill et al., 2020), stop-gradient techniques (Chen & Hel 2021)), or
high-dimensional embeddings (Zbontar et al.,[2021). Nevertheless, the first kind of methods continue
to be the mainstream in self-supervised contrastive learning and have been expanded into numerous
other domains (Aberdam et al.||[2021; Khaertdinov et al., 2021} |Lee et al.,[2022). The analysis and
discussions of this paper focus mainly on the first kind of contrastive learning methods that relies on
both positive and negative samples.

Contrastive Learning Theory. The early studies of theoretical aspects of contrastive learning
manage to link contrastive learning to the supervised downstream classification. |Arora et al.| (2019)
proves that representations learned by contrastive learning algorithms can achieve small errors in
the downstream linear classification task. |Ash et al.| (2022); Bao et al.| (2022); Nozawa & Sato
(2021) incorporate the effect of negative samples and further extend surrogate bounds. Later on,
HaoChen et al.|(2021)) focuses on the unsupervised nature of contrastive learning by modeling the
feature similarities between augmented samples and provides generalization guarantee for linear
evaluation through borrowing mathematical tools from spectral clustering. The idea of modeling
similarities is later extended to analyzing contrastive learning for unsupervised domain adaption
(Shen et al., 2022) and weakly supervised learning (Cui et al.,[2023). In a similar vein, Wang et al.
(2021) put forward the idea of augmentation overlap to explain the alignment of positive samples.
Besides, contrastive learning is also interpreted through various other theoretical frameworks in
unsupervised learning, such as nonlinear independent component analysis (Zimmermann et al., 2021)),
neighborhood component analysis (Ko et al.,|2022), stochastic neighbor embedding (Hu et al.| [2023),
geometric analysis of embedding spaces (Huang et al., 2023)), and message passing techniques (Wang
et al.|2023). In this paper, our basic assumptions are based on HaoChen et al.|(2021)) and focus on
modeling the similarities between difficult example pairs.

Difference between difficult examples and hard negative samples. Difficult examples and hard
negative samples both significantly affect the performance of self-supervised learning. However,
while difficult examples are associated with the classification boundary, hard negative samples
(Kalantidis et al., 2020; Robinson et al., [2020) are defined in relation to the anchor point. Previous
research on hard negative sampling typically modifies contrastive learning models to emphasize
these challenging samples so as to achieve better performance. In contrast, our findings indicate that
unmodified contrastive learning models experience performance degradation due to the existence
of difficult samples. Aside from ad hoc modifications, a straightforward removal of these difficult
samples can also boost performance. As a systematic explanation of this finding is lacking, we
establish a unified theoretical framework that addresses this challenge.

A.2 Lo0sSs FUNCTIONS OF SAMPLE REMOVAL, MARGIN TUNING, AND TEMPERATURE
SCALING

Based on the sample selection matrix P defined in equation [I2] we adapt the InfoNCE loss into
versions of sample removal, margin tuning, and temperature scaling, respectively.

Sample Removal. We define the removal loss as follows:
exp ((si;(1 = piy))/7)
iy L) exp ((si6(1 = pig))/7)

lr(i,j) = —log (13)
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where s; ; denotes the similarity between augmented instances x; and x;. If p; ; = 0, the sample
pair z; and z; does not include difficult samples, so (s; ;(1 — p; ;))/T = s;;/7, retaining the
original form of the InfoNCE loss. If p; ; = 1, the sample pair x; and x; are difficult pairs, so
(8:,;(1 —p;i ;))/T = 0, effectively removing them.

Margin Tuning. We start with the basic form of the widely used InfoNCE loss and define the margin
tuning loss for each positive pair. Specifically, within each minibatch of size IV, we generate 2N
samples through data augmentation. Given the margin tuning factor o > 0, for an anchor sample z;
and its corresponding positive sample x ;, we define the margin tuning loss as follows:

exp ((sij +pijo)/7)
2N 7
2=t Lk exp (i + Piko)/7)
where s; ; denotes the similarity between augmented instances x; and z;, and 7 > 0 denotes the

temperature parameter. After the above operation, we assign the same margin value to all selected
difficult sample pairs, achieving the goal of margin tuning for specific sample pairs.

On(i, j) == —log (14)

Temperature Scaling. To apply temperature scaling consistent with our theoretical analysis, we start
with the basic form of the InfoNCE loss and define the temperature scaling loss for each positive pair.
Specifically, within each minibatch, given the temperature scaling factor p, for an anchor sample x;
and its corresponding positive sample x;, we define the temperature scaling loss as follows:

eXp ([Pi,jp-*-s(ilyipi,j)]"')

€T<7’?]) ::_log 2N S, 9 (]5)
Zk:l 1[’“7“] eXp ([pi,kp+(£ipi,k)]7)
where s; ; denotes the similarity between augmented instances x; and ;.
Combined Method. The combined loss function as
Si,j+Pi, o
[(l ,7) [ eXp <[pi‘jl)+(1_pi,j)]7—) (16)

IOg 2N Si e+ )
ik +Pi kO
2 =1 Liksi) €xp ([p'i,kpi(l_;i,k)]"—)

where s; ; denotes the similarity between augmented instances x; and z;. The whole training
procedure of the combined method is shown in Algorithm T}

Algorithm 1 Training procedure of Combined method

Input: batch size IV, base temperature 7, pos High and posLow for determining the size of the interval, margin
tuning factor o, temperature scaling factor p, encoder f(-), projector g(-) and data augmentation 7".

Output: encoder network f(-), and throw away g(-).

1: for sampled minibatch {Z }1_; do

2:  forallk €{1,...N} do

3 Draw two augmentation functions ¢, ¢’ ~ T

4 Tok—1 = t(Ty) and x2, = t/(fk);

5 hor—1 = f(x2r—1) and hor = f(z21);

6 Zak—1 = g(har—1) and zar, = g(hag).

7 end for

8: forall k €{1,..,.2N} do

9: Calculate P; = (p; ;)32 by using h;, j €{1,....2N} according to Eq.
10:  end for
11
12
13
14
15

The matrix P is obtained by splicing P;, ¢ €{1,...,2N} by rows.
for alli €{1,...,.2N} and all j €{1,...,2N} do
sij = 23 2/ (|2l | z5])-
end for
Calculate £(, 5) according to Eq.
16:  Calculate £ = ;% ch\;l[ﬂ@k —1,2k) + ¢(2k, 2k — 1)]; Update networks f and g to minimize L.
17: end for

A.3 TRAINING DETAILS
We run all experiments on an NVIDIA GeForce RTX 3090 24G GPU and we run experiments with

ResNet-18 on the CIFAR-10, CIFAR-100 and STL-10 dataset and ResNet-50 on the TinyImagenet
dataset. We only deal with the difficult examples during training time.
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For CIFAR-10 we set batch size as 512, learning rate as 0.25 and base temperature as 0.5. We choose
0.15 as the posHigh and 0.22 as the posLow. We set ¢ as 0.03 and p as 0.6 for CIFAR-10. For both
our method and SimCLR, we evaluate the models using linear probing, when evaluating we set batch
size as 512 and learning rate as 1. This experimental setup is also applicable to the Mixed CIFAR-10
dataset.

For CIFAR-100 we set batch size as 512, learning rate as 0.5 and base temperature as 0.1. We choose
0.013 as the posHigh and 0.5 as the posLow. We set o as 0.1 and p as 0.7 for CIFAR-100. For both
our method and SimCLR, we evaluate the models using linear probing, when evaluating we set batch
size as 512 and learning rate as 0.1.

For STL-10 we set batch size as 256, learning rate as 0.5 and base temperature as 0.1. We choose
0.15 as the posHigh and 0.22 as the posLow. We set ¢ as 0.1 and p as 0.7 for STL-10. For both our
method and SimCLR, we evaluate the models using linear probing, when evaluating we set batch
size as 256 and learning rate as 0.1.

For TinyImagenet we set batch size as 512, learning rate as 0.5 and base temperature as 0.5. We
choose 0.013 as the posHigh and 0.5 as the posLow. We set o as 0.1 and p as 0.7 for TinyImagenet.
For both our method and SimCLR, we evaluate the models using linear probing, when evaluating we
set batch size as 512 and learning rate as 0.1.

For the experimental results presented in Figure [T} we selected 20% SAS coreset for CIFAR-10, 95%
SAS coreset for CIFAR-100, 80% SAS coreset for STL-10, and 60% SAS coreset for TinyImagenet,
following the filtering method mentioned in (Joshi & Mirzasoleiman, [2023).

A.4 PARAMETER SENSITIVITY ANALYSIS

Evaluating different ¢ used in margin tuning part. The intention of ¢ is to add margins to the
similarity terms between difficult example pairs. We show the performance with different o in
Figure and the results show that when o = 0.1 the proposal achieves the best performance on
CIFAR-100, and the performance does not degrade significantly with o changes. This demonstrates
that our proposal is quite robust with the selection of 0.

Evaluating different p used in temperature scaling part. p is used for scaling downwards the
temperatures on the difficult example pairs so that we can eliminate the negative effects of difficult
examples. We show the performance with different p in Figure[5(b)} and the results show that when
p = 0.7 the proposal achieves the best performance on CIFAR-100, and the performance does
not degrade significantly with p changes. We figure out that different values of p can all result in
performance improvements.

64| —e— Ours 64 —e— Ours
Baseline Baseline

6 /\'\4 6 /\\*\

0.000 0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200 060 065 070 075 080 085 090 095 1.00

o o
(a) Acc with different o (b) Acc with different p

Figure 5: (a) Parameter analysis of margin tuning factor o,(b) temperature scaling factor p, all of the
above results are implemented on CIFAR-100.

A.5 FURTHER DISCUSSION

Which feature is better for difficult examples selection? In SimCLR, the authors found that
the proposal of projector g(-) allows the model to learn the auxiliary task better thus having better
downstream generalization. However, as mentioned in (Cosentino et al., 2022) they suggest the
problem of representation dimensional collapse after using projector, therefore, we here explore
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whether it is better to use features before projector f(z) for difficult examples selection or g( f(x))
after projector.

Table 7: Classification accuracy by using Combined method on CIFAR-10 and CIFAR-100. Features
before projector means that we use f(x) for difficult examples selection and features after projector
means that we use g(f(«)) for difficult examples selection.

Features | Baseline | After projector | Before projector
CIFAR-10 88.26 87.86 89.68
CIFAR-100 59.95 60.63 62.86

As shown in Table [7, We find that when using f(x) rather than g(f(x)) for difficult examples
selection we can gain a 2.1% performance improvement on CIFAR-10 and a 3.7% performance
improvement on CIFAR-100. These results suggest that utilizing features before projector is more
beneficial for difficult examples selection.

The combined method is also effective for the Mixed CIFAR-10
datasets. As we discussed earlier, the Mixed CIFAR-10 datasets con-

tain a large number of mixed difficult samples, making the learning 8|
difficulty of this dataset significantly greater than that of the original
dataset. Based on this fact, this section explores whether our pro-
posed method can achieve performance improvements on the Mixed "~ o
CIFAR-10 datasets that are consistent with those on CIFAR-100, ) )
Tiny ImageNet, and other datasets. We use the 10%- and 20%-Mixed Figure 6: Detailed experimen-
CIFAR-10 datasets as our baselines, while the 0%-Mixed CIFAR-10 tal results on the Mixed CI-
datasets serve as our standard CIFAR-10 baseline. The experimental FAR datasets.

results are shown in Figure [f] We found that using either margin tuning or temperature scaling alone
can improve performance over the original baseline, while the combined method yields better results
than using either approach individually. This finding is consistent with the experimental results on
other datasets and further validates the effectiveness of our method.

20%

10%
Mixing Ratio y (%)

The proposal is effective for real-world datasets. We evaluated our method on the Imagenet-1k
dataset, which contains 1,000 categories and 1,281,167 training samples. We used ResNet18 as our
backbone, set the batch size to 1024, and resized each image to 96x96. We set the learning rate to 0.1
and the base temperature to 0.07. We chose 0.01 as the posHigh and 0.5 as the posLow. We set o to
0.1 and p to 0.7. We also evaluated the models using linear probing. When evaluating, we set the
batch size to 1024 and the learning rate to 1. The specific results are shown in Table

Table 8: Classification accuracy on Imagenet-1k.

Methods | Baseline | Removing | Temperature Scaling | Margin Tuning | Combined
Accuracy | 37.62 | 3779 | 38.48 \ 38.59 | 3898

From the results on the real-world dataset, Imagenet-1k, which contains more categories, We can see
that even after running for only 400 epochs, our method achieves a performance improvement trend
consistent with the results mentioned in the paper, compared to the baseline method. These results
strengthen the findings and demonstrate broader applicability of this paper.

Focusing on difficult examples and removing them are both effective methods. We use tem-
perature scaling as an example to illustrate how we should handle difficult examples. We note that
placing greater emphasis on difficult examples (by selecting a smaller temperature) and discarding
this sample (which is effectively equivalent to setting the temperature to infinity (we use a large
value of 1,000,000,000 to approximate infinity here)) may seem contradictory. However, as shown
in Table[9] both approaches are indeed valid. This means that effectively handling difficult samples
is possible under sufficiently good conditions, while in the absence of such mechanisms, simply
discarding them can also be effective.

The scalability of our proposal under other contrastive learning paradigms. As mentioned in
(Johnson et al.|[2022), InfoNCE and Spectral contrastive loss share the same population minimum
with variant kernel derivations. By using similar techniques of positive-pair kernel, our conclusions
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Table 9: Classification accuracy with various temperature scaling factors on CIFAR-100 datasets.
Setting the Temperature Scaling Factor to 0.7 represents using our proposed theoretical framework
to specifically address difficult samples, while setting the Temperature Scaling Factor to 1e9 means
discarding these difficult samples. Results are averaged over three runs.

Temperature Scaling Factor 0.7 1 10 100 1000 1e9
Accuracy 61.67 5995 59.63 59.82 60.05 60.31

can also be further generalized to other self-supervised learning frameworks. To demonstrate the
scalability of the combined method, we supplement the comparative experiments based on the MoCo
(Chen et al.} 2020b) algorithm. The experimental results demonstrate consistent improvements of
our method over both MoCo and SimCLR and show the scalability of our proposal under different
contrastive learning paradigms.

Connection between difficult examples and long-tailed distribution. Under the definition that
difficult examples contribute least to contrastive learning and that are consequently difficult to
distinguish by contrastive learning models, we can easily draw the following conclusion: difficult
examples can lead to unclear classification boundaries for the classes they belong to.

Due to the significant difference in the number of samples in the head and tail classes, the boundary
of tail classes is difficult to be accurately estimated due to the tail classes are prone to collapse when
the data is distributed with long-tailed distribution, as mentioned in (Samuel & Chechik, |[2021). In
other words, tail classes can lead to unclear classification boundaries for the classes they belong to as
mentioned in (Fang et al.,[2021]).

So in this view, tail classes samples can also be seen as difficult samples. To better illustrate this point,
we will further validate the connection between them through the following experiments. We validate
our proposed Combined method on the classical long-tailed distribution dataset tiny-Imagenet-LT to
explore whether our proposed algorithm can achieve a performance improvement over the comparison
method SimCLR when distributional imbalance as another form of difficult samples also exists.The
results in Table[6]show that we can achieve better performance when distributional imbalance also
exists.

Analysis of the trending of the derived bounds. We analyze the trending of the derived bounds
on the Mixed CIFAR-10 dataset. Specifically, we vary the mixing ratios from 0% to 30%, where
0% represents the standard CIFAR-10 without mixing. The experimental parameter settings can
be referenced to @ For each class of samples, we sort them based on the difference between the
maximum and second-largest values after applying softmax to the outputs, and select the 8% (the
ratio is consistent with what is reported in the paper) smallest differences as the difficult examples,
as described in the paper. For the calculation of «, we take the mean of the similarity between all
samples of the same class. For the calculation of 3, we take the mean of the similarity for the sample
pairs from different classes that do not contain the difficult examples. For the calculation of v, we
take the mean of the similarity for the sample pairs from different classes that contain the difficult
examples.

Table 10: The trends of «, 5, v, and other metrics as the Mixing Ratio changes.

Mixing Ratio | 0% | 10% | 20% | 30%
acc (%) 88.3 | 88.0 | 87.7 | 86.2
a 472 | 440 | 41.2 | 38.7
15} 19.1 | 19.5 | 20.1 | 20.8
vy 209 | 22.1 | 23.1 | 24.1
y—p3 1.80 | 2.60 | 3.00 | 3.30

Eigenvalue (x107°) | 2.93 | 3.36 | 3.58 | 3.72

In Table[I0] we show that as the mixing ratio increases, the linear probing accuracy drops, and the
(K + 1)-th eigenvalue increases. Note that the classification error (left hand side of EqE]) is I-acc,
and the error bound (right hand side of EqH) increases with the eigenvalue increasing. This result
indicates that as the difficult examples increases, the classification error and the bound share the same
variation trend, thus validating theorem [3.4]that larger v — /3 results in worse error bound.
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Significance analysis of v and 5. To verify the significance of « and (3., we tested v and j3, as
well as v — 3, on more real datasets. From the first three rows of Table |11} we found that on the
CIFAR-100 dataset (which has 10 times more classes than CIFAR-10), the difference between v and
[ remained consistent with that on the CIFAR-10 dataset. On the ImageNet-1k dataset (which has 100
times more classes than CIFAR-10,for specific experimental details and results on ImageNet-1k), the
difference between 7 and 3 was even larger than on CIFAR-10. As a possible intuitive explanation,
we conjecture that the higher v — 3 might results from the higher complexity of imagenet images,
e.g. different-class images with similar backgrounds can share higher similarity (higher 7), whereas
CIFAR images have relatively simple and consistent backgrounds. These results demonstrate that
even on real-world datasets, the difference between v and g is significant.

Table 11: Comparison of 3, v v — 3, t-statistic and P value across different datasets.
Datasets | CIFAR-10 | CIFAR-100 | Imagenet-1k

3 19.1 35.6 39.8
~y 20.9 37.4 42.9
N - 1.8 1.8 3.1
t-statistic | -502.63 -539.36 384421
P value 0.0 0.0 0.0

To better illustrate the significant difference between -y and 3, we conducted an independent samples
t-test to support our conclusion. Specifically, we first collected all the 8 and - values, and due to the
large sample size, we chose to use Welch’s t-test, which does not assume equal variances between the
two groups and is suitable for cases where the variances may differ. In the experiment, we focus on
two key statistics:

t-statistic: This measures the difference between the means of the two groups relative to the variance
within the samples. The t-statistic is a standardized measure used to determine whether the mean
difference between the two groups is significant or could be attributed to random fluctuations. The
larger the t-statistic, the more significant the difference between the two groups.

P value: The p-value indicates the probability of observing the current difference or more extreme
results under the assumption that the null hypothesis (i.e., no significant difference between the two
groups) is true. If the p-value is less than 0.05, it suggests that the observed difference is highly
unlikely under the null hypothesis, and we can reject the null hypothesis, concluding that there is a
significant difference between the two groups.

As shown in the last two rows of Table on all datasets (CIFAR-10, CIFAR-100, Imagenet-1k), the
absolute value of the T-statistic is very large, and the P-value is close to zero. This indicates that the
mean difference between «y and S is highly statistically significant.

B PROOFS

Recall that in Section [3.2] we introduce the adjacency matrix of the similarity graph based on a
4-sample subset. Here we give the formal definition of the adjacency matrix of a generalized similarity
graph containing | X| = n(r + 1) samples, with n denoting the number of augmented samples per
class, and r + 1 denoting the number of classes.

Denote D = @1, ...,Tpr41) as the dataset, where x,;_1)41, - - -, Tn; belong to Class ¢ for i €
1,...,7+ 1. Denote ny as the number of difficult examples per class and D, as the set of difficult
examples. Naturally, we denote n. := n — ng as the number of easy-to-learn examples per class.
Without loss of generality, we assume that the last n, examples in each class are difficult examples.
Let § < v < a < 1. Then we define the elements of the adjacency matrix A = (Wy o/ )z, 27ex
as Wy 4 = 1forz = /s wy = aforxz # 2/, y(x) = y@'); wy e = v for z,2" € Dy,
y(x) # y(z'), and wy , = [ otherwise.
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Specifically, we have the adjacency matrix of a similarity graph without difficult examples as

[ Asamefclass Adifferentfclass tee Adifferentfclass—
Adiﬁerent—class Asame—class to Adifferent—class

Ayo = ) . : (17)
_Adifferent—class Adifferent—class e Asame—class 4 (r+1)x (r+1)

and the adjacency matrix of a similarity graph with difficult examples as

- ’ / -
ésame—class Adifferentfclass e A;lifferentfclass
different—class same—class e different—class
Ay = . . . (18)
/ /
-Adifferent—class Adifferent—class e Asame—class (r+1)x(r+1)
where
1 « «
a 1 DR a
Asame—class = . ) (19)
(0% «
nxn
Adifferentfclass = ; (20)
5 . 5 n
and
different—class — ﬁ Ce ﬁ Yooy '
s - By (nedng)x(ne+na)

B.1 PROOFS RELATED TO SECTION[3.3]

Proof of Theorem[3.3] For a dataset without difficult examples, the similarity between a sample and
itself is 1, the similarity between same-class samples is «, and the similarity between different-class
samples is 5. Then the adjacent matrix of the similarity graph can be decomposed into the sum of
several matrix Kronecker products:

A=(1-a) 1 @I+ (= B)y1 ® (1, 1))+ 8111 ) ® (1,0 1)),  (22)

where I,.,, and I,, denote the (r + 1) (r + 1) and n X n identity matrices respectively, and

1,41:=(1,...,1)T e R *tland 1,, := (1,...,1)" € R™ denote the all-one vectors.
First, we calculate the elgenvalues and eigenvectors of A. Note that I, and I, have eigenvalues 1
with arbitrary eigenvectors, 1,, - 1, has eigenvalue n with eigenvector 1,, fl and eigenvalues
0 with eigenvectors {y : p'1, = 0}, and 1, - 1 +1 has elgenvalue r + 1 with eigenvector
1,41 = \/%LH and eigenvalues 0 with eigenvectors {v : v"1,,; = 0}. Therefore, A has the
following sets of eigenvalues and eigenvectors:

AN =(1—-a)+n(a—B)+n(r+1)p, with eigenvector 1,11 ® 1,;

Xo=...=Ny1=(1—a)+nla—7p), with eigenvectors v 1y;

A2 =...=Appr=1—aq, with eigenvectors 1,11 ® u;

Andrd1 = oo = Ay = 1L — with eigenvectors u ® v.
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Next, we calculate the eigenvalues of A := D~1/2AD~1/2_ By definition, we have D =

diag(wi, ..., wpr41)) = [(1 — @) + na + nrf]I,41). Therefore, we have the eigenvalues
of A as

M =1,
(1—a)+n(a-p)

Ao == Apry = ,
2 T 1= )+ na+nrp
l—«a
Aris = oo = Aniri1) = :
+2 (r+1) (1—-a)+na+nrg

Then according to Theorem B.3 in[HaoChen et al.|(2021)), when k& > r, there holds

40 49
gw.o. S — + 85 = T—a + 85 (23)
1= Akt | — = rnaTmrd
O

Proof of Theorem[3.4] For a dataset with ng difficult examples per class, the similarity between
a sample and itself is 1, the similarity between same-class samples is «, the similarity between
different-class easy-to-learn samples is (3, and the similarity between different-class hard-to-learn
samples is . Without loss of generality, we assume that n is an integral multiple of ng, i.e. there exist
a k € Z* such that n = kny. Then the adjacent matrix of the similarity graph can be decomposed
into the sum of several matrix Kronecker products:

A=(1-a)l 1 @1+ (a—B) 11 @ (1, - 1;) + 8141 17T+1) ® (1n - 11)
(=B L)@ (e el) 0L, — (v = )1 © (en- €)@ I,  (24)

where I,1, I,,, and I,,, denote the (r + 1) x (r + 1), n x n, and ng X ng identity matrices
respectively, 1,41 := (1,...,1)T € R"*land 1,, := (1,...,1)T € R™ denote the all-one vectors,
and e, := (0,...,0,1)" € R".

Similarly, we can decompose D into
D =141 @ |[(1 - ) + no+nrplL, +nar(y — B)(ex - €;) @ In, |, (25)

and therefore we have

Lo~ (ex-e])] + —(ex-el)] © T, 26)

1
D'=1I, [7
+1® o o

where we denote ¢; := (1 — &) + na + nrf + ngr(y — 8) and ¢z := (1 — @) + na + nrp.
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Then we have the decomposition of the normalized similarity matrix as
A=DY?AD-1/2

1 1
— (1= )1 @ [ [L— (ec-e] )]+ —(ex-€])]| @ I,
Co C1

1
+ (v = B)(Lrtr - ’+1)®c1(6” el )®1I,,

—(v=B1r1® 11( el )®1I,,.

o= Al ® [ = e + e [ e+ —zed | @ (- 1))
B 1) @ ([l — e+ —zed] [l —en + e ] @ (L, 1))
= é(l —a)l, 11 @1, ®1I,,
F = AL 1) ® (en- D) @ L,
[Hvﬁ)(;—éﬂ—@hﬁ®@wiwuw
o= AL o [[=—e) + zed [o=(-ed + Z=e | © (1, 1))
B 1) @ ([l e+ e (=l — o) + —=ed ] @ (1, 1],

27

Now we calculate the eigenvalues and eigenvectors of A. For notational simplicity, we denote the
first three terms of equation [27]as A and the last two terms as A,. Note that I, 1, I,., and I,,
have eigenvalues 1 with arbitrary eigenvectors, 1,41 - 1, +1 has eigenvalue r + 1 with eigenvector

1,41 = ﬁl,«ﬂ and eigenvalues 0 with eigenvectors {v : v"1,,; = 0}, and e,, - €] has
eigenvalue 1 with eigenvector e; = (1,0,...,0)T € R* and eigenvalues 0 with eigenvectors
{ea,...,e,}. Let £ € R™ denote an arbitrary vector. Then A; has the following sets of eigenvalues

and eigenvectors:

1 1 1 1 1
Mi=...=Ain, = —(1— —(v— 1) — |—(v— — = —)(1- },
L b= (=) (= A+ )= [Z(=B)+ (5 - D) -a)
1 _
=—(1—-a)+ L(’Y - B), with eigenvectors 1,11 ® e; ® &;
C1 C1
1 _
Mug41=-..=Mpn=—1—-a), with eigenvectors 1,11 ® e; R €,i = 2,..., K;
C2
1
Mgl = o = A (rt)n—rng = — (1 — ), with eigenvectors v ® e; R £,i = 2,..., K;
C2
1 1 1 1
A r n—rn =...=A r n=—1- — | — — — — —)(1 — j|7
1,(r41) a1 1,(r+1) C2( @) o (v—=8)+ (02 Cl)( @)
1 1
=—1-a)——(-0), with eigenvectors v ® e; ® £.
C1 C1
On the other hand, note that 1,,, - l,TL ., has eigenvalue ng with eigenvector 1, g = \/%ln , and

eigenvalues 0 with eigenvectors {n : " 1,,, = 0}, and that by calculations, [\/% (1, —e.)+ \/%eﬁ] :

[\/—172(1 —e.) + \} «) T has eigenvalue “=1 4 L with eigenvector 0 = 0,1, =

(k — 1)y/c1/ca} and eigenvalues 0 with elgenvectors {6: Z 9 = 0,7, = 0}. Then A, has the
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following sets of eigenvalues and eigenvectors:

k—1 1 k—1 1
doa = (@ =)=+ =]na+ B0+ D[+ =] na,
Cc2 C1 C2 C1
k—1 1 L _ _
= (a+rp) [ + —} ng, with eigenvectors 1,41 @ n ® 1,,,;
C2 C1
k—1 1 o _
Aoo=...= 41 =(a—f) [ + —} ng, with eigenvectors v @ n ® 1,,,;
C2 C1
A2pp2 = .o = Ag (rgp1)n = 0, with other combinations of eigenvectors.

By Equation 13 in Fulton| (2000), for two real symmetric n(r + 1) x n(r + 1) matrices A; and Aa,
we have the k + 1-th largest eigenvalue of A := A, 4+ A, satisfies

A < min Ay 4 Ao
k+1 > Wiy N 1,2 2,7

i+j=k+
1 r k—1 1
(1~ — (v — — - fi I
—(—a) (=) + (=) [T+ |, el
. 1 r 1 k—1 1
= mln{a(l—a)+a(’y—5)7a(1_a)+(a_6){ 2 +a}nd}
1
:7(1_04)_,_L(7_5)7 forr+1<k<ng+r+1.
C1 C1

Then according to Theorem B.3 in[HaoChen et al.| (2021), when r +1 < k < ng + r + 1, there holds

49 46 46
Ewd < ——+ 8= + 80 = + 8.
wedo =1 _ 11 _a) — (A — o (I—a)+r(y—8)
k+1 1 c1 (1 a) c1 (ry B) 1 (1—a)+na+nrB+nar(y—_3)
(28)
O
B.2 PROOFS RELATED TO SECTION 4]
Proof of Corollary[.1] By removing the difficult examples, we have the adjacency matrix as
Asamefclass Adifferentfclass te Adiﬁ”erentfclass
Adifferent—class Asame—class to Adifferent—class
A= ) ) : ; (29)
Adif'fcrcntfclass Adif'fcrcntfclass te Asamcfclass (r+1)x (r+1)
where
Adifferentfclass = . (30)
ﬁ L 5 .

Then the matrix A reduces to Ay . and the error bound reduces to that in Theorem [3.3] with n
replaced with n, = n — ng. L]

The spectral contrastive loss with a margin M = (m ,) is defined as

L@ f) = —2E 0r f(@) (@) + B [F@)TF@) + o] 31)
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Proof of Theorem

Lat = =2, o f(@) T f(@h) + Bar | (@) F(@) + Mg 2
=2 Z wx7x/f($)—rf(x+) + wawx’ [f(x)Tf(JU/) + mx,ﬂv'}2

z,xt

Z { - 2wm,z/f(x)-rf(xl) + Wy Way [f(x)—rf(‘rl)} ’ + 2wzwx’mz,x’f(x)-rf(x/) + wmwz’mi,m’}

z,x’

=3 {ww [1@) T 0]

Z{[\/@f TV @] = 2 | ] VT )
2

2 w.’L‘,.’E'
— Wz wx’mx,x’} + 2wx,x/mx,ac’ - }

Wy W

- Q[U)a:,z’ - wmwz’mm,m’]f(x)—rf(x/) + wzwx’mz,r/}

|: Wy !

VWar/War

2
IZI, [Jﬂwr VBT~ W @] o ]+ ;« (2000me 0 = 22
2

x,z’

where we denote A := D™'/2AD~1/2, M := DY?MD"'?, A := (w ):C e fa D M :=
(Mg g )x e fa D D := diag(w1, ..., Wy(r41)), and F' = (J/wy f(x ))xe{x pr(ren-

Note that given the adJacency matrix of the similarity graph A and the margin matrix M, the second
term in equation is a constant. Therefore, minimizing the margin tuning loss Ly over f (z) is
equivalent to minimizing the matrix factorization loss Lt n := |[[(A— M) — FFT||% over F. O

Proof of Theorem Recall that when difficult examples exist, we assume that

1 forz = a’,
a forz # 2’ y(z) = y(a'),
Wy g 1= v 7 hyle) =ylr) (33)
v forz,a’ € Dy, y(z) # y(a'),
I3 otherwise.
Then by definition we have
(1—a)+na+nrf+ngr(y—p), forxze Dy,
= Wy = (34)
—a) + na+ nrp, for z ¢ Dy,
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and correspondingly

(1—a)+na+nlm5+ndr(7—5)’ forz = ',z € Dy,
(1—a) +1na+nrﬂ’ for z = 2’,x ¢ Dy,
(1—-a)+na +§r6 +nar(y - B)’ forz # 2',y(z) = y(z'), z,2" € Dy,
Wour \/(1_a)+n04+n7"ﬁ+nd7'(zé’y—ﬂ)\/(1—Oc)+noz+nrﬂ7 forz # o', y(x) = y(a'),z € Dgorz’ € Dy,
Woty i—a) +ana+nr,B’ forz # ', y(z) = y(a'), 2,2’ ¢ Dy,
(1-a)+na +:Lrﬂ ¥ nar(y—B)’ fory(z) # y(a'), 2" € Dy,
\/(1—a)+na+mﬁ+ndrfy—ﬁ)\/(1—a)+na+m~5’ fory(w) # y(@'), @ € Daorz’ € Da,
TR e for y(@) # (&), 7,2' ¢ Da,
(35
If we let
~[(I—a)+na+nrp +Zz:((jy:g))]2[(1 ") +nat+nrf]’ forz = a',z € Da,
nar(y — f)

(1= @)+ na+nmrf + nar(y — B)12[(1 — @) + na + nrf] “ fors #2',y(e) = (@), =" €D
V(—a)tnatnrB+ngr(v=5) 1
\/(17a)+na+n'r'6 7 _ / i
Mo ={ (0= 0) T natnrd 4 nar(y — A0~ o) 5 na g arg] 7TV =y €Daora e D
(1 —a) +na+ (n—na)rp](y — B)
[(1—a)+na+nrf+nay — B)]2(1 — a) + na+ nrp]’

V(- tnatnrtngr=6) _ 4
\/(lfoc)+na+nr3

B [(1—a)+na+nrf+ner(y— B)][(1 — )+ na+ nrpg] By fory(z) # y(z'), @ € Da or &’ € Da,

0 otherwise,

(36)

for y(ZE) 7é y(ZC,),ZE,.’L'l € ]D)d7

then we have

M\/@mx,m’
nar(y — B) o,
[0 —a)+na+nrB+nar(y - A1 - a) + na+nrp]’ forz =2,z € Dy,
ngr(y — B)

Tl —a) +nat B+ nar(y - B[ — @) + na+nrf] " forz # 2',y(@) = (e, 2,2" € Do,

B \/(l—a)—l—noz—l—m“ﬁ—!—ndr('y—ﬂ)—\/(l—a)—|—na+nrﬁa
= V(1= a) +na+nrB+ngr(y — B)(1 — a) + na + nrf]
[(1 =) +na+ (n—narf](y - B)
(@) +nat nrB + naly ~ A — ) + na - ard]
B VI —a)+na+nrB+ngr(y —B) — /(1 —a)+na+nrp
V(I = a) +na+nrB+ngr(y — B)(1 — a) + na + nrp]

0 otherwise,
(37

forx # o', y(z) = y(z'),x € Dgorz’ € Dy,

fOI‘y(l') 7é y(.’E,),.’E,{EI € Dd?

for y(z) # y(a'),x € Dgorz’ € Dy,
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and accordingly

1 f ,
orr==x
(1—a)+na+nrp ’
Wy 2/ o / _ ’
m AN We/ Wy Mg o = (1 — O[) +no+ m“ﬁ for x 75 x 7y($) - y(x )7 (38)
s otherwise.

(1-a)+na+nrg

In this case, A — M is equivalent to the normalized similarity matrix of data without difficult
examples. That is, we have

51\/[ = gw.o.- (39)
L]

The spectral contrastive loss with temperature T' = (7, ) is defined as

ET(:B’ f) = 72]E:v,z+ M + Em,x’ [M} 2~ (40)

Teat Tx,x

Proof of Theorem{.4]
Lo - Ew,ﬂf(xff(x*)/a,ﬁ B [T 1@ ]
=-2 Z Wy o (2 Y To ot + Zwﬂ% [ )Tf(!E/)/Tm,z’}

z,xt xz,z’

= Z { — 2yt [ Towr f(2) T f(2) + wow /72,0 [ F(@) T f(a) /Tx,x,} 2}

2

_Z{ | @) W 0] + (V@ Vs )

1
P Tx , !/ waz\/ TIQ,:L”

2

2
Te,x' We, ! T Wa o

x7

2,2
Tz Wy,

=3 o {[VE e W )] 2 T ) )+ T

) 2 T,2. /’lU2 x’
=Y o [ @) Vs )] - o Y

’
x,xr ZL’,:E/

_ 1 2 _w?
= T A_FFT 2 z,r’ " T,T 41
IT© lor = == T 41)

’
x,xr I,CE’

where we denote T := (73 5 ), e e A:=D'2AD 2 A = (wy );c o' efw} )
D := diag(wy, ..., Wp(r41)), F = (Vs f(x ))we{m n(r)s T © A as the element-wise product of
matrices T and A, and || - ||, as the weighted Frobenius norm where || B[?, . := >, = b2
for arbitrary matrix B = (b, ,/) € RA(r+1)xn(r+1)

Note that given the adjacency matrix of the similarity graph A and the temperature matrix T', the
second term in equatlonnls a constant. Therefore, minimizing the temperature scaling loss Lt over
f(z) is equivalent to minimizing the matrix factorization loss L1 = |T © A — FF"||? 1. over
F.

Before we proceed to the proof of Theorem@ we first extend Theorem B.3 in|HaoChen et al.|(2021)
to the temperature scaling loss by deriving the matrix factorization error bound under the weighted
Frobenius norm.
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Lemma B.1. Let f},, € argming.y_,gx L1(f) be a minimizer of the population temperature-

scaling loss L1(f). Then for any labeling function § : X — [r], there exists a linear probe
B* € R™* with norm | B*||r < 1/(1 — \g) such that

. ¢ )
EENPXJJNAHE) |:||y - B fpop('r)H§:| S + 4A(ya y)7 (42)
1—2p1

where §(Z) is the one-hot embedding of y(Z), and

~ A w ’
7= 22’ 11 j(2")]. 43
o= ;X w2 @) # 9] (43)

Furthermore, the error can be bounded by
_ 247 X
Er = Prapy ol |7) <9fpop*,3* (z) # y(ff)) < —— +8A(y,9). 44)
1= At

We also need the following two supporting lemmas to prove Lemma[B.1]
Lemma B.2. Let L be the normalized Laplacian matrix of some graph G, v; be the i-th smallest

. . . . = ~T 1
unit-norm eigenvector of L with eigenvalue 1 — \;, and R(u) := “UTI;J“ for a vector u € RN, where

@ = (u;/7i)Y,. Then for any k € Z% such that k < N and 1 — \.41 > 0, there exists a vector
b € R¥ with norm ||b||2 < ||u||2 such that

ol < B
u— )Y bl < ull3, (45)
o= D], = 2
where || - || denotes the weighted 1?-norm with weights 7=2 = (1/72)N_,.

Proof of Lemma([B-2] We can decompose the vector u in the eigenvector basis as
N
u=>Y_ Guvi. (46)
i=1

Let b € R” be the vector such that b; = ¢;. Then we have ||b||3 < ||u||2 and

k N
HU—wai =1 > Gl
i=1

i=k+1
N
2,2
Z G/
i=k+1

1
1= Akt

2
w

N

Z (1= X)¢F /7t

i=k+1

N
Z C’?/TZQU;F(l - )‘i)vi

i=k+1

1
1= Akt

1 N
E 2 2T
- iTiviLvi
1= Akt G/

i=k+1
1w i;ﬂ(@‘/%‘ ) TL(Ci /i - vi). a7

Denote & = _,_, ¢;/7i - v; and R(u) := ﬂ;’;ﬁ. Then we have

k
Hu — Zbﬂ}i
i=1

2 ~(u) 2
< ———|ull5. 48)
S Tl (
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Lemma B.3. In the setting of Lemma let §j be an extended labeling function. Fix i € [r]. Define
function ul(z) := Jw, - 1[j(z) = i) and u! is the corresponding vector in RY. Also define the
following quantity

Dwarex Woa /T30 U@(@) =i AG(a') # dor(§(z) # i Aga’) =)
> wex Wa - 1[j(x) = 1] '

5 =

Then we have

(49)

R(uf) = 4} (50)

1
2
Proof of Lemma(B.3] Let f be any function X — R, define function u(z) := \/w, - f(x). Let
u € RY be the vector corresponding to u. Then by definition of Laplacian matrix, we have
@"Lu = |a||? —aD Y?AD™ %4
= Z ww/Tfo(x)2 - Z ww@’/TzQ,a:’f(x)f(x/)

zeX z,x'eX
1
= § Z wa:@’/T:?,m’ [f(il?) - f(.’l?l)]2 (51)
z,x'eX
Therefore we have

=00y EZx,z’eX Wy w’/ 2 [ (37) f( )]
) =3 > e 0 @) '
Setting f(z) = 1[§(x) = 4] finishes the proof. O

(52)

Proof of Lemma(B1] Let Fy. = [v1,v,...,v;) be the matrix that contains the smallest k eigenvec-
tors of L = I — A as columns, and f. is the corresponding feature extractor. By Lemma there

exists a vector b; € R* with norm bound ||b;||5 < |||, such that

N P(r, 9 .
laf = Faobill?, < —2X40) 2. (53)
1= Apy1

Combined with Lemma|[B.3] we have

Y
VL SN I S

zeX - 1[g(z)=i]

N

1 ~ . N . ~ . Sl — 5
= 20— enr) Z Wear [Ta g - 1[(G(2) = i AG(a") # D)or(G(z) # i A g(a") = 9)].

z,x’'€X

(54)

Let matrix U := (uy) k ,,andletu : X — R* be the corresponding feature extractor. Define matrix
B € RV** such that BT = (by,...,b). Summing equationover all i € [k] and by definition of
qﬁy we have

1 éy
U - FbBTw _7 Wy pr [ T2 0+ 1[G (2 §(2")] = ————. (55)
|| 5C || F 2( _ /\k+1) IIZG:X s / s [y( ) 7& y( )] 2(1 o >\k+1)
By Theorem for a feature extractor f;,, that minimizes the temperature scaling loss L, the
function f ;(x) = /Wy - gop is a minimizer of the matrix factorization loss £,¢_1. Then we have
EinpgamaCo)[7(@) = B* [op@)lI3 < 2Eanpy ona(io)19(2) = B* fop (@) + 2Banpy anacia 19(2) — #(2)I3
:22’[01 Hg(l‘)— pop( )||2+4A(y y)
reX
=2|U = FiB' |55 + 4A(y, 9)
@Y
< T 4A®Y,9)- (56)
1= kg1
O
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Then we move on to the formal proof of Theorem [4.3]

Proof of Theorem According to equation 33 the proof of Theorem[4.3] if we let

(1—-a)+na+nrf+ngr(y—p5)
(1—-a)+na+nrg

\/(1—a)+na—|—m’5+ndr('y—ﬁ)

, fory(z) = y(a'),z, 2" € Dy,

, forz € Dy or 2’ € Dy,

Tea = V(1 = a) +na+nrp (57)
[(1 _a) +na+n7q/6+nd7’(r7_6)]/8 / /
for y(x ), xz,x € Dgy,
e (@) # y(a) ’
1, otherwise,
then we have
1
forx = 2/,
(1—-a)+na+nrp
L Wowr @ for x # ', y(z) = y(a’
Taat o = T )+ na B # ' y(z) = y(z'), (58)
p otherwise.

(1—a)+na+nrp

In this case, T ® A is equivalent to the normalized similarity matrix of data without difficult examples.
By Lemma[B.I] we have

249
Er < 20 A, 5). (59)

Akt1

By Assumption we have A(y, ) < é. Besides, since 7, ,» < 1 for y(z) # y(z'), z,2’ € D,
and otherwise 7, 5 > 1, we have

¢ = Y wew /7o 1f(z) # G(a"))

z,x’'€X

IN

> we 2 1[g(2) # §(2")] + > (V/B)*we o 1[5 () # §(2")]

z,x' € X\{z,z":x,2’ €D } y(x)#y(z"),z,z’ €D,

= > Ezpy [A(z]2) A [2) - 1[j(2) # §(2)]]

z,x' € X\{z,z":x,2’ €D }

+(1/B) Y Eanpy[A(z|2) A |2) - 1[j() # §(a")]

z,x’' €D

< > Ezpy [A(z2) A [2) - (g (2) # §(2)] + 1g(2") # §(2))]

z,x' € X\{z,z":x,2’ €D }

+(1/B)? Y Eanp, [A(l®)A(@'|2) - (1[g(2) # §(2)] + 1[5(2") # §(2)])]

z,x’' €D

= 2[1 = (na/n)*|Es~p [A@]Z) - 1[§(2) # §(@)] + 2(v/B)*(na/n)*Eanp, [A@]T) - 1[j(2) # §(7)]

=2[1 — (nq/n)* + (v/B)?(na/n)*0. (60)

Therefore we have

209 46

+8A(y, 9) < [1— (na/n)* + (v/B)*(na/n)?] - +86. (61)

&
T_lf 1— 11—

/\k""l (1—a)+na+nrg

O
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B.3 RELAXATION ON THE IDEAL ADJACENCY MATRIX

To enhance the connection of the theoretical modeling of difficult examples (Section 3.2) to real-world
scenarios, we hereby discuss a possible relaxation on the ideal adjacency matrix of the similarity
graph.

The adjacency matrix could be relaxed by adding random terms to the similarity values. Specifically,
we replace A with A= (@ij), where @;; = 1, and @;; = @;; + € - €55 for i # j, a;; takes values in
{a, 8,7}, €i; = €j; are i.i.d. random variables with mean 0 and variance 1, e > 0 is a small constant.
Then A can be decomposed into

A=A+e- W —e-diag(ey), (62)
where W turns out to be a real Wigner matrix. Note tha} as [Ee;; = 0, the normalization matrix
D — ED = D, asn(r+1) — oo, and therefore we have A = D~'/2AD~'/2 ~ D-'/2AD~/2,

For mathematical convenience, in the following analysis, we instead perform the relaxation on the
normalized adjacency matrix A, and investigate

A=A+é W —¢ - diag(ey), (63)
where € > 0 and W is a Wigner’s matrix.
Theorem B.4 (Generalized version of Theorem [3.3). Denote &, .. as the linear probing error of a
contrastive learning model trained on a dataset without difficult examples. Under the generalized
assumption that A’ = A+eW, where W is a Wigner matrix with €;; following the Dirac distribution,
then if n(r + 1) is large enough, we have

46
5W‘O. g 11—« + 867

1
1- (I—a)+nat+nrg ~ (I—a)+n(at+rp) To - €
where xg € (0,2) is the unique solution to the following Kepler’s equation

1 2
ixo\/zix(Q)—i—Qargsin(xo/Q) = [1 - 1%}7r

Theorem B.5 (Generalized version of Theorem [3.4). Denote &, 4. as the linear probing error of
a contrastive learning model trained on a dataset with n difficult examples per class. Under the
generalized assumption that A’ = A + ¢W, where W is a Wigner matrix with €;; following the
Dirac distribution, if n(r + 1) is large enoughand r + 1 < k < ng+r + 1, we have

gw.d <

46
ST (—a)tr(1—B) B 1 .
I = et nBtna A — T-a) e 0" €

+ 84.

Remark 1. (Value of zy) We derive the value of x( through numerical methods for multiple datasets,
by using the empirical values of «, (3, and ~y calculated on the proxy augmentation graph. We have
zo = 1.894 for CIFAR-10, zg = 1.976 for CIFAR-100, and x¢ = 1.995 for Imagenet-1k. Intuitively,
according to Wigner’s Semicircle Law, because ng < n(r + 1), the value of z is near 2.

Remark 2(. (R)an%e (;1; ¢) The bounds are valid if - a)in‘:wrmﬁ + 1 ((¥)+”)(a+(TB)B) e < 1
1—a)+r(y— 1 1—a)+r(y
and (I—a)+nat+nrB+ngr(y—_) + (1—o¢)+n(a+r6)x0 e < L As (I1—a)+nat+nrB+ngr(y—_) >

1— (1—a)+r(v=8)
(I—a)fnatnrBfngr(y—5)

1—a :
T, werequire € < € =
(I—a)+na+nrp’ ! bound TaTFr a5 &0

Remark 3. (Existing conclusions still hold) Note that the effect of the random similarity €-¢;; is to add
an additional term to the upper bound of the eigenvalue, and the effect is the same with and without
the existence of difficult examples. When € = 0, Theorems [B.4]and [B.5|degenerates to Theorems[3.3]
and[3.4] . Moreover, as Corollary @]can be directly derived by Theorem [3.3] the generalized version
becomes £ < — n + 8J. Similarly, as the bounds in
I T etngrd _ Toa)ti-ng)(atrp) 20
Theorems [4.3]and [A.5] are based on a modified similarity matrix, we have En; = Ey 0. (Theorem[d.3))
and E1 < A1 E"d/") +(v/B)* ("d/") 0 185 (Theorem 4.5)), where the theoretical insights of
1=a= a)FnatnrB  (1- a)+n(a+7‘[3) To-€
these two theorems remain unchanged. That is, even under the generalized assumptions, we still have
the conclusion that sample removal, margin tuning, and temperature scaling improve the error bound

under the existence of difficult examples.
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Proof. Because EW = 0, when n(r + 1) is large enough, after normalization, we have A’ =

A+ W eW. By Equation 13 in Fulton (2000), when r + 1 < k < ng+ 7+ 1, we
have the k + 1-th largest eigenvalue of A’ satisfying
1 1
/ < i Ai < )\T . ngs
RS + (1—a)+n(a+rp) (VS Arat (1—a)+n(a+1rp) Wna

where ); is the i-th largest eigenvalue of A and v; is the j-th largest eigenvalue of W.

On the one hand, according to the proofs of Theorems H and (3.4}, we have A\, ;2 =

(Theorem and Ao < (1_a)i1717(2‘3;g()1;i )T(W 5 (Theorem 3

(A—a)+n(a+rB) a) n(a+rﬁ)

On the other hand, Because W is a Wigner matrix, we have its empirical spectral measure v =
e +1) ZW(TH) d,, converging weakly almost surely to the quarter-circle distribution on [0, 2], with

density f(v) = 5=v4 —2?1[|z| < 2]. When j < n(r + 1)/2 and n(r + 1) large enough, by
symmetry of f(v), we have

1

2[1— 7‘+1 / flv —%[%VMM—V]?+2argsin(1/j/2)]. (64)

Then combine the above calcul(atior)ls, ?ve /rgr)ave )\§C 1 < u_a)i—% + v; for the generalized
’ 1—a)+r(y— 1

ThCOI'CHT 3.1 and )\k+1 < (lfa)+n(a+7’,3)+nd7’(’)/*5). + (I-a)+n(a+rp) .

to equation [64] Then we complete the proof by deriving the error bounds using the upper bounds of

>\;<:+1' O

- €vj, where v; is the solution

C USAGE OF LLM

We commit to using LLMs for text polishing based on prompts. All polished text are double-checked
by authors to ensure accuracy, avoid over-claims, and prevent confusion.
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