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Abstract

Modern ML models often utilize dis-
crete components within their computational
graphs, making training challenging. In such
cases, approximate-chain-rule gradient esti-
mators can be applied. They work reason-
ably well but are obtained by combining di-
verse rationales with ad-hoc choices. In this
work, we propose a principled axiomatic ap-
proach to define a general family of gradi-
ent estimators and show that it subsumes
many existing methods. Within this fam-
ily, we derive optimal estimators with re-
spect to a minimum variance criterion sub-
ject to interpretable bias-limiting constraints,
addressing integer and one-hot categorical
discrete variables. We empirically demon-
strate that our estimator can achieve a better
bias-variance trade-off than existing ones on
synthetic problems and outperforms them on
training variational auto-encoders with dis-
crete latent variables.

1 INTRODUCTION

Discrete operations and variables are essential in mod-
ern machine learning. Examples include quantized
weights and activations: binary (Hubara et al., 2017;
Lin et al., 2017), integer (Louizos et al., 2019), and
vector-quantized (Savkin et al., 2025), sparsity models
(Jayakumar et al., 2020), discrete representations in
variational autoencoders (Jang et al., 2017; Maddison
et al., 2017; van den Oord et al., 2017; Khalil et al.,
2023), discrete world models and action spaces in re-
inforcement learning (Hafner et al., 2021), and more.

Modern machine learning succeeded in scaling to large
datasets and complex models thanks to stochastic gra-
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Figure 1: (a) Bias and variance of a stochastic gradi-
ent estimator § with respect to the true gradient g of
the expected loss. (b) Hlustration of the bias-variance
trade-off for different estimators. The proposed gen-
eral class contains ST, FouST, and ZGR and we aim to
optimize the bias-variance trade-off within this class.

dient optimization, which optimizes the expected loss
by using the gradient evaluated at a data sample. Han-
dling discreteness in this framework is possible in a
principled manner when the discrete variables are ran-
dom and the loss is differentiable in expectation. In
such situations, stochastic estimates of the gradient
can be computed using a single sample of discrete
variables. In a general setting, score-based unbiased
gradient estimators can be applied (e.g., Kool et al.,
2019); they estimate the gradient exclusively from the
values of the loss function, avoiding backpropagation
entirely. However, in many practical cases of inter-
est, approximate-chain-rule estimators, which substi-
tute surrogate Jacobians during backpropagation, per-
form better due to their lower variance. This variance
reduction comes at the cost of introducing bias, as il-
lustrated in Fig. 1 The tradeoff is, however, still ben-
eficial and often crucial for many applications.

Existing approximate-chain-rule estimators, such as
straight-through (ST), Gumbel-Softmax (Jang et al.,
2017; Maddison et al., 2017), and their variants (Per-
vez et al., 2020; Paulus et al., 2021; Shekhovtsov,
2023), discussed below, were derived from differ-
ent conceptual approaches, often relying on heuristic
choices. This raises the question of whether there is
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a more principled approach to derive such estimators
and whether better estimators can be found within a
broader class.

In this work, we propose a principled axiomatic ap-
proach: we postulate a few elementary properties that
good estimators must satisfy, and obtain a class of
simple straight-through-like estimators. We show that
ST, FouST, DARN Gregor et al. (2014) and ZGR
are members of this class. We then aim to identify
the Pareto-optimal frontier of this class as illustrated
in Fig. 1. Towards this end, we consider several proxy
variance and bias measures, which do not depend on
the unknown loss function, and solve for the minimum
variance estimators under a constrained bias. This
yields new derivations of ST and ZGR in the gen-
eral categorical case as minimum variance estimators
(MVEs) subject to different constraints. By varying
the Lagrange multiplier of the bias constraints, we ob-
tain a 1-parameter family of optimal estimators with
respect to the bias-variance trade-off (in the sense of
the proxy measures). In our experiments, we observe
that our minimum variance parametric family indeed
spans a range of bias-variance trade-offs that are supe-
rior to those of existing estimators. For quantized net-
works, it outperforms ZGR, and for discrete VAEs, it
outperforms all existing estimators when using a sim-
ple schedule transitioning from the low variance to the
low bias regime during training.

2 BACKGROUND AND RELATED
WORK

Approximate-chain-rule estimators are typically de-
fined locally for a single discrete random variable,
assuming all other random variables are fixed. Let
x € X, where |X| = K, be a discrete random variable
with distribution p(z;n) parametrized by n € R". Let
#(r) € R? be an embedding of the discrete state ,
enabling its use in downstream algebraic expressions.
Let L(¢(z)) be a real-valued loss function, differen-
tiable in ¢. Where appropriate, we identify x with
o(x), i.e., L(x) = L(P(x)).

The formal problem studied in this work is estimating
the gradient of the expected loss with respect to the
parameters 7):

Iy = aBe[L(@)] = 55 2, p(xn)L(x). (1)

In some applications, this problem arises naturally,
e.g., in discrete VAEs, where p is the encoder dis-
tribution. In other applications, it originates from
a stochastic relaxation, which replaces discrete opti-
mization with continuous optimization over the pa-
rameters of the distribution of the discrete variables

(e.g., training NNs with quantized weights, probabilis-
tic subsampling, Huijben et al. 2020).

For a small space X, it is straightforward to com-
pute (1) by enumerating over x € X. Instead, we are
interested in a stochastic estimator of J,, using a single
sample x ~ p(x;n), which is useful when X is large or
when there are many such variables in the model. The
dL(¢) dé(z)

d¢ dn
¢(x) does not depend on 7, and it fails to account for
the dependence of the expectation E, on n. To address
this, a reparameterization x = g(n, Z) can be applied,
which allows us to replace E, with E,, where the dis-
tribution of Z does not depend on the parameters 7.
However, F» and % still cannot be interchanged be-
cause ¢ is necessarily discrete in 7. For any sample
Z, the derivative of L(¢(g(n, Z))) evaluates to zero,
offering no utility in estimating the derivative of the
expectation (1).

naive chain rule

is clearly not applicable, as

Among the most common approximate-chain-rule esti-
mators, there is the straight-through estimator, collo-
quially proposed by Hinton and formalized much later
(Tokui and Sato 2017; Shekhovtsov and Yanush 2021;
Liu et al. 2023). Let us define the mean embedding

o(n) = E[p(z)] = >_, p(x;m)d().

Straight-Through (ST) estimator fixes the chain
rule by using the derivative of the mean embedding
¢(n) instead of the non-existing derivative of ¢(z):
JST — dL(¢) dé(n)
n

d¢ dng > T p(x;n), ¢ = ¢(x). (2)

Note that Bengio et al. (2013), often referenced for

ST, substitute 1 instead of %("). Furthermore, there
are other popular empirical forms outside the context
of the well-defined formulation (1), in particular in bi-
nary neural networks (Courbariaux and Bengio, 2016;
Helwegen et al., 2019).

DARN/FouST (Gregor et al., 2014; Pervez et al.,
2020) is an estimator with a free “baseline” parameter
¢ defined as follows:

SDARN(¢ 7y dlog p(;
VS ACORDES = NC)

For binary variables, i.e., ¢(z) € {0,1}, Gregor et al.
(2014) used ¢ = %, which ensures that the estimator
is unbiased for any quadratic function. It was later
identified by Pervez et al. (2020) with a reweighting
scheme applied to the empirical ST estimator, which

can be written as:

jFouST _ dL(¢) dé(n) 1

Syt = d¢ dn Kp(zm)® (4)
More specifically, for binary variables, it matches
DARN(3) (Pervez et al., 2020). When generalizing
to K > 2, however, the two constructs diverge and
neither leads to good estimators in practice.
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Gumbel-Softmax Family One of the most com-
mon estimators is the Gumbel-Softmax (GS) estima-
tor (Jang et al., 2017; Maddison et al., 2017). It
uses a smooth approximation of argmax with a tem-
pered softmax to define a differentiable reparameter-
ization. The vanilla GS estimator computes the for-
ward pass using relaxed (non-discrete) states. This
often negatively impacts training, as all expectations
become biased. The ST Gumbel-Softmax (STGS) es-
timator (Jang et al., 2017) is a popular variant, which
uses discrete samples in the forward pass and the Ja-
cobian of the relaxed reparameterization during the
backward pass.

Subsequent works have proposed principled improve-
ments to this approach: a provable variance reduc-
tion scheme for STGS (Paulus et al., 2021), de-
noted GRMC, though it requires Monte Carlo sam-
pling inside the gradient estimator; and the zero-
temperature limit of the variance-reduced estimator,
denoted ZGR (Shekhovtsov, 2023). Interestingly, the
latter does not depend on the Gumbel distribution and
is instead expressed as a simple closed-form combina-
tion of ST and DARN:

5 5 SDARN (¢
JZGR — %(JET Ty (¢(n))>_ (5)

For binary variables, it coincides with DARN(%), and
in the categorical case, it is unbiased for any quadratic

function, making it a strong generalization of the
DARN design.

ReinMax Independently from the above develope-
ment, Liu et al. (2023) have proposed an estimator,
motivated by Heun’s method for numerical ODEs, ap-
proximating finite differences £(z) — £L(z") with second
order accuracy. Both ReinMax and ZGR were demon-
strated to outperform other biased and unbiased meth-
ods in training discrete VAEs and other problems.

To summarize, we have seen that ST, FouST, DARN,
ReinMax and Gumbel-Softmax variants are derived
from different principles, often relying on heuristic
choices in the construction / generalization to the cat-
egorical case. ZGR and ReinMax appear to combine
severable desirable properties, but the question re-
mains whether there is a common rationale for them
and whether they are optimal.

3 GENERALIZED
STRAIGHT-THROUGH

We propose an axiomatic approach to characterize a
broad class of estimators which can be used as plug-
in replacements for the chain rule in backpropagation
through discrete variables. We call them Generalized
Straight- Through (GST) estimators. Let m € AK~1

denote the vector of probabilities 7, = p(z=k;n) for
k=1...K and let us denote the Jacobian of m w.r.t.

d =k;
nas: (J )k = 7”(?% n)

Definition 1 (Generic FEstimator). We define a
generic estimator as a method that, for any loss func-
tion £: R* = R and a given probability model m: R” —
AK=L provides a potentially stochastic estimate of the
derivative in 7, denoted as Jy [£,7(n),w], where w is
a random event capturing all sources of stochasticity.
The estimate of the derivative in n is defined by the
chain rule: jn = ijg.

Axiom 1 (Linearity w.r.t. loss). Let J,[£] denote the
estimator as a function of the loss L. The estimator
18 linear w.r.t. the loss if it satisfies

TnlL1+ La] = Jy[L1] + Jy[Lo] (6)
for any L1,L5: R - R, 7 € AK=1 and w.

All common estimators are linear in the above sense -
they depend linearly either on the value of the func-
tion £ at some point (for the REINFORCE family) or on
its derivative. This property is essential in any inter-
change of the estimator with expectations, in particu-
lar when extending the estimator to multiple variables
and applying it within stochastic gradient descent.

Axiom 2 (Unbiased for linear losses). If the loss func-
tion is linear L(x) = aTqﬁ(m),A we posit that the expec-

tation of the estimator E, [Jn] must match the true
derivative a’ dd—nEgC [6(2)].

For estimators based on the derivative g—ﬁ, this cap-
tures the intuition that for smooth, and especially lin-
ear functions, this derivative is informative and useful
for estimating J,. ST, FouST, ZGR and ReinMax all
satisfy this property, while estimators in the GS family
(GS, STGS, GRMC) satisty it only asymptotically for
the temperature ¢t — 0.

Let ® € R¥™X be the embedding matriz, with compo-
nents @, = ¢(k);, k€ X.

Theorem 1 (Generalized ST). An estimator in the
sense of Definition 1 that depends on L only through
the derivative Jg = % at a single sample x sat-
isfies Axioms 1 and 2 iff it factors as

Jy = JoS(w; 6, () I, (7)

where S(x; ¢, w(n)) is a d x K matriz for each x s.t.
E.[S(x)] = ®. (8)
The proof is given in Appendix A. In particular, it is

easy to see that for a linear loss £(x) = a'¢(z), the
true gradient is expressed as

d% Y alé(x)p(z;n) = aT@'ng =Jy®J7,  (9)
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leading to the constraint (8). The theorem shows that
estimators satisfying Axioms 1 and 2 are the ones that
obey the chain rule and can be plugged in the back-
propagation. It also shows that the class of GST es-
timators is extensive, parameterized by the set of ma-
trices {S(z)|x € X} satisfying (8). It encompasses
many common estimators:

Proposition 1. ST, FouST, DARN, and ZGR are
GST estimators, with the respective S matrices:

S5 (z) = @, (10a)
SFouST(I.) =P dlag( Kpl(x) )’ (10b)
SPARNE) (7) = (p(x) — @) otsel + 417, (10¢)
SZCR(g) = 1 [§5T(z) + SPARN@(M) ()| . (10d)

Proposition 2. ReinMax is a member of the GST
family; furthermore, when the probability distribution
is parameterized by a softmax function, SFenMaz(g) =
SZGR({L‘).

Proofs are provided in Appendix A. It remains to dis-
cuss the dependence of S on the embedding ¢. Thus
far, we have assumed that the embedding is given and
fixed. The embedding may, however, be effectively
modified by changing the loss function. Assume we
have an estimator defined for an embedding ¢y. Let
¢ = Tgg + b for some T € R¥? and b € R?. Then
an estimator for the new embedding can be defined as
jn[ﬂ,q’),w,w] = j,,[ﬁ o (Téo + b), o, m,w]. It is then
expressed as

Jy = JoTS(w: o, 7)) 4. (11)

The following proposition shows that this does not im-
pose a restriction.

Proposition 3 (Projection). Any GST estimator for
an embedding ¢ such that the embedding matriz ® s
full rank d x K, d < K, can be represented as a
GST estimator for the one-hot embedding ¢o projected
via (11) with some T'.

Proof in Appendix A. While we have assumed that
® is of full rank, if this is not the case, there remain
redundant degrees of freedom in the estimator, which
expand the class of GST estimators as defined. These
will be addressed when identifying minimum variance
estimators in the next section.

4 MINIMUM VARIANCE
ESTIMATORS

We seek to derive minimum variance estimators sub-
ject to constraints on the bias. However, these quan-
tities depend on the loss function and the underlying

model p(x;n), which both may be complex, e.g., de-
fined by deep networks. We therefore need to estab-
lish proxy criteria. Axiom 2 is already an example of
a proxy for low bias: it requires zero bias for linear
functions. Next, we propose proxy variance criteria,
and in Sections 4.2 and 4.3 we consider their tradeoff
vs. bias for quadratic loss functions.

4.1 Proxy Variance Criteria

Consider the variance of the i-th component of the
gradient, V{% S(x) J7, } It depends non-trivially on
the derivative of the loss function with respect to the
embedding. In order to simplify it and define a proxy
metric, we consider linear loss functions £(¢) = a"¢
and model a as a random variable, independent of x.
As a proxy variance criterion, we then consider the ex-
pected variance summed over all gradient components:

S E,V [aTS(:L') Jr } . (12)

Note that the average variance is a meaningful crite-
rion even if the average gradient over a is zero. By
taking different distributions for a, different criteria
can be designed. Expanding (12), it can be seen that
the variance criterion is fully specified by the matrix
E = E[aa']. As the most natural choice, we consider
a ~ N(0, 1), which corresponds to sampling all linear
slopes isotropically and results in £ = I. This leads
to the total variance criterion:

VT1J] = E||S(z)J7 1%, (13)

which essentially sums the variances of all components
of the Jacobian S(z).J; (see Appendix B.1 for details).

Finding the minimum variance estimator in the GST
class without further constraints on the bias (be-
yond Axiom 2) has a trivial solution that does not
depend on the choice of the proxy variance criterion:

Proposition 4. ST (2) is the minimum wvariance
GST estimator w.r.t. criterion (12) for any non-
degenerate distribution of a.

Proof. We have already shown that ST is a member
of the GST class with the matrix S(z) = ®. Since
it is deterministic, i.e., it does not depend on z, its
variance for a linear loss function is zero. O

Consequently, we seek optimal estimators under addi-

tional constraints on the bias.

4.2 Quadratically Unbiased Estimators

From the properties of ZGR (Shekhovtsov, 2023), we
hypothesize that enforcing zero bias for all quadratic
loss functions may be a beneficial constraint to impose.
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Table 1: Overview of obtained solutions for hard and parametric quadratically unbiased MVEs.

Embedding Proxy Variance Complexity Hard Solution Parametric Solution
1D Any FE O(K) Proposition C.3 Proposition C.1
One-hot Total, E =1 O(K?3) Proposition C.4 Proposition C.2
One-hot E=Vt O(K) ZGR, Appendix B4 -

General Total, £ =1 O(d*K) Appendix B.3 -

This is a natural extension of the linear unbiasedness
constraint in Axiom 2 and serves as a meaningful proxy
for low bias, as many loss functions are locally well-
approximated by quadratics.

Under Axioms 1 and 2, zero bias for all quadratic loss
functions can be ensured by satisfying the constraint
for a spanning functional basis. One such basis is given
by the set of monomials @ = {¢ +— ¢;¢; 4,5 € 1...d}.
Any quadratic function can be expressed as a linear
combination of these monomials and a linear function.

Given a proxy variance criterion V[j ], we propose find-
ing the corresponding Minimum Variance Estimator
(MVE) in the GST class subject to quadratic unbi-
asedness constraints; i.e., to solve the following opti-
mization problem:

min;V[J] st. E[J] =&, B[J]=0, (14)

where J is parameterized by the tensor {S(z)|z €
X} as in (7), and B[J] is the tensor of biases of the
estimator J w.r.t. the set Q. Together with the linear
unbiasedness constraint E[j] = &, this ensures zero

bias for all quadratic functions.

There are dK? variables (the elements of S) and d? lin-
ear constraints. A naive solution of the resulting sys-
tem of equations would require O((dK?)?) time, which
is computationally prohibitive. Furthermore, it must
be solved for a given distribution 7, which is generally
dependent on the model parameters and changes dur-
ing optimization. However, by exploiting the special
structure of the problem and specific cases of the em-
bedding and proxy variance, much simpler solutions
can be derived.

A particularly simple solution with O(K) complexity
is obtained by considering the proxy variance criterion
defined by £ = V1, where V is the covariance matrix
of the embedding: V = E[¢(x)¢(x) "] —po " and VT is
its pseudo-inverse.

Proposition 5. The minimum variance w.r.t. proxy
criterion (12) for E = V1 quadratically unbiased GST
estimator for the one-hot embedding is ZGR.

Proof is in Appendix B.4. This provides a novel
insight: ZGR (and by extension ReinMax) can be
derived from the unified principle of minimum vari-

ance quadratically unbiased estimation, albeit with a
proxy criterion that depends dynamically on the co-
variance matrix of the embedding. The derivation in
Appendix B.4 shows how the VT criterion uniquely
simplifies the equations, leading to a closed-form solu-
tion.

As a second special case, we consider 1D embeddings,
e.g., the integer embedding ¢(x) € {0,...,K — 1}.
This serves as an example where the embedding di-
mension is smaller than the number of states. In such
cases, we conjecture that a lower variance can be at-
tained via a direct solution to (14) rather than by tak-
ing a generic solution for one-hot embedding and pro-
jecting it. For the 1D embedding, all variance criteria
are equivalent as they differ at most by a scalar multi-
plier. The MVE solution (derived in Appendix C.1.1
as a special case of our more general approach) also has
O(K) complexity. Notably, this result differs from the
projected ZGR estimator; specifically, the 1D MVE
under the V1 criterion is distinct from the projected
one-hot MVE under the same criterion. Empirically,
this direct approach further reduces variance.

Finally, we can find the MVE for the one-hot embed-
ding under the total variance criterion, which is a more
natural choice than the one leading to ZGR, with a
complexity of O(K?). This allows us to assess exper-
imentally whether the V1 criterion of ZGR is inferior
in practice. While computationally more demanding,
it also naturally generalizes to the parametric analysis
considered later in the paper. The complexity bottle-
neck is the inversion of a K x K matrix with a special
structure, for which more efficient algorithms likely ex-
ist. For a concise summary, all the derived MVEs are
summarized in Table 1.

4.3 Parametric Pareto-Optimal Family

We can obtain a family of estimators with different
bias-variance trade-offs in a principled way by putting
a bound on the quadratic bias while still minimizing
the proxy variance:

min; V[J] st. E[J] =@, |B[J]|3<b. (15)
By varying b, we can find minimum variance estima-
tors at different trade-offs with the bias. This ef-
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Figure 2: Bias and variance of different estimators for linear £(z) = z and quadratic £(z) = (z — 2)? loss

functions of the integer embedding versus the input 7 to stochastic quantization. Black squares correspond to
the set X'; the dashed blue line indicates the true gradient. The expected value of the estimator is shown as a
solid red line and its standard deviation as a shaded area.

ficiently defines ||B[.J]||% as our proxy bias measure
summarizing the bias by one scalar. The family of op-
timal solutions to (15) for varying b coincides with the
family of optimal solutions to the Lagrangian subprob-
lem

min; (V[J] + 5IBUIE) st E[J]=@ (16)

for varying values of the Lagrange multiplier 7 > 0.
We can therefore effectively find estimators with opti-
mal trade-offs by solving (16) for different 7, although
7 itself is not well interpretable. We call it temper-
ature by analogy with the temperature parameter in
GS, which also controls the bias-variance trade-off.

Solutions to (16) form a 1D manifold, which an-
neals from the ST estimator when 7 = 0 (as follows
from Proposition 4) to the minimum variance quadrat-
ically unbiased estimator as 7 — oo.

In Appendix C we obtain a general solution of com-
plexity O((dK)?) and show that closed-form solutions
can be derived and efficiently computed in the cases
of 1D and one-hot embedding with the total variance
criterion. These solutions have the same complexity
as their hard quadratically unbiased counterparts. We
have not found a simple solution for V1 variance that
would extend ZGR to the parametric case.

Choosing 7 in the parametric MVE(7) allows select-
ing amongst Pareto-optimal estimators w.r.t. to proxy
bias and variance criteria, as suitable for applications.
The temperature 7 can also be annealed: starting opti-
mization with a small 7 (low variance, higher bias) and
progressively increasing it towards the end (decreasing
the bias at the cost of higher variance).

5 EXPERIMENTS

To validate the proposed methods we conducted syn-
thetic tests, in which it is possible to accurately com-
pute the true gradient and measure bias and variance
of different estimators. We then validate how the bias-
variance tradeoff translates to utility in optimization in
several test applications, evaluating 1D MVE, one-hot
MVE and their parametric versions. Our implementa-
tion is publicly available!.

5.1 Bias-Variance Tradeoff

1D MVE We evaluate bias and variance of 1D MVE
as follows. The distribution p(z;7n) is defined by
the relaxed quantization (Louizos et al., 2019), via
x = Q(n+ Z), where Z ~ Logistic with zero mean
and std 1/3 and @ rounds to the nearest integer in
X ={0,1,... K — 1}. For a given loss function £ we
plot bias and variance of different estimators versus
n (0)Other estimators, defined for one-hot categorical
variables, are applied via projection). The results are
shown in Fig. 2. It verifies that 1D MVE is unbi-
ased for quadratic loss functions and achieves a signif-
icantly lower variance than ZGR. At the same time,
parametric GRMC(t) and especially ReinMax(t) are
biased even for linear functions.

One-hot Parametric MVE Next we study the
bias-variance tradeoff of different estimators for one-
hot categorical variable x. We consider a random
quadratic loss function f(z) = ||L(z — ¢)||3 where
L is a random matrix and c¢ is a random vector. We

compare against ST, ZGR and GRMC estimator with

"https://github.com/James-Hooper123/Generalized
-and-Optimal-Straight-Through-Estimators
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Figure 3: Bias-variance plots for three random quadratic loss functions of one-hot categorical variables with
K = 8 states. The estimates of squared bias and variance for GRMC are themselves random, see text.

M inner Gumbel samples (for M =1 it is identical to
STGS). The latter is stochastic even for a fixed state
x. We used 1000 trials to estimate its squared bias
and variance in an unbiased way as detailed in Ap-
pendix D. Fig. 3 shows the bias-variance tradeoff for
three random quadratic functions and K = 8 categor-
ical states. For GRMC(t) and MVE(7) we vary the
respective temperature parameters, allowing us to ob-
tain different bias-variance tradeoffs. We see that the
parametric MVE(7) family gives the Pareto-optimal
frontier. While the variance of GRMC diverges in the
limit ¢ — 0, MVE remains well-behaved for the whole
temperature spectrum. The variance of the limiting
quadratic unbiased MVE (7 = o0) is very similar to
ZGR, suggesting that the exact proxy variance crite-
rion does not matter much. In Appendix E we show
also examples for K = 4 and K = 16 and observe that
the gap widens with the number of categories.

It is important to acknowledge a fundamental limita-
tion of the classical bias-variance evaluation in Fig. 3
concerning the gradient’s scale. For instance, one
could trivially construct an estimator that always out-
puts zero; while this yields zero variance and a bias
equal to the true gradient, such a tradeoff is decep-
tive and obviously useless for optimization. Estimators
that are biased for linear functions can freely scale the
gradient magnitude up or down. This issue compro-
mises the comparison against GRMC and ReinMax in
high temperature regimes. We have not yet found a
simple objective way to correct for this. Future work
should identify the key tradeoff, more directly relevant
for optimization.

5.2 Deep Quantized Networks

We have implemented the 1D MVE estimator in
the framework for training quantized networks of
Shekhovtsov and Obdrzalek (2026). We trained the
TNet architecture proposed there for classification on
ImageNet-100 (a 100-class subset of the ImageNet1K

907 o sT

ZGR
4 —h— MVE
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@ < o m o
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Figure 4: Evaluation of ST, ZGR, and MVE for train-
ing TNet with 3-bit activations on ImageNet-100. The
plot shows the expected training accuracy (averaged
over injected noise, mini-batches and data augmenta-
tion).

dataset). The network has 19 layers and activations
of all layers are quantized to 3 bits (8 integer states)
using the stochastic relaxation with logistic noise, as
described above.

Fig. 4 shows the training performance in comparison
with the ST and ZGR estimators. Consistent with
the variance reduction observed in Fig. 2, we see that
MVE improves over ZGR. This experiment corrobo-
rates that for training quantized networks a larger es-
timation bias is tolerable; consequently, ST achieves
the highest performance, while the proposed MVE
achieves nearly comparable results.

5.3 Polynomial Programming

We replicate the polynomial programming experiment
of Liu et al. (2023), extending from binary to K-valued
1D embeddings. We note that their formulation de-
couples over variables and hence the problem can be
presented using a single variable. The distribution of
x is given by softmax(n), where € RX. The embed-
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Figure 5: Polynomial programming, following Liu et al. (2023), for the 1D embedding with K = 16 points and
powers p = 1.5,2.0,3.0. The plots show average NELBO over 128 independent runs.

ding ¢ maps z to {0, #,...,1}. The problem is to
minimize E,[|¢(z) — ¢|P] for ¢ = 0.45 and some p > 1.
Fig. 5 shows an experiment with initialization n = 0,
Adam optimizer with {r = 1073. Each gradient is
estimated using an average of 8 Monte Carlo samples.
The results demonstrate that MVE in this case is more
efficient than ReinMax while ST does not work. The
latter is explained by a higher curvature and a more
complex distribution, as compared to deep quantized
networks above.

5.4 Variational Autoencoders

Next, we compare the performance of different gra-
dient estimators on training a VAE (Kingma and
Welling, 2014) with a discrete latent space ZV of V
categorical variables. The encoder and decoder archi-
tectures are MLPs with 2 hidden layers. The encoder
gs(z|x) uses the softmax categorical model. Specifi-
cally, the encoder network outputs K x V logits. The
decoder py(x|z) uses either one-hot embeddings of z
(the input to the decoder network is of size K x V)
or integer embeddings of z (in which case the input to
the decoder network is of size V). The VAE is trained
to maximize the evidence lower bound (ELBO):

o212y [l0g po(]2)] = KL(gs (2[2)[Ip(2)).  (17)

Approximate gradient estimators are needed to esti-
mate the gradient with respect to ¢ of the expectations
over ¢y (z|z) using a single sample of z. We train it on
the MNIST dataset using the AdamW optimizer with
default weight decay of 1072 (Loshchilov and Hutter,
2019), batch size 200, and a cosine learning rate sched-
ule. See Appendix E for more details and discussion
of running times in practice.

Fixed Schedules It is a common practice to apply
STGS / GRMC with a temperature schedule so that

in the beginning of the training the variance is reduced
at the expense of the bias (high temperature), and to-
wards the end of the training the bias is corrected (low
temperature, low learning rate to tolerate variance).
First, we compare the estimators using common ex-
ponential schedules of the form 7,, = 795a”™. GRMC
schedule goes from 1 to 0.1 and MVE schedule goes
from 1 to 10°. Table 2 shows the results across differ-
ent configurations of the latent space.

Our observations are as follows: ZGR (and by exten-
sion ReinMax) outperforms GRMC, consistently with
prior work. In the categorical case, the proposed MVE
Exp improves over ZGR for many categories and is tied
with ReinMax(t). A detailed grid search over tempera-
tures and learning rates in Fig. E.2 confirms the tie. In
the integer case, MVE Exp significantly improves over
ZGR and ReinMax(t) and the hard MVE is perform-
ing similarly, suggesting that the temperature schedule
is not essential for this specific experimental setup.

Oracle Schedules To further test the potential of
tuning the schedules for MVE and the baselines, we
performed the following experiment (technical details
in Appendix E.2.2). The experiment is conducted for
VAE model with 8 x 64 one-hot latent variables. The
optimal learning rate identified in the previous experi-
ment is fixed (which is the same for MVE and GRMC:
1073). For each 25 epochs of training, we evaluate
a range of temperatures and greedily select the tem-
perature that achieves the best ELBO for this train-
ing period. We then proceed with the best result.
We observe that while the oracle schedules result in
similar performance for MVE, they yield a meaning-
ful improvement for GRMC, suggesting that its orig-
inal heuristic temperature schedule was not perfectly
tuned. Despite this gain for the baseline, MVE still
outperforms GRMC significantly (Fig. 6, right). The
discovered schedules for both estimators demonstrate
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Table 2: VAE experiment with integer and one-hot categorical latent variables. The latent space size is varied such
that the decoder capacity stays constant. Final training NELBO is averaged across 5 random seeds. Reported
values represent the best result among 5 learning rates geometrically spaced from 1072 to 10~%. Superscripts
indicate the optimal learning rate found:  learning rate = 1073;  learning rate = 3.2 x 1073. The average
standard deviation w.r.t. seeds across all configurations is +0.21; individual stds are included in Table E.1.

Integer Latents

One-hot Categorical Latents

Latents V x K 128x4 128x16 128x64 128x256 128x1024  Latents V x K 128x4 32x16 8x64
ST 112.9° 113.7°  113.8® 113.8° 113.8° ST 112.5° 112.8° 111.4°
GRMC-20 Exp 96.8* 100.1°® 100.2°® 103.1° 110.1° GRMC-20 Exp 96.3*  95.8° 101.5°
ZGR 96.0°  94.5*  94.8% 95.7¢ 97.9% ZGR 96.0° 94.4%* 98.3%
ReinMax (¢t =1.2) 96.3°  94.8°  95.0° 96.0% 98.2° ReinMax (t =1.2) 96.2° 93.5° 93.7°
ReinMax (t = 1.4) 97.0°  95.3*  95.7° 96.9° 99.7° ReinMax (t = 1.4) 96.6° 93.9¢ 93.7°
1D MVE Exp 95.8° 934> 932 93.2° 93.2 MVE Exp 95.4° 94.6° 93.6°
1D MVE 95.7° 93.1> 093.3% 93.3" 93.3"
Loss Curves MVE Schedule Gumbel-Rao Schedule
— MVE —— Mean MVE Temp —— Mean Gumbel-Rao Temp
4x10? —— Gumbel-Rao 105 0.9
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Figure 6: Comparison of MVE(7) and GRMC(t) under greedy oracle schedules for the categorical 8 x 64 latent
space. The plots show the average training NELBO over 5 seeds and the found schedules for MVE and GRMC.

a consistent trend: transitioning from low-variance to
low-bias. This provides empirical validation for the in-
tuition behind manually designed temperature sched-
ules.

6 CONCLUSION

We have proposed a systematic approach to designing
approximate-chain-rule gradient estimators. Starting
from the basic axioms has allowed us to describe a
general class of straight-through-like estimators, which
correspond to fixing the naive chain rule. We pro-
posed the minimum variance principle for designing
estimators and showed that ST and ZGR (equivalent
to ReinMax) can be derived as optimal estimators un-
der different proxy variance criteria subject to bias
constraints. This provides a unified design principle
and a new insight into these estimators. In contrast,
ST was previously justified by linearization, ZGR was
obtained from GRMC, and the ReinMax design was
inspired by Heun’s method.

We have also proposed a framework for designing esti-
mators with a tunable bias-variance trade-off, which
may be useful in practice. For every value of the
temperature the estimator minimizes a proxy variance

subject to bounded bias, and therefore achieves Pareto
optimality according to the proxy criteria. This fam-
ily matches or exceeds results in all conducted exper-
iments: ST (MVE with 7 = 0) for quantization, and
MVE with 7 > 0 for polynomial programming and
discrete VAEs.

We have identified the problem structure and tractable
solutions in several cases of interest. In particular, we
have illustrated how to find minimum variance estima-
tors specialized for a lower-dimensional embedding by
studying the 1D case. We have verified that they can
achieve lower variance in synthetic tests and that the
reduced variance clearly translates to improved per-
formance in optimization. Furthermore we have de-
rived a solution for a general embedding for the total
variance criterion with complexity O(d?K). This so-
lution may be feasible in many applications where d is
small. For the full-dimensional categorical embedding,
the cost becomes O(K?), which could be prohibitive
for large K. Nevertheless, experiments suggest that
the improvement over ZGR becomes more substantial
for larger K. This motivates investigating potential
gains in other applications and, in cases where such
improvements are observed, looking for more practical
approximate solutions.
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A PROOFS: GENERALIZED ST THEOREM

Let us recall the setup. Random variable x takes values in a discrete set X with |X| = K. Distribution p(z;n)
is parameterized by 1 and the corresponding probabilities form a vector 7(n) € AKX~

Since 7 is in the probability simplex, the full derivative with respect to 7 is not needed, only its projection to
the simplex is relevant. More precisely this is captured by the following lemma.

Lemma A.1l. Let AK~1 denote the probability simplex {m € R |7 >0, Y, mp = 1}. Let w(n) € AK=1 for any
n and differentiable at ng. Let J = %ZO). Then 17.J = 0.

Proof. For a differentiable mapping we have that 7 (19 +h) = 7 (1) +.Jh+o(||h||). Since both (1) and 7 (ny+h)

are in AX=1 it must be 17 (7 (no + h) — 7(n)) = 0. It follows that 1T.Jh = 1To(||h||) = o(||h]|) Vh. This can
only hold when 17.J = 0. O

In other words, if the derivative in 7 is correct up to a vector b1T for some b € R, it is equally good for
estimating the derivative in . We will therefore consider the derivative in 7 as an intermediate result, which
may be manipulated up to such constant additive to all coordinates to our convenience.

Theorem 1 (Generalized ST). An estimator in the sense of Definition 1 that depends on L only through the

derivative Jy = %f)) at a single sample x satisfies Axioms 1 and 2 iff it factors as
Ty = JoS(@; 6, () Iy, (7)
where S(x; ¢, m(n)) is a d x K matric for each x s.t.
B [S(x)] = ®. (8)
Proof. Let us show that any estimator based on the derivative Jg = dﬁ(d‘bf)) at a single sample x satisfies

Axioms 1 and 2 can be represented in the form (7)-(8).

Dependence on Jg. If the estimator is based on the derivative Jy, the linearity w.r.t. loss implies that it must
be linear in this derivative, i.e. take the form

Jr = J¢5’(x; o, ), (18)
where S is a matrix of the size d x K depending on the value of z, function ¢ and vector of probabilites 7 € AX.

Expectation of S. Let £(¢(z)) = aT¢(z) be a linear loss function. From Axiom 2 we obtain the following.
The true derivative expresses as follows

Iny = g Ll (k) = 32, [i=k]a" ¢(k) = aT¢(j); (19)
Iy = Jxdy = aT<I>J,’;. (20)
The expectation of the estimator for Jy = a expresses as
E,[Jy] = BolJoS (x5 6, M7 = "By [S (5 ¢, m)] 7 (21)
We must assume that a can be any loss vector, therefore there holds
QJ7 = E [S(z; 0, m)] 7. (22)

Assuming that the model can represent any distribution 7 € AK—1, Jy must have rank K — 1. Then according
to Lemma A.1, its null space is spanned by 1. Therefore there must exist a vector b(7) € RX such that

E.[S(2)] = ® 4 b(m)17. (23)
We then let S(z; ¢, 7) = S(2; ¢, ) — b(m)17. Tt satisfies (7) and (8).

We have shown the “only if” part of the theorem. The “if” part is straightforward by checking that any estimator
of the form (7)-(8) satisfies Axioms 1 and 2. O
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Proposition 1. ST, FouST, DARN, and ZGR are GST estimators, with the respective S matrices:

S5t (z) = @, (10a)
SFouST (1) = diag(Kpl(z) ), (10b)
SPARN@) (2) = (¢(x) — @) syel + o417 (10¢)
S7CR () = 1 [SST( ) 4 SPARN(G(0)) (5 )} (10d)
Proof. ST. Let us verify ST can be defined by S(x) = ®. In this case the form (7) can be written as
TS = Ty @I = Jy Y (k)G = Ty L ST, (k)T = J q;g;ﬂ, (24)

which matches the definition of ST (2). Clearly, it satisfies (8) since E;[S(z)] = ®.

FouST. FouST Pervez et al. (2020) can be defined by S(z) = @diag(#@)). Indeed, in this case the form (7)
can be written as

JEoST = J, ()92 = Jo® diag( k) 95 = gmy o ol (25)
Its expected value is
E,[S()] = Y2, pla)® diag(k) = @ diag( ¥, 1) = @. (26)

DARN. DARN Gregor et al. (2014) in a general form for an arbitrary é € R¥ is defined as

jT]’DARN((,E) _ J¢(¢(£L’) . (Zg)dlogdpn(wm) . (27)
Its S matrix can be identified as
S(@) = (é(x) — §)shsel + 1, (28)

where e, is the standard basis vector for class x and gng is a shift correction, which cancels when multiplied
with fl—g (see proof of Theorem 1). Let’s verify that it satisfies (8):

E.[S@)] = 5, p(0) ((6(2) = ) el + 617) = £, (6(x) = d)el + 417 = o. (29)
ZGR. ZGR (Shekhovtsov, 2023) is defined as
JEGR — 1 (JST 4 JPARN(G(p)) ). (30)
It’s S matrix is respectively,
S(@) = 5(S5T(x) + SPARNGR) (z)). (31)
It is a member of GST since both ST and DARN are. O

Proposition 2. ReinMaz is a member of the GST family; furthermore, when the probability distribution is
parameterized by a softmax function, STemMaz(y) = §ZGR (g,

Proof. We begin by recalling the definition of Reinmax:

vRemmax s %@ST (32)
=2 D=e,, z~Cat(r), m=softmax(f) (34)
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Rewriting in our notation

VIR = 61(;(5) - (diag(mp) — mpm)) (35)
= %ﬁ;”‘)) - [3 (diag(m) + diag(ey)) — 3 (77" + ege) +me] +epm’)] (36)

We proceed with some straightforward manipulation

v = %BL(C,;ZEI)) - (diag(m) — 77 ") + i%éx)) (r7 " 4 2diag(es) — exey —me, —€uT ) (37)
_ %6L(g:§x)) . (diag(m) — 77T + %%éw)) (rn T+ ege] —mel —epm’) (38)
= 1Vsr + iaL(gg’”)) (7T + ege, —me, —eum!) (39)

Substituting this expression into the expression for Reinmax gives

VReinmax =2 @WED - %@ST (40)
=1Vsr+ %BL(;(;I)) (rm T +ege, —mel —epm!") (41)

- oL .
=1Vsr+3 (aﬂx)) ‘ (p(éz) (ex — W)e;r) (diag(m) — 77 T) (42)

Therefore in the case where our probability distribution is parameterized by the softmax function Sgeinmax () =
L [I + iy (ea — w)eﬂ = Szcr(z) O

Proposition 3 (Projection). Any GST estimator for an embedding ¢ such that the embedding matriz ® is full
rank d x K, d < K, can be represented as a GST estimator for the one-hot embedding ¢o projected via (11) with
some T'.

Proof. Let ® be the embedding matrix for ¢. The embedding matrix for ¢g is ®g = I. Let S(z) be the matrix
defining the GST estimator for ¢. It satisfies E;[S(z)] = ®. Define

Solz) = & (S(x) — @) + 1, (43)

where ® is the Moore-Penrose pseudoinverse of ®. Since ® is full rank d x K, it is the right-inverse, i.e. & = I.
Therefore S is indeed a projection of Sy:

®Sy(z) = ®OT(S(x) — @) + & = S(). (44)

Further, let us verify that Sy satisfies the constraint (8) for ®y = I:

E,[S0(2)] = @ (B,[S(x)] — ) + (45a)
=0l (d-®)+1=1. (45b)
Therefore Sy defines a GST estimator for the one-hot embedding ¢y and S is its projection. O

B MINIMUM VARIANCE GST ESTIMATORS UNBIASED FOR
QUADRATIC FUNCTIONS

B.1 Proxy Variance

Consider the variance of i’th component of the gradient, V {% S(x) J7, } . It depends non-trivially on the deriva-

tive of the loss function with respect to the embedding. In order to simplify it and define a proxy metric, we
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consider linear loss functions £(¢) = aT¢ and model a as a random variable, independent of z, denoted as
a ~ D. We then consider the expected variance criterion, summed over all gradient coordinates:

S EoupV [aTS(x) J;]i} . (46)

Using the variance decomposition through second moment, and knowing that for GST estimators E[J] = g —
the true gradient, we can rewrite this as

S Eoopans {(aTS(x) Jr )2 - gﬂ . (47)

Since g is the true gradient, which does not depend on S (z), it can be ignored when considering optimization of
the proxy variance in J, and the criterion can be simplified to

Y E, [J;; S(x)TE[aaT]S(x)J;;] . (48)

This criterion is appealing because it decouples the variance from the actual loss function, and depends only
on the matrix £ = E[aa'] associated with the distribution of likely linear approximations. For the isotropic
a ~ N(0,1) there holds E[aa"] = I and we obtain

5B [T S@) TS @) 7 | = Eu[I1S() 51 (49)

B.2 General Setup and the Representation Theorem

We formulate the Lagrangian for a general embedding and a general distribution over the gradient a. Our
objective is to minimize the variance of the estimator (48), subject to the following constraints:

1. A constraint ensuring unbiasedness for linear functions

2. A basis of constraints ensuring unbiasedness for purely quadratic functions

We now derive our two constraints by equating the expected value of the estimator to the true derivative of the
expected loss for linear and quadratic functions, respectively:

Va € R4 E[jn] =>. p(m)aTS(alc)J;,r = % > p@)a’ é(z), (50a)
vijeld Bl =3, p@)é@) (Q+QT)S(@)Jr = L 5, p(x)é(x)Qo(x), (50D)

where @ is the matrix having a 1 at the (4,7)-th entry and zeros elsewhere. Decomposing the constraints for
each component of 1, we obtain:

Vik Y. p(x)R(x) ik = Ajk, (51a)
Vi, gk 32, p(x) [0(2)i(R())jk + é(2); (R(x))ik] = Bijk, (51b)

where
Aji = 723, p(@)(x)j,  Biji = 7= 30, p(x)p(x)id();. (52)

The Lagrangian for the constrained problem is given by:
L(R,Oc,ﬁ) :IEa,az:”aTR(x)”2
= 205 ik (Aje = 22, p(@) R(2) k) (53)
= ik Bijk (Biji = 22, p(@) [#(2)i R(2) jx + ¢(2); R(2)ix])

We note that the quadratic unbiasedness constraint (50b) is symmetric in 4, j; hence, we may assume without
loss of generality that the Lagrange multipliers 3 are symmetric. Furthermore, in the case where E = E,plaa ']
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has full rank we observe that our optimization problem is equivalent to minimizing the norm of R in a Hilbert
space equipped with the inner product

(f.g)n = Eu [Tr (f(z) " Eg(2))], (54)

subject to linear constraints. In the case where F is rank deficient we may decompose the constraints with
respect to the null and row space of E. The objective lies entirely within the row space and we can write our
Lagrangian in terms of a similar inner product. The null space constraints can be solved separately as they do
not affect the objective. Consequently, we invoke the classical Representer Theorem (Kimeldorf & Wahba, 1971;
Scholkopf et al., 2001), specialized to the setting of linear equality constraints.

Theorem B.1 (Representer Theorem for Penalized Constraints). Let H be a Hilbert space of functions R. Let
{L,}M_| be a set of M bounded linear functionals, let C = [Cy,...,Cy]" be the vector of constraint values,
and let py >0 form=1,..., M be penalty weights. Consider the optimization problem:

M
R* = arg min IRIZ, + "t (Lin(R) = Ci)

m=1

The unique optimal solution R* is a linear function of the constraint values C. In the limit pi,,, — 0o, this result
extends to the case of hard constraints.

Proof (Proof of Theorem B.1). By the Riesz representation theorem, each bounded linear functional L,, has a
unique representer £,,, € H such that L,,(R) = (R, {,,)%. The objective becomes:

F(R) = |[RI3; + Xy tim (B ) — Cn)?.

Taking the functional derivative with respect to R and setting it to zero yields:

2R+ 25 M fin (R )3 — Co) b = 0.

Thus, the optimal solution has the form R* = Znﬂle . Substituting this into the optimality condition:
M
Oy = fm (Cm - Zkzl ak<€k7£m>ﬂ) .

This can be written as the linear system (D;1 + G)a = C, where G is the Gram matrix with entries Gy, =
(U, b )y and D, = diag(p1,...,par). Since G is positive semi-definite and D;l is strictly positive definite,
their sum (D, " + G) is strictly positive definite and hence invertible, giving a = (D;;* + G)~"'C, which is a

linear function of C. Therefore, R* = Zi\n/lzl by, 18 a linear function of the constraint values C.
O

Therefore our solution is linear in the constraints and therefore linear in Iy As a result, we can determine the
linear operator S by setting J7 = I and solving for the matrix S. Furthermore, we observe that the Lagrangian
is separable in k and therefore it suffices to consider some fixed k. Our new simplified Lagrangian is as follows:

L(S,a,8) =E4up.o [(aTS(x)ek)Q}
=225 05 (2 — 22, p(@)S(@) i)
=245 Bij (Pur @i — 22, p(@) [p(2)iS () jis + ¢(); S (2)ik]) (55)

Note that the constraints and solution are restricted to the row space of E, though we omit this indication to
simplify notation. We now take the derivative of the Lagrangian:

asarr = 2(@)Eanp [a; (a7 S(x)ex)] — ayp(e) —p(x) 3, (Bij + Bji) ¢(@)i (56)
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Writing this in vector format yields

35?5);k = 2p(x)]Ea~D [G,G,TS(QIJ)GIC] - ap(x) - p(l’) Zz (BZ + ﬁz) ¢(x)z (57)

Setting this to zero and rearranging gives

Assuming symmetry in 8 without loss of generality, we rewrite the expression in matrix notation as

S(z).x = E" (2o + BPe,) (59)

Substituting this into the first constraint implies

Y. p(@)ET (3o + BPe,) = Dy, (60)
Ef (%aJrZi ﬂq)p) =y (61)
$Ela =, — ETpop (62)

Substituting back and manipulating terms results in

S(x).x = @ + ET6®(ex — p) (63)
Inserting this into the second constraint yields
5, p(@) [6(@)i (O + ELBR(es — 1)) + 0(2); (@i + ELA®(es — 1)) | = Puy (64)
Re-indexing the terms leads to

5 e [@ia (@gp+ B, 5. Ba(®a0 = M) + @ (@ + B 5, Ba(@20 = M) = Qi@ (65)

Expanding and evaluating the sum over x gives

M@y, + EL Y, B (Miz — MiM.) + M;®y, + EL Y, Ba (M. — MyM.) = 3B (66)

Rearranging and substituting the definition of the embedding covariance matrix V yields

Vi
B3 BaVei+ BL Y, BoVej = 2 (67)
Finally, rewriting in matrix notation reveals the symmetric structure

(E'8V)i; + (BLBV); = G2 (68)
ETBV + (ETBV)T = 2 (69)
VBET+ BTV = 2¥. (70)

This is a type of generalized Lyapunov equation. Since such equations generally do not admit explicit matrix-
algebraic solutions, we proceed on a case-by-case basis, utilizing the properties of E to simplify the solution. We
first note that our solutions for the design matrix are of the following form:

S(ﬂ?);k =P+ Fk(b(e$ - 7T)

where I'* = ET. After choosing a variance criterion our solution for I'* can be expressed directly as a function of

the covariance of the embedding V' and its derivative with respect to the probability vector, %. Consequently,

S(z) can be expressed directly as a function of the probability vector, m(n) € A¥~! and the embedding matrix,
.

In the following analysis we seek to solve for the matrix I'* under two conditions. We first consider the most
natural criterion: the total variance case where E = I. We then extend the analysis to the case where E = VT,
yielding a particularly simple solution that recovers the Zero-Gumbel-Rao (ZGR) estimator.

Throughout this analysis we denote é%c as C* for notational convenience.
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B.3 Case E=1.
If £ = I, the equation becomes
VB+ BTV =CF. (71)

We also note that E has full rank and therefore our constraints and solution lie entirely within the range of E.
We can solve for the symmetric solution 3 using the eigen-decomposition V = UAU :

UANUTB+BUAUT = C* (72)
AUTBU +UTBUA =UTC*U (73)
AB + BA = CF, (74)

with 3 = UTBU and C¥ = UTC*U. Since V is positive semi-definite, the singularity A; + A; = 0 occurs only
when both eigenvalues are zero. In this subspace, the derivative C* vanishes automatically, guaranteeing a
solution without further assumptions. Then

. . &k
B=UpUT, Bij =535

J

It follows that
rk=UpuT (76)
e
Ik = >y (M) ulu;r (77)

While naively calculating I'* for each k independently yields a total complexity of O(Kd?), we demonstrate that
the design matrix S may be evaluated in O(Kd?)

S(@)n = b+ ¥, (ACH> wi] ®(e, — ) (78)
@) =@+ Dy (S50 ) wite] e, — ) (79)
S = B+ 3, (HLEBEBNT NI T, ) (80)
S(@) = b + Y, %u(w (Bs®] — DM — MO] )u;) (81)
S@)=2+Y,, (M) ui | (u] ®)diag(u] @) — (u] M)(u] ®) = (u] M)(u] @)] (82)

(83)

Evaluating this expression for the design matrix S(x) has time complexity O(d?K) and we note that the eigen-
decomposition of V has complexity O(d®) and d < K.

B.4 Case E=Vi &=1.

In this case, E is rank-deficient and therefore our solution has a component in the null space of E. Our equation
for B can be written as

VBV + VBTV = Iy (C) (84)
where IIy is the orthogonal projector onto the range of V' and our estimator can be written as

S(z).p = i + T*P(e, — ) + N(2) (85)
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where N(x) is the component in the null space of E. The null space component must satisfy the following null
space constraints:

E[N(z)] =0 (86)
>0 () [0(@)iN ()i + &(2) ;N (2)ir] = In(v)(C) (87)
Our symmetric solution 3 is given by
B =1V, (C)VT. (88)
It follows that
Ik = (Vi (C)VT) (89)

Recognizing that VVT acts as a projection onto the range of V, we apply the idempotence of projections to
simplify the result

r* = Ly (C)v') (90)

We observe that in the one-hot case Null(V) C Null(C) and therefore our expression simplifies as

It =1lcvt (91)

Furthermore Iy (v (C) = 0 and therefore N(x) = 0 is a valid solution. Substituting our two solutions into the
expression for the design matrix yields

S(z)x =ex+ 2CVi(ey — ) (92)

Expanding the covariance matrix of the embedding in the case of the one-hot embedding we obtain

S(z).x = ex + %(ekeg —epm! —mel )Wi(e, —m) (93)

Expanding the pseudo-inverse VT in the case of the one-hot embedding gives us

VT = (diag(m))~* + %7;"%'11T — 1 ((diag(m))~'117 + 117 (diag(m)) ')
= (diag(m))~' + F117 + 117G. (94)

The product terms involving F' and G will effectively vanish because:

Fl1T (e, —m)=F1(1-1)=0 (95)
and
(exe] —exm! —mel)11TGle, — )
= [1TG(ey — )] (exe) —exm! — el )1

= _ [1TG(ex — 71')] s (96)
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The second term in identical across all columns and is therefore equal to zero after multiplying by the Jacobian.
Substituting VT back into the expression for the design matrix we obtain

S(x)k = Ly + 5(exey —epm — ey )(diag(m)) ! (e, —7)

= e+ 2(evef —epm —me)) <p?;) - 1) . (97)

After expanding the brackets we notice that the second term effectively vanishes as before. The final expression
simplifies as follows

S(x)e =er+ 5(enef —epm! —mey )5 6]

— 1 _ Trek =
=er + (p(z) ekek €y — €L )

p(z)
_ %(ek + 55 (eo — ) 5k:x). (98)
We obtain the full design matrix
1 1
Sx)==(I+——=(e; — T
() =51+ o e =mel)

The full gradient estimator in 1 can be expressed as

¢ _1dlg(dr dra
Jy= 3505+ yles — m) %)
_ldc dr dlog p(=;
~ L4 (% + (0(0) - ) 2mplenl), (99)

which is precisely the ZGR estimator. We have therefore shown that ZGR is equivalent to MVE with the £ = VT
variance criterion for the one-hot embedding.

C MINIMUM TOTAL VARIANCE ESTIMATOR WITH A QUADRATIC
BIAS PENALTY FUNCTION

We restrict our attention to the case where E has full rank and modify the Lagrangian by replacing the hard
linear and quadratic constraints with soft penalty terms. We proceed by taking the limit p — oo, converting
the linear penalty into a hard constraint. The resulting family of solutions corresponds to minimum-variance
estimators with a fixed allowance for quadratic bias, parameterized by the quadratic penalty coefficient.

In the limit as the quadratic penalty coefficient tends to infinity, the estimator becomes unbiased for quadratic
functions, while setting the penalty coefficient to zero recovers the straight-through estimator. We note that
although softening the linear constraint before taking the limit may appear redundant, this relaxation significantly
simplifies the calculations.

L,+(S)=Eq. [(aTS(a:)ek)z]
i (@@ — 3, p(@) [@i0S(2) i + DjaS(2)ik])”
i (@ =32, p(z)S (x);1)°



James David Hooper, Alexander Shekhovtsov

Differentiating with respect to S(x), yields:
siok— = 2p(2) Eq[a; (a’ S(z)es)]

9S5(x)jk
—27p(2) 32 Piw (Pir Py — D, (27) [Rir S(2") 1 + Pjor S(2')ik])
— pp(x) (1 — >, p(a)S(x')1) -

Collecting the derivatives over the index j gives the vector-valued condition:

—27p(x) 32, Piw (Pir Pt — 2oy () [igr S (2 )t + P S(2)ir])
—pp(z) (P — D, p(2)S(2)k) -

Setting the gradient equal to zero and rearranging terms yields:

ES(x) + 722 Piw 3 P(&) [Pia S (@) + o S(2")ir] + § 2250 p(27) S ()
= (72 Pic®ir + §) Pu-

Viewing S(z);x as a tensor Sjzi, we fix the index k and work with the matrix S,

ES::E + TZ@' ézz Zx’ p(CU/) [(I)iw’s:w’ + q):a:’Siz'] + g Zz’ p(-rl)S:a:’

Rearranging the second term and writing p in index form yields:

ES::L’ + 7 Zi,m’ 2 [(I)i:r(biw’szz’ + (I):x’q)iwsix’] + g Zx’ p:r’S::L”
= (73 ®i®ir + ) .

Summing over the index 7 yields:

ES:I +7 Zm/ Y% [(@T(I))mz’szz’ + (I):x’ ((I)TS)II’] + g Zm’ pm’S:m’
= (T(@Tq@)zk + g) D .

Summing over the index ¢ gives:

ES:I +7 Za:/ 2% [(@T@)mz’sm’ + (I):m’ ((I)Ts)ma:’] + g Zx’ px’S:x’
= (T((I)T(I))zk + g) D.p.

Recognizing the sums over z’ as matrix products yields:

ES., + 7[Sdiag(p)® ' @] .t 7[® diag(p)ST®] + LSp

: r

= (T(@T@)wk + g) (O

Expanding the right-hand side and rewriting the system as a matrix equation in § = {5}, } gives:

ES + 7S diag(p)® ' @ + 7@ diag(p)ST® + £Sp1 T
= Tq):k(q)—rq))k; + gCI):le,

(100)

(101)

(102)

(103)

(104)

(105)

(106)

(107)

(108)

We now decompose the left-hand side into components orthogonal to, and aligned with, the subspace of matrices

with constant rows. Writing v1T for the projection onto this subspace, we obtain:
ES + 7S diag(p)® " ® + 7® diag(p)S T ® = 70,0 + 01T,

1T + 5(Sp)1T =0y, (12, + 517).

(109)

(110)
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Finally, taking the limit p — oo enforces the linear constraint, yielding;:

ES + 7S diag(p)® " @ + 7@ diag(p)S'® = 70,0 & + 01"

Sp =y (111)

This is a system of d(K + 1) variables in d(K + 1) variables S,v. Since only the RHS depends on K, the
complexity of solving it for all k via inverting the matrix of size (dK) x (dK) is O((dK)3).

C.1 Special Cases

Working from (111), we restrict our attention to two special cases. First, we present an analytic solution for
the 1D embedding. Second, we characterize the one-hot embedding under the total variance criterion (E = I),
where a closed-form expression is obtainable. The more general solution, involving an arbitrary embedding, is
deferred to later work.

C.1.1 1D Embedding

Proposition C.1. The solution to the Lagrangian subproblem for the 1D embedding ¢ is the Minimum Variance
Estimator with design matriz

(I =2mmyx 4 21mo)® + 7(x — my ) (P © D)
S(z) = oy . (112)

Proof. In the 1D embedding case, we may exploit the fact that the embedding matrix is a vector and its first
dimension is equal to one. This allows the matrix-valued optimality conditions to be reduced to scalar equations,
which are significantly easier to solve analytically.

We begin by right-multiplying the first equation of the boxed system by diag(p)® ", obtaining

S diag(p)® " + 75 diag(p)® " @ diag(p)® " + 7@ diag(p)S " diag(p)® " ®

=79, ddiag(p)® " +v1T diag(p)® . (113)
Noticing the following identities:
my =17 diag(p)® ", my = ® diag(p)® ", (114)
and introducing the variable
y = Sdiag(p)® ", (115)

the system reduces to the scalar equation

Y+ 2Tymg = T(bimg + mqv. (116)

Solving for y yields
B T®2my + miv

117
1+ 2TWL2 ( )
Substituting y into the original matrix equation isolates S in terms of v:
S+ 2ryd = 72D 4+ vl ', (118)
S = (192 — 21y)® +v1', (119)

and substituting in our value for y yields

P2 — 2
S=r (k") 41T, (120)
1+27m2
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To solve for v, we multiply by p and substitute the linear constraint from our original pair of equations, giving

®2 — 2myv
bp =7 ——" : 121
g T(1+27m2>m1+” (121)
Solving for v yields
_‘bk(1+27'm2)—7'm1(132 (122)
N 1+27V
Substituting v into our equation for S and simplifying gives
2 @ (1+27mo) —7m B2
S=7 (ék o TT3rm, ) ¢+ ¢k(1+21Tf22;)V7m1¢k 1, (123)
D (14+27ma)—7m, &2 D (1427ma)—7m, 2
S T (1+2TWL2 - 2m1 EC1+2TV)(21+27'm12)k) q) + : 1+22‘1'V —k 1T (124)
(1427V) @2 +27miP; —2m &y (14+27m2) D, (1427ma) —7m, B2 T
S= T( Az (irerme) : )¢)+ ey L (125)
—2m, P D (14+2™m Tmq ®?
S = T( oy k) P + 2L 1+227)V LT (126)
Re-indexing the tensor back into functional form and simplifying yields
O2 — 2m; Py, (14 27ma) — 7m ®2
Sp(z) =7 2 "7 k 127
k(@) T( 1+2:v )7 1+27V ’ (127)
() (1 —2rmyz + 27ma) Py + 7(z — m1)®3 (128)
x) = .
k 1427V
Finally, for general k, we obtain
(1 =2mmyx 4 27m2)® + 7(x — mq1)(P © D)
= . 12
S(e) 1+ 27V (129)
O

C.1.2 One-Hot Embedding

Proposition C.2. The solution to the Lagrangian subproblem for the one-hot embedding ¢ and total variance
criterion is the Minimum Variance Estimator (MVE) with design matrix

S(x) = Mi Mo A™" M + My, (130)
where the component matrices are defined as:

. T _ 1+7
Ml = dlag<m> s M3 = dlag<1+2f;) 5

M, = dlag( —|—p) Pe;;ra M4:1+Tp(1‘) ;’

and the matriz A is given by

Ajj =655 d; — — TP dy =Y, e (131)

1+7pi+7p;° J 1+7(pi+ps)

Proof. In the case of the One-Hot embedding, the embedding matrix is equal to the identity matrix. This
simplifies our pair of equations significantly. Unfortunately, we are still unable to solve for a general variance
matrix, but we may seek an analytical solution in the total variance case. Our pair of equations simplify to:

S(rdiag(p) + I) + 7 diag(p)S " = Texe] +v1T, (132)
Sp = ex. (133)
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The first equation is now a Sylvester-transpose equation with diagonal coefficients, and therefore has the following

analytical solution:
(14 7pi)vik — TPV K + T80k

Sijk =
! T(pi +pj) +1

Substituting this solution into the linear equation (133) gives

Z (Tpi + 1)vir, — (TPi)vji + 70550k
i +7p; +1

Dj = Oik.
J

We break the sum into three terms depending on the indexing of v:

Z (tpi + Doiwp; Z TPUKP Z 7050515

— tpitTp+1l S rpitTpi 1l S Tpitpi 1 "
Rearranging into a linear system in terms of v gives
Pj VjkD; dir(Tpi +1)
; + 1)v; —_— 7D =
(7 )lkzj:rpi—i—rpj—l—l plzj:Tpi—i—ij—i—l 2tp; +1

This can be written compactly as AV = B, where

B = (rdiag(p) +I) (I + 27 diag(p))_1 ,

;B
Aij = 045d; — Tty

with

(14 7pi) p;
d. = 73, i = Tp;, =P, i =1+ 7p;, e .
l XJ: trpitp) 07 bi=rpi TPis  Yj =TPj

Solving for v and writing in elementwise form gives

Tpr + 1

o= (A7), 2R 2
Uik ( )Zk27—pk+]—

We now substitute our solution for v into the equation for S:

TP +1
(2Tpk + 1) [T(pi + pj

70;0ik

Sijk = ) n 1] |:(1 Jeri)(A*l)ik - Tpi(Ail)jk} + T(

Reindexing the tensor back into functional form gives

Tpr + 1
(27pr + 1) [T(pi + px) + 1]

Sin(x) = (L4 7p) (A = i A ] +

Finally, this can be written compactly as

pi +p;)+1°

TOixOik
T(pi + px) =+ 1.

S(z) = diag (m) (diag(% +p) — pel)A‘1 diag (11:2?;) + T m exel

This obtains the quadratically unbiased minimum variance estimator for one-hot categorical variables.

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)

(144)

Unfortunately, A has no analytical inverse. However, it is a highly structured matrix—specifically, the sum of a
diagonal and a Cauchy-like matrix. While this structure suggests an efficient inverse exists, our algorithm simply

exploits its symmetry via a standard Cholesky inverse.

O
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C.2 Temperature Limits

By examining the limiting behavior of our parametric family with respect to temperature, we can recover specific
estimators of interest. Specifically, the limit as temperature approaches infinity yields the quadratically unbiased
estimator for the chosen embedding and variance criterion. Conversely, setting the temperature to zero recovers
the straight-through estimator, regardless of the embedding or variance criterion. We begin our analysis with
the 1D embedding case:

So(z) = L+O20E)

=d. (145)

Proposition C.3. For the 1D embedding, the minimum-variance (w.r.t. (12) with any non-degenerate distribu-
tion) quadratically unbiased GST estimator is given by

S(z) = a(x)® + B(z)P © P, (146)
where:

a(z) = ma—¢(x)ma B(z) = P(x)—ma (147)

v ) 2v
and the underlying moments and variance are, respectively, m1 = Elp(z)], ma = E[p(x)?], v = V[p(x)] =
mo — m%
Proof. For the infinite temperature limit, we have:

. . 1-27m1z+4+27mo)P+7(x—m1)(POP
lim; o0 Sr(2) =lim, o0 ( L 11)27‘/ ( 1)( )

_ 2(m2—m11)<1>+(w—m1)(<1>®<1>)

= (ms mﬂ)<1>+(w ) (§ @ ). (148)

We now consider the case of the one-hot embedding at zero temperature:

. — - PktTPiPE TPiDj
[Azj]7—=0 - {51] Zk 1+7(pi+pk) 1+T(l)i+pj)} =0

— A=1. (149)
Substituting this back into the estimator:

lr=0 = [dlag (1+r(p+p(x>>) (diag(l +7p) =P el)A* diag (11;;1;) + e efeﬂ =0
—0)-1-T+0

I-
I
.

(150)

Proposition C.4. The quadratically unbiased GST estimator with the total variance criterion (13) can be
expressed as follows. Let D(x) = diag (pﬂ)(z)), and define the matriz A(x) = diag(p) — pel . Furthermore, let

L be the matriz with elements L;; given by:

Yt petpe F1=0,
Li; = (151)
Then, the estimator is given by:

D(@)A(z) LT + L) exel | (152)

DN | =
=
8
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Proof. Next, we examine the limit as the temperature approaches infinity (7 — oc). We begin by computing the
limit of the A matrix:

Dkpipitp HI=J,
lim A;; = (153)

e Pip; ¢
- D e
— if i # 7.
pitpj J

Computing the full limit and denoting the limiting matrix as L, we obtain:
S(z) = 1 [diag <#) (diag(p) — pe—r)LT + i e eT] (154)
2 p+p(z) v p(z) ]
We note here that the matrix L is of the form of a weighted graph Laplacian. O

D UNBIASED SQUARED BIAS AND VARIANCE OF A STOCHASTIC
ESTIMATOR

Let X be a random variable with discrete distribution p(z), z € {1,..., K}. Let f(X,Y) be a function of X and
another random variable Y not independent from X. For each X we have n conditional samples of Y and we
collect fr; = f(X =k, Y;).

Problem 1: Unbiased estimate of E[f(X,Y)]%.
Let us denote the mean pu = E[f(X,Y)], the second moment M = E[f(X,Y)?] and the conditional moments:

pe =E[f(X =k Y)], M,=E[f(X=kY)?] (155)

We can compute unnbiased estimates of these quantities:

fue = %Z?:l Triis Mk = %Z?:l fl?,z (156)

We can also compute the overall mean and second moment:
=Y p(R)iw, M =3, p(k) M. (157)
We have E[ji] = p and E[M] = M. If the conditional sample batches {Y;;}7", and {V;;}", are independent

for all k # I, then the empirical means fi, = + 3" | f(k,Yy;) are mutually independent; hence for k # I,
Elfwfu] = prpu.

However, E[i%] # u?. Let us express it and correct the bias:

B[i2) = E (S p()in)’] = S0 (0 EL] + sy pURIP(DE ] (158)
= 25 p(k)? (Vi) + Elfa]?) + 32520 p(R)p(1)E i) Elfu] (159)
= 0 p(k)? (PRI 1 i2) 4+ 57, p(R)p (s (160)
= Sy p(k)? Mt 2, (161)

An unbiased estimate of 2 can be computed as follows:
g — Mg, (162)

Thus, an unbiased estimate of u? is:

B =i = Syp(h)? (M — (i = M2 )) L = 2 = 5, p(k)? Mgt (163)

Problem 2: Unbiased estimate of V[f(X,Y)].
Using V[f(X,Y)] = M — u2, an unbiased estimate of the variance is

V=DM-B. (164)
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E DETAILS OF EXPERIMENTS

We evaluated the following gradient estimators:

e MVE - the proposed Minimum Variance Estimator using Total Variance Proxy Criterion (1D or Categorical)

e MVE(7) - the proposed parametric Minimum Variance Estimator using Total Variance Proxy Criterion
(1D or Categorical)

¢ GRMC - Gumbel-Rao Monte Carlo estimator (Paulus et al., 2021) with M = 10, 20 and 100 samples.

STGS - Straight-Through Gumbel-Softmax estimator (Jang et al., 2017) implemented as GRMC with
M =1 sample.

e ZGR - Zero temperature Gumbel-Rao estimator (5) (Shekhovtsov, 2023).

o ST - the Straight-Through estimator (2).
We implemented all methods in Pytorch.

E.1 Bias-Variance Tradeoff

Fig. E.1 illustrates the bias-variance tradeoff for different gradient estimators across categorical dimensions K
and random seeds. For each plot we draw a random probability distribution p(z) and a random quadratic loss
function £(¢) = ||[L¢ — c||3 on RE once. We then enumerate z and for each z we evaluate MVE, ST and ZGR
once, which is sufficient to compute their exact bias and variance. Since GRMC is stochastic, we evaluate it 1000
times (each time it draws M Gumbel samples conditioned on x and averages). Given the resulting estimates in
1000 trials we compute the empirical squared bias and variance using the unbiased estimators from Appendix D.
Hence, the estimated squared bias can be negative, as a result plots are truncated to the positive range.

E.2 Variational Auto-Encoder

We used the MNIST dataset LeCun and Cortes (2010) and trained a discrete-latent VAE: The encoder architec-
ture is:

Input(784) — Linear(512) — LeakyReLU(0.2) — Linear(256) — LeakyReLU(0.2) — Linear(n x K).

The probabilistic model of categorical variables is the softmax of the encoder output. Accordingly, the encoder
network outputs K xV logits. The decoder architecture is symmetric, mirroring the encoder. It inputs categorical
variables in the one-hot encoding (a tensor of size (n x K)) and outputs means of a Gaussian distribution. The
decoder noise o was a learned constant initialized as 1. We use a uniform prior p(z) over discrete latent variables
and closed form KL divergence. All models are trained using a batch-size of 200, AdamW, and a cosine annealing
scheduler for 500 epochs. The latent space is integer or categorical with n independent variables, each having
K categories. The latent-spaces, described in Table E.1 are chosen such that the first layer of the decoder has a
constant number of parameters for each embedding. This ensures that the encoder’s capacity remains constant
across different latent space designs. However, the amount of information that can be encoded in the latent space
varies significantly with n and K. For instance, the 128 x 4 configuration amounts to 256 bits of information
while the 8 x 64 configuration amounts to 64° = 248 states, i.e., 48 bits. Therefore achievable negative ELBO
(NELBO) loss can be expected to increase with the smaller latent space capacity but it is bounded also by the
decoder capacity which stays constant.

The exponential schedule used for the bias-variance annealing in GRMC is

k
t<k) = tstart (tt::i) ’ ) (165)
where k is the current epoch, max_epochs is the total number of epochs, tsart = 1 and teng = 0.1. For MVE, we
use the quadratic bias penalty coefficient 7 with the exponential schedule, where Tyiare = 1 and Tenq = 1€5. We
did not attempt to optimize hyperparameters of these schedules such as starting and final temperatures.
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Figure E.1: Bias2-variance plots for different quadratic loss functions for categorical dimensions K =4, 8, and
16.

E.2.1 Integer VAE

In the Integer VAE variant, the encoder parameterizes a discrete categorical distribution over K classes for
each latent dimension. To interface with the decoder, we project the sampled one-hot category vectors into a
single scalar value using the embedding mapping ® = (0,1,..., K —1)/(K —1). This transformation embeds the
distinct categories as linearly spaced points along the interval [0, 1]. Consequently, as the number of categories K
grows large (K > 1), the spacing between adjacent points approaches zero. This allows the discrete categorical
latent space to smoothly approximate a bounded, continuous latent representation. The rest of the network is
identical to the VAE with one-hot embedding latent space.

E.2.2 Greedy Search for Optimal Schedules

The parameterization of the temperature schedule for each gradient estimator can significantly impact its perfor-
mance. Furthermore, the design of these schedules differs depending on the estimator being used and is entirely
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Table E.1: VAE experiment with integer and categorical latents, same as in Table 2, but including per-experiment
standard deviations over 5 runs (not std of the reported mean, which would be 1/1/5 factor less). Superscripts
indicate the optimal learning rate found:  learning rate = 10~2; ® learning rate = 3.2 x 1075.

Integer Latents

Latents V x K 128x4 128x16 12864 128%256 128x1024

ST 112.87 £0.06° 113.71 +£0.07° 113.79 +£0.13* 113.80 £ 0.06° 113.82 + 0.06°
GRMC-20 Exp 96.77 £0.18% 100.06 + 0.32° 100.19 + 0.16° 103.12 +0.71®> 110.10 + 0.86°
ZGR 95.97 £ 0.16° 94.524+0.13° 94.844+0.12° 95.724+0.17° 97.94 4+ 0.41°

ReinMax (t = 1.2) 96.2740.05° 94.774£0.14 95.04 +£0.12° 96.03 £0.12* 98.15+0.11°
ReinMax (t = 1.4) 96.9940.13° 95.33+£0.19% 95.66 £0.21  96.90 £0.43%  99.70 & 0.60°

1D MVE Exp 95.82 +0.09> 93.37 +£0.05° 93.24 +0.08° 93.24 +0.21° 93.23 +0.10°
1D MVE 95.71+0.12° 93.12+0.09° 93.30+0.17° 93.33+0.05° 93.33+0.15°

One-hot Categorical Latents

Latents V x K 128 x4 32x16 8x 64

ST 112.47 £0.11% 112.75+0.10° 111.40 +0.17°
GRMC-20 Exp 06.31 +0.22% 95.76 £ 0.16° 101.49 + 0.29°
ZGR 95.96 £ 0.18%  94.36 +0.24%  98.29 + 0.64°

ReinMax (¢t = 1.2) 96.2240.26° 93.50+0.17° 93.73 4+ 0.20°
ReinMax (t = 1.4) 96.60+0.31° 93.894+0.26° 93.72+0.17°

MVE Exp 95.37 +0.21% 94.60 +0.23° 93.64 + 0.35°

heuristic. This makes a direct comparison of the underlying estimators challenging; it is difficult to isolate
whether improved model performance results from the inherent properties of the estimator itself, or simply from
a superior, hand-tuned temperature schedule.

To ensure a rigorous and fair comparison, we circumvent this problem by approximating an optimal temperature
schedule through a greedy search algorithm. Specifically, we divide the training process into discrete evaluation
windows of 25 epochs. At the beginning of each cycle, we evaluate a grid of candidate temperatures. After 25
epochs, we select the temperature that achieves the highest ELBO value. The model’s global state, optimizer,
and scheduler are then updated with the weights from this winning run, the optimal temperature is recorded,
and the process repeats for the next window. While a locally optimal temperature over a 25-epoch horizon does
not strictly guarantee a globally optimal schedule over the entire training duration, computing the true global
optimum is computationally intractable. Therefore, this greedy algorithm serves as a robust and reasonable
approximation to normalize temperature effects across different estimators.

Training Details and Hyperparameters

For this experiment, we use the architecture, batch size, optimizer, epoch count, and learning rate schedule
detailed at the beginning of this section. We set the learning rate to the value that yielded the best performance
in the baseline VAE experiment using heuristic temperature schedules (see Table 2). To optimize the search space
for each specific estimator during the greedy selection, candidate temperatures were sampled from estimator-
specific grids over two ”zoom levels” to fine-tune the selection. Specifically, candidates for MVE were drawn
from a geometric progression ranging from 0.1 to 1,000, 000, while candidates for Gumbel-Rao were drawn from
a linear space ranging from 0.1 to 1.0.

E.2.3 Full Profiling over Learning Rates and Temperatures

The greedy search approach cannot be used to fairly compare ReinMax against other estimators as it relies on
a fixed temperature parameter. We note that the role of temperature differs fundamentally between the two
methods: in MVE, it is used to reduce variance, whereas in ReinMax, it serves to smooth the surrogate loss
surface during the backward pass. To ensure a rigorous and equitable comparison, we conducted a comprehensive
grid search over both the temperature and the learning rate. Evaluating these parameters jointly is crucial, as
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their effects on training dynamics are highly coupled.

Experimental Setup and Hyperparameters

To conduct this comparison, we evaluated 900 unique hyperparameter configurations for each estimator, resulting
in 1,800 total training runs. The network was trained for 50 epochs with a latent space consisting of 128
categorical variables each with 4 classes.

The grid search evaluated 30 learning rates and 30 temperatures for each estimator. Learning rates were sampled
from a geometric progression between 10~* and 10~2. The evaluated temperatures were linearly spaced between
1.01 and 1.30 for ReinMax, and reciprocally spaced between 5 and 150 for MVE. These specific temperature and
learning rate ranges were chosen to provide a full description of the qualitative behavior of each estimator (see
Fig. E.2).

The resulting plot demonstrates that ReinMax and MVE achieve highly comparable overall performance, with
their contour surfaces exhibiting a similar shape. ReinMax does hold a slight edge on this specific task, achieving
a minimum negative ELBO that is 0.25 lower than MVE. However, given this narrow margin, along with the
resolution and asymmetry of the sample grids, the results do not definitively establish one estimator as strictly
superior. It is important to note that temperature serves a very different role in each method, and the underlying
structures of these estimator families are qualitatively different. As a result, their relative performance may
diverge when applied to different tasks or more complex loss surfaces.

E.3 Running Time

VAE In VAE the the cost of the decoder forward-backward is rather high and therefore cubic complexity for
handling the gradient thorough latents is not necessarily a bottleneck for moderate K. For the latent space of
32 16-way categorical variables (where the complexity for our method would be the highest) and the encoder-
decoder architecture used in the main paper, we have measured the following times on the Nvidia RTX4070
GPU:

e ST: 14 s/epoch

e ZGR: 14 s/epoch

e Gumbel-Rao (20 inner MC samples, computed in parallel): 15 s/epoch

e MVE: 16 s/epoch
Quantization In quantization, the speed of applying MVE in GPU can be approximately the same as that of
straight-through, because it has linear complexity and the training is typically bounded by the memory band-
width or the quadratic complexity of linear / convolution layers. Currently, as we observe training performance
improvement of MVE over ZGR but not over ST, this has no foreseeable practical relevance, nevertheless, the
timings for the experiment in Fig. 4 are as follows (wall-clock forward-backward time on A100 GPU):

e ST: 30 s/epoch

e ZGR: 63 s/epoch

e MVE: 60 s/epoch

In this case we are using torch.compile on the gradient estimator, but the implementations can be likely improved
further.
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Figure E.2: Parametric ReinMax vs MVE: the plot shows the final NELBO for different temperatures and
learning rates of ReinMax and MVE.
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