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Abstract

Conditional neural processes (CNPs) are a new family of stochastic processes defined by
deep neural networks, characterized by the necessary properties of marginal consistency
and exchangeability. Thanks to their generalization capabilities across tasks, popular ap-
plications of CNPs include meta-learning and multi-task learning. The existing CNPs
map a context set to a vector or function space where all samples are considered homoge-
neously, which limits their representational power. In this paper, we introduce a Wavelet
Conditional Neural Process (WaveCNP) as a new member of the CNP family, based on
wavelet transform theory. We propose mapping the context set into a nested multiresolu-
tion function space sequence rather than a singular space, achieved through the efficient and
adaptive discrete wavelet transform. We demonstrate that our WaveCNP can outperform
existing CNPs in terms of conditional predictive distribution modeling and multiresolution
prediction.

1. Introduction

Conditional neural processes (CNPs) (Garnelo et al., 2018a,b) are a new family of stochastic pro-
cesses defined by deep neural networks, characterized by the properties of marginal consistency
and exchangeability. Similar to Gaussian processes (Rasmussen and Williams, 2006), which are
popular stochastic processes for machine learning, a CNP defines a conditional predictive distri-
bution pθ(y|x, Z) over output variable y given input variable x and a context/measurement set
Z = {xc, yc}Mc=1. In contrast to Gaussian processes, CNPs can achieve more complex probability
distribution approximations and efficient inference for large datasets, thanks to the advantages of
deep neural networks. Due to their stochastic process nature, CNPs exhibit strong generalization
capabilities for unseen samples or tasks. Popular applications include meta-learning, multi-task
learning, and transfer learning, among others.

The core component of CNPs is an encoder that maps a set of samples to a latent variable and is
also considered as a function on sets (Wagstaff et al., 2022). According to Theorem 2 of (Zaheer
et al., 2017), any continuous, permutation-invariant function operating on sets can be expressed
in a sum-decomposed form. While this latent variable-based sum-decomposed form defines a valid
stochastic process via deep neural networks, it is challenging to encode translation equivariance which
is an important property in machine learning, especially in the field of computer vision. To achieve
translation equivariance, the Convolutional CNP (ConvCNP) (Gordon et al., 2019) was innovatively
proposed to define an encoder that maps a set to a latent function in a reproducing kernel Hilbert
space (RKHS). However, both CNP and ConvCNP map the data (or meta-tasks in meta-learning) to
a singular (vector or function) space and treat them as homogeneous via the same decoder. We found
that such homogeneous space mapping limits their representation power and, consequently, their
capability to model the conditional predictive distribution (as shown in experiments). Furthermore,
the obtained data in practice may contain mixed resolutions (as illustrated in Fig. 1) due to different
input sources or imaging devices, which is unfortunately overlooked by existing CNPs.
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Figure 1: Examples of data with different resolutions of satellite images (Liang and Wang, 2020).

{(xc, yc)} {(x̂i, hi)} {(fµ(x̂i), fσ(x̂i))} {(µt, σt)}
1○ 2○ 3○

Figure 2: The generative process of ConvCNP, where 1○ is by kernel regression; 2○ is based on
CNNs; 3○ is by kernel regression.

In this work, we propose a new member of the CNP family - Wavelet CNP (WaveCNP) - to extend
the representation capability of CNPs based on the wavelet transform theory. Specifically, we map
sets to a shared multiresolution function space sequence, where a series of nested function spaces are
constructed, and different spaces are connected by scaling functions and wavelets from the wavelet
theory (Mallat, 1999). With the shared multiresolution vector space sequence, data with varying
resolutions can be aligned correctly in the latent space, and functions at different resolutions are
transformed using respective nonlinear transformations, such as Conv or LieConv. Meanwhile, since
each resolution space is a Hilbert space spanned by specific scaling functions, the translation (Gordon
et al., 2019) and group equivariance (Kawano et al., 2020) properties can be preserved. Our key
contributions are summarized as follows:

• We propose a new member of the conditional neural process family, WaveCNP, which maps
sets to a shared multiresolution space sequence, offering better representation power compared
with singular vector or function spaces.

• We show that WaveCNP can model the conditional predictive distribution more efficiently
than the baselines and make multiresolution predictions.

2. Background

Let X ⊆ Rd and Y ⊆ Rd′ be the spaces of inputs and outputs1, respectively. Define ZM = (X ×Y)M
as the collection of M input-output pairs. All notations used in this paper are listed and explained
in Table 4 in Appendix A. All CNPs assume there is an underlying stochastic process that defines a
prior over the random functions f : X → Y, where each function is referred to as a task in multi-task
learning or meta-task in meta learning2. Given a set of observation/context/measurement points
Z = {xc,yc} ⊆ ZM and some target inputs xt ∈ X , the aim of CNPs is to model the predictive
distribution p(yt|xt, Z), where yt ∈ Y. Two examples closely related to this work are introduced

1. Without loss of generality, we assume d′ = 1 for the remainder of this paper unless specified otherwise.
2. We will use the terms task and meta-task interchangeably for the remainder of this paper.
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below (More detailed discussions on related works can be found in Appendix C), followed by the
basic concepts of wavelet transform theory which will be used in our algorithm design.

2.1. Conditional neural processes (CNP)

CNP (Garnelo et al., 2018a) model the predictive distribution p(yt|x, Z) = p(yt|Φ(xt, Z)) as a
Gaussian distribution N (yt|µt, σt) through a composition Φ = ρ ◦ E of encoder E and decoder ρ,

{(xc, yc)}
by E−−−→ κ = ⊕{κc}

by ρ−−−→ {(µt, σt)}

where E : Z → Re maps the set to a latent embedding κ = ⊕{κc} = κ1 ⊕ κ2 ⊕ · · · ∈ Re; ⊕ is a
commutative operation that takes elements in Re and maps them into a single element of Re and
needs to be permutation invariant; ρ : Re×X → R2 where R2 is the space of mean and variance for
the predictive Gaussian distribution; and µt, σt denote the predictive mean and variance.

2.2. Convolutional conditional neural processes (ConvCNP)

Since the equivariance with respect to input translations in X is not addressed in CNP, ConvCNP
(Gordon et al., 2019) were proposed to map a (context) set into a function space H rather than a vec-
tor space Re to achieve translation equivariant CNPs. The core of ConvCNP is a new ConvDeepSet
function defined in Theorem 1, which can be considered an extension of a finite-dimensional (vector)
deep set (Zaheer et al., 2017) to an infinite-dimensional (functional) space.

Theorem 1. Let Z ′
≤M ∈ Z≤M be topologically closed under permutations and translations with

multiplicity K and Z≤M =
⋃M
m=1Zm. For a function Φ : Z ′

≤M → Cb(X ,Y) (space of continuous,
bounded functions X → Y endowed with supremum norm), the following conditions are equivalent:

• Φ is continuous, permutation-invariant and translation-equivariant.

• There exist a function space H and a continuous and translation-equivariant function η : H →
Cb(X ,Y) and a continuous kernel ker : X 2 → R such that

Φ(Z) = ρ (η (h(Z))) , h(Z) =

m∑
i=1

φK+1(yi)ker(·, xi)

where φK+1 : Y → RK+1 is defined by φK+1(y) = [1, . . . , yK ]T .

The function Φ of the above form is called ConvDeepSet.

The generative process of ConvCNP can be simply summarized in Fig. 2, where the latent function
h(Z) is represented by its values on grid supports {(x̂i, hi)}. Group equivalent conditional neural
processes (EquivCNP) (Kawano et al., 2020) further extend the translation equivariance to more
general group equivariance, such as rotation and scaling. The idea is to replace the conventional
convolutions in Theorem 1 with group convolutions (Finzi et al., 2020) to obtain the EquivDeepSet.

2.3. Wavelet transform theory

Before introducing the wavelet transform, we first introduce a classical signal processing concept:
multiresolution vector space sequence (Mallat, 1989).

Definition 2. A multiresolution vector space sequence {Vj}j∈Z is a set of vector spaces of measurable
and square-integrable functions, satisfying the following properties: (1) ∀j ∈ Z, Vj ⊂ Vj+1; (2)
∀j ∈ Z, g(x) ∈ Vj ⇐⇒ g(2x) ∈ Vj+1; (3) ∪+∞

j=−∞Vj is dense in L2(R) and ∩+∞
j=−∞Vj = {0}, where j

is resolution level index; g(x) is a function in L2(R) (square-integrable function space); the sequence
of resolutions varies exponentially (rj)j∈Z (r > 1); and r = 2 is chosen to ease the implementation.
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Figure 3: The generative process of WaveCNP, where 1○ is kernel regression to obtain the initial
functional representation of the context set; 2○ is wavelet transformation to obtain the multires-
olution functional representation; 3○ is to transform each resolution via specific CNNs; 4○ is to
integrate multiple transformed resolutions to make the final prediction.

This multiresolution vector space sequence has a favourable property:

Theorem 3. Let {Vj}j∈Z be a multiresolution vector space sequence, then there exists a unique

function ϕ(x) called a scaling function, such that for any j ∈ Z if ϕj(x) =
√
2jϕ(2jx) then {ϕj(x−

2−jn)}n∈Z is an orthonormal basis of Vj.

That is to say, we can construct a multiresolution vector space sequence using these orthonormal
bases defined by a unique scaling function ϕ(x). Given this set of orthonormal bases, discrete wavelet
transform (DWT) (Mallat, 1999) can map a (discrete) function, h, to a multiresolution vector space
sequence through

h[x̂i] =
1√
N

∑
k

W j0
ϕ [k]ϕj0k [x̂i] +

∞∑
j=j0

∑
k

W j
ψ[k]ψ

j
k[x̂i]

 (1)

where the function is represented by N grid inputs/samples/points {x̂i}i=1:N and their function
values, ψ is wavelet function that is orthogonal to ϕ, k is the length of discrete scaling and wavelet
function, and

W j0
ϕ [k] =

1√
N

∑
x̂

h[x̂]ϕj0k [x̂], W j
ψ[k] =

1√
N

∑
x̂

h[x̂]ψjk[x̂], j ≥ j0 (2)

are called approximation coefficients and detailed coefficients, respectively. The wavelet transform
could decompose the whole function space to L2(R) = V0 ⊕W0 ⊕W1 · · · , where each subspace is
spanned by the corresponding bases, e.g., V0 is spanned by ϕ and W0 is spanned by ψ0. Hence,
DWT provides a way to analyze signals at different levels of detail, making it useful for traditional
applications like image compression and noise reduction. This process is reversible. It means we can
recover the function from the coefficients and scaling and wavelet functions, called inverse wavelet
transforms (IWT). Note that DWT and IWT are quite computationally efficient, with a complexity
O(N). This is one of the main reasons why we chose DWT and IWT. More in-depth explanations
of wavelet transformation can be found in (Pathak, 2009).

3. Wavelet deep sets

The problem of existing CNPs is that they map the context set to a singular vector or function
space, which mixes information with different resolutions. Hence, our idea is to map the context set
to a multiresolution function space instead. First, we map a set to a function in a space h ∈ HL2 =
H

⋂
L2, where H is RKHS and L2 is the square-integrable space

∫
|h|2dx < ∞, which is a slightly

different from the space of ConvCNP. This is mainly reflected in that not all kernel functions can be
used here, as some are not square-integrable. For example, the polynomial kernel does not have this
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property. Fortunately, many candidates do, such as Gaussian (RBF), tricube, triweight, quadratic
and cosine. Note that the default kernel used in ConvCNP is RBF, and in the following discussions,
we will use RBF as an example as well. Then, the above space requirement will not constitute a
significant restriction.

We propose to map the sets into a shared multiresolution function space (Definition 2) by wavelet
transformation. Before introducing the mapping details, let us look at the benefits of this mapping:

• The approximation functions with different resolutions are orthonormal projections in each
space Vj , so the information with different resolutions is well separated, and each resolution
rj is characterised or captured by each Vj ;

• This is a set of nested vector spaces, and the spaces are closely and consistently connected
through properties i and ii, which not only ensures conceptual reasonability but also eases the
mapping (explained later in detail);

• Property iii ensures the ability to represent (cover) almost all the functions in the space L2 as
the resolution increases.

With the above beneficial properties, the information of the context set with different resolutions
can be separated and then transformed respectively. This contrasts with CNP and ConvCNP, where
information with different resolutions is mixed and transformed in the same way. To achieve the
mapping, we use DWT by Eq. (1) to map the latent function from a context set to a multiresolution
vector space sequence. Then, we have the following new deep set:

Definition 4. There exists a square-integrable function space HL2 and a continuous kernel ker :
X 2 → R and

∫
ker2 < ∞ and a set of continuous mapping functions {ηj : HL2 → Cb(X ,Y)}j=1:J ,

such that

Φ(Z) =ρ

 1

J

∑
j

ηj(Ej(h(Z)))

 , Z = {xc, yc}Nc=1

h[x̂i] =

C∑
c=1

φK+1(yc)ker(x̂i, xc), i = 1, 2, ..., N

Ej(h) =
1√
N

∑
k

W j0
ϕ [k]ϕj0k [x̂i] +

j∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]


(3)

where φK+1 : Y → RK+1 is defined by ϕK+1(y) = [1, y, y2, . . . , yK ]T ; ϕ and ψ are scaling function

and wavelet; W j0
ϕ [k] and W j′

ψ [k] are approximation coefficients and detailed coefficients; J is max-
imum level/number of multiresolution vector space sequence. The function Φ of the above form is
called WaveDeepSet.

Next, we list the obtained properties from the above definition that will be used to ensure the
stochastic process’s nature and handle multi-resolution data:

• WaveDeepSet is permutation-invariant, i.e., Φ(Z) = Φ(νZ) for any permutation ν where νZ =
{(xν(1), yν(1)), . . .}.

• If {η} are all translation-equivariant, WaveDeepSet is translation-equivariant, i.e., Φ(TτZ) =
T ′
τΦ(Z), where TτZ = {(x1 + τ, y1), . . . , (xc + τ, yc), . . .} and T ′

τf(x) = f(x− τ) for f ∈ HL2.

• If {η} are all translation-equivariant, WaveDeepSet is translation-equivariant, i.e., Φ(TτZ) =
T ′
τΦ(Z), where TτZ = {(x1 + τ, y1), . . . , (xc + τ, yc), . . .} and T ′

τf(x) = f(x− τ) for f ∈ HL2.

• Tasks with different resolutions will be aligned and only transformed by the corresponding ηj .

Please see the Appendix D for their proofs. The third property is to ensure that the data with
multiple resolutions can be automatically aligned to the corresponding transformation functions.
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4. Wavelet conditional neural processes

In this section, we discuss the implementation and training details for WaveCNPs. The architectures
for CONV, ρ, and η vary depending on the data and are provided in Appendix C. To maintain
the permutation-invariant and translation-equivariant properties, we use CNNs for {ηj}j=0:J−1.
Without loss of generality, we use 2D image completion as an example below. The generative
process is shown in Fig. 3 and summarised in Algorithm 1 in Appendix B, where the blue lines
indicate the unique parts compared with ConvCNP.

Given a context set (Zc in Line 2 of Algorithm 1), we first obtain its functional representation h
through CONV. This step is the same as ConvCNP (Gordon et al., 2019), so we do not provide fur-
ther explanations. Note that the number N of grid points {x̂i}i=1:N for the functional representation
h is selected as the power of 2 to ease the wavelet transform.

To obtain functional representations at different resolutions, we use the DWT to obtain all approx-
imation coefficients and detailed coefficients (Wϕ and Wψ in Line 5 of Algorithm 1). Wϕ is a single
matrix that stores the ‘core’ information, and Wψ is a list (with length J) that stores the ‘detailed’
information at each resolution level. Hence, to obtain a functional representation at level j, we can

remove the detailed information at levels j′ < j by setting W j′

ψ = 0 and then use the inverse wavelet
transform (IWT) to recover the hj based approximation coefficients and new detailed coefficients
(Line 9 of Algorithm 1). The implementations of DWT and IWT here are based on Quadrature Mir-
ror Filter bank (QMF) for higher computational efficiency. QMF (Mallat, 1999) relies on high-pass
and low-pass filters, ξh and ξl, to compute the coefficients in Eq. (3) rather than the corresponding
explicit wavelet and scaling functions3.

Given the obtained functional representations at different resolutions, we transform them using the
respective mapping functions {ηj} (Line 10 of Algorithm 1), which is different from the uniform
transformation used in ConvCNP. Then, all functions are added together (Line 11 of Algorithm 1)
to predict the mean and variance via ρ (Line 13 of Algorithm 1). Similar to other CNPs, WaveCNPs
also use the negative log-likelihood defined by predictive conditional distribution on test data as the
training loss function,

log p(Y |X,Z) = log
∏
t

p(yt|Φθ(Z)(xt)) =
∑
t

logN (yt;µt, σt), (4)

where µt, σt = Φθ(Z)(xt) and θ denotes its trainable model parameters.

One important factor is selecting the wavelet function (or its filters equivalently). The popular
wavelet functions in the literature include, but are not limited to, Haar, Daubechies, Coiflet (Mallat,
1999), and Triglets (Saydjari and Finkbeiner, 2022). Different wavelets have different waveforms and
may lead to different function approximation performance (Yger and Rakotomamonjy, 2011). The
selection of appropriate wavelet functions is not trivial and requires strong prior knowledge of the
underlying functions. Hence, we propose an adaptive wavelet transformation based on parameterised
QMF via the Sherlock-Monro algorithm (Sherlock and Monro, 1998). Take J = 3 as an example for
simplicity. We can parameterise QMF as

ξl[i] =

{
1−cos(β)+(−1)i sin(β)

2
√
2

i = 0, 3
1+cos(β)+(−1)i−1 sin(β)

2
√
2

i = 1, 2
(5)

where β ∈ [0, 2π] is the parameter to control the underlying wavelet form. For example, when
β = π/3, we can recover the filters for Daubechies-2. Note that ξl is the low-pass filter, and we
can obtain the high-pass filter via their relationship ξh =

(
− ξl[3], ξl[2],−ξl[1], ξl[0]

)
. This method

ensures that the obtained filters are orthogonal to each other. In the implementation, we can
optimize β to find the appropriate wavelet form.

3. The filters of some popular wavelet functions can be found at https://wavelets.pybytes.com/wavelet/db2/
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Figure 4: Examples of 1-D synthetic regression. Three blue target functions (corresponding to three
rows) are sampled from a Gaussian process (GP); black dots are the randomly sampled context set
from grey regions; an GP posterior is plotted with a green line and fill (2 standard deviations);
the purple lines and fills in four columns are the predictions from WaveCNP, ConvCNP, CNP, and
AttnCNP, respectively.

Table 1: Predictive log-likelihood results of 1-D synthetic regression

Model/Param Matern RBF Polynomial RBF+Linear
CNP/149k 0.0542 ± 0.0270 0.4376 ± 0.0258 1.0571 ± 0.0730 0.4665 ± 0.0510

AttnCNP/248k 0.1167 ± 0.1996 0.1079 ± 0.0832 1.3214 ± 0.0796 0.8651 ± 0.4154
ConvCNP/154k 0.7609 ± 0.0762 0.9016 ± 0.1605 0.7602 ± 0.1742 0.4277 ± 0.7805
EquivCNP/161k 0.9672 ± 0.1470 1.3922 ± 0.1359 0.4606 ±0.1754 1.2440 ±0.2203
TransNP/155k 1.1116 ± 0.0137 1.5383 ± 0.0206 1.0377 ± 0.0553 1.5415 ± 0.0113
WaveCNP/103k 0.9956 ± 0.0883 1.2348 ± 0.2074 1.2747 ± 0.1182 1.4486 ± 0.0847
WaveCNP-a/103k 1.1234 ± 0.0379 1.4909 ± 0.1070 1.4299 ± 0.0913 1.5451 ± 0.0684

5. Experiments

Table 2: Predictive log-likelihood results on 2-D image completion

Model/Param MNIST CIFAR SVHN CELEBA
CNP/149k 1.3705 ± 0.0451 0.6216 ± 0.0085 1.0754 ± 0.0080 0.6418 ± 0.0105

AttnCNP/166k 1.0290 ± 0.0671 1.0322 ± 0.0111 1.7561 ± 0.0284 1.1071 ± 0.0215
ConvCNP/154k 1.7516 ± 0.1000 1.3651 ± 0.0170 2.1517 ± 0.0238 1.3878 ± 0.0202
EquivCNP/141k 1.8498 ± 0.0628 1.3742 ± 0.0117 2.1635 ± 0.0322 1.4396 ± 0.0270
TransNP/155k 1.3974 ± 0.0516 1.0984 ± 0.0194 2.1882 ± 0.0223 1.3281 ± 0.0182
WaveCNP/145k 1.8650 ± 0.0966 1.3885 ± 0.0265 2.2179 ± 0.0065 1.4077 ± 0.0051
WaveCNP-a/145k 1.9361 ± 0.0953 1.4015 ± 0.0170 2.2022 ± 0.0105 1.4290 ± 0.0128
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We evaluate the performance of WaveCNP on commonly used benchmark tasks (function regres-
sion and image completion) to answer the following questions: i) Can WaveCNP improve predictive
performance with multiresolution functional representations? ii) Can WaveCNP improve predictive
performance for the data with varying resolutions? and iii) Is WaveCNP able to make multiresolu-
tion predictions? We compare it with closely related ConvCNP4 (Gordon et al., 2019); two standard
neural process family members, CNP (Garnelo et al., 2018a) and AttnCNP (Kim et al., 2018);
EquivCNP5 (Kawano et al., 2020), and a recent state-of-the-art Transformer-based NP (TranNP6)
(Nguyen and Grover, 2022). For WaveCNP, we used the Daubechies-2 (db2)7. The full implemen-
tation details can be found in Appendix E.

5.1. 1-D synthetic regression

The tasks here are functions sampled from a Gaussian process (GP) (Rasmussen and Williams,
2006), where different tasks/functions are assumed to share some information. At the training
stage, a random function is first drawn from a GP, and then several context and target points are
sampled from this function to feed the model, while the log-likelihood of some sampled target points
is used as the loss function. At the test stage, several functions are sampled from the same GP,
and the log-likelihood of target points given a random context set is used as the final evaluation
metric. In our experiments, we used 256 random functions for training, 60 functions for validation,
and 2048 functions for testing. We used GP with different kernel functions to simulate different
functions, including Matern, RBF, Polynomial, and RBF+Linear kernels. The implementation of
GP is based on GPyTorch8. All models shared the same settings (given in Appendix E), including
training epochs, learning rate, weight decay, etc.

Some examples are given in Fig. 4, where we show the predictions (purple line and fill) of four models
(CNP, AttnCNP, ConvCNP, and our WaveCNP) on three functions (blue line, randomly drawn from
a GP). A GP posterior is given for comparison (green line and fill), and the context set (black dots)
is purposely sampled from two grey regions. From this figure, we can observe that our WaveCNP
can make accurate predictions/fitting of the target function in the grey regions with small variances
and outputs large variances in the regions without observed data. The full results are given in Table
1. We also performed a paired t-test to verify the significance of these results, comparing ours with
the results from the other three models. Each model had 5 independent runs with different seeds
(but shared by different models), and the mean and standard deviation are reported in the table.
We can see that our WaveCNP achieved the best predictions overall. Note that the non-adaptive
WaveCNP had already achieved relatively good performance, and the adaption could further improve
the prediction. All tests show that the results are statistically significant (p-values are < 0.05) with
only two exceptions: the results of AttnCNP and ours on Polynomial kernel (the p-value was 0.053,
marked by underlines in the table); the results of TransNP and ours on RBF+Linear kernel. Hence,
we can conclude that the proposed multiresolution functional representation is helpful for predictive
conditional distribution modelling.

5.2. 2-D image completion

Beyond 1-D data, we also evaluate the proposed model on 2-D image (also known as on-the-grid)
data. Image completion is a standard evaluation method of the neural process family, where the
task/meta-task is an image and the goal is to predict the values of some target pixels given some
context pixels. We used the images from benchmark datasets9: MNIST (LeCun et al., 1998), CIFAR
(Krizhevsky and Hinton, 2009), SVHN (Netzer et al., 2011), and CELEBA (Liu et al., 2015). For

4. https://github.com/cambridge-mlg/convcnp
5. https://github.com/makora9143/EquivCNP
6. https://github.com/tung-nd/TNP-pytorch
7. https://pytorch-wavelets.readthedocs.io/
8. https://gpytorch.ai/
9. https://pytorch.org/vision/stable/datasets.html
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Table 3: Predictive log-likelihood results on 2-D image completion with varying task resolutions.

Model MNIST CIFAR SVHN CELEBA
CNP 2.0925 ± 0.065 0.8249 ± 0.072 1.2052 ± 0.034 0.7950 ± 0.066

AttnCNP 2.0905 ± 0.108 1.3769 ± 0.062 1.8300 ± 0.095 1.3290 ± 0.059
ConvCNP 2.6598 ± 0.062 1.7244 ± 0.081 2.3388 ± 0.076 1.6459 ± 0.084
EquivCNP 1.8482 ± 0.056 1.7877 ± 0.051 2.2908 ± 0.089 1.6332 ± 0.073
TransNP 1.6187 ± 0.013 1.5171 ± 0.001 1.8332 ± 0.002 1.5473 ± 0.007
WaveCNP 2.9176 ± 0.048 1.7417 ± 0.063 2.4868 ± 0.094 1.6922 ± 0.070

WaveCNP (adapt) 2.3738 ± 0.051 1.7947 ± 0.077 2.6033 ± 0.091 1.6892 ± 0.089

each dataset, we randomly selected 1,000 images for training, 200 for validation, and 5,000 for
testing. Full details are in Appendix E. The results are shown in Table 2, where each model had
5 independent runs, and the mean and standard deviation are reported in the table. We can see
that 1) our WaveCNP consistently had a generally good performance among all models (even on
SVHN and CELEBA, ours was not the best but comparable with the best), and 2) the adaptation
generally led to performance improvement with only one exception on SVHN. Hence, we argue that
the multiresolution functional representation is beneficial for image completion.

Figure 5: Examples of 2-D image comple-
tion. The white stripe in each image (Con-
text set) is the prediction/completion tar-
get.

We also tested images with varying resolutions from
the original images (with uniform resolution). In this
task, we also include real-world data: NIH-chest-xrays10

(Wang et al., 2017). For each image from the benchmark
image datasets, we first applied the wavelet transform
to obtain its varying resolutions and then randomly se-
lected a resolution to form a new dataset. The final
dataset is an image set with varying resolutions, which
was fed to the models. An example of this task is shown
in Fig. 5, where we used the part of an image as the con-
text set and predicted the white stripe area. We can see
that WaveCNP could make relatively reasonable com-
pletions. The full results are shown in Table 3. Since we
know the wavelet functions used for resolution genera-
tion (db2), we used it in WaveCNP and did not adapt
it. We can observe from the table that our model can
achieve the best performance among all models.

6. Conclusion

In this paper, we proposed a new member for the con-
ditional neural process family - Wavelet CNP, which
maps the context set to a more powerful multiresolu-
tion functional representation rather than the vector or
functional representations used by existing CNPs. The
classical wavelet transform theory was used to build
a multiresolution functional space and map the con-
text set into it. Experimental studies showed that our
WaveCNP can outperform existing CNPs in terms of
conditional distribution modelling and multiresolution
prediction.

10. https://www.kaggle.com/datasets/nih-chest-xrays/data
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A. Appendix: Notation table

For most notations, we follow the CNP family. Below, we list the important notations used in the
paper and a description of their meaning.

Table 4: Notation table

Notation Description

x ∈ X/Rd data input

y ∈ Y/Rd′ data output
x̂ grid input
ZM the collection of all M -size sets of input-output pairs.
Z = {(xc,yc)} ∈ ZM a context set with size M
xt target input
θ model parameters
ker kernel function
E an encoder
κ ∈ Re latent representation of a context set
h latent functional representation of a context set
ρ mapping from latent representation to mean and variance
Cb(X ,Y) the space of continuous, bounded functions X → Y endowed with

the supremum norm
η translation-equivariant CNN mapping
J wavelet decomposition level
ϕ scaling function
ψ wavelet function
(rj)j∈Z (r > 1) resolution sequence, we choose r = 2 in this paper
Wϕ,Wψ approximation coefficients and detailed coefficients
ξh, ξl high-pass and low-pass filters of wavelet decomposition
ν permutation

B. Appendix: Training algorithm

Algorithm 1 WaveCNP training

Require: image: I, context Mc, target Mt

1: while θ not converge do
2: Zc ←Mc ⊙ I
3: h← CONVθ([Mc, Zc]

T )
4: h1:C ← h1:C/h(0)

5: Wϕ,Wψ ← DWT(h) ▷ wavelet transform
6: ft = 0
7: for j = 1 : J do
8: W j

ψ = 0
9: hj ← IWT(Wϕ,Wψ) ▷ inverse wavelet transform

10: hj ←Mt ⊙ ηjθ(hj)
11: ft ← ft + hj
12: end for
13: µ, σ ← ρθ(ft)/J
14: end while
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C. Appendix: Related work

Neural processes (Garnelo et al., 2018a,b; Jha et al., 2022) are a new family of stochastic processes
with strong generalization ability and scalability. Since they first appeared, there have been various
interesting extensions with different aims.

One group of works targets the sequential data, where long short-term memory networks (LSTM)
and probabilistic state space model are respectively embodied in Recurrent NP (Willi et al., 2019)
and Sequential NP (Singh et al., 2019) to unveil dynamical patterns from sequential data and deal
with non-stationarity.

Inspired by the translation equivariance of Gaussian process (GP) under a stationary kernel, one
group focused on achieving translation equivariance, which is believed to be an important property
for modeling real-world data in practice. As introduced in Section 2.2, ConvCNP (Gordon et al.,
2019) was proposed to map a (context) set into a function space rather than a vector space to achieve
translation equivariance. A similar idea was also adopted to achieve more general group equivariance
in EquivCNP (Kawano et al., 2020) based on group convolutions (like LieConv (Finzi et al., 2020)).
Relational Conditional Neural Processes (RCNPs) (Huang et al., 2023) were proposed to resolve the
input dimensionality limitation. At the same time, SteerCNP (Holderrieth et al., 2021) was also
proposed for the general group equivariance, not only for scalar field input but also vector-valued
field input.

Another group focused on using attention to encode input similarity, which is proven to increase
the predictive performance. The first work in this group was on the ANP (Kim et al., 2018) and
its memory-efficient variant (Feng et al., 2023), which builds self-attention between context points
and cross-attention between context and target points. Such an idea was further extended by
the transformer neural process (TNP) (Nguyen and Grover, 2022) and its translation-equivalence
variant (Ashman et al., 2024) which borrows the powerful and complex attention structure of the
transformer. Multi-fidelity hierarchical neural processes (MF-HNP) (Wu et al., 2022) is another
interesting work in this stream with a roughly similar idea to ours, although the multi-fidelity data
is different from our multi-resolution data. The input for their model includes specific fidelity as an
additional input associated with each data point, but our model does not assume such ’resolution
labels’ are given. The same problem happens in SNP (Singh et al., 2019) and Attentive Sequential
Neural Processes (ASNP) (Yoon et al., 2020) which proposed a new Recurrent Memory Reconstruc-
tion (RMR) mechanism to not only resolve the underfitting problem but also improve the robustness
under task shift.

There is also a group targeting modeling of the output dependency because the classical CNP
(Garnelo et al., 2018a) assumes a (also known as ‘mean-field’) factorized predictive distribution
on each target input whose corresponding outputs are assumed to be independent. To model the
output dependency, neural process (NP) (Garnelo et al., 2018b) introduces a latent variable to the
encoder and all the predictions are conditioned on such variable and then dependent on each other.
A similar operation is also applied to ConvCNP (Gordon et al., 2019) by ConvNP (Foong et al.,
2020), which introduces a latent function instead of a latent variable. However, such an idea leads
to complicated model inference. The Gaussian Neural Processes (GNP) (Bruinsma et al., 2020)
resolves this problem by minimizing the Kullback–Leibler (KL) divergence between a real posterior
predictive map and an approximated Gaussian process where the positive semi-definite matrix is
from the CNP or ConvCNP encoder (without latent variable or function). The efficiency is further
improved by fixing the kernel form and extended to non-Gaussian predictions by a Gaussian copula
Neural Process (GCNP) (Markou et al., 2022).

Furthermore, there are still more interesting extensions, such as bootstrapping for functional un-
certainty (Lee et al., 2020), constrastive learning for noisy observations (Ye and Yao, 2022), and
Wasserstein distance (Carr et al., 2019). However, all the above models are ignorant of the resolu-
tion issues.
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From the perspective of coordinate-based regression, recent advancements in neural radiance fields
(NRF) (Wu et al., 2023; Xu et al., 2023) have also explored the benefits of wavelet representation
to boost predictive accuracy and address representation limitations. These are interesting works on
using wavelet transformation and representation although not for neural processes. In general, NRF
is a different task compared with NP; the wavelet transformation is applied to the raw images in
NRF, whereas our model applies it to the latent functional representation of the context set.

D. Appendix: Proof of properties of WaveDeepSet

Corollary 5. WaveDeepSet is permutation-invariant, i.e., Φ(Z) = Φ(νZ) for any permutation ν
where νZ = {(xν(1), yν(1)), (xν(2), yν(2)), . . .}.

Proof. The permutation-invariance property is necessary to ensure the obtained WaveCNP is a valid
stochastic process according to Kolmogorov Extension Theorem. For this property, it is easy to see
that, given any permutation ν, the latent function h from kernel regression is invariant to it and
then the further wavelet decomposition Ej(h) is also invariant to the permutation for each level.
Hence, we can conclude that the WaveDeepSet is permutation-invariant.

Corollary 6. WaveDeepSet is translation-equivariant, i.e., Φ(TτZ) = T ′
τΦ(Z), where TτZ = {(x1+

τ, y1), (x2 + τ, y2), . . . , (xc + τ, yc), . . .} and T ′
τf(x) = f(x− τ) for f ∈ HL2.

Proof. For the translation-equivariance property, we mostly follow the ConvCNP’s results on that
given the latent functional representation h(·) =

∑C
c=1 ϕK+1(yc)ker(·, xc) which is within a Repro-

ducing Kernel Hilbert space (RKHS), the CNN mapping on h would be translation-equivariant. For
our WaveDeepSet, we define a recursive multiresolution functional representation for a context set

and it means we decompose the h(·) to h(·) = 1√
N

∑
kW

j0
ϕ [k]ϕj0k [x̂i] +

1√
N

∑J
j′=j0

∑
kW

j′

ψ [k]ψj
′

k [x̂i]

which corresponding to the last (J-th) layer. Hence, we know that ηJ(h(·)) is translation-equivariant.
The higher-level functions (with different resolutions) would be a subset of the last layer Vj ∈ VJ
for any j, as illustrated in Fig. ??. Since we already know that VJ is just a Reproducing Kernel
Hilbert Space, its any subset would be able to have a kernel regression representation like h(·), so ηj
on any function defined in these subsets would be also translation-equivariant. For any j, we have
that ηj(h(TτZ)) = T ′

τηj(h), so their sum would be
∑
j ηj(h(TτZ)) =

∑
j T

′
τηj(h) as well. Hence, we

can conclude that the WaveDeepSet is translation-equivariant.

Corollary 7. The tasks with different resolutions will be aligned and only transformed by the cor-
responding mapping ηj.

Proof. Given a function f(·), we firstly decomposed it via wavelet transform as follows,

h(·) = 1√
N

∑
k

W j0
ϕ [k]ϕj0k [x̂i] +

1√
N

J∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]

and we can recover multiple functions with different resolutions, likehl(·) = 1√
N

∑
k

W j0
ϕ [k]ϕj0k [x̂i] +

1√
N

l∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]


where W ̸= 0. Suppose we observe a function/task hl(·) and use WaveCNP to process it. This
property is to answer the question: can we choose the right one from all transforming/mapping
function {ηj}j=0:J−1? The answer is yes, because when we do the wavelet transformation, we have
the following coefficients,

W j0
ϕ [k] =

1√
N

∑
x̂

hj [x̂]ϕ
j0
k [x̂], W j

ψ[k] =
1√
N

∑
x̂

hj [x̂]ψ
j
k[x̂], j ≥ j0.
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If we plug in the definition of hj , we can see that for j > l,

W j
ψ[k] =

1√
N

∑
x̂

hj [x̂]ψ
j
k[x̂]

=
1√
N

∑
x̂

∑
k

W j0
ϕ [k]ϕj0k [x̂i] +

1√
N

l∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]

ψjk[x̂]

=
1√
N

∑
x̂

∑
k

W j0
ϕ [k]ϕj0k [x̂i]ψ

j
k[x̂]

+
1√
N

∑
x̂

l∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]ψ
j
k[x̂]

= 0

and for j ≤ l,

W j
ψ[k] =

1√
N

∑
x̂

hj [x̂]ψ
j
k[x̂]

=
1√
N

∑
x̂

∑
k

W j0
ϕ [k]ϕj0k [x̂i] +

1√
N

l∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]

ψjk[x̂]

=
1√
N

∑
x̂

∑
k

W j0
ϕ [k]ϕj0k [x̂i]ψ

j
k[x̂]

+
1√
N

∑
x̂

l∑
j′=j0

∑
k

W j′

ψ [k]ψj
′

k [x̂i]ψ
j
k[x̂]

=
1√
N

∑
x̂

∑
k

W j′

ψ [k]ψjk[x̂i]ψ
j
k[x̂]

̸= 0

where ϕj0k [x̂i]ψ
j
k[x̂] = 0 and ψj

′

k [x̂i]ψ
j
k[x̂] = 0 since the orthogonality of ϕ and ψ.

The above proof shows that for a dataset with different resolutions, WaveCNP could align dif-
ferent resolutions well and select corresponding ηj to do the transformation instead of mixing all
tasks/functions and using the same η as ConvCNP did.

E. Appendix: More details of experiments

All experiments are conducted on two Tesla V100 (32G) GPUs.

E.1. 1-D synthetic regression

The context and target numbers are random numbers from 2⌊log2(i)⌋, i ∼ Uniform[3, 50]. The other
hyperparameters for all models are listed in Table 5. The architectures for all models are as follows:
For WaveCNP, the network of each η is Conv1d-ReLU-Conv1d-ReLU-Conv1d-ReLU; For Con-
vCNP, the CNN network is Conv1d-ReLU-Conv1d-ReLU-Conv1d-ReLU-Conv1d-ReLU-Conv1d-
ReLU-Conv1d-ReLU-Conv1d-ReLU-Conv1d-ReLU-Conv1d-ReLU-Conv1d-ReLU; For CNP, the
encoder network is BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear-ReLU-
BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear, and the decoder network is
BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear; For AttnCNP, the encoder and decoder net-
works are same with CNP but with additional cross attention. The neural numbers of the above
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Table 5: Hyperparameters for 1-D synthetic regression

Name Value

epoch number 200
batch size 16
grid point number 256
latent dimension 128
learning rate 1e-3
weight decay 1e-5
random seeds 123, 124, 125, 126, 127

Table 6: Hyperparameters for 2-D image completion

Name Value

epoch number 200
batch size 16
context set number 100
target set number 300
latent dimension 128
learning rate 1e-3
weight decay 1e-5
random seeds 123, 124, 125, 126, 127

architectures were chosen to ensure that the model sizes are comparable and the WaveCNP was with
the smallest size among all models (as shown in Table 1 of the paper).

E.2. 2-D image completion

The context and target numbers are randomly sampled from the whole image, and the other
hyperparameters for all models are listed in Table 6. For simplicity, we transformed im-
ages from all datasets to grey-scale images (single output channel). The architectures for
all models are as follows: For WaveCNP, the network of each η is 3 × ResConvBlock;
For ConvCNP, the CNN network is 6 × ResConvBlock; For CNP, the encoder net-
work is BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear-
ReLU-BatchLinear-ReLU-BatchLinear-ReLU-BatchLinear, and the decoder network is BatchLinear-
ReLU-BatchLinear-ReLU-BatchLinear; For AttnCNP, the encoder network is BatchLinear-ReLU-
BatchLinear with cross attention, and decoder network is same with CNP. The neural numbers of the
above architectures were chosen to ensure that the model sizes are comparable and the WaveCNP
was with the smallest size among all models (as shown in Table 2 of the paper).

Here, we used 1,000 images for training rather than the standard training-validation-testing split of
these datasets. We did not use all the training data because neural processes follow a meta-learning
framework, and one essential capability of meta-learning is generalization. This means that the
model can work well on new ’tasks’ given several ’training tasks’ that are different from the new
observed ’tasks’. If we use all data points (standard training images in our experiments), the test
tasks (test images in our experiments) might have been observed many times, which would not
demonstrate the generalization capability of neural processes.

The batch size for EquivCNP is different from the others, set to 2 in our experiments. The reason
is that this model is highly memory inefficient because some large matrices are kept in memory in
their implementation. Therefore, we have to use a smaller batch size in our experiments.
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Figure 6: Effect of level on the WaveCNP performance (predictive log-likelihood) on two benchmark
tasks

Figure 7: Effect of different wavelet functions

F. Appendix: Ablation study

One hyperparameter of WaveCNP is the wavelet decomposition level. To show its effect on the final
performance, we tested several options, from 3 to 7. The results are shown in Fig. 6, where 1D
(Matern kernel) and 2D (CIFAR) datasets were used. We can observe that 1) there is no general
trend pattern but only a fluctuation, and 2) there is not much difference across different levels. The
other hyperparameter is the wavelet function selection. Even though we have given an adaptive
strategy to avoid this selection, we also show the impact of different wavelet functions here. The
results in Fig. 7 show the predictive log-likelihood of our algorithm (with fixed wavelet function)
using the MNIST dataset, where different wavelet functions are from different β (note that some are
with names but some are not).

G. Appendix: Multiresolution prediction

Multiresolution prediction is significant in various domains. One example is traffic management
at various resolutions Hadi et al. (2022), where each resolution has specific advantages and dis-
advantages and can provide a different function in the management process. Macroscopic traffic
predictions can assess regional transportation demand patterns involving large spatial scopes, while
microscopic predictions are useful for studying operations and localized issues with limited spatial
scopes. Other examples include, but are not limited to, stock market (Althelaya et al., 2021), wind
speed (Liu et al., 2020), and social media events (Zhao et al., 2016). In this section, we show the
capability of our WaveCNP on multiresolution prediction. As illustrated in Fig. 3, WaveCNP maps
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Figure 8: Multiresolution prediction by WaveCNP

Figure 9: Multiresolution prediction by WaveCNP
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Figure 10: Multiresolution prediction by WaveCNP

Conv1d
ReLU x 3  

Conv1d
ReLU x 10  

BatchLinear
ReLU x 7  

BatchLinear

WaveCNP 𝜂 ConvCNP 𝜂 CNP/AttnCNP encoder

BatchLinear
ReLU x 2  

BatchLinear

CNP/AttnCNP decoder

Figure 11: Visualizations of the model architectures for 1-D synthetic regression

the context set to a multiresolution function space, so we built the loss function for all resolutions
of the image during the training. Given a context set, the multiresolution predictions are shown in
Fig. 9. The multiresolution prediction on MNIST dataset is shown in Fig. 10.
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Figure 12: Visualizations of the model architectures for 2-D image completion
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