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ABSTRACT

Sampling from multimodal distributions is a central challenge in Bayesian infer-
ence and machine learning. In light of hardness results for sampling—classical
MCMC methods, even with tempering, can suffer from exponential mixing
times—a natural question is how to leverage additional information, such as a
warm start point for each mode, to enable faster mixing across modes. For this
problem, we prove the first polynomial-time bound that works in a general set-
ting, under a natural assumption that each component contains significant mass
relative to the others when tilted towards the corresponding warm start point.
For this, we introduce a modified version of the Annealed Leap-Point Sampler
(ALPS) (Tawn et al., 2021; Roberts et al., 2022). Similarly to ALPS, we define
distributions tilted towards a mixture centered at the warm start points, and at
the coldest level, use teleportation between warm start points to enable efficient
mixing across modes. In contrast to ALPS, our method does not require Hessian
information at the modes, but instead estimates component partition functions via
Monte Carlo. This additional estimation step is critical in allowing the algorithm
to handle target distributions with more complex geometries besides approximate
Gaussian. For the proof, we show convergence results for Markov processes when
only part of the stationary distribution is well-mixing and estimation for partition
functions for individual components of a mixture. We numerically evaluate our
algorithm’s mixing performance on a mixture of heavy-tailed distributions, com-
paring it against the ALPS algorithm on the same distribution.

1 INTRODUCTION

A key task in statistics and machine learning is sampling from a probability distribution known up
to normalization, 7(z) o< e~"(*). The standard approach of Markov Chain Monte Carlo (MCMC)
is to define a Markov chain with stationary distribution (). The time it takes for MCMC methods
to produce an approximate sample from 7(x) depends on the mixing time of the underlying Markov
chain. Unfortunately, in many applications, the target distribution 7 (z) is multimodal, which causes
Markov chains with local moves to mix slowly, as transitions between different modes rarely occur;
this is the general phenomenon of metastability (Bovier et al., 2002).

Modern MCMC methods such as simulated tempering (Marinari & Parisi, 1992), parallel tempering
(also known as replica exchange) (Swendsen & Wang, 1986), Sequential Monte Carlo (also known
as particle filtering) (Del Moral et al., 2006), and annealed importance sampling (Neal, 2001) attempt
to speed up sampling by running a Markov chain with a sequence of interpolating distributions
ps(x) o m(x)? or pg(z) oc m(x)Ppo(z)! =7 at varying inverse temperatures 3. The idea is that at
high temperatures the Markov chain can more easily mix between modes of the target distribution.

These methods offer a powerful framework for sampling from multimodal distributions, and recent
works have obtained non-asymptotic mixing time bounds for multimodal stationary distributions
with polynomial dependence on parameters, but only under restrictive assumptions. Specifically,
tempering methods are prone to bottlenecks, where the relative weight of a mode collapses at an
intermediate temperature (Woodard et al., 2009b). This results in the sampler getting trapped in
specific parts of the chain, and in fact can require any algorithm to make exponentially many queries
(Ge et al., 2018a). Such issues motivate a search for algorithms which leverage more information,
such as approximation of local modes, which we term warm starts.
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A common strategy for utilizing warm starts is to employ mode jump samplers such as (Tjelmeland
& Hegstad, 2001; Ibrahim, 2009; Lindsey et al., 2022). These algorithms address poor mixing due
to multimodality by allowing samples to jump (teleport) between modes of the target distribution.
However, in high dimensions the Markov process can have very low acceptance rates when jumping
between modes, because arbitrary distributions will in general have exponentially small overlap even
when superimposed.

One of the most effective approaches in the warm start setting is the Annealed Leap-Point Sampler
(ALPS) (Tawn et al., 2021). The ALPS algorithm utilizes warm starts by combining mode-jumping
with annealing to colder temperatures. At the coldest temperature, the distribution is peaked around
the warm start points, and samples can leap from mode to mode of the peaked distributions with
high acceptance probability. Note that annealing to cold temperatures is exactly the opposite of how
tempering methods typically function. In order to prevent bottlenecks from forming, ALPS uses
Hessian Adjusted Tempering (HAT) (Tawn et al., 2020b) to acquire an analytical estimate of the
modal weights under the assumption that the modes are approximately Gaussian. While the ALPS
algorithm benefits from fast run times and good mixing in this setting, it relies on local Gaussian
approximations to overcome bottlenecks.

In this paper, we introduce Reweighted ALPS (Re-ALPS), a variant which dispenses with the Gaus-
sian approximation assumption and addresses the challenge of vanishing modes by introducing a
dynamic reweighting scheme. Our key contribution is to iteratively estimate the modal compo-
nent weights at each temperature, which ensures relative weight balance throughout the temperature
ladder. We are able to gain control of the modal weights by our choice of tempering scheme. In-
stead of using weight-preserving power tempering (Tawn et al., 2020b), we choose the intermediate
distributions to be mg(x) x w(z) - Z;:; wg kqs(x — xp) with wg i, dynamically chosen by the
algorithm. We prove non-asymptotic bounds in total variation (TV) for our modified algorithm that
have polynomial dependence on parameters.

Importantly, our results are free of functional inequalities that depend on the global geometry of the
target density. Instead, we prove upper bounds on mixing time for the underlying Markov process in
the algorithm in terms of local Poincaré constants (capturing local mixing) alone. Our analysis pro-
ceeds through a Markov chain decomposition theorem (Madras & Randall, 2002; Ge et al., 2018a),
which requires us to bound the Poincaré constant of a certain projected chain (capturing mixing
between components). This Poincaré constant is bounded by appropriate algorithmic choice of level
and component weights r;, w; ;, and temperature ladder £3;.

We overcome two new technical challenges in the analysis. First, the tempering scheme can create
bad components, so we develop new theoretical analyses for Markov chains that show mixing in the
“good” part of the stationary distribution. Second, in addition to estimating the partition function of
the tempered distributions 7g, for each level ¢ to balance the levels (via r;), we also need to estimate
the partition functions for the components 7g, ;, of the mixture, in order to balance the modes (via
w; 1) and avoid a bottleneck in the projected chain. We show that the partition functions can be
approximated using Monte Carlo; the proof requires a technically involved analysis due to possible
interference between different components.

1.1 SAMPLING WITH DIFFERENT KINDS OF ADVICE

We are interested in the problem of approximately sampling from a density 7(z) o e~ V(@) that is
multimodal. A common way of formalizing the multimodality (Ge et al., 2018a; Koehler & Vuong,
2023)—strictly for the purpose of theoretical analysis—is to assume that 7 = >\, w;m;, where
each component 7; satisfies a functional inequality; that is, the natural Markov chain on the space
mixes rapidly. Crucially, algorithms are required to operate in a black-box setting, without knowl-
edge of the weights w;, the component densities ;, or the functional form of the decomposition. As
heuristic support for the decomposition hypothesis, we note it is polynomially equivalent to having
at most k£ low-lying eigenvalues for discrete state space (Lee et al., 2014) or for Langevin (Miclo,
2015), and the latter holds for a distribution with £ modes in the limit of low temperature under mild
regularity assumptions (Kolokoltsov, 2007, Chapter 8, Propositions 2.1-2.2).

We classify approaches to this problem depending on the strength of extra information, or advice
that we are given. Here, we focus on approaches with theoretical guarantees.
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No advice. Without extra information, guarantees are available only under strong conditions.
Early work gives guarantees for simulated and parallel tempering assuming suitable decompositions
(Madras & Randall, 2002; Woodard et al., 2009a). (Ge et al., 2018a) show that simulated tempering
combined with Langevin dynamics works for a mixture of translates of distributions satisfying a
log-Sobolev inequality (e.g. a mixture of Gaussians with equal covariance); this is generalized to
other Markov processes by (Garg et al., 2025). For sequential Monte Carlo, (Paulin et al., 2018;
Mathews & Schmidler, 2024) show guarantees for multimodal distributions but require separation
between modes. (Lee & Santana-Gijzen, 2024) allow a general mixture but assume component
weights do not change between temperatures, while (Han et al., 2025) consider general distributions
with two-welled potentials.

An inherent challenge that leads to restrictive assumptions in the above results is the following:
in general, a component can have smaller weights at higher temperatures, creating a “bottleneck”
that prevents samples from moving into that mode. In simple terms, it is generally difficult to find
a mode. A simple example is that of two Gaussians with different covariances. (Woodard et al.,
2009b) observe exponential lower bounds for simulated and parallel tempering in this setting. More
generally, considering a family of perturbations of such distributions, no algorithm can generate a
sample within constant TV distance with sub-exponentially many queries to 7 or V In 7 (Ge et al.,
2018a). Reweighting is a possible solution (Tawn et al., 2020b) but relies on components being
located and approximable by nice distributions such as gaussians.

Strong advice. Given strong advice in the form of a few samples from the target distribution,
(Koehler & Vuong, 2023; Koehler et al., 2025; Gay et al., 2025) show that the problem is generically
solvable: for a mixture with m components, given O(m,/e?) samples, a fresh sample within distance
€ in TV can be generated by simply running the Markov chain starting from a random sample; this
is termed data-based initialization. This framework works for both continuous and discrete settings.
Although the assumption is strong, it is reasonable in the setting of generative modeling, when a
dataset of samples is given and the task is to learn to generate new samples.

Weak advice. Given results on lower bounds in the no advice setting and the lack of strong advice
in many problems, it is natural to try for general results given weaker information. As mode loca-
tion is an inherent challenge, a natural assumption to isolate the search problem from the sampling
problem is to assume we already have warm starts to the modes, e.g. obtained by multiple runs
of optimization. (Tawn et al., 2021) introduce the annealed-leap point sampler, which combines
tempering towards a mixture of peaked distributions, with teleportation, and gives asymptotic anal-
ysis in the limit as the modes become gaussian (Roberts et al., 2022). Another kind of information
which can be considered as weak advice is that of a few reaction coordinates that are assumed to be
the main obstacle to fast mixing; algorithms can take advantage of this by stratifying the landscape
and forcing exploration in those directions. Examples include umbrella sampling (Torrie & Val-
leau, 1977; Thiede et al., 2016) (with analysis in (Dinner et al., 2020)), the Wang—Landau algorithm
(Wang & Landau, 2001), and adaptive biasing force (Darve & Pohorille, 2001).

Theoretical tools. We highlight some theoretical tools that are useful for analyzing sampling for
multimodal distributions. Firstly, Markov chain decomposition theorems (Madras & Randall, 2002;
Woodard et al., 2009a; Ge et al., 2018a) or two-scale functional inequalities (Otto & Reznikoff,
2007; Grunewald et al., 2009; Lelievre, 2009; Chen et al., 2021) show that functional inequalities
for a Markov chain or process hold given that they hold locally (restricted to some component or
coordinate) and that they hold for a projected process that tracks flow or closeness between the com-
ponents. A number of works quantify and apply local mixing: Although Langevin diffusion does
not generally converge quickly, (Balasubramanian et al., 2022) show it is efficient to sample with
small relative Fisher information, which for a mixture, corresponds to local mixing within modes
but not necessarily global mixing between modes. (Huang et al., 2025) show that sampling is pos-
sible under weak Poincaré inequalities (Andrieu et al., 2023) when a warm start can be maintained.
Finally, partition function estimation using simulated annealing and Monte Carlo (Dyer et al., 1991;
Stefankovic et al., 2009) is well-studied theoretically.

1.2 PROBLEM STATEMENT & ASSUMPTIONS

We address the problem of sampling from a target distribution 7(z) o< e~"(*) with oracle access to

the target distribution () by utilizing a set of warm start points {x1, ..., zp }. (We will formally
define this below.) These can be obtained as prior information or from multiple runs of optimization
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algorithms. Another setting is when we have samples from a distribution but wish to sample from
a modified version of it, for example, when fine-tuning a generative model or incentivizing certain
features.

Problem 1.1. Suppose we are given a set of “warm starts” {x1,...,2} to the modes of a target
distribution w(x) = Ziw:l apm(x). Assume query access to T(x) up to a normalization constant,

and possibly ¥ In 7 (in the case of R%). Produce a sample that is e-close in total variation distance
to w(x).

Note that we only assume the existence of a decomposition of 7, not that the 7, are known. To
introduce our algorithm, we fix a family of density functions gz on X, which have the property
gg — 6o weakly as B — oo and gg = 1if 8 = 0. For example, the gz could be Gaussians in R¢
or product distributions on the hypercube. We will apply simulated tempering to the sequence of
distributions (for 5 ranging from O to very large)

M

Pple) < m(x) > wp kqs(x — 1),
k=1

for some weights wg j, estimated by the algorithm. (On the hypercube, addition is understood in
7,/2.) Essentially, we tilt the target distribution towards the set of warm start points. At the coldest
level, the distribution becomes approximately a mixture of point masses, and because of their similar
shape, the teleportation step of our algorithm allows samples to move between the warm start points.

We will make the following assumptions on 7r(x) and its components 7 (x). The general idea of
the warm start assumption (part 2 below) is that a significant portion of the mass should be located
in the component that corresponds to the product between the component 7 (x) and the g centered
at the corresponding warm start point z;. We call this the tilt towards xj, of the distribution 7. In
addition, we assume that each of these tilts satisfy a Poincaré inequality.

Assumption 1.1. Suppose that 7(z) is a distribution on , qg : @ — R, 8 > 0 are functions with
qo = 1. Fix a way of associating a distribution p(x) on 2 with a Markov process with generator £,
that has p as stationary distribution.

1. (Mixture distribution) The target distribution 7(x) is a mixture distribution 7(x) =
Z,iw:l apmr(x), where a, > 0 and Ty, is a probability distribution.

2. (x; are warm starts) For each i € [M] and for every 8 > 0,

/X a;mi(2)qs(x — x;)dr > cpy /X m(x)qs(x — x;)dw.

3. (Local mixing) For all i € [M], pg i(x) o m;(x)qs(x — ;) satisfies a Poincaré inequality
of the form

Varpﬁ,i (f) < CPéapB,i(fv f)a

where & (f, f) = —{f, %x f)x is the Dirichlet form and £ is the generator of the Markov
process with stationary distribution .

4. (Markov chain decomposes) Whenever p = Z:":l a;p;, a; > 0 is a mixture distribution on
§Q, the generators decompose: (f, £, f), < S ai(f Lo, -

Many common Markov chains have generators which satisfy the last assumption, for example,
Langevin diffusion or the Metropolis random walk on R? and Glauber dynamics on product spaces.
See (Lee & Santana-Gijzen, 2024) for a complete discussion with proofs. We work with continuous-
time Markov processes for technical convenience; any discrete time Markov chain can be converted
to a continuous-time by letting the waiting time between jumps be exponential random variables. For
a discussion of the limitations of the warm start assumption, see Section 6. For the main theorem,
we will make some additional assumptions on the tempering scheme in Assumptions 3.1.
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2 ALGORITHMS

2.1 INGREDIENTS: SIMULATED TEMPERING AND TELEPORTATION

To introduce our main algorithm, we first define simulated tempering and the leap point process.
These two algorithms will be the primary components of our main algorithm.

Simulated tempering is a classical approach to sampling from multimodal target distributions
(Marinari & Parisi, 1992), where the target distribution is (typically) tempered to smoother (high-
temperature) distributions that allow mixing between modes. Particles are allowed to transition be-
tween temperatures (with appropriate Metropolis-Hastings acceptance ratio) in addition to moving
within their current temperature, and we take the samples that are at the desired temperature.

In our setting, the target measure is instead tempered to more peaked (colder temperature) distribu-
tions, and then at the coldest temperature the leap point process is applied to transition particles to
different components of the mixture measure. This works particularly well given a set of warm starts
{2} | since the mixture 7o (z) can be tempered to peak around each x; and then a teleportation
map g,,+ can be defined to move points around z; to around ;. We define simulated tempering
generally to apply for any specified sequence of distributions.

Definition 2.1. Given a sequence of Markov processes M; with stationary distributions p;, 1 < i <
L on state space Q) and level weights r;, we define simulated tempering fo be the process on 2 x [ L]
as follows.

1. Evolve (z,i) € Q according to M;.

2. Propose jumps with rate \. When a jump is proposed, change i to i’ with probability

1 i Dyt g
Lo d72e@ gy .1
2 ripi(x)

otherwise stay at i € [L].

It is simple to check that the stationary distribution is p(x,i) = Zle rip;(x)I{i = j} (Marinari
& Parisi, 1992; Neal, 1996). In our case, the p; will be chosen as pg,. For ease of notation, we will
overload notation by replacing 3; by ¢ in subscripts, e.g., D; 1= Pg, .

For the definition of the leap point process, we assume we are given a set of teleportation functions
g5 for R?, a simple choice is translation between modes, gjji(x) =+ x5 —xj.

Definition 2.2. Given a set of teleportation functions g;;, i,j € [M] satisfying Definition D.1 and a
Markov process P with stationary distribution q, define the leap point process on the state space )
as follows.

1. Evolve x € Q) according to P.

2. Propose leaps with rate y. When a leap is proposed, choose j and j' uniformly and leap to
;i (x) with probability

— min ()

7 ,1}, Vi’ # J; 2.2)

otherwise stay at .

Note that we define j to be randomly sampled, which differs slightly from from (Roberts et al.,
2022; Tawn et al., 2020a; 2021), where the current position x of the Markov chain is assigned to a
mode j = arg min,, d(z, xy); this is only for ease of analysis.

Our Markov chain uses simulated tempering to perform temperature swaps and employs the leap
point process at the coldest temperature to mix between modes. Formally, we define our process on
the level of the generators by adding together the original generator, the simulated tempering jumps,
and the leaps at the coldest level (¢ = 1). We defer a formal treatment to Section D.1. See Algorithm
2 for pseudocode for simulation.
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2.2 WEIGHT ESTIMATION & LEVEL BALANCE

A challenge for tempering algorithms is the potential for bottlenecks to prevent the chain from
exploring the entire state space. These bottlenecks form when the probability mass of specific modes
becomes vanishingly small at certain levels. Our algorithm explicitly addresses this by iteratively
estimating the weights—modal and level—to maintain the following balance condition.

Definition 2.3. We define component balance with constant Cy for partition functions Z; ), =
Jo armi(x)qi(x — xp)da and weights {w; i }ie(1) ke[a) 1o be the condition

Wi kL5 k 1 . '
— — L M]. 2.
Wi o € [01,01} foralli € [L],k, k" € [M] (2.3)

We define level balance with constant Cs for partition functions Z; = |, o (@) > wirgi(r—x)d
and weights {r;} 1 | as
T Zv

3 1 .
o~ € |:Cv2702:| foralli,i' € [L]. (24)

Since level balance is enforced between each level, no exponentially bad bottlenecks can form be-
tween the coldest and warmest levels. Example B.2 illustrates a simple setting (a mixture of two
Gaussians with different covariances) where exponential bottlenecks form between cold and warm
levels.

The following figure is meant to provide some visual context for what poor mixing of the projected
chain due to improper modal balance looks like (Figure 1) and how re-balancing by w;;, alleviates
the bottleneck (Figure 2). In the toy graphic example the partition functions are rescaled by modal
weights w;, in practice, our algorithm also rescales each level weight by r;. These weights can
be thought of as tuning devices where for some fixed level [ the weights wy . can tune the size of
individual balls and the weight r; simultaneously tunes the size of all balls at one level.

2
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1
1
1
1
1
1
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Figure 2: Scaled modal weights (W, =
wix Z;r). After re-weighting, all components
are balanced, represented by the uniform node
size.

Figure 1: Unscaled modal weights (Z;5). The
different node sizes show the imbalance, creat-
ing bottlenecks that hinder sampling.

2.3 MAIN ALGORITHM

Our algorithm is an inductive process which uses an auxiliary variable 81 > --- > 1, = 0 to define

a sequence of distributions {224:1 w; kqp, k() } 2, which temper peaked multimodal distributions
to the target distribution. The main Algorithm 1 will inductively run Algorithm 2 (vanilla ALPS)
to level [ and then approximate the weights of the component functions at [ + 1 via Algorithm 3
(reweighting via partition function estimation). To start off, Algorithm 1 requires an estimation
of the partition functions of 71 = m1(z)g1 x(z). In Section I, we show that under appropriate
conditions, for large enough f;, these estimates can be obtained.

Algorithm 2 (with all levels) is run once all the weights are learned; this is akin to a vanilla version
of ALPS (Roberts et al., 2022). As described in Section 2.1, it incorporates simulated tempering
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to transition between adjacent temperature levels and the leap point process at the coldest level to
transition between modes.

Algorithm 3 runs Algorithm 2 to level [ to acquire /N samples at the [-th level. Then the weights
Jj=1 p(I] 7']) 1+1

-1
. After these weights have been estimated,

~1
at level [ + 1 are approximated as wy 41, = (J{, ZN w[{ij = l}) and rY =

15N re) (Semenntema) gy

p(?f] 77J)
Algorithm 3 re-runs the chain, this time to level [ 4 1, acquiring samples at levels. Then the level

weights are adjusted via empirical occupancy, i.e., r(lH) rgl)/]{[ Zjv:l I{i; =i}.

For clarity, we note our algorithm and analysis is akin to the vanilla version of ALPS (Roberts et al.,
2022). This has the core algorithmic ideas of, but is different from the full version (Tawn et al.,
2021), which is equipped with online mode location and parallel tempering.

Algorithm 1 Main Algorithm: Resampled ALPS

INPUT: Temperature scale 31 > B2 > --- > 1, = 0 and weights {w, k} iy satisfying level
balance (2.3).
OUTPUT: A sample x € R4
for!=1— Ldo
2:  Input weights {w; }, {7’1@}521 fori € [1,{] and k € [1, M] with temperature scale /31 >
Bo > -+ > [, time T and rates X, 7.

if | < L then
4: Run Algorithm 3 (reweighting with partition function estimates) to obtain weights
{wrgr kb, and {r{ VYL
else if | = L then
6: Run Algorithm 2 (vanilla ALPS) and return sample = € R<.
end if
8: end for

3 MAIN RESULT

We make some additional technical assumptions for the main theorem. We later show in Section I
that these assumptions are satisfied in representative settings.

Assumption 3.1. Defining 7 j(x) x apm(z)q(x — xx), T = 7(@)q(x — xx), Zip = [Tk
forle[l,L), ke[l,M],

1. (Closeness at adjacent temperatures) x* (m14+1.k||m ) = O(1), x (Z:ll l 2 =) =0(1).

2. (Closeness for components at lowest temperature) x> (71 ||m1 ;) = O(1).

vo(x,1)

3. (Warmness of initial distribution) The initial distribution vo(x, 1) satisfies 2 (0)

<U

4. Component balance with constant O(1) (Definition 2.3) is satisfied when L = 1.

Given reasonable choices of tilting functions gz, Assumption 1 requires the temperature ladder to
be sufficiently closely spaced and Assumption 2 requires starting out at cold enough temperature so
that teleportation is accepted with good probability. Assumption 3 requires the initialization of the
samples to be close enough to the chain (this is possible by initializing at the lowest temperature,
which is easily approximable). Assumption 4 is the base case of the inductive hypothesis and again
depends on the lowest temperature distribution being approximable. As an example, we show these
assumptions hold for Gaussian tilts on R?; we have not attempted to optimize the number of levels.

Proposition 3.2. (Tempering by Gaussians) Let Assumptions 1.1 hold for w(x) = Z]kw:1 am(x)
with oy (x) = e @) where f.(x) is L-smooth. In addition, assume that a log-Sobolev in-
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equality holds with constant Crg for ; j . < mi(z) - ¢i(x — xy), for all i € [L],j k € [M].
z 2
Define q;(z) = e P = and the teleportation map g;j(x) = x — x; + x;.. Lastly, choose

AB = |Bi— Bit1| = O(m) and By = O(L?D?d), with ||x; — || < D, where x is the true
mode and ||x; — By, . x|| < rforall j,k € [M]. Then Assumptions 3.1 hold with U = O ( . )

3
Critt

and w1 X ﬁ on a temperature schedule of )(d?) levels.

We now state our main theorem.

Theorem 3.3. Suppose we are given a warm start of points {x1, . ..,z } from a target distribution
p(x). Fix a family of density functions qg, § > 0 on X, with qg = 1 if § = 0. Suppose Assumptions
1.1 and 3.1 hold. Then Algorithm 1 with parameters'

T—Q(poly(U,é,M,L,1,1,1,1>), N—Q<poly(L,M7U,1,1>>
Crit ¥ A€ Ceite O

produces samples from p(x) such that with probability 1 — 6, TV (p(x), n(z)) < e.

4 PROOF OVERVIEW

A standard approach to proving mixing time bounds for tempering Markov chains is to use a Markov
decomposition theorem Ge et al. (2018b). Decomposition theorems allow for mixing to be quantified
in terms of mixing within the components and mixing within the projected chain defined through
probability flow between components. However, in our setting, a direct approach is complicated by
our choice of tempered distributions pg () oc 3, a7 (z) - 35 wp kgs(x — ). This formulation
introduces cross terms of the form 7; (x)gg(x — x,) for j # k, where the component 7; (z) is tilted
towards the incorrect mode. We refer to these cross terms as the bad portion of the target distribution
and they prevent us from a clean analysis on the projected state. Our proof strategy is therefore to
isolate the good components and perform the analysis on that portion.

The proof proceeds in four main steps:

1. Quantifying Convergence on the “Good” Components: To remedy the cross term issue,
we formulate y? bounds that quantify the mixing of the whole chain in terms of the mixing
on the good component, Lemma F.1. We accompany this with a lower bound on the portion
of the mass from the Markov chain within the good component, Lemma F.2 and then use
this to quantify the rate at which that portion converges to the good component itself. Since
our Markov chain operates on the extended state space {2 x [L], we generalize these results
to the extended state space and quantify the amount of mass that mixes into the target level
(which is entirely in the good part), Lemma F.3.

2. Applying the Markov Decomposition Theorem: Our previous analysis quantifies the
mixing of the whole chain by the Poincaré constant corresponding to the good compo-
nent, Cpy(po(x,1)). Now, working within the good component, we are able to bound this
Poincaré constant using classical Markov decomposition theorems, Theorem E.1, which
upper bound C'p;(po(z, 1)) by the mixing within the modes and the mixing on the projected
chain. The most difficult part is ensuring that there are no bottlenecks in the projected chain
which would cause the Poincaré constant to explode.

3. Controlling the Projected Chain: The most significant challenge in the ST literature
is ensuring that the projected chain mixes rapidly. Torpid mixing is primarily caused by
bottlenecks in the projected chain which in turn causes the corresponding Poincaré constant
to explode. Our work address this by controlling the probability flow between modes,
which is ultimately determined by maintaining relative mass between modes.

4. Maintaining Balance via Inductive Estimation: To maintain proper modal and
level balance (Definition 2.3), we define the good component as po(z,i)
Y oiTi o 0kwg, kTR(x)qp, (x — x1). This provides us with control over both the level
weights {r;};c[z) and the modal weights {w; 1 };ie[z] ke[arj—think of these as knobs that

'L is the number of levels and M the number of warm start points. c¢, Ci; and C = max;; Cj; are
defined in Assumptions 1.1, and -y, A are hyper-parameters defined in D.5.
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tune the probability flow between component measures. Good level balance is ensured by
induction on the temperature levels, at each level showing that Definition 2.3 holds with
C, = poly(c -) and Cp = poly( —) for weights {w; k}ie(r) ke(m and {ri}ic(z) ap-
proximated by Monte Carlo averages is done in Theorem G. 13, G.17. By dynamically
re-weighting in this manner, the algorithm guarantees proper relative mass between modes,
preventing bottlenecks in the projected chain.

5 EXPERIMENTS

We demonstrate that the Reweighted ALPS algorithm works well on a three mode mixture of a
quartic exponential, Cauchy distribution and Gaussian distribution in d = 5. We compare the results
of Reweighted ALPS to the original ALPS algorithm, described in Section ??, using several different
scaling factors and temperature ladders. We define the target distribution 77 : R — R? as

exp(~ Lzl _ iz
o1 oo

v ) + w3N(15,1,).

7(x;01,02) = wy Cauchy(—15, 1) + wo

We ran both the ALPS and Reweighted ALPS algorithms with target distribution (x; 01 = .2, 09 =
20) with weights @ = [.1,.8,.1]. With this target distribution the true Hessian of the quartic mode
is a poor estimate of its covariance which prevents the ALPS algorithm from jumping to the second
mode. This is shown in Figure 3b where the first coordinate of the jump proposals are largely outside
the support of the distribution itself, causing a low metropolis acceptance rate.

Several 5 ladders were tested, maintaining in the spirit of the ALPS results the suggested d = 5
temperature levels. The primary issue was in choosing 5,,... = 5, too large a 85 led to poor
temperature swapping with no seen benefits to mode leap acceptance. Ultimately, in order to main-
tain good mixing between temperature levels, the ladder Sarps = [1,1.12,1.25,1.38,1.5] was
used in the results for ALPS. To keep an even playing field we chose d = 5 temperature levels for
Reweighted ALPS of Sre_arps = [2.8,1.25,.56, .25, 0].

Given these temperature ladders we ran both algorithms for N = 25,000 attempted temperature
swaps. ALPS reported a mode leap acceptance rate of .1 (224/2236 attempts). However, it should
be noted that the acceptance rate of .1 is due to swaps between modes 1 and 3, the mode acceptance
rate to mode acceptance rate to mode 2 was 0/1791 attempted swaps. The temperature swap rate
was .582 (12452/25000 attempts). The poor acceptance rate to mode 2 can be visualized in Figure
3b. Reweighted ALPS reported a mode leap acceptance rate of .435 (1580/3630 attempts) and a
swap rate of .673 (16824/25000 attempts).

Importantly, from the N = 10,000 samples, the Reweighted ALPS algorithm reported a modal
occupancy of [.095,.808, 0.96] which is close to the true weight of [.1, .8, .1].

ALPS (Kernel: RWM)

i 1
'

Rewelghted ALPS (Kerne\ RWM)

nnnnnnnn

Histogram of First Coordinate of Attempted Jumps to Mode 1

—

(0im 1)
i

(a) Plots of the first coordinate of N = 10,000
samples acquired for both ALPS and Reweighted
ALPS. The horizontal red lines indicate the modal
points.

st Coordinate

(b) A histogram of the first coordinate of N =
1791 proposal jumps to mode 2 and the true dis-
tribution of mode 2.

Figure 3: Samples were acquired from 7 (z; 01 = .2, 09 = 20) with d = 5.



Under review as a conference paper at ICLR 2026

This experimental work provides us with two key insights:

1. Hessian information can be misleading: A Hessian can exist, be non-zero and can be a

poor estimate of the covariance structure for a distribution p(x). For example, choosing
parameters o1 = .2 and oo = 20 leads to 7(z; 01, 02) having extremely light tails around
mode 2. The Hessian, however, is derived solely from the high-variance quadratic term,
which incorrectly suggests the mode is broad. Using the Hessian information as a stand in
for the covariance matrix in the ALPS algorithm leads to samples being drawn far from the
support of mode 2, causing the original ALPS algorithm to rarely reach this mode.
In practice, this introduces a significant risk to the ALPS algorithm, as it implies that for
any unknown distribution, modes with a similar mismatch between their local curvature
and tail behavior might be missed entirely. Reweighted ALPS, on the other hand, does not
require any Hessian information and cannot be mislead in this fashion.

2. Reweighted ALPS maintains modal weightings: The primary benefit of the ALPS al-
gorithm is its ability to leverage Hessian Adjusted Tempering to maintain modal weights.
By maintaining modal weights it addresses the torpidly mixing example (B.1) for standard
ST algorithms, introduced in (Woodard et al., 2009b). Our example shows with weights
w = [.1,.8,.1] and scaling o1 = .2,05 = 20 that Reweighted ALPS can achieve rapid
mixing in this setting.

6 CONCLUSION AND FURTHER WORK

We prove the first general polynomial-time bounds for sampling from multimodal distributions un-
der the “weak advice” of warm start points to the different modes. Our algorithm is a modified
version of the ALPS algorithm (Tawn et al., 2021) that is designed to work well on multi-modal
target distributions with difficult geometries. The core innovation is a modified tempering schedule,
mg(x) o< m(x) - >, wakqgs(x — x1), where we estimate the weights via Monte Carlo simulation
to keep components balanced. As our focus is on an initial theoretical analysis, there are several
avenues for future theoretical and computational work towards making the algorithm practical.

Computationally speaking, our base algorithm has several computational inefficiencies, such as es-
timating the next level weights at every iteration from a fresh set of samples; it also requires warm
start points to already be located. Hence, a beneficial modification would be to update weights and
find additional modes in an online manner. As our algorithm is tailored for ease of theoretical analy-
sis, we do not recommend it in its current form as a replacement for ALPS, and believe that a hybrid
algorithm incorporating our approach to weight rebalancing may be ultimately more practical. We
leave to future work the design of a more versatile and efficient algorithm which works on practical
problems in high dimensions and with complex geometries.

Warm start assumption. An important limitation is our definition of a warm start point, in terms
of the tilt having significant mass. Applied to components of different shapes (e.g., Gaussians in
Proposition 1.8), this may require separation conditions between the components. In order to loosen
the definition of warm start point, we may need adaptive tilting schemes, e.g. Gaussians with covari-
ances chosen adaptively. As a concrete theoretical problem to guide algorithm design, we propose
this open question: Is there a polynomial-time sampler for = = Y .”, w;m; where each 7; is a
log-concave distribution, given one sample x; ~ m; from each component?

Some more technical limitations of our warm start assumption is that (1) we currently assume a
1-to-1 correspondence between warm starts and modes, and (2) taking 3 = 0, each component is
required to have mass that is lower-bounded. We can hope that this can be relaxed to making sure
that all modes are covered (and allowing spurious points), and that modes having small mass can be
disregarded.

Finally, theoretical analysis is also highly desirable for other algorithms in the weak advice setting,
such as those based on stratification. Another promising direction is to combine information on
warm starts with neural network flow-based methods for sampling (Albergo et al., 2023; Vargas
etal., 2023; Albergo & Vanden-Eijnden, 2024), as well as learning the interpolation (Maté & Fleuret,
2023).

10
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A ORGANIZATION OF PAPER

We provide a brief overview of each section. In Section 2, we define the simulated tempering and
Re-ALPS algorithms. In Section 3, we present the main results of our paper, and we provide an
overview of the proof in ??.

In Section D, we cast Algorithm 2 as a continuous time process with Markov generator .. We
then show that the Markov generator .Z satisfies the decomposition assumptions of Theorem E.1 in
Section E.

The analysis in Section E is similar to the work done in Ge et al. (2018c). We show that un-
der basic assumptions the Poincaré constant corresponding to a stationary distribution p;(x) =
ij\il w;;jpi; () of the Markov process P can be bounded by a function of Poincaré constants cor-
responding to the component measures and the Poincaré constant of the projected chain capturing
transitions between components (defined in the assumptions of Theorem E.1). Since we’ve shown
in Section D that the continuous time process corresponding to Algorithm 1 satisfies the assump-
tions of Theorem 3.3, the decomposition theorem allows us to proceed after finding a bound on the
Poincaré constant of the projected chain.

A major obstacle in our analysis is the cross terms that appear by defining pg o >, cpmp(x) -
>k wskqs(x — xp). Ideally our algorithm is able to mix well into the aligned components
7 (2)gp(x—xy) while ignoring the cross terms which will naturally have negligible weight (see Fig.
4). Under reasonable assumptions, as we will later show, it makes sense to refer to the portion of
the product where j = k, the aligned components, as the good portion. In Section F, we prove con-
vergence in chi-squared divergence for the good portion of the stationary distribution. We show that
convergence can be bounded by a function which depends on the Poincaré constant corresponding
to the good set as well as an expected value that describes the “flow” into the good set.

Our main algorithm, Algorithm 1, inductively runs Algorithm 3 to estimate the partition functions at
the subsequent level. To estimate the partition functions, Algorithm 3 runs Re-ALPS to the current
level and collects /N samples. The samples at level [ are used to obtain a Monte Carlo estimate of
the partition functions at the next level yielding weights {w;41 }12~, and 7,1 1. With these weights,
the algorithm is then run one more time to level [ + 1 obtaining another N samples. This time the
samples are used to get an estimate of the level weights by empirical occupancy and this occupancy
is used to adjust the level weightings {r; ii{

In Section G.3, we show that under the inductive hypothesis, Assumptions G.1, and Assumptions

3.1, weights {r;}L, and {wik}ien,0),ken,m] can be chosen to maintain level and component
balance between the partition functions. More precisely, the weights are chosen so that there ex-

ists a constant C; so that C% < wkZuk < oy for k,k' € [1,M] and a constant Cs so that

- wl,k’Zl,k,’
C% < % < Cy for 1,I" € [1, L]. Maintaining this level balance prevents bottlenecks—a mode
having low weight at a level so that is is hard to obtains samples at subsequent temperatures—and
so allows for bounds on the Poincaré constant of the projected chain; see Lemma G.10.
In Section H, we prove the main results, which follow from the results in Section G.3.

Section I provides a general setting under which the assumptions of the main theorem hold. As-
sumptions 3.1 focus on the initial distribution and tempering scheme used to run Algorithm 1. In
Section I, we show that Assumptions 3.1 hold in R? for ¢;(z) chosen to be Gaussians and in the

general case where the component measure of the target function is specified as py,(z) = e~/ k(@)

where fi(z) is L-smooth. Assumptions 1.1 focus on the target measure p(z) = ny:l apr(z). In
Section 1.2, we show families of target measures where Assumptions 1.1 hold.

B BACKGROUND

B.1 NOTATION

We denote the target distribution on {2 by

m(z) x e V@),
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and assume it decomposes as a mixture

M
m(x) = Z amg ()
k=1

where 7 (x) are normalized component measures with corresponding weights ay,. The set of warm
start points is given by {z1,...,xp} C Q. The tempering functions are denoted gg(-) and are
unnormalized distributions satisfiying gz — o, where dy is the Dirac delta measure, as 5 — oo and
gg = 1for = 0. The unnormalized tempered distributions are given by

M

po(@) = m(@) Y wp kas(w — xx) (B.1)
k=1

where wg ), are learned weights. In Section G.3 we define the following for ease of computation.
The target measure tilted by gg(x — x1) on level [ is given by

Tie(®) = m(2) - qz — )
and the component measure aligned with its correcting tempering function is denoted by
mk(z) = mp(2) - @z — k).

The partition functions corresponding to these measures are denoted Z; 5, and Z; ;. respectively. In
Section G.3, we make use of the unnormalized joint distribution over the temperature levels which
is defined to be

l
plz,i) =Y r\Vpi(@)1{i = j}. (B.2)
j=1

Similarly, we define the normalized version to be
l
p(x,i) = Zw]pj(:v)l{i =7}
j=1

. O . . .
where w’/ = Té— In the context of Section F, we will occasionally refer to the “good” part of the
J
distribution and will denote this unnormalized portion by

! M
poz,1) = > r" " apwypmi(@)gs (@ — 2i) i = j}.
k=1

J=1

The good portion conditioned on the level is then denoted by

M
pio(x) Z apw; kTR (2) g (T — ). (B.3)
k=1

We can then express the normalized joint distribution as a mixture of the good and bad portions by

p(x,i) = aopo(w,i) + (1 — ao)pi(z, 1)

where oy = S s is the component weight of the good portion.
i JQ ?

B.2 MOTIVATING EXAMPLES

To motivate tempering to colder temperatures, corresponding to more peaked distributions, we show
that in high dimensions, flat components of the mixture distribution can cause the teleport process
to have low acceptance probabilities. This leads to poor mixing of the projected chain—mixing
between modes—which in turn leads to long run times. In our algorithm, the projected chain at the
coldest level has probability flow given by overlap between component measures after a translation
which maps a warm start point to another.
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Example B.1 (Low acceptance for teleporting). Let m(z) = $N(0,15) + $N(u1,014) be the
mixture of two Gaussians in R? and define the teleport function to be the translation gij(z) =
& — p; + ;. Then the probability of transitioning from o = 0 to yuy, denoted P ({0}, {1}), is given
by

({0} {1}) {(1/27r)2 det(ol)” 2exp£ %|:z:+u1 ,u1||§) 1}

(1/27r)2 det(I)” 2 ex ( Hx||2)

o (2)" exp (=5 lelld) y

exp(—4||z|3)

d
. 1\?2 oc—1 9
- - l— 1
mln{((j) exp( 5 ||a:2), }
Itis clear that for o > 1 as d — oo and ||x|| on the order of \/do we have that P({0},{1}) — 0.

The following example shows that in high dimensions a bimodal mixture of Gaussians with different
variances can have exponentially bad weight distortion when power tempering is applied. Power
tempering is one of the most standard tempering methods that takes the target distribution 7(x) o
e~V(®) and raises it to the inverse temperature /3 so that at each level 75(x)  7(z)”. The same
issue arises when tempering towards a prior, 75 () oc 7(x)?q(z)! 5.

Example B.2 (Bottlenecks with tempering). (Roberts et al. (2022)) Given target density w(x) =
IN(;0,14)+ 5N (x; 1, 01q) and assuming the power tempered target can be given by the mixture

Woodard et al. (2009a)
1, ol
71'(.%‘) = Wy sN ( ﬂ) + Wi N (Ml, ﬂd>

where the weights are given by W; 5 (f) det(a[d) . In our case this yields the ratio

Wis _ aa-8)
Wo,s ’

which is exponential in the dimension.

C ALGORITHMS

C.1 COMPARISON OF ALGORITHMS

All three ALPS variants—Full ALPS, Vanilla ALPS, and Reweighted ALPS (Re-ALPS)—share the
fundamental approach of annealing to colder temperatures combined with teleportation to enable
efficient mode jumping using weak information (warm starts). This core structure is exactly the
simulated tempering and teleportation process detailed in the previous section. This annealing pro-
cess makes the modes peaked around the warm start points at the coldest temperature. This feature
enables all three algorithms to perform efficient mode jumping at the coldest level, allowing for
inter-modal exploration using only weak information.

All three algorithms seek to approximate modal weights that address the potential for bottlenecks
between temperature swaps, but diverge in how they approach the approximation of modal weights.

1. Vanilla ALPS (Roberts et al., 2022) and Full ALPS (Tawn et al., 2021) address the issue
of modal weights by applying weight-preserving simulated tempering (Tawn et al., 2020b).
This method relies on taking a local Gaussian approximation to the modes, which requires
an approximation to the Hessian at the modal points. Then the analytic approximation to
the partition function is used as the modal weight. This approach enables both algorithms
to be lightweight and computationally efficient. The downside is that these analytical ap-
proximates can be poor estimates of the true modal weights when the components are far
from Gaussian.

2. Reweighted ALPS is designed for cases where modes have more complex geometries. In-
stead of an analytical approximation of the modal weights, our algorithm inductively esti-
mates component partition functions via Monte Carlo. These estimates are used to adjust
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both the modal weights and the level weights, directly preventing bottlenecks from form-

ing.

It should be noted that ALPS and Vanilla ALPS share the core power tempering structure with
analytical stand-ins via Gaussian approximation but differ for sake of analysis. The full version of
ALPS includes, online modal and Hessian updates, parallel tempering and a more adaptive HAT

tempering scheme.

Table 1: Comparison of Three ALPS Algorithm Versions

Feature Full ALPS (Tawn et al., Vanilla ALPS (Roberts Resampled ALPS
2021) et al., 2022)

Core Idea A practical, robust algorithm A simplified version de- A modified version pro-
combining parallel temper- signed for  theoretical viding the first general
ing, online mode finding, analysis to study its com- polynomial-time bounds
and annealing to sample putational complexity and for sampling with “warm
from complex multimodal prove diffusion limits to starts”, specifically designed
distributions. skew Brownian motion. to avoid requiring Hessian

information.

Tempering Method Uses “Hessian Adjusted For theoretical analysis, as- Tilts the target distribu-
Tempered” (HAT) tar- sumes a weight-preserving tion toward warm starts
gets (Tawn et al., 2020b), transformation where in- with  dynamically esti-
which apply a weight- termediate distributions mated weights, avoiding
preserving transformation: are normalized powers power tempering: mg(xr) o
ma(x) o w(z)Pr(pg)' =P, of modal components: 7(z)>, wgrqs(x — k).

Mode Information

Mode Jumping

Weight Handling

Implementation

Finds modes and their Hes-
sians online.

At the coldest level (Bmaz),
it uses a Gaussian mixture
independence  Metropolis-
Hastings sampler built from
the learned mode locations
and Hessians.

Aims to preserve the rela-
tive mass of modes across
different temperatures using
the HAT formulation, based
on a Laplace approximation
at the modes.

Implemented using Parallel
Tempering, where separate
chains run at each tempera-
ture and swap states.

B
ma(x) o Zj w;ig; ().
Assumes mode locations are
known and the state is pre-
allocated to a mode for theo-
retical analysis.

For analysis, it assumes per-
fect, immediate mixing be-
tween modes at the cold-
est temperature (3,,4,) and
no inter-mode mixing other-
wise.

Assumes for its analysis that
a weight-preserving trans-
formation 1is used, such
that the component weights
w; remain constant for all
inverse-temperatures 3.

Analyzes a Simulated Tem-
pering process, where a
single state moves between
temperatures.

Requires a set of “warm
starts” (approximate mode
locations) as input.

At the coldest level, it
uses a “’leap-point process”
that proposes teleportation
moves between the provided
warm start points to enable
mixing across modes.

Dynamic  estimation of
modal weights (w; ) and
level weights (r;) via Monte
Carlo to explicitly maintain
component balance and
level balance to prevent
bottlenecks.

Based on a Simulated Tem-
pering framework where a
single chain moves between
different temperature levels.

17
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C.2 ALGORITHM DETAILS

Algorithm 2 Vanilla ALPS Main Algorithm
INPUT: Temperature scale 31 > B2 > --- > [, weights {w; .} fori € [1,1],k € [1, M] and
{ri}E |, time T and rates A, 7.

1: Sample (z,1) ~ 224:1 W1 KTk
2: while T,, < T do
3 SetTy41 =T, + &ng1 with &1 ~ exp(y)

4: if i = 1 (base level) then
5: SetT) . =T) + &, with&), | ~exp(A)
6: if ) | < T4 then
7: Run K for &, time (discretized)
#* x
8: Choose j, j' € [1, M] and accept transition to (g;;/(x), 1) with pr. min { g";'llz;() ), 1}
9: else
10: Run K for &, time (discretized)
11: Transition to (x,2) with pr. min { :fi?gg , 1}
12: end if
13:  else
14: Run K; for £, time (discretized)
15: Choose ¢/ = i & 1 with pr. % transition to (z,4’) with pr. min {w, 1}.
16:  end if

17:  LetT = min {Tn+17 T7/z+1} then set 15,41 = T and T 1= T
18: end while
19: if final state is (I, x), return sample x. Otherwise, re-run the chain.

18
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Algorithm 3 Reweighting via Partition Function Estimation

1: Part 1: Estimate component weights for level | + 1
2: Run py(x, ) from Algorithm 2 to the I-th level and obtain samples {(z;, i;)} 1, ~ p(z, 7).
3:fork=1,...,M do
4:  Set
1
wl-‘rl,k = N = (z; ‘
T R =0
5: end for
6: Part 2: Estimate weight for level | 4+ 1
7: Run p;(x, i) from Algorithm 2 again to the {-th level and obtain samples {(z;, ;) };VZI ~ p(x,1).
8: Set
e e )
1N (2 aimi(@)) | 2k witreqs (2 —ak) .
N 2i=1 peEn Hij =1}

9: Part 3: Re-estimate level weights
10: Run p;(x,7) from Algorithm 2 again to the [ 4 1-th level and obtain samples {(z;,7;)} =, ~

p(, 1)
11: fori=1,....1+ 1do
12:  Set
| X
I4+1 l . .
RS> WIUE)
j=1
13: end for

14: Scale rng) by C»

15: Return {w;41 12~ and {r{Hy

[ =1

D CoNTINUOUS TIME PROCESS

D.1 LEAP-POINT PROCESS

We define a continuous version of the leap-point process at the coldest temperature. In this setting,

the process is defined on the mixture distribution Zf:[:l wiqr(2) and can freely jump from any
g; to g;. Jumps are made according to the Poisson point process at time intervals T;, — T;,_1 ~
Exponential(vy). This specifies the projected chain as a continuous time process on the state space
given by the modes, where the probability flow between the modes is compared using the pushfor-

ward gz‘f . This allows us to express the generator of the process -%Z; on (2 as the sum of the Markov
processes on the continuous state space and the transitions between the modes.

Definition D.1. For i, j € [n], we define the function g;;(x) to be a function that “teleports” x € Q)
from mode i to mode j and satisfies the following properties:

1. g;; is the identity,
gii(x) = x.

2. gyj is the inverse of gj;,
9i(g5i(x)) = .

3. gij is transitive,
913 (9ik () = gij ().

Definition D.2. We define the continuous leap-point Markov process K., with rate y on §) as
follows:

1. Let'T}, be a Poisson point process with rate -y so that,

Tn - Tn—l ~ Exp(’Y)
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2. The Markov process with state x € ) evolves according to K on the time interval
[Tn—laTn)~

3. At time T,,, with randomly chosen i,j € [1, M|, the Markov process takes a jump to x >
9ij () with probability

I {ngQ(JU)
min

] ) ’1}’ viZe

M

and stays at x otherwise.

Lemma D.3. Let K., be the leap-point Markov process with rate vy with stationary distribution
q(x) = Zf\il w;g; () on S Then the continuous process has the generator Lcq, given by,

reapf (2) = Lia (& +ff§j {g“ J}(f(gij(l‘))—f(w))-

=1 j=1

Proof. Let P, f(x) = Ex[f(x¢)|xo = x] be the expected value after running the chain for time ¢.
Then we decompose the conditional expectation by considering the number of jumps the Poisson
process takes. Here, we let H be the kernel of the jump process and calculate

P, f(x) =P(Ny =0) - P f(z) + /t P,HP,_;f(x)P(t1 =ds, Ny = 1) + P(N; = 2)h
0
— (1=t + O(2)Pof () + /0 P.HP,_ f(z)(y+ O(s))ds + O(t*)h

O (Pl = —f(@) + Liaf (2) + 7 HT +O(0)

By specifying

we get the desired operator .Z.

O
Corollary D.4. The corresponding Dirichlet form for the process ZLcqp is given by
M M 2
ST =~ Za)y+ 517 D3 [ win{affate).a) b (1000 - 1))
=1 j=1
Proof. Using reversibility, we compute
éo(fa f) = _<fvﬁeapf>q
P L : gha(@) ) J
Lt 57523 [ o{ 2021} (70 0) - 1)) 1(@late)is
. M M 9
it gy 303 [ win {atato). o} (ftotan - 1))
O
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D.2 SIMULATED TEMPERING TELEPORT PROCESS
We now decompose the simulated tempering version of the Markov process. In this setting, the
process is defined to have stationary distribution p(z,i) = >, 7;p;(z)[{i = j} on Q x [L],

where ) . 7; = 1 and p; can be expressed as the mixture p; = 22[:1 wyprj. The Markov pro-
cess moves between temperatures according to the simulated tempering chain, at each temperature
running Langevin diffusion till the next jump. At the coldest temperature, as in Section D.1, the
Markov process leaps between modes of the distribution corresponding to a Poisson point process.
In Section D.1 we found the generator .Z}.,,, at the coldest level. By applying .Z.,,, to the simulated
tempering results in Ge et al. (2018c) we are able to compute the generator Zr; for the Simulated
Tempering with Teleporting Sampler.

Definition D.5. We define the continuous Simulated Tempering with Teleporting Markov process
Koy on Q x [L] with jump rate \ (between temperatures) and leap rate vy (at coldest temperature
between modes) as follows:

1. Let T, be a Poisson point process with rate A so that,

Tp —Th—1~ Exp()).

2. If i # 1, the Markov process with state (x,1) evolves according to K; on the interval
[Tn—17 Tn)-

At time T,,, the Markov process jumps to (x,i") with probability

— min
ripi ()

5 ,1}, fori' =i+1

and stays at (x,1) otherwise.

3. Let T), be a Poisson point process with rate ~ so that,

w = Toiy ~ Exp().

4. Ifi =1, Let T = min(T,,, T,), the Markov process with state (x,1) evolves according to
K on the interval [T, _|,T).

n'—1»

IfT = T!,, the Markov process leaps to (x,1) — (g;%j, (z), 1) with probability

1 { 97p1(z)

— min
M p1(x)

,1}, Vi’ #

and stays at (x,1) otherwise.

If T = T, the Markov process jumps to (x,2) with probability
1
2 min { rap2 () 7 1}
2 r1p1(7)

Lemma D.6. (Lemma 5.1 Ge et al. (2018c)) Let M;,i € [L] be a sequence of continuous Markov
proceses with state space ), generators £;, and unique stationary distributions p;. Then the con-
tinuous simulated tempering Markov process Mg with rate A and relative probabilities r; has gen-

erator Ly defined by the following equation, where f = (f1,..., fL) € HiL:1 D(ZL):

=@y X {280 i - ).

1<G< L j=i1 ripi(z)

and stays at (x, 1) otherwise.

The corresponding Dirichlet form is given by,
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g totitdpery (5 i@ (@) @) )do

1<i<L,j=i£1

In Ge et al. (2018c¢), the authors determine the Dirichlet form of the generator . for the simulated
tempering Markov process. In their setting, .%; for all 1 < ¢ < L is the Langevin diffusion generator.
In our setting, the generator for the teleport sampler, .%j¢,, in Lemma D.3, takes the place of the
generator at the coldest temperature .%;. We will maintain the notation of .%;, 1 < i < L as the
Langevin diffusion generator and replace .}, With .#} in the previous Lemma.

Corollary D.7. Let all assumptions and notation hold from Lemma D.6, then the Dirichlet form for
the continuous time annealed leap-point Markov process Lr.; is given by

Zn (e 0+ 5 iz [ {otmrn@ ) (o) - 1)
+2 S i Lo} (560 - )

i<i<L,j=i%1

Proof.

éa(f,f)=—<f1,.$zeapf1>m—énﬁi,iﬁfﬁpﬁi( S [min ) {0 - @) )ao

1<i<L,j=i+1
by Corollary D.4

i + fz [win gttt )}(fl(gij(x))—f1($)>2dx

_gmﬁ,i’éﬁ)pﬁiwg Lil/mln{?“]pj rips(x )}(f( ) — fi(x)>2d:c
= in(f“.ﬁffl W - ﬁi/ mln{gljpl (z),p1(z )}(fl(gij(x)) —fl(ff))zdx
+ ZL ‘<L§‘:=ii1‘/ﬂmin {W%(@aﬁ%(@}(fj(x) - fi(ff))de

O

Lemma D.8. Let Kr.; be the annealed leap-point Markov process with generator L apps on
Q x [L] and stationary distribution p(x,i) = >, r;p;(z)I{i = j}. We also make the following
assumptions,

1. Each p;(x) = aymo,; + (1 — ;) m1,; where each mj ; Zk (k) ]

2. For each Markov process M; there exists a decomposition
(fis Zif)po <Y wikfis Lo fidpon
k
where £ is the generator of some Markov process M, with stationary distribution
Pik ().
Then for some weight « the following decomposition holds

(s Zreif)p < alfs, Lreiof)m + (L= )(f, Lrei1 [)m s

where L a1, ps.; is the continuous time annealed leap-point process with stationary distribution
T OC D, QT Tk
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Proof. We consider the following,

-y =S i1 =33 [ {a0,01) (100 - 1)
2l > B
- il«; lﬂ/ mm{”ﬂpf Tipi(® >}(fj(x)fi<z>>2dx
C

We proceed by finding an upper bound on each part, starting with A.

A= Z (fir i fi),

By assumption 2 we can decompose the generator .%;,

Z az (fiZiofi)my + (1 = Oéi)<fi»=%1fi>m)'

To find an upper bound on B it is worth noting by assumption 1 we have that

P1(2) = 1P1,good + (1 — @1)P1,pad-

Which by change of notation we let p1 good = 71,0 and p1 pad = 71,1-

7 = leli/ min {91]101 x),p1(z )}(fl(gij(l”)) —f1(fc))2dx
2 mm {QU a1mio+ (1 —a1)my), (amo + (1 — a1)7r1,1)} <f1(gij(:v)) _ f1(x)>2dx
<9 ii [ min {argmocamo b (itaisto) - fl(x))zda:
> 2 Qmm{ (1—on)gfimia, (1 —a1)m, 1)} (fl(gij(l‘)) - fl(a:)>2dx.

Lastly we have that

—C=—2 3 /mln{rjp] ripi(a:)}<fj(x)—fi($)>2dx

1<i<L,j=i%1

_ _2 3 / min {rj(ajwoyj + (1 —aj)m ), ri(aimo; + (1 — ozi)m,i)} <fj(37) - fz‘(l")) Zdl‘

i<i<L,j=i+17 %

> /mm{r]aﬂoj,mmm}(fj() fi(:c)>2da:

1<i<L,j=i£1

N 2 3 / min {rj a;)m i1 — ai)m,i)} (fj(x) - fi(gc)>2dm

i<i<L,j=i%1

>

By our bounds on A, B and C and choosing normalizing constant o« = ) . r;c; We can express

(f, Zref)p < olf, Lreaof)re + (1 —)(f, Lreiif)m -
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E MARKOV PROCESS DECOMPOSITION

In this section we bound the Poincaré constant corresponding to the continuous time Markov process
defined in Section D. The analysis in this section is similar to that of the analysis found in (Ge
et al., 2018c), where the Poincaré constant corresponding to the whole chain is bounded by the
Poincaré constants corresponding to local components and the Poincaré constant corresponding to
the projected chain. This decomposition reduces the mixing time analysis to finding a bound on the
Poincaré constant of the projected.

Theorem E.1. Let KTel be the Markov process in definition D.5 with stationary distribution

p(x, k) = Zf 1T ZJ L wi; Pij(x)I{k = i}. Let K; 1 < i < L be the Markov process

on ) with generator £; with stationary distribution P;(x) = Z;‘il w;; Pi;j(x). More specifi-

cally, K1 = Kjeqp as in definition D.2 with generator £ = .Zle;p (Lemma D.3). The function
f = (fi,....fr) € [L] x Q and the Dirichlet form is &,(f, f) = (f, ZLarpsf)p. Assume the
following hold.

1. There exists a decomposition

M
(f.Zf)p Z . %if)e

where £;; is the generator of some Markov process with K;; with stationary distribution
P,

1.
2. Each distribution Py, satisfies a Poincaré inequality

Va’I’PiJ (f) S Cgij(fv f)

3. We define the projected chain as

wlj"g#ﬂlplj’(z)

-/ _ ’
(02, (.3)) = { J. min L Pl;J(S;)J}P (@)dz, i'=itlandj=j""

0 otherwise
B B B (E.1)
Let P({i,j}) = ryw;; be the stationary distribution of T. Where T satisfies the Poincaré

inequality ~ ~ o
) Varp(f) < C-&p(f. [)
with f({i,5}) = Ep,, (fi). Then K spps satisfies the Poincaré inequality

Varp(f) < maX{C(l + (6M +12)C, 6]:[0 1%\0} (f, 1)

Proof. We begin by considering the following,

Varp(f erzwz]/ ( EP(f)>2Pij(d90)

= éi“ww/ (fz p, (fi) + Ep, (f) _EP(f)>2Pij(d«T)
_iJZM:l“ww/ (fz P, (fi) > 55 (dx) +§;J§§lmw”( )Ep(f))2

L M
= Z Zr w;j Varp,; (fi) + Varp(g)
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L M

< szriwijgij(fia.fi) +C&s(f. f)

i=1 j=1

<CZTZ fzvfz +C£7P(f7 7)

We now decompose the Dirichlet form &5 (f, f) per Lemma J.1.

2
SGDH= Y ) (Epi,jxfm—Epi( >) P T (G, 3}, (1. 7))

(@9 E[LIX[M] (#,5") €[L]X [M]

By applying the definition of T

M M 2 . #'/Pj’
:leZw1j<EP1j'(f1)_EP1j(f1)) /{Zmin{wvl}‘tﬁj(l‘)dm

j=1j5'=1
A
3 ’ riwgr - Py
+;1;Lriwij (Epi,j(fi/) (fz)> Amln{W,l}Hj(x)dx
i'=i+l
B
To simplify the above expressions we let 69 _

(1,5),(1,57)
fQ min {w1j/ . g]#jlplj/(l‘), w1y Plj (a:)}dx and let Q?Lj),(l,j’)(x) =
1

69
(1,5).(1,47)
consider the following,

MM 2 Lt P
A=mn Z Z Wy (Eplj/(fl) - EPu(fl)) /Qmiﬂ {W, 1}P1j(33)d33
J J

min {wlj/ -gfj,Plj/(x),wlj : Plj(:c)} be the normalized distribution. Then we

j=1j'=1
M M 2

=T Z Z <]Ep1j/ (fl) — Eplj (f1)> / HliIl {wlj/ . gfj/Plj/(«I%wlelj(x)}dx
i=1j'=1 “

by a change of measure on the first term,

M M 2

=N Z Z (/ frog;s( g]] Py (de) — 0 fi@) Py (dx)) 5(17J) (1,5
j=1j'=1
M M 2

~on 30 [( [ 0 @@ de) - ol i () )
Jj=1j'=1

2
+ (A(flogjjf(x)—fl(x))Q<1g (1.5 dx) (/fl (P1j(dz) = Qfy ), (LJ”)(dx))) }551,1'),(14')
By Lemma J.2

M M

<3my ), [Var #, 1, (10 950X (@ ) 1,4 1975 Prir) + Varey (L)X (QF 140 1P1)

Jj=1j'=1

2
+/Q <f1 o gjj(x) — fl(@) Q(U 1,5 )(dx)] 5(1 7),(1,37)
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By applying the definition of Q7

(1.47)
M M
<3r Z Z [Var #, P, 5 fl © gjj’ )X (Q (1,5),(1,57 )ngj Pl] ) +VarP1j(f1)X (Q(lj (1,51 |P1]):| (1,5),(1,57)
Jj= 13’ 1
2
Fan 3> [ (R~ 7)) min funy @), Py o
j=1j'=1
By Lemma G3 (Ge et al., 2018c)
M M
< 3n Z Z [wlﬂ’ Var gt Py ,(fl 0 gjj') +wi; Varp, (fl):|
Jj=1j'=1
M M 2
+3r1) D / <f1 © gjj(x) = f (x)) min {wlj’ g1 Py (), wiy - Plj(x)}dx
j=1j'=1
M M
=3 Z Z [wlj' Varp, ,(f1) +wi; Varp,, (fl)]
j—l j’*l
2
+3n Z Z / (fl ° gjj () — f (fU)) min {wlj' gl Py (), wi; 'Plj(x)}dl‘
Jj=1j'=1
M M 2
<o Cai(h ) 43030 S [ (froa(@) = @) minfury g Pry(o) vy Pule) o
Jj=1j'=1

<6riM - C&(f1, f1) —|—37’122/ <flog”( ) — fl(x))Qmin{Plogjj/(x),Pl(x)}dx

Jj=1j'=1
The bound for (B) should mimic the bound for (B) in Theorem 6.3 of (Ge et al., 2018c). The proof is
included for sake of completeness. Denote by 6(; ;) (i7j) = [, min { riwyg Py (x), Pij(x) }da:

T Wi,

1 . lel/ ’ . . . .
and Q; 5), (7, (x) = S o, min ﬁ - Pyrj/(x), Pyj(x) ¢ be the normalized distribution.

Then by applying Lemma 6.4 in (Ge et al., 2018c¢) yields,

M 9 ,
.| riwgg - Pyj(x)
B = Z Z TiWij (EPM (fir) = EPij (fz)> /Qmm {ﬂwszzgj(x)’ 1}P¢j($)dx
j=11<i<L
i'=i+1

I /\

M
Z Z {Varpu fi)x (Q(i’j)y(i”j)”[)ij)+Varpi/j(fi’)X2(Q(i,j),(i’,j)||Pi’j)

i<L
i+l

H \/\

+/Q(fi — fi)? Qi (dl‘)] “TWiG0 (i) (i)
By Lemma G3 (Ge et al., 2018¢)

Tzwz 7iW; ;0 0.5),(i
<3Y S Va5 53—>+Varp, () 0
j=11<i<L (8:4)5(#.7) (4,9, (i,9)
=i+l

+3/Q(fi—fi/)2 min{r,;/wyj - Pyj(x), riw;; Pij(x )}dx

< 3 Z Z T{Wij VaI'P fz) + Ty Wi 4 VaI'Pi,j (fl/)

j=11<i<L
i'=it1
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+3 Z/ — fi) mln{r,zw” i ( nzw” i }

1<i<L
i'=i+1
<12CZ Z ri&;(fi, fi) +3 Z / 2 min {ri/Pi/(x),riPi(a:)}da:
7j=11<:<L 1<i<L

i =i%1 i =it1

Combining terms A and B with the bound on the intra-mode variance we have that,

Va?"p <Czr1 fzafz

+C{6r1M Cé& (f1, fr) +3r122/ (flog”( ) — f1($))2min{P1ogjj/(a:),Pl(x)}dx

j=1j5'=1
2
—1-126'227“z (fi,f)+3 Z TiW;j (Ep, (fir) — Epu(fi)) /min{r;Pi/(x),riPi(x)}dx}
1<i<L Q2
i'=it1

Grouping like terms and comparing to the Dirichlet form in Corollary D.7

L
< C(+C(6M+12) > ri&ilfir fi)

i=1

6C;M v JXM;;VXI:I/ min {Pl 0 g;(2), Pl(a:)} <f1 o gijr(x) — fl(x)>2dx
+12A(]21;LW” <f1-/(x) fi(x)>2/9m1n {rp (z),r P-(m)}dm]
=it

By applying the dirichlet form in Corollary D.7

gmax{C(1+(6M+12)C % 12/\0} (f. 1)

F LOCAL CONVERGENCE FOR A MARKOV PROCESS

In this section we show that for a Markov chain P;, with stationary mixture distribution © =
> ) WK Tk the weight adjusted distribution pro = prZ= To / fQ pT 0 converges to the component
mo in chi-squared divergence, where pr = vy P; for some initial probability measure vy. This
can be applied to the mixture measure pg(z) o m(x) - Ziw:l wg,kqp(x — %), on the extended
state space 2 x [L]. Since on the target level 8, = 0, there is no bad component, the divergence
X2(PT.good||Pgood) provides us with a good indication of how close we are at the target level.

The key challenge in our analysis arising from our tempering schedule, pg(z) o< m(x) -

S wp rqs(x — x1), is the creation of unwanted cross-terms, which can manifest as pseudo-
modes in the state space. As illustrated in Figure 4, the stationary distribution at any given tem-
perature is a mix of good components, where the target modes are correctly aligned with the tilting
functions (solid lines), and these bad components (dashed lines). The analysis in this section pro-
vides the theoretical groundwork to formally disregard these bad components, effectively proving
that the time spent exploring the pseudo-modes is negligible. This allows us to analyze the mix-
ing time of the overall process by focusing only on the simpler dynamics within and between the
well-defined good components.
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—— Good mixture components (7 (z)gg(z — zx))
- - - - Bad pseudo-modes from cross-terms (7;(x)qg(x — zx),j 7 k)

>

Figure 4: An illustration of good (solid) and bad (dashed) mixture components. The good compo-
nents are sharply peaked around the warm-start locations, while the bad pseudo-modes from cross-
terms have negligible mass.

The following Lemma provides us with an upper bound on x? (PT,g00d||Pgooa) In terms of the
Poincaré constant on pgeoq.

Lemma E.1. Suppose that for a Markov generator £, with stationary distribution ™ = Ei:o QETE,
(f,.Zf), < >parlf, fkﬁm for all f, where £y has stationary measure wg and Poincaré

constant C. Let Py be the distribution of X; where t ~ Unif(0,T), Ko = x%(pol|7), and
Dro = ﬁTCTO/fQﬁT%‘ Then

D Ky C
Varn, (T) = agT

or equivalently,

Proof. We have that

SO

Ko = x2(pol|m) > /T <ps gps> p

™ s

/Ozak stk >

k=0

2 Zak Vary, (—S)

0 k=0

%/0 Var,, (%) ds

agT Ds
T]ESNUnif(O,T) Varg, (?)
aoT Pr
Var — . F.1
20T Varr, () E1)

Y

v

\ \/

vare, (22) = varey (222 = [, (22)] vore (222) = [, ()] ol

(F2)

O
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Lemma F.2. Consider an ergodic Markov process on §2 with stationary distribution 7. Suppose
m = agmo + (1 — ap)my for measures mo, 1. For any measure vy on €,

d?TQ (67}
Ezo~vo,t~Uni ag—(zy)| > ———
zo~vo,t~Unif (0,T) 0 d7T( t) = dvg
dmo Lo
d?TQ Qp

E ~vg,t~Uni - Z .
wo~evo,t~Unif(0,T) {0‘0 dr (xt)} 12(x? (o mo) + 1)

For example, if 7o = 7| 4, then ag = w(A) and

dm
Ew0~uo,t~Unif(0,T) {aodwo(l“t)} = Pxo~uo,t~unif(0,T)($t € A).

Proof. For a trajectory x : R>g — ) of the Markov process, define
(which we can interpret as the proportion of time it is in the component 7y). Note that this is a

continuous, differentiable, non-decreasing function. We will write F~1(r) to mean min F~1({r}).
Define the random variables

T, :=F'(r)= min{u : / a()@(xs)ds > r}
0 dm

Then

1 T
- T () Pogmro (T <T) d
1
et 0 - wONVo T > T))d

v

T,
- 17 mQNV() T d
T/o < -7 )\/0 r

where the last inequality follows from Markov’s inequality. We now calculate E;,,7 by a
counting-in-two-ways argument; then we will use a change-of-measure inequality. Note that for
xo ~ T, T also has distribution 7, so

e / E[T,|xo = x]dmo(x)
Q

= [ ETlan = 212 z) dn(o)

:f// {Ttr (w0)lw0 = x| dr dr(x) (F3)

dro 1 /T
< — -1 —
< E/O (FSYFy(t) +1)VT) —t) dﬂ( )dt+aoT i E[T;, 1, ,>7—¢) dt
1 T . , 1 T
- " E F-YF T) — t)F — | ET,1 .
s /O (Fy (Fe(t) +7r)VT) —t) w(t)dt+a0T i [T}, 1, >¢) dt
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where (F.3) uses the fact that for any ¢, the distribution of x; is still 7. Because ET;, < oo,
g(t) == E[T}, 11>, — 0 by the Dominated Convergence Theorem. Now if ¢(¢) is bounded and

lim; o g(t) = 0, then limz_, o, = T fo t) dt = 0, so the second term converges to 0 as T' — 0.
We focus on the first term. Change of varlable gives

T Fo(T)
/0 (FS M (Fo(t) +7) v T) — )EL(t) di = / (ES g+ 1)V T) — E Y (y) dy

Fo(T) pF; (y+r)VT
= / / dz dy.
0 Fo ' (y)

{(,2) : 0<Sy < Fo(T), F ' (y) S 2 < FH(y +7) VT
CH{,2) y < Fa(z) <y+rn,2<T}
={(y,2) : Fo(2) —r <y < Fi(2),0< 2 < T}

which evidently has measure T'r. Hence taking T' — oo,

This is the measure of

1 r
Eirrndy < — -Tr=—.
0 0T_CtoT " (%)

dllo

Let K —‘

and K2 = x?(v||mo) + 1. For the first bound,

Koor

Qg
dm 0

x ~U T
= Egymup,t~Unif(0,T) [Otodﬁ(xt)} > */ (1 oo ) v 0dr
ool (6 7))
— 1— dr = .
T /0 < aoT) V0dr=op—

G:{m:dV()(x)<K22}

dﬂ'o 3

EoyorsTr < KooEoagom, T <

v

For the second bound, let

and note by Markov’s inequality that
Pmowuo(Tr > T) < P(GC) + P ONPO(T >T ANzxg € G)

K3Eyn, T,
<€+7A
€ T

K3 r
<et+—

T T
=2K taki =K.
2\ ool aking ¢ = K T
Then
d’lT()
]:E.Z’()Nl/o,tNUnif(O,T) QOT(xt) = = mowuo T > T)) dr
u 0

o OloT
—/ (12K21/ >\/Odr 12K2"

Lemma F.3. On the state space Q x [L] we deﬁne the measures

I N

Zw]ﬂj VI{j =i}

ZWOWO M) =i}
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where 7'(x) is a p.m. on Q2 with component p.m. 7§ (z). Consider running the Markov chain P on
Q x [L] with stationary measure (x, i) from initial measure vy (x, ). Let pp(x, 1) be the distribution
of X where t ~ Unif(0,T) and Xy ~ vo(z,i). Then

()dx

N

A(%@Lhﬁ:%éﬁ?ww (=)

where o is the component weight of o (x, 1) in m(x,1) = agmo(z, 1) + (1 — ag)m1(x,9).

Proof. We consider the following,
( 1)

=1

L T 71'0((90 ,i) 5 (m Z) 5
= () —E . T\ Nd
1—21/9 ( mo(x, 1) mo(22) |: w(x,9) ]) mo(@, i)dx
L 7r0(ac %) N ) o ‘
= sz/ 71'(1 i) 7/ mo(x, 1) Dp(x, i) +/ mo(x,4) pr(z,i) & 4
2 ° Jq mo(z, 1) o wh  w(xi) 0w w(@,i) 70 (,7)

To 5 (x)

/Q( ll wLﬂ-L (=) _/ng(x)c%fwg(x)dx

pT(va)o%/fng(%L) T (LJE)I)dI 2

ot [ ( ; 1) b ([ pelen) 2
Q ' ()

Note that P (x, L) is the non-normalized component of the p.m. at the L-th level. However, this is

homogeneous in the numerator of the previous expression therefore we have that this equals

pr(z, L)wLﬂL z)/prT (z L)wLﬂ.Lx()z)d:E 2
—1) b ([ prto )

L
=w,
0 /Q ( i (@)
To finish the proof, we apply Lemma F.1 which says
mo(x,1) o)) < XQ(VQ(Z‘,i)||7T($,i)) 'CP[(WO(J/',Z.))'
m(x, 1) ag-T

Varﬂ'o(:c,i) (pT( )

Therefore we have that

I \/

__1)27n?(x)da: X (o, )| (2, 7)) - Cpi(mo(x, )

2
aowl - (prT x,L)—1 (()x)dm) -T

pr(x,i

g ()

Lal(y

g ()

L(.’E

X2 (vo(z,i)||7(z, 1)) - Cpr(mo(w,7))

pr(z, L)wLﬂ-L m)/prT x L)wLﬂ(L%)dx 2
/( —1) ik
Q

iy ()
0

Lemma F4. Let X, = (X,i) € Qx [L] and Y = (Y,i) € Q x [L] with X, drawn

from the density Dp(z, z)m’(m Z)/Z, where Dy is the distribution of Xy with t ~ Unif(0,7T),

7(x,i)

mo(®,1)

Z =% fQ Dr(x, i) o de, and Y ~ mo(x,i). On the state space Q x [L] we define the
measures

Zw]ﬂj VI{j =i}

ZWOWO M =i}
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and the relation w(z,1) = agmo(x,i) + (1 — ap)m1(x, ). Then

1 (X2(y0(g;,z')||7r(g;,¢)) -cp,(m)(x,i))>%

ag(w§)?-T

/I) (x,L) i (x) dx >
o 1wkl () T g

Yo
o

o0

k, we have that
oo [Epy (52)]°T

2 = NN (IL‘, Z) :
——/Z <e.
X <pT(:c,z) @ 0) / wo(z,z)> <e
The data processing inequality for random variables with f(z) = I(z = L) yields for any random
variables X, Y that

Proof. By Lemma F.1, for e =

X2 (Xt Y/) > x? (I{f(t =L} H I{y = L})
. _ whnl ()
pr(z, L)=57% oo
= X (pT(xJ)WO(x"Z)/Z Wo(l‘,i)> > x? (Bernoulli JaPr( “n>(z) H Bernoulli(WQL)>
m(z, 1) > Jor(x z)?((;;)) dx

The chi-squared divergence of two Bernoulli random variables is lower bounded by
fQ Dr(z, L) wy 7r° dx .
7T N2 (.UO

12 JoPr(w,i W(J((Jc )) dz

2

This yields a lower bound of

LPT(x,L)mdm > (wg _65> Z/QPT(J;’Z-)?(%Z))M

i

Applying Lemma F.1 yields
> W(%/ﬁr(x .)Wo(ﬂf,i)dm_ <X2(VQ($,i)|F($,i)) -Cp](ﬂ'o(l‘,i)))Q
Q

! 7(x,4) ag-T
which by Lemma F.2 is
o (XZ(VO(x,i)|7r(x,i)) .cpl(wo(z,i))>%
~ 22 ap-T
This yields
/]3 o.0) @) g 1 _<x2(uo(x,i)||7r(x,i))~Cp1(7r0(m,i))>5
o 1 wkak(x) T T 22 | ao(wy)? - T

G ESTIMATING PARTITION FUNCTIONS

In this section we show how to approximate the weights w; j and r;. Partition function approxima-
tion is standard for stimulated tempering on non-normalized distributions. One approach is to run
the ST algorithm to the /th level and then acquire a Monte Carlo estimate of the partition function
at the next level, see Ge et al. (2018c). However, in our setting, we also require an estimate of
Zi = fQ apmr(x)q;(x — xp)dx. Without access to the component functions 7 () of the target
measure m(x) = Y & agmE(x), it is not possible to directly estimate Z; j, via Monte Carlo. Fortu-
nately, we only require an estimate up to polynomial factors, so we can use the assumption that after
tilting towards the warm start point, a significant chunk of the mass of 7 (z)g;(z — a:k) comes from

7k (x)¢; (x — xy) (Definition 1.1(2)). Hence, it will suffice to estimate Z, j, = fQ x)q;i(x — xp)dx.

To obtain an estimate of Z; j, we define

Tk(z) = p(x) - @ — z),
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where p(z) = ), axpr(x) is the target function. Since we assume oracle access to the target p(z)
up to normalization and ¢; () is chosen, we can freely evaluate 7; 1, (z). Next we define p,(z, i) =
I/Opng’tel to be the distribution of a sample at the i-th level after running the ALPS process for
time ¢ from an initial distribution 5. This Markov process converges to the joint distribution of
pi(z) = p(x) - Ziw:l w; kqi(x — xp) over the levels ¢ € [1,1]. Below we state the inductive
hypothesis which assumes component and level balance (def. 2.3) is maintained through level [.

Assumption G.1. (Inductive Hypothesis) Ler Z; = [, pi(z)dx and Z ) = [, comi(z)qi(x —
2k )dx, and U be a given parameter. We make the following assumptions at the l-th level:

HI1(l) | (Component balance)

ik 1 .
% € [Q’C1:| forallk, k' € [1,M]andi € [1,1],
where C1 = poly(CtUm ).
H2(l) | (Level balance)
O]
r: Z; 1
0 L e [,02] forall §,j' € [1,1],
ry 2 LC
where Cy = poly(czU ).

tilt
The following lemma follows directly from the inductive hypothesis.

Lemma G.2. Let Assumptions 1.1 and G.1 hold and let Z; j, = fQ m(x)q;(x — x)dx. Then

ik Zi at C

W; | L4 k c [Ct It 1

4 b
Wi g Zi C1 7 crane

} forallk,k' € [1,M]andi € [1,1].

The following two lemmas make clear how the inductive hypothesis is used to bound the weight
component of modes at varying levels. Lemma G.3 shows that in the context of Algorithm 3, re-
weighting the level weight rgl) at the initial level yields weights which still satisfies the inductive
hypothesis H2(!) but with a different constant. By placing more mass on the first level, the level

re-weighting allows for a good portion of our target distribution to be aligned with our initialization.
Therefore, in this section, the level weights {rl(l) }_, will be replaced with {721(1) }_, in the following
section. This will allow us to consider the practical scaling where the initial level is up-weighted.
Note that this pushes the work of the inductive hypothesis H2(I) onto the following lemma.

Lemma G.3. Let H2(1) hold and let 7 = 1 - Cor\" and #" = +{" forall j = 2,... 1. Then

NO)
1 IS

<L L <2
1-C3 ~ iz, 2

forallk,j € [L,1].

Proof. The conclusion is clear for j, k # 1, which remain unscaled, by the inductive hypothesis

(1)
i Tj Zj
Cy — f](cl)Zk § C2.
7Dz,
It suffices to show @)7? € [%,l . 022] ; then the same bound follows for the reciprocal. By H2(l)
T 1 2
applied to rﬁ-l),
iz, 1 Vz [ 111 } . [ iy CQ]
iz~ 1-Cyplg ~[1-Cy Gy’ 1-Cy 7P| 1-C3 7
as needed.
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Note that H1(1) says that components at the same level are approximately balanced, while H2(!) says
that different levels as a whole are approximately balanced. Putting these together, we obtain that
components at different levels are also approximately balanced.

Lemma G.4 (Balancing between all components at all levels). Given Assumptions 1.1 and Assump-
tions G.1, we have

Dy 7 1
Z)w# [C} foralli,i' € [1,1] and k, K € [1, M],
/’A'i/ wi’,k/Z’L",k/ C

where

102C2

Ctilt

C:

Proof. We start by using the tilting assumption and Lemma G.3,

(1
1 fgl)Zi < cin 5)2 Wi, ;Z;;

P2 S w2
L A(l)wzkzzkz Wi Zig

Ceitt b J wikZik

(l Wir Z,LI K

). )
T'i, w1/7kIZ,L/7k/ Z] W k'Z S

By inductive assumption H1(J),
L ()w, kZ kM 01

Ctilt
7"( )wl/ k’Zi’,k’M .
()
Cl r; wi,kZi,k‘
oA
Ctilt T,fl)wi',k’zi/,k'
(1)
Ctilt 7y Wi kL ks
.02 — A0 ’
CQ Cl rz(/)wi’,k/zi’,k/

| /\

a

=

Since the above lower bound holds for all ¢,4" € [1,!] and k, k" € [1, M] the reciprocal holds as an
upper bound. O

Proof Overview: In the context of Algorithm 3:

1. We show that| H1(I 4 1) | by showing the following,
Ziy

. Z Tk (Tg) e “ ~ [Zé;l’; I{i = l}] = E, Eé;ll’; I{i= l}} NP [;é;lzk) I{i= l}} T

p(x;
J» J ( A) (B) ©)

where in the (B) and (C) steps we show that the two terms are within a constant factor.

(a) In Lemma G.5, we prove (A) using Chebyshev’s inequality.
(b) In Lemma G.6, we prove (B) by utilizing the work in Section F, which shows conver-
gence of the Markov process to the “good” part of the stationary distribution.

(c) In Lemma G.7, we show (C) by using the tilting coefficient c;;;; to compare 7; j, and
ﬁ'l,k'
2. We obtain an estimate for the partition function of P (x) =
( > o (%)) (X wit1,kq+1(z — 1)) by again showing that

1(#5) 1(z) 1(z) 1
ZpH- I{ i —l} ( [PH I{i= l}] [pur I{i = l}} Zi+1

plxj,15) p(z, 1) P, i)

(a) In Lemma G.5, we prove (A) as an application of Chebyshev’s inequality.

A) (B’)
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(b) In Lemma G.8, we prove (B’) in a similar fashion to Lemma G.6 for (B).

3. We then show | H2(I + 1) | by level rebalance.

We split the work of this section into three subsections. The first, Subsection G.1, finds bounds
between the ratios of the expectations terms from the proof overview. These bounds contain several
constants which depend on the spectral gap and the mixing time of the projected chain. In Subsection
G.2, we give an upper bound on the spectral and analyze the mixing time of the projected chain.
Lastly, Subsection G.3 combines the results from the previous two subsections to show that running
Algorithm 3 mains the level balance in the inductive hypothesis.

G.1 BOUNDING THE APPROXIMATIONS

2
Lemma G.5 (A: Chebyshev). Given i.i.d. samples ©; ~ 7 for 1 < i < N with Er [f ]2 < R, then

Ex (1]
with probability at least 1 — 0,
& Ticy f(@:)
loe< Nei=l V) o] 4 ¢
Ex[f]
where € = %.
Proof. This is a simple application of Chebyshev’s inequality,
& Yy fl@i) L ¢ E-[f*] _ R

P M,1> =P _ ifEﬂ_ > .Eﬂ_ <ﬂ7<7.

( B ¢ N;f(w) | > e Bl ) < 55 T7F < ne2
Letting € = 4/ ]\% yields the desired result. O

In the following Lemma G.6 we are able to show that E;, [’;"(;15’ I{i = l}} =<E, {Z’&ll’; I{i = l}} .
This is a consequence of our results in Section F that show p* converges to the good part of p(z).

Lemma G.6 (B). Given Assumptions 1.1 and Assumptions 3.1

N

1 : vo(x,1
Ctilt(yo(wl) (1 +X2 <7Tl+1,k H Wl,k) > .A) < - O((m Z))
e e
1
2 (vo(x,i x.1))- T4 2
where A — (x (vo ,>|z»0((;§22?1(p0< ,>)>
(Tp < H H . Applying

this here and then using contraction gives
Epr |:m;3r(1oji()w) I{i = l}:| ‘

M1,k (2) 7ps
Ep{ Lt (O 1 = 1}]
Lower bound. For the lower bound, we first compare the denominator to just the integral of the kth

component, i.e. Zjy, using the tilting assumption. Noting that p(x,)I{i = I} = r;p;(x) and
denoting p; T( ) = pr(z,l). Also note that in order to apply the lemmas in Section F we define

mo(z,1) = wym g (z)I1{i = 1} + ZJ " wp;(x)I{j = i}. Then we obtain the lower bound

1% (J?, ’L)
p(z, 1)

ﬁT(J?, 7,)
p(z,1)

Lo - L

EﬁT |:7rl;(1x,;’cl()m) I{Z = l}:| fQ ﬁl,T(x)de fQ ZA)Z,T( )Mdz

rip(x) ) z
en R Ternp(o) )
B =)o@ L@
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replacing rl(l) are constants, so canceling terms yields

 Jopur(@) D da

fQ Wk (x)
Next we apply the definition of 7,11 ;, and w(x) = >, apmy(x)

fQ pur(@) [ﬂ(x)gz;;((;c xk)] dx g fQ prr(z) {@kﬂk(ﬂgigi?;)(m_l‘k)} da

Jom(@) - @1 (z — zp)d Jom(@) - @i (z — wp)dz
by tilting, Assumption 1.1(2)

A apmr(x)-quyi(z—xp) d
fQ prr(x) { wlp(z) } * R g () - qra (o — xk)/Zlek
= Ctilt pz,T(CC) dx

Jo ki - i (@ — ) da whpy(z)
PULT Ti41,k Tie1n PLToTy
= CtiltETrl’k [ 1 = Ctilt * Eﬂl7k : 9
Tk WDl Tk Tk
where we write it in this way so we can use the closeness of ;11 j to 7 3, and the convergence of

3 (vo(@,9)lp(e.8))-Cp1 (po(a.i))
ag(wh)?-T

> Cilt

Py, to the good part 7; . of p on the ith level. Let A =

1
2
> . We first

bound the expectation when p;, T is normalized to a probability distribution:

A T,k A Tk
DT /prl,Tpl dx
T+1,k
Eﬂ'l,k : -1
T,k

Tk

by Cauchy-Schwarz,

2 PRk 3
<x? (TFH—Lk | m,k) X (JM | 7Tl,k>
QPLT
by Lemma F.3,
<X2(7Tl+1kH7le)2' =
< , , fQ voPT (1) wlﬂpl[?z) dx

Multiplying by fQ D, T dx we have that

T4+1,k D Tw 3 . Tk 2 2
Er, { ' 7l > P do = x*( gk || me ) - A
Q 1

Tk Tk

It remains to lower-bound this first term, which is the fraction of mass that is considered to “be-
long” to the kth component after running for time 7, compared to the fraction for the stationary
distribution. This is lower-bounded by Lemma F.4,

1
T D, Topk 1 B
]Eﬂ'l . I+1,k . wt pz Z : —A— X2 Tit1k H Tk AL
L Lk Tk 9 || olz,1) ' ’
po(z,9) || o

Lemma G.7. (C) Given assumptions 1.1 then
By | 25 100 = 1)

1
Co'

1<

<
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Proof. By assumptions 1.1,

Ti+1,k .
K, [ﬁ(w’) Hi= l}} pr x)qi1(x — zy)dx

] A e

1
co

<

and we also have,

E, | 2L {i =1
pl:p(x i) {Z }:| o fQ Zk akpk(a:)ql+1(x—xk)d$

7 B appr ()1 (x — xp)dx
| Besr=n] oo

O

p(x,1) P| p(=,)
ceptually and proof-wise this is the same as Lemma G.6. The only difference is that now we are
showing the closeness in the importance estimate holds for the entire next level p;y1(x) with the
learned weights w; 41 .

In the following Lemma G.8 we show that K, | 225 1 — l}} < E, 2@ 1oy — l}] Con-

Lemma G.8. (B’) Given Assumptions 1.1 and Assumptions 3.1. Then

1 ) By | B8 10 = 1)
Ctilt * <2|Uo(“)” <1 +x? <7Tl+1,k H Wl,k) > 'Acl) < <

po(z,1) E [p;?; S)I{Z l}:l

o (:L’, Z)
p(z, i)

i
Lo

(NI

where Ac, = (X utetlnen) oo ntzo) )

Proof. We show that by normalizing p,

| Pra(x)
Esr { ;(rm’i) } Z fQ pr(z, z) )Pl+1 Z)I{’L I}dx

p(z,0) p(2,)
B | B E. | Brri(@) I{i=1}
P | B0 P i)
Bt S Jo | B e, ) 1 = Uy
By | Bt = 1|

_ ‘ ﬁT(va)

p($, Z) Lee
By contraction,

VO(xa Z)
p(l‘,i) Lee

Denote p; 7 (x) = pr(z,!). Then we obtain the lower bound

Esr [p;,f; S) I{i= }} Ej(2,0) [iﬂ;ég} Ep, + [Z"' wm'kf,?;k(g)'ql(x_mk)

= = > —
E, | e — g Jo Pri1(z)de Jo i1 (z)de
2 ey
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by tilting assumptions 1.1

E- Zk ’wl+1,k0<k‘ﬂ'k($)‘fh(x_3?k)
bu.r e

Yok Wi kOkTR(T) - qi(x — x1)

ZL+1 0
> Crilt =Ep » [

Jo 2k Wi kanmi(2) - @@ — p)de whp(x)

Let p; o(z) = >k Wi ki (2) - ¢i (2 — xg), where Zy10 = Y, Witk 2141,k

Zl+1 0

Pi+1,0 pl Tw ‘1
= ctilt : Epl,[] |: : N

Pro Pi0

1
2.x? (vo(x,9)| |7 (,3) ) - uy i 2
Let Ag, = (Cl x( 0(17221(5;;;1).;”( o(z, ))> then we can show

Pi+1 ] 1

E ! 0 pl TW ydi ( ( |
o p 2 2 0 P X I+1,k L,k . AC .
1,0 |: pl,O 1,0 ||V (I,Z)H s H |

po(z,1)

Consider the following

pLT z fQ Do
Di+1,0 / T
Epl,(] [ ) -1

P10

— P10

~ Pi,0 N
pl,Tm/fQ b=,
<E (pl+10_1>.< _1>’.

By Cauchy-Shwarz,

z P 2
< 2 . 2( P ) .
S X <P1+1,0 || pl,o) X 7fgﬁl,Tp;;O dx H Pro

Since pio(z) = >, Zwb u’jZ]’Z" 7 k(x) the ratio r in the context of Lemma J.4 is given by

w1 kZ1+1,k
2jwign,j 41,5
wy kZl k
;w21

Therefore by ‘Lemma F. 3 and Lemma J .4,
V2 (o) pla Y ¢
X° (vo(,1)||p(z, 7)) - Cpr(po(z,i
< Cix* <7Tl+1,k I 7Tl,k> : < ( . )) (pof ))>

r= . Using the inductive hypothesis (H1) this can be upper bounded by r» < C?%.

agwh - T
Together this yields,
D, e
Epho |:pl+1,0 ) w! pl :|
b0 b0
=3 @ d)lip(e,9) - Cpi(polw,1)) ) 2
/Pz Cix? (7Tl+1kH7le) < ( z) ( )
aowy - T
1 1
Cf'xz(Vo(m)l\p(r,i))-cm(po(m,i)) : X (vo(@.d)llp(.0) -Cpr (po(a.) ) 2
Let A, = o WE)ET and A = o D) T
then by Lemma F.4,
1 , 3
> e —A—X 7Tl+1,k|’77'l,k -Ag,
2[| 22 ]oo

1

1 2
> e (1 +x? (Wz+1,k H Wl,k) > WAV
2|22 |oo
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Lemma G.9. Let Assumptions 1.1 hold. Then

B (o) [ (5E%) IH{i =1} _ _
P ( )[(:(ﬂl)k) ] (XQ (ﬁ'l+1,k/Zl+1,k I 771_“6/Zl,k) . 1)
Epr o e 10 = 1]

C’
1
. 1 2
with Cz = Ctilt<2||vo(z Iy ( <7Tl+1 k|| k) ) -A) and
po(z,3) 11>

. vo(,i)
B iy [(Z242) 1 = }]< 7

vo(z,1)
p(z,1)

Lo MCl

Ctiltwl

p(z,3) Lo 012

T — 2 2 1
EﬁT(a:z [p;(r;(z)) {7/ }] CB’ CrigW

1
2
. 1 2
with Cgr = ¢yt <2Hy0<z,7~,>|l - (1 + x (7Tl+1,k || m,k) ) -A01>.
po (z,3) 110

Proof. For any function f,

B )1t = 0| = 3 [ Bt ) o1 =

(T, ) Zigr e || T/ Zs) — 1)

pT(l',Z) . . VO('IJ.) . .
<[], mrwari=n] <[ 53] _mlrwori=o]
By Lemma G.6,
Bar (S 140 = ) 2 €3 By [ = )
Therefore,
Erreo () 10 =1] _ 565 ], BolGe)’1ti=10]

E

pr(z, l)[ﬁﬂkl{Z }]2 - Ch ]EP[WZEIz’;I{Z }]

Further simplification yields

Ti41,k

2
T4l l ! _
E [(pl(; lk) I{i= l}] B fQUJ pl(x)(mpz(x)) dz _ i <7Tl+1’k/Zl+1’k)2d$

B _(fgwlpl()“mdxf o p@)

ripL(x)

Since p;(z) = Z% > p m(@)wy kqi(x — x1), by Lemma J.4 and Corollary G.2

> 2
1 (7Tl+1’k/Zl+17k) 1 o, B
J Q pl(CC) dx = J(X (7”+1ak/Zl+1,k H pl) — 1)
1 Zk’ wy k:/Zl K’ 9/ _ ~ B
< — = 7 7 _q
= Wik Zir X (Ti1/ Zivaw || ®ik/ Zug)
MC B _ B -
< o 11 <x2(m+1,k/Zz+1,k || T/ Zig) — 1>.
tiltW
Similarly, by Lemma G.8,
Pr1() i (@) ,
Ep Hi=1)]">C% E Ii=1
e[y T =] 2 By (S = 1)
%
T Ty (e G )
po(z,i) 11>
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Therefore,
Erron[Gd) 10 = 0] _ (560 | Ep[(Giaf) 10 = 1]
Eﬁm,@[%z;,iﬁf{z’=z}]2 T Oy R [E2RIG=1]
Further simplification yields
2
nlepr=n _Sro(B8) ¢ ghmEte 1 e,
Bl )I{HH (Jowtinte) Bt ao )2 2 (fomla) p;t;i?’df e

Since p;(z) = Z% > r m(@)wy kg (x — x1), by Lemma J.4 and Corollary G.2,

wl+1,k2l+_1,k

1 1 xZ 2 S 1L ’ 1 _ = _ =
_ p +1( ) dCC < k wl+1,7i I+1,k7 J(XQ(Wl-‘,-l,k/Zl—&-l,k || Trl,k/Zl,k,) o 1)

w! pi(x - Wi,k 21,k
“ ( ) Dt Wkt Dy g
CY o > _
< = (F1,6/Ziv1k || Tie/ Zi) — 1).

1
CrireW

G.2 MIXING TIME BOUNDS

Lemma G.10. Given Assumptions 3.1, let wo(x, 1) = Zé’:l ﬁ;l) 22/1:1 Wik Zjk %@I{Z =
g

7} In the setting of Theorem E.1, we let Ty be the projected chain so that T ((z, ])) x fgl)wivj Zij.

Then
CMr-1?

Cpl(ﬂo(m,i)) :O( ’y.)\

)
max; . ;/<; 70 ((i/-j))

min <7‘ro ((i,j)) , o ((ifl,j))

where r = ) and C' = max;; Cyj. When applying the inductive hypothe-

Sis
C’fC’gC’M A

Cpr(mo(z,4)) = O( oy A

Proof. First we note that by theorem E.1 we have that

Cpr(mo(z,4)) < max {0(1 + (6M +12)0), 70, 12AC }

We are free to choose the constants v and A and C'is the maximum of the local Poincaré constants.
Therefore it is left to bound C, the Poincaré constant of the projected chain.

We show this using the canonical path method, Lemma J.7. Given the projected chain of the ST
process there are two types of distinct edges. First consider the edge e = ((1, ), (1, %)), we have
that

1 — —
l(e) = ﬁo((i,j))P((l,j), (l,k)) ee;y ﬂo(w)ﬂo(y)‘%ay\.

Given the definiton of P((1,5), (1, k)) and our lower bounds in Lemma J.5 and Assumptions 3.1,

oQ) S Fol@)o(y) -
min (ﬁo((Lj)),ﬁo((Lk))) e€Tu,y

<
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Moreover, the longest path in our projected chain is from z = (I, k) to y = (I, j) and is of length
2l — 1 therefore

(21 — 1)0(1)

!
< 2/~ 1)0Q) S w0 ((69) 3 7o (7, 8)
min <7r0((1 j)),ﬁo((l,k))) i=1 i'=1
< maximo((6 1) o1~ 1y001)
min (ﬂo((l,j)),ﬂo((l, k‘)))

Now consider the second type of edge e = ((4, j), (i — 1, j)), we have that
1
i(e) = —— — 7o ()70 (Y) [Va—syl-
o ((i,4)) P((i,5), (i = 1,7)) ; o
Given the definiton of P((1, ), (1, %)) and our lower bounds in Lemma J.5 and Assumptions 3.1,
o(1 _ _
@) S o)) ess -
min (770<(i7j>)77r0((i - 17.7))) €€l ,y

Moreover, the longest path in our projected chain is from z = (I, k) toy = (I, ) and is of length

2] — 1 therefore
(20 —1)0O(1) Z Fo(2)o(y)
) l

<

<

min (WO((i,j)),wo((i —1,7)) | c€lay
(21 —1)0(1

min( o((6,3)) 7o ((i = 1,)

7)

t—1,7

IN

i =i+1 =1 =1

IN

maxX;«<q/<i 7T()( l(2l _ 1)
o((

min( o((6,9)), 7
(1

In the case of induction, by letting 7o ((4, j)) o 7; )ww Z; ; and applying Lemma G.4 we have that

o(x)
)
)) > WO((i'7j)><izl7T0((i/»j))—&-iwo((i',k)))
)) 0(1)

max;<i <; 7o (7', j)) < IC3Cy

min (7o) 7o (- 1.3) )

O

1
2 (v (x,i x,0 x,1 B
Lemma G.11. Given assumptions 1.1, 3.1, G.1 and A = <X ( o(z,9)|p( )> Cpr (po( ) ))> then

()/U(wo)2T
choosing
1 11 1
T = Q(poly(l, M, C1,Cs,C - =, —
(pO y(7 y U1, L2,y ’Ctilt, A”)’7 6T))
yields A < 6.
Proof. We have that,
2 . . % I/o(I,i) ( ’ )
X \Yolz,2)||p(T, < - —1=
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By Assumptions 3.1

||l/0(£L' ,1)

o < U.
p(x,7) I

By Lemma G.10 with po(x, i) :fl(l)wl,kfrl’k(x)l{z l}+2j 175 pjo( x)I{j = i} we have that,
CICQC’M-ZQ)

Ctizﬂ'A .
For fo(z,i) = # wame@){i = 1} + X i 50(@)I{j = i} and plz,i) =

S 7V (@)I{j = i} with ag defined so that p(w, i) = agpo(w,i) + (1 — ag)pi(x, ) we have
that

Cpr(po(z,i)) = O(

l ~ .
Zi:l fQ Po(x,i)dx
1 ~ X
Yic1 Jo P, i)dx
D Zio + S D Zioda
- s 0 Zda

111

P07+ 37080 Z,da

zlz

Zl Y Z,da

'le

Qo =

> Cile

= Ctilt-
Lastly, for po(z,1) = fl(l)whkﬁl,k(:c)l{i =1} + ZJ 1 gl)pjo( )I{j = i} making use of Lemma
G.4 and Lemma G.3 we have that
z # wu Jo (@) de
251:1 721(” Zﬁjzl Wi kg fQ ik (2)d

(1
7“1( )wl,kZl,k

(1
2221 7"1( ) Zﬁil Wi kL k
1

Zz 121@ 1 f,i wlkZLk

7‘ wl k’ZL k!

Ctilt
Putting all of the bounds together we have that

A <x2(uo<x,i>||p<z,z'>> - Cpi(pola, 1)) )5

<
ag(w§)?-T

(O(Cffji”ﬁ‘ﬁ) 2. M2 0402)
e T
Therefore choosing
T_ Q( ISM3CCi{C3 )
O+ Ay
with an appropriate constant yields A < dp. O

G.3 PROOF OF INDUCTION STEP

In this subsection it is shown how estimating weights by Algorithm 3 maintains modal and level bal-
ance. Its important to note that Algorithm 3 has three separate Monte Carlo estimates, it’ll be shown
how each one is used to maintain level balance. First, Algorithm 3 estimates the modal weights at
the next temperature level, the analysis of this component corresponds to Theorem G.13. Then, after
estimating the modal weights, the level weight is estimated, which corresponds to Theorem G.15.
Lastly, the algorithm is re-ran and samples are collected to re-adjust level weights, this corresponds
to the analysis in Theorem G.17.

We show in the following lemma that the constant 2 from Lemma G.5 is bounded.
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Lemma G.12. Let Assumptions 1.1 and Assumptions 3.1 hold. Then for f = k@) g f=

p(m,l)
Pig1(x)
p(z,l) )
EPT [f ] < R
EPT [f]
with R = poly(l, M, Cy, Cz, 71—, U).
Proof. By Lemma G.9,
g1 @i )
]EﬁT(‘T’i) [( pl(-; l; ) I{Z }] p x Lo MCl

<X2 (Tre16/ Zivw || T/ Zig) — 1>

Ctiltwl

B oty [ 22 1{i = 1]
1

l
C
1 2
with Cp = Ctilt<2|vo(z o) ( (771+1 k|| k) ) ~A) and
po(x,i) 11o°

vo (z,i)

Epp o [(B5) i =1)] |59 3 . _
LA G2 < S O T/ Zisrw || T/ Zig) — 1)
EﬁT(x,i)[ 31 z) i = }] Ch iy ’ ’ ' ’
%
with CB' = Ctjlt * <M <1 + X2 (7Tl+1_’k || Tl'l7k> > . Acl> .
po (i) 1190
As made explicit in Lemma G.11, with T = Q(poly(l M,Cy,Co,C, — lt, i, 1, P )) the Cp and
Cp terms can be lower bounded by Hoffgi”g“ Moreover, using that \”O(T i) [loo < ||;g(z ? l|oo
po (z,i) 1190
yields the final upper bound. ’
0
Since w! = ziﬁlz)lzk’
i _ Zk f]il)Zk _ f%l)Z1 + 22_2 f](il)Zk _ l- Cg?"%l)Zl + 22:2 T”(CZ)Zk <9.1. 022
wl A(Z)Zl A(Z)Zl ,,,l(l)Zl -
vo (i)

Using

e < U and x*(Ti41,6/ Zis1k || T/ Z1e) = O(1) by Assumptions 3.1 then

Loo
combining the bounds yields
H Sl . me AMC, C2U?
p(x,8) || 00 1 2/- 5 _ 5 103
T Z mk/Zig) —1) < ————-0(1
C% o (X ( l+1,k/ 11,5 || l,k/ l,k) ) = C?ilt (1)
vo(,1)
p(x,i) 02 _ = _ = 2[0202U3
oz 2 O/ Zovr || Tk Zik) = 1) < 7;3 22 .0(1).
B tilt tilt

Theorem G.13. [HI(l + 1)| There is C; = poly (Ul) and R = poly(l,M,Cy,Cy, /-, U)
such that the following holds: Suppose that HI(l) holds with C. Then Algorithm 3, running the
continuous process for time T time and obtaining N samples, with

1 1 1
T=0Q ly(l, M, C U, —
(po v(t Ctilt N v’ 5T))
R
N*Q(g)v

returns weights such that with probability 1 — 6, HI(l + 1) holds with the same C1. The key choice
in Algorithm 3 is the weighting
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1

N T T
T, e iy = 1)

Wi41,k =

Proof. We have with probability 1 — § that lettingcy = 1 — 4/ %, CB = Ctilt <M — (1 +

. po (x,1)
2
X2<7Tl+1,k ||7Tl,k> > 'A>,CA=1+ £, Cp=

vo(,i)

p(x,7)

1
Ctitt’

and cc =
Loo

LYY, el gy LT Tl ) E“[p<?5f{’ 1] EP[PLW{’ 1]

J=1 p(z;,i;) p(x;,i5)
Zit1k o 7 7 Zl 1k/Z
: B S -0] B[] +

€ [cacp, CaCpCc]
by applying Lemma G.5, Lemma G.6 and Lemma G.7 to the three terms respectively.

R
N§

1
A — x? (Vo(ﬂf i)||p(w,i) CPI po( 3371)) 2
- ag(w)2-T

yields that we can take

Choosing N = Q(= reduces to a constant. Lemma G.12 provides a bound for R. Let

then by taking the ratio of the two Monte Carlo estimates

1

oo Ctilt

S .
2
cm’lt(zuu%lw - <1 + x2 (m+1,k H m,k) ) .A>
0

The rest follows from Assumptions 3.1 and Lemma G.11 which yield

vo(x,7)
7(x,i)

1
C:max{CACB, } S
CACB, CC

1

X2 (7Tl+1,k || Wl,k) = O(l) and A = 0(5),

respectively. This yields

vo (@) L1
m(@,1) || [oo  Ctilt

cmt(m _ (1 + 0(1)) . 5)

By choosing T so that 4 is negligible

2(1+9)
c?ilt(l —9)

C<

vo(z,1) 2
m(x,1)

L(x)
Which by Assumptions G.1,

4 U
C < 5—U? = poly(—).
Ctilt Crilt

O

In order to simplify the proof of H2(1+1) we offload some of the work to the following lemma (G.14).
This Lemma combines the bounds from the previous lemmas, Lemma G.5 and Lemma G.8, to find

w0 g
an upper and lower bound on (l) . Then the theorem that follows, Theorem G.15, details the
Ti4141+1
e
run time 7' and number of samples N required to guarantee rY ZZ’“ [c%’ C5]. Tts important to
141

note that Theorem G.15 only guarantees the exist of one k € [1 l] that maintains level balance.
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Lemma G.14. Given Assumptions 1.1 and Assumptions 3.1. Let Ag, =
1
22 (v )| |7 (x, o (x,? 2
(cl X (o, it §))TC’”( ow)) and choose #!), e  with N = Q(%)
ao(wy ¥ X 36, ﬁf{ =l}

then with probability 1 — §

Ctilt (1-6) ;, 1442 7 H T : A & < (144)-
12C2 2Hu0(:c,z:)||oo X\ TM+1k || TLE Ci A(l) Zis

po (@) T4
forall k € [1,1].

vo(z,1)
p(z, 1)

oo

Proof. By Lemma G.5, with R as in Lemma G.12, and Lemma G.8 we have that

Prt1(x)

N T N 1(x;) Cat SN ) —
NI R =1 XL B, = B esri=n]

_ i=j p(xj 1])
Ziin / Z E;, [”?;(S)I{z 1}} E, {”;j;(f I{i= 1}}

1%} (1‘, Z)
p(z,19)

=U.
oo

IN

(149)-

Similarly, we have that

Prr1(x)

N 1 N 1(z ) E; I
N Z =7 Il;l(;pzj) {ZJ l} N Zl =J Z;;J lj l} P |: plz, l) {Z :|

lin 2 AT ] AN

1
1 3
> crin(1 — 5)(2”U0(“)|| <1 +x° <7Tl+1,k || Wz,k) ) 'Acl) =1L

p[)(liZ

1yl Zit1
= —=41L_we consider
VA 1 (l)Z

i=17T4 2
N piya(w)) l l
NZz =Jj ptvlj zJ])I{Z]_l} Zz 1 z()Z G[L U]
1 Y
Z
Zl+1/Z NZ; v, I;l(tl(LJ)I{ =1} +1
7O 7
— Tk Tk —— < Uforallk € [1,1].
F XN, ) 1= o
By the pigeonhole principle there exists k € [1,] such that
L w1 7,
7= L Zia
Pry1(ej) . I+1

N Zl i Bleji )I{Zj:l}

Lastly,

Lemma G.3 yields for all & € [1,]]

L w7,

l202 - L Ziq
2 D ('c +1
N ZL =j pl(tl ij) =1}

O

Theorem G.15. There is C = 1>C3 - O( Lt) and R = poly(l, M, C1,Cz, ——, U) such that the

following holds: Suppose that H1(l) holds vtwth C1 and H2(I) holds with Cs. By running Algorithm
3, the continuous time process for time T and obtaining N samples with

~ 1 11 1
T=0Q l Z7M70707C7757a757
(poty( BB Ny 5T))
R
N=a(d)
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Then there exists k € [1,1] s.t. with probability 1 — 6

(1)
l < (rl/;ﬁi <C.
¢ f‘l+1Zl+1

The choice in Algorithm 3 is the weighting

NO. 1
N D mj . _ :
¥ XL R s =1

Ty =

Proof. By Lemma G.14 this reduces to finding the maximum between the upper bounds on

1
%
(1= 5)<2||”“Ell"’3§||oo - (1 R <m+1’k I m’k> ) ACl)
po(z,i
and
vo(x,1
p(SE,Z) Lo
The first term can be bounded as follows
1
%
g1 =) (st (140 (sl )20,
po (x,i R
< l2022

. )
2
cite(1 — 5)<2uozi,g;” - (1 +x? (7Tl+1,k Il 7Tz,k-> ) 'Aa)
po(@,0) 11

Where A, is A with an additional C’12 term in the numerator. However, as shown in Lemma G.11
the time is already polynomial in C therefore the run time remains unchanged. This puts us in the
same settings as Theorem G.13. Taking the bound in Theorem G.13 as greedy upper bound we get

the same constant C' = O( CtU_lt) with an additional [ - C5 scaling factor.

O

(1)
Theorem G.15 shows that there exists k € [1,!] such that we have good level balance for 5’; ZZ’“ .
Tif141+1

(1)
However, in order to guarantee that the projected chain mixes well we require that the ratio T’fl)z’“

T4
be within a constant for all j,k € [1,] + 1]. In order to prevent the constant from becoming expo-
nentially bad with respect to the number of levels, after estimating the level weight 7'l(l), we re-run
the chain and keep count of the number of samples at each level and adjust accordingly. The follow-
ing Lemma G.16 shows that the level approximation acquired by sampling is close to the true level
weights. This Lemma is then used to prove the bound for H2(1+1) in Theorem G.15.

Lemma G.16. Let Assumptions 1.1 and Assumptions 3.1 hold. Then

Oé(Ctzil)t CaA < VO((CC’-Z))
vo(@,i . p(2,%) || oo
2 ’ Pgood (%) || oo Ep(a,i) |:I{ll = l}] L

.

. 2 (wo(a,)|[p(x,9))-Cpr (p(zi)) \ 2
WllhA:(X (0 pa_T) PI(p )) )
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Proof. An upperbound is given by,

Bt [I{ll - Z}} >iJa ppT(wzz;)p x, i) I{ly =i}
By | 100 = )] By | i =
Burled) I Zz fQ iy =iyp(z,i)dx

pi(z,i)
Ep(z,i) |:I{ll = l}]

e (2,9)
_’ p(x,1) ||pe
By contraction,
vo(x,1)
p(z,i) Lo

To find a lower bound first note that
Esr (a.0) [I{ll - i}} S o (ap v, i) LazealD) (BT (w,4) — ap” (x, )W)>1{11 = i}dx

P(,7)
Eop(a.i) [I {l, = i}] Ep(z.) [1{11 = @}}
since aPgood(,%) + (1 — &)ppaalz, i) = p(x, )

Z Jo 7 (i) Pezetl&D 4]y = iy

b 101

let pgood(, 7) be the good part of distribution on the extended state space. Then consider,

qu(;d(z)z)/z
prlx,?
— 1) H{l = i}pgood(, i)d
’Z/ ( pgood x Z) ) {1 Z}pg d(fE l) T
Pgood (T,1)
)gmm/Z | |
Pgood (T, 1) - 1‘1{11 = 1}Pgood (T, 1)dx
goo
5T (. ) Pacod (.9 N
2< pl(x, 1) ;;(1 :),(z . Hpgood(x,i)>2
Z fgp x, z 9;‘(7302) dx
px1 )
Z/ L =i}de >
goo (CE’L {1 =
Z pr ppj”) )d

Nl

AT p ood(m 7‘)
2( P (x,0)™ p(z,0)

by =1 -
Dgood (T,1) Z pr x, Z pg;z;(zc)z)d

ey

Combining the two lower bounds we have that,

o0d (#:1) 3
. . N .
Ept (2i) [I {h = Z}} N aZ (Epw(w,i) {f {h= Z}] —X <2 I z)piooj<f 7 || pgood(fc,Z)) >

Ep(a.i) {I{ll = i}] Ep(z,) {I{ll = i}}
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By Lemma F.2 and using assumptions 1.1 we get,

pgood(m 7')

~T 1
@ b () s :
S S il [PPY
vo(x,? p 00d (,1) goo ’
2 pgooog(w?i) . Yo Jo 7 () et da
1
Lastly by Lemma F.1 with A = (X (UO(Iyl)Hp(Z.Z%)CPI (p(m,Z))> )
> QC4lt —aA
- vo(w,i)
2‘ ngOd(zii) Lo

O

Theorem G.17. | H2(l + 1) | There is Cy = poly <Ct ” ) and R = poly(l, M, C1, Cs, ﬁ, U) such
that the following holds: Suppose that HI(1) and H2(1) holds with C5. Then Algorithm 3, running
the continuous process for time T' time and obtaining N samples, with

~ 1 11 1
T=0Q 1 Z,M,C70307U77773777
(poy( b2 Ctitt A Y 5T))
R
N=9(5),

returns weights such that with probability 1 — 6, H2(l + 1) holds with the same Cs. The key choice
of weights here are

N
w1y . /1 , ,
! )Tp/NZ:I{Zj .
J:

Proof. Applying the definition of r(l

fQ (l+) 1 (7)dx fgrl Py, (x)dx NZ;  Hij =12}
erliJrl)ﬁb (z)dx erlg P (@)de & S0 i =1}

) the quotient can be rewritten as

Ep(a.i) {I = i}] N g i = L)

a 1 ~N 7 _
EP(IJ) |:I{l2 = z}:| N Z]‘=1 I{Zj = ll}

Eor gy | 1{i=l2}

& 2io Hig=la} _

Eyr o [1{i=la} | By | I{i=la}

E,r (o |T{i=h}

~ Zj'\;l_l{ij:ll}: )

Bt (o) | 1{i=l1} Epz,sy | I{i=l1}

E,T (o0 [T{i=l1}
= I=h) forall 1 <

Therefore it is sufficient to upper and lower bound ¥ i
Bor (04 | I{i=l1} Ep(a,iy [ 1{i=l1}

Iy <1 which we get directly from Lemma G.5, with R as in Lemma G.12, and Lemma G.16. This
yields

145 1 Vo((w,‘i))
a || p(z,i
C= 1-5 Crilt _A
2|| vo (x,i)

Pgood (9 || oo
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where « is the weight of the good component of joint distribution p(x,7) = apgeod(z,i) + (1 —
&) Ppad (2, 1). First we note that by Theorem G.15 we have
(D)
i < Lﬂ <!
¢ =V Zi

where C" = 12-C2 - O( U ). By the inductive hypothesis, we know that C% < % < Cyfori,j €

Ctilt

[1,1]. Together, this implies that C‘%‘ < % < Cyfori,je[1,1+1] withCy =12-C3 - O(-L).

Ctilt

Now, replacing Co with C5 in the context of Lemma G.4 and then applied to Lemma G.10 yields

CfézCMF) o (UC%C§CM : z4>

Cpr(Pgooa(®,7)) = O < CLilt YA Y A

Applying this to Lemma G.11 still yields a polynomial mixing time to bound A. Therefore choosing

appropriately T' = Q(poly(l, M,C4, Co, ﬁ, %, %)), we have that A < §. Since % <
Ctilt T, Loo
vo(x,7)
‘ ngod(fvi) oo we get
9 .
C S VO(va)- . O(].)
ctitt O || Pgood(T,1) || o
By Assumptions 3.1,
1
Cc< -O(U?).
Ctilt - &
Lastly, as shown in Lemma G.11, o > ¢4 therefore
U2
C<0 () .
Crilt
O

H PROOF OF MAIN THEOREM

Proof. We will conclude the main theorem by applying Lemma F.3 to

L

M
m(x, i) Z (rnr(x) . Zwl,kql(x - mk)) I{i=1},
k=1

=1

with L being the target level so that ¢;, (z — x) = 1. Rewrite 7(z, ) as

L—1
(x,i) = whn(@){i =L} + Y w'n'(@)I{i = 1}.
1=1
To get an € bound on TV-distance we note that by Cauchy-Schwarz,

TV (hr(o).7(2) < (o (o) | ) = ( [ (ﬁT(x’L)/ 7{&?@’”“ . Q%m)é.

L

Lemma F.3 with 7f = 7% = 7(z) yields

1

</Q <ﬁT(x,L)/ Jopr(z, L)dz 1)27r(x)d1:>2 LA (H.1)

7(x) = fQ ﬁTLE)mL,L) de

where
1

(x2 (vo(a, i) |(x,1)) - Cpi (wo(x, 1)) )

A=
aowé"T
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It remains to show that (H.1) is < e. We first bound fﬂ %dw. By Lemma F.4, with my = ,

/pzp(x,L)ngZ 1 A
Q

_
wh 2 (wh)z

By Assumptions 3.1,

5 , , vo(z,1) vo(z,1)
Pl Pl < -, .~ ]. - - N < U.
O | I e | I
Then by Lemma G.10,
1 1
CPI mo(T, 1 ZPOZ,’U (Cl,CQ,C Mula - )
( ( )) crite’ YA
Next we bound o and wf by using Assumption 1.1(2),
ZL 1 Z(L)ZzO Ctilt EL 1 AZ(L)Zz
Qg = 7IL A(L) Z 57 ! A(L) = C4lt
Zz 1 z Z Z’L 1 1, Z
I Py Jo Tok(x)de
T ~D)
>ic1 Ty Zk 1wlkfﬂ7rlk
B T(LL)wL,kZL,k
Zf:r fz(L) ZQ/[:l Wik Zi
1
w; k4
Zz Dy W
L.k’ 4L,k
> Ctilt
—L?2. M- C%CQ,
where in the last step we use Lemma G4. Therefore choosing T = Q(Ei2 .
x,L
poly(U,Cy,Cy,C, M, L, 1= 1 1)) yields 5)1 < 4 f, B gy > 4U,andm+md <
€. Noting that Theorem G.13 and Theorem G 17 yield C, = poly( —) and Cp = poly(Ct =),
we have that T = Q( zpoly(U C,M,L, o 7, /1\)) is sufficient. Moreover the number of

samples required at each level to run Algorithm 3 to ensure failure probability at most ¢ for
each level (and hence total failure probability at most ) is given in Theorem G.13 and Theo-
rem G.17 as N = Q) (RL) R = poly(l M,C,Cs, %,U) is given in Lemma G.12 and with
C1 = poly(;; U —) and 02 = poly( ~—) this reduces to R = poly(L, M ,U). Therefore,

N = Q(poly(L M U,— 1))

’an g

’Cz
[

I GENERAL SETTING

I.1 TEMPERING ON R¢

In this subsection, we place reasonable assumptions on the tempering function ¢; () in R and show
that Assumptions 3.1 hold. More specifically, we determine lower bounds on the probability flow
between two modes of the projected chain. Lower bounding the probability flow between modes
will provide us with a lower bound on the spectral gap, in turn, enabling us to upper bound the
Poincaré constant C' of the projected chain from section E. The following assumptions will be made
for this subsection.

. - M M
Assumption L1.  Let p;(x) = >, _, cupi(x) ijl w; ;Gi(z — x;).
1. The tempering function q; is defined as

z))?
qi(a:)zefﬁl 2,
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2. We let the push forward measure qﬁ, be defined as the translation
qf (@) = — x5 + a0
3. The function appy(x) = e~ %) where fi.(x) is L-smooth.

The following Lemma will allow us to find a suitable lower bound on the probability flows between
modes by bounding the x2-divergence between mixture components.

Lemma L2. Let pg, go0qa be the probability distribution defined as in (B.3). Let the distribution

[lo—z;]l2
. z)e P — . . L. . .
Dij = e )Zj B *—— satisfy a Poincaré inequality with constant C;; and ||z — Ey,,(x)]] <6
Sor some constant § > 0. Lastly, let A = 3; — By and A € [0, 2C =]. Then
1 2(dCprs + 62)Aﬂ
*(pirjllpij) < : - L
X (pusllps) = =7 eXp( 1-20.5A8

In particular, for A = O(m) this is O(1).

Proof. We have

_ g Hz—=jll? 2 )
0Py (@), (@ = 2,) | y;(2)as, (0 — ;) e 7 gl
X2( JjPj - J I JiPj Zﬁ J )= — ij ajpj(x)e Bi —— /Zmdxfl
i'j ] Q B_BiTZi/j
o . —Bil|lz—a;])?
— (@)2/e(/gi—ﬁi/)Hx—xsza]p](‘r)e el
Zitj Q ij

Further note that with 3;; < f3; and e A==l /2 < 1, it follows that
Zis = / ;s (z)e=Ple=ml 12y < / asps(@)eBlle==s P2y — 7,
Q Q

. . —Bille—aj||?
Therefore, with p;; = & J(‘”)QZ : ,
ij

. . —Billz—z; . —Billz—z;||?
Zi,j )2/ (il 2 gy () Il x—1g/ Aoy P (@)e Bl
Q
—E,,

e A5\|z—wj||2].

Applying Lemma J.6 yields

1 ApS 2
E, [eAdlle-nl®) < L E [l -2
vl I = T=eas P\ T 20,505 e~ @il

1

ApB
S =203 2C.sA8

2
oo 1~ B Ol + By, ()~ 1)

Lastly, applying the LSI inequality,
1

< - - .
= V120508

1 2A8 d
< A—9C A3 30, A8 : eXp<1 — 20,508 (; Varpij (1) + 52))

2(dCrs + 62)AB
1—2C.sAB
O

Lemma L.3. Let pg, go0a be the probability distribution defined as in (B.3). For all1 < j < M let
a;pj(x) = e i) for some L-smooth function f;(x) and let ||x; — zi|| < D for some constant
D > 0. Then
X2(aj/qu,pj/(x)q1(x —zj) Hajpj(m)ql(x - %‘)) - ( Bi+ L )desggi 1L
le/ le o 61 -
In particular, for 31 = Q(L?D?d), this is O(1).
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Proof. Consider the following,

9 O‘j’ij/pj/(m)Ch(x =) ayp;(v)q(z — x4)
X , | :
Zly/ ZlJ

_ / <aj/q;‘§/pjf (@)q1 (z — ) /ajpj(m)ql(x —a) 1> fospy @ — ;)
Q

Zr,0 2 2 v
_ / (Oéj'pj'(x — 2 +ay)q(r — ;) /Oéjpj (@)q(x —z;) 1)2ajp.j($)fJ1($ — %)
Q AYY Z1; Zy;
_ AT / a?,pj/(x —x;+xy)° _ﬁi”m—;ﬂ@d 1
Z12j/ Q a;p;(x) ‘ !

We continue by finding an upper bound on

le / a?/pj/ (.’L' — + {L‘j,)2 67&de B le / 672fj/(m7wj+zj/) efﬁiwdl‘
Zjr Ja a;p;(x) 7 Jo e H@
By letting a;p;(z) = e~fi(®) for some L-smooth fi(@),
e 2@y - z—a:]]|2
< 21, i e(QVfJ”(wz")_V-fj(mi))T(w—%)e%U|w—1jHQe_ﬂl%di
Z12j, e~ fizi)  [q

Letting v = 2V f;/(x/) — V f;(x;),

_2 il !
_ le e f; (1_7 ) _%(3L—51)(m—rj+ﬁv)T(z—mj+ﬁv)+%vTvd
72, e Jo° !
_ Zh; e_ij/(mj/)eafgL“Tv( o )
B1 — 3L

ij, e—Ji(z;)

vl

We can bound v"'v = |2V fj: (2;1) — V f;(2;)I|* < (2Ll[xjr — 23 || + Ll|z; — 23[])* < 9L*D?

le 6_2-701"(1.1’)62(9/31,12?32”( 2T )
= 23, e filw) B1 — 3L

wla

Now we can bound the following,

||lz—a;

I
Z1j:/e*ﬁlfjeffj(”3)dx
Q
S/e—fj(Ij)"rvfj(xj)’r(fﬂ_xj)"r%Hw_lj”ze—ﬁi%dm
Q
— o Fi@) o3y Vi (#) TV fi(2)) / P T e A Gl

Q

Se*fj(%‘)e%( 2 )
B1—L

Ne—z /112 _f ,(a
Zyy = / G_Biwe 71 dg
Q

2/e—fj/(xj/)—ij/(mj/)T(mj/—;E)—%\a:—;ﬂj/HQ
Q

4
2

B1+L
:e_fj'(wj’)672(311+11)vfj/($j')vaj’(Ij’)/67712 ||xij/+7611+11ij/(mj/)||2dx
Q
4 V@) ()

27
e_fj’(lj’)e 2(B1+1L)

B (51 +L)
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Therefore we have that,

9 d L2D?2
Zyy ) pm 2Ty (52g) VT ) oy
— e 2(B1-3 e2(B1—3 -
2 —f (. — Sz )T (g —fi(x; _
le/ e fi(z5) ﬂl —3L ( o )d€*2fj/(:rj/)e2Vf] (2](;1_?;;; ;1) ¢ fi(zj) ﬂl 3L
Bi1+L
4 12p? Vi@ )TV () 2p2 d
= 627TL)262<L51D—L> (L;FL)”IQ*Z BEEICIEs A ezfﬁﬁfj‘am(iﬂ 27T3L)2
1= ™ 1=
Vv /('L','/)va 1(zr)
. \va'3 A VA ) D T M M Mt L
for L > 0, 81 —L > 1 —3L and since fj’(zf('[gl+L€J’(x]/) > 0, we have e 2 2B T1) <1
and hence,
bt l ) sis
T \B1—-3L
O

We will show that the base case of H1(1) and H2(1) hold under Assumptions I.1. To do this we
will reuse our previous analysis from this section. In Lemma 1.3, we were able to show that if
a;p;(z) = e~ fi(®) with L-smooth f;(z) for all j, then

a4 252
Zy; < (L)ie—fj(-@j)e%

and

Z1; > ( )%effy(wj).

B1+L

We first show that by choosing (7 large enough the partition functions Zy; can be well approx-
imated. With good enough approximates of Z;, we then show that we can estimate Z; up to a
constant factor.

Lemma L4. Let Assumptions 1.1 hold and assume that p(xy) > agpr(xg) > crp(xy) (this is the
limit as 3 — oo of the tilting assumption in Assumptions 1.1). If 51 = Q(@)
constants, then

with appropriate
crit(1 —€) - plrr) < Zi < (1+¢€) - p(ag).

Proof. By our previous bounds on Z;; and Assumptions 1.1, we choose 31 such that
L

(1ie)% - 1

2
Noting that (%_6) ‘—1+0 (5) gives that it suffices for 8; = Q (£2). In similar fashion, for the
upper bound, we choose (31 such that

1—e§(ﬂlﬁ+lL)% = f =

d L
)2 <~ 61217(1
()2 +1

A similar analysis to the lower bound yields that this is satisfied when 8; = Q(f—f) We also impose

B
B1—L

1+61Z(

1 > o752n L2D? .
1= < -
+ea>e B 21n(1+62)+ ,
for which it suffices that 8; = Q(%) By letting 1 + ¢ = (1 + €1)(1 + €2) and €; = €2, we
require that 3; = Q (%). -

Corollary L.5. | HI(1) | Taking w1 j; @ and choosing 31 = Q(@) yields

Ctilt(l - 6) < W1k L1k < 1+e€
1 + € - wlkZ1k - Ctilt(l — 6)’
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ie.

1 w /Z ’

— < Wik Z1k" <0y,
Ci 7 wikZik

where C; = O(=1-).

Ctilt

Lemma L6. Let fo(x,i) = Y\, 7\ pjo(2)I{i = j}, with pjo(z) = S0t wjwowmy(x)q;(x —
x). Here, f&l) = 027{” and fj(l) = 7‘§l) for j = 2,...,1. Moreover, we define the normalized

po(x,i) = 22:1 Wipjo(x)I{i = j} with pjo(z) = %mﬁjo(x)' Lastly, by choosing

M g
vo(z,i) = ZL > crinm(@r)ws (M> exp(—(w)m - xk||2)l{z‘ =1},

1 =1 2m 2
we have that .
. 212\ 2
Vo(x,?) S1;1—6<L+ﬁ1—|-LD) L0,
po(z,1) || Chitt b1

Moreover, choosing 31 = Q(L2D2d),

Vo(JT,i)
po(l’,i)

1
o)
00 Citt

Proof. Let vg(z,1) = —21 > f:[:l W1 kG, (x)I{i = k} for some ¢ ,—to be defined later. Then we
1
can consider

1 M ~ I8

V()(,T,i) ‘ . ZZk:l wl,le,k(Z') . 1 Zio 22421 ’Lz)17klj17k(x)
Po(@ )l || /200 okl wrponmi(@)a(w —an) | 2w || 05Dy wponmi(@)gy (@ — ) ||
To bound Aty — BBV BB s ent to bound A for all k. Therefore, by usi

o bound LA = ——p—— =2 it’s sufficfient to bound 3 for all k. Therefore, by using
that g (z) = e~ /*(@) where fi(z) is L-smooth and g;(z — xy,) is a Gaussian centered at x, with
variance (31, we consider

H W1 k41,5 () ’

wy kapm(®)q; (T — ) || o

< ] W1 k1K ()

2
wrseam(on) () e (o - 2"V o) = bllo — aul? ~ Fllo - )
o0
’uA)Lk N L ﬁl
- 7 | exn (@ - 207V ) + e - sl + ke - )|
2 o0
wl,kakﬂk(l‘k)<2;
d
Now letting §1,: = () 2 exp(—%||z — x| [*),
d
w1k (57)° L B o
= (2:) Py eXlO((l“—l“k)Tka(ka)+2|~”U—$k|2+2|33—331c||2—2||96—$1c|2
B2 00

[~]

wy kopm(ex) (5

81

wy porTr(Tr) | 52

vl

V fr(zr)
L+6—a«

xr— T+

<L+51—OZ
exp| ———

2 V(@) TV )
2(L+ B — )

4
2
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Choose o = 81 + L + L?>D? > 31 + L; then

( LD?
exp 5
" L+ﬁ1+LD

“””“( 2 ( 2|2y, — o)) )

d

2
A L+B1+LD?
w17k<'8127r )

wy o () (5;)

V fr(xr)
L+p3—a

IA

ot 2LD?

? N ka<xk)Tka<a:k)>

vl

oo

IN

oo

1-
exp 2L D2
w1 k0T (2 k)(

W1k (L + ,31 + LD?

T wkok(Tk)

Lastly, by the assumption that apm(x
Wik (L+61 +LD2)

= wi ke (Tk) B1

Therefore we have a bound given by

% L2D2
ool

) > cunm(xy) we have

ol &

-0(1)

vo(z, 1) ’ 1 Zw_ i <L+51 +L2D2)g o

po(z,9) || ~ 2y w§ wicrnm (k) B1 '

Lastly by choosing w1 = cpem(Tx)ws i, the same estimate we use for the component measure
weights, we get

1 Zi (L 12D\ #

:A11()<+ﬁ1+) - O(1).
Z1 Wy b1

This yields a bound of

vo(z,1)

<Zlol(L+51+L2D2
po(.’E,i)

S5
‘oo Zy Wo B1

Since, by definition of vy(z, ), 71 = cun 22{:1 wy () we get that

)‘5 o).

d
vo(z,1) ’ Sl wk Zu, 1 (L + p1 + L2D2> g o)
Po(@,0) lloo ™ cpits 22/[111/1 kT (Tk) wp A
Yl w2y (e 1 (L+[31+L2D2>g o)
Ctilt Zkzl ’LULkﬂ'(l'k) wé ﬁl
By Lemma 1.4
1+el (L 12D?\®
- —i—el( + 61+ ) L0(1).
Ctilt Wy e
L NOP.
Lastly, we have that wy = —* op ; therefore
i=1"Tq “i0

1 Yz 1 Yz 1 ez, ,”Zz 9

w f’il)Zm T Crat rgl)Zl  cun l- 027"5 )7, o Ctilt.
O
Lemma L7. Let Assumptions 1.1 and 1.1 hold. Let max; |[Ey, ,, [z] — xx|| < 6. with py jr =
—Byllz—ay||?
e (r)ezl — & . Additionally, assume that each i satisfies a log Sobolev inequality with
EVELY
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constant C(ng) and let C} g = max; j C’gg). Then

sk sy oL (A6(Cisd+0))
Ziyik Lk 1-2C; AB 1—2C;4AB

In particular, if AS = O(m) this is O(1).

Proof. By Lemma G.9 it’s left to upper bound x (ZJ: i [l ll’; ). Let AB = 3 — By11, simplifica-
tion of the y? term yields,
_ _ 72 —B oo ll®
2(Tirbk || Thky _ Zik / ABlle-m P T@E T T
L1k Lk Zl2+1,k 21k
222
2~ < Llsince 11 < (3 therefore
I4+1,k
—Byllz— IkH
Zl k / 2q,m;(x)e z
< “,g,k AB|le—z||” 2373 dr.
Z 215k

—Blle—=12

Let 11,1 (7) = “ﬂj(w)ezl — z then by Lemma J.6 with AS € [0, 55—]
L35 LS
21 k 1 ( ApB 2>
< o) cexp| —————— T —T .
=& Ziw \JT-2C;4AB P\1—2c; ,AB By (Il = 2]
Lastly, by the triangle inequality and applying LSI with max; ||E,, , , [z] — 2] < 6.
1 AB(C;gd + 62
< - exp B( LS* ‘) .
1—205,A8 1—2C;4AB
Finally, we prove Proposition 3.2 as corollary of the previous Lemmas. O

Proof. (Proposition 3.2) Lemma 1.2 with choice of AS = O(C d+r2) yields x? (m41.5]|m k) =
O(1). Lemma L3 with choice of #; = Q(L2D?d) yields x? (7r1 kllm ;) = O(1). Lemma with
choice of AB = O( 54 yields x2(ZE2E ]| ZE2) = O(1).

Ziv1,e M 21k

Corollary 1.5 guarantees level balance from definition 2.3 on level 1. Lastly, Lemma 1.6 with an
appropriate choice of vg(z, i) yields U = O(—)

tilt

Since the warmest level is 37, = 0 and the coldest is 3, = Q(L2D?d) with choice of A =
O(m) this yields % = Q(L2D?d?Cps7?) levels. Therefore with respect to dimension-
ality we require 2(d?) levels.

O

1.2 MIXTURE OF GAUSSIANS

In Section I.1 we showed that given exponential tempering functions, Assumptions 3.1 hold. This
shows that the theory work in Section G.3 holds in a general setting. It is left to show that for a
family of target functions, Assumptions 1.1 hold. In this subsection we will show that for a mixture
of Gaussians with different variances, Assumptions 1.1 hold, which, in conjunction with Section I.1,
gives a broad setting for Theorem 3.3 to be applied. For simplicity we consider the case of spherical
Gaussians.

Proposition L.8. Assume the setting of Section 1.1 outlined in Assumptions I.1. Additionally, assume
d

A — ak\2 ,—ak||lz—pk |2

that the mixture components of the target measure are 3., cmy(z) = >, o (%) 2 e~ arllo—nel™,

We make the following technical assumptions that quantify distance between modes let A; = T f i
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and d;i, = ||pu; — x| then we require dz, < dfk, Wlog( ) < d2 — d?, and A’“ <
T
ik

Then Assumptions 1.1 hold with constants
Co = mkln A
1

(8) _
) = ——.
ming ax + 5

Proof. We will show that each of the three parts of Assumptions 1.1 hold.

1. Holds by definition.

2. At the target level 3y, = 0 the inequality [, a7y (z)dz > o 37, [ ajmj(x)dz is equiva-
lentto o, > ¢g = ¢¢ = ming ay. To show this for any 5; we want to find the maximum
co that satisfies

Jo armi(z)q(z — xp)dx

Z fQ a;mi(z)q(x — z)de —
We show this by finding an upper bound on the quotient

Jo 057 (@) (@ — zp)dz aj(ﬁ)% [y emaslla=msl=Bulla—wel gy
fQ apmr(z)q(x — zp)de 0%(

f e—akllz—pr|P=Billz—zk||? g

j 1y + BTk 2
(5255) % exp (LBl — a2 — By e )

o (%) (a%5) e (152 —anllal 2 — el )

Rewriting the exponential terms exp (% a; | Mi||2 .y ”lez) _
exp(%”ui — :ciHQ) yields,

_ 1+ f;i 2 a; B 2

- )(1+§;) exp( +5”” — || - P uj—ka).
To simplify the above expression let A; = B L~ and d;;; = ||; — zx||- The above is at
most Z—; iff g

é1 g(i ) + Apdiy — Ajd3 < 0. (L1)

Consider 3 cases.

Case 1 (equal variance): Assume a;, = a;. In this case A, = A; and (I.1) is satisfied when
dir < djr.

Case 2: aj, < a; which is equivalent to A, < A;. In this case,

d A; d A;

which is at most 0 when

d A
— < &3 — diy.
2max{Ag, A;} 10g<Ak) e = i

Case 3: a; < aj, which is equivalent to A; < Ay. In this case,

d A
10g<Ak> + Apdyy, — Ajd3 < Apdiy, — Ajd3y,
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which is at most O when )
A i
A T dik

J

In all three cases we have that

14 BN 3 3 .
o ak Pl 2 a; Pl 2 o
(5 ) e 22—l - 2y - ) < 2

ap \1+ 2 ar + B aj + 5
Since this holds for all j, & we have that
Jo rmi(z)q(z — 1) dx 1

= o = 0.
Zj Jo aimi(x)q(z — xp)dx Zj Zf
Therefore since this must hold for all k¥ we have that ¢y;;; = ming ay.

3. LetV; = —log ;. We have V2V (x) = (aj + g)[ Since V() is c-strongly convex with

a=a;+ g, then o;7; (z)ePrllz==xll” satisfies an Poincaré inequality (and log-Sobolev
1
aj+5’

inequality) with C{*) =

O

We note that the technical conditions required in Proposition 1.8 pose geometric implications on
the target measure. In essence, they require that the modes of the Gaussian mixture are sufficiently
spaced relative to their respective variances. This is used to ensure that the tilt towards a singular
mode does not carry significant mass from a different component. This is a limitation in our cur-
rent analysis, as showing mode separation for a general mixture of L-smooth distributions poses
difficulties.

This also suggests an avenue for future work in developing adaptive tilting schemes. For instance,
in our work we choose gg so be isotropic Gaussians, a simple improvement can be choosing gg
adaptively to have a covariance structure that matches the local geometry of the target measure.

J  APPENDIX

Lemma J.1. ((Levin et al., 2017, Lemma 13.6)) For a reversible transition matrix P with stationary
distribution w, the associated Dirichlet form is

s =3 ¥ (1@~ 0) w@ P,

z,yeN

Lemma J.2. (HCR inequality (Lehmann, 1983)) Let P,(Q be measures with P < Q and f a
measurable function. Then

(EQU) - Epm) < Varp (F)X2(QI|P).

Lemma J.3. ((Lee & Santana-Gijzen, 2024, Lemma 20)) If the Markov semigroup P; is reversible
with stationary distribution w, then

d2

@ Varﬂ(Ptf) Z 0
Hence, f% Var, (P.f) = —2(P.f, L P.f) is strictly decreasing.
Proof. We compute

ﬁ Val"w(Ptf) = i (d Varfr(Ptf)>

dt? Todt \ dt
d
:%2<Ptf,$Ptf>

= 2((ZLPf, LPf) + (P.f, L2Pif))
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Since .Z is self-adjoint,
— 4(LPf, ZP.f)
— 4| LPf 2y 2 0.

O

Lemma J.4. Let P = 224 1 kak and Q= Zéw 1 Wy, Qr be distributions where wy,, w), > 0 and
Py, Qy, are distributions. Suppose 7% < r for all k. Then

XQ(PHQ) <Y wex® (PillQx).
K

Proof. Consider

2

e = [ O,

Q(x)
2
. / (Zk wi P (r) — Y wiQk(@")) d
= 7 xr
Q > wpQr(2)
Cauchy-Schwarz yields (> wePi(@)—wiQu(@)  frr ey, (x))2 <
k /w;ch(x) k —
2
wi P (@) —w},Qr ()
Zk( . ;Qk("x)k ) kaka(z);therefore
2
Z dz
Q kak( z)
kak / wiw), Py (z / wk Qk (z)
x—2 d +
/ Z kak Z w Qk QZ kak 37
kak
-2 Py(x)d
Az%m [ H/Zwm
wk k x
= —5 d:c -1
; wy, Jo Qr(z)
wip o 2
=> X (Bl Q) < > wex® (Prl|Q)-
E ok k
O
Lemma J.5. (Ge et al., 2018c) Let p, q be probability distribution functions. Then
[ min{ple).ate))de > 1= VA7l
Proof. We have that
2 . 9
. q — 1P, q
(/ q — min{p, q}dw> S/ (g = min{p: a})” X2 (allp)-
Q Q q
Therefore
/ min{p, ¢}dz > 1 —/x2(q||p)-
Q
O

Lemma J.6. ((Bakry et al., 2014; Bobkov & Tetali, 2006)) Suppose that . satisfies a log-Sobolev
inequality with constant Cpg. Let f be a 1-Lipschitz function. Then
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1. (Sub-exponential concentration) For any t € R,

Cpst?
Epetf < etEnft Lg®

This holds in both the continuous (Bakry et al., 2014) and discrete (Bobkov & Tetali, 2006)
setting.

2. (Sub-gaussian concentration) For any t € |0, %m),

52 1 t
Ee? <——e — _(E,f)?).
g T V1-Cpst Xp<2(1—CLSt)( w) >
Lemma J.7 (Method of Canonical Paths (Corollary 13.21, (Levin et al., 2017)). Let P be a

reversible and irreducible transition matrix with stationary distribution w. Define Q(x,y) =
7(x)P(z,y) and suppose 'y, is a choice of E-path for each x and y, and let

1
Bzreneaéiw Z 77(53)7"(9)|F:ry|

The the spectral gap satisfies v > B~1.

K LLM USAGE
LLMs used for light editing and coding aid.
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