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ABSTRACT

Reinforcement Learning (RL) has emerged as a powerful paradigm for adapt-
ing Large language Models (LLM), offering advantages over Supervised Fine-
tuning (SFT) including reduced catastrophic forgetting and improved generaliza-
tion. However, these benefits require explicit reward signals, often obtained from
human preferences or verifiable outcomes, which are unavailable in many cases.
We address this gap by introducing a framework that derives reward functions
directly from supervised data, enabling RL-based training without additional anno-
tation. Our approach formulates reward functions as a weighted distance between
embeddings of labels and generated answers. Experiments with LLM fine-tuning
for a reasoning task demonstrate that our learned rewards match the performance
of oracle RL that has access to ground-truth rewards.

1 INTRODUCTION

Generative models have become central to modern machine learning research, driving advances in
text (Brown et al., 2020; DeepSeek-Al et al., 2025), image (Rombach et al., 2021; Ramesh et al.,
2021), and multimodality (Zhang et al., 2024; Bai et al., 2025; Fu et al., 2025; Lajszczak et al., 2024;
Yin et al., 2024) under the umbrella of “Generative AI”’ (GenAl). Their ability to synthesize realistic
content has made them foundational in applications ranging from decision making (Shi et al., 2025;
Kim et al., 2024; Intelligence et al., 2025) to scientific discovery (Manica et al., 2023; Lu et al., 2024).

Traditionally, such models are trained via Maximum Likelihood Estimation (MLE), where the
parameters of the generative model are optimized to maximize the probability of observed data.
This approach provides a principled framework for fitting models to large datasets and remains the
backbone of many learning pipelines for generative models. Notably, this approach is omnipresent in
today’s Large Language Models (LLMs) through the next token prediction paradigm (Vaswani et al.,
2023; Brown et al., 2020; DeepSeek-Al et al., 2025).

However, recent breakthroughs in LLMs research, demonstrate the limitations of MLE alone. Tech-
niques based on RL (Bellman, 1958), such as Reinforcement Learning from Human Feedback
(RLHF) (Christiano et al., 2017; Stiennon et al., 2020) and more recently Reinforcement Learning
from Verifiable Rewards (Shao et al., 2024; DeepSeek-Al et al., 2025), have proven more effective
than SFT at aligning models with human preferences and improving generation quality (Shenfeld
et al., 2025; Lai et al., 2025; Swamy et al., 2025). These methods leverage explicit or implicit reward
signals to guide training beyond likelihood objectives.

In many real-world scenarios, explicit reward functions for the tasks we aim to solve are not readily
available. Instead, we often have access to high-quality datasets that we wish to use for aligning our
models. Depending on the structure of these datasets, several techniques have been proposed to derive
reward functions, such as from preference data (Rafailov et al., 2023) or from demonstrations (Finn
et al., 2016a;b) when framed within a Markov Decision Process (MDP) formalism. Despite these
advances, the fundamental question surrounding this problem remains unresolved:

How can we learn implicit reward functions from supervised data?
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In this paper, we propose the following contributions toward addressing this question:

* Embedding distance Reward formulation: We adopt a reward parametrization in the form
of a negative scaled distance between embeddings of generative samples and targets. This
formulation leads to dense reward functions available directly from supervised data.

* Experimental results: We evaluate our approach in a LLM finetuning reasoning task, where
we find that we can reach equivalent performance to the oracle method that has access to the
true reward function.

2 REWARD MODELING FRAMEWORK

Given the definition of a reward function as evaluating the quality of generative samples y against true
labels y, we assume that a valid reward has to be maximal in y: y € maxy r(y,y). Therefore, we
naturally define the reward function as a negative quadratic form of the difference between generative
samples and true labels:

Definition 2.1 (Reward model). Let n be an integer; and U € S;t+ (R), we define the reward model as
the following quadratic form:

V(¥,y) ER" xR, ru(¥,y) =¥ —y) UG - y).

The matrix U represents reward parameters, that can potentially be optimized to find optimal reward
functions. In the case of complex data modalities such as images or text, we define a modified version
where the reward measures distances in a precomputed embedding space:

Definition 2.2 (Embedding reward model). Lez U € S; T (R) and an embedding model e : R™ — R,
we define the embedding reward model as the following quadratic form in the R® space:

V@,y) €R" xR",1u(3,y) = —(e(3) — e(y)) Ule(§) — e(y)).

In the experimental section, we will assume that U = I,, as a simplified proof-of-concept, and will
consider the optimization of the reward parameters in future follow-up works.

3 EXPERIMENTAL RESULTS

As discussed in the introduction, fine-tuning large models is the setting in which our method is
expected to have the greatest impact. In the case of LLMs, we use the Group Relative Policy
Optimization (GRPO) algorithm (Shao et al., 2024), which is specifically designed for LLMs and has
demonstrated strong performance across a range of environments. The reward model is constructed
using the embedding reward formulation (definition 2.2), where the embedding function e : ) — R?
can be instantiated with any text embedding model, such as RoBERTa (Liu et al., 2020).

We focus on the Countdown task, in which an LLM must identify the correct algebraic op-
erations applied to a given set of numbers (e.g., nums = [93,78,46], target = 61, with
the expected solution being 93 — (78 — 46) = 61). For this purpose, we rely on the
HuggingFaceTB/Countdown-Task—-GOLD dataset, which comprises 30k samples of anno-
tated questions and answers, along with their corresponding reasoning traces: e.g. “<think> To
solve this, I need to use the numbers 78, 46, and 93 to create an equation that equals 61. I'll start
by [...] </think><answer>93-(78-46)=61</answer>". The oracle reward function for the
Countdown task is defined as a binary signal, assigning a reward of 1 to correct equations that use all
the required numbers, and O otherwise.

Fig. 1 reports the performance of several checkpoints extracted from training runs of 400 steps,
evaluated on a held-out test set of 10k questions. We find that experiments using GRPO with our
embedding-based reward function achieve performance comparable to that of the GRPO oracle
baseline, which has access to the true reward. These results suggest that the proposed reward
parametrization provides sufficient learning signal to fine-tune LL.Ms solely from annotated data,
thereby extending the applicability of RL fine-tuning beyond strictly verifiable tasks.
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Figure 1: Qwen3 fine-tuning using GRPO on the Countdown task. Using our embedding reward
models with I,, as parameters, and EmbeddingGemma as embedding model, we are able to achieve
the same levels of accuracy as the oracle method that uses the true reward.
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4 CONCLUSION

This paper studied how to find reward functions that, through distances in an embedding space can
replace verifiers for LLM reasoning tasks. Our approach enables the definition of reward functions
solely from supervised data, thus enabling RL fine-tuning when reward functions are not necessarily
available. We then demonstrated the practical relevance of the approach in an experiment involving
fine-tuning an LLM for the Countdown reasoning task. Finally, we showed that GRPO combined
with rewards learned through our framework achieves test performance comparable to GRPO using
the true task reward.

Limitations & Future Work. The reward parametrization considered in this study is intentionally
simple, which may limit expressiveness in more complex tasks. An interesting direction for future
work is to extend the framework to richer classes of parametric reward functions, and explore the
optimization of these parameters to find optimal rewards. In addition, although we evaluated the
method on a reasoning task, larger-scale experiments would help further characterize its behavior.
Notably, our LLM experiments focus on a verifiable task where an oracle reward is available for
comparison. A natural extension is to investigate non-verifiable tasks, where such rewards are
unavailable, and to compare SFT with RL driven by rewards learned within our framework. We view
these directions as promising avenues for future exploration.



REPRODUCIBILITY STATEMENT

In order to ensure reproducibility we will release the code at https://github.com/abenechehab/nll_to_po,
once the paper has been accepted. Implementation details and relevant hyperparameters are provided
in Section 3 and Appendix C.
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Figure 3: RL using rewards learned from SFT data. Our framework enables the learning of reward
functions solely from the data presented to SFT, achieving a level of catastrophic forgetting mitigation
comparable to RL with access to the oracle reward function.

A  MOTIVATION

In RL, Policy Gradient (PG) methods are traditionally viewed as producing unbiased yet high-
variance gradient estimates, especially in long-horizon or high-dimensional tasks (Greensmith et al.,
2001). In contrast, MLE has historically served as the dominant paradigm in supervised learning and
probabilistic modeling (Akaike, 1973). However, in the current era of large pretrained models and
advanced RL algorithms, these limitations have become less restrictive, giving rise to many cases
where PG methods are more advantageous than MLE.

Catastrophic forgetting is an area where these advantages are the most apparent. When adapting LLM
to downstream tasks through post-training, it is often desirable to preserve prior knowledge while
specializing to new distributions. Recent studies (Shenfeld et al., 2025; Lai et al., 2025; Swamy et al.,
2025; Zhu et al., 2025) suggest that on-policy RL fine-tuning achieves this balance more effectively
than SFT, since its updates converge to solutions closest in KL divergence to the original policy.

To elucidate the motivation behind our approach, we conduct an experiment to demonstrate how our
method can mitigate the issue of catastrophic forgetting. Specifically, we replicate the experimental
setup from section 4 of Shenfeld et al. (2025), where the ParityMNIST task is introduced. This
task involves predicting the parity of the number in the input image, where the predicted parity
corresponds to the parity of the predicted class (0 — 9). The experiment begins with a pre-training
phase, during which an MLP model is trained on data from both ParityMNIST and FashionMNIST,
where the latter consists in classifying 10 different cloth types. Subsequently, we run a fine-tuning
phase focused solely on the ParityMNIST task. During this phase, we compare SFT (cross-entropy
minimization) and RL (based on the REINFORCE algorithm) with either of the oracle parity reward
or the reward function derived from our framework. Given that the model outputs logits for 10
classes, multiple optimal policies exist for ParityMNIST, e.g. mapping even — 0 and odd — 1, or
even — 0,2,4,6,8 and odd — 1,3,5,7,9). As shown in Fig. 3, by using the same data as SFT, and
assuming that the true reward function is unknown, we are able to learn a reward function through our
framework, achieving a similar reduction in catastrophic forgetting as the RL oracle variant, which
has access to the optimal parity reward. These observations motivate our approach: we propose a
general framework that interprets data signals as reward functions, thereby also enabling RL methods.
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B RELATED WORK

RL vs SFT. The tension between maximum likelihood estimation and reinforcement learning-based
training has a long history in sequence modeling. Early work identified fundamental limitations
of MLE in autoregressive models, including compounding errors and exposure bias (Bengio et al.,
2015; Venkatraman et al., 2015; Ranzato et al., 2016; Bahdanau et al., 2017; Tan et al., 2019). These
observations motivated policy gradient alternatives such as REINFORCE-based training (Williams,
1992), Reward-Augmented Maximum Likelihood (Norouzi et al., 2016), and scheduled transitions
from MLE to RL (Ranzato et al., 2016). More recently, this debate has intensified in the context
of large language model fine-tuning. Shenfeld et al. (2025), Lai et al. (2025), and Swamy et al.
(2025) provide theoretical and empirical evidence that on-policy RL fine-tuning mitigates catastrophic
forgetting more effectively than supervised fine-tuning, as RL updates converge to solutions closest
in KL divergence to the original policy. Complementing these findings, Zhu et al. (2025) demonstrate
that RL with verifiable rewards provably explores reasoning paths that supervised fine-tuning cannot
reach. Our work addresses a key bottleneck in leveraging these RL advantages: the need for explicit
reward functions.

Reward modeling. Existing approaches to reward learning typically require structured supervision
beyond standard labeled data. Learning from preferences (Bradley & Terry, 1952; Ouyang et al.,
2022; Rafailov et al., 2023) transforms pairwise comparisons into reward models and has become
standard for LLM post-training (Touvron et al., 2023; Dai et al., 2024; Shao et al., 2024; DeepSeek-Al
et al., 2025). However, this requires costly preference annotations. Inverse RL methods (Abbeel &
Ng, 2004; Ziebart et al., 2008; Finn et al., 2016a;b) learn rewards under which expert demonstrations
are optimal, assuming access to state-action trajectories within an MDP formalism. Goal-conditioned
approaches define rewards via spatial (Nachum et al., 2018; Mazzaglia et al., 2024), temporal
(Hartikainen et al., 2020; Wang et al., 2025), or semantic (Sontakke et al., 2023; Fan et al., 2022)
distances to target states. Our framework complements these paradigms by deriving rewards from
supervised data without requiring preferences or an MDP structure.

C IMPLEMENTATION DETAILS

C.1 TRAINING FRAMEWORK

We implement our reinforcement learning framework using the Transformer Reinforcement Learning
(TRL) library von Werra et al. (2020), which provides efficient implementations of modern RLHF
algorithms. Specifically, we use the Group Relative Policy Optimization (GRPO) algorithm Shao
et al. (2024) through the GRPOTrainer class, which enables stable policy optimization through
group-based advantage normalization.

GRPO is a policy gradient algorithm designed to improve the stability and sample efficiency of
RL finetuning of LLMs. Unlike traditional policy optimization methods that compute advantages
against a global baseline, GRPO employs a group-based normalization scheme that compares multiple
generations from the same prompt.

For each training prompt z, GRPO generates K independent completions {y1, 2, . . ., yx } using the
current policy 7y. Each completion is evaluated using a reward function R(x,y;), and the advantages
are computed relative to the group mean:

R(l‘, yi) — Mgroup

A; =
Ogroup T €
where
1 & 1 &
Hgroup = ? Z R(l‘, yj)a Ogroup — ? Z(R(x7 yj) - lugroup)2
j=1 j=1
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This group-based normalization provides several benefits: (1) it reduces variance by comparing
samples from the same distribution, (2) it automatically adapts to the difficulty of each prompt, and
(3) it mitigates reward hacking by preventing the policy from exploiting absolute reward values.

The policy is updated by maximizing the following objective function (omitting technical details such
as likelihood ratios and clipping):

E(e) = Ewa,y~7rg(<|a:) [A($7 y) lOg 7T9<y|l') - B : dKL(ﬂ-GHﬂ.ref)]

where ¢ is the reference policy (typically the supervised fine-tuned model before RL training),
[ is the KL penalty coefficient that controls the deviation from the reference policy, and dy; is
the Kullback-Leibler divergence. The KL penalty serves as a regularization term that prevents
catastrophic forgetting of the pretrained knowledge and ensures stable training dynamics.

C.2 MODEL ARCHITECTURE AND FINE-TUNING

We evaluate multiple model sizes from the Qwen3 family Yang et al. (2025), ranging from 0.6B to
8B parameters, to analyze the impact of model scale on reinforcement learning performance. For
parameter-efficient fine-tuning, we employ Low-Rank Adaptation (LoRA) Hu et al. (2022) with the
configuration detailed in Table 1.

Table 1: LoRA Configuration for Parameter-Efficient Fine-tuning

Parameter Value
LoRA Rank (r) 8
LoRA Alpha («) 16
LoRA Dropout 0.05
Target Modules q-proj, v_proj

Trainable Parameters ~0.1% of base model

The LoRA modules are applied exclusively to the query and value projection matrices in the atten-
tion mechanism, following recent findings that selective module targeting can achieve comparable
performance to full fine-tuning while significantly reducing memory overhead Zhang et al. (2023).

C.3 DATASET

We conduct our experiments on the HuggingFaceTB/Countdown-Task—-GOLD dataset, a
mathematical reasoning benchmark that requires models to construct arithmetic equations to
reach target values using a given set of numbers. We specifically use the subset verified by
Qwen?2.5-7B-Instruct, which ensures groundtruth annotations. The dataset is split into 90%
training and 10% validation sets.

Each training example follows a structured chat format with a system prompt that establishes the
reasoning paradigm, followed by a user query specifying the task. An annotated example prompt is
shown below:

[

"content": "You are a helpful assistant. You first think
about the reasoning process in the mind and
then provide the user with the answer.",

"role": "system"

}y
{

"content": "Using the numbers [78, 46, 93], create an
equation that equals 61. You can use basic
arithmetic operations (+, -, *, /) and each
number can only be used once. Show your work
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in <think> </think> tags. And return the
final equation and answer in <answer> </answer>

tags, for example <answer> (1 + 2) / 3 =1
</answer>.",
"role": "user"
b
{
"content": "<think>

To solve this, I need to use the numbers 78,
46, and 93 to create an equation that equals
61. I’'11l start by considering the basic
arithmetic operations and how they can be used
to get close to 61.

First, I’"1ll try subtraction, as it’s the most
straightforward operation to get close to 61:
- 78 = 46 = 32 (too low)

- 93 - 46 = 47 (closer but still too low)

- 93 - 78 = 15 (too low)

Next, I’11 try addition and subtraction in

combination:

- 78 — 93 = =15 (too low, and I need to add
something positive)

- 46 + 93 = 139 (too high, and I need to
subtract something)

Since 93 is the highest number, I’11 try to

use it in a subtraction:

- 93 - 46 = 47 (still too low, I need to
add 14)

- 78 = 46 = 32 (still too low, I need to
add 29)

I can use 78 and 46 to get 32, and then add
29 to get 61. 29 can be derived from 93 - 64,
but since I can only use each number once, I
need to find a way to use 93 directly.

The correct combination is:
93 - (78 - 46) = 93 - 32 = 61

This uses each number exactly once and the
result is 61.
</think>
<answer>
93 - (78 - 46) = 61
</answer>",
"role": "assistant"

The structured output format with <think> and <answer> tags enables clear separation between
the reasoning trace and the final solution, facilitating both automated evaluation and reward computa-
tion during reinforcement learning. This format allows our reward functions to selectively evaluate
either the complete response or only the final answer, depending on the experimental configuration
(see Fig. 2 for the comparison).
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C.4 TRAINING HYPERPARAMETERS

Table 2 presents the core training hyperparameters used across all experiments. We use a cosine
learning rate schedule with warmup to ensure stable optimization dynamics.

Table 2: Core Training Hyperparameters

Parameter Value
Learning Rate 5x107°
LR Schedule Cosine
Warmup Ratio 0.05
Training Steps 400
Per-device Train Batch Size 4
Gradient Accumulation Steps 2
Effective Batch Size 8 per device
Mixed Precision bfloat16

All experiments are conducted using mixed-precision training (bfloat16) with Flash Attention 2 ? for
computational efficiency.

C.5 GRPO-SPECIFIC CONFIGURATION

The GRPO algorithm requires several algorithm-specific hyperparameters that control the policy
optimization process. These are detailed in Table 3.

Table 3: GRPO Algorithm Hyperparameters

Parameter Value
Number of Generations 8

KL Penalty Coefficient (3) 0.001
Max Prompt Length 256 tokens
Max Completion Length 1024 tokens
Temperature 1.0 (default)
Top-p Sampling 1.0 (default)

During training, the model generates 8 completions per prompt for group-based advantage estimation.
The KL penalty coefficient 5 controls the divergence between the learned policy and the reference
policy, preventing catastrophic forgetting of the pretrained knowledge.
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