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Abstract

We present a method that generates two-sided sequent calculi for four-valued logics
like first degree entailment (FDE). (We say that a logic is FDE-like if it has finitely
many operators of finite arity, including negation, and if all of its operators are truth-
functional over the four truth-values ‘none’, ‘false’, ‘true’, and ‘both’, where ‘true’
and ‘both’ are designated.) First, we show that for every n-ary operator x every truth
table entry fi(x1,...,Xx,) = ¥ can be characterized in terms of a pair of sequent
rules. Secondly, we use these sequent rules to build sequent calculi and prove their
completeness. With the help of two simplification procedures we then show that the
2 - 4" sequent rules that characterize an n-ary operator can be systematically reduced
to at most four sequent rules. Thirdly, we use our method to investigate the proof-
theoretical consequences of including intuitive truth-functional implications in FDE-
like logics.

Keywords Proof theory - Sequent calculi - Many-valued logic - First degree
entailment

1 Introduction

Proof-theoretical investigations of many-valued logics have led to a wealth of proof

systems and methods to generate them. The development of these methods and sys-
tems was triggered by different criteria promoting different theoretical objectives.
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496 B. Kooi, A. Tamminga

In this paper we study proof systems for four-valued logics from the standpoint of
comparability and modularity.

As to comparability, note that if we wish to tell the differences between alternative
concepts of logical consequence or between alternative rules for particular operators,
it is often convenient to think of a logic as a specification of a set of valid arguments,
where an argument consists of a set of premises and a conclusion. A two-sided rep-
resentation then comes naturally. Nonetheless, because two-sided sequent calculi for
many-valued logics cannot be canonical [4, Theorem 3],' the basic building blocks
of almost all sequent calculi or tableau systems for m-valued logics have been hyper-
sequents, m-valued sequents, or labelled sequents.> As useful as they may be, some
theoretical objectives can be reached better without them. For instance, if we wish
to compare alternative rules for intuitive four-valued implications (we will do so in
Section 6), a two-sided representation is most helpful. In this paper we therefore pro-
pose to investigate truth-functional four-valued logics using two-sided sequents of
the form I'/A.

In particular, we show that for a specific class of four-valued logics it is always
possible to generate two-sided sequent calculi such that any operator is character-
ized with at most four sequent rules. This class consists of the four-valued logics that
are like first degree entailment (FDE) [1, 11]. We say that a logic is FDE-like if it
has finitely many operators of finite arity, including negation, and if all of its opera-
tors are truth-functional over the four truth-values ‘none’, ‘false’, ‘true’, and ‘both’,
where ‘true’ and ‘both’ are designated. (Note that there are also other truth-functional
four-valued logics.) We present a general method to generate such two-sided sequent
calculi for FDE-like four-valued logics and hence make it possible to directly com-
pare the sequent calculi thus generated with two-sided Gentzen-style sequent calculi
for alternative logics.

As to modularity, note that an FDE-like four-valued logic is usually not function-
ally complete: some truth functions cannot be defined in terms of negation and its
other operators. Given a sequent system for an FDE-like four-valued logic, it is there-
fore no trivial matter to come up with sequent rules for additional truth-functional
operators. There is a natural way to tackle this problem: use a sequent calculus for a
functionally complete extension of FDE (for instance, the one proposed by Arieli and
Avron [2, § 3]) to obtain sequent rules for truth-functional operators that can not be

'A sequent calculus is canonical if (i) its axioms include the standard axioms, (ii) its rules include the
standard ones including cut and weakening, and (iii) all its other rules and axioms are canonical. An m-
premise rule is canonical if its conclusion is of the form I', (A, ..., Ap)/A or '/ x (A1, ..., Ap), A
where I" and A are finite and if for all of its premises I', IT; /A, X; (0 < i < m) it holds that IT;, X; C
{A1,..., Ay} [4, pp. 121-122]. (Note that we use a slash (/) where most proof theorists would use an
arrow (=).)

2 A hypersequent G is a finite sequence I'y /Ay; . ..; [/ A, of sequents I'; /A;, where I'; and A; are finite
multisets of formulas. See Avron [3] for an accessible introduction to hypersequent calculi. An m-valued
sequent T" is an m-tuple I'y/ ... /', of finite multisets I'; of formulas. See Zach [27, § 3.1] for a solid
review of m-valued sequent calculi. A labelled sequent T is a finite multiset of labelled formulas of the
type [ : A, where the label / is usually interpreted as a truth-value or a set of truth-values. See Carnielli
[10], Baaz et al. [6], and Caleiro et al. [9] for general methods for obtaining labelled calculi for m-valued
logics.
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Two-sided Sequent Calculi for FDE-like Four-valued Logics 497

defined in terms of FDE’s negation, disjunction, and conjunction. This is not what we
will do however: we directly provide sequent calculi for FDE-like four-valued log-
ics that are not functionally complete. To do so, we use the correspondences between
single truth table entries and proof rules that were studied by Kooi and Tamminga
[14].3 Accordingly, we first characterize any truth-functional operator in terms of a
set of sequent rules. We then add, operator by operator, the operator’s characterizing
sequent rules to a basic sequent calculus that deals only with negation. This method
is modular: no matter how many operators are thus included, the resulting sequent
calculus will always be complete with respect to its particular semantics.

Our paper proceeds as follows. First, we present a semantical definition of the
kind of truth-functional four-valued logics to be studied and characterize any truth
table entry of any n-ary operator with two sequent rules. Second, we use these char-
acterizing sequent rules to define cut-free sequent systems and show that each of the
resulting systems is complete with respect to its particular four-valued semantics.
With the help of two simplification procedures we then show that the 2 - 4" sequent
rules that characterize any n-ary operator can be systematically reduced to at most
four sequent rules. We illustrate our simplification procedures by applying them to
FDE’s truth tables for disjunction and conjunction and show that we thus obtain
standard sequent rules. Third, we use our method to investigate the proof-theoretical
consequences of including intuitive truth-functional implications in FDE-like logics.
Lastly, we discuss related work by Baaz et al. [6] and Wintein and Muskens [26] that
shares some of our theoretical objectives but proposes different ways to realize them.
A short summary and an open question conclude the paper.

2 Correspondence Analysis for FDE-Like Four-Valued Logics
2.1 FDE-Like Four-Valued Logics

Belnap [8, p. 43] discusses the concept of validity for first degree entailment (FDE).
His remarks imply that an argument I"'/A from a set I' of premises to a set A of
conclusions is FDE-valid (notation: I' =ppg A) if it preserves both truth and non-
falsity. An argument I'/A preserves truth if for every valuation v it holds that if
v(A) is ‘true’ or ‘both’ for all A in T, then v(B) is ‘true’ or ‘both’ for some B in
A. An argument I'/A preserves non-falsity if for every valuation v it holds that if
v(A) is ‘none’ or ‘true’ for all A in I', then v(B) is ‘none’ or ‘true’ for some B
in A. Because an argument I'/A preserves non-falsity if and only if the argument
{=B : B € A}/{—A : A € T} preserves truth, and because every four-valued logic
that we consider in this paper has negation, we can characterize FDE-validity by
focusing on truth-preservation alone.

3Thus far, research on correspondences between single truth table entries and proof rules has focused on
proof rules in natural deduction systems. Kooi and Tamminga [14] studied the logic of paradox (LP),
Tamminga [24] strong three-valued logic (K3), and Petrukhin [18] first degree entailment (FDE).
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498 B. Kooi, A. Tamminga

Accordingly, we say that a logic is FDE-like if it has finitely many operators of
finite arity, including negation, and if all of its operators are truth-functional over
the four truth-values ‘none’, ‘false’, ‘true’, and ‘both’, where ‘true’ and ‘both’ are
designated. FDE-like logics form an infinitely large family whose members share
a common trait: they all have the same negation. (Hence, if a truth-functional four-
valued logic does not have negation, it is not FDE-like.) To be specific, an FDE-like
logic L4 evaluates arguments consisting of formulas from a propositional language
Z built from a set & = {p, p/,...} of atomic formulas, using negation (—) and
finitely many additional truth-functional operators of finite arity. (To obtain the
propositional language of FDE, just add two binary operators: disjunction (V) and
conjunction (A).)

Moreover, for any FDE-like logic L4, a valuation is a function v from the set & of
atomic formulas to the set {J, {0}, {1}, {0, 1}} of truth-values ‘none’, ‘false’, ‘true’,
and ‘both’. We use the following boldface shorthands: n abbreviates ¢J, 0 abbreviates
{0}, 1 abbreviates {1}, and b abbreviates {0, 1}. A valuation v on & is extended
recursively to a valuation on .Z by the truth-conditions for negation and the truth-
conditions for the finitely many additional operators of finite arity. The truth table f-,
gives the truth-conditions for negation:

f-

S =S
SO =

An argument I'/A from a set I' of premises to a set A of conclusions is L4-valid
(notation: I =14 A) if and only if for every valuation v it holds that if 1 € v(A) for
all Ain T, then 1 € v(B) for some B in A. Consequently, 1 and b are the designated
values: these are the values that are preserved in L4-valid arguments.* Lastly, note
that an argument I' / A is FDE-valid in Belnap’s original sense if and only if I' =14 A
(it preserves truth) and {—B : B € A} =14 {—A : A € '} (it preserves non-falsity).

Two remarks on terminology and notation: when the context does not give rise to
ambiguities, we also say that an argument I'/A is valid if it is L4-valid and write
‘T = A’ rather than ‘T" =14 A’. In addition, the text includes two small abuses of
notation (the one is not the negation of the other): we write ‘1 € v(I")’ instead of ‘for
all A e I'itholds that 1 € v(A)’; and ‘1 ¢ v(A)’ instead of ‘for all B € A it holds
that 1 ¢ v(B)’.

4 An interesting and important variant of L4-validity is Pietz and Rivieccio’s [20] exactly true logic (ETL).
This four-valued logic is also truth-functional over n, 0, 1, and b, but its only designated value is 1.
Accordingly, an argument I'/ A is ETL-valid if and only if for every valuation v it holds that if v(A) = 1
for all A in I, then v(B) = 1 for some B in A. Wintein and Muskens [26] provide an elegant sequent
calculus for ETL. A direct application of our method to ETL-like logics is impossible (the ETL-counterpart
of Lemma 1 holds, but the ETL-counterpart of Lemma 3 fails). Nonetheless, our method can be used to
study single conclusion ETL-like logics, because the following implication holds: if both Ay, ..., A, L4
B and =B 14 —Ay,...,—A,, then Ay, ..., A, EETL B.
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Note that the omnipresence of negation makes a two-sided representation of FDE-
like logics possible. In fact, by sorting out the negated formulas left and right of the
slash, any two-sided sequent I'/ A can be seen as a four-sided one I'y/ I'>/ '3/ I'g. If
we think of the four indices in a four-sided sequent as labels, any four-sided sequent
I'1/ T2/ '3/ T4 can be seen as a single set of labelled formulas.

2.2 Correspondences

Any truth table entry of any truth-functional n-ary operator can be characterized with
a pair of sequent rules. To prove this, we first give a definition that generates a pair of
sequent rules from any truth table entry f,(x1,...,x,) = y of any truth-functional
n-ary operator x, where all the x;’s and y are truth-values in {n, 0, 1, b}. We then
show that the pair of sequent rules thus obtained characterizes the truth table entry
from which it was generated.

Let us first fix a language .Z built from a set & = {p, p/, ...} of atomic formulas,
using negation (—) and finitely many operators of finite arity. Our characterization
result quickly follows from three modest observations:

Lemmal LetI', AC L and A € £. Then
I'=A,A iff foreveryvsuchthatl e v(I')and 1 ¢ v(A) it holds that

1 €v(A)
I'AE A iff foreveryvsuchthat1 € v(I') and 1 & v(A) it holds that
1 €v(A).
Proof Immediately from the definition of L4-validity. O

Our second straightforward observation is that the truth-value v(A) of a formula
A under a valuation v can be characterized by specifying, first, whether v(A) is
designated and, secondly, whether v(—A) is designated:

Lemma 2 Let A € £ and let v be a valuation. Then
v(A)=n iff 1&v(A)and]l & v(—A)
v(A) =0 iff 1&v(A)and]l € v(—A)
v(A) =1 iff 1ev(A)andl & v(—A)
v(A)=b iff 1€v(A)andl € v(—A).

Proof Immediately from the truth table f-, for negation. U

To state the third observation, we introduce two operations Alg' and A|, where
A is a formula and z is a truth-value. Given a sequent I'/ A, the operator A| places
the formula A, depending on the truth-value z, on the left-hand side or the right-hand
side of I'/ A. The operator A|;" does the same thing to the negation of A:

Definition 1 LetI', A € Zand A € £.Letz € {n,0,1,b}. Then A|} and A|] are
the following operations:
ILA/A,  ifz € {n, 0}
+ -
Al T/A) = { /A, A, otherwise
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500 B. Kooi, A. Tamminga

T, —A/A, ifze{n 1)

AlZT/A) = {F/A,—'A, otherwise.

Our third observation is the following:

Lemma3 LetI', AC Land A € L. Let 7 € {n, 0,1, b}. Then

A|+(F/A) and A\ (I'/A) are valid if and only if for every v such that 1 € v(I") and
1 € v(A) it holds that v(A) =z

Proof Immediately from Lemmas 1 and 2. O

These three observations enable us to characterize any truth table entry in the truth
table f, of any n-ary operator « in terms of two sequent rules:

Definition 2 Let x be an n-ary operator and let f,(xq, ..., x,) = y be a truth table
entry. Then R} yand R | are the following sequent rules:
Al (T/A) Al (T/A) Aplf(T/A) Anly, (T/B8)
(A1, ..., ADIT(T/A) e
ALl (T/A) Al (T/4) e Anlf(T/A) Ayl (/D)

X1..Xp )"

*(Ar, ... ARl (T/A)

To illustrate this definition, consider FDE’s truth table entry f, (n,b) = 1. The
corresponding sequent rules R 51 and RV 1 are the following:
I'A/A I, —A/A I'/A, B I'/A,—-B RV
I'/A,AV B nb1

ILA/A I,—A/A I'/A,B I'/A,—B RV~
I',—(AV B)/A nbl’

Theorem 1 Let x be an n-ary operator. Then
filxt, ..o xp) =y iff Rx1 oy and RY ., .y are validity-preserving.

Proof (=) Assume that f,(xi, ..., x,;) = y. Suppose A;|f(I'/A) and A;|;(T/A)
are valid for all i with 1 <i < n. Then, by Lemma 3, for every v such that 1 € v(T")
and 1 ¢ v(A) it holds that v(A;) = x; for all i with 1 < i < n. Then, because

Sfe(x1, ..., x,) = y, it must be that for every v such that 1 € v(I') and 1 ¢ v(A) it
holds that v(x(A1, ..., Ay)) = y. Then, again by Lemma 3, x(Ay, .. ,An)|j(F/A)
and x(Af,..., A )| (F/A) are valid. Therefore, Rx1 Sy and R} .y are validity-
preserving.

(<) Assume that R;T Ay and R X,y Are validity-preserving. Let p1, ..., p, be
logically independent atomic formulas and let v’ be an arbitrary valuation such that
v/(p;) = x; for all i with 1 < i < n. Given the valuation v’ and p; € {p1,..., pn},

we define two sets of literals, I’ and A’, as follows:
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Two-sided Sequent Calculi for FDE-like Four-valued Logics 501

r’ {pi:1ev(p)}U{=-pi:0eV(p)}
A = {pi:1&V(p)IU{—pi:0¢&V(p))}.

Two facts about I'” and A’ are to be noted. First, 1 € v/(I'") and 1 ¢ v'(A’). Second,
p,-|;rl_(F’/A’) and p; |, (I'"/A") are both valid for all i with 1 <i < n.

By assumption, R;]fux”y and R} . . are validity-preserving. Hence, both

*(pl, ..., pn)l;"(F’/A’) and x(py, ..., pn)II;(F’/A’) are valid. By Lemma 3, for

every v such that 1 € v(I'") and 1 ¢ v(A’) it holds that v(x(p1, ..., pp)) = Y.
Hence, v'(x(p1, ..., pn)) = y. Because v’ was arbitrary, we conclude that for every
v such that v(p;) = x; for all i with 1 < i < n it holds that v(x(p1, ..., pn)) = y.
Therefore, fi(x1,...,Xx,) =Y. O

Consequently, every n-ary operator can be characterized in terms of 2 - 4" sequent
rules. We use these characterizing sequent rules to generate cut-free sequent cal-
culi and to prove the completeness of these calculi with respect to their particular
semantics.

3 Sequent Calculi

We now define sequent calculi for each and any four-valued logic L4 with negation
and finitely many truth-functional additional operators of finite arity. Sequents are of
the form I'/ A, where per usual both I" and A are finite, possibly empty, multisets of
formulas. If there is a proof of the sequent I'/A in the sequent system G4, then we
write I g4 A.> The core of each of the calculi in this paper is the calculus G4~ a
basic sequent calculus for four-valued negation, consisting of an axiom, left and right
rules for negation, left and right contraction rules, and left and right weakening rules.
The rules of G4~ are the following:®

Logical axiom:

[A/AA
Logical rules:
T, A/A T/A, A
- _—_a A L™ T A _—a R
r,——A/A /A, ——A
Structural rules:
A A/A /A, A A
——— L — RC
IA/A /A, A
r/A Iw r/A RW
A/A /A, A ’

Note that G4 has no cut.

SThe family of sequent calculi for four-valued logics that we refer to with the generic name G4 is not to
be confused with Kleene’s ([13], p. 306) calculus G4 or the calculus G4ip (Troelstra and Schwichtenberg
[25], p. 102; Negri and von Plato [17], p. 122).

9The notational conventions are similar to the ones in Negri and von Plato [17].
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502 B. Kooi, A. Tamminga

To obtain a sequent calculus for a four-valued logic .4 based on negation and
finitely many additional truth-functional operators of finite arity, just add to G4 for
each additional n-ary operator * the 2 - 4" rules that are generated from its truth table
f« by Definition 2.

4 Completeness

Let G4 be a sequent system for a four-valued logic L4 based on negation and finitely
many additional truth-functional operators of finite arity. To prove the completeness
of G4 with respect to L4, we suppose that I" £g4 A and then, to show that I" [~14 A,
construct on the basis of our supposition a valuation v such that 1 € vZ(TI") and
1 ¢ v?(A). Our completeness proof is similar to Priest’s [21] completeness proof
for a tableau system for FDE.

The valuation v¥ is constructed as follows: we first build a proof tree with root
I'/A and apply, going upwards, all the available logical rules (these are L™, R,
and the 2 - 4" characterizing x-rules of any additional n-ary operator *) until every
applicable logical rule has been applied. Because there might be different x-rules
that apply to the same conclusion, we require that our proof tree be monotonic. A
proof tree is monotonic if and only if it holds that if TV/A’ is a child of I'/A",
then " € T and A’ € A”. Note that every proof tree can be transformed into a
monotonic one by repeated applications of the contraction rules LC and RC. (The
two weakening rules LW and RW do not play a role in the completeness proof — in
fact, our logical axiom suffices to simulate them.)

If every applicable logical rule has been applied, there must be an open and com-
plete branch of our proof tree with root I'/ A and leaf I'? /A“ | because otherwise we
would have, contrary to our supposition, that I' g4 A. A branch with leaf I'“ /AZ
is open if and only if I'“ /A“ is not an axiom (that is, '? N A“ = @). A branch
with leaf ' /A“ is complete if and only if every rule that is applicable to I'* /A“
has already been applied. We use this leaf ' /A of our open and complete branch
to define a valuation v from P to {n,0,1,b}:

Definition 3 Let ' /A“ be the leaf of a proof tree with root I'/A. The valuation
v¥ induced by ' /A# is defined as follows:

vV(p)=n iff pgI“and—p¢gl?

vY(p)=0 iff pgIr“and—-pel?

vV(p)=1 iff pel“and—-p¢gl~?

70y — : r r

vZ(p)=>b iff peTl“and—-pel”.

Lemma 4 Let I'? /A“ be the leaf of an open and complete branch of a monotonic
proof tree with root T/ A. Let v¥ be induced by T |/A?. Let A € £. Then
() IfAeT?Z, thenl e v?(A)
(i) IfA e AZ, then1 & v?(A)
(ili) If—A € TZ, then 0 € v7(A)
(v) If—A € A?, then 0 & vZ(A).
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Proof By induction on A. By definition of v and because I'“/A“ is open, the
lemma holds for atomic formulas.

Suppose that the lemma holds for all formulas with fewer operators than A. We
show that the lemma holds for A = =B and A = x(By, ..., By).

e  Suppose A = —B. There are four cases.

(i) Suppose =B € ['“. Then 0 € v“(B). Hence, 1 € vZ (—B).
(i) Suppose =B € A“.Then 0 ¢ v“(B). Hence, 1 ¢ v°(—B).

(iii) Suppose =—B € I'“. Then the rule L is applicable, and because our
open branch is complete it must have been applied. Hence, the premise
of the rule L™ must be a node of our open and complete branch. Hence,
IV, B/A’ is a node of our open and complete branch for some I’ and
some A’. By monotonicity, I'" U {B} € I'” and hence B € I'“. By the
Induction Hypothesis, 1 € v¥(B). Hence, 0 € v¥(—B).

(iv) Suppose =—B € A“. Analogous to (iii). Use R™.

e  Suppose A = x(Bj, ..., B,). There are four cases.
(i) Suppose x(Bj, ..., By) € I'?.Letv?(B;) = x; foralli with 1 <i < n and
let v¥(x(B1,...,By)) = y. Suppose 1 & vZ(x(By,...,B,)). Then 1 ¢

fr(w?(By),...,v7(B,)) and hence 1 & f,(x1,...,x,) = y. The positive
rule R*" and the negative rule R are the ones that correspond to

*—

x| Xpy XXy
the truth table entry f,(x1,...,x,) = y. Because 1 ¢ y, the conclusion of
the positive rule R;lf..xny isT",%x(By, ..., By)/A .Because x(By, ..., B,) €
I'“, the rule R*F is applicable, and because our open branch is complete

X1 Xpy
it must have been applied. Hence, one of the premisses of the rule R} y
must be a node of our open and complete branch. Hence, B; |;(F’ /A"y or
Bil, (I"/A") is a node of our open and complete branch for some i with

1 < i < n. There are four subcases:

(1) Suppose B;|f(I"/A") = T, B;/A’. By definition of B;|f (I'"/A’), it
must be that x; € {r, 0}. By monotonicity, I U {B;} € I'“ and hence
B; € I'“ . By the Induction Hypothesis, 1 € v“(B;). Hence, v¥ (B;) #
x;. Contradiction.

(2) Suppose B; |;C': (I/A') = T'/A’, B;. By definition of B,-|I,(F’/A’), it
must be that x; € {1,b}. By monotonicity, A’ U {B;} € A“ and
hence B; € A“. By the Induction Hypothesis, 1 ¢ v“(B;). Hence,
vZ (B;) # x;. Contradiction.

(3) Suppose Bi|,,(I"/A") = T, =B;/A’. By definition of B;| (I'"/A"),
it must be that x; € {n, 1}. By monotonicity, I'" U {—B;} € I'“ and
hence —B; € I'“. By the Induction Hypothesis, 0 € v“ (B;). Hence,
vZ (B;) # x;. Contradiction.

(4) Suppose Bil;; (I'"/A) = T"/A’, =B;. By definition of Bily, (T'/A),
it must be that x; € {0, b}. By monotonicity, A’ U {—=B;} € A< and
hence —=B; € AZ. By the Induction Hypothesis, 0 ¢ vZ (B;). Hence,
vZ (B;) # x;. Contradiction.
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504 B. Kooi, A. Tamminga

Because all subcases lead to a contradiction, 1 € v¥ (x(Bj, ..., By)).
(i) Suppose x(B1, ..., By) € AZ. Analogous to (i).
(iii) Suppose —*(Bi, ..., B,) € I'?. Analogous to (i). Use R;:._xny.
(iv) Suppose —*(Bj, ..., B,) € A“. Analogous to (iii).

Theorem 2 (Completeness) Let I, A C Z be finite sets of formulas. Then
M'Fea A iff T Fra A

Proof (=) By induction on the height of the derivation. The local soundness of the
axiom and the sequent rules of G4 is easy to establish. The local soundness of the
additional sequent rules follows from Theorem 1.

(<) By contraposition. Suppose I' /g4 A. Then there is a monotonic tree with
root I'/A and an open and complete branch with leaf '“ /A“. By Lemma 4, the
valuation v induced by F”/Aﬂ ensures that 1 € vZ(I'?) and 1 =4 vZ (A?). By
monotonicity, I' C ' and A € A?. Therefore I’ FrLa A. O

5 Two Simplification Procedures

Definition 2 generates a clutter of different sequent rules with the same conclu-

sion. For instance, if fi(x1,...,x,) = y and fu(x{,...,x;) = Y such that

1 € y Uy, then the positive rules R;lf.x y and R;,Jr iy have the same conclusion
n 1*n

[, x(Aq, ..., Ay)/A. We prove that the 2-4" sequent rules that characterize any n-ary
operator can be systematically reduced to at most four sequent rules.’

To do so, we first define the product of two rules with the same conclusion and
show that the product rule thus obtained is exactly as powerful as the two rules
together. Because the sequent rules generated by Definition 2 have at most four dif-
ferent conclusions, product rules systematically reduce the 2 - 4" sequent rules that
characterize an n-ary operator to at most four sequent rules. The at most four sequent
rules thus obtained might have at most n" premise sequents. Second, we define an
ordering relation on sequents and use it to minimize the number of premise sequents
of a sequent rule. We show that the minimized sequent rule is exactly as powerful as
the sequent rule that was minimized. Third, we illustrate our two simplification pro-
cedures by applying them to the truth tables f,, and fx of FDE and show that we
thus obtain standard sequent rules for disjunction and conjunction.

In the remainder of this section, we have to be somewhat pedantic about our use
of variables: we use the I'’s and A’s as variables over multisets of formulas (this is
just usual practice) but the IT’s and X’s as variables over sets of formulas.

7C0mpare Salzer’s ([23], § 4) method of minimizing operator rules and Avron and Konikowska’s ([5],
§ 3.3) method of ‘streamlining’ deduction systems.
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Definition 4 (Product) Let R; be an m-premise rule and R, an n-premise rule with
the same conclusion I', [T/A, ¥, where m > 1 and n > 1:

/A, % T, 0, /A, 2,

I T/A, = !
r,Oj/A,s) - T, //A, 5!

T TI/A, = 2

Then the product of R| and R;, denoted by R X R», is the following m - n premise
rule:

LI, /A S, 20 LI, /A, 5, 5
T T/A, S

If either R or R; is a zero-premise rule, then Ry x Rj is the zero-premise rule with
the same conclusion I, IT/A, X.

Ri X R).

Lemma 5 Let G4(R1, R2) be a proof system that contains two rules R and R, with
the same conclusion. Let GA4(R| X Ry) be the proof system that contains the product
rule Ry x R; instead of the rules Ry and Ry. Let ', A C Z. Then

' Fgari k) A iff T Fgar xry A

Proof (=) We show that any application of the rule R; can be replaced by repeated
applications of the weakening rules and an application of the product rule R; x R».
Suppose the rule R; has been applied to the premises I', IT;/A, X! (1 < i <
m) to obtain the conclusion I', TI/A, X. By repeated applications of the weak-
ening rules LW and RW to the premises of the rule R;, we obtain the premises
I, I}, H’]f/A, X E;’ (1 <i <mand1 < j < n) of the product rule R; x R;.
Finally, we apply the product rule R; x R» to these new premises and obtain the
conclusion I', TT/A, X. Similarly, any application of the rule R, can be replaced by
repeated applications of the weakening rules and an application of the product rule.
(<) We show that any application of the product rule R; x Ry can be replaced
by repeated applications of the rules Ry and R». Suppose the product rule R; x
R; has been applied to the premises I, IT;, l'[;.’/A, X, E;/ 1<i<mandl <
Jj < n) to obtain the conclusion I', I[T/A, 2. For every j with 1 < j < n we have
m premises T, IT;, l'I/j//A, X, E}/ (1 < i < m), to which we apply the rule R
to obtain the conclusion T, IT, H/J.’ /AT, 2}’. In this way, we obtain n conclusions
I, I, H’]T/A, ¥, E}’ (1 < j < n), to which we apply the rule R; to obtain the sequent
[T, II/A, X, . By repeated applications of the contraction rules LC and RC we
obtain the desired conclusion I', TT/A, X. O

The product rule of an m premise rule and an n premise rule has m - n premises.
This number can be reduced significantly by minimizing the product rule’s premises.
We define minimization on the basis of the following ordering: ', IT'/A, &/ <
[, T1”/A, X" if and only if IT" C I1” and ¥’ € X”. (Note that the IT’s and X’s are
variables over sets of formulas.)
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Definition 5 (Minimization) Let R be a sequent rule. Then the minimization of R,
denoted by min(R), is the sequent rule with the same conclusion as R and a premise
set that exactly contains those <-minimal elements of the premise set of R that are
not axioms.

To illustrate this definition, consider the sequent rules Rr\,/1+1 and RZI:;:
IA/A r,—A/A I'/A,B I',=B/A RV

I'/A,AV B nll
[LA/A I, —A/A /A, B /A, —-B RV
I'/JA,AV B nbl’
By multiplying these two rules we obtain the product rule R,Yﬁ X RE{, which has

sixteen premises. After minimization only three premises survive:

I A/A T,-A/A T/A,B

PV v+
T/A AV B min(R 1 x R*").

nll nbl

Lemma 6 Let G4(R) be a proof system that contains the rule R. Let G4(min(R)) be
the proof system that contains the rule min(R) instead of the rule R. Let ', A C Z.
Then

Fbgary A iff T FGaminr)) A

Proof (=) We show that any application of the rule R can be replaced by an applica-
tion of the rule min(R). Suppose the rule R has been applied to obtain a conclusion
I1/%X. Because every premise of min(R) is a premise of R, we obtain the conclusion
I1/% also by applying min(R) to those premises of R that survive minimization.
Moreover, we discard every subtree issuing in a premise of R that did not survive
minimization.

(<) We show that any application of the rule min(R) can be replaced by additional
axioms, repeated applications of the weakening rules, and an application of the rule
R. Suppose the rule min(R) has been applied to obtain a conclusion I1/X. For every
premise I'” /A" of R it holds that either (i) '’ /A” is a premise of min(R), (ii) ' /A"
is not a premise of min(R), but ' N A” # @, or (iii) I’ /A" is not a premise of
min(R), but there is a premise I’ /A’ of min(R) such that I’ € I'" and A’ € A”. The
premises of type (ii) are logical axioms. The premises of type (iii) are obtained from
the relevant premises of min(R) by repeated applications of the weakening rules LW
and RW. Finally, we obtain the conclusion 1/ X by applying R to the premises of the
types (i), (ii), and (iii) thus obtained. L]

We use minimized product rules to characterize any n-ary operator with at most
four sequent rules.

Definition 6 Let f, be the truth table of an n-ary operator . Then

8We conjecture that in every case the number of premises of min(R) is between 0 and 4 - n2 — 2 - n, where
n is the arity of the operator that is introduced in the conclusion of R.
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rt = min(x{ch’l*_“xny 1y
= min(x{Ry , 1€y
r~ = min(x{R;l’_'.xny :0€y)
e = min(x{R;l_mxny :0 e y}).

If there are no rules of a particular kind, then the relevant minimized product rule is
undefined.

To conclude this section, let us illustrate our two simplification procedures by
applying them to the truth tables f,, and f. of FDE and show that we thus obtain
standard sequent rules for disjunction and conjunction. FDE’s truth tables f,, for
disjunction and f, for conjunction are the following:

fun01b fAln01b
ninnll nin0no
0n01b 00000
11111 1n015b
b|1b1b b|00DbD

Lemma 7 Let f, be FDE’s truth table for disjunction. Then IV *, r¥*, IV~ and r¥~
are the following rules:

LA/A TB/A L/AAB
T,Av B/A T/A AV B
r,—A,~B/A r/A,~A  T/A,-B
T, ~(AvB)/A ! /A —~(AvB) "

Proof Use Definition 2 to generate the 32 sequent rules that characterize V. Then
calculate [V, rV*, IV~ and rV~. Hint: first multiply and minimize pairs of rules,
then multiply and minimize the resulting minimized product rules. O

Lemma 8 Let f be FDE’s truth table for conjunction. Then I, "t I~ and r"~
are the following rules:

I'A, B/A /A, A I'/A,B
B el Bl e YN A
' AANB/A I'/A,ANB
Ir,—A/A I''=B/A ~ I'/A,—-A,—=B
T,~(AAB)/A | T/A,~AnB) |
Proof Analogous to the proof of Lemma 7. O

Finally, we add the new rules for disjunction and the new rules for conjunction
to the basic sequent calculus G4 that only contains a logical axiom, logical rules
for negation, and the structural rules of contraction and weakening. We use G4~V
to refer to the resulting sequent calculus.’ If the language .Z is built from atomic

9Note that G4~V" for FDE is similar to the sequent calculi given by Pynko [22, pp. 446-447], Arieli and
Avron [2, p. 109], and Beall [7, § A.3], and to Priest’s [21] tableau system.
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formulas using only —, Vv, and A, the preservation of truth and the preservation
of non-falsity coincide.!® Consequently, G4~V is sound and complete for FDE in
Belnap’s original sense:

Theorem 3 (Sequent calculus for FDE) Let ', A C Z. Then
r |_G4—~\//\ A iff T E=rpE A.

Proof Immediately from Theorem 2 and Lemmas 5, 6, 7, and 8. O

In sum, our method not only generates two-sided sequent calculi for FDE-like
four-valued logics, but also generates sequent calculi with ar most four sequent rules
for each n-ary operator. It does so in two steps. (Recall that a logic is FDE-like, if it
contains finitely many n-ary operators, including negation, and if all of its operators
are truth-functional over the four truth-values n, 0, 1, and b, where 1 and b are desig-
nated.) In the first step, each truth table entry of each of the relevant n-ary operators
is characterized by a pair of sequent rules. In the second step, we add these sequent
rules to the basic sequent calculus G4 and simplify them systematically using (i)
our product rule that combines two given rules with the same conclusion, and (ii) our
minimization of the premise set of a given rule. In this way, we systematically reduce
the sequent calculus we found first to a sequent calculus with at most four sequent
rules for each n-ary operator. We illustrated our method by automatically producing
a sequent calculus for FDE that is very similar to the ones that have been presented in
the literature. Accordingly, finding an elegant sequent calculus for a given FDE-like
four-valued logic is a process that can be fully automated.

6 Implications

We now apply our method to investigate the proof-theoretical consequences of
including intuitive truth-functional implications in FDE-like four-valued logics. To
do so, we start from Dunn’s [11] observation that the conditions under which a for-
mula is false can be distinguished from the conditions under which that formula is
not true, and that these conditions are logically independent. Dunn uses this obser-
vation to present an intuitive semantics for FDE by giving both a truth-condition
and a falsity-condition for its operators of negation, disjunction, and conjunction.
We use Dunn’s observation to provide intuitive semantics for implication by giving
both a truth-condition and a falsity-condition. There are four natural ways to give a
truth-condition for implication:

(Dfr) A D Bistrue iff if Ais true, then B is true.

(Di) A D Bistrue iff if Ais true,then B is not false.
(Di) A D Bistrue iff if A isnot false, then B is true.
(Di) A D Bistrue iff if Aisnot false, then B is not false.

10See Dunn [12, Proposition 4] for an accessible proof.
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Likewise, there are four natural ways to give a falsity-condition for implication:

(Dl_) A D Bisfalse iff Aistrueand B is false.

(32_) A D Bisfalse iff Aistrueand B is not true.
(33_) A D Bisfalse iff A isnotfalse and B is false.
(Di) A D Bisfalse iff A isnotfalse and B is not true.

Let us say that a formula is true if its truth-value is either 1 or b, that a formula
is not true if its truth-value is either n or 0, that a formula is false if its truth-value
is either 0 or b, and that a formula is not false if its truth-value is either n or 1. We
use the following boldface shorthand notations: T abbreviates {1, b}, F abbreviates
{0, b}, T abbreviates {n, 0}, and F abbreviates {rn, 1}. (Note that any intersection of
an element of {T, T} and an element of {F, F} is a singleton.)

Using the boldface shorthand notations, the four truth-conditions for implication
give rise to the following four generalized truth tables:

ST T f3.|FF f.TT f3.|FF
TI|TT T |TT FI|TT FI[TT
TI|TT T|TT FITT FITT

Likewise, the four falsity-conditions for implication give rise to the following four
generalized falsity tables:

A |FF 2ITT 3 |FF AITT
TI|FF TI|FF F|FF F |[FF
T |FF TI|FF FI|FF FI|FF

Given a generalized table f-5_ where o € {4, —}, we use Z(f5,) to refer to the set
of its left input values and Z(f,) to refer to the set of its right input values. For
instance, £ (f3,) = {T, T} and Z(f3,) = {F, F}.

There are sixteen ways to combine the generalized truth and falsity tables f5'+ and
f2_ to obtain a truth table £’ for implication: for all i, j € {1, 2, 3, 4} and for all
x,y,z € {n, 0,1, b} we stipulate that

Sy =z iff A& YHN X YT =1z,

where x € Xt € Z(fL)andy € YT € Z(fL,)andx € X~ € L(f])
and y € Y~ € Z(f ). For instance, we get f§‘3(0, b) = 1,because 0 € T €
Z(f3,)andb € F e Z(f3)and0 € F € Z(f3 )andb € F € Z(f3 ) and
fzz)+ (T,F)N f:3>7 (F,F) = TNF = {1}. In this way, we obtain sixteen different truth
tables. Obviously, the method we developed in the previous sections can be used to
find the sequent rules that characterize any of these sixteen truth tables. With a slight
adaption, however, it can do much more.

We first note that our boldface shorthand notations T, T, F, and F are obviously
related to the truth-values 0 and 1:
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Lemma9 Let A € £ and let v be a valuation. Then

lev(d) iff v(A)eT
1¢v(A) iff v(A)eT
0Oev(A) iff v(A)eF
0&v(A) iff v(A) eF.

Another small abuse of notation: we write ‘v(I") € T instead of ‘forall A € T" it
holds that v(A) € T’, and similarly for the other boldface shorthands.

Definition 7 Let I, A € Z and A € Z. Let Z € {T,T,F, F}. Then A| is the
following operation:

[/AA,  ifZ=T
[LA/A, ifZ=T
/A, —A, ifZ=F
I,—A/A, if Z=F.

Alz(T'/A) =

Lemma 10 Let ') A C Land A € £L. Let Z € {T, T,F, F}. Then

Alz(T'/A) is valid if and only if for every v such that v(I') € T and v(A) € T it
holds that v(A) € Z.

Proof There are four cases.

Case Z = T. Then A|z(I'/A) = T'/A, A. (=) Suppose I' = A, A. Take an
arbitrary valuation v. Suppose v(I') € T and v(A) € T. Then it must be that v(A) €
T. (<) Suppose for every v such that v(I") € T and v(A) € T it holds that v(A) € T.
Then it must be that " = A, A.

The other three cases are proved similarly. O

Definition 8 Let Do_with o€ {4+, —} be one of our eight generalized tables and
let X1, X2,Y € {T, T, F, F} be such that /5, (X1, X2) = Y. Then R)D(fxzy is the
following sequent rule:
Alx,(T'/A) Blx,(T'/A) S,
A D Bly(I'/A) X1 XY

Theorem 4 Let D, with o € {+, —} be one of our eight generalized tables and let
X1, X0, Y €{T, T,F,F}. Then

. (X1, X)) =Y iff R):()fsz is validity-preserving.

Proof (=) Assume that f5 (X1, X2) =Y. Suppose A|x, (I', A) and B|x, (", A) are
valid. Then, by Lemma 10, for every v such that v(I') € T and v(A) € T it holds
that v(A) € X; and v(B) € X». Then, because f5, (X, X2) =Y, it must be that for
every v such that v(I') € T and v(A) € T, it holds that v(A D B) € Y. Then, again
by Lemma 10, (A D B)|y (T, A) is valid. Therefore, R?f Xo¥ is validity-preserving.
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(<) Assume that R)D(lo Xo¥ is validity-preserving. Let p; and p; be logically inde-
pendent atomic formulas, let X1, Xo € {T,T, F,F}, and let v’ be an arbitrary

valuation such that v'(p;) € X; and v'(ps) € X,. Given the valuation v’ and
pi € {p1, p2}, we define two sets of literals, I’ and A’, as follows:

' = |{pi:v(pi)e T} U {=pi : v'(pi) € F}
A" = {pi:V(p) e TYU{=p; : V' (p;) € F}.

Two facts about I'” and A’ are to be noted. First, v/(I'") € T and v'(A’) € T.
Secondly, pi|x, (I'', A’) and p;|x,(I'", A’) are valid.

By assumption, R)D(fxzy is validity-preserving. Hence, (p; D p2)|y(I''/A') is
valid. By Lemma 10, for every v such that v(I'") € T and v(A’) € T it holds that
v(p1 D p2) € Y. Hence, v'(p; D p2) € Y. Because v’ was arbitrary, we conclude
that for every v such that v(p1) € X1 and v(py) € X it holds that v(p; D p2) € Y.
Therefore, 5, (X1, X2) =Y. O

Lemma 11 Let fé+ withi € {1, 2, 3, 4} be one of our four generalized truth tables.
The tables are characterized by the following rules:

/A, A IB/A I'A/A, B .
[P+ A 4 =~ p ot

I'ADB/A I'/A,ADB
/A, A /A, =B _, I'LA,—B/A 5
1>+ A a1 =~ p ro+

I'’ADB/A I''/A;,ADB
r,—A/A IB/A '/A,—A, B 2
1>+ A A= @ roF

I'ADB/A '/A,ADB
I, —A/A /A, —B _, I'=B/A,-A _,
[P+ A A = n o+

I'ADB/A '/A,ADB

Proof Use Definition 8 to generate the four rules that characterize f£+. Then

repeatedly use the product rule and the minimization rule to calculate / % and
Di
ro+. U

Lemma 12 Let G47(1°%, r2%) be the proof system that results from adding the rules
1PY and r>% withm,n € {1,2, 3, 4} 1o the basic sequent calculus G4 Then

G4~ (PY, ro%y is sound  iff m =n.

Proof (=) Assume that m # n. There are twelve cases.

Casem = l and n = 2. Itis easy to see that p, p D q/q,—~q and p/q, —q, p D q
are derivable when both />% and % are available. Suppose that p, p D g = ¢q, ~¢q
and p = q,—q, p D q. Because p and ¢ are independent, there is a valuation v
such that v(p) = 1 and v(g) = n. Because p &= ¢,—q, p D g, it must be that
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1 € v(p D q). Because p, p D g = ¢, —q, it must be that 1 € v(g). Contradiction.
Therefore, G4~ (I DL, rD%r) is not sound.

Casem = 1 and n = 3.Itis easy to see that p, =p, p D g/q and p, —p/q, p D q
are derivable when both /2% and 2% are available. Suppose that p, =p, p D q =g
and p,—p E ¢q,p D ¢q. Because p and ¢ are independent, there is a valuation v
such that v(p) = b and v(q) = 0. Because p,—p = ¢, p D g, it must be that
1 € v(p D q). Because p, —p, p D q = ¢, it must be that 1 € v(g). Contradiction.
Therefore, G4 (I DL, rji) is not sound.

Casem = 1landn = 4. Itiseasy toseethat (i) p, p D ¢/q,—~qg and p/q, —~q, p D
q and (ii) p, —=p, p D q/q and p, —=p/q, p D q are derivable when both />% and %
are available. From either of the two previous cases it follows that G4~ (Plr, rDi) is
not sound.

The other nine cases are proved similarly.

(<) Assume that m = n. From Lemma 11 it follows that G4~ (>%, r=%) is sound.

O

Lemma 13 Let f:& with j € {1,2,3, 4} be one of our four generalized falsity tables.
The tables are characterized by the following rules:

LA -B/A r/AA _ T/A-B
T,—(AD>B)/A I7° T/A,—(AD>B) '~
LA/MAB I/A,A  T.B/A
T,—(A> B)/A |7~ T/A,~(AD>B) '~
[=B/A-A r,—A/A  T/A-B
T,—(AD> B)/A |7~ T/A,—~(AD>B) '~
L/A-AB r-A/A  T.B/A
T,—(A> B)/A |7~ T/A,~(ADB) '~
Proof Analogous to the proof of Lemma 11. [

Lemma 14 Let G47(I°", r2%) be the proof system that results from adding the rules
1P and r>" withm,n € {1, 2,3, 4} to the basic sequent calculus G4~ Then

m

G4~ (>%, r°%y is sound  iff m =n.

Proof Analogous to the proof of Lemma 12. [

The results from the present section help us to establish the proof-theoretical con-
sequences of including a truth-functional implication into our FDE-like four-valued
logic. First, we know which pairs of positive sequent rules characterize the four
natural truth-conditions for implication and which pairs of negative sequent rules
characterize the four natural falsity-conditions for implication. Second, we know that
the positive pair and the negative pair can be chosen independently. Third, we know
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that both the positive rules and the negative rules come in pairs. We cannot choose
a positive left rule from one pair and a positive right rule from another (or a nega-
tive left rule from one pair and a negative right rule from another), because doing
so would make our proof system unsound. Accordingly, choosing a truth-functional
implication for an FDE-like four-valued logic can now be one on the basis of much
more complete information.

7 Related Work
7.1 Baaz, Fermiiller, Salzer, and Zach (1998)

Baaz et al. [6] present a general method that, although it was not designed to do so,
can also be applied to obtain two-sided sequent calculi for FDE-like logics with at
most four sequent rules for each n-ary operator. Their method makes use of sets of
truth-values as labels in labelled sequent calculi. Given the set V = {n, 0, 1, b} of
truth-values, we first need to fix a system of signs, that is, a set of subsets of V such
that for every x € V there is a subset S, C S such that (| Sy = {x}. A labelled
sequent IT is a finite multi-set of formulas of the type «: A where « € S and A € .Z.
If we choose the system of signs S = {1, a2, a3, as} with oy = {1, b}, oy = {n, 0},
a3 = {0,b}, and oy = {n, 1},!! any labelled sequent IT can be rewritten as a two-
sided sequent I'/ A, because any FDE-like logic contains the negation — and its truth
table f—. Any o : A in IT is represented by an A to the right of the slash, any oy : A
in IT by an A to the left of the slash, any «3: A in IT by a —A to the right of the slash,
and any a4 : A in IT by a —A to the left of the slash. Accordingly, the labelled sequent
a1 A,ap:B,a3:C,aq: D is represented by the two-sided sequent B, =D /A, —C.
Conversely, any two-sided sequent I'/ A can be rewritten as a labelled sequent with
labels « through o4.

Given the system of signs S = {oy, a2, a3, a4} with a1 = {b, 1}, ar = {n, 0},
a3 = {b, 0}, and a4 = {m, 1}, the method used by Baaz et al. [6, Definition 6.6] gives
us the following axioms and rules:

Axioms:
o1:A, 0 A a3:A,04: A

Structural rules: For every o € S,

Il cakeor Mao:A,a:A -
71_[’“:14 weak: —l_[,(x:A cntr:o
Cut rules:
IT,a;: A IM,a: A IM,a3: A IT,a4: A
i cut:ay, 02 vl cut:az, 04

HNote that the signs a1, a2, @3, and oy are the generalized truth-values T, T, F, and F that we used in the
previous section to analyse implication.
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Propositional rules: An introduction rule for an n-ary operator % labelled witha € S
is of the form
H1 El co H» z:n
IM,a:%x(Aq, ..., Ap)

* 0

where the formulas in each ; (1 < i < n) are of the form o’ : Ajforsomel < j <n
ando’ € S.

It is easy to see that, if we rewrite the labelled sequents in these axioms and struc-
tural rules as two-sided sequents, then we obtain special cases of the logical axiom
and of the structural rules LC, RC, LW, and RW of our calculus G4™". Note again that
G4 does not have a cut rule.

To compare the introduction rules that are obtained by Baaz et al. to our rules,
we must say more about how they obtain their rules. Let f* be a truth table for an
n-ary operator = from an FDE-like logic and let o be a label in S. To obtain the
introduction rule « : oo, Baaz et al. [6, p. 28] first define the set T = {(x, ..., xp) :
f«(x1,...,x,) € a}. They then define a partial disjunctive normal form, each con-
junct of which corresponds to a (x1, ..., x,) in 7. This disjunctive normal form is
then converted into a partial conjunctive normal form from which they read off the
introduction rule : .

If we apply their method to the truth table f-, for the unary operator —, we find
the following four rules (note that we leave out the axioms):

H,Ol3:A . H,O{4:A H,(xliA H,O[z:A

%) -3 —04.
IM,a;:—A IT, ar: —A IT,a3:—A IT, g : —A

Rewriting the labelled sequents as two-sided sequents, we find the following four
two-sided rules, respectively:

T/A, —A T,—A/A T/A, A T, A/A

/A=A —o T —4/A - /A, ——A —iu3 7F,—-—-A/A —:oy.

In their two-sided formulations, the first two rules are redundant, the rule — : o3 is
our logical rule R™, and the rule —: o4 is our logical rule L™.

Likewise, if we apply their method to the truth table f, for the binary operator Vv,
we find the following four rules (note again that we leave out the axioms and that we
do some serious trimming):

IM,a;:A,x1:B . m,a: A Il,ar:B .
—_———— V] V:iap
M,a;:AV B IM,ar:AV B
IM,a3: A IT,a3:B Vo I,04:A,04:B Vo,
IM,a3:AV B Mas:AV B

Rewriting the labelled sequents as two-sided sequents, we find, respectively, the rules
RY*t, LVt RY—,and LV~ of Lemma 7.
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7.2 Wintein and Muskens (2016)

Another way to obtain two-sided sequent calculi for FDE-like logics is via a
two-sided sequent calculus for a functionally complete set of operators that is truth-
functional over {n, 0, 1, b}. Muskens [16, p. 49] showed that {—, A, &, ®} is such a
set of operators, where the truth tables for f- and f. are the ones given above and
the truth tables for fo and f are the following:

fe fen 01b
n |b nnnnn
0|0 0n0no
11 1nnll
b |n bn01b

In the fashion of Section 6, we can see the truth table fg as obtained from the
generalized truth table fo, and the generalized falsity table fo . Likewise, the
truth table fg can be seen as obtained from the generalized truth table fig, and the
generalized falsity table fg_:

forl| fo_| fo. TT fo_ FE
E T I F T|TT F |FF
F T TI|TT F |FF

Definition 8 and Theorem 4 imply that the truth table for fg is characterized by
the following four rules:

T/A, —A T, —A/A T/A, A T, A/A
o+ Fo+ o-
T, 0A/A /A, GA F.—6A/A T/A, —OA

r

Likewise, the truth table fg is characterized by the following four rules (use the
product rule and the minimization rule repeatedly):

T, A, B/A T/A,A T/A,B

P S — L r®+
T,A® B/A T/A,AQ B
r.-A.-B/A r/A,—A T/A, =B __

I —~(A@B)/A | T/A,-A®B)

As a consequence, the sequent calculus G4™*©® that is obtained from our basic
sequent calculus G4 by adding the rules for A, ©, and ® is sound and complete for
the FDE-like logic that is built from a set 22 = {p, p’, ...} of atomic formulas, using
the functionally complete set of operators {—, A, ©, ®}. In turn, this sequent calculus
could be used to find sequent rules for any n-ary operator * that is truth-functional
over {n, 0, 1, b}, given a translation of the formula x(py, ..., p,) into a formula in
which only operators from {—, A, 8, ®} occur.

Wintein and Muskens [26, Definition 7] present signed sequent rules for © and
®. In their approach, a signed formula of the form ‘x : A’ consists of a sign x from
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the set {, 7, 0, 0} and a formula A from a propositional language.'> Accordingly, a
signed sequent X is simply a finite set of signed formulas. Their signed sequent rule
for © is the following:

Y, x: A — . _
ﬁ Re, for (x,y) € {{0,1), (0, 1), (1,0), (I, 0)}.

Likewise, their signed sequent rules for ® are the following:

Y,x:A,x:B
Y, x:A®B

Y,x: A X,x:B
Y, x:AQ®B

R, forx € {0, 1} RZ, for x € {0, I}.
As a matter of fact, any signed sequent ¥ can be rewritten as a two-sided sequent
I'/A and vice versa:

0:Aey iff —=Ael
0:Aex iff —-AeA
1:AeXY iff Aerl
1:Aex iff AeA.

Using these rewriting rules, it is easy to see that the two-sided sequent rules for ©
and ® that we obtained using our method coincide with the signed sequent rules
presented by Wintein and Muskens.

8 Conclusion

We presented a method for generating two-sided sequent calculi for FDE-like
four-valued logics and showed that any truth-functional n-ary operator can be charac-
terized with at most four sequent rules. To compare the sequent calculi generated by
our method with existing sequent calculi, we applied our method to the four-valued
truth tables for v, A, ©, and ®, and found that it gives us rules that are similar or
even identical to the ones that have been proposed in the literature.

Moreover, we used our method to study intuitive truth-functional implications in
FDE-like four-valued logics. We found that we must make a principled distinction
between the pair of positive sequent rules that characterizes the truth-conditions of
an implication and the pair of negative sequent rules that characterizes the falsity-
conditions of an implication. Although any pair of positive sequent rules can be
combined with any pair of negative sequent rules, we showed that both positive and
negative sequent rules come in pairs: if we choose one sequent rule from a pair, we
must also choose the other sequent rule from that pair. We submit that this might be
one of the senses of the elusive concept of harmony in proof theory.

We close the paper with an open question. Our method of characterizing single
truth table entries with proof rules has been applied to a wide range of truth-functional

12The italicized Os and s are not to be identified with the non-italicized or bold-faced ones we use
elsewhere in the paper.

@ Springer



Two-sided Sequent Calculi for FDE-like Four-valued Logics 517

two-, three-, and four-valued logics.' These results can be summarized in a condi-
tional: if a truth-functional many-valued logic has such and such properties, then our
method of characterizing single truth table entries is applicable. The open question
is about the conditional’s converse: if our method of characterizing single truth table
entries is applicable to a truth-functional many-valued logic, then what properties
does such a logic have?
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