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Abstract

This work pioneers regret analysis of risk-
sensitive reinforcement learning in partially ob-
servable environments with hindsight observa-
tion, addressing a gap in theoretical exploration.
We introduce a novel formulation that integrates
hindsight observations into a Partially Observ-
able Markov Decision Process (POMDP) frame-
work, where the goal is to optimize accumulated
reward under the entropic risk measure. We de-
velop the first provably efficient RL algorithm tai-
lored for this setting. We also prove by rigorous
analysis that our algorithm achieves polynomial

regret O (E‘W|H*1H2\/KHSQOA), which out-

v H
performs or matches existing upper bounds when
the model degenerates to risk-neutral or fully ob-
servable settings. We adopt the method of change-
of-measure and develop a novel analytical tool of
beta vectors to streamline mathematical deriva-
tions. These techniques are of particular interest
to the theoretical study of reinforcement learning.

1. Introduction

Reinforcement learning (RL) is a sequential decision-
making problem in which an agent learns to maximize ac-
cumulated rewards through interactions with an unknown
environment (Sutton & Barto, 2018). In many practical
scenarios such as derivative hedging (Cao et al., 2020) and
actuarial science (Richman, 2021), decision-makers have
to consider the associated risks, leading to the study of
risk-sensitive RL (Fei et al., 2020).

It is also a common practice to make costly decisions based
on unreliable or incomplete information, such as in au-
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tonomous driving (Huang et al., 2019), stock market predic-
tion (Kabbani & Duman, 2022), and cybersecurity (Vassilev
et al., 2022). The Partially Observable Markov Decision
Process (POMDP) (Monahan, 1982) is widely employed as
the mathematical framework for these problems.

Empirical studies have been conducted on risk-sensitive
POMDPs to address the planning or learning problem in
various application scenarios (Skoglund, 2021; Choi et al.,
2021; Qiu et al., 2021; Shen et al., 2023). However, these
studies often lack a performance guarantee. On the other
hand, theoretical studies primarily focus on demonstrat-
ing the existence of an optimal policy (Di Masi & Stht-
tner, 1999) or addressing the planning problem with full
knowledge of the transition probabilities (James et al., 1994;
Biauerle & Rieder, 2017), but have yet to develop the sam-
ple complexity analysis. Consequently, an open theoretical
question remains from prior research:

Can we devise a sample-efficient and theoretically
grounded risk-sensitive RL algorithm in partially ob-
servable environments?

Obtaining a conclusive answer to this question is challeng-
ing due to several technical obstacles. Firstly, the com-
plex structure of the POMDP becomes even more intricate
when incorporating a non-linear risk measure, raising doubts
about whether mathematical analysis alone can effectively
simplify the problem. Secondly, partial observations pose
challenges in learning the model with limited sample com-
plexity and designing the exploration bonus with incomplete
information.

In this work, we devise a novel algorithm that addresses
these problems in a POMDP model equipped with hindsight
observations. Due to the fact that reinforcement learning
in general POMDPs is intractable (Papadimitriou & Tsit-
siklis, 1987; Jin et al., 2020), we involve hindsight obser-
vations(Lee et al., 2023) in the learning protocol, which
will be introduced in Section 3. We also excavate the dy-
namic programming structure implicit in the risk-sensitive
POMDP model and subsequently derive a fresh set of Bell-
man equations that matched our problem setting. Moreover,
we uncover a simple representation of the value functions
with explicit analytical forms, leading to the creation of a
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new exploration bonus that exploits the partial information
gleaned from the environment while considering the agent’s
risk sensitivity. Our algorithm efficiently estimates the ac-
cumulated risks in all the possible hidden states and selects
the optimal actions.

In addition, we provide theoretical guarantee for the algo-
rithm design: the upper bound of the regret presented in
Eq.(23) is not only polynomial in all the parameters but
also explains how the risk measure, partial observations
and empirical estimator affects the learning efficiency of
each component of the POMDP model. Moreover, when
the model degenerates to risk-neutral or fully observable set-
tings, our result improves or matches existing upper bounds
and nearly reaches the lower bounds in these scenarios.

The contributions of this work are summarized as follows:

» Formulation. We propose a novel theoretical formu-
lation for risk-sensitive reinforcement learning in a
partially observable environment with hindsight ob-
servations. We adopt the entropic risk measure in the
framework, which accommodates general underlying
POMDP models with non-stationary decision process.
We also generalize certain results to arbitrary utility
risk measures.

Algorithm. We develop a new algorithm that incor-
porates a belief propagation process before the value
iteration begins. Our design allows the agent to pre-
emptively estimate the accumulated risks within the
hidden states, before she optimizes the value functions
through a greatly simplified Bellman equation. We also
introduce a new bonus function that exploits partial in-
formation to encourage risk-sensitive exploration.

* Regret. We provide the first regret analysis of
the problem. By disregarding lower-order terms,
our algorithm successfully attains the regret

O (“prt - H*VKS?04 - /AW KHSOA3) ,
which demonstrates the risk awareness of the agent and
the history-dependency. When the model degenerates
to risk-neutral or fully observable settings, our regret
improves or matches existing upper bounds and nearly

reaches the lower bound of risk-sensitive RL.

» Techniques. We introduce a novel analytical tool called
the beta vector, which plays a pivotal role in design-
ing our bonus function, resulting in simplified value
iteration and regret analysis. We also adopt the change-
of-measure technique, which decouples the state and
observations to streamline analytical derivations.

2. Related Work

Due to space limits, we only discuss the most relevant works
below. A thorough overview is provided in Appendix F.

Risk-sensitive RL. Our analysis draws inspiration from
studies about risk-sensitive RL. For instance, (Fei et al.,
2021a) introduces a new bonus to improve the regret bound
of learning an MDP using entropic risk. Additionally,
(Liang & Luo, 2023) uses the concept of Lipschitz con-
tinuity to linearize various risk measures. These works
contribute to our technical toolkit.

POMDP. It is well-known that planning or learning a gen-
eral POMDP is intractable (Papadimitriou & Tsitsiklis,
1987; Jin et al., 2020). Consequently, a body of research
in partially observable RL restricts attention to subclasses
of POMDP with structural assumptions (Golowich et al.,
2022b; Zhan et al., 2022), such as the emission matrices
having a minimum positive singular value, denoted by «
(Liu et al., 2022a;b). In these subclasses of POMDPs, the
emission process reveals enough information for the agent
to decode the hidden states (Liu et al., 2022a; Cai et al.,
2022; Golowich et al., 2022b). Our work significantly di-
verges by not imposing such structural constraints on the
probability kernels. This foundational difference in formu-
lation allows our regret bound to remain independent of «,
which enlarges the scope of applicability to instances where
emission kernels lack full column rank.

Risk-sensitive POMDP. Our theoretical framework
builds on prior research such as (James et al., 1994; Baauerle
& Rieder, 2017). However, our study significantly diverges
from the predecessors because we do not presuppose the
transition and emission matrices are time-invariant and fully
known. Our agent learns a non-stationary model through
online interactions, focusing on the exploration-exploitation
trade-off typical of reinforcement learning.

3. Problem Formulation

Notations In this study we use 2 and O to hide problem-
independent constants or logarithmic terms in the sam-
ple complexity. v~ represents min{~,0} and v is for
max{~,0}, while ¢ is the shorthand for In(K HSOA/?d)
and N V 1 is for max{N, 1}. Random variables are in bold,
while their realizations are in roman. For random vectors
v and vp, we use v 4 \ vp to denote the subvector of v 4
with the components from v removed.

The POMDP Model We consider a tabular, episodic
and finite horizon POMDP with non-stationary transition
matrices (Monahan, 1982; Liu et al., 2022a). The under-
lying model of the POMDP can be specified by a tuple
P=(S0,;u,T,0;K,H,r), where ., 0 and o/
are the spaces of the hidden states, observations, and actions
with cardinality S, O, and A respectively. The agent plays
with the model in K episodes and each episode contains
H steps. p; € A(Y) is the prior distribution of the hid-
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den states which can be represented as an S-dimensional
vector ji1. T = {Th., € R9*S | (h,a) € [H] x &/} and
0 = {0}, € RO*S | h € [H]} are the transition and emis-
sion matrices respectively. If the environment is in state s at
step h, then T}, ,(-|s) represents the distribution of the next
hidden state when the agent takes action a, while O, (+|s) is
the distribution of the observations generated by the current
hidden state. r = { 71, (-,-) : & x & — [0,1] | h € [H] }
is the collection of reward functions that measure the per-
formance of actions in each hidden state.

In each episode, the initial state Sy is sampled from gy (-).
For all steps h € [H], the agent decides an action Ay,
based on previous observations and receives a reward
rh(sh,an). The environment then transits to a new hid-
den state Sy41 ~ T}, (-|sn) and emits an observation
Op+1 ~ Opy1(-|Sh41), after which the a new action will
be taken. In a POMDP, the agent never detects the hidden
states, so she makes decisions according to the observable
history Fj, := (A1,02,-++ ,On_1, Ap_1,0p) € Fy,
from which her policy 7, (+) maps to the action space. ! The
POMDP evolves until the last state Sy 1, before a new
episode begins.

Reinforcement Learning with Hindsight Observation
In RL, the agent plans under empirical models {Pk} ]
learned from data samples of the history. The corresponding
empirical distributions will be denoted as 1i¥, ']I‘k and OF. In
this work, we incorporate hindsight observation (Lee et al.,
2023) in the interaction protocol of the POMDP: in test time,
the agent is allowed to review the hidden states that occurred
in the last H steps at the end of each episode. The concept
of hindsight observability in RL is proposed by (Lee et al.,
2023) and echoed by (Sinclair et al., 2023; Shi et al., 2023;
Guo et al., 2023). This setting also makes efficient learning
possible. According to (Lee et al., 2023), hindsight observa-
tions are common in real-world applications of the POMDP,
such as data center scheduling (Sinclair et al., 2023) and
online imitation learning (Ross et al., 201 1).2 Hindsight ob-
servability is also satisfied in asymmetric RL settings (Pinto
et al., 2017; Baisero et al., 2022) and sim-to-real robotic
learning tasks (Chen et al., 2020).

Reinforcement Learning using Entropic Risk Measure
In risk-sensitive RL, the agent seeks an optimal policy ™
that maximizes the following optimization objective, which
is the entropic risk measure of accumulated reward:

1
T P.) 1= nEf o =Einsea0]

"We use the notation F' because the histories constitute a filter
process.

2Please refer to Section 3.2 and 5 in (Lee et al., 2023) for more
examples.

where P is the POMDP model and v # 0 is the given
parameter of risk-sensitivity.

Remark 3.1. Following the convention of risk-sensitive RL
(Béuerle & Rieder, 2014; Liang & Luo, 2023), we adopt
the entropic risk measure (Fei et al., 2020) to define the
risk-sensitive objective function in (1). The connection
between the exponential function and risk-awareness can be
illustrated by the following expansion:

1
ZInEe® =

ER —|— —-Var R+ o(Var R)
v

where R = Z{Ll 71 (Sh, Ap) is the accumulated reward.
This relation intuitively reveals a close connection between
the value of the risk measure and the uncertainty (variance)
in the agents’ returns, implying that the agent is risk-seeking
when v > 0 while risk-averse when v < 0 (Béuerle &
Rieder, 2014). There exists various other risk measures in
the studies of risk-sensitive RL, such as Conditional Value-
at-Risk (CVaR) (Du et al., 2022), Lipschitz risks (Liang &
Luo, 2023) and utility risks (Béuerle & Rieder, 2014). Many
of the results in this study can be generalized to utility risks,
and we defer the discussion to Appendix B.

Learning Objective In this study, we aim to devise an
algorithm whose output policies {7*}X_| minimizes the
difference with 7*, which will be measured by the “regret”
defined below:

K
Regret(K; P, ) : ZJ —J@5 P )
k=1

We are also concerned with the sample complexity of the
algorlthm Wh1ch is the smallest episode number K that
ensures Zk L J@E,Pyy) > J(7*, P, ) — € with prob-
ability at least 1 — 4.

4. Value Function and the Bellman Equations

In the much more complex setting of POMDP, we need
to design special value functions to simplify the intensive
computation caused by the history dependency in the poli-
cies. However, as is shown in Remark B.27 in the appendix,
a naive adaptation of the value functions in the POMDP
literature (Monahan, 1982) fails to capture the nonlinear
structure of a risk-POMDP. In this work, we introduce a
new definition for value functions based on the studies of
(Bidauerle & Rieder, 2017; James et al., 1994), which not
only simplifies the analysis but also helps us derive a new
set of Bellman equations tailored to our problem. We will
use these concepts in our algorithm presented in Section 5.

Change of Measure To simplify the mathematical analy-
sis, we adopt the technique called “change of measure” and
investigate the risk-POMDP problem in a simpler model P’
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(obtained via transformation), in which the observations O,
and hidden states St are independent.

The technique of change-of-measure originates from
stochastic calculus (Oksendal, 2013) and is vastly adopted
in derivative pricing (Baxter & Rennie, 1996) and filter-
ing theory (Jazwinski, 2007). In the study of POMDP, this
method is used to decouple the transition and emission pro-
cesses (Baras & James, 1997; Fernandez-Gaucherand &
Marcus, 1997), which will also facilitate the statistical com-
plexity analysis using hindsight observations.

In this work, we refer to P’ as the “reference model”, whose
rigorous definition is presented in Appendix B.1. The fol-
lowing analysis comes from the studies of (James et al.,
1994; Cavazos-Cadena & Hernandez-Hernandez, 2005).
The relationship between P’ and the original POMDP can
be described by their Radon-Nikodym derivative: 3

" 0,(04S:)
0'(0y)

_ APy
-2

Dh :
t=2

In the reference model, the observations are irrelevant to
the hidden states. As a result, they are separate from the
underlying process and independent of the history. To fur-
ther simplify the model, we can specify Q’(-) as the uni-

form distribution, so that Oy, L2 Unif& in the model P A
Consequently, we can significantly simplify the posterior
distribution of O; in model P’, which not only reduces
space consumption dramatically but also reduces a series of
analytical computations. After planning in P’, we will use
Dy, as a bridge to convert the results back to the environ-
ment P, according to the following rule derived from the
Lebesgue-Radon-Nikodyn theorem (Rankin, 1968):

Ej = E Dy,

We define our value functions in the model P’.

Definition 4.1. (Value functions)

VI (F}) 1L InEF, [ev Ly re(Se,Ar)
~

8

1 X
Q7 (F, Ap) ::;lnEg, {eWZfiw(SwAﬂ Fh,Ah]

(@)

In a POMDP, the policy passes the history-dependency down
to the value functions, whose variables contain F}, but not
Sh, since the latter is not even observable. We can also
derive the Bellman equation for our problem:

3Please refer to Appendix G.1 for a formal definition.
4Other distributions are also suitable for Q’. Please refer to
Appendix G.1.

Definition 4.2. (Bellman equations)

1
Vi1 (fas1) =— InE%, [e"’ S re(Se,Ar)
Y

fHH}

1 -
Qp (fnsan) :; InEo, ,, ~unito [e"’vhﬂ(f’““’“o’”l)}

Vg(fh) :EAhNﬂh,(“fh,)Q;zr(fm Ah)
3)

The Bellman equations in Eq.(3) are novel in the literature.
Specifically, the value function V, is not zero, which
necessitates a belief propagation in the algorithm to initiate
the value iteration. Moreover, the computation of Q function
is greatly simplified since it is defined in the reference model.
For the derivation of Eq.(3) and a generalization to arbitrary
utility functions, please refer to AppendixB.4.

5. Algorithm Design

In the subsequent section, we introduce a sample-efficient
algorithm tailored for solving the partially observable risk-
sensitive RL problem. Algorithm 1 presents a concise
overview, while a comprehensive description can be found
in Appendix C. We name the algorithm Beta Vector Value
Iteration (BVVI).

Algorithm 1 Beta Vector Value Iteration (BVVI)
1: Input K, H, risk/l\evel ~ # 0, confidence § € (0,1)
2: Initialize ﬁ%(~),’]l‘}ha(-|s) + Unif(.¥)

0L (-|s) « Unif(0)

3. Initialize
4: fork=1: K do
50 oF e nh
forh=1: Hdo
Update risk belief 7, /. by Eq.(9)
Update bonus function b% (s, ay) by Eq.(4)
end for

100 Bl . < g
11: forh=H :1do

> Belief propagation

L e RD

> Value iteration

~ ~ /\k =~k
12: Q¥ (fn,an) < %lnth+1~Unifﬁ<Uﬁ+1aﬁhf1>
13: VE(fn) < max QF(fy,a)

acsd
14: 7r(fn) < argmax QF (fn,a)
a€gl
~1. =~k

15: Update beta Zector Bﬁgh by Eq.(13)
16: Restrict 557}7’1 in [eﬂf’(H—thl)?e'er(H—thl)
17:  end for > Statistical Learning

18:  Play with P under 7* while gleaning {6F,a¥}
19:  Review hidden states {3F}1*" in hindsight.
200 Nit(s,a) « Y0, 1435 = s,a5 = a}

210 NET(s) = orL, 1 {45 = s}

22: Update 7if (-), T35 ([5), O3 ([ s) by Eq.(6)
23: end for
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BVVIis a UCB algorithm (Lattimore & Szepesvari, 2020)
that encourages explorations by a bonus function:

bﬁ(Sh,ah) - ‘eW(H—h+1) _ 1’ .

min{ 1,t5 (s, an) +ZThah "lsn)okii(s)} @)

where t} (s, ap) and of | (') are defined as
SH -1
]/\},]f (Sh, ah) V1
OH -, }
Nhill(Sthl) V1

In BVVI, the agent updates the empirical model using hind-
sight observations:

t5 (sn,ap) :=min {1,3
&)
oy 1(8h+1) :=min {1, 3

k+1 FZ 1{31 = s}

1 =5, 8 =5,a" =
Tk+1 (_Z {3h+1 s, 8y =s,ap =a} 6)

NkH(s a)V1

1{of =0, 8F = s}
k-‘rl h h
@ 0‘ FZ Nk-i-l \/ 1

k=1

In the planning phase, the agent preemptively estimates the
accumulated risks across the hidden states in a belief prop-
agation process (Line 1), before she plans for the optimal
policy in the empirical model, according to the Bellman
equations provided in Eq.(3). To simplify computations,
we express the value function with the help of a set of new
variables ¥ .5, and Bh , which will be introduced later
in Section 7. BVVI prov1des exact solution to the plan-
ning problem so assignments to the functions traverse their
domains.

6. Main Results

In this section, we present the theoretical guarantee for
algorithm 1. The proofs will be overviewed in Section 7.

Theorem 6.1. (Regret) With probability at least 1 — 49,
algorithm 1 achieves the following regret upper bound:

el H _ KHSOA

o KS2A0 e
(T wvEsag 7o)
— ———

Statl&ttcal error

risk awareness History-dependency

The detailed expression of the regret bound is presented in
Eq.(23). Using the online-to-PAC conversion argument(Jin
et al., 2018) we also obtain the sample complexity of BVVI:

Corollary 6.2. (Sample complexity) For algorithm 1, the
uniform mixture of its output policies ensures

K
P(V*—ZW’“«) >1-4

k=1

when episode number K satisfies

1 [felH _1\* KHSOA
K> — [———~) .H5%20A4 - In | 22—
2 g () rsoam ()

Remark 6.3. The first factor in Eq.(7) reveals the risk aware-
ness of the agent, which disappears in the risk-neutral sce-
nario (y — 0). The second term demonstrates the statistical
error brought by our UCB-style algorithm. The last fac-
tor represents how the inherent history-dependency of the
POMDP discourages confidence in exploration, where the
additional v/H comes from the uncertainty in the face of

the large history space: \/In @ < \/1n % <+VHu.

The mathematical analysis behind the main results will be
presented in the following two sections.

7. Risk Belief and Beta Vector

In what follows we lay the foundation for comprehending
Theorem 6.1 by the introduction of several essential con-
cepts and lemmas.

A crucial element of the analysis is the risk belief vector,
which plays a pivotal role in deriving novel value func-
tions and Bellman equations presented in Eq.(4.1) and (4.2).
Moreover, we will put forward the concept of beta vector,
which is the cornerstone for the bonus design in Eq.(4) and
the regret analysis presented in Section 8.

7.1. Risk Belief and the Bellman Equations

To capture the structural properties characteristic of our
problem, we construct a risk belief that estimates the accu-
mulated risk based on historical observations, which also
excavates the dynamic programming structure implicit in
the risk-sentive POMDP model.

Definition 7.1. (Risk Belief) (James et al., 1994)

Forall h € [H + 1], fr, € F, sp € .7, the risk beliefs are
random vectors in RS, in which &; is defined as [t and

!

We can view the vector &, , as a list of cumulative risks
estimated from the observable history, when the agent is
in each of the hidden states. Using the risk beliefs, the
optimization objective in Eq.(1) takes a simple form:

[Oh e ]sn = B [Dhﬂ{sh = sy }e7 Tt mH(SuA)

—

1 -
J(’”; Pv ’7) = ; In E%’ |:<O-H+17FH+17 1S> (8)
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With some derivation (cf. Theorem B.8), we can obtain the
evolution law of the stochastic process &, r,

[FrstFoealsnis = D Thoan (Snelsn):
Sh

On+1(Ons1lsnir) -
A )
04,+1(0On41) Tl

which has a matrix representation in the tabular case:
Oh41,fns1 = Uan,oni10h,f,n- The inner product in Eq.(8)
illuminates the existence of linear structure in J(7; P, ).
Next, we will introduce another stochastic process, called
the conjugate beliefs, which works in a concerted effort with
the risk beliefs to expose the linearity within the optimiza-
tion objective.

Definition 7.2. (Conjugate beliefs) (James et al., 1994)
Let 741 := 1g. Forall h € [H] and F}, = Fer11 \ Fh,
the conjugate beliefs is a series of random vectors in R
which is defined iteratively: 7, g, = U}, o, Thi1F,s

The the update operator of the conjugate beliefs is the trans-
pose of that of the risk belief, which immediately implies
their inner product is invariant with time

<5:H+17fH+17]_"> = <&h,fh717h,fh>v Vh e [H + 1] (10)

Consequently, we have

1 S _
J(m;P,y) = ; InE%, [(U}L’Fh, Vh/7Fh>] ,Vh € [H+1]
Motivated by the equation above we introduce the value

functions and Q-functions in our problem setting, which
take equivalent forms presented in Definition 4.1.

1 N N
VZCFh)::WIHE%/POnJh7wLFJ

ﬁ}
1 (11)
QZ(Fh; Ah) ::; lnEp/ |:<6:h;Fh7 ﬁh,F‘;,,>

Fh7Ah]

We can immediately obtain the Bellman equations intro-
duced in Section 3 by the iterative expectation formula.

7.2. Beta Vector and the Bonus Design

To recover the Markov property of the value functions, in
this work, we put forward the concept of beta vectors 5;; i
and take it as the surrogate for V] (f5). Beta vectors utilize
the hindsight observations to obtain a polynomial regret
for our algorithm. We will study the statistical error of
approximating a beta vector and then design a bonus that
ensures optimism in the value functions and encourages
greedy exploration.

3For the evolution law of the empirical beliefs EZH, we re-
place the transition and emission matrices with their empirical
approximations.

Definition 7.3. (Beta vector) The beta vectors of a risk-
sensitive POMDP P with policy 7 is a series of random
vectors in R®, which are specified by

ﬂ]‘n—{+1,FH+1 ':IS
Bt g, =E% [0y 5, |Fh], Y2<h<H (12)

gf ;E%' [’71,1?1]

where 7/; f, are the conjugate beliefs specified in Defini-
tion 7.2.

The beta vectors can be viewed as the risk-sensitive counter-
part of the alpha-vector well-known in the POMDP literature
(Pineau et al., 2006).° Similarly, they help to represent the
value function in a simple form:

Theorem 7.4. (Beta Vector Representation) .
Vhe [H+ 1] fn € Zn: Vi(fu) = LG, 5 p,)

As will be shown in Theorem B.26, the beta vector

[7.5.]

is equal to the following quantity:
Sh

EA~mn (-1 F) [ew(sh’Ah)

Z Th A, (Sht1lsh) Z Op+1(on+1]Sht1)

Sh+1 cs 0h+1€ﬁ

_'ﬂ—
|:6h+1»fh+1:(Fthh70h+1):| 5h+1:|

where the expectation is computed with respect to proba-
bility measures that solely rely on the previous states sy,
rather than the entire history. We will see in Section § that
the Markov property of the stochastic process {3} g, }r>1
will cooperate with the hindsight observations to secure a
polynomial sample complexity for our algorithm. Conse-
quently, we will focus on studying the beta vectors in the
proceeding bonus design and regret analysis.

Bonus Function In reinforcement learning, we are con-
cerned with the statistical error of the value functions
brought by the inaccurate estimate of the environment P.
Using Theorem 7.4, it suffices to calculate the error that
occurred in the evolution of the beta vectors. Based on con-
centration inequalities, detailed analysis in Appendix D.2.1
shows that the empirical error of beta vectors is controlled
by the following bound with probability at least 1 — 24:

‘(Eﬂ-ﬁk(-,-\sh) _ E%(T‘Sh)) e’th(smwn(fh))ﬁ;:_‘rl(.7 ; fh)‘

¢ (H=ht1) —1‘- mind 1,3, ) H
P (shymh(fn)) V1
PN OH.
+ Tkw §'|sp)min< 1,3, | =———

SFor a detailed comparison, please refer to Appendix B.27.

<
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where we have temporarily viewed the beta vector as a
binary function over &' x .. We refer to IV, ,lfill(s) and
N f’fjfll (s, a) as the occurrence frequencies of states and ac-

tions in the data samples obtained in the learning process.

We will abbreviate the two minimums in Eq.(5) as the the
transition error residue tf (s, ay) and the emission error
residue of +1(8ny1) respectively. With some minor adjust-
ments, the upper bound in Eq.(5) will be used to define our
bonus function for all the state-action pairs under the risk
level ~, which is presented in Eq.(4).

Optimism In the algorithm, we have the freedom to de-
sign the empirical value function, as well as the empirical
beliefs 5,’2’ n and the beta vectors Bﬁ;h In this study, the
empirical beliefs are determined by Eq.(9) and we define
the empirical beta vectors by the iterative formulas below:

Rk, L Th(Sh,an mk
{ﬂh, h:|S} '_Eah’vﬂh('\fh) [e'y n(on.an) ZTh,a;L(3/|5h)

Ak non [ pk,7F
>_ 0k (015 {@Lfl,fh“:(fh,ah,o'Js, +
O/

sgny - bZ(Sha ah%’)’)]
(13)
Finally, we mimic the representation Theorem 7.4 and con-
struct the empirical value function by

T 1 -~ ok,
Vi (fn) = 5 1n<ff]ff,f,”5§;fh>

As will be shown in Appendix D.2.2, the introduction of an
additional bonus term in Eq.(13) will ensure that the value
functions will be over-estimated in the empirical model:

Corollary 7.5. (Optimism in value functions)

For any risk-sensitivity level v # 0 and episode number
k € [K], we have V[T~ < ka, where T is the optimal
policy in PF.

8. Regret Analysis

We now give an overview of the proof of Theorem 6.1.
Technical details are provided in Appendix D.

8.1. From Regret to Beta Vectors

With the help of Corollary 7.5 and Theorem 7.4, we can
control the regret by the risk beliefs and the beta vectors:

Regret(K; P, )
K ~. ~k ~1. =~k k
<K, Y |(@F - 87| + [Br (BYT - A7)
k=1

(14)

where K. is the Lipschitz constant of the entropic risk mea-
+
2 forall y #£ 0.

e~

sure, which is 5

Using concentration inequalities G.5 and G.6, the first term
in Eq.(14) is controlled by the following upper bound

K o~ VIH _q K
| @t -7, B < S SRRTLLEIE

k=1
15)
with probability at least 1 — §. We name the right-hand
side of Eq.(15) as “the prior error,” which arises from the
inaccurate estimate of the prior distribution f;.

Next, our attention turns to bounding the second term in
Eq.(14), which we refer to as the initial beta vector error
and denote as A¥.

8.2. Control the Error Between Beta Vectors

We extend the definition of beta vector errors to h € [H +1]:
k Ak,ﬁk ﬂa\_k/
Al = [Ep [Bh . (S0) - B, (Sn)] |

which demonstrate the average error of the beta vectors at
step h incurred by the inaccurate empirical estimate of the
POMDP model. We observe that ®

mk M) rn, ARF
Af =|sgn(7)Ep[b;] +Ep[(T50%,, — TaOptr)e"™ By 4]
I il
o~y o~ ~~k . —*%k
+]EP[(TZ©Z+1 - Th@hﬂ)(eWhBiTLrH - ewhﬁhﬂ)]
1l
~~k -~k

+Ep[ThOnt1 (e Bryy — "™ Bri)] |

v

(16)
The terms in Eq.(16) are controlled by the concentration
inequalities. In Appendix D.3.3, we show that

Al < e Af, +4Ep [bf] Vhe[H] (7

Then we invoke Lemma G.15 to obtain an upper bound on
A’f based on Eq.(17). In the end, we prove that the sum of

the initial beta vector error is dominated by the value of the
bonus functions on the sampled trajectories and the bias in

"Please refer to Lemma G.14 for a detailed derivation.
8We have abbreviated the transition and emission matrices as
operators in Eq.(16). We also omitted the variables of bf (-, -).
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the bonus function incurred by the empirical estimator:

K H
Ky YAk <4k, Y e .
k=1 h=1

K
bk ~k ~k.
Z h(shvahﬁ’)/) (18)

k=1 Bonus samples

K

+ ZIprh Sh, An;vy) — bh(shvdh”Y)
k=1

Empirical bias

We will first study the second summation. Concentration
inequality G.9 implies that with probability at least 1 — 4,

K
ZE'pr(sh7 Ah;'Y) - b]}i(éllivai;’w
k=1

Empirical bias

< e’Y<H—h+1>—1‘\/K/2-L (19)

A bound on the first term can also be derived from Eq.(4):

K

§ shaahv =
\W_./

=1 Bonus samples

Zth sh,ah +ZT

To establish an upper bound for the summation in Eq.(20),
we will telescope the equation twice and utilize the results
from Lemmas G.6 and G.9 to bound the statistical error in
the transition and emission processes. Subsequently, we
demonstrate that with a probability of at least 1 — 24,

K
Zth ar ak) +ZT

‘6~/(H—h+1) _ 1‘

('18%)oh41(s")  (20)

|3h °h+1( s')
K
[T5 i C15)0% 1) = 0f 11(540)
k=1
Concentration of MDS
k(sk Ak k  (ak
+t, (85, ap,) + 0541 (311) 1)
Residues
~kN _k k AP
+ Th a C130)0n11 () = Ty ax (183)0h41 ()
Azuma Hoeffding
K
In HSA k(ck ok ko ook
<y /2K ; +2Zth(5haah)+°h+1(3h+1)
k=1

The relations above imply that the right-hand side of Eq.(18)
is dominated by the transition and emission residues, which
are defined in Eq.(5).

8.3. Sum Up the Residue

Finally, the pigeon-hole Lemma G.12 will help us compute
the summation of the residue terms. Indeed,

k k KHSOA
) SHln 24252
k=1 k=1 N (Sh’ah) V1)

< (wsTu) 2VKSA

Similarly, we have

K
Z°Z+1(§]i€z,+1) <3VOH - .- 2VKS

k=1

Bringing these relations back to Egs.(21) and (20), we ob-
tain

K
Z b Shvahn +EP[bh(Sh7Ah77)] - b2(§27d27’7)
k=1

<12 R |V - o <KH550A)
S———

Bonus magnitude -
History-dependency of POMDP

VKS*A +
N—_——

Hidden state error

vKSO
——

Observation error

+ VK
~—
Empirical bias
(22)
The last step remaining is to take Eq.(22) back to Eq.(18)
and then bring Eq.(18) with Eq.(15) to Eq.(14). Rearranging
terms, we conclude that with probability at least 1 — 44,

e H _ 1

Regret(K;P,v) < 48 T H-In %SOA
0

History-dependency

Risk measure

(F+Hx/ A+ HVESO + Hf) (23)

Trammon error Emlbbl()l'l error

Prlor error Empmcal bias

Neglecting lower order terms, we obtain the upper bound
presented in Theorem 6.1:

el H _ 1

Regret(K; P, <O
e(06:P.2) < 0 (S

H3VK SQAO>
Discussion In the risk-neutral setting, our regret improves
the result given by (Lee et al., 2023) °

Regret(K;P) < O (v SAH*K + H3SVO

+ HYS?A(1 + nK) + HSA\/H3)

in the order of S, A, and H. The improvement is attributed
to the refined analysis in this work. Our sample complexity

°For details, please refer to Theorem C.1 of (Lee et al., 2023).
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also nearly reaches the lower bound of learning a hindsight
POMDP, which is 2 (*Z—QO) according to (Lee et al., 2023).

In the completely observable setting, with some adjustments,
our algorithm can degenerate to the algorithm 1 in (Fei et al.,
2021a) and thus matches their upper bound '°

el H _ 1

Regret(K; M,~) < O <

VKH*S 2A>
Moreover, our regret achieves the lower bound of risk-
sensitive RL (Fei et al., 2020) concerning K and vH, with
the order of H only slightly higher.

_feE —q
Regret(K; M,~) > O <6v2|H Hg\/E>

9. Experiments

In this section, we present experimental results to evaluate
the empirical performance of our algorithm, BV VI, which
serves as a reference to validate our theoretical findings in
Section 8. For details of our experimental setup and more
results, please refer to Section E.

Although tailored for solving POMDPs, the BVVI algo-
rithm also adapts to MDP setups with lower regret due to
the reduction of the uncertainty in the environment. In both
scenarios, BVVI yields sublinear regret, growing approxi-

mately at a rate of O (\/F ) , consolidating our theoretical
guarantee proposed in Theorem 6.1.

Regret of BVVI

Fully Observable, Fitted with O(VK)

=
B
o

——~ Partially Observable, Fitted with olVk)

=
N
o

=
o
S

80 A

60

Cumulative Regret

40

20 A

[I) 250 5(I)0 750 10‘00 12’50 15‘00 17‘50 20‘00
Number of Episodes K

Figure 1: Regret of BVVI (Algorithm 1) in MDP and POMDP
with v = 1. Solid lines indicate cumulative regrets. Dashed curves
are the regrets fitted with Theorem 6.1.

We also test BVVI in a POMDP under different risk sensi-
tivity parameters. Our experiment shows that BVVI yields
sublinear regret across multiple risk levels,demonstrating its
versatility in handling various risk-sensitive RL scenarios.

!%Please refer to Appendix D.4.4 for details.

Furthermore, our experiments demonstrate that the regret
increases with the absolute value of ~, aligning with the
theoretical reasoning presented in Section 6.

200 -

Cumulative Regret

=
o
S

6 25‘0 S(IJO 7%0 10b0 12’50 15b0 17‘50 2000
Episode k

Figure 2: Cumulative regret of BVVI (Algorithm 1) in a
POMDP with various risk-sensitivity. Risk-level v ranges in
{-5.0,-3.0,—-1.0,1.0,3.0,5.0}.

10. Conclusion and Future Work

In this study, we introduce a novel formulation of risk-
sensitive RL in a partially observable environment with hind-
sight observations. We provide the first provably sample-
efficient algorithm tailored for the new setting, whose regret
improves existing upper bounds and nearly reaches the lower
bounds in the degenerated cases. Our analysis also explains
how the sample complexity is affected by the risk-awareness
and history-dependency inherent in our problem. We vali-
date the theoretical findings through numerical experiments,
which demonstrates the algorithm’s capability in solving
POMDP problems across various levels of risk sensitivity.

There are several potential future directions. One is
to derive theoretical results for POMDPs with function-
approximation, for the case when the state space is ex-
tremely large or even infinite. Another avenue is to extend
our findings to various risk measures such as conditional
value-at-risk, coherent risk and optimized certainty equiva-
lents.
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A. Notations and Concepts

In this section we provide several additional concepts and notations not mentioned in Section 1.

Additional Notations Given a vector x € R?, we denote its i*" entry as x(¢) or [x],. For a matrix A € R™*", we use
A;; or [A]; ; to indicate the (i, 7)™ entry. The comparison and expectation of random vectors are defined component-wise.
We employ 1{-} to represent the indicator operator, and the signature function is denoted as sgn(-). Additionally, we use
Unif(X') to express the uniform distribution over the finite space X.

Remark on the POMDP

Remark A.1. Following the convention of POMDP literature (Monahan, 1982; James et al., 1994; Cavazos-Cadena &
Hernandez-Hernandez, 2005; Golowich et al., 2022a), no observation is made at the first step. The definition of Oy, begins
from h = 2. The first action A is chosen based on the agent’s prior knowledge. For the sake of consistent notations, we
still adopt the notation of F; and we use P(-|F';) and P(-) interchangeably. We permit the environment to generate the
observation OH + 1 when in state SH + 1, but the agent abstains from taking any actions at H + 1.

We will use the following fact extensively which expresses the recursive relation of the “history” defined in Section 3.
Fact A2. Yhe [H—1]: Fry1 = (Fn,Ap,Opt1), where Ay, = 7, (Fy,)

In this study, we use f,41 and (f, ap, op41) interchangeably.

Another concept related to “history” is the trajectory 7, of the Markov process.
Definition A.3. (Trajectory)

Full trajectory  7p, := (S1,A1,...S,,0n,AR),Vh € [H] ,Try1:=(S1,A1,...,Sy,0n,An,SH41)

. (24)
Observable trajectory 7 := (A1,...,0p, Ap),Vh € [H]

Optimization Objective using General Utility Risk Measure In this work we refer the utility risk as any strictly
increasing function that is continuously differentiable. We can extend many results in this work to general utility risk
measures. We will present our proofs using the utility function U and instantiate it to the entropic risk (U (-) = ~e?(")) when
necessary.

The optimization objective using arbitrary utility risk measure U is defined as

maximize U_lE%U
s

H
> (St At)l (25)
t=1

B. The Structure of Risk-sensitive POMDP

In what follows, we present the theoretical framework of partially observable reinforcement learning using arbitrary utility
risk measures. Our framework builds upon the studies of (James et al., 1994; Cavazos-Cadena & Herndndez-Herndndez,
2005; Biauerle & Rieder, 2017). Furthermore, we introduce novel concepts and provide several new proofs in a more
comprehensive setting, enhancing the existing literature.

Given that the studies of risk-sensitive POMDP are relatively historical, we will provide detailed discussions about the
intuition and implications behind various concepts and results. We aim to elucidate these findings, as they will serve as a
foundation for the algorithm design and regret analysis in the subsequent sections.

B.1. Change of Measure

In reinforcement learning, the lack of knowledge about the emission process Oy, presents a significant challenge for statistical
inference, which motivates us to devise a surrogate POMDP P’ named “reference model”, which possesses a simplified
emission process.

Definition B.1. (Reference model of a POMDP)

Given a POMDP model P = (., 0, «7; 11, T, Q; K, H, 1) and a reference measure Q'(-) € A(&), the reference model of
P specified by O is another partially observable Markov decision process P’ = (., 0, </ ; 11, T, Q'; K, H, r), in which
forall h € [H] and s;, € ., we have O}, (+|sp,) = O/ ().

13
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In the reference model, the initial distribution and transition matrices mirror those of the real-world POMDP P. However,
the observations and hidden states are statistically independent and the emission process is stationary with a predefined
observation probability. Consequently, the observations are separate from the underlying transition process and are
independent of the history.

The probability of generating a full trajectory in the two models can be expressed as
PP (Tn) =p1(S1)01(01S1)71(A1][O1) - Th,a, (S2[S1)02(02]S2)ma (A2 F2)
e Thfl’Ah_l (Shﬂ|Sh)@h(0h|Sh)7rh(Ah|Fh)

h—1 h h
= [Nl(sl) H Tt A, (St+1[St) H©t(0t|st)] : lH Wt(AtFt)] (26)

=1 tzQ h
11 @2(0t|st)] : [H wt(AtFt)]

Eq.(26) suggests that conditioned on the generated sigma-algebra &, = o ({St7 0t7At}?:1), the Radon-Nykodym
derivative between the two trajectory probabilities takes the form of

h—1
PL (Tn) = [ul(Sl) H Tt,At(St+1St)‘| :

t=1

" 0,(04]S)

dPp | _
g, =5 D1(O:lSy)

dPx,

= Dp(O2:1,S2.1) := Dy,

By Theorem G.1, for any measurable function f of the full trajectory 74, !

B £ (7n)] = BB, [D - £(7n)] = /T (D1 f) iy - AP (72) @7

h

The two expectations are taken with respect to the randomness in the transitions, emissions and the same policy. Then we
can rewrite our optimization objective in Eq.(25) by the change of measure

J(m;P) = %m@g [672511 Th<sthh>} = %m@g, [DH €Y Tt T (SnoAn) (28)

Remark B.2. In general, the conditional expectation EZ, [Dy, - | f3] in Definition B.3 cannot be replaced by EZ[- | f1], as
our RN derivative Dy, is calculated from the joint but not conditional probability.

B.2. Risk-sensitive Belief

One of the key concepts in the study of risk-neutral POMDP (Monahan, 1982)is the “belief state’, which is the posterior
distribution of the hidden states given the observable history.

O (s fn) = Pp {Sh = |Fp = fu}
Since we can always view a probability from the perspective of expectation, we observe that !?

bn (5 fu) =P {Sh = |Fn = fu}
=E% [1{Sh = - } | Fpr = fi]

=E% 1{S, = -} SrD re(SeAy) | Fp, = fh}

(29)

~=0
The risk-sensitive counterpart of the belief is inspired by Eq.(29).
"We should also guarantee that the reference measure Q' is strictly positive a.s. and P, << PF%. See Section G.1 for details.

"In the continuous case we replace the indicator 1{-} with the Dirac-delta function and the following definitions should be modified
accordingly.
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Definition B.3. (Risk-sensitive belief, Definition 2.9 in (Cavazos-Cadena & Hernandez-Hernandez, 2005))
Forallh € [H + 1], fn € Fp, sp € .7 :

[01]s, r=pa(s1)
h—1
[Eh»fh,]sh ::]E%’ Dy, - ]l{sh = sh}exp’V Zrt(staAt)

t=1

(30)

Fy, _fh‘|

Remark B.4. The risk belief in this study is not normalized, since we make it a carrier of the one-step risk-sensitive
reward. However, some literature (Cavazos-Cadena & Hernandez-Herndndez, 2005; Biauerle & Rieder, 2017) still defines a
normalized belief.

Remark B.5. In reinforcement learning, the risk beliefs corresponding to the empirical models P* = (7%, T*, OF) will be
defined in a similar manner and referred to as the empirical belief 57 .

Relationship with the Optimization Objective We can use the risk belief to express the optimization objective defined in
Eq.(29).

J(m;P) :=U"'E}

H
UZ Th(sh, Ah)]
h=1

r H

=U"'E%, |Dyyy - UZ 7h(Shs, Ah)] //Change of measure
h=1

=U"'E}, |EF,

H
Dyi1-UY  ra(Sn, An)|Faia

h=1

] 31)

H
1{Syt1 =sy+1Dmy1 - UZ 71(Sh, An)
h=1

=U"'E% | Y ER

| SH+1 (S5 4

EUﬁl]E%/ |:<5H+1,FH+1 ) ]_"S>:|

FH_H] -1 | //Lemma G.3

If we can discover the evolution law of the new belief then we will be able to break the structure of J(7; P) down by
dynamic programming equations, as is presented in Section B.3.

Closed-form expression To gain more concrete understanding of the the specific structure of o we may first utilize the
Markov property of the hidden states to expand the condition measure of Sy, given fp:

Observation B.6. (Expansion of conditional probability) V7 € I, P’ = (u1,{Ts},{0}}),h € [H + 1],s1., € S,
fh = (01,0/1, «++3Oh—1,Aph—1, Oh) S yh“rl’

h—1 h
P% (S1:h, 610 fr) =p1(s1) - H Tt,a,(St+1]5t) Hﬂ't(at|ft) (32)
t=1 t=1

The belief can then be computed by

[Uh+17fh+1]sh+1
h
= > Ph(Grnsrs avnr [ 1) - | 1{8nt1 = sne1} - Dnsr (S2ing1, 02:n41) - expy > (3, ar)
S1:h41 t=1
A Special Case In tabular case, when we select the emission matrix as the uniform distribution, Dy, (02.1,; $2.,) Will become

(33)

- (101) h H?:Q O¢(o¢|s¢). Moreover, if the policies are deterministic, P%, (s1:n, a1:n|fn) = p1(s1) H?gll T,a, (5041]50)-
Plugging the two terms together in Eq.(33) we conclude that
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Corollary B.7. (Belief vector using uniform emission matrix, Eq. (2.9) in (Cavazos-Cadena & Herndndez-Herndndez,
2005)) Suppose that O (-|S;) = UnifCO and the policies are deterministic, then

[1]s, =p1(s1)

h
- - (34)
Grogolsn =10 ER | ] Or(0rS)1{S), = sp}e7 Timi eS| - v2 < p < H 41

t=2

Evolution law The risk belief evolves in a Markovian manner, incorporating recent action a;, and observation oy, to the
new belief. We will use (-, ap,0p41) : RS — R¥ to denote the update operator of &, ¢, , whose matrix representation will

be denoted as Ug, o,,, € RS*S. The details of the update process is specified by the following theorem.

Theorem B.8. (Evolution of risk-sensitive belief, adapted from theorem 2.2 of (James et al., 1994))
Vh = H7H - 17 T lafh+1 - (fhaahaoh-‘rl) S <g\h+175h-‘r1 € S

[&’1+17f}1+1}3h+1 :\P(&}hfhvahvoh-i-l) = [Ualz70h+15h7fh]

=3 Th om0 (onsalsnan) -

Sh

(35)

e'YT'h(Sluah) ) [_’ ]
Gh il
O, 41 (Ont1lsn11) Inlsn

Remark B.9. The proof for this theorem in the continuous case is provided by (James et al., 1994). However, their proof
was written in the language of functional analysis and they have restricted the transition and observation probabilities
to be i.i.d. Gaussian distributions. In the tabular setting, though (Cavazos-Cadena & Herndndez-Hernandez, 2005) have
presented a similar result in Eq.(2.10), they have omitted the proof and restricted the reference measure Q' as the uniform
distribution. For the reader’s convenience, in what follows we will prove Theorem B.8 in the tabular case using simple
algebraic calculations, which also accommodates arbitrary structures of Q’, T and Q.

Proof.

Op+
RHS = Tha, (sni1lsn) 5 ©Z+1

(0h+1 |Sh+1) exp ’YTh(Sh, ah)

Sh

Z]l{sh = sh}H o] (0t]51) exp’erf 5t,a0)Phr (810 fn) //(Definition B.3) (36)

S1:n

=> Tha, 3h+1|5h)©, *(on41/sn11)expyrn(sn, an)

Sh h+1
h—1 h—1
ZH o] (0¢]8¢)1{8r = sn} exvart Sty a¢)p1 (51 H P% (84+1|5:,ar) //(Observation B.6) (37)
S1.p t=2 t=1 t=1

Since P’ and P share the same transition matrix, rearranging terms by Fubini’s theorem we have

RHS = Z (ZP%’(£h+1|5h7ah)eXP'W’h(Sh,aah)Z]l{gh = Sh}P%/(ghﬁh—lvah))

S1:h—1 Sh Sh

h—2
. <u1(§1) HP$/(§t+1|§taat)> ) <g/

t=1 h+1 t=1

h h—1
O -
(Ont1]8h+1) H @f (0¢]5¢) ) ' (eXP’YTh(Sh;ah)eXP'Y E Tt(staat)> (38)
t=2 't

h—2
= > (ZP%(SHﬂShaah) 'P%/(sh|§hlvah)> : <N1(§1) 11 P%/(§t+1|§t7at)>

S1:h—1 Sh t=1

0 hO, ot
. (@7* (on+1|8h+1) H o (0¢]8¢) > . (exp'yrh(sh,ah) expfert(st,at) 39)

t=1

-~
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Relabel sy, as §;, and invoke the equality f(sp+1) = ZS;LH f(8h41)1{8n+1 = Spa1}, we conclude

t=1

h—2
RHS =% 1{3n1 = snui} | D > Bp(Bnetldn an) - Ph(3nl3n-1,an)) - <M1(51) II Pg,(§t+1|§t,at)>

Sny1 51:h—1 Sn

h—1
On1 _ _
<@;1 1 (on+1|8r+1) H—, (0¢|5¢) ) . (exp'yrh(smah)exp'ert(st,at)>
+

t t=1

h h+1 h
> U = spa}- [m(%)HH”%/(EtHI%,at ] <H 0] (01[31) ) : (eXPVZTt(gtvatO

S1ih+1 t=1 —

h
= > P (Srnralfar) - [11{§h+1 = sn41} Day1(02:43 51:t) 'eXPWZTt(gt,at)]

S1:h41 t=1
h
=Ep ll{sh+1 = $nt1} - Dps1(02:4;S14) - expy Y re(Sp, Ay)|Fapr = fh+1]
t=1
=LHS //Definition B.3
O
Remark B.10. When we specify O}, (-|s;,) as the uniform distribution Unif(&’), we can write the update formula as
&}L+17f}L+1 =Uay.0n41 On,pr = || diag (On+1(0n+1])) Th,a, diag (expyra(-, an)) G, g, (40)

Remark B.11. (Initial belief) There are multiple ways to define our initial belief according to Definition B.25, since 22:1
is ill-defined in nature. The optimization problem also poses no restriction on o1, since we present the optimization objective
by o1 instead. However, since we wish to represent o741 by its predecessors, an appropriate definition of o should be
compatible with our update rule, so that we can derive o1 from the o2 by Eq.(35). A simple calculation will show that such
constraint impels o1 (s1) = p1(s1)-

Remark B.12. For simplicity, we have presented the theorem in the tabular case. With slight modifications, similar result

holds in the continuous case. However, when the spaces are infinite, the evolution operator U* may not have a matrix
representation as presented in Eq.(40).

B.3. Conjugate Beliefs

In the analysis of Eq.(31), we can express the objective by the terminal belief {51}

—

J(m;P) =U'E%, [<&H+17FH+1’ Ls)

It is reasonable to express 041 by its predecessors, which posses simpler structures. However, as Theorem B.8 suggests,
&, evolves forward in time, which hinders us from writing o511 in terms of {0y };< g

[51]51 r=fi1(s1), 6h+17fh,+1 = Uah,Oh,+16h,fh,7Vh € [H] (4D
To bridge the gap in the the direction of evolution, we would like to introduce another process 7; that evolves backward in
time, so that it is straightforward to express her initial state /7 11 by the predecessors, according to the new update rule.

We find it convenient to first introduce several concepts that describe how a stochastic process evolves backward in the
episodic setting.

Definition B.13. (Backward History)

FH+1:® Vh:H7H_17"'71Fh:(Ah70h+17'"7AH71aOH7AH)7 FO:TH

_ _ _ _ _ 42
VhG[H} Fh:(Ah,Oh+1,Fh+1) U(Fo)DU(Fl)...DU(FH+1) (42)

Definition B.13 implies that { F;};>¢ and { F;};>( are complementary at all times.
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Observation B.14. (Complementary relation) Vh = H +1,H,---,0, (Fp,F) =7y

Now we are ready to define the backward process {#; };>¢., whose update operator will be the Hilbert-adjoint operator 13 of
that of &;.

Definition B.15. (Conjugate Beliefs, Definition 2.8 in (James et al., 1994))

—

ﬁH+1(~) :Els

. . _ ~ _ (43)
T 5 =Uanonir Pt fnsaoforall h=H,H—1,--- 1, fo=(an,0n41, fay1) € & x O x F)

Remark B.16. In tabular case when we select the emission measure of the reference model as uniform distribution, we have:

eYrn(sn,an)

[ﬁh,fh]sh :W

Z Th,an (Sh+1150)Ont1(0n+118h+1) [Phg1, fupr lsnia (44)
On+t1)

Sh+1€S

We have carefully designed the update rule of the conjugate belief: the complementary relation (B.14) immediately implies
the inner product between &, and 7, does not change with time. This result helps to excavate the dynamic programming
structure hidden within the optimization objective.

Observation B.17. (Conjugate evolution, Eq.(2.9) in (James et al., 1994)) For all h € [H + 1],

-,

<53H+17fH+17 1> = <6h,fh’17h,fh> = </j1(51)7 ﬁl,f1> (45)
Proof. By the definition of adjoint operator,

<6:t7ftv ﬁt,ft> = <Uaz7170t6t—17f1,717ﬁt.ft> = <&t—17ft717 U;,l,otﬁt,ft> = <Et—17ft71’17t—1,f,,_1>

Bringing Eq.(45) back to (B.3) we immediately conclude that for all h € [H],

J(m;P) = U'ES, | UG 11, Feas 1)) | = UT'ER, [U(GhFn>Pn5,)] =U "EBR [UGLE, V15, )] (46)

B.4. Value functions, Q-functions and Bellman equations

In this section we derive the value functions and Bellman equations for general tabular POMDP models using arbitrary
utility risk measure. Our derivation and Bellman equations are different from previous works including (James et al., 1994;
Cavazos-Cadena & Hernandez-Hernandez, 2005; Bdauerle & Rieder, 2017).

From the subscripts in Eq.(46) we can witness the trace of time evolution hidden within J(7; P). To expose the dynamic
programming structure more explicitly, we will follow the rationale behind the design of belief states, utilizing the iterated
expectation formula to define a series of intermediate variables that dissect the information at each step. These variables will
be called the partially observable risk-sensitive value functions. For all t € [H + 1],

UZTt<St; At)]

t=1

J(m;P) :=U"'E}

=U'E}/ [(Gr+1,Fumirs Vhi1,Fyy,)) //Belief representation by Eq.(31)

=U"'E%L (51 F,, v, 7,)] //Conjugate evolution property proved in Eq.(45)

gl

Now we formally define the family of value functions in our problem.

:U_l]E%/ |:UU_1]E%/ |:<5:t,Ft ) ljt,F_‘t>

:=U"'EF, [UV](F})]

For a rigorous definition please refer to Section G.2.
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Definition B.18. (Partially observable risk-sensitive value functions, Definition 2.13 in (James et al., 1994))

Vi1 (fus1) :=U""E%, |:<5:H+1,FH+17 Is)

Fpga= fH+1:| =U"MGh+1,fnss 1

- Apr | /= - 47
Vi(fn) :==U""EE, {<Uh,Fthj,L> 47

Vi (f1) =U""E%, [{fir, 7 5,)]
Remark B.19. The objective J(; P) can be expressed by the value function:
J(m;P) = U 'Bp/ [UVT] = U Epi (71, 1)

Fhfh} V2<h<H,fhe P,

In reinforcement learning, we are also curious about how the action to take might affect future rewards. We can separate the
stochasticity within 7 and P by the total expectation formula:

Vi(fy) :=U'E}, |:<5:h(Fh),ﬁh(Fh)>‘Fhfh:| //Definition B.18

:[Jvil]:ETr |:E |:IE73/ |: O-h-'rl Fh+17yh+1 F;+1>

Fh7Ah70h+1] ‘F;L,Ah} |Fn = fh]
=U"'E" [Ep' [U 'V} 1 (Fhy1)|Fu, An] | Frn = f1]
Z:U_lETr [U 1E7)/ [ 1Vh+1 Fh+1 ’Fh, Ah} ’Fh == fh]
=U"'E™ [UU'Ep [U 'V} 1 (Frt1)|fn, An] | Fr = f2]
::U_lEAhNWh(.Vh)UQh(f}u Ah)
Now we formally introduce the Q functions in our problem:
Definition B.20. (Partially observable risk-sensitive Q-functions) For all (h, sp,a) € [H] X ¥ X &,
Q7 (frran) :==U""Eps [UV} 1 (Fas1 = (fasan, Ont1))| fr, an]

Remark B.21. We can also represent the Q-function by risk beliefs. Indeed,
Q7 (frran) =U""Eo, ,\nbos 1 fnsan) [UVi41(frs @hs Onga)]

fosan| = U'Ep: | Gup,, 7, 5 (49)
hyQh | = P’ <0-h,Fhth,Fh>

-1 - o
=U""Ep/ |(CH+1,Frsrs P41, Frrpr)

f hs a/h:|
where the last step is due to Eq.(45). We can also use (48) as an alternative definition of the Q function.

The relationship between the value function and the Q function is summarized as the Bellman equations:
Corollary B.22. (Bellman equations for risk-sensitive POMDP)

Vi =U"Ght1, s
Vh=H:1, Qi(fn,an) =U 'Eo, . ,~o() [UVis1(fr,an; Ons1)]
Vi (fn) =Eay~m, ¢152) Qb (fry An)
J(m;P) =U'Ep: [UVT]

(49)

The expectation in the second equation should have been taken with respect to P%, (+| /5, ar ). However, since the observations
are disjoint from the POMDP in the reference model, we obtain a simpler expression in Eq.(49).

B.5. Optimal Policy

Optimal substructure Since our utility risk measure is increasing, to optimize our objective U ~'EU (Zthl Tp) is
equivalent to maximize IE‘,U(Z:hH:1 r). According to Theorem 3.3 of (Biauerle & Rieder, 2017), the latter problem has
a globally optimal policy, and so does the former. Moreover, the following theorem shows the existence of an optimal
substructure in the planning problem of risk-sensitive POMDP. This result justifies the use of dynamic programming
equations in our algorithm.
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Theorem B.23. (Bellman optimality equations, extended from theorem 2.5 of (James et al., 1994)) When the utility risk
function is strictly increasing and the referential emission matrix Q}(-|s) is irrelevant with the history ¥}, the locally
optimized policy will bring globally optimized value. Formally, the locally optimal values defined by

Vi= Hl;dXV’lT, Vi(fn) == m:LXVZ(fh), V2<h<H+1

can be computed recursively:
Vi =max U 'Ep: [UVs (a1, 09)]
a1 €A
Vi (fn) =max, U 'Ep [UVy(fn,an, Ons1)], Vh=H:2 (50)
ap

Vi (fae1) =U NG e, fup 1t
Proof.

Vii(fn) ==max U 'Ep/ [(GhFn>7nF,) | Fn = fu] //Definition of value functions in B.18

Qh:H

:U_lrglhgzc Ep [(GhF,Vni,) | Fn=fn] //U monotonically increases, so does U "

=U"'max { max Ep/ [Ep [(GnF,, 75, ) |Fast | [Fa= fu] }

ap Ah+1:H

=U"'max { max Ep/ [Ep/ |:<EH+1;FH+1’ﬁh+1,Fh,+1>’Fh+1:| |F), = fh} } //Observation B.17

ap Ap+1:H

ZU_lma?}X {;’naXH]EP' [Ep [(Fht1,Fn,an,0ns1 Pht1anss,Onsare-r ,OH,aH>‘Fha an, Ony1 | ’Fh = fn] }
h h+1:

—1 o _
=U H}la;bx {EP’ [afhnax Ep/ |:<O—h+17Fh,7ah’Oh+17Vh+17ah+l¢oh+2s”' ,0H7GH>’Fh’ah7 Ont1 ] ‘Fh = fh] }
+1:H

=U""max Ep/ UV} 1 (Frs1 = (Fa,an, Ong1)|Fr = f]

Qhp

=U""max Ep/[UV}}, | (fn, ah, Op+1)]//Section B.1

ap

O

The proof is inspired by (James et al., 1994; Béauerle & Rieder, 2017) and we have generalized their result beyond Gaussian
transition matrices and the entropic risk. We will present the proof in the tabular case. Regularity conditions will be needed
in the sixth step when we generalize the theorem to the continuous setting.

Our proof also yields the following corollary, providing justification for selecting greedy policies in our algorithm:

Corollary B.24. (Adapted from Theorem 3.3 of (Bdauerle & Rieder, 2017)) There always exists an optimal policy for a
risk-sensitive tabular POMDP using utility risk measure, which is deterministic and history-dependent.

B.6. Beta Vectors

Inspired by the alpha vector representation method in the study of POMDP((Monahan, 1982)), we will exploit the structure
of risk-sensitive value functions and represent them in a simple form. Recall that in Definition B.18, the value functions are
specified as inner products. Since o(F},) is already determined by the condition on f,, we can write the value function as
Vi(fa) =U " (Gn s » B% [Uhr, | Fr = fn]). , which motivates us to introduce the concept of “beta” vector.

Definition B.25. (Beta vector) The beta vector of a risk-sensitive POMDP model P = (1, T, Q) under policy 7 is a series
of random vectors in RS, which are specified as

51§+1,FH+1 izfs
Br b, =Ep 75, |Fr], V2<h < H (51)
BT =K% [P, F, ]
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where v, is the conjugate belief defined in B.15.

Next, we will try to obtain the evolution law of the beta vector from the way 7, is updated:

. 1 ~
[Vh,f'h]Sh = m . eY¥Th(sn.an) | Z Th.a, (5h+1|5h)@h+1(0h+1|5h+1)[Vh+1,fh,+1]Sh+1 (52)
Sh+1€S

Under the reference model P’, we can compute the probability of witnessing an observable trajectory f;, given previous
history f;, by the following equation:

H
PR, (fulfn) = mn(an] £1) 0% (01) PR (Frsa fn ans onsr) = (@ (o)™ " T el £2) (53)

t=h

where f, = (an,0n+1, fur1) = (@n,0nt1, -+ ,aH—1,0H,ar). Combining Eqs.(53), (52), we obtain
Ep [V 5,1 fn]
ZZM anlfn) Y 01(01) Y PR (fagalfnr ansont)
Oh+1 Fre1
L omiGonan) T 0 7 f, 54
O (o) © hoan (Sh+1181) Ont1(0n4118h41) [Frt1 (fas1)]snia (54)
1
Sh+1€S

Z 7 (an| fr) e¥h(sh.an) Z Th.a, (Sh+1|sh) Z Op+1(on+1|snt1)ED |:ﬁh+1,1_?‘h,+1‘fh+1

S
ap€ol Sh41€S on+1€0 Rt

The previous derivations leads to the fundamental theorem below, which forms the cornerstone of our subsequent analysis:

Theorem B.26. ([-vector representation of value functions) Forany h € {1,--- | H + 1} and f, € Fy, the value function
defined in B.18 can be expressed as the inner product between the risk-sensitive beliefs defined in B.3 and the beta vector
defined in B.25:

1 = T
Vf =U~ <Ul ) 51> ;1D<O'1 ) 61>

™ — — ar 1 — 2T
Vi (fn) =U 1<Uh,fh ) Bh,fh> = ;ln@h,fh ) Bh,fh>

Moreover, the beta vectors evolve by the following rule: Forall2 < h < H, f, € %y, sp € S

—

5H+1’fH+1 =ls
{Bh,th = Eap o (1€ T g (Snglsn) Y Onga (0ng1lsns) [5h+1,fh+1=(fh,ah,oh+1)
h

Sh+1 Oh+1

(55)

Sh+1

We remind the reader that this theorem holds for randomized policies.

Remark B.27. When it is clear from the context, we omit the policy sign ™ for the beta vectors. We can also define the beta
vectors for the empirical POMDP model by replacing the matrices T and O with their empmcal approx1mat10ns T* and OF.

The corresponding beta vector will be called the “empirical beta vector”, which is denoted as ﬁ , and abbreviated as ﬁh

Remark B.28. (Motivation behind the beta vector) According to (Monahan, 1982; Pineau et al. 2006, Lee et al., 2023) the
value function of a risk-neutral POMDP is the inner product of the risk-neutral belief by, and another function named the
“alpha vector”. The concept of a—vector has been widely adopted in the algorithm design of POMDPs (Pineau et al., 2006).

Vi (0n; fn) = Bapmn(lfn) | 700y an; fa) + Z 0 (0ns1| Frs an) Vi1 (bns1s fasr = (fas any 0ns1))

on11€0
Vi (bn; fn) = (bns a4, )
{&'”HHJHH =0

[&Z;fh} L= Eap (-1 fn) [r(sh, an) + > s,y Than (Shr1lsn) Do, ., Ont1(0nt1|sns1) |:O_Z;lr+1,fh+1:(fh,ah70h+1):| Sh“}
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Though the update rule of the value function inevitably relies on the entire history, the alpha vectors evolve in a Markovian
way. This finding helps us obtain a polynomial regret bound in risk-neutral POMDP using hindsight observations, which
is discovered by (Lee et al., 2023). To gain some insights, recall that the pigeon-hole lemma G.12 suggests that the sum
of concentration errors is the polynomial function of the cardinality of the space on which the transition probability is
dependent.

S M =5, =5, af =a} & 1

max{l,ﬁf*‘%s,a)} k=1 \/max{l,N;f+l(§’fL,a’fL)}

Py(s']s,a) == <2VK-SA

In the POMDP setting, if we refuse to represent the value function by the alpha vector, the upper bound in the right should be
replaced with 2,/K - |.#), x &/| = 202 A%, which then brings a factor of O A" to our regret. However, under hindsight
observability, since we can calculate the occurrences of the hidden states after each episode, we use the alpha vectors to
represent the value function. Consequently, we can replace O AH with 24/52, which is polynomial in H again.

However, we cannot directly utilize the alpha vector in the risk-sensitive setting, as it may no longer preserve the Markov
property. For the reader’s convenience, we excerpt the critical steps in the proof of the evolution law (Monahan, 1982)

:<gh(fh)a T'h(', (Zh)> + p0h+1~77h,+1(“fh,7ah,) [<

=(br(fn),mh (- an)) +< 3 Mdiag (Ont1(on41l)) Thiap bh(fh)’az+17fh+l>
1R an)

op41€0

diag (Ons1(0n11]) Thiay bu(f1) >]

@) .
Nht1(0ns1|fns an) P Eht 1 fraa

In the risk-neutral setting, the risk measure p is represented by the expectation operator [E. The simple linear structure
of E helps to cancel the partition function 7,41 (+| fn, an) wWhen the alpha vector updates, thus eliminating the culprit of
the exponential dependency on H. However, the previous analysis becomes invalid when using a non-linear risk measure.
That’s why the beta vector is introduced in risk-sensitive POMDPs to mitigate the impact of historical dependencies under a
non-linear criterion (WATER & Willems, 1981; Whittle, 1991; Baras & James, 1997).

Remark B.29. (Comparison with the alpha vector in risk-neutral POMDP) The value function can be expressed as an inner
product in risk-sensitive settings, because the utility risk measure keeps a layer of E, which still bears a linear structure.
Both « and beta vectors evolve in a Markovian way, making it possible to control the regret under a polynomial upper bound
given hindsight observability. However, the terminal value of B}L, fn 18 1 while that of @ is 0; The beta vector undergoes
multiplicative updates, whereas the alpha vector renews through additive increments. If we brutally set v = 0 we cannot
reduce the beta vector to the alpha vector, as v = 0 is a singular point of the risk measure, which will cause all the beta
vectors to collapse to 1. We will introduce the correct way to degenerate our result to the classical setting in Section D.4.4.

C. Detailed Algorithm Design

In what follows, we present the algorithm introduced in Section 5 in detail, along with several remarks additional to the
discussion in Section 5.

Remark C.1. (Computation issues) The BV VI algorithm, as well as other exact algorithms for POMDP, are inefficient in
computation complexity(Cassandra, 1998), which is due to the inherent complexity of the POMDP model(Papadimitriou &
Tsitsiklis, 1987). Using similar techniques as the point-based algorithms(Pineau et al., 2006), we can develop approximate
solutions to our problem based on BVVL

Remark C.2. (Explanation of line 2) The operation in line 2 is equivalent to the assignment below:

7 (D [Bf]?,fhh > 1" (H=ht1)

Vs e .S [Bﬁ,th e (H=ht1) [B}lifh} < 1 (H—ht1) (56)

[B\}]i,fh] ,else

S
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Algorithm 2 Beta Vector Value Iteration(BVVI)

1: Input risk sensitivity v # 0, confidence level 6 € (0, 1), episode number K, horizon length H.

2: Initialize ﬁf(),@ia(|s) «— Unif(.#), OL(-|s) < Unif(&) forall (h,s,a,0,s') € [H] x . x o x O x ..
3: fork=1:Kdo

4:  //Planning

5. //Forward belief propagation
6:  oF « ¥
7. for h=1:H, spi1,50 €S, foy1=(fn,an,0n11) € Fpx o x 0do
8: //Update risk belief by Eq. (35)

= ~ ~ YR (shsap) ~
9: {g,’jﬂ)fhﬂ e > T (Sn41ls0) 0%y (Onsa|sni) - (m) [057,&}5}1
10: //Residue terms

. SHIn KHSOA/$

11: ¥ (sp,an) (—mln{l,S M}

OHIn KHSOA/S }

12: ok (s +— min{ 1,3 =
h+1( h+1) { ’ N,}fill(Sthl)Vl

13: /[Prepare bonus by Eq. (62)
14: bl (sn, an)  |e?H-h+D 1] ~min{ 1, tF(sp,an) + Dsnin T o, (sh+1|sh)ofl+1(sh+1)}
15:  end for

16:  //Backward dynamic programming

17: 5I;I+1,fH+1 +— 1g
18: forh=H :1do

19: fOI‘th(a1,02,--- ,ah,oh)efh, ap € « do
20: /Mnvoke Bellman equation (49) under beta vector representation
. Ok (0, - 1 =k 2k
21 Qh(ah’fh) <3 InEo unire Tht1,fns1=(fn,an,0") ’ /Bh+17fh+1:(fh;ahxol) >
22: Vi (fn) « max Qj (an; fn)
acgf N
23: 7r(fn) « argmax Q¥ (a; f5,) // Obtain the greedy policy
acd
24: //Update beta vector by Eq. (63)
25:

o ri(sp,7F En
BE 1. (sn) = ermnlon () Z Tﬁﬂ(m(shﬂ\sh)

Sh+1
Z ©§+1(0h+1‘8h+1) |:§}1§+17fh+1:(fh1%ﬁ(fh);0h+l):| Shit +sgn(y) - bZJrl(Sh7 %ili(fh»
Oh+1
26: //Control the range of beta vector
27 Bh g+ Clip (Bl [ 1=, e (e )
28: end for
29:  end for
30:  //Learning
31:  Play with the real environment under policy {7} }f_, and collect a trajectory (G, 0%, ..., 0%, a%,)

32:  Reveal the hidden states {§Z}hH=1 in the previous H steps to the agent. //Hindsight observation
33:  // Update the empirical model
34: forh=1:Hdo

35: for (s,a,0,5') € S x o x O x ¥ do

Tk k A Tk k " A
36: Nhﬂ(s) = %Kzl 1 {3} = s} Nh+1(87a) D L{8) = 5,45y = a}
37: Ab(s) & Y5, 155 = s)

. mk+1, s Sho Msh =5, dp=s, ap=a} Skl Sk 1{6p=o0, si=s}
38: ’]Fh,a (S |5) — max{l,ﬁ;f+1(s,a)} @h (0|S) — m;x{l,ﬁ;lf+1(5)}
39: end for
40:  end for
41: end for
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D. Regret analysis

Our regret analysis takes several steps. First, we study the statistical error of the beta vectors and design a new bonus for our
problem, which ensures optimism in value functions. Later, we represent the regret by the beta vectors before we roll down
the Bellman equations to calculate the error accumulated during the entire Markov process.

Several facts will be repeatedly used in the proceeding derivations.

D.1. Preparation

The following result captures the empirical error of emission matrix Qy, (-|sp,):

Fact D.1. (Empirical error of the emission matrix) With probability at least 1 — 4,

(57)

. 20 In £S5
OF (-Is) — Op(:|s <min{ 2,/ —p—2—
I8 1sn) - On (sl < { N

The proof is similar to Lemma C.1 in (Liang & Luo, 2023). This relation holds without hindsight observability.
The upper and lower bounds for the beta vectors will also be useful.

Fact D.2. (Bounds of the beta vectors) eI —h+17" < [gh,fh,] < eH=h+D)7" for 4]l fn € Fp, and s, € .
Sh
The proof is done by a simple induction on h.

D.2. Optimism
D.2.1. STATISTICAL ERROR OF THE BETA VECTOR

In this section, we quantify the error in beta vectors caused by the inaccurate approximation of the transition and emission
probabilities. For the convenience of narration, we will temporarily view the beta vector as a binary function over the space
of . x 0. Since our result holds for any given episode, we omit the subscripts £ in the following derivations.

The update rule of the beta vectors in (55) is equivalent to

Bn g (sn) =€ onm )N Ty gy (Sheralsn) D Ona (Onea [8h1) Bt g s =(foomn (£).omin) (Sh)

Sh+1 Oh+t1

[e’th(Shmh,(fh

:ESthlNTh,wh(fh’) (151),On+1~On41(:|Sn+1) ))Bh+1;fh+1:(.fh777h(fh)7oh+1) (Sht1)

During the update of beta vectors we view Eh, #. (1) as a binary functions over the space of & := ./ x €. With a
slight abuse of notations, we denote (s, 0p,) as zj, and write Bﬂh’fh:(mfhoh)(sh) as Eh(zh; Th—1). We also abbreviate
rh(Sh, ™ (fn)) as rp(zr). The transition law of the beta vector can be written as a joint distribution over the space of . x 0
Py (2nt1lsn) == Thom, (£) (Sht1180)Ont 1 (On+1[8h+1)

Using the newly introduced short hands we can write the update rule of beta vectors as

—

In B 41 (Zpy1smn)
= ’Y(rh(zh)"r%)
Br(zn; Th-1) =Eprn (g, [ewh(zh)ﬁhﬂ(zhﬂﬂ'h)} = Eprn le

= E [e’YVh(Zh,+1;Th)
By,

We remind the reader that we have introduced a new function V, (z5,11) to abbreviate ry, (zp) + M The function
V}, is bounded in [1, H — h + 1] according to Lemma D.2. Next, we will calculate the approximation error occurred when
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the beta vector updates. The error is caused by the inaccurate estimate of the joint transition law.

(E@Z"(-Isw - EPZ’I('\%)) (6”’15h+1(';7h))’

[e"/Vh(Zthl;Th)] ) [e’)’vh(zh+1§7’h)]’

EZh,+1~@Z"(~ISh) Zn 1~ (k)

=1 D Than (snr1lsn) Y Onsalontalsnit) = D Thoan(snialsn) D Onga(onyi|snya) | eV (nroneim)

Sh+1 Oh+1 Sh+1 Oh+41

D Than(sntalsn) [ D Ons1(0ns1lsner) = Ongr (Ons1]snrr)e? i (ensnoninim)

Sh+1 Oh+1

+ Z (']Al‘h’ah (5h+1|5h) _ Th,ah (Sh+1|5h)) . Z ©h+1(oh+1|Sh+1)e’YVh+1(S}L+170}L+1§Th)

Sh+1 Oh+1
(58)
Lemma G.6 implies a natural upper bound for the error in Eq.(58):
P _ - YTh 3 .
[ (Bers oy~ Bon o) (€™ Bra (7)) -

<

ev+(H—h+1) _ e"f(H—h-i—l)’ . ”@Zh _ ]P;lrh'Htv < ‘67(H—h+1) . 1‘

We can also use Lemma G.10 to derive another upper bound. With probability at least 1 — 20,

‘(E@Z’l(.m) - ]EJPZh<~|sh)) (7O B (5 T"))’

KHSOA
eV<H*h+1L1’- mind 1, 3, M
NE(sn, T (sn)) V1 (60)

KHSOA

N (snp) V11

<

+ Z Tz,ﬁ,’g(sh)(sh+1|8h) min{ 1, 3

Sh+1

The additional v/H comes from the inherent history-dependency of the of POMDP:

h Ah h Ah
\/m KHO((sO A ),\/m KHSA(S(O An) _ \/HanJZSOA

Putting Eq.(59) and (60) together, we conclude that with probability at least 1 — 24:

> Tﬁ,ﬁﬁ(sm(ShH'S’l) > Ohia(onslsnsn)

Sh+1 Oh+1

- Z Thvﬂh(fh)(sh+1|sh) Z @h+1(0h+1|5h+1) eﬂyrh(s}l1ﬁh’(5h'))/8h+1’fh+1:(fh,ﬂ'h(fh),oh+1)(Sh-l-l)
Sh+1 Oh+1 (61)

S.HI KHSOA
< ‘67(H7h+1) - l‘min 1, min< 1, 34/ = il 0
N}’f(sh,ﬂ’ﬁ(sh))\/l

- Z Tzﬁ’;(sh)(sh-f-ﬂsh) min¢ 1, 3

Sh+1

KHSOA

]/\\[}]fill(sh-l-l) V1
We design the exploration bonus according to Eq.(61).
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Definition D.3. (Bonus) The bonuses are a series of real-valued functions b§(~, 5y) ' x o — Ry specified as

S . Hl KHSOA
by (sn, an; ) = =2+ _ 1| min{ 1, min{ 1, 3 An—‘S
h k
Nh(sh,ah) V1
O - Hln KHSOA

+ T* ~k(g ) (Shy1lsp) ming 1,3 —_ (62)
Z h, w5 (sp)\"0 N}’:Ill(sh'*‘l)\/l

Sh41

Previously, we have analyzed the upper bound of the approximation error incurred during the update process. We will utilize
the relevant results and define the series of “empirical beta vectors” (35, that helps approximate the value function.

Definition D.4. (Empirical beta vectors) Given any episode k € [K], if we use ay, to abbreviate the action selected by the
greedy policy %’,j (fn) given by algorithm 2, then the empirical beta vector is defined as

Vi1 € Fri1, 041 €L 0 Blrst i, (SH11) =1
Vh € [H],fh € p,8p €S,
2 — s T 0 il 63
6;§7fh (Sh) = e’YTh(S) ar) Z Tfl,(lh (Sh+1|8h) Zoh_H € ﬁ@fl-l-l(oh‘i‘l|5h+1)ﬂz+17f}1+1:(fh,ah,oh+1)(Sh-‘rl) (63)
Sh41€S

+ sgny - by (sn, an; )

Remark D.5. (Range of the empirical beta vectors) If we pose no further restrictions on the range of Elﬁ we can show
that the upper bound on ﬂ}’j will inevitably depend on e7# *, which will cause an additional factor of H in our regret. To

circumvent this issue we have manually clipped the value of empirical beta vector in our algorithm(line 2), so as to force B\h
to stay in the same range as ;. As a consequence, the difference between the two beta vectors, which will be called the
“beta-vector error”, is controlled by

Bt = | < |entit=rn 1 (64)

Apart from the absolute error between the beta vectors, we are also concerned with their size relationship.

Corollary D.6. ( Size relationshipﬂbetween beta vectors) N .
Forall s, € .S : 5}13,]0,1(511) > Bh, s, (sn) when v > 0 and 5§,fh(sh) < Bh, 1, (sn) when v < 0.

Proof. We only prove the case when v < 0. The other way is similar. The statement holds when h = H + 1 since both
vectors are defined to be 1. Suppose that it holds at 4+ 1, then by the induction hypothesis we have 35 < TQe " 3} 11 —b¥

= [(T@ — T@)e”’“hﬂ,%l*b]ﬁ] + T@EZH = [(T@ - T@)evrhﬁ}’jﬂ—bﬂ + ¥ Equation (61) implies that the terms in the
bracket are less than zero, which helps us complete the proof. O

D.2.2. OPTIMISM IN VALUE FUNCTIONS

Corollary D.6 directly results in the optimism in value functions: for all k& € [K],

W< (65)
Proof.
Ot 1 L = 1 ~k Dk 1 S 2 1 - Dk
Vit =V = —In{dy, Br) — — In{or, Br) = — In(iir, f1) — —In(jiz, fr) <0
Y v v Y
The last step remaining is the fact that IA/{’* < IA/fk. O
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Additional notations For ease of notations we will abbreviate several upper and lower bounds in the following analysis.

. e + =
Upper and lower bounds on the risk measure B, :=e¢ 7 < eVrr(snan) < o7 B,

Upper and lower bounds on the beta-vectors B := — ¢V H-ht1) < G < o (H=h+1) . Bj

Upper bound of the bonus 0 < b} (s, ap,) < ’eW(H htl) _ 1‘ := By,

(H—h+1) 1] :=

Upper bound of the “beta vector error”’0 < ‘B,H_l — ﬂh+1’ < ’e” §A5h+1

Remark D.7. According to the update rule in equation (55) and (63), when the risk-sensitivity parameter -y tends to zero, the
beta vectors will degenerate to 1. The bonus function, as well as the beta-vector error will vanish with in the rate of H

" - o B Bag
lim 8, = lim 8, =1 lim by (-,-) = lim B,z =0 lim 2o i 28 = (66)
¥—0 ~y—0 ¥—0 ~¥—0 h =0 7y y—0 7y

which contributes an additional H to our regret.

D.3. Regret Calculation

D.3.1. REPRESENT THE REGRET BY BETA VECTORS

The regret can be represented as the approximation error of beta vectors at the initial time step.

Regret(K; P) : ZU Ep [le } U~'Ep [va’“}
k=1

<N U 'Ep [U‘Aff’%k} U Ep [va’“} //Section D.2.2

K
>
k=1
ZZK:UAEP [(31 , Bo7 >} U-Ep [@, 51*’3} //Theorem B.26
k=1
3 (0 [t B -0 [, )+ (0B [, B 0B [, AT])
k=1
S U B -0 G, B + 3 U B, [BET(81)] U™ Esy e [BT(S0)]
k=1 k=1
_ i U'Es, [A{“ﬁ’“(sl)} — U~ 'Ep [A{“» ] + Z U~'Ep [ (sl)} —U"'Ep [ﬁf’“ (sl)}
k=1
Prior error Evolution error

The terms in the last step of Eq. (67) hold significant physical meanings. The first term, referred to as the “prior error”, is
incurred by the imprecise estimate of the prior distribution of the hidden states. The second term, named “evolution error”,
represents the accumulation of error throughout the entire horizon of the Markov process, resulting from an inaccurate
estimate of the beta vector. In what follows we will try to find upper bounds for the two error terms.

D.3.2. BOUND THE PRIOR ERROR

First, we bound the prior error in Eq. (67). With probability at least 1 — ¢,

ZU "Ep B (S1)] —UTER [B17 (81)] < WZ

Prior error (68)
€'Y+ H 6’\/7 H

K - (-t K €7+H76’Y7 ‘ 25 K G‘V‘H—l K
<K e gk — Ol < & ,/ < ————/2KSIn —
>~ ’Yz:l 2 ||:LL1() Ul()”l = |'7| ; 2 = |'7‘ Sln K
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where the second and third inequalities are due to Lemma G.6 and Lemma G.5 respectively.

D.3.3. CONTROL THE EVOLUTION ERROR

Next, we will use the Bellman equations to show that

K S o hH KHSOA

N U'Ep [ f»”’“(sl)] ~U'Ep [ﬁf"(sl)] <0 (e - H%*VKS20A - In SO)

1 v H d (69)

Evolution error
Proof. By the Lipschitz continuity of U, we have
K . . K X 1 . K R
S UEp [ (81)] - U [F7(80)] =30 T mEp [ - TEp {ewl ] <Ky -3 [Be [BE - 41|
k=1 =17 " k=1
Evolution error
(70)
¥ . ~ - ~ -

where K, = % Next, we find the recurrence relation between E[S), — (1] and E[By+1 — Brt1]-

Ak},%k %k
‘]EP [/Bhafh:(Thflaoh)(Sh) o Bh:fh:(‘rh—lﬁoh)(sh)} ’

=| Ep |u(Sph,An) Z ﬁ‘h,ah(Sh+1|8h)@h+1(0h+1|Sh+1)§h+1,(Fh,Ah,oh+l)(Sh+1)+sgn(7)bﬁ(5h,Ah)

Sh+1,0h+1

— u(SnAR) Y Tha, (5h41155)On41(0n4118h41) Brst,(Fu, An,Opya) (Sht1)
Sh+1,0h+1

= |Ep [Uﬁf@ghﬁ—l — uTOfp 41 + Sgﬂ(’Y)bﬂ ’
= |Ep [uﬁ‘@ghﬂ — uTOBh 41 + sen(y)bf + uTOBy 41 — uTOBk41 + uTO(Bhs1 — Brrr) — uTO(Bhyy — Bh-&-l)} ’

= |sen(7)Ep[bf] + Ep[(TO — TO)ufy11] + Ep[(TO — TO)(uBh11 — uBhi1)] + Ep[TO(uhh 1 — ubhs1)]
1 11 il v

By Eq.(61) we observe that [II| < Ep[bf]. Similarly, Eq.(64) implies that [II[| < 2Ep[bf]. As for IV, we always have
V| < B, -Ep [B;H_l - B}H_l] Putting things together we conclude

‘EP[BI«L - Bh]‘ <[] + 0| + |11 4 [IV] < 4-Ep[bf] + By - |Ep[Brs1 — Futi]

Abbreviating the term ‘Ep [B\,’j - ,B,ﬂ ‘ as AF, we obtain a recursive equation for the beta vector errors:

{A];{H =0

_ (71)
A} < By, App1 +4Ep [bf] ,Vh=H:1

Recall that in Eq.(70) we have shown the regret can be controlled by the “initial beta vector errors”:

K

K
Regret(K;P,7) < Ky - Y Ep [ B = 8F] = K, > Al
k=1 k=1
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Using Lemma G.15, we roll down Eq.(71) to solve A¥, after which we bound the regret by the bonus functions:

K K H h—1
Regret(K; P,v) <K, Z Ep[Bf — 8] < 4 Z Z [b}] H B
k=1 k=1h=1 t=1

. k(sk sk Nk sk Ak (72)
Z Epbri(-, 7)) — bi(3%, a5 7)) +th(§h7&h;7)
k=1

Sample bias Bonus sample

We invoke Lemma G.9 to bound the terms in the first curly bracket. With probability at least 1 — 4,

K

K InHSA
Z ]EP bh , ,’y]—bk(sh,a’ﬁ,’y)) S ‘67(H7h+1)—1‘ 5 n 65
k=1

Sample bias

The terms in the second curly bracket will be controlled by the pigeon hole lemma G.12. Recall that for the empirical data
(§ﬁ, dﬁ) collected during the learning process (line 2 in algorithm 2), the bonus function picks the value of

bk (87, af;y) = |7 — 1 omin 1, 5 (85, af) + Y TF o, (sn1185)0f 41 (5h41) (73)

Sh+1

In what follows we calculate the summation over the residue terms. With probability at least 1 — 24:

K
D th(Shak) + D T o (sn41l85)0k 41 (sn40)

k=1 Sh41
K

=3 |th(sh.af) + j{:’Eﬁ@5(5h+qﬂéﬁ)oﬁ+1(5h+1)-— D Thak (sna1l85)0f 41 (snr1)
k=1

Sh+1 Sh+1

+ Z Th,a;i(5h+1|§2)0§+1(5h+1)

Sh+1

K
< Z th g’;“ EL];L ) +1: th(élfu dlfi) + (Eshﬂwr, Ak(.\é’;)oﬁﬂ(shﬁ-l) - °i+1(§lﬁ+1)> + °z+1(§§+1)] //Lemma G.10
N , valk C18h

k=1 transition error
Sample bias
K K K
<2 (kz_l sk, an) ) +2- ,/5 ‘In HSA/S + kZ:loZH(gﬁH) //Lemma G.9
Sample bias
(74)
According to the definition of the residue terms in Eq.(62), the pigeon-hole Lemma G.12 suggests that
k k S . Hln KHSOA
335 al) Zmin{ 1,3, /2o } < (3\/SH-L) 2VK - SA
k=1 k=1 Ny (sh,ap) v 1
(75)
K O - Hln KHSOA
Z Oh 11 sh+1 me , ﬁ §(3\/OH~L)~2\/K~S
k=1 Ny (8h) vl
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where In K HSOA/ is abbreviated as ¢. Then with probability at least 1 — 29,

KHSOA
Zb" (sF,aky) < ‘eWH—hH) - 1‘ : (12\/K SA-S- H+6VK-S-0+ \/K/Q) - /In (5)
Bonus sample (76)
KHSOA
<aa|ertt=rd | VE V54 VS +VE Y5 VO +VE | VE - (5)
—_— Hldden state error Observatlon error MD
Risk measure .
History-dependency of POMDP
Putting things together we can safely state that with probability at least 1 — 39,
Z Ep[bﬁ(,,’}/ ] bk Shaafm +th Shvahv
kE[K]
Sample bias Bonus samples (77)
KHSOA
<12. ’eﬂH—”'“) - 1‘ | VES’A + VESO +VEK |-VH-\/ln ()
— —— ~— )
— Hidden state error ~ Observation error ~~ MDS
Risk measure .
History-dependency of POMDP
Bringing Eq.(77)back to Eq.(72), we conclude that with probability at least 1 — 36,
K " )
> UTER [BET(S1)] - U ER [BF(51)]
k=1
y Evolution error ( 7 8)
WH f KHSOA
<48.“——~.H.-| HVKS°A + HVKSO + HVE | -VH|ln (=222
Hidden state error ~ Observation error ~ Sample bias
Risk and bonus History-dependency of POMDP
O

D.4. Result and Discussion

We summarize our previous analysis in Section D.3.3 and D.3.2 into the following theorem, which characterizes the upper
bound of the regret given by the algorithm of Beta Vector Value Iteration.

D.4.1. THE MAIN THEOREM

Theorem D.8. (Regret of Beta Vector Value Iteration) Given a POMDP model P, risk-sensitive parameter v € R\ {0}
and the number of episodes K € 7., the regret after running algorithm 2 can be controlled by the following upper bound
with probability at least 1 — 46:

el H _ 1 > KHSOA

Regret(K;P,v) <48 - ————— .| VKS + HVKS*A+ HVKSO + HVK |-\/H In|—=—=
|’y | S~—~— — N—— S~—— 1
Prior error Transition error  Emission error  Sample bias
Risk and bonus History-dependency of POMDP (79)
VH _q KHSOA
So(el‘HH2VKSQAO \/H 1116)
| S —
i,—/ Statistical error
Risk-awareness History-dependency

In what follows, we will provide a technical analysis of the composition of our regret, which is of particular interest to the
possible improvements to our algorithm. We will also compare our results with other classical bounds in the related fields of
reinforcement learning.
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D.4.2. COMPOSITION OF THE REGRET

The factor v/ K is brought by the pigeon-hole lemma when we sum up several terms across the episodes. Similarly, one
factor of H is brought by the summation over the horizon Ele. Another H is brought by the bonus on the beta vector, as
is demonstrated in remark D.7. The other /H is incurred by the history-dependency of the POMDP model, as is shown in
Eq.(60).

The factor v/O and one of the v/S is brought by the coverage of an Epsilon net when we try to bound the beta vector
function using Lemma G.10. The other v/SA and v/S come from the pigeon-hole lemma, when we sum the residue terms
across k € [K].

D.4.3. SAMPLE COMPLEXITY

Based on Theorem D.8 we can use the online-to-PAC conversion argument (cf.Appendix G.1.5) to obtain the sample
complexity of algorithm 2.

2
Corollary D.9. (Sample complexity of Beta Vector Value Iteration) For anyK 2, ﬁ (Q‘TWH‘JH_ 1) H5S?0A -1In (%SOA),
with probability at least 1 — 0, the uniform mixture of the output policies of algorithm 1 is € optimal:

1 K ~k
EZV{—V{f <e
k=1

D.4.4. COMPARISON WITH OTHER STUDIES

In this section, we will try to study what the bound of our regret will be in the risk-neutral case and/or the completely
observable scenario, so that we can test whether our algorithm is still provably efficient after the degeneration into simpler
settings.

Comparison with risk-neutral HOMDP When we take the limit v — 0 to Eq.(79), our regret bound degenerates into

lirr%)Regret(K;P,V) = O(HVKSAO - \/O? + H35) (80)
=

which characterizes the performance of our algorithm in the risk-neutral setting.

(Lee et al., 2023) studied risk-neutral POMDP under hindsight observability, whose setting differs from ours only in the
risk-sensitivity of the agent. The regret of their algorithm “HOP-B” is provided in theorem C.1 of (Lee et al., 2023), which is

> v () —v(d) SVHK1og(2/6) + YOSH K+ VSAHA K1 + H*S* Au(1 + log(K))

kelK] Azuma-Hoeffding Emission error Transition error (81)
+ H’SVOL+ HSAVH3.,

Residual pigeonhole error
We see that our regret improves their result in the order of H, .S and A.

The sample complexity the BV VI algorithm also nearly reaches the information-theoretic lower bound for the tabular
HOMDPs, which is provided in theorem 5.1 of (Lee et al., 2023):

K =Q(50/¢)

Comparison with risk-sensitive MDP Due to the significant difference between the formulation of POMDP and MDP,
several adjustments to our algorithm are necessary to adapt to a fully observable environment. We will no longer approximate
the emission process and drop the terms in the bonus that is relevant with the emission residue. The confidence level will
also be increased for O-times. In the end our algorithm will degenerate into the RSVI2 algorithm proposed by (Fei et al.,
2021a). After some revision in the proofs, our regret will drop the terms relevant with O, as well as the additional v H
brought by the history-dependency of POMDP. The regret will take the form of

el H _q

S O(H*VKS2A) (82)

Regret(K; M, v) =
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which matches the result of (Fei et al., 2021a):

[y[H _
Regret(K) < eMiHl\/H‘iSQAK log?(HSAK/S5). (83)

Consequently, in the MDP case, our regret reaches the lower bound for risk-sensitive RL using the entropic risk(Fei et al.,
2020) in terms of K and vH:

oH/2 _

Regret(K) > L R KH (84)

E. Experimental Details

In this section, we elaborate on the details of our experiment presented in Section 9. We also provide additional information
on the empirical performance of BVVIL.

We designed a POMDP model with two actions (A = 2), three states (S = 3) and three observations (O = 3). The length
of horizon H is set to be 4 and the agent interacts with the POMDP for K = 2,000 episodes. We chose confidence level
0 = 0.2 and set the risk sensitivity parameter y to 1.0.

For simplicity, in the POMDP, the environment starts deterministically at state 1 and evolves in a time-homogeneous fashion.
At each step, the environment transitions from state 1 to state 1,2 and 3 with probabilities 0.03, 0.95, and 0.02, respectively.
When starting from state 2, it transitions to states 1, 2, and 3 with probabilities 0.04, 0.02, and 0.94. The state-transition
probabilities become 0.89, 0.10, and 0.01 when starting from state 3. In each state, the environment emits three possible
observations. In state 1, the agents receives observations 1, 2 or 3 with probabilities 0.83, 0.08, and 0.09, respectively. The
observation distributions become 0.05, 0.79, 0.06 or 0.02, 0.09, 0.89 when in states 2 or 3, respectively. The agent receives
a reward of 1 when she takes action 1 in state 1, action 2 in state 2, or action 1 in state 3. In other cases, the agent gains a
reward of 0.

We train the agent using the BVVI algorithm in the default environment specified above. We then repeat the training
procedure in an fully observable environment, which is obtained by replacing the emission kernel of the POMDP with
the identity matrix, resulting in Figure 1. We also compare the episodic return of the agent in both POMDP and MDP
environments (see Figure 3). Our experiment demonstrates that BVVI converges faster in the MDP environment and that
in a POMDP, the agent suffers from higher variance in returns. This can be attributed to the uncertainty of observations
confounding the decision-making process.

4.4
- Partially Observable
42 —-= Fully Observable
' —— Optimal Policy
4.0

Lo
oo
L

Episodic Return
w w w
N S (=]

w
o
L

0 250 500 750 1000 1250 1500 1750 2000
Number of Episodes K

Figure 3: Episodic return J(7*; P, ~) of BVVI(Algorithm 1) in MDP and POMDP.

We also test the performance of BVVI in a POMDP with varying degrees of risk-awareness, as illustrated in Fig-
ure 2. Our experiment furthers shows that the agent successfully learns the optimal policy when ~ is chosen in
{-5.0,-3.0,-1.0,1.0, 3.0, 5.0}, consistent with Corollary D.9. The findings are demonstrated in Figure 4.
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Figure 4: Suboptimality J(7*; P, ) — & S K | K(7";P,~) of BVVI(Algorithm 1) with various risk-sensitivity parameters. We pick
the risk-level v from {—5.0, —3.0,—1.0, 1.0, 3.0, 5.0}.

F. More Related Work

Risk-sensitive RL.  The analytical properties of the risk measures adopted in risk-sensitive RL has been extensively studied
in (Boda & Filar, 2006; Sereda et al., 2010; Righi, 2018; Hau et al., 2023). Combined with statistical learning theory,
previous works have developed provably efficient algorithms for risk-sensitive RL in both the tabular case (Fei et al., 2020)
and the function-approximation setting (Fei et al., 2021b). Entropic risk (Fei et al., 2021a) and CVaR (Du et al., 2022) are
among the most popular risk measures adopted in RL.

Intractability of general POMDP Studies (Papadimitriou & Tsitsiklis, 1987; Jin et al., 2020) have shown that seeking
the exact solution to the planning or learning problem of general POMDPs is intractable. For this reason, the planning
process in algorithm 2, as well as other exact algorithms for POMDP are inefficient in terms of computation complexity.
To obtain polynomial sample complexity, recent research follows two directions: they either assume the structure of the
POMDP model could leak certain information about the hidden states, or suggest that the training process will offer more
knowledge to the agent. We will introduce the two lines of work in what follows.

Learning a POMDP with structural assumptions The first line of research considers sub-classes of POMDP with additional
structural properties, such as (Golowich et al., 2022a)(vy-observable POMDPs) and (Liu et al., 2022a)(«-weak-revealing
POMDPs). In the tabular case, (Jin et al., 2020) assumed that the emission matrix posses a full column rank. In the
continuous setting, (Cai et al., 2022) asks the emission kernel to have a left inverse. Once the assumptions fails to be
satisfied, their regret bounds could become vacuous (Liu et al., 2022a). It also remains unclear whether these assumptions
are acceptable in the application scenarios.

Learning a POMDP with hindsight observation Another line of research concerning with partially observable RL does
not pose structural assumptions on the POMDP model. They consider a friendlier training setting in which the agent
could review the sample path of the hidden states at the end of each episode. The new formulation for the POMDP, also
referred to as the “Hindsight Observation Markov Decision ProcesstcHOMDP)”, is proposed by (Lee et al., 2023) and echoed
by (Sinclair et al., 2023; Shi et al., 2023; Guo et al., 2023). The concept of “hindsight observation” is reasonable both
theoretically and empirically. Supported by at least six examples in (Lee et al., 2023), reinforcement learning in a partially
observable environment offers hindsight information in various application scenarios. Furthermore, they also showed that
the lower bound of sample complexity of learning an HOMDP is polynomial for the sizes of the spaces. For these reasons,
we follow the second direction of research.

We remind the reader that there is a significant difference between our work and that of (Lee et al., 2023). We propose
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the analytical tool of beta vector, which is different from the risk-neutral counterpart alpha vector. We also deploy a
change-of-measure technique. We also adopt different analysis of the statistical errors and improve their regret bound in
terms of H, S and A.

Risk-sensitive planning with partial information Risk-aware decision-making in partially observable environments
has been studied theoretically: (Whittle, 1991) derived an approximate solution to the continuous-time partially-observed
risk-sensitive optimal control problem. (Elliott et al., 1996) developed a risk-sensitive Viterbi algorithm for the hidden
Markov models. (Baras & James, 1997) also studied similar control-theoretic problems for the finite-state machines. (James
et al., 1994; Cavazos-Cadena & Herndndez-Hernandez, 2005; Béauerle & Rieder, 2017) considered risk-sensitive planning
of a POMDP with the entropy or the utility risk measures. However, these studies did not consider the learning problem of
POMDP, not to mention sample complexity.

Our framework is built upon the study of (James et al., 1994). However, we should notice that there fundamental differences
between the two works. The study of (James et al., 1994) posed strong assumptions on the POMDP model: they set the
initial state as a Gaussian random variable and required the transition law of the states and observations to be i.i.d. Gaussian
distributions. We generalize their result to accommodate transition matrices beyond Gaussian distributions. The study of
(James et al., 1994) did not consider the learning problem as they assumed the transition matrices are fully known, neither
have they carried out a regret analysis which thoroughly discusseed in this work. We also propose new concepts such as the
beta vectors and the partially observable risk-sensitive () functions not considered by the work of (James et al., 1994). We
also devise a novel bonus function.

G. Supplementary Materials
G.1. Technical Lemmas

In this section we provide the technical lemmas adopted in this work. We will give the references for existing results and
provide a proof for the lemmas developed in this work.

G.1.1. RESULTS FROM REAL AND FUNCTIONAL ANALYSIS

Theorem G.1. (Lebesgue-Radon-Nikodyn theorem, theorem 6.10 in (Rankin, 1968)) Let .4 be a o— algebra of a set X.
let \ be a measure on A and . be a positive o— finite measure on A . There is a unique pair of measures \, and \s on
M such that X = Ay + X, where X is absolutely continuous with respect to i (Ap) while \s and )\, are concentrated on

disjoint sets (s L p). Moreover, there is a unique h € L* () such that \o(E) = [}, hdp for every E € . We call h the
d)a

i

Theorem G.2. (Hilbert-adjoint operator, theorem 3.9-2 and 3.10-2 in (Kreyszig, 1991)) Let Hy and Hs be two Hilbert
spaces and T' : Hy — Hy be a bounded linear operator. There exists a unique linear bounded operator T* with the same
norm of T such that for all ¥ € Hy and § € Ho, (Z,T*y) = (TZ, ). If H1 and Hs have finite dimensions so that T could

be represented by some matrix, then T* will be represented by the complex conjugate transpose of that matrix.

Radon-Nikodyn derivative of the measure \, with respect to i and we may express the derivative as h =

Lemma G.3. (Dirac function and the expectation)
| ALK X)X ~ 0)/2] = BLF(X. V)2
Proof.

LIS — /X i /X % /y dnf (G mS(C - Dpxoxiz(Conlz) = /X dc /X dzé(z — ) /y nf(Cmpxyiz(Conl2)

(85)
= [ dc [ anficnpxviaconlz) = RHS
X y
O
Lemma G.4. (Dirac function, inner product and the expectation)
(Ep(X = -)F(X,Y)], f()) = E[f(X) - F(X,Y))] (86)
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Proof.
LHS:/Xd:cf(m)E[a(x_x)F(x,Y)]pXX(g,n):/def(x)/ydn/x d¢o(¢ — ) F(¢,m)px, v (¢ n)

- /X dc [ /X dz f(2)5(z — ) /y an(C,n)} pxx(C,m) = /X dcf(0) /y dnF(Cmpxy (1)
_E[f(X) F(X,Y)] = RHS

G.1.2. CONCENTRATION INEQUALITIES

Lemma G.5. (Concentration in the {1 norm, fact 4 of (Liang & Luo, 2023), adapted from (Weissman et al., 2003)) Let
P be a probability distribution over a finite discrete measurable space (X,X). Let P, be the empirical distribution of P
estimated from n samples. Then with probability at least 1 — 6,

2laf, 1 (87)

)
Fact G.6. (Naive upper bound) For any bounded function f(-) : X — [a, b] and two probability measures P’, P € A(X),
the difference in the expectation can be controlled by the range of the function and the total variance distance between the
probability measures.
(b—a)

5 IP'C) = POl (88)

[Py — Py <

[Ex~p [f(X)] — Ex~p[f(X)]] <

Proof. By the fact that all probability measures normalize to 1,

LHSZ‘]EXN]P” (f(X) - b;a> —Ex~p (f(X) B b;“)

> (100-25%) @) - P

rzeX

b—a
2

< sup |[P'(2) = P(2))|lh = RHS

reX

f(x)

O

Remark G.7. The upper bound provided in this lemma is tight for deterministic variable X, which will be particularly useful
when we study how the regret behaves when the risk-sensitivity parameters tends to zero.

Lemma G.8. (Hoeffding inequality for random variables, adapted from theorem 2.3 in (Boucheron et al., 2003)) Let
{Y;}  bea finite set of independent random variables. Suppose that there exists two constant real numbers Y <'Y such
thatY <Yy <Y holds almost surely for any Y, then with probability at least 1 — §,

ZY—fZE

Lemma G.9. (Azuma-Hoeffding inequality for martingale difference sequences, theorem 2.16 in (Bercu et al., 2015)) Let
{Y1}$2, be a martingale difference sequence with respect to some other stochastic process { Xt}$2,. Suppose that there
exists two constants a < b such that a <'Y; < b almost sure for any t € Z., then for any n € Z, the following relation
holds with probability at least 1 — §:

1 2

n._ 1
ZYt (b—a) 51n5 (90)

Lemma G.10. (Hoeffding inequality for the functlon of random variables,extended from lemma 12 of (Bai & Jin, 2020))
Let X’ be a random variable supported on X that follows an unknown distribution P. Ler f (- ) be any bounded function
that maps X to |a,b]. We draw N i.i.d. samples from P to construct the empirical distribution P := ~ Zl Lz, =2}
Denote O as the set of all the parameters that may distinguish the samples. Then with probability at least 1 — 6,

S
By [f (X)) = Exor [ (X)) s(b—a>-min{1,3- ] }Vn'é} o1
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Remark G.11. The factor of 1/|X| comes from the epsilon coverage of the range of f(-), since |X| = In ‘X‘

Lemma G.12. (The pigeon-hole lemma, extended from (Azar et al., 2017)) Fix constant h. Suppose that {zh}t L areiid.
samples drawn from a distribution P over the finite set Z. Forany k = 0,1,--- | K, let N H( ) : Z = [K] be defined as
the counter function N ;f“ () := Zle 1{z! = z} that records number of occurrences of z within the first k samples. Let
f() : Z = R be any function that receives integer input. The following relations always hold:

K Ny (=) K
1
D ITSERNEE JLTSICIED Sl SV UODY SN E
2€2 k=1 €2 =1 k=1 \/max{l,N,’f“(E,’j)}

92)

Remark G.13. The third equation in Lemma G.12 shows that the pigeon-hole upper bound depends on the size of the space
Z. For MDPs, Z will be replaced by S x A, which is polynomial in the relevant parameters. However in a POMDP, since
decision-making depends on the entire history, Z will be replaced with & .c7"~!, which causes the regret to be at least of
order OH AH,

Lemma G.14. (Linearization of Utility Function, Fact 1(a) in Appendix A of (Fei et al., 2020))

1 1 1
When~y >0, foralll <y <z <e™ wehave) < —Inz— —Iny < —(z —y)
Y Y Y

ehIH ©3)

1]

(y —x)

1 1
When~ < 0, foralle’? <2z <y<1, wehave()< —Inz——Iny <
Y v

Lemma G.14 implies that the differences between the entropic risk measures can be bounded by linear functions of the
differences between their variables.

G.1.3. VALUE FUNCTIONS USING UTILITY RISK

Exponential risks belong to a special class of risk criteria, named the utility function, '* which fits into the definition of
both static and dynamic risk measures. For simplicity, we demonstrate this property in the MDP case when actions are
deterministic and the initial state s; is fixed. We use Uo to represent a utility function. For entropic risk, U = %e”f(').

(Static risk-measure narration) Assume that the initial state is fixed,
J(m; M) =U"' o ET, U < 70(Sh, Ap )
h=1

H
VH+1 static =0 Vh slanc(sh) 1]I'E‘IJI\'/I[] Z Tt St7 At
t=h

(Dynamic risk-measure narration) Assume that the initial state is fixed,

Vit =0
Q;(Shvah) :Th(shvah) + (Uil © ]Es;t+1NPh+1('\S;HWL)U) (Vhfr+1(5h+1))

Vh (Sh) ]E(lh’\’ﬂ'h( \S;I)Qh(shvah)
J(m; M) =Vi"(s1)

Next, we show that static and dynamic narrations are equivalent when the policy is deterministic and the initial state is fixed.
Precisely speaking, Vh € [H + 1], s, € ./ :

V}:r (Sh) = Vhﬁstatic(sh)
'“Readers may refer to (Von Neumann & Morgenstern, 1944; Biuerle & Rieder, 2011; Biauerle & Rieder, 2017) for details.
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Proof. We prove by an induction on h. First, the statement holds obviously at h=H+1. Then

Sh ah] Sh]

Vhﬂ(sh) ZEgh [QZ(Sh, ah)’sh] = Egh U'E U [Th(Sh, ah) + V;Zr+1(8h+1)]

Sh+1

H
=E7, U_lEsh,+1 U |7n(sh,an) + U—IE& U Z 74(St, At) | ShHH smah] sh] (Induction hypothesis)
t=h+1
H
=Eq, U_lESh,+1 U |U'E}, UZ 7¢(Se, A Sh+1,8h,ahH Sh,ah] Sh] (Markov property)
t=h
H
=Eg, U 'E,,,, UZ ¢ (S¢, A¢) |sh+1,sh7ah] sh,ah] sh]
t=h
H
:Egh 1E7T Uzrt St7At | Sh7ah] Sh]
t=h
H
=U"'E7, Z (St,m(Se))|sn| = Vilaie(sn)  (Deterministic policy)
t=h

O

We stress that the coincidental equivalence between the two narrations arises from the fact that r, (s, ap) = U 'ET [U o
h(Shy an)sns an] and E5 (U 37,4y me(Se, Ad)|snia] = E3 (U 3,5 p41 1e(Ses Ad)|Sni1sn, an)-

G.1.4. THE AUTO-REGRESSIVE EQUATION
Lemma G.15. The solution to the initial value problem of the equations txy = 0 z, = Aptpi1 + Cp is ©1 =

Zivzil Al:'rflC'r

We can obtain this result by an induction argument.

Remark G.16. If we restrict x;, A; € R>g, similarly we can prove that that if zxy = 0, =, < Apxp41 + C,, we have
N-1

€ < 2721 Al:’rflc‘r

G.1.5. ONLINE-TO-PAC CONVERSION

The relationship between the regret of an online learning algorithm and its sample complexity is studied by (Cesa-Bianchi
et al., 2004) and (Jin et al., 2018). In section 3.1 of (Jin et al., 2018) the authors used Markov’s inequality to show that if
we choose the output policies {7*} of an online learning algorithm uniformly at random, then to ensure these policies are

provably approximately correct, i.e.
K
P(ZV*—V?’“ §e> >1-6

k=1
one only needs to ensure that the number of episodes K will make the average expected regret lower than ed

K
EE—— 1
Regret(K) := )74 Z V*—V"™ <eéd
k=1

This technique is frequently used in reinforcement learning, such as in the derivation of corollary 5 in (Liu et al., 2022a) and
theorem 6.3 of (Lee et al., 2023) and we have invoked this relation in the derivation of Corollary D.9. For an elementary
introduction to the conversion argument please refer to (Tirinzoni et al., 2022).
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