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Abstract

We study the problem of nonepisodic reinforcement learning (RL) for nonlinear
dynamical systems, where the system dynamics are unknown and the RL agent
has to learn from a single trajectory, i.e., without resets. We propose Nonepisodic
Optimistic RL (NEORL), an approach based on the principle of optimism in
the face of uncertainty. NEORL uses well-calibrated probabilistic models and
plans optimistically w.r.t. the epistemic uncertainty about the unknown dynamics.
Under continuity and bounded energy assumptions on the system, we provide a
first-of-its-kind regret bound of O(87+/TT 1) for general nonlinear systems with
Gaussian process dynamics. We compare NEORL to other baselines on several
deep RL environments and empirically demonstrate that NEORL achieves the
optimal average cost while incurring the least regret.

1 Introduction

In recent years, data-driven control approaches, such as reinforcement learning (RL), have demon-
strated remarkable achievements. However, most RL algorithms are devised for an episodic setting,
where during each episode, the agent interacts in the environment for a predetermined episode
length or until a termination condition is met. After the episode, the agent is reset back to an initial
state from where the next episode commences. Episodes prevent the system from blowing up, i.e.,
maintain stability, while also restricting exploration to states that are relevant to the task at hand.
Moreover, resets ensure that the agent explores close to the initial states and does not end up at
undesirable parts of the state space that exhibit low reward. In simulation, resetting is typically
straightforward. However, if we wish to enable agents to learn by interacting with the real world,
resets are often prohibitive since they typically involve manual intervention. Instead, agents should
be able to learn autonomously (Sharma et al., 2021) i.e., from a single trajectory. While several works
in the Deep RL community have addressed this challenge, (c.f., Section 5), the theoretical results for
this setting are fairly limited. In particular, the setting has been extensively studied for finite state and
action spaces (Kearns & Singh, 2002; Brafman & Tennenholtz, 2002; Jaksch et al., 2010) and linear
systems (Abbasi-Yadkori & Szepesvari, 2011; Simchowitz & Foster, 2020; Dean et al., 2020; Lale
et al., 2020). However, the extension to nonlinear systems is much less understood. In our work, we
address this gap and propose a practical RL algorithm that is grounded in theory. In particular, we
make the following contributions.

Contributions

1. We propose, NEORL, a novel model-based RL algorithm based on the principle of optimism in
the face of uncertainty. NEORL operates in a nonepisodic setting and picks average cost optimal
policies optimistically w.r.t. to the model’s epistemic uncertainty.

2. We show that when the dynamics lie in a reproducing kernel Hilbert space (RKHS) of kernel
k, NEORL exhibits a regret of O(Sr+/TT 1), where the regret, akin to prior work, is measured
w.r.t to the optimal average cost under known dynamics, 7" is the number of environment steps
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and I'r the maximum information gain of kernel k£ (Srinivas et al., 2012). Our regret bound is
similar to the ones obtained in the episodic setting (Kakade et al., 2020; Curi et al., 2020; Sukhija
et al., 2024; Treven et al., 2024) and Gaussian process (GP) bandit optimization (Srinivas et al.,
2012; Chowdhury & Gopalan, 2017; Scarlett et al., 2017). To the best of our knowledge, we are
the first to obtain regret bounds for the setting.

3. We evaluate NEORL on several RL benchmarks against common model-based RL baselines.
Our experimental results demonstrate that NEORL consistently achieves sublinear regret, also
when neural networks are employed instead of GPs for modeling dynamics. Moreover, in all
our experiments, NEORL converges to the optimal average cost.

2 Problem Setting

We consider a discrete-time dynamical system with running costs c.

Try1 = (@, ur) + wy, (e, ur) € X x U, 2(0) = xo 1
c(z,u) € R (Running cost)

Here z; € X C R% is the state, u; € U C R% the control input, and w; € W C R™ the process
noise. The dynamics f* are unknown and the cost ¢ is assumed to be known.

Task In this work, we study the average cost RL problem (Puterman, 2014), i.e., we want to learn
the solution to the following minimization problem
T—1

1
A(m*, xg) = ‘I’rnei%A(ﬂ, xp) = frneigliilrrfotip TE”

c(xy, ut)l . (2)

t=

Moreover, we consider the nonepisodic RL setting where the system starts at an initial state g € X
but never resets back during learning, that is, we seek to learn from a single trajectory. After each step
t in the environment, the RL system receives a transition tuple (¢, s, €+41) and updates its policy
based on the data D, collected thus far during learning. The average cost formulation is common
for the nonepisodic setting (Jaksch et al., 2010; Abbasi-Yadkori & Szepesvari, 2011; Simchowitz &
Foster, 2020), and the cumulative regret for the learning algorithm in this case is defined as

T-1

Rr = oy uyjaolc(@r, wr) — A", @) 3)

t=0

Studying the average cost criterion for general continuous state-action spaces is challenging even
when the dynamics are known, since the average cost exists only for special classes of nonlinear
systems (Arapostathis et al., 1993). In the following, we impose assumptions on the dynamics and
policy class II that enable our theoretical analysis.

2.1 Assumptions

Imposing continuity on f* is quite common in the control theory (Khalil, 2015) and reinforcement
learning literature (Curi et al., 2020; Sussex et al., 2023; Sukhija et al., 2024). To this end, for our
analysis, we make the following assumption.

Assumption 2.1 (Continuity of f* and 7r). The dynamics model f* and all = € II are continuous.

Next, we make an assumption on the system’s stochasticity.

Assumption 2.2 (Process noise distribution). The process noise is i.i.d. Gaussian with variance
o2 ie., wti'ildN(O, oI).

For simplicity, we focus on the homoscedastic setting. However, the analysis can be extended for the

more general heteroscedastic case. In the following, we make assumptions on our policy class. To
this end, we first introduce the class of ., functions.

Definition 2.3 (K.-functions). The function £ : R>o — R is of class K, if it is continuous,
strictly increasing, £(0) = 0 and £(s) — oo for s — oo.

Assumption 2.4 (Policies with bounded energy). We assume there exists x,§ € Koo, positive
constants K, C,,, C; with C,, > C}, and v € (0, 1) such that for each 7 € II we have,
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Bounded energy: There exists a Lyapunov function V™ : X — [0, co) for which

V™ (x) — V™ (z')| < k(]|]z — x'||) (uniform continuity)
Cié(lx|) < V™ (x) < Cu&(||l=]]) (positive definiteness)
Eo o [V™(2)] <AV (2) + K (drift condition)
Bounded norm of cost:
sup @, (@) < oo

xrxeX 1+V= (CC)
Boundedness of the noise with respect to k:

Ew [i(]|w]])] < 00, B [£*([w])] < o0

The bounded energy assumption is introduced to ensure that the system does not end up in states from
which it cannot recover. In particular, the Lyapunov function V™ can be viewed as an energy function
for the dynamical system, and the drift condition above ensures that in expectation the energy at
the next state x’ is not increasing to oo, that is, the system is not “blowing up”. Other works that
study learning nonlinear dynamics (Foster et al., 2020; Sattar & Oymak, 2022; Lale et al., 2021)
in the nonepisodic setting also make stability assumptions such as global exponential stability for
their analysis. In similar spirit, we make the bounded energy assumption for our policy class. The
drift condition on the Lyapunov function is also used to study the ergodicity of Markov chains for
continuous state spaces (Meyn & Tweedie, 2012; Hairer & Mattingly, 2011), which is crucial for our
analysis of the infinite horizon behavior of the system. Moreover, for a very rich class of problems,
the drift condition is satisfied. We highlight this in the corollary below.

Corollary 2.5. Assume f* is uniformly continuous and for all w € II, x € X, ||7(x)|| < tUmax-
Further assume, there exists 7y € 11 such that we have constants K, C,,, C; with C,, > C}, v € (0,1),
K, € Koo and a Lyapunov function V : X — [0, 00) for which
V(x) - V()| < r([lz—2|])
Cié([lz]]) < V(z) < Cul([lz])
Eo/joqx, [V (2)] <V (2) + K.
Then, V' also satisfies the drift condition for all w € 11, i.e., is a Lyapunov function for all policies.

We prove this corollary in Appendix A. Intuitively, if the inputs are bounded, the energy inserted into
the system by another policy is also bounded. Nearly all real-world systems have bounded inputs due
to the physical limitations of actuators. For these systems, it suffices if only one policy in II satisfies
the drift condition. In Appendix A.4, we discuss an alternative set of assumptions on the costs, that
relaxes the bounded energy requirement on the policy class II.

The boundedness assumptions for the cost and the noise in Assumption 2.4 are satisfied for a rich
class of cost and K, functions.

Under these assumptions, we can show the existence of the average cost solution.

Theorem 2.6 (Existence of Average Cost Solution). Let Assumption 2.1 — 2.4 hold. Consider any
7 € Il and let P™ denote its transition kernel, i.e., P™(x, A) = P(x’ € Alx,w(x)). Then P™
admits a unique invariant measure P™ and there exists Co,C3 € (0,00), A € (0, 1) such that

Average Cost;

Ar) = Jim 2B | el )| = By pn el w(2))]
t=0

Bias Cost; Letting B(m, xg) = limp_, o Ex [ZZ:()l (@, uy) — A(Tr)} denote the bias, we have

T—1

Z c(xe,ur) — A(m)

t=

1

B =
B, o) —

S CQ(l + VW(CL‘()))

lim E
T—o0 .

forall xzg € X.
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Theorem 2.6 is a crucial result for our analysis since it implies that the average cost is bounded and
independent of the initial state x,. Furthermore, it also shows that the bias is bounded. Similar to the
discounted case, the average cost criterion satisfies the following Bellman equation (Puterman, 2014)

B(m,z) + A(r) = c(z, 7(x)) + B [B(w, 2|z, 7] (€))
Accordingly, the bias term plays an important role in the regret analysis (also notice its similarity to

our regret term in Equation (3)).

Thus far, we have only made assumptions that make the average cost problem tractable. In the
following, we make an assumption on the dynamics that allow us to learn it from data. We start with
the definition of a well-calibrated statistical model of f*.

def

Definition 2.7 (Well-calibrated statistical model of f*, Rothfuss et al. (2023)). Let Z = X x U. An
all-time well-calibrated statistical model of the function f* is a sequence {M,,(d) },,>0, where

Ma(@)E{f : 25 RY |Vz € ZVj €1, idy t I (2) = f3(2)] < Bu(d)ons(2)}
if, with probability at least 1 — ¢, we have f* € ), -, Mn(5). Here, yu, ; and o, ; denote the
j-th element in the vector-valued mean and standard deviation functions p,, and o, respectively,
and f3,,(6) € R is a scalar function that depends on the confidence level § € (0, 1] and which is
monotonically increasing in n.

Next, we assume that f* resides in a Reproducing Kernel Hilbert Space (RKHS) of vector-valued
functions and show that this is sufficient for us to obtain a well-calibrated model.

Assumption 2.8. We assume that the functions f;, 7 €1,...,d; lie in a RKHS with kernel k&
and have a bounded norm B, that is f* € HZ?B’ with Hng ={f1Ifll, £B,j=1,...,d;}.
Moreover, we assume that k(x, ) < oyax forall z € X.

The mean and epistemic uncertainty of the vector-valued function f* are denoted with pu,,(z) =
[ttn.j(2)]j<d,, and 0,,(2) = [0y, ;(2)]j<a, and have an analytical solution

pinj(2) = [ (2) + k) (2) (K + 1) 7 (., — [1.,,),
on (2) = k(z, @) — k, (2)(K, + 0°T) 'k (z),

n,j

&)

Here, y{n corresponds to the noisy measurements of f;, i.e., the observed next state from the

transitions dataset D;.,,, ﬂj (2) corresponds to the fixed mean function, e.g., ﬂj (2) = =, ﬂ{:n its
values on the dataset, k,, = [k(2, 2i)|i<nT, 2i € D1:n, and K, = [k(2s, 21)]ii<nT, Zi, 21 € D1y
is the data kernel matrix. The restriction on the kernel k(x, €) < omax has also appeared in works
studying the episodic setting for nonlinear systems (Mania et al., 2020; Kakade et al., 2020; Curi
et al., 2020; Sukhija et al., 2024; Wagenmaker et al., 2023).

Lemma 2.9 (Well calibrated confidence intervals for RKHS, Rothfuss et al. (2023)). Let f* € Hsz.
Suppose p,, and o, are the posterior mean and variance of a GP with kernel k, c.f., Equation (5).
There exists 3, (0), for which the tuple (i, 01, Bn(0)) is a well-calibrated statistical model of f*.

In summary, in the RKHS setting, a GP is a well-calibrated model. For more general models like
BNNs, methods such as Kuleshov et al. (2018) can be used for calibration. Our results can also be
extended beyond the RKHS setting to other classes of well-calibrated models similar to Curi et al.
(2020).

3 NEORL

In the following, we present our algorithm: Nonepisodic Optimistic RL (NEORL) for efficient
nonepisodic exploration in continuous state-action spaces. NEORL builds on recent advances in
episodic RL (Kakade et al., 2020; Curi et al., 2020; Sukhija et al., 2024; Treven et al., 2024) and
leverages the optimism in the face of uncertainty paradigm to pick policies that are optimistic w.r.t. the
dynamics within our calibrated statistical model. Moreover, NEORL suggests policies according to
the following decision rule

def

(0, fn) = arg min A(m, f). 6)

well, feM,_1NMyg



Algorithm 1 NEORL: NONEPISODIC OPTIMISTIC RL

Init: Aleatoric uncertainty o, Probability 0, Statistical model (o, 00, 50(0)), Ho
forn=1,...,Ndo

T, = argmin min A(m, » Prepare polic
gmin _ min (7, f) pare policy
H, =2H, ; » Set horizon
D,, + ROLLOUT(7r,,) » Collect measurements for horizon H,,
Update (py,, o, ) < Dn » Update model
end for

151 Here, f,, is a dynamical system such that the cost by controlling f,, with its optimal policy 7, is
152 the lowest among all the plausible systems from M,,_; N M. Note, from Lemma 2.9 we have
153 that f* € M,,_; N M, (with high probability) and therefore the solution to Equation (6) gives an
154 optimistic estimate for the average cost.

155 NEORL proceeds in the following manner. Similar to Jaksch et al. (2010), we bin the total time T’
156 the agent spends interacting in the environment into N “artificial” episodes. At each episode, we
157 pick a policy according to Equation (6) and roll it out for H,, steps on the system. Next, we use
158 the data collected during the rollout to update our statistical model. Finally, we double the horizon
159 H, 41 = 2H,, akin to Simchowitz & Foster (2020), and continue to the next episode without resetting
160 the system back to the initial state xy. The algorithm is summarized in Algorithm 1.

161 3.1 Theoretical Results

162 In the following, we study the theoretical properties for NEORL and provide a first-of-its-kind bound
163 on the cumulative regret for the average cost criterion for general nonlinear dynamical systems. Our
164 bound depends on the maximum information gain of kernel k (Srinivas et al., 2012), defined as

1log |I + J*QKT‘ .

I'r(k) = ma.
r (k) ACXXZ/I;}\(A|§T2

165 'p represents the complexity of learning f* and is sublinear for a very rich class of kernels (Vakili
166 et al., 2021). In Appendix A, we report the dependence of I'r on 7" in Table 1.

167 Theorem 3.1 (Cumulative Regret of NEORL). Let Assumption 2.1 — 2.8 hold, and define Hy as the
168 smallest integer such that
log (O /cx)

> .
7 e (1)
169 Then with probability at least 1 — 0, we have the following regret for NEORL

T
Ry < Dy(xo, K,v)Br/TT T + Ds(x0, K, v) log, <Ho + 1) . @)

170 with Dy(xo, K, ), Ds(xo, K, ) € (0,00) when ||xo|| < oo, K < o0, and v < 1.

171 Theorem 3.1 gives sublinear regret for a rich class of RKHS functions. Moreover, it also gives a
172 minimal horizon H| that we need to maintain before switching to the next policy. Even for the
173 linear case, fast switching between stable controllers can destabilize the closed-loop system. We
174 ensure this does not happen in our case by having a minimal horizon of Hy. Lastly, the regret
175 bound depends on constants D4 and Ds. The constants are finite when v < 1, K < oo (bounded
176 energy from Assumption 2.4 is satisfied), and ||o|| < co. Theorem 3.1 can also be derived beyond
177 the RKHS setting for a more general class of well-calibrated models. In this case, the maximum
178 information gain is replaced by the model complexity from Curi et al. (2020) (c.f., Curi et al. (2020);
179 Sukhija et al. (2024); Treven et al. (2024) for further detail).

180 3.2 Practical Modifications

181 For testing NEORL, we make three modifications that simplify its deployment in practice in terms
182 of implementation and computation time. First, instead of doubling the horizon H,, we pick a fixed
183 horizon H during the experiment. This makes the planning and training of the agent easier. Next,
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Algorithm 2 Practical NEORL:

Init: Aleatoric uncertainty o, Probability 0, Statistical model (g0, o, 50(0))
forn=1,...,Ndo
forh=1,...,Hdo

Hwpc—1
min E Z c(&n,un)| ;o = )t » Solve MPC problem
W0: Hypc —1-70; Hype — 1 he=0
(2, up, ") « RoLLOUT(w) » Collect transition
end for
Update (ptn, 0n; Bn) = Dy
end for

we use a receding horizon controller, i.e., model predictive control (MPC) (Garcia et al., 1989),
instead of directly optimizing for the average cost in Equation (6). MPC is widely used to obtain a
feedback controller for the infinite horizon setting. Moreover, while for linear systems, the Riccati
equations (Anderson & Moore, 2007) provide an analytical solution to Equation (2), no such solution
exists for the nonlinear case and MPC is commonly used as an approximation. Further, under
additional assumptions on the cost and dynamics, MPC also obtains a policy with bounded average
cost, which is crucial for the nonepisodic case (c.f., Assumption 2.4). We use the iCEM optimizer for
planning (Pinneri et al., 2021). Finally, instead of optimizing over M,, N M, we optimize directly
over M,,. This allows us to use the reparameterization trick from Curi et al. (2020) and obtain a
simple and tractable optimization problem. In summary, for each step ¢ in the environment, we solve
the following optimization problem

Hypc—1
min E[ Z c(:ih,uh)] , )

ug: —1,Mo0; _
0: Hyppe —15M0; Hype — 1 h—0
S.t. ih—i—l - /»Ln—l(:ﬁha uh) + ﬁn—l(é)an—l(i’ha uh)'r'h + wy, and :%O = Ty.

Here Hypc is the MPC horizon. We take the first input from the solution of the problem above,
i.e., u§, and execute this in the system. We then repeat this procedure for H steps and then update
our statistical model M,,. The resulting optimization above considers a larger action space as it
includes the hallucinated controls 1 (Curi et al., 2020) as additional input variables. Moreover, the
final algorithm can be seen as a natural extension to H-UCRL (Curi et al., 2020) for the nonepisodic
setting. We summarize the algorithm in Algorithm 2. Note while these modifications deviate from
our theoretical analysis, empirically they work well for GP and BNN models, c.f., Section 4.

4 Experiments

We evaluate NEORL on the Pendulum-v1 and MountainCar environment from the OpenAl gym
benchmark suite (Brockman et al., 2016), Cartpole, Reacher, and Swimmer from the DeepMind
control suite (Tassa et al., 2018), the racecar simulator from Kabzan et al. (2020), and a soft robotic
arm from Tekinalp et al. (2024). The swimmer and the soft robotic arm are fairly high-dimensional
systems — the swimmer has a 28-dimensional state and 5-dimensional action space, and the soft arm
is represented by a 58-dimensional state and has a 12-dimensional action space. All environments
are never reset during learning. Moreover, the Pendulum-v1, MountainCar, CartPole, and Reacher
environments operate within a bounded domain and thus inherently satisfy Assumption 2.4. The
swimmer, racecar, and soft arm can operate in an unbounded domain but have a cost function that
penalizes the distance between the system’s state x; and a target state «*. Therefore, the cost
encourages the system to move towards the target and remain within a bounded domain, as elaborated
on further in Appendix A.4.

Baselines In this work, we focus on model-based RL (MBRL) algorithms due to their sample
efficiency. To this end, we consider common techniques for planning with unknown dynamics, such
as planning with the mean, trajectory sampling (Chua et al., 2018), and Thompson sampling (Osband
& Van Roy, 2017). We adapt these three for our setting similar to as discussed in Section 3.2. For
all experiments with probabilistic ensembles, we consider TS1 from Chua et al. (2018) for trajectory
sampling, and for the GP experiment, we use distribution sampling from Chua et al. (2018). We
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Figure 1: Average reward A(7) and cumulative regret Ry over ten different seeds for all environ-
ments. We report the mean performance with one standard error as shaded regions. During all
experiments, the environment is never reset. For all baselines, we model the dynamics with proba-
bilistic ensembles, except in the Pendulum-GP experiment, where GPs are used instead. NEORL
significantly outperforms all baselines and converges to the optimal average reward, A(7*) = 0,
showing sublinear cumulative regret Ry for all environments.

call the three baselines NEMEAN (nonepisodic mean), NEPETS (nonepisodic PETS), and NETS
(nonepisodic Thompson sampling). NEMEAN and NEPETS are greedy w.r.t. the current estimate
of the dynamics, i.e., do not explicitly encourage exploration. In our experiments, we show that
being greedy does not suffice to converge to the optimal average cost, that is, obtain sublinear regret.

Convergence to the optimal average cost In Figure 1 we report the normalized average cost
and cumulative regret of NEORL, NEMEAN, NEPETS, and NETS. The normalized average cost
is defined such that A(w*) = 0 for all environments. We observe that NEMEAN fails to converge
to the optimal average cost for the Pendulum-v1 environment for both probabilistic ensembles and
a GP model. It also fails to solve the MountainCar environment and is unstable for the Reacher
and CartPole. In general, NEMEAN performs the worst among all methods. This is similar to the
episodic case, where using the mean model often leads to the policy “overfitting” to the model
inaccuracies (Chua et al., 2018). NEPETS performs better than the mean, however still significantly
worse than NEORL. Even in the episodic setting, PETS tends to underexplore (Curi et al., 2020). We
observe the same for the nonepisodic case, especially for the MountainCar task, which is a challenging
RL environment with a sparse cost. Here NEPETS is also not able to achieve the optimal average
cost and thus does not have sublinear cumulative regret. NETS performs similarly to NEPETS and is
also not able to solve the MountainCar task.

NEORL performs the best among the baselines and converges to the optimal average cost achieving
sublinear cumulative regret using only ~ 103 environment interactions. Moreover, this observation is
consistent between different dynamics models (GPs and probabilistic ensembles) and environments.
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Even in environments that are unbounded, i.e., Swimmer, SoftArm, and RaceCar, we observe that
NEORL converges to the optimal average cost the fastest. We believe this is due to the MPC, which
encourages the system to move closer to the target.

5 Related Work

Average cost RL for finite state-action spaces A significant amount of work studies the average
cost/reward RL setting for finite-state action spaces. Moreover, seminal algorithms such as E* (Kearns
& Singh, 2002) and R-max (Brafman & Tennenholtz, 2002) have established PAC bounds for
the nonepisodic setting. These bounds are further improved for communicating MDPs by the
UCRL2 (Jaksch et al., 2010) algorithm, which, similar to NEORL, is based on the optimism in the
face of uncertainty paradigm and picks policies that are optimistic w.r.t. to the estimated dynamics.
Their result is extended for weakly-communicating MDPs by REGAL (Bartlett & Tewari, 2012),
similar results are derived for Thompson sampling based exploration (Ouyang et al., 2017), and
for factored-MDP (Xu & Tewari, 2020). Albeit the significant amount of work for the finite case,
progress for continuous state-action spaces has mostly been limited to linear dynamical systems.

Nonepisodic RL for linear systems There is a large body of work for nonepisodic learning with
linear systems (Abbasi-Yadkori & Szepesvari, 2011; Cohen et al., 2019; Simchowitz & Foster,
2020; Dean et al., 2020; Lale et al., 2020; Faradonbeh et al., 2020; Abeille & Lazaric, 2020; Treven
et al., 2021). For linear systems with quadratic costs, the average reward problem, also known as
the linear quadratic-Gaussian (LQG), has a closed-form solution which is obtained via the Riccati
equations (Anderson & Moore, 2007). Moreover, for LQG, stability and optimality are intertwined,
making studying linear systems much easier than their nonlinear counterpart. For studying nonlinear
systems, additional assumptions on their stability are usually made.

Nonepisodic RL beyond linear systems In the case of nonlinear systems, guarantees have mostly
been established for the episodic setting (Mania et al., 2020; Kakade et al., 2020; Curi et al., 2020;
Wagenmaker et al., 2023; Sukhija et al., 2024; Treven et al., 2024). Only a few works consider the
nonepisodic/single-trajectory case. For instance, Foster et al. (2020); Sattar & Oymak (2022) study the
problem of system identification of a closed-loop globally exponentially stable dynamical system from
a single trajectory. Lale et al. (2021) study the nonepisodic setting for nonlinear systems with MPC.
Moreover, they consider finite-order or exponentially fading NARX systems that lie in the RKHS
of infinitely smooth functions, which they further approximate with random Fourier features (Rahimi
& Recht, 2007) ¢ with feature size D. Further, they assume access to bounded persistently exciting
inputs w.r.t. the feature matrix @, ®]. This assumption is generally tough to verify and common exci-
tation strategies such as random exploration often don’t perform well for nonlinear systems (Sukhija
et al., 2024). Further, the algorithm acts greedily w.r.t. the estimated dynamics, akin to NEMEAN,
and requires the feature size D to increase with the horizon T'. They give a regret bound of O (T */ 3)
where the regret is measured w.r.t. to the oracle MPC with access to the true dynamics. Lale et al.
(2021) also assume exponential input-to-output stability of the system to avoid blow-up during explo-
ration. Our work considers more general RKHS, does not require apriori knowledge of persistently
exciting inputs, and gives a regret bound of O(Sp+/TT'r) w.r.t. the optimal average cost criterion.
Moreover, our regret bound is similar to the ones obtained for nonlinear systems in the episodic case
and Gaussian process bandits (Srinivas et al., 2012; Chowdhury & Gopalan, 2017; Scarlett et al.,
2017). To the best of our knowledge, we are the first to give such a regret bound for nonlinear systems.

6 Conclusion

We propose, NEORL, a novel model-based RL algorithm for the nonepisodic setting with nonlinear
dynamics and continuous state and action spaces. NEORL seeks for average-cost optimal policies
and leverages the model’s epistemic uncertainty to perform optimistic exploration. Similar to the
episodic case (Kakade et al., 2020; Curi et al., 2020), we provide a regret bound for NEORL of
O(Br/TTT) for Gaussian process dynamics. To our knowledge, we are the first to obtain this result
in the nonepisodic setting. We compare NEORL to other model-based RL methods on standard
deep RL benchmarks. Our experiments demonstrate that NEORL, converges to the optimal average
cost of A(w*) = 0 across all environments, suffering sublinear regret even when Bayesian neural
networks are used to model the dynamics. Moreover, NEORL outperforms all our baselines across
all environments requiring only ~ 103 samples for learning.
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Appendices
A Proofs

In this section, we prove Theorem 2.6 and Theorem 3.1. First, we start with the proof of Corollary 2.5.

Proof of Corollary 2.5. We first analyze the following term E.,[V(f*(z,w(x)) + w) —
V(f*(x,7s(x)) + w)] for any 7 € II.

B[V (f* (2, m(2)) + w) = V(f* (2, 7s(2)) + w)]

< Ew[c(|f*(x,w(x)) + w — (f* (2, 7s(x)) + w)]|)] (Uniform continuity of V)
= s([[f* (@, 7 () — f* (@, 7s(2))]])
< k(kg=(|m(x) — 75 (2)]])) (Uniform continuity of f*)
< K(Kg+(2Umax))- (Bounded inputs)
Therefore,
EatjroV(@)] = Eu[V (£ (2, 7 (2)) + w)]
< Eu[V(f (2, 7s(2)) + w)] + Kk (2umax))
= Em/\ﬂ's,m[v(wl)] + "i(“f* (2Umax))
<AV(®) + K+ K(kg+ (2Umax))
=V (x)+ K (K = K + £(fi 5+ (2tmax)))
Hence, V satisfies the drift condition for 7. Furthermore, since V' also satisfies positive definiteness
by assumption, the bounded energy condition holds for all = € II. [

A.1 Proof of Theorem 2.6

For proving Theorem 2.6, we invoke the results from (Hairer & Mattingly, 2011, Theorem 1.2 — 1.3).
For this we require that the Markov chain induced by a policy 7 satisfies the drift condition. In our
setting, this corresponds to Assumption 2.4. Next, we show that the chain satisfies the following
minorisation condition.

Lemma A.1 (Minorisation condition). Consider the system in Equation (1) and let Assump-
tion 2.1 — 2.4 hold. Let P™ denote the transition kernel for the policy = € 1, i.e., P™(x, A) =
P(x’ € Alz,w(x)) . Then, for all ™ € 11, exists a constant o € (0,1) and a probability measure

¢(:) s.t., .
inf P7(,) = a(() ©

. f
with C % {x € X;V™(x) < R} for some R > 2K/1_
Proof. We prove it in 3 steps. First, we show that C is contained in a compact domain. From the

Assumption 2.4 we pick the function £ € K. Since C;£(0) = 0, lims_, o £(s) = +00 and C}€ is
continuous, there exists M such that C;¢(M) = R. Then for ||x|| > M we have:

VT(x) = Cig(llzll) > £(M) = R.

Therefore we have: C C B(0, M) déf{w | l& — 0| < M}. In the second step we show that

f(C,m(C)) is bounded, in particular we show that there exists B > 0 such that: f(C,w(C)) C
B(0, B). This is true since continuous image of compact set is compact and the observation:

CCB(0,M) = f(C,=(C)) C f(B(0, M), (B(0, M))).
Since f(B(0, M), w(B(0,M))) is compact there exists B such that f(C,n(C)) C B(0,B). In
the last step we prove that « Al 9—dao=B"/0 and ¢ with law of N/ (07 %) satisfy condition of

Lemma A.1. It is enough to show that Vi € B(0, B), V& € R% we have:

1 _l=)? 1 A
Q€ o S e 2
2r)% (%) (2m) = (02) %
which can be proven with simple algebraic manipulations. O
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Through the minorisation condition and Assumption 2.4, we can prove the ergodicity of the closed-
loop system for a given policy 7 € II.

Theorem A.2 (Ergodicity of closed-loop system). Let Assumption 2.1 — 2.4, consider any probability
measures (1, Go, and 0 > 0, define P™(, ||¢ll, Loy PG as

(P™C) (A) /X P (2, A)(dz)

()]
o =Sup —————
Ill1sov T ovT(x)

ECnG) = sup /X (@) (G — Go)(dr) = /X (14 0V ()]G — Gl (da).

<P¢”‘PH1+9V7" <1

We have for all w € 11, that P™ admits a unique invariant measure P7™. Furthermore, there exist
constants C1 > 0, 0 > 0, A € (0, 1) such that

po (P™C1, P™(¢2) < Apjg (C1,C2) (D
[En(pmye [0(®)] = Egpr [(®)][|,ym < CLA [l = Egropr [(®)][]1 4 yrm - 2

holds for every measurable function ¢ : X — R with |||y~ < co. Here (P™)" denotes the
t-step transition kernel under the policy .

Moreover, = @o/K, and

(10)

Q4R
Amax{l(aao),m}

2+ R/KCYQ
forany ap € (0,a) and vy € (7 + 2K/R, 1).

Proof. From Assumption 2.4, we have a value function for each policy that satisfies the drift condition.
Furthermore, in Lemma A.1 we show that our system also satisfies the minorisation condition for all
policies. Under these conditions, we can use the results from Hairer & Mattingly (2011, Theorem 1.2.
-1.3). O

Note that ||-||, 4y~ represents a family of equivalent norms for any ¢ > 0. Now we prove Theo-
rem 2.6.

Proof of Theorem 2.6. From Theorem A.2, we have
p5 (P™)™H(P™)") = pf (P™(P™)", PT(P™)'™1) < X' pf (P78, 0y ),

where 0, is the dirac measure. Therefore, (P™)" is a Cauchy sequence. Furthermore, pg is complete
for the set of probability measures integrating V, thus p7 ((P™)*, P™) — 0 for t — oo (c.f., Hairer &
Mattingly (2011) for more details). In particular, we have for ¢ such that [|@l|;, gy~ < 1,

lim [ (@)(Pm)(dz) = / (@) P (dz).

t—o0 X X

Note that since all ||-||, 4y~ norms are equivalent for 6 > 0, if [|c[|,, = < C (Assumption 2.4),

then [[c||,, gy~ < C' for some C” € (0, o). Furthermore, note that c(-) > 0. Therefore,

/X o(@)P™(dz) = Tim [ e(a)(P™)(dx)

t—o0 X
<Clim | (14V™(@)(P)(dz)
t—o00 X
=C+ Cfliglo Em,\,(p'rr)t[v (:1:)]
=C+ Ctli>rrolo EmN(Pw)tfl [Em’N(PW)[V"($/)|$H

<C+C (tlgglo VEg(prye—1 [V ()] + K) (Assumption 2.4)

12
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436

437

438

439

440

441

442

443

444

445

,fyt

1
< C+C lim A'V™(xo) + K
t—o0 1

:0(1+K1 )
I—x

In summary, we have B, p= [c(z)] < C (1 + Kﬁ)
Consider any ¢ > 0, and note that from Theorem A.2 we have
B ooyt [€(@)] — B (@], = ESOLE;( [Egn(pmye [f(f)‘]/;(]i:;p« [e(z)] |
< CiM e — Eypr [c(@)]ll; v~  (Theorem A.2)
< X lelly gy + CLAEgpr [c()]
= O\,

1
where Co = C1(|lc[[, Ly~ + CKﬁ)'
Moreover, since the inequality holds for all o, we have

[Ean(pry [e(@)] — Egnpr [c(2)] |

< CoAt.
1+ V7 (z) < G

In summary,
[Eon(pry [o(@)] = Egopx [c(@)] | < Co(1+ V7 (20))A

Consider any T' > 0, and define with ¢ = E_,_ 5= [c(, w(2))].

T-1 T-1
Eﬂ- [Z c(:ct,ut ] ZE(P‘I\' :ct,ut)] —cC
=0

t=0 —
T—1
< |E(Pﬂ)t [ (:L't,ut)] — E‘
t=0
T-1
< Co(1+V™(mg)) Y N
t=0
1-AT

=C(1+ V™ (o))

1-A

Hence, we have

lim
T— 00

‘Il'

1
< Co(1+ V(o)) 7

T—1
E c(xy, uy)
t=0

and for any x( in a compact subset of X’

Moreover,

O

Another interesting, inequality that follows from the proof above is the difference in bias inequality.

Bagmcs B, @0)] = By (Bl o))l < 125 [ (14 V(@) 6~ ol (do)

13



ass  for all probability measures (1, (2. To show this holds, define " = maxyer [[c(x, 7(x)) ||, gy~
a47  Furthermore, note that C’ < oo from Assumption 2.4 and ||<(x.7(@))/c’||, 5y < 1.

| clam@)(PmG - (P ) ()

‘]EEN(P")tClc(w’ﬂ-(w)) EmN(P") (€ ’ -

c(a, m(®))((P™)'¢1 — (P7)"C2) (dw)

< sup / o(@)(P™)¢ — (P™)Co)(d) = C' p (P™)Cr, (P™)1Co)
X

®: H‘PHH-GV‘"Sl
< CNE((P™)E1, (P™)EG) (Theorem A.2)
< CNpg (G Ga)-

a4 Also, note that there exists Cp € (0, 00) such that Cy |||l gy~ > [[¢]l;y - due to the equivalence
449 of the two norms.

LG = sup /X o(@)(C1 - (o) (da)

APZHWH1+9V7\' <1

< sw / o(@)(C1 — C)(de)

WHLP”H_V‘N <CyJ X

=Cy sup /X o(x)(¢1 — G2)(dx)

eillellyyym <1
= CopT (€1, ¢2)
450 Therefore, for the bias we have
[Eao iy [B(m, 0)] = Eagnc, [B(, @0)]]

T-1
< Jlim go [Eqn(pmyec, c(@, m(@)) — Egupmyeg,cl@, w(x))|
T-1 o
< C'pg (C1,62) Am Z A= 1= )\Pg(ChCz)
C/C C/Cg

Tt (6 G) = 15 [+ V@)l -Gl (de)
451 Set O3 = C'Cy.

452 A.2  Proof of bounded average cost for the optimistic system
453 In this section, we show that the results from Theorem 2.6 also transfer over to the optimistic
454 dynamics.

455 Theorem A.3 (Existence of Average Cost Solution for the Optimistic System). Let Assumption 2.1 —
4s6 2.8 hold. Consider any n > 0 and let 7y, f,, denote the solution to Equation (6), P jts transition
a57  kernel. Then P™¥ admits a unique invariant measure P™ ¥ and there exists Cy,C3 € (0, 0),

w8 A€ (0,1) such that

459 Average Cost;

= :DNP"TL’f" [C(w77l'n(x))]

T—1
A(mn, fn) _Th_{réof s Fn l;c (@4, ue)

460 Bias Cost;
T

i B | ) - A )

|
—_

1

|B(mn; fns@o)| = < Co(1+ V"“'(wo))l

t

Il
=)

461 forallxg € X.
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3

464
465

467

468
469

470

471

472
473

474

475

476

477
478

479

480

481
482

483

Difference in Bias;

Exoncy [B(mns fr, @0)] — Eagncs [B(mn, fr, @o)]| < G / (1+V™(x)) ¢ — Cf (d)
1-XJx

for all probability measures (7, (o.

Theorem A.3 shows that the optimistic dynamics f,, retain the boundedness property from the
true dynamics f* and give a well-defined solution w.r.t. average cost and the bias cost. To prove
Theorem A.3 we show that the optimistic system also satisfies the drift and minorisation condition.
Then we can invoke the result from Hairer & Mattingly (2011) similar to the proof of Theorem 2.6.

Lemma A.4 (Stability of optimistic system). Let Assumption 2.1 — 2.8 hold, then we have with
probability at least 1 — 6 foralln > 0, w € 1, f € M,, N My, that there exists a constant K > 0;

Earja sV ()] <AV (2) + K.

Proof. Note, that V™ is uniformly continuous w.r.t. K
V™ () = V7™ (&)] < k(e — ')

Furthermore, since f € M,, N Mg and therefore f € M, we have that there exists some 1 €
[—1,1]% such that

f(@,7(2)) = po(z.7(x)) + Pooo(x, 7(2))n(z).

w[V7 (po(@.7(2)) + Booo(, w(x))n(x) + )] Ew VT (f* (z.7(2)) + w)]

< (|| po (e ﬁ(w))+5oao(w w(x))n(x) — f*(z.7(x)))

< & (po(zm () — (@7 ()| + | Booo(z, w(x))n(z)|)

<K ((1 + +/d \/>amax) . (Assumption 2.8)

Therefore,
Eorja, V(@) < B g V(@] + 5 (14 V) Bo/durma)
= Eml|m,ﬂ[vﬂ($/)] + K ((1 + \/@) ﬂo@amax)
<AVT(z)+ K+ &k ((1 + \/(E) Bo \/@amax> . (Assumption 2.4)
Define K = K + & (14 Vdy) Bovdeomax)- O
Lemma A.5 (Minorisation condition optimistic ystem). Consider the system
' = f(x.w(x)) +w

foranyn >0, € Hand f € M,, N My. Let Assumption 2.1 — 2.8 hold. Let P™¥ denote the
transition kernel for the policy € I i.e., P™¥(x, A) = P(z' € Alz, 7 (x), f). Then, there exists
a constant & € (0, 1) and a probability measure ((-) independent of n s.t.,

: ~F (e ) > al(-
inf P77 () > a(() (11)
with Cd:ef{w EX; V™ (x) < R}for some R > 21?/1*“/

Proof. First, we show that C is contained in a compact domain. From the Assumption 2.4 we pick
the function £ € K. Since C;£(0) = 0,lim;_, o £(s) = 400 and C;€ is continuous, there exists

M such that C;¢(M) = R. Then for ||| > M we have:
VT () > CiE(l]) > £(M) = R.
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Therefore we have: C C B(0,M) déf{w | |l —0|| < M}. Since for any € C we have

I f(x,mw(x)|| < ||f*(x,7(x))|| + Boomax- Since f* is continuous, there exists a B such that
f*(C,m(C)) C B(0, B). Therefore we have: f(C,w(C)) C B(0, B1), where By = B + By0max-

In the last step we prove that « 4 9—da=B1/o" and ¢ with law of A (07 %2) satisfy condition of
Lemma A.1. It is enough to show that YV € B(0, By),Vx € R% we have:

1 _l=|? 1 _le—p)?
ComE (e E | e
(27() 2 (7) (27T) (0 )

which can be proven with simple algebraic manipulations. O
Proof of Theorem A.3. As for the true system, the drift condition from Lemma A.4 and the mi-

norisation condition from Lemma A.5 are sufficient to show ergodicity of the optimistic system
(c.f., Theorem A.2 or Hairer & Mattingly (2011)). The rest of the proof is similar to Theorem 2.6. [

A.3 Proof of Theorem 3.1

Since NEORL works in artificial episodes n € {0, N — 1} of varying horizons H,,. We denote with
x}! the state visited during episode n at time step k < H,,. Crucial, to our regret analysis is bounding
the first and second moment of V™ (x}) for all n, k. Given the nature of Assumption 2.4, this
requires analyzing geometric series. Thus, we start with the following elementary result of geometric
series.

Corollary A.6. Consider the sequence {Sy,}n>0 with Sy, > 0 for all n. Let the following hold
Sn S pSn—l + C
forp € (0,1) and C > 0. Then we have

1
S, < pSy + C——.
I—p

Proof.

Sn < pSu_1+C < p?Sua+C(L+p) < p"So+C Y p' < p"So +Cfp‘
1=0

Lemma A.7. Let Assumption 2.1 — 2.8 hold and let Hy be the smallest integer such that

log (9 /cx)
Hy > log(l/y) .

Moreover, define v = %*;'VHO. Note, by definition of Hy, v < 1. Then we have for all k €
{0,...,Hy,}andn >0

Bounded expectation over horizon

Bong..ca o [V ™ (€3)] < 7 Bay ot V7 (26)] + K/ (1= ). (12)

Ty,

Bounded expectation over episodes

Cu 1
n 0 Tn n\]l < "/ 7o ~u o )
Bag,..afleo V™ (@) < vV (@0) + K/ =77 (13)

Moreover, we have

Em;c‘,...,wﬂwo[vﬂn (w;cl)] < D(wovKa’%V)a (14)

with D(m()vKa’le/) = Vﬂo(mO) =+ K/(l - P)/) (%ﬁ + 1)
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510 Proof. We start with proving the first claim

Emﬁ,...,m‘flwo [V"n ((L'Z)] = Em}:fl,.“,w‘f\mo [Em;ﬂm};l [Vﬂn (wZH]
SEgp o 2ao YV (@) + K] (Assumption 2.4)
= ’YEmﬁil,...@ﬂmo [Vﬂn (w'lrclfl” + K

511 We can apply Corollary A.6 to prove the claim. For the second claim, we note that for any 7r, =’ and
512 x € X we have from Assumption 2.4

T Cy 7’
VT(z) < Cua(|lz|) < e (z).

513 Therefore,

Ea:g,...,m?kco [Vﬂ-n ($8)}

Cy , n
< aEmg,.u,m?\mg [V nil(mo )]

Cu 1 n—1 . n n—1
= EET’E}V”@?'% [V (=% )] (Since zff = x; )
< (Cuym\g_, [V""*l(m”_l)]+&K/(l— ) (Equation (12))
= Cl v zy 2|z 0 Cl v q

514 For our choice of Hj, we have for all n > 0 that %;‘*yH" < %‘fyHO < v < 1. From Corollary A.6,
515  Wwe get

Tv n Cu TT 1 n— Cu
BV ™ @) < (G ) BV @)+ GRS =)

T n— CU
S VEgn-1  a0iqo (V™ (@571 + aK/(1 —9)
ny;mw Cu 1
< V'V (xo) + —K/(1—7) . (Corollary A.6)
o] 1—v
Eap....affoalV ™ (@0)] < 7 By . i V™" ()] + K/(1 =) (Equation (12))

< Ew'{;,m,w[ﬂmo [Vﬂ-n ((Ifg)] + K/(l - 7)

Cu 1 .

< VPV (xg) + o K/(1- ’Y)m + K/(1—7) (Equation (13))
Cy 1

SV”O(ED())-i—aK/(l_'Y)l_V + K/(1-7)

516 O

517 Lemma A.8. Let Assumption 2.1 — 2.8 hold and let Hy be the smallest integer such that

log (/1)

log (/)
si18  Moreover, define v = %WHO. Note, by definition of Hp, v < 1.
o Then we have forall k € {0,...,Hy,} andn > 0

Hy >

5

=

520 Bounded second moment over horizon

stieo |V @) ] SV By atia, [V (@8))7] +

1

DQ(.’I}(),K,’}/Jj)

E .
1—~2

...,

15)

s21 with Dy(xo, K,v,v) = 2KyD(mo,K,v,v) + K? 4+ Cw, and Cyy, = By, [*(|w])] +

2 3(Eu [k(][w])])*

n
N

17



523 Bounded second moment over episodes

Cu>2 Dy(@o, K,v,v) 1

T ()2 2n T 2
]Eacg',...,w[ﬂwo |:(V (1:0)) :| <v (V O(wo)) + (Cl 1— 2 1_ .2 (16)

2
524 Moreover, let Ds(xo, K,7,v) = (V™ (0))” + Da(xo, K,v,v) <(%f> e+ 1_172>.

-

Eap....aim | (V™" (@}))°] < Ds(@o, K.7,)

)

525

526 Proof. Note that,
2
2
Eaglep_, [(V™ @0))] = (Bapiap_, V™" (20)])
2
+Eapiag, [(V”" (2) — Eaglop_, V™ (2})]) ] .

527 We first bound the second term. Let ] = f*(x}_,, mn(x}_,)), i.e., the next state in the absence of
528 transition noise.

Eagiep, [ (V7 0) ~ Eapiag , V™ D)) |
= Eugop , | (V@) — V™ @) + V™ (@)~ Bagi, V™ D)) |

~Bapiap, | (V7@ = V) + Bagrag, V7 @) - Vo)) |

< Ey [(ﬁ(||w|\) + Eols(]Jw])])? (uniform continuity of V™)
= Ey [5*([w])] + 3(Ew [r(|lw]])])?
=Cu (Assumption 2.4)

529 Therefore we have

]Emg'lm {(Vﬂ-” n }

2
( zp|ey_ Vﬂ-n( n)]) +Cw
< (W™ (a}) + K)* + C
V2 (V™ (af 1))+ 2KV (@) ) + K2+ Co.

=Ean ... [E Plep_, [(Vﬂn(wn))QH

7'rn 2 T, (T
é 72Emﬁil,...,m?|mo |: V wk 1 j| + 2K7E S ‘,CECI)‘(B[) [V (wkfl)] + K2 + Cw
v)

Eap, . aflmo | (V™ (@1)’]

2

<VEap . atle [ (V™ (zp_))°| + 2KyD (@0, K, v,v) + K2+ Cy.  (Lemma A.7)

s30 Let Do(xo, K,v,v) = 2KyD(zo, K,7,v) + K? 4+ Cy. Applying Corollary A.6 we get

D2($0, Ka’Y? V)

Eap..afion | (V7 @) 7By o, (V7 @5)"] + RS

53t Similar to the first moment, we leverage that V7™ (x) < %‘V’Tnfl (x) forallx € X, %;"VH"* <v,
532 and get,

18



533

534

535

536
537

538

539
540
541

< (1) +

?
Cu
Cl) ]Ew}}’l,---,w‘l’lwo {(V""n—l( o 1))2} (Since zff = x; b

Cu ? o mein2] L (Cu\ Da(ao, K,7,v) ,
,YHn> Emg—lp..’m(l)lmo [(V =1 (g 1)) }—F <Cl> W (Equation (15))

1—~2

2
2 Tn—1( n—1 2 Cu DQ(w()?Ka’YvV)
Eﬂ:g L Ll |xo [(V (2130 )) :| + <Q> — 5

(Corollary A.6)

Cu\* Doy, K,~,v) 1
C 1—~2 1—v2

Moreover,

Eap,atlmo | (V™ (@)’]

< P)/Qk]E:cg,‘.,,wlﬂmo [(V"“ (:138))2} + IW (Equation (15))
< Eagatleo |V (@5)] + Dalzo, K, 7,v) Q(ﬁo’j 7,7)
< V2 (V™ (20))” + <gl ) DQ(?:’;% d 1 _1y2 Dz(?O’_I;% 2 (Equation (16))
< (V™ (@0))” + Do, K.7.1) ((2) A })

O

Finally, we prove the regret bound of NEORL.

Proof of Theorem 3.1. Inthe following, let &}, | = fy (), m, (] ))+w; denote the state predicted
under the optimistic dynamics and ., | = f,;(x}, m,(x})) + wy the true state.

N—-1H,—-1
Z Z (i, mn(xy)) — A(m7)
n=0 k=0
[N—1H,—1
<SE|Y D clai,ma(a})) - A(wn,fn)] (Optimism)
Ln=0 k=0
[N—1H,—1
=E Z Z B(my, fn,z)) — B(mn, fn, @i41) (Bellman equation ( Equation (4)))
Ln=0 k=0
[N—1H,—1
:]E Z Z B(”nafna“/’?)7B(7rn7fn7wz+1)+B(7Tnafn7m2+1)7B(7Tn7.fnaiz+1)
n=0 k=0
N-1H,-1
= E [B(anfnax2+1) - B(Wmfn»:ﬁ;gl-y-l)} (A)
n=0 k=0
N—-1H,—-1
+ E [B(ﬂ'mfme) - B(”nafnax2+1)] (B)
n=0 k=0

First, we study the term (A).

Proof

Bn ()

for (A): Note that because f,, € M,, there exists a n € [—1,1]% such that ., =
s (2)) + Bron (), mn () )1 () + wy . Furthermore, i, = f~ (x);, mn (x)) + wi;

and the transition noise is Gaussian. Let ¢}, and (7', denote the respective distributions of the
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542
543
544

545

546

547

549

550

two random variables, i.e., (1", ~ N'(f* (2}, wn(x})), 0°1) and (3, ~ N (fu (@}, 70 (x})), 0°T).

Next, define B = Exncp, [B(7s, fn, )], and consider the function h(x) = B(w,, fn,x) — B.
Then we have

Ewp [B(ﬂ'm Fnsxiy1) — B, fo, iZ-H)}
= Bancp, [B(mn, fr,®)] = Eancy, [B(7n, fn, )]
= Eancy, [B(mn, frs®) = B] = Eancy, [B(mn, fo,2) — B]
= Eancp, [(@)] = Exny, [M(2)].

Note that Ezcp , [h()] = 0 by the definition of / and thus,
Ezrcp, ()] = Boncy [M(@)] = Eoncp, [M(@)] < /Eancy, [ (2)]. (17)

In the following, we bound the term above w.r.t. the Chi-squared distance

Eup (B, fu @} 1) = Bmn, fu#511)] = Eoncy, ()] — Eqncy, [h(@)]

T

((Kakade et al., 2020, Lemma C.2.,))

With d,, (¢34, (') being the Chi-squared distance.

g ()
(G = [ )

Since both bounds from Equation (17) and bound we got by applying (Kakade et al., 2020, Lemma
C.2.,), we can apply minimum and have:

E'wg [B(ﬂnhfnam’g-q-l) - B(ﬂn7fnaiz+l)} S \/Em'\(fk [h’Q(w)]\/mln{dX(CZk?Cﬁk)vl}

Therefore, following Kakade et al. (2020, Lemma C.2.,) we get
Ew’,’; [B(ﬂ'm Ins CL'ZJA) - B(ﬂ'm fns §32+1)]

<\ Eancp, [h? ()] min {1/ [[f7 (@, mn (@) — Fo(@f, mn(p))] 1}

</ Eancr [h2(2)](1 + Vd,)Bn)o ||lon(x}, 70 ()] . ((Sukhija et al., 2024, Cor. 3))

Therefore, we have

N—-1H,
Z Z Emk, a:0|cco ’wk[ (ﬂna.fn’wZJrl)_B(ﬂ-’m-fn’i:ZJrl)H
n=0 k=0
N—-1H,—1
<Y Eapatie |/ Eoncy, 2@+ V)5o/o o (@, ma(@)
n=0 k=0
N—-1H,—-1
2
< (1+ Vd, Wﬁ ot atleo [Bancy, 2 @)] Bap _atia, [llon(@p, ma(@p)I]
n=0 k=0
N—-1H,
< (1 +Vdy)prfo, | S Z Eop . aflen [ i, W(m)}]
n=0 k=0
N—-1H,—1
X :c” x|z [Ho'n(wk’ﬂ-n(wk))” }
n=0 k=0
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ss2  Here, for the second and third inequality, we use Cauchy-Schwarz. Now we bound the two terms
553 above individually.

55 First we bound Egncp, [h%(2)].
[

Emw(ik [h2(:12)] = Emwcn,k

1-2A

< (10_25\) Eaocr [<2+Vﬂn( )+ 4V ( )+K)} (Lemma A.4)
\/ic ? T 2 Tn (ATl

§<1_§> Egmcr [(V ()" + (2+V™( HKH

555 Furthermore, we have from Lemma A.8.
Eap,agleo [Bap, oy (V" (@k41)2] + 202V (1)?]
= Ew;"+1,...m‘f|mo [(V”n (warl))z} + Q’YQEa:Z,...ac[ﬂwo [(V”n (karl))Q} < (1 + 272)D3(w0> K, Vs V)-

ss6 In the end, we get

N—-1H,—

S S B st [Eo, 23]
k=0

n=0

1

V2Cs

N—
< (*/502) Z 1 +292)D3(z0, K, 7, v) + 2(2 + K)?
( ) 1+2’Y D3(.’1}0,K,’Y,V)+2(2+K)2

_ (‘1[2_02> V(L4 292) Dy (o, K, 7,0) +2(2 + K)2VT.

>

557 Next, we use the bound from Curi et al. (2020, Lemma 17.) for the second term.

N—-1H,-1

n n 2
> Y Eupatien |lou(@g, ma(@)|?] < O'VTr
n=0 k=0

sss8  Here I'r is the maximum information gain.

ss9  If we set Dy(xg, K,7) = M (%C;) \/(1 +292) D3(z0, K, 7, v) + 2(2 + K)?2, we have

N—-1H,—-1
Z ]Emz,...m(ﬂmo [Ewi' [B(Trnmfnam;é-i-l) - B(ﬁnafnw,ﬁ;;-kl)]]
n=0 k=0
N—-1H,—-1
< (L+Vd,)or/o Eay...afles [Boncy, [(@)]
n=0 k=0
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N— —
2
X Z Z xy,..x|xo [Han(wz’ﬂ-n(w;é))“

< (1+ Vi,)br/o (*mj> V(4 292) Dy (o, K, 7,v) + 22 + R)2VTC/Tr

< Dy(zo, K,7)Br/TTr

s60 Proof for (B):

N—-1H, N—-1
> Z E [B(w, fn,x}) = B(m, fa,xpyy)] = Y E[B(w, fo,2f) — B(m, fo,2h,)]
n=0 k=0 n=0
C N—-1
< ZX 2+E[V™(a}) + V™ (x} )]) (Theorem A.3)
- n=0
N-1
2
< CQA (1+ D(=o, K,7)) (Lemma A.7)
1-\ =
2C
= 1 25\(1+D($07K,’)/))N
= D5(.’1}0,K,’}/)N.

st Here Ds(xo, K,7) = 202 (1 + D(xo, K,~)). Finally, for our choice, H,, = Hy2", we get

N—1 N-—1
ZHn:HOZ2":HO(2N—1):T.
n=0 n=0

s62 Therefore, N = log, ( Hlo + 1). To this end, we get for our regret

=E

Z Z clx}, mp(xp)) — A(m™)

n=0 k=0
SD4($0,K,7)ﬂT\/1TT+D5((B0,K,’Y)N

T
< Dy(zo, K, 'Y)BT\/TFT“FD5($0,K,7) log, <H + 1)
0

563 O

se4 This regret is sublinear for a very rich class of functions. We summarize bounds on I'r from
se5  Vakili et al. (2021) in Table 1. Furthermore, note that Dy(xg, K, ) € (0, 00) for all g € X with
566 ||xol| < oo, K < 00,y € (0,1). The same holds for D5(xg, K, ). Moreover, since V™ (x) is
se7 ©(C(||z|))), both D4 and D5 are ©({(||zo]])).

Table 1: Maximum information gain bounds for common choice of kernels.

Kernel  k(z,x') I'r
Linear x'z' . O (dlog(T))
RBF ¢ 16) (logd+1 )
. Var||z—a'|| \” Vau|z—a’
Matérn F(y)éu,l ( Hl ) B, ('lH) @) (T (T))
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A4 Relaxing Assumption 2.4

Our analysis assumes that I consists only of policies with bounded energy. This assumption ensures
that during the exploration our system remains stable. The average cost and stability are intertwined
for the LQG case (Anderson & Moore, 2007). Moreover, a bounded average cost of a linear controller
m(x) = Kz implies stability and vice-versa. This is not necessarily the case for nonlinear systems,
i.e., stability implies a bounded average cost (c.f., Theorem 2.6) but not vice versa. An approach is to
assume this link exists also for the nonlinear case.

Definition A.9 (Stable Policies). We call IIg(f) the set of stable policies for the dynamics f if
there exists positive constants C,,, C; with C,, > Cj, (,x € K, v € (0,1) s.t., we have for all

T e Hs(f),
Bounded energy; There exists a Lyapunov function V™ : X — [0, 00), K (7, f) < oo for which

V™ (x) = V™ (2')| < k(| —2'|) (uniform continuity)
Cié(|lz|) < V™(x) < Cu&(]||) (positive definiteness)
EpifraVT (@) <AV (2) + K(m, f) (drift condition)

Bounded norm of cost;
ez, m(x)
SUp ————-% < 00
ser 1+ V(@)
Boundedness of noise with respect to x

Eu [1(]|w]])] < 00, Eu [£*([w])] < o0

Assumption A.10 (Bounded average cost implies stability). Consider any dynamics f, let I1 4 (f) be
the set of policies with bounded average cost for f, i.e.,

IA(f) = {m € | A(mr, f) < oo} (18)

We assume Vn > 0, f € My N M, that all policies w € II4(f) are stable, i.e., w € IIg(f).
With Assumption A.10 we link the average cost criterion to the stability of our system. A natural
consequence of this link is the following corollary.
Corollary A.11. Let Assumption A.10 hold. Then the following two statements are equivalent for all
n>0,feMyNM,, and m € 1L

1. e HA(f)

2. e Hs(f).

Proof. 1 = 2 follows from Assumption A.10 and 2 = 1 from Theorem 2.6. O
Assumption A.12 (Existence of a stable policy). We assume g (f*) # 0.

Assumption A.12 assumes that there is at least one stable policy in II. This is in contrast to
Assumption 2.4, which assumes that all policies in II are stable. We can relax this requirement
because of Assumption A.10.

In the following, we show that 7r,, € IIg(f,,) and that this implies 7,, € IIg(f*). In summary, when
doing optimistic planning, we inherently pick stable policies for the true system.

Lemma A.13. Let Assumption 2.1 — 2.2, 2.8, A.10, and Assumption A.12 hold. Let ., f,, denote
the solution to Equation (6). Then we have with probability at least 1 — 6, 7, € Hg(f*).

Proof. Since IIg(f*) is nonempty, from Corollary A.11, we must have a policy 7 € I14(f*), and
thus A(m) < oo. This implies that A(7w*) < oo. Since, Equation (6) is an optimistic estimate of
A(m*), we have A(m,,, fr) < A(7*) < co. Thus, m, € I14(f,). Again from Corollary A.11, we
have m,, € Ilg(f,) and there exists a Lyapunov function V™ and K (7, f,) such that

Eat| g,V (®)] < AV (@) + K (0, Fr)
Furthermore, due to the uniform continuity of V™" we have

Eatfa g ea V™ (@)] < Bt g e, [V (@] 45 (14 V) Bov/ D)
(c.f, Lemma A.4)
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604
605

606
607
608
609

<V (@) + 5 (14 V&) Bov/deOma ) + K (70, f2)

In summary, we have 7, € ILs(f*) with K (m,,, f*) = & ((1 + V/dz) BovVduOmax) + K (5, fr).

O
Lemma A.13 shows that Equation (6) returns policies that are stable for the true system and therefore
with probability at least 1 —4 is optimizing over ILg( f*). Thus, even in cases where II has policies that

do not satisfy Assumption 2.4, these policies are not considered by NEORL. NEORL automatically
optimizes over ITs(f*) and the rest of the guarantees follow with K = maxcrg(g-) K(m, f*).
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si0o B Experimental Details

611 In the following, we provide all hyperparameters used in our experiments in Table 2 and the cost
e12 function for the environments in Table 3. For NEORL, we use 3,, = 2 for all the experiments, except
for the Swimmer and the SoftArm environment where we use 3,, = 1.

Table 2: Hyperparameters for results in Section 4.

Environment iCEM parameters Model training parameters
Number of Number of Optimizer . . Number of  Network . . Number of Action
. Horizon  Particles . Learning rate  Batch size
samples elites steps ensembles  architecture ° epochs Repeat
Pendulum-GP 500 50 10 20 5 - - 0.01 64 - 10 1
Pendulum 500 50 10 20 5 10 256 x 2 0.001 64 50 10 1
MountainCar 1000 100 5 50 5 10 256 x 2 0.001 64 50 10 2
Reacher 1000 100 10 50 5 10 256 x 2 0.001 64 50 10 2
CartPole 1000 100 10 50 5 10 256 x 2 0.001 64 50 10 2
Swimmer 500 50 10 30 5 10 256 x 4 0.00005 64 100 200 4
SoftArm 500 50 10 20 5 10 256 x 4 0.00005 64 50 20 1
RaceCar 1000 100 10 50 5 10 256 x 2 0.001 64 50 10 1

613

Table 3: Cost function for the environments presented in Section 4.

Environment Cost c(x;, uy)
Pendulum 0? +0.16; + 0.1u?
MountainCar 0.1u? — 100(1{x¢ € Tgou })
Reacher ||th2— Trarget|| + 0.1 |||
CartPole |25 — abme||” + 10(cos(8y) — 1)% + 0.2 [Jug ||
Swimmer Tt — Trarget |
SoftArm ||mt - mtarget”
RaceCar lx: — Tiarged|

25



	Introduction
	Problem Setting
	Assumptions

	NeoRL
	Theoretical Results
	Practical Modifications

	Experiments
	Related Work
	Conclusion
	Proofs
	Proof of thm: existence of average cost problem
	Proof of bounded average cost for the optimistic system
	Proof of thm: Regret bound neo rl
	Relaxing assumption: Stability

	Experimental Details

