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ABSTRACT

Scaling test-time compute has driven the recent advances in the reasoning capabili-
ties of large language models (LLMs). However, increased compute often comes
at the expense of higher user-facing latency, directly impacting user experience.
Current test-time scaling methods primarily optimize for accuracy based on total
compute resources (FLOPs), often overlooking latency constraints. To address this
gap, we propose SPECS, a latency-aware test-time scaling method. SPECS builds
upon beam search, which generates multiple reasoning traces for each step with
a reasoning model, and selects one to continue from based on the scores from a
dedicated reward model. Inspired by speculative decoding, SPECS uses a smaller,
faster model to generate candidate traces efficiently, and evaluates these candidates
with both the reasoning model and the reward model. We design novel strategies
to select candidate drafts using these model evaluations, including reward-guided
soft verification, and a dynamic switching mechanism to defer to the larger model
on harder steps. Empirical results on MATH500, AMC23 and OlympiadBench
datasets show that SPECS matches or surpasses the accuracy of beam search while
reducing latency by up to ~18%. Our theoretical analysis shows that our algorithm
converges to the solution of a KL-regularized reinforcement learning objective as
the beam width grows.

1 INTRODUCTION

Modern LLMs excel at multi-step reasoning, and scaling test-time compute has played a major role
in achieving these reasoning capabilities by letting these models tackle harder problems with extra
“thinking” compute resources (Cobbe et al., 2021; Wei et al., 2022; Beirami et al., 2024; Brown et al.,
2024; Beeching et al., 2024; Qiu et al., 2024; OpenAl, 2024; DeepSeek-Al, 2025).

To date, test-time scaling methods have primarily optimized performance based on total compute,
demonstrating improved downstream task performance with increased FLOPs or generated to-
kens (OpenAl, 2024; Snell et al., 2025). However, user experience often depends more directly on
serving latency, especially in low-throughput scenarios like personalized interactions or applica-
tions serving few users (Patel et al., 2024; Agrawal et al., 2024). Autoregressive generation from
transformer-based LLMs often operates in the regime where the latency is limited by memory loading
rather than total FLOPs (Tiwari et al., 2025; Yuan et al., 2024b). Consequently, we study the critical
research question:

Can we design test-time scaling methods which optimize for latency with minimal accuracy decrease?

The problem of improving the latency of autoregressive generation has received significant attention,
and resulted in approaches such as speculative decoding (Leviathan et al., 2022; Chen et al., 2023).
Speculative decoding uses a smaller, faster draft model to propose candidate tokens, which are
validated in parallel by a larger target model, reducing the total memory loading time and hence the
overall decoding latency.

In this work, we study how speculative drafts can be used to develop new test-time scaling methods
which optimize for latency. Our investigation builds on the family of beam search or tree search (Mud-
gal et al., 2024; Beeching et al., 2024; Sun et al., 2024; Qiu et al., 2024; Snell et al., 2025) algorithms
for test-time scaling. In each iteration multiple candidate reasoning steps (i.e., beams) are generated in
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Figure 1: Visualization of Beam Search vs SPECS. In beam search the trajectories are generated by
the target model (p) and scored using a PRM (7). In contrast, in SPECS the beams are dynamically
switched to generation from the draft model, and scored by a combination of target and PRM model,
resulting in better latency-performance tradeoff. Draft proposal and selection are further controlled
by the SuBSamMP LE subroutine (see section 2 for details).

parallel from a target model, and the most promising ones are kept to continue generation from, based
on a reward signal (i.e., a process reward model (PRM) (Zhang et al., 2025a) or self rewards (Yuan
et al., 2024a)). The mutli-step structured exploration makes them particularly effective at balancing
accuracy and computational effort. At the same time, it also offers the flexibility of dynamically
switching reasoning models for easier/harder steps.

We propose a new algorithm, SPECS (SPECulative drafting for faster test-time Scaling). The
algorithm relies on a speculative drafting step for improving latency. A speculative drafting step
uses a fast draft model to propose candidate reasoning steps, and jointly uses a larger, more capable
target model and a reasoning-specific PRM to select from the candidates. To make sure that our
algorithm incurs minimal decrease in accuracy, we design novel dynamic switching scheme to identify
reasoning steps where speculative drafting would not hurt latency, as well as a theoretically-grounded
score metric integrating the evaluations of the large model and the reward model for better draft
selection.

Our contributions can be summarized as follows:

1. We propose a novel test-time scaling algorithm, SPECS (Algorithm 1), which utilizes speculative
drafts to reach favorable latency-accuracy tradeoff. Our algorithm starts by generating from the
target model and dynamically switches to speculative drafting for high reward traces to minimize
accuracy drop. This builds on the novel insight that the accuracy gap between a small model and a
large model is small for these traces, which could be of independent interest. To the best of our
knowledge, other works building on speculative drafting all start with a draft model and switch to
target model when the reward signal is low, resulting in either lower accuracy or wasted latency
for generating speculative drafts.

2. We design a novel strategy to integrate scores from target models and PRMs for better draft
selection. Theoretically, we show that the approach converges gracefully to the optimal solution of
a KL-regularized reward maximization objective as beam-width (i.e., parallel compute) increases,
demonstrating the theoretical grounding of the proposed approach. We present a novel analysis of
the soft best-of-NV algorithm, and extends this to speculative drafting and multi-step reasoning.

3. We evaluate on MATH-500, AMC23 and OlympiadBench datasets, demonstrating that SPECS
achieves up to 18% reduction in latency while achieving on-par or higher accuracy compared to
beam search and other baselines, using (Qwen-1.5B-Instruct & Qwen-7B-Instruct) and (Llama3.2-
1B-Instruct & Llama3.1-8B-Instruct) as draft-target model pairs with Skywork-o1-Open-PRM-
Qwen-2.5-7B as the process reward model.

We refer readers to appendix A for a detailed comparison to related work.



Under review as a conference paper at ICLR 2026

. draft target
0.8

0.7

°

o
=4
«

-- | W= Small Model Gen
mmm Big Model Ver
Reward Model Ver
mmm Big Model Gen

Draft Target overall low reward high reward

(@ (b)

4
IS

Per-Step Latency (s)
Success rate
o o
w S

o

¥
o
N

°
b

0.0

o
)

Figure 2: (a) Latency of generation from the target model (Qwen2.5-7B-Instruct) vs. generation from
the draft model (Qwen2.5-1.5B-Instruct) with scoring: we observe that latency savings from using
the draft model to generate candidate blocks overcomes the overhead of scoring by the target model
and PRM. (b) We generate the first 8 steps of reasoning from the target model, and complete the
remaining steps either using the draft model or the target model. The initial 8-step partial reasoning
traces generated by the target model are bucketed into high reward (PRM score at least 0.5) and low
reward (PRM score at most 0.5). Using the draft model to complete high reward traces solves a very
similar proportion of problems compared to if they were completed using the target model. The
performance is dismal (= 0) when draft model is used to complete low reward traces.

2  SPECULATIVE DRAFTING WITH REWARD-GUIDED SOFT VERIFICATION

Before presenting the algorithm details, we discuss some general observations that lead to the
development of our SPECS algorithm, which we believe could be of independent interest. The
most costly step (in terms of latency) for beam search with a large target model is autoregressive
generation to obtain the beams (i.e., candidate reasoning blocks). Our main technique for reducing
this latency cost is to instead speculatively generate beams via autoregressive generation from a
smaller draft model, which are then scored using the target model and reward model. Due to the fact
that autoregressive sampling in modern LLMs is bottlenecked by memory bandwidth, evaluating
a reasoning block with a target model (i.e., computing logits of each token) is much faster than
generating a reasoning block from the same model, despite taking the same number of FLOPs. This
also holds even when combined the draft model generation time, which is faster due to its smaller
size. Moreover, the scoring by the target model and reward model can be executed in parallel to
further reduce latency. While using small draft models for improving latency is the subject of several
past work on speculative decoding (Leviathan et al., 2022), we carry out an experiment in Figure 2a
to understand the typical per-step latency improvements with modern reasoning and reward models.

Observation 1 (Low-latency draft model generation). Generating multiple candidate sequences from
the draft model, followed by scoring them using the larger target model and a reward model can be
significantly faster compared to generating responses directly from the target model.

While generating reasoning blocks from a draft model is faster, their average quality will be worse
since a less capable model is used for generation. Careful draft selection is needed to guarantee a
minimal drop in accuracy. Speculative decoding (Leviathan et al., 2022; Sun et al., 2023; Miao et al.,
2024) validates generated drafts by attempting to match the target model distribution. However, in the
process, drafts may be unnecessarily discarded, even if they happened to collect high rewards. Thus,
it is reasonable to expect that a soft verification mechanism, which relaxes the distribution matching
guarantee can obtain a speedup, while still maintaining high accuracy on reasoning tasks.

On the other hand, reasoning datasets typically evaluate model capabilities across a range of skills and
difficulty levels. At a finer granularity, certain steps of the solution to a problem might be easy, and a
large target model may be overprovisioned to generate steps that the draft model can already solve.
For harder steps, it makes sense to defer to the more capable target model for candidate generation.

These discussions motivate the following two questions,

1. How can we identify steps where speculative drafting will not significantly hurt accuracy?

2. Given a set of candidate steps how do we best select candidates based on scores from the target
model and the reward model?
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To gain intuition towards answering the first question, we study how the reward of reasoning trace
evolves over the course of a generation, and how it relates to the final accuracy of the generated
response. In fig. 2b we carry out two inference runs, where we start by generating 8 steps of reasoning
from the target model. In one case, we continue the rest of the trace using the large target model, and
in the other we switch to the draft model and continue thereon. When we condition on the traces
having high reward (as computed by a PRM) at the 8th step, we observe that completing the trace
using the draft model affects accuracy very minimally compared to completing with the target model.
This observation motivates switching between the models based on process reward of the trajectory.

Observation 2 (Draft model can complete high-reward traces). Generating blocks from the draft
model does not hurt accuracy when the PRM score of a partial trace is high.

As a counterpart to this observation, we note from Figure 2b that continuing generation from the draft
model starting from low reward traces performs poorly. To minimize any decrease in accuracy from
speculative drafting, it is reasonable to begin with generating steps from the target model until high
reward traces are encountered.

2.1 THE SPECS ALGORITHM

With the insights developed above, we present our  Algorithm 1 SPECS meta algorithm
main algorithm SPECS. The algorithm follows
an overall draft-and-select framework where the
final response is generated block-by-block. In
each iteration, the algorithm uses a generation
model gy, to propose candidate blocks {Y;}";
to extend the current reasoning trace tr through
autoregressive sampling. gy i initialized to be
a larger reasoning model Tyarget, and over the

1: Input: Prompt X,
Draft model 7q agt,
Target model Tyarget,
Process reward model r,
2: Hyperparameters: Beam-width n,
Block-size v,
Switching threshold 7.

course of generation switches to a smaller draft 3: Initialize: Partial response tr + X

model Tgras. When Tgen = Tqras, we call this a 4 /G Draft genergtor Tgen < Ttarget

speculative drafting step. eneration begins with target model.
5. Repeat

The candidate blocks are then evaluated by both a Step 1. Generate candidate blocks

larger, more capable reasoning model Ttarget (for — 6: Draw n blocks ~ 7rgen of block-size ~,

speculative drafting step), and a reward model 7. _ [y bd )

A score (eq. (1)) is assigned to each candidate Yarare = {Yidima ™ maen (1)

based on the evaluations, which is then used to se- Step II. Select candidate block

lect a candidate block (summarized in Algorithm 7. vV — gypsampLE (Y aratt 3, Tgen tr),
2). The selected block is appended to the existing  g. t (tr,Y) e

. LN // SusSampLE(:) selects a
response to begin the next iteration.

/I draft using scores in eq. (1)

We use the score to adaptively decide which Step III. Dynamic switching
model to use to generate candidate blocks. Thisis ¢
most closely related to the approach of cascades 10- il
(Dohan et al., 2022; Jitkrittum et al., 2023; Yue '~  "gen * Tdraft .

) - . /I Switch to generating from draft
et al., 2024; Narasimhan et al., 2024) and aims . . .

. /I model if reward signal r is large

to ensure that the larger model generates candi- . i ]
dates for the harder steps of a problem, while the 11 Until: Target sequence length is achieved.

smaller draft model is used for the easier steps. ~ 12: Return: tr

o if max;ep r(Yiltr) > 7

2.2 CANDIDATE SELECTION: SUBSAMPLE

In this section we describe the SUBSAMPLE
mechanism which carries out the selection pro-
cess of candidate blocks {Y;}? . The goal is to
select a response which simultaneously has high
reward (i.e., completions are likely to lead to a cor-
rect response) while not having very low probabil-
ity under the larger target model. SUBSAMPLE
will carry this out by combining the evaluations
from both the large reasoning model and the re-
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ward model in the following score function: Algorithm 2 SusSaMP LE subroutine
Teargot (Vi tr 1: Input: Context tr, Draft blocks {Y;}7_;,
S; = log <7trgZ(Y|tr))) + Br(Yitr) (1) Target model 74 get, PRM T,Z
gen\1¢

Draft generator mgen,
Hyperparameters: Threshold 7, Temp. 3
Initialize: L <+ [n]
fori=1ton,

Define,

o 7Ttarget (Y;‘tr) -
SZ - log < Wgell(}/i“r) + ﬂr(y;‘tr)

When Tgen, = Tiarget, this collapses to r. With
Tgen = Tdraft this also includes the log density

6: Sample i* € [n] with probability,
P(i* = i) x e%1(i € L)
7: Return: Y~

ratio of the block between draft and target models. We formalize the choice of score in Section 3.1
through the lens of optimizing the expected reward with KL regularization (to the target model).

2.3 DEFERRALS VIA DYNAMIC SWITCHING

SPECS uses a deferral rule to determine which (draft or target) model to use for generating candidate
blocks in each subsequent iteration. Along the lines of Observation 2, the algorithm begins generation
from the target model, since the PRM reward is low to begin with. The algorithm proposes to
switch generating future reasoning steps from the draft model if high reward partial traces are present
in the current set of beams (i.e., their reward exceeds a threshold). This builds on our finding in
Observation 2: it is beneficial from a latency point-of-view to switch to generating from the draft
model when we already have traces with high reward.

3 UNDERSTANDING SPECS FROM A THEORETICAL LENS

3.1 MOTIVATION BEHIND SCORES IN SUBSAMPLE

The design of the score (eq. (1)) in SuBSaMP LE is motivated by the objective of solving a one-step
KL-regularized reward maximization problem (Jaques et al., 2019; Stiennon et al., 2020). For the
base model 7arger and a reward function r, the objective is to maximize,

La(m) =FE,[r(Y|X)] — %DKL(WHmMget). 2)

The optimal solution to this objective has an explicit form (Korbak et al., 2022bja; Yang et al., 2024b):

5 (y]2) o Trarger (y])e” 7). 3)

For a different generator model mgey, let S(y|z) = log(Tiarges (Y|2)/Tgen (y|2)) + Br(y|x). Then,
the optimal policy can be written down in a different form by importance reweighting. Namely,

3 (k) o g 31)e 5. @

Thus, at a high level, any inference-time sampling approach that generates multiple candidate blocks
from Target, and uses 7 to subselect one, has a one-to-one mapping to a different approach which
generates candidates from 7. and instead use S(-|z) for subselection. Alternatively, eq. (2) is
equivalent to the score maximization problem, subject to a KL-penalty with respect to the generator
model, E, ~[S(Y|tr)] — %DKL(’JT”’]TgCH).

We will defer a more detailed analysis and interpretation of SUBSAMPLE as an instantiation of
sequential monte carlo (SMC) or particle filtering (Rubin, 1987; Naesseth et al., 2019). This method
attempts to sample from the distribution in eq. (4) by approximating the partition function, Z(z) =
Ey ryen (-|2)[€XP(S(Y[x))], via computing an empirical estimate over a finite set of “particles”.
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3.2 THEORETICAL GUARANTEES FOR SPECS

In this section, we describe theoretical guarantees for SPECS. The nature of result we will establish
is that, under certain assumptions, as the beam-width increases, the distribution of output of SPECS
converges to the optimal policy of the KL-regularized reward maximization problem (eq. (2)). First
we formalize some notation below.

Notation. Denote the space of prompts as X', the space of responses as ). Given a (partial) response
y, let (y1, 2, - - - ) denote its blocks and let y<; = (y1,- - - ,y:) denote the prefix of the first ¢ blocks.
By default, we will let y<o = (. H denotes the horizon: the maximum number of blocks that the
model is allowed to generate. We will assume that there exists a target distribution over prompts,
denoted p, and the notation E, ] is shorthand for Ex ., y~x(.|x)[], where Y is a full response
drawn from 7. The goal is to design an algorithm that samples from the policy that maximizes the
KL-regularized expected reward (eq. (2)).

Next, we introduce the “idealized” notion of PRM under which we demonstrate guarantees for
SPECS. We begin with the notion of an optimal KL-regularized value function (Ziebart et al., 2008;
Zhou et al., 2025).

Definition 1 (Optimal KL-regularized value function). For a policy 7, and any prompt z € X and
partial trace y<, the optimal KL-regularized value of a policy is defined as,

us 1 r(x
Vi (@u<e) = 5108 (Byentiecy [¢77)])

where Y is a completion of the partial trace y<;. For any full response y € J, V7 (z,y) =r(z,y).

Definition 2 (Idealized Process Reward Model / optimal KL-regularized advantage function). Let
rpry denote the PRM corresponding to the KL-regularized advantage function with respect to some
policy 7. Formally, given any prefix of blocks y<;—; of length £ — 1 and a subsequent block ¥,

Topu (Ye|T, y<e—1) = V5 (2, y<t) — V5 (2, y<e—1)

where V" is defined in Definition 1. The idealized PRM we consider is ot = 1y for m = Ttarget-

This above notion of PRM has also been used in recent works (Mudgal et al., 2024; Zhou et al., 2025;
Brantley et al., 2025) for solving the KL-regularized reward maximization problem. The latter work
provides an efficient and scalable approach for learning this PRM from offline datasets, and shows
that policies trained by carrying out RL against this PRM perform well empirically, even on low
generation budgets. For the purpose of keeping the theoretical presentation cleanest, we analyze
SPECS when implemented with an exact version of this PRM. Our main result analyzes SPECS
under a subtle modification to make analysis more tractable, which is described in Appendix B.1.
This pertains to drawing the number of beams generated per step from a Poisson distribution.

Theorem 1. Assume n > 3 and suppose SPECS is implemented with the idealized PRM as defined
in Definition 2 with beam-width n. Then, for reasoning problems over H blocks, in the finite-block

length setting, assumingthePoissorsamplingode{Assumptonil; the policy wspgcs returned by
SPECS satisfies,

_ ) o2BR
DKL<7TSPEc5a7T/*3) <O, <H Cblock 3/2> (5)

Here, we assume that the PRM reward range is [0, R]. The block-level coverage coefficient Cy1ocx i,

Wdraf‘c('|x7 ySt)
71"seurget('|xv yﬁt) 0o

71—target(' l‘rv ySt)

7"’dmft(' |Z‘, ygt)

Chlock = SUp  sup
t>20 y<t €Y<t

where 7(-|x, y<y) denotes the next-block distribution given the partial trace y<, and prompt x.

The proof of this result is involved and deferred to Appendix B.

3.3 ROBUSTNESS OF SPECS TO MISSPECIFIED PRMS

Our guarantees for SPECS in the previous section hinge on the assumption that the PRM is idealized,
and equal to the optimal KL-regularized advantage function. However, PRMs in practice can often be
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Figure 3: Accuracy vs per-query average latency curves for SPECS and beam search with draft mode,
target model and RSD. The error bars show the standard deviation computed over 3 independent runs.
The draft model is Qwen2.5-1.5B-Instruct and the target model is Qwen2.5-7B-Instruct.

noisy. In this section, we describe a to be able to benefit from process feedback at test-time, we may
weaken this condition by assuming the PRM satisfies some pointwise error guarantee with respect to
the optimal KL-regularized advantage function.

Assumption 1. Recall the definition of s as defined in Definition 2. Suppose the learner’s PRM

rpry satisfies the conditioned,
target
||7'PRM — TprM ||oo < Epru-

where epry > 0 is a misspecification parameter.

When SPECS is implemented with this misspecified PRM, we show that the KL divergence of the
resulting policy to the optimal policy 7r/§ degrades gracefully with epgy.

Theorem 2. Assume n > 3 and suppose SPECS is implemented with a PRM which satisfies
Assumption 1, and with beam-width n. Then, for reasoning problems over H blocks, in the finite-
block length setting, the policy Tspgcs returned by SPECS satisfies,

_ o26R
DKL(WSPECSJTE) <O, (H . Cglockm + ﬁprRM>

Here, we assume that the PRM reward range is [0, R)].
Thus, even when the PRM departs from the idealized form we assume earlier in Assumption 1, the
algorithm still admits convergence guarantees toward the optimal policy under the ground-truth

reward function, 772;.

4 EXPERIMENTS

In this section, we present empirical evaluation results on the latency-accuracy tradeoff of SPECS
and compare it with strong baselines.

4.1 EXPERIMENTAL SETUP

Dataset: We conduct experiments on three mathematical reasoning benchmarks, AMC23 (Faires &
Wells, 2022), MATH500 (Hendrycks et al., 2021) and OlympiadBench (He et al., 2024a). The AMC23
dataset comprises of 40 mathematical reasoning problems, testing concepts in algebra, geometry,
number theory, and combinatorics, with an emphasis on precision and strategic problem-solving.
MATHS00 is a widely used benchmark for evaluating mathematical problem-solving capabilities of
language models. OlympiadBench consists of challenging olympiad-level problems, requiring deep
reasoning. Following prior works (Qiu et al., 2024; Zhang et al., 2024), we use a randomly selected
subset of 100 questions from MATHS500 and OlympiadBench datasets to make evaluation faster, and
report average performance across multiple seeds.

Models: We use several models from the Qwen and Llama families as our base generation models.
We evaluate over two draft-target model pairs, Qwen2.5-1.5B-Instruct and Qwen2.5-7B-Instruct from
the Qwen family of models (Yang et al., 2024a), as well as Llama3.2-1B-Instruct and Llama-3.1-8B-
Instruct (Dubey et al., 2024). These models vary significantly in capability, allowing us to test the
scalability of our approach. For reward-guided selection in both beam search and SPECS, we utilize
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the Skywork-o1-Open-PRM-Qwen-2.5-7B (He et al., 2024b), a process reward model specifically
trained for mathematical reasoning tasks. It is worth pointing out that the generator (draft/target)
models have not been specifically finetuned for math reasoning tasks.

Baselines: Our primary baseline is standard beam search guided by the same Skywork-o1-Open-
PRM-Qwen-2.5-7B process reward model. This involves generating multiple candidate sequences
(beams) block-by-block and selecting the highest scoring sequences according to the reward model
(Snell et al., 2025; Beeching et al., 2024). We compare SPECS against beam search where the beam
generator is the target model (higher latency and accuracy), and is the draft model (lower latency and
accuracy).

We also evaluate against reward-guided speculative decoding (RSD) (Liao et al., 2025). RSD is a
recent approach that replaces the log-likelihood ratio based rejection sampling in classical speculative
decoding with signals from a PRM. A draft model is used to generate a single beam. If the beam
is scored low by the PRM, the target model is invoked to regenerate the beam. We implement a
multi-beam variant of RSD to provide a much stronger baseline to compete against SPECS: we first
decode n beams from the draft model, and pick the beam with highest reward. If the reward of that
beam is lower than a threshold, we reject it and sample n beams from the target model instead and
pick the highest rewarding beam. We use the rejection threshold explicitly recommended by (Liao
et al., 2025) for these experiments, 0.7.

We evaluate performance based on accuracy and latency of the algorithms. Since all of our datasets
are in the domain of math reasoning, we calculate the accuracy as the percentage of problems solved
correctly. To measure latency, we calculate the wall-clock time required to generate the solution for
each problem. We report average latency numbers. Our main focus is the latency-accuracy trade-off,
visualizing how accuracy changes as a function of latency acoss different methods and configurations
(e.g., varying beam widths).

Some additional analyses including the latency breakdown of SPECS, as well as implementation
specifics such as the hardware setup and hyperparameter choices are presented in Appendix D.

4.2 RESULTS

We present comparative results on latency and accuracy across the AMC23, MATH500 and Olympiad-
Bench datasets in Table 1.

For a fixed beam-width n, SPECS is able to achieve comparable or even higher accuracy compared
to the strong baseline of the beam search with the large model. We attribute this accuracy gain to
the strength that SPECS is able to utilize the ability of both the small and large models. Note that
the performance comes with the benefit of up to ~18% latency savings, demonstrating a favorable
latency-accuracy trade-off of our proposed SPECS method.

We also report the percentage of steps generated by the large model in the table. The percentage is
higher for the more challenging datasets of AMC23, and OlympiadBench compared to MATHS500,
suggesting that SPECS is able to adapt the usage of large model to the hardness of the questions.

Pareto-frontier of accuracy vs. latency. Varying 7, in SPECS (cf. line 9 in Algorithm 1) changes
the reward threshold at which the algorithm dynamically switches to generating from the draft model.
Higher values of 7 results in a method which switches to the draft model more quickly, resulting in
lower latencies and lower accuracies, while lower values of 7 results in blocks being generated for
longer by the target model (i.e., higher latency and accuracy). Varying 7 results in an accuracy-latency
pareto curve. In Figure 4 we plot this for the MATHS500 dataset with the Qwen2.5-1.5B-Instruct draft
model and Qwen2.5-7B-Instruct target model. The resulting curve demonstrates a favorable tradeoff
for SPECS, the points corresponding to all other baselines (beam search with both target and draft
models, and RSD) fall within the convex hull of the Pareto curve traced by SPECS.

Next we present the result of some ablations of SPECS showing the relative benefit of its components:
speculative drafting and dynamic switching.

4.3 ABLATION STUDIES

Effect of draft selection score. First, we compare SPECS with a version of the algorithm where
we remove the dynamic switching, and generate all steps from the draft model with soft verification
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Table 1: Performance comparison of methods across datasets and beam search settings. Here n
denotes per-step beam width, ‘Lat. (s)’ is average per problem latency in seconds and ‘% B’ represents
the percentage of steps generated by the big model B averaged across problems. (S: small model, B:
big model). (x) we implement a much stronger variant of RSD in our experiments as a competitive
baseline to compare SPECS against; more details are provided in Section 4.1.

Method | n | Acc (%) Lat(s)|  Lat/step (s) | %8B | Acc(%)t Lat(s) | Lat/step (s) | % B
| | Qwen2.5 Family Llama3 Family
AMC23
BS (5) 4 38.3+4.7 103 £0.6 0.80 = 0.01 0 11.7£5.1 5.94 +0.24 0.38 £ 0.15 0
BS®) | 4 592+12 183+ 1.5 1.46 + 0.06 100 263+1.3 127+13 0.59 +0.17 100
RSD |4 |312+178 126+38 0824060 605+14 | 150+74 89+ 1.1 0.66 £0.79  91.8 £0.6
SPECS | 4 59.2 +3.1 148+ 0.5 1.42 +£0.13 679+ 1.8 | 26.3+5.3 154+ 1.8 0.65+0.03 964+1.2
BS (5) 8 46.7 + 3.1 17.6 = 2.3 1.14 +0.01 0 142 +42 11.85 £0.22 0.61 4+ 0.46 0
BS (B) 8 59.2+5.1 21.6 + 1.1 2.00 + 0.06 100 27.5+2.0 19.1 £0.96 0.84 +£1.39 100
RSD 8 492 +12 203+1.2 199 +443  61.1+£03 | 183+59 108 +£ 1.9 0.91 +£0.8 90.0 £1.1
SPECS | 8 62.5 £2.0 20.7 £2.0 1.94 £0.11 62.8£2.1 | 30.0+25 280£1.2 1.04 £0.05 93.6+1.0
BS (S) 16 | 50.8 + 3.1 25.6 £3.1 1.81 £ 0.03 0 242 +47 2447 +1.21 1.13 £0.95 0
BS (B) 16 | 683+4.2 350+26 2.80 +0.13 100 32.5+4.7 32.1+2.4 1.24 £1.94 100
RSD 16 | 50.0 +2.0 25.0+0.8 256+ 1.78 556+22 | 20.0+4.1 16.3 +0.4 1.18 +£1.09 90.0 £2.0
SPECS | 16 | 68.3 2.4 28.8+3.5 270+£0.05 703+1.7 | 36.3+38 442+£29 1.56 £0.10 98.1 + 1.1
MATHS500
BS (s) 4 643 +29 79+ 1.0 0.65 + 0.04 0 23.1+£1.5 4.82 +0.40 0.27 +3.95 0
BS(B) | 4 69.3 £4.1 11.2+3.7 1.13 £0.01 100 32.0+£3.3 8.4 +0.1 0.39 £0.29 100
RSD 4 77.8 £4.2 10.1+£0.2 1.14 £ 0.52 323+0.6 | 357+4.1 11.2+0.6 0.55 +2.15 727 £1.1
SPECS | 4 770+ 1 9.83+£0.5 1.11 £0.14 490+0.8 | 353+39 10.8 £ 0.8 040+ 1.17 91.1+£09
BS (s) 8 66.7 + 2.1 10.7 £ 0.6 1.01 £0.03 0 283+ 1.7 9.55 +0.40 0.45 4+ 0.68 0
BS (B) 8 713 £0.5 136£19 1.51 £0.00 100 33.0£2.2 12.1 £0.1 0.52 £0.3 100
RSD 8 783+ 09 11.8+0.3 1.37 £ 0.83 284 +0.2 | 393+2.1 152+05 0.71 +2.02 739 £1.2
SPECS | 8 79.5 £ 0.5 11.3+0.6 131 £056 455403 | 40.7 £2.6 152+ 0.74 0.57+0.09 852+1.6
BS (s) 16 | 74.5+0.5 16.8 £ 1.9 1.57 £0.10 0 343 4+0.6 17.42 £+ 0.69 0.78 +2.42 0
BS (B) 16 | 755+£0.5 213+£05 2.15+£0.02 100 39.0+2.2 18.9 +0.46 0.79 £0.21 100
RSD 16 | 79.0+24 163+ 0.4 1.84 +0.64 268403 | 40.0+22 23.0+ 1.1 1.02+198 703+1.3
SPECS | 16 | 81.0+£19 158 £0.06 131 £004 455+0.8 | 44.0£0.8 229+63 0.86 +£0.19 78.1+1.1
OlympiadBench
BS (s) 4 250+ 1.6 79+0.2 0.81 0.2 0 80+14 5.58 +0.12 0.35 +0.26 0
BS®) | 4 39.3+2.1 13.1+0.3 1.32+0.3 100 170+£1.2 13.0 £0.05 0.59 +0.18 100
RSD 4 33.0+29 173 £04 1.60 £0.70 663 £ 0.8 73+£1.7 13.1 £0.4 0.61 £ 0.69 95.2 £0.9
SPECS | 4 413+ 0.9 13.1+0.3 130+ 34 83.1+04 | 18.0 +2.8 149+28 0.62+0.03 98.1+0.2
BS (s) 8 31.0+0.8 134 +0.3 1.22£0.3 0 8.0+33 11.09 £+ 0.49 0.59 + 0.44 0
BS (B) 8 413+2.1 179+ 0.5 1.81+0.5 100 18.3+£0.48 189+ 0.1 0.83+0.14 100
RSD 8 333+1.7 21.7+£13 196 £1.78 653+12| 8.0+14 18.9 £0.7 0.83+0.56 929 +£1.1
SPECS | 8 41.7 £ 1.2 169 +0.5 1.80 £ 1.5 80.3+04 | 185+0.5 19.7 £0.14 0.78 £ 0.66 94.6 £ 0.1
BS (s) 16 | 31.3+£33 21.1 £ 1.1 202+ 1.1 0 11.3£12 23.17+0.73 1.06 £1.23 0
BS (B) 16 | 43.7+0.5 254+09 2.57+09 100 220+1.2 30.1 +0.8 1.20+5.3 100
RSD 16 | 335+05 287+13 258+1329 61.2+13| 95+05 25.8£0.5 1.1I8 £2.71 932 +0.8
SPECS | 16 | 44.0 £2.9 246+ 1.0 2.56 + 6.2 61.5+03 | 200£5.7 31.7+24 1.21 £ 0.01 91.1+ 1.3
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Figure 4: Changing the value of the threshold 7 gives us an accuracy-latency pareto curve for SPECS.
As a sanity check, when 7 — 1, the SPECS algorithm collapses to beam search with the large model,
and we see that the corresponding points coincide in the figure.

in the sense of eq. (1). This can alternately be seen as instantiating mgen <~ Tdratt, With no dynamic
switching. We observe that we obtain a much higher accuracy compared to beam search with the
small model while the latency is not much worse (plotted in Table 1). This demonstrates the benefit
of our score design in eq. (1). The results of this ablation are shown in Table 2, under the name “no
target”.
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Effect of dynamic switching. We also compare with an alternate version where we switch between
the draft and target model for generation randomly, in such a way that the average proportion of
steps the target model generates matches with the target model usage of SPECS. This results in a
method with similar average per-step latencies (although the overall number of steps may vary across
methods). We observe that random switching achieves much lower accuracy than dynamic switching
based on the reward signal, demonstrating the advantage of our dynamic switching scheme. The
results of this ablation are shown in Table 2, under the name “random switch”.

Table 2: Performance comparison of ablation studies across different datasets and beam search
settings. ‘SPECS’ is the main method, ’no target’ removes target model generation, and ‘Random
Switch’ switches randomly between draft and target model in such a with the same probability as the
switching ratio of the target model. Here n denotes the per-step beam width.

Method | n | Success Rate (%) 7 Runtime (s) | | Success Rate (%) 1 Runtime (s) | | Success Rate (%) 1 Runtime (s) |
AMC23 MATHS00 OlympiadBench
SPECS 4 59.2 14.80 77.0 9.83 41.3 13.10
No Target 4 51.2 13.68 65.0 7.45 41.1 13.00
Random Switch | 4 422 10.86 70.0 8.59 30.1 9.43
SPECS 8 62.5 20.70 79.5 11.3 41.7 16.90
No Target 8 56.2 19.69 66.0 8.15 39.0 16.24
Random Switch | 8 50.6 15.45 70.0 12.13 335 13.86
SPECS 16 68.3 28.80 81.0 11.748 44.0 24.60
No Target 16 63.8 26.72 73.0 11.6 395 23.84
Random Switch | 16 54.7 23.60 74.0 11.3 38.4 21.83

5 CONCLUSION

In this work, we address the critical challenge of balancing latency and accuracy in test-time scaling
for large language models. We propose SPECS, a latency-aware test-time scaling method for large
language models (LLMs) that significantly improves the latency-accuracy tradeoff through speculative
drafting with a fast draft model. We propose novel integration strategies to merge the draft model,
target model, and the PRM, including reward-guided soft verification and a reward-based switching
mechanism, to dynamically balance computational resources with response latency. Empirically, we
evaluate SPECS across the MATH500, AMC23, and OlympiadBench datasets, demonstrating its
superior performance. SPECS consistently achieves accuracy comparable to or exceeding traditional
beam search methods while delivering substantial reductions in latency - up to approximately 18%.
Additionally, our theoretical analysis confirms that SPECS converges to the optimal solution of a
KL-regularized reinforcement learning objective as the beam width increases.

6 REPRODUCIBILITY STATEMENT

To ensure reproducibility, we provide detailed descriptions of our algorithms and include pseudocode
for all key components in the main paper. Our codebase, containing the essential implementation
details, is included as supplementary material, and we plan to release the full polished code along
with complete experiment logs upon acceptance. We also share the details of our hyperparameters
search and selected hyperparameters in the Appendix. All experiments were conducted on publicly
available datasets, which we describe in the paper, and repeated across multiple random seeds to
confirm the stability and reproducibility of our results.
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A RELATED WORK

Reward-guided search. Our algorithm is related to the general literature of process reward mod-
eling (Uesato et al., 2022; Lightman et al., 2023; Wang et al., 2024; Snell et al., 2025; Beeching
et al., 2024; Zheng et al., 2024; Zhang et al., 2025b) and reward-guided search (Mudgal et al., 2024;
Beeching et al., 2024; Sun et al., 2024; Qiu et al., 2024; Snell et al., 2025). Among these, the
closest to our is reward-guided speculative decoding (Liao et al., 2025), which also uses a draft
model to propose each reasoning step and uses a process reward model to decide on whether to
keep the proposal. SPECS generalizes this by proposing multiple candidate reasoning and combine
signals from both the large model and reward model to decide on the candidate reasoning step to
keep. Empirically, we observe our method achieves better latency-accuracy tradeoff compared to
reward-guided speculative decoding.

Concurrent work of Geuter et al. (2025) also considers soft draft verification by sampling from an
exponentially tilted distribution. While their algorithm closes part of the accuracy gap between the
draft model and the target model, our algorithm is able to achieve even higher accuracy than the target
model alone. Moreover, we also provide convergence guarantees on the multi-step version of our
algorithm.

We would like to mention that existing work that utilizes speculative drafts to reduce latency all start
with generations from a speculative model, and switches to a larger when the reward signal is low.
While our algorithm starts with the large model and switches to speculative drafts only when the
reward signal is high. This approach reduces the time wasted for speculative drafting for low-reward
traces, resulting in overall better latency-accuracy tradeoff. This builds on the novel insight that the
accuracy gap between a small model and a large model is small for these traces, which could be of
independent interest.

Tree-based speculative decoding. Obtaining one sequence from multiple draft sequences has been
studied in the speculative decoding literature with the goal of maximizing the likelihood/length of
draft tokens accepted while maintaining the same distribution as the large model (Sun et al., 2023;
Miao et al., 2024; Cai et al., 2024; Wang et al., 2025a; Chen et al., 2024). Compared to these, the goal
of our soft verification algorithm is to maximize the success rate of downstream applications such
as math-reasoning as guided by both the target model and the reward model. Other soft verification
methods for speculative decoding (Wang et al., 2025b) consider token-level verification while we
focus on step-level candidate selection.

Formal analysis of best-of- NV variants. The theoretical analysis of our soft verification algorithm is
related to (Verdun et al., 2025; Huang et al., 2025), which consider alternative candidate selection
methods other than Top-1 selection. Our analysis captures the convergence rate in presence of draft
models and multiple decoding steps.

Cascading. Cascading techniques (Dohan et al., 2022; Jitkrittum et al., 2023; Yue et al., 2024;
Narasimhan et al., 2024) also utilize multiple language models and decide on the model to used based
on certain deferral rule. The switching step in our algorithm can be viewed as imposing a deferral rule
based on small, target, and reward models. Additionally, our deferral rule operates at the step-level
while previous work usually focuses on individual tokens or the entire generation.

B THEORY

In this section, we describe theoretical guarantees for SPECS. The nature of result we will establish
is that, under certain assumptions, as the beam-width increases, the distribution of output of SPECS
converges to the optimal policy of the reward maximization problem with KL regularization toward
the target model. We first introduce some relevant notation.

Notation. Denote the space of prompts as &X', the space of responses as ), the draft model mgyast :
X — Ay and the target model Target : X — Ay. Prompts and responses are composed of sequences
of tokens, and responses are assumed to be complete: ending in a special “End-Of-Sentence” (EOS)
token. We will assume that there exists a target distribution over prompts, denoted p, and the notation
[E, [-] is shorthand for Ex ., v~ (.| x)[], Where the random variable Y" corresponds to full responses
drawn from 7 under the prompt X. The objective is to find a policy which maximizes the expected
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reward, while staying close to the target model (as induced by a KL regularization penalty toward
7Ttarget),

Lp(m) =Epx[r(ylz)] - %Ep[DKL(W('W)HWtarget('Il‘))] (©)

For two models 7; and 75, we use the notation Dy (m1||72) = E,[Dky (71 (+|x)||m2(+|x))].

Prior to analyzing the algorithm, we begin with a well-known connection between the KL regularized
reward maximization objective and the KL divergence between the learnt policy and the optimal
aligned policy Korbak et al. (2022b;a); Yang et al. (2024b). We include the proof for the sake of
completeness.

Lemma 1 (Equivalence of KL minimization and KL-regularized reward maximization). For any
policy ,

Ly(mh) — L(7) = Diw(rl|75) ™
where T} is the maximizer of Lg().
Proof. By Yang et al. (2024b), the optimal solution to eq. (2), 7} takes the structural form,

7Ttaurget (y‘x)eBT(yll)
Z(x)

T (ylz) =

where Z(z) = E e#rWl?)], Thus,

Y~Trarget (Y]T) [

L5(m) = By 2 [r(yl2)) — %EP[EM.W llog(m(y})/earget (412))]

= —%Ep [Eyr(-|z) [ log (7r(y|:13)/(7rtarget (ylm)eB(T(yh;)))) 1]
1

1
= ~gEellog(Z(@))] - 5

= Ly(n5) — %E [Dew(w(|a) 5 1))]

Ep [Eymr(l) [log (n(ylz) /75 (ylz))]]

Rearranging completes the proof. O

Therefore, up to an additive error term that does not depend on =, the loss £(7) measures the KL
divergence between the distribution over responses induced by 7 and 7rg under prompts generated
from p.

The purpose of introducing this result is to motivate the reason for choosing the error measure we
study throughout the paper as the reverse KL divergence, rather than the forward KL divergence. The
former is closely connected with the KL regularized reward maximization objective (it measures the
suboptimality gap), while the latter is not so clearly connected. Indeed, these objectives penalize
the learnt policy differently: the latter more strongly penalizes policies for placing too high mass on
certain responses while the former more strongly penalizes policies which place too low mass on
responses.

B.1 WARM-UP: ANALYSIS OF SPECS IN THE INFINITE-BLOCK LENGTH REGIME

In this section we will build up our theoretical understanding of SPECS by considering the infinite
block-length setting. In this setting, the drafts generated by the draft model are assumed to be full
responses. Here, the algorithm simply selects one candidate among a number of responses using the
SUBSAMP LE subroutine.

Definition 3 (Infinite block-length regime). The infinite block-length regime corresponds to taking
v — o0. Operationally, the draft/target model generates full responses and the process reward model
collapses to an outcome reward model.

In this section we will establish a convergence rate of O(1/n?) for SPECS in the infinite block-length
setting. Increasing n scales the amount of (parallel) test-time compute used by the algorithm.
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Theorem 3 (Guarantee for SPECS in the infinite-block length regime). Suppose n >
3 and assume that the reward function lies in the range [0,R] pointwise. Then,

assumingthePoissonsamplingmodel{Assumption1), the policy Tsppcs returned by SPECS in the
infinite block-length setting (Definition 3), , satisfies,

_ , PR
DKL(WSPECSHTF/*;) <O, (Cseq 3/2> (®)
where, the “sequence-level coverage coefficient” Cseq s,
7"'target('|55) 71'draft('|93)
Tdraft ( |.’L') Ttarget ( |£l7)

Remark 1. In our analysis we establish a stronger result, where the LHS of Eq. (8) is replaced by
10g (1 + DX2 (ﬂ-SPECS ||7T;j:)) .

C’seq = 9)

oo

The proof of this result follows as a consequence of Corollary 2 which we will introduce later. In the
infinite block-length regime, SPECS runs Algorithm 2 once with the generator model Tgen < Tearget-
In the next section, we will prove a guarantee on the distribution over responses / steps induced
SUBSAMP LE routine we consider in Algorithm 2 as an instantiation of sequential monte carlo (SMC)
Rubin (1987); Naesseth et al. (2019), also known by the name particle filtering in the literature
Gordon et al. (1993). In the next section, we will introduce SMC and prove a distributional closeness
result for the resulting policy. In turn, this will imply the proof of Theorem 3 and provide a starting
point for proving Theorem 1.

B.2 SEQUENTIAL MONTE CARLO: SAMPLING BY APPROXIMATING THE PARTITION FUNCTION

Given N responses drawn from the generator model mgey, (+|), the partition function Z(z) in eq. (4)
can be approximated by a discrete summation,

Z(x) = EYNWgerl(‘le)[ S(Y‘z) Z Silz) = ().

SMC uses this approximation to sample from the target distribution, mgen (-|2)e5C1®) /Z ().

Definition 4 (Sequential Monte Carlo (SMC)). Given a prompt x, SMC generates a set of draft
responses Y = {Yi}Y, iid. from Tgen(+|2). Then an index ¢ is sampled with probability

proportional to e%(Y:1*) and Y; is returned. Denoting Y* as the output of the procedure,
Pr(Y* = V) S (Yilx)
Tr = . = — y
' Z Ydml( ( )
where, Zy, . (x Z eSWil®),
JEn]

The policy, 7suc, N, is the induced distribution over responses, averaged over the randomness of
sampling Y gra-

Let us first introduce some notation to make the presentation simpler.
Definition 5 (Exponentiated score). For the sake of brevity, define the exponentiated score,

Wtarget(y|x) Br(ylz)
(o) = =2 oy e
B 7"'gen(yl‘r)

Furthermore, define ¢max = maxzex yey ¢3(y|r) and dmin = mingex yey ¢p(y|x). Note that ¢g
is simply the exponentiated version of the score S(y|z) defined in eq. (1).

To aid our analysis, we will establish guarantees for SPECS which bounds the KL divergence of with
the optimal policy, when the number of drafts generated (i.e., the beam-width) is randomized and
distributed according to a Poisson random variable with mean n. We will establish upper bounds on
E[Dkr(msuc,n[|75)] where N~ Poi(n)| 0. Note that since Pr(N = n) 2 1/n for N ~ Poi(n)[>o
so, these results can be translated into an upper bound on Dy (7suc,» [|73) for any fixed value of n,
by multiplying by an additional /7 factor.
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Theorem 4. Fix any n > 3. In the infinite block-length setting, the policy Tsyc, n induced by SMC
(Definition 4). satisfies,

log?(n max 2
Env oty o [Die (e || 75)] so( s ) (z) )

Dmax and Gmin are defined in Definition 5.

This result presents a guarantee for SMC where the number of beams generated is drawn from a
Poisson distribution. Poisson random variables are tightly concentrated around their mean and the
above result implies as a corollary that for any n > 3,

. * lo 2 n max °
win D (tsc ) so< e (Ge) )

(bmin

Similarly, as mentioned previously, note that for N ~ Poi(n)|~o, Pr(N = n) 2 1/+/n. Therefore,
by an application of Markov’s inequality, we also arrive at the following bound for any fixed value of

n >3,
1 2 max ?
DKL(WSMCA,HHWE) < o < 053/(5) (¢ > ) . (10)

¢1nin
This establishes an upper bound for SMC which applies for any fixed beam width.

Since it is more involved, we defer the proof of Theorem 4 to Appendix C. We have the following
two corollaries of Theorem 4 by instantiating 7ge, differently.

Corollary 1 (Target sampling). Suppose n > 3 and that drafts are generated from Tiarget (i.e., We
choose Tgen < Tiarget). Assuming rewards lie in the range [0, R), in the infinite block-length setting
(Definition 3),

/28R
Ex - poitn) oo Dkt (Tone.n || 75)] < on< i )

n

By an application of Markov’s inequality, we have that for any fixed n > 3,

. 62[3R
DKL(T(-SMC,TL”T(;]) S On <n2>

Note that SPECS in the infinite-block length regime is precisely the same as mguc, ;v Where the
QENerator Mgen < Tiarget- LHis implies the statement of Theorem 3.

Corollary 2 (Speculative sampling). Suppose n > 3 and that drafts are generated from mqyas (i.e.,
we choose Tgen < Tdrafc). Then, in the infinite block-length setting (Definition 3), assuming rewards
lie in the range [0, R),

) ~ o2BR
EN~Poi(n) |0 [Dxe(Tsue, N [|75)] < On (Ofean)

where Cgeq = ||Trarget (+12) /Tarate (|2)]| oo || Tdrats (-|) /Tearget (-|2) ||oor as defined in Equation (9).
By an application of Markov’s inequality, we have that for any fixed n > 3,

_ , R
DKL(WSMc,nHﬂ'E) <On <Cseqng/2>

Remark 2. In all three prior results, Theorem 4 and corollaries | and 2, the proof will argue the
stronger upper bound which replaces the KL divergence in the LHS by the strictly larger quantity,

1og<1 + D, 2 (ﬂ'sMc,N”ﬂ'g)).

When the target and draft models are identical, then Cseq = 1. We also show that the rate of decay in
Corollary 2 is essentially tight when the target and draft models are identical.
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Theorem 5. There exists a target model Targer and reward model over a 2-ary response space
Y = {yo,y1}, with rewards lying in the range [0, R, such that, the policy Tsuc N returned by
sampling by SMC (Definition 4) in the infinite block-length setting (Definition 3) With Tgen < Tiargets

o26R
EM%MMJQAMWNWMEQ”(Wzy
assuming that n > €A~

B.3 FINITE-BLOCK LENGTH: ANALYSIS OF SPECS WITH IDEALIZED PROCESS FEEDBACK

In this section we extend the previous discussion to the finite-block setting. In this case, SPECS
(Algorithm 1) is iterative and the reward model considered in SusSamMp LE (Algorithm 2) must be
implemented with a process reward model (PRM) which is trained to provide block-level feedback.
Furthemore, control of draft generation is shared between the draft and target models additionally
through dynamic switching.

In the infinite block-length setting, the guarantee of SPECS depended on a strong notion of coverage,
Cseq = ||Ttarget (1) /Tarats (-[2) ||oo | Tarase (-]) /Tearget (+]) || oo, Where the distributions are over
full responses, a quantity which may scale exponentially with H. In the finite block-length setting,
our main result, Theorem 1 shows that with access to a PRM in the sense of Definition 2 allows
guarantees that scale polynomially with the horizon H, where the dependency on Cs.q is relaxed to
the maximum “per-block” ratio of densities between the target and draft models.

We will reiterate the definitions of the process reward model we consider. In practice this model
is trained and inexact, but for the purpose of a clean theoretical discussion we avoid this challenge
and discuss the case where the process reward is exact. The following two definitions instantiate the
PRM.

Definition 6 (Optimal KL-regularized value function: restatement of Definition 1). For a policy 7,
and any prompt x € X" and partial trace y<;, the optimal KL-regularized value of a policy is defined
as,

Vi (@) = 5108 (Byenclomen 0]

where Y is a full completion of the partial response y<;. Note that for any full response y € J,
Vi(z,y) =r(z,y).
Definition 7 (Idealized Process Reward Model: restatement of Definition 2). Let rf, denote the

PRM corresponding to the optimal KL-regularized advantage function with respect to some policy 7.
Formally, given any prefix of tokens / blocks y<;_1 of length ¢ — 1 and a subsequent token / block v,

o (Ve |5 y<i—1) = Vﬁﬁ(f&ygt) - Vg”(%ygt—l)
where, the KL-regularized value function V/J" is defined in Definition 1. The cumulative advantage
till block ¢ is denoted, 7y (y<t|z) = St _; 8u(Yer |2, y<ir—1). The idealized PRM we consider is

target _ T _
Tpam = Tpry LOT T = Target-

Our first result will be to establish that the optimal aligned model can be decomposed into a sequence

of models corresponding to solving “one-block” regularized reward maximization problems over the

. . t: t
reward function induced by rppy -

Lemma 2. The optimal aligned model over full responses can be written as a product of conditional
per-block models,

H

Wé(ylf" ,yt|x):H7rf3(yt|$>y§t71)> (11)
t=1

where, we define,

(e, y<i—1) Wtarget(yt|x7ygt—l)eﬁ[rl;gﬁe (yelz,y<e—1)]
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Is the solution to a one-block KL-regularized reward maximization problem. Namely, for every
prompt x and partial trace y<¢—1, Tj (‘|z, y<i—1) is supported over one-block completions and is the
solution to the problem,

target

. 1
min {Ethﬂ(-|a:,y<t1) [TPRM (ytlxa yt—l)] - BDKL(W("%, ygt—l)a 7"-ta.rget("'r7 yﬁt—l))}
where m: X X Y<i—1 = Ay,.

Proof. By definition, the optimal aligned policy can be written down as,

Ttarget (y|x)eﬁr(y\z)
eBT(Y‘a:)]

T (ylw) =
sl D —ar|

Ttarget /. _ y/Ttarget
:marget(y\x)eﬁ[% (z,y)—V, (z,0)]

H
Ttarget _y/ "target
= ﬂ-target(y‘x) H 65[‘/5 (®,y<er)=Vp (@,y<r_1)]

t'=1

T

Ttarget
)65[‘/5 E (2y<t)
Ttarget

1 EYtNﬂ'target("waySt—l)[e s

Ttarget (yt ‘Jf, Y<t—1

; (z,[ygt_l,Yt])]

H

target

ﬂtarget(yt‘x,ygt_l)eﬂ[rm (yelzy<i—1)

ﬁrmge‘(Yt - Zl<1,_1) .
=1 ]Eywwmgct(.‘w’ygfl)[e e (YVelzy<e-1)]

O

Next, we show that policies which can guarantee that they realize a one-block distribution which is
close to WE(~|I, y<¢—1) for every ¢ correspond to policies which is close to m over full responses in
the aggregate.
Lemma 3 (Local-to-global guarantee). Consider a policy with next-block distribution given by
7(-|z, yt—1) which satisfies the following guarantee: for every prompt x and prefix y;_1,

Dy (m(:|2, y<i—1), 75 (|2, y<i-1)) < €.
where the induced distributions 7(-|z,y<,—1) and w5 (|, Yy<i—1) are one-block completions of the
partial response (z,y<—1). Then, we have that,

1+ Dy (m, ) < (14+¢)7

Proof. By definition
1+ D, (7TH7T§)

2
m(Y|z)
=By |Byms(la) *)>

H 2
7T(Yt|$7Y<t—1)
=E, |Eyrt(la AL Tst—1)
o |y ~rs (|2) 1_[<7r (Y|, Y<i_1)

* = T(Yi|w, Y<i1)
=E, |Ey_y i~ryla) [[1+ Dy (m(lz, Yap 1) llm5 (|2, Ym-1))] - H m
t=1 B [t

t=1

2
@ i 7(Yelw, Y<i—1)
< (1 E, E ~1k (| ARSI ,
< ( +E) p Y§H71 5( ‘ ) H (7{2(}@|1’,Y<t1)

where (a) follows from the local assumption on 7. By recursing on the RHS, we arrive at the
statement of the lemma. O

Combining this recursion with our guarantees for SPECS in the infinite block-length setting, we
prove the main result Theorem 1 next.
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Proof of Theorem 1. Consider some partial trace y<;—1 and let us consider the process of generating
the ¢ block. Let Z; € {0, 1} denote the random variable which is a measurable function of y<;_1
which determines whether 7q,.¢ generates the drafts or 7,0 generates drafts in iteration ¢.

By the observation in Remark 2 for the infinite block-length instantiation of the SPECS policy 7sprcs,

the following local guarantee is also true when instantiated with r = iy and used to generate a

single block: given any prompt « and partial trace y<;_1,

X /28R
Dy (msue,n (|2, y<t—1)l{z =0y |75 (-2, y<e-1)) < exp (O" (n3/2>) !

B 28R
Dy (msucn (|2, y<i—1)|{z,=13 175 (|7, y<i-1)) < exp (On (C‘glockng/g>) -1

Note in particular that the second guarantee only depends on Cyy,cx by virtue of the fact that we only
generate a single block and not entire responses (7sprcs (|2, y:—1) is a distribution over single blocks).
By the convexity of the X2 -divergence, we have that Tsprcs (+|«, y<¢—1), which is a mixture between
7TSMC7n('|$7 y§t71> with Tgen < Tdraft (i~e-’ Zt = 0) and 7TSMC,TL("xa ygtfl) with Tgen < Ttarget
(i.e., Zy = 1) satisfies,

N ~ 02BR
D, (WSPEcs('|5€7ygt—1)||775(‘|$7y§t—1)) < exp <On <Cglockng/2>) -1

The proof finishes by combining these guarantees across ¢ via Lemma 3 to give the inequality,
~ , PR
1 + .DXZ (WSPECS HT('E) S exp (On (H . Cblo€kﬂg/2)>
Using the inequality, Dxr.(Tsprcs||7f) < log(l + D,2(7sprcs ||7r§)> completes the proof.

Proof of Theorem 2. With an arbitrary choice of PRM rpgy, it is a simple modification of the proof
of Theorem 4 to see that,

~ , 2R
DKL(WSPECSHW??,PRM) <0, (H ) Oblockn3/2)

Where, similar to eq. (11),

H

WE,PRm(y\l‘) £ H WE,PRM(yt|x7 ySt—l)
t=1

Where, we define,

eﬁ[TPRM(yt‘mvySt—l)]

> 12)

What remains is to bound the worst-case density ratio between 77 and 77 ;.. Noting from eq. (11),

WE,PRM(yt |7, y<t—1) O Tearget (Y |7, Yy<i—1)
The statement of theorem 2 will follow from the following inequality,

*
T3
*
B,PRM

Dxr(7specs||75) < Dxu(msercs|| 75 pru) + 108 <

Wfa(ytmaygtfl)
WE,PRM(yt |z, ygtfl)
eBlrem (Welwy<i—1)] Zy, Tearget (V'] T, ygt71)eﬂ['!“pm(yt|;1;7yst_1)]

- eBlrenn(yelz,y<e—1)] ' Zy/ Wtarget(y’lx,ygt71)€m”’” (yelz,y<i—1)]

S 6255PRM

Where the last inequality uses the fact that 7ppy satisfies Assumption I. Combining with eq. (12)
completes the proof.
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C ANALYSIS OF SMC: PROOF OF THEOREMS 4 AND 5

We begin with the proof of Theorem 4; the last part of this section will be dedicated toward proving
Theorem 5. Prior to diving into the proof, we will first introduce some additional notation. Let NV,
denote the number of occurrences of a particular y € ) in the collection of N ~ Poi(n)~ responses,
Y drafi, drawn i.i.d. from 7mgen (+|z). Recall the definition of the score function ¢g(-|-) as defined in
Definition 5. Furthermore, define,

¢ﬁ(5) = EYN?Tgen("-’E) |:678¢/3(Y‘z):|

as the Laplace transform of ¢3(Y'|z) for Y ~ mgen(+|2). Define,

Ny¢s(y|r)
Tsuc,N (Y| :E{yN (13)
S ( | ) ZYdmfuﬁ(I)
Furthermore, let us define,
WSMc,n(yu) = IENNPoi(n)\>0 [WSMC,N(y‘x)]a (14)
where Ny ~ Poi(n). Note that with our definition of scores (Definition 5), we have,
() = — Mot WDV mgen (yl2)dsl7) _ Tgen (yl2)05(y12)
? Ey omarges (1) P71 By or () [0 (Y[2)] —27(0)

Our objective is to upper bound,

EN~Poi(n)[so [Pz (Tsue,n |75)] = Z EN~Poi(n)[s0
yey

[(WSMC,N(y|x))2]

m5(ylr)

Our first result will be to provide a formula for the probability that a response ¥y is sampled by
Tome,n = E[Tsuc, N]-
Lemma 4. Ty, can be written as the following integral,

nTgen (y|2)d5(y|x) /°° o(®@s(5)=1) | —sbs(ln) g
1-— e~ "n 0 '

Tsmen(Y|x) =

Proof. Our first step we will be to arrive at an integral representation of 1/Zvy,., g(z). For any
A>0,A7! = [¥ e *Ads. With the choice A = Zy,, 3(x), by Fubini’s theorem,

I(N>1)- Ny¢ﬁ(y|$)} = ¢s(ylz) /OOE [Nyefs 2 g8 (%) I(N > 1):| ds = /°° U,(s)ds
ZYdmn,ﬁ(‘r) 0 0 (15)

where we define,
Wy (5) = da(yle)E [Nye™ e @ I(Ny > 1)] = p(y|o)E [Nye™ @]

which uses the fact that N, = 0 if Ny = 0. The remainder of this proof will be to analyze ¥, (s).

Define N, = > VYo I(y" = y) as the number of times y appears in Y 4.,¢. Then,

\ij(s) =E |:Ny€_s E’yoey Ny0¢ﬁ(yo\x):|

—E |:NyefsNy¢B(y\$)i| . H E |:675Ny0¢3(y0|a;)
Yo€V\{y}
where the second equation uses independence admitted by the Poisson structure. Note that,

i [efsNyOqsﬁ(yo\z)} _ Ze—sjcbﬁ(ym) Pr[N, = j]
j=0

0o .
— Zefsjd)ﬁ(y(ﬂx) . (mrgen(.ydx))] e*nﬂgcn(yoh’)
J=0 Jt

= exp (nﬁgen(yOM) (efsdm(yolm) - 1))
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A similar calculation results in,

E NyefsNy¢/3(y|$):| = Zje*‘qj‘i)ﬁ(y‘w) Pr[N, = j]
jfo

—Zefwﬁ o) . (Meen (W) i)
(=1t
nﬂ' on(ylz)es¢s W) J
= ngen(y]2)e s%(y\z)z gen (y[2)e )
4!
j=0
= nmgen(ylr)e "0 exp (nmgenylr) (1) — 1))
Multiplying everything out, we get,

U, () = ngen (y|z)e =597 @12) exp (mgen(y|x) (emsdatule) _ 1)) I e (mgen(yo‘x) (e~ (wola) _ 1))
yo€Y\{y}

e~ "gen (y]2)

- mrgen(y|x)e—3¢5(ylw)en(%(S)—l)

Plugging into eq. (16) completes the proof. O

As a sanity check, we can check that the probability calculated in Lemma 4 integrates to 1 overy € ).
Notably,

ZfSMc,n(yL'E) _ Z nﬂ—gen(y‘x)?f(yM) / e (®@a(8)=1) | o—s¢p(ylz) g
0

1—e
yey yey

oo
= : n _ / eM(®s(s)=1) Eyor (.‘z)[¢5(Y|x)e—s¢5(y|x)]d8
—en 0 gen

—n

oon@ s)—1
1_e_n/0 (@)1 L 3, (5)ds

@ 1 / et dt
1—e™ 0

=1
where in (a), t = n(1l — ®5(s)).

Our next result will be to provide a formula for E[(mrsyc, n (y]x))?].
Lemma 5. E[(7syc v (y|x))?] has the following integral form,
E[(7sme,n (y]2) )2]

= o ([ [ (0 205(61)8a(62)) ((mantyi)e 790000

x exp(n[®s(s1)Ps(s2) — 1] )dsy d52>

2 (s (yl))? -

Proof. Forany A > 0, note that A=! = fooc e~*4ds. By Fubini’s theorem, and letting Ny ~ Poi(n),
—l1_e—n
>1).
EFW%_DMW@@
I(Ny > 1) - N,N, ]
ZYdrmﬁ( ) 2,8 (T)

Pr(Ng > 1) 'EN[(WSMC,N(?J|$))2]
N—— —
2
%}
ZYdmn,B (1}) ‘|
(;55 y‘x / / 51 DY g 8 () =2 2 8 () I(Ng > 1) dsy dss
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where in (a), ]Vy and Zydmf“ () denote independent copies of N, and Zv,, g(x) conditioned on
Ny. This can be further rewritten as,

Pr(No 2 1) Exl(raen (4fo)?] = (05(01))* [ [ @(srs)dsadss (16)
0 0
where we define,

U, (s1,52) =E Nyﬁy c e Dt g (@) =52 Z"draﬂﬁ(”)}

which uses the fact that N, = ]\~/'y = 0if No = 0. The remainder of this proof will be to analyze
U, (s1, s2). First we describe a unified way to treat { N, } and { N, }. Across Ny ~ Poi(n)|s¢ trials,
suppose we draw a 2 = y{yb ~ Tgen(:|) X Tgen(:|x) in each round. At the end of these rounds,
we will let 2% (21 = ) = N, and 32~ (24 = y) = N,,. Forany z € )2, let N, denote the
number of occurrences of z among the outcomes of the trials. By the Poisson structure, we have that
N is independent across different values of z. Furthermore, we have that N, = 3 .. N

> Z1=y "
and Ny = 3> .ys . _, N.. This means that,
U, (s1,80) = E {( Nz) ( Nz) S N (51652 @) 5208 (241))
y(81 52) Zz:zl:y ZE:Eg:y ¢

=E Z;Zzz NzNg—‘rNyzy cem e Nara(s) 17
2H#Z
Where a(2') = s1¢p(2]|z) + sa¢p(2z5|z). Breaking down the first bracket into a summation across
individual terms, we will first bound for z # z such that z;y = y and 25 = v,

E |:NZNE e~ Zz/ NZIQ(Z/):| —F |:N267Nza(z):| E |:N§’67N2a(z):| H E |:67Nz,a(z’):| (18)
2/ ¢{z,z}
Let Tgen (2'|2) = Tgen (2] |2)Tgen(25]2). Then, for any w € R,

e %I Pr[N,, = j]

ol

Il
=)

E [efWNz'} =
J
i (eI e

e ]'

o

Il
=)

J
= exp(nﬂ'gen(z’\x) (67‘*) — 1))
For any k > 0, a similar calculation results in,

E

k o k
€_WNZI . H(Nzl — l)‘| = (] — l)e_“j PI‘[NZ/ = _j]
=0 7=01=0

= i o wi (nﬂgen(2/|$))Je—mge,,(z/m)
|

Parwri (j—k—1)
o0 ] ’ J )
= (nﬂgen(2/|x)e—w)k+1 . Ze—wj Me—nﬂ'gen(z |z)
. 7!
Jj=0

= (ngen(2'[1)e )" - exp (nmgen(#]2) (7 — 1))

Combining with eq. (18) (with appropriately instantiated w and k),
E [NZNg e S sza(z/)}

= (nﬂ'gen(z|x)efa(z)) (nﬂ'gen(ﬂx)e*a(z)) Hexp (nﬂ'gen(z’\z)(efa(zl) — 1))
= (nﬂ-gen(zm)e*a@)) (nﬁgen(gu)e*a(?)) exp (”Ez'mrgen(-lw) [6751@(2‘1Ir)+52¢/3(25\m) _ 1])

= (nwgen(z|x)e_°‘(z)) (nwgen(ﬂx)e_a(z)) exp(n [@5(31)®5(52) — 1])
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On the other hand,

2 — s N, 2z’
]E[Nyy-e S Nara >}

=FE [N;ye_Nyya(yy)] H E [e—Nz/a(z/)]
z'Fyy
= E (N (Nyy — 1) 4 Ny oMo T E [emMoot)]
z'#yy

= ((n’frgen(yy|x)eia('yy))2 + (nﬂ—gen(ym‘r)eia(yy))) + €Xp (nwgen(z/|x) (efa(yy) - 1))

X H exp(nﬂgen(zwx)(e*a(zl) - 1))

2 #yy
= ((nﬂgen(yy|x)eia(yy))2 + (nﬁgen<yy|‘r)€7a(yy))> ' exp(n [(I)ﬁ(sl)q)ﬁ(SQ) - 1])

Combining with eq. (17),

U, (s1,52) = 2 (nwgen(z|z)670‘(z)) (nwgen(fi\m)ew‘@) exp(n [@g(sl)q)[;(sQ) — 1])
+ (nwgen(yy|x)e_a(yy)) -exp(n [@5(81)@5(52) - 1])
= D(s51)0p(52) (ngen(yla)) e~ 15900 exp (n[@5(s1) @y (52) — 1])
+ (n(mgen(ylw))?e™ C1752)2800) L exp (n[@p(s1)Pp(s2) — 1])

= (n*®p(s1)Pp(s2) +n) (ﬂ-gen(y|‘r))26_(81+52)¢ﬁ(y‘x) exp(n[®p(s1)Ps(s2) —1])

Plugging into eq. (16) completes the proof. O

C.1 BOUNDING THE KL-/x2-DIVERGENCE: PROOF OF THEOREM 4

Observe that,

1+ Enrpoi(n)|=o [Pz (Tsue, N [|75)] = Z EN~Poi(n)[=0
yey

l(wsm,mm))?}

m5(ylr)

Recall the calculation of E[msyc n(y|x))?] in Lemma 5.
Noting that 3=, oy, Tgen (y[2) dp (y|a)e™ (1752005 WI0) — (— @) (51 + 52)),

E l(wc,N(w))?]

Z | wl)
1

- 1—em

</Ooo /0°° (n*®p(s1)@p(s2) + 1) ((—P5(0))(—P(s1 + s2)))

x exp(n[®g(s1)Pa(s2) — 1])dsy d32> (19)
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Suppose that instead of the product (—®(0))(—®5(s1 + s2)), we in fact had (=P (s1)) (=P (s2)),
we will show that the double integral exactly equals 1 — e~ ". Indeed, observe that,

/Ooo /OOO (n*@s(s1)Pp(s2) +n) ((—®%(51)) (—P(s2))) exp(n[®s(s1)Pps(s2) — 1] )ds1 dsy

(n*®ps(s1)Pps(s2) +n) exp(n[®s(s1)Ps(s2) — 1])dPa(s1) dPa(s2)

exp(n [u1u2 — 1])du1 dus

|
/0 (n*uius 4 n) exp(nfuius — 1])du; dus
J

o dujdug

-
1
-
/1

(@)
9n

(1,1) = gn(1,0) = gn(0,1) + g,(0,0)
—1_e . (20)

where in (a), g (u1, uz) = exp(n[uiuz — 1]). In order to bound the integral in the form present in
eq. (19), we split it into 2 parts; denoting p,, = log (n4) /n,

Ro = {(s1,52) € R? : min{®4(s;), Ps(s2)} > 1 —p,}

R1 = {(51,52) € R? : min{®s(s;), Ps(s2)} <1 —pn}.

And let T, and Z; denote the integral eq. (19) (which is over R?) over the disjoint regions R and
Ri.

Lemma 6 (Bounding the integral Zy). Assuming that n is sufficiently large so that 0 < p,, < %,
IO S €xXp (pi (¢max/¢min - 1)2 )

Recall here, that oy = maxgex,yey ¢3(y|r) and Gmin £ mingex yey ¢p(y|).

Proof. Observe that Z corresponds to integrating around a small neighborhood of (0, 0), and to this
end, we first bound (—®7;(0))(—®j3(s1 + s2)) for (s1,52) € Ro, showing that it is approximately
equal to (—®}(s1))(—Pj(s2)) in this regime. The resulting integral can be bounded using the
calculation done in eq. (20).

As s1 and s become smaller, which is the case as n grows, the approximation becomes better: this
essentially follows from the fact that f(s) = log ( — ‘I>’5(s)) is a bounded, smooth convex function
and behaves locally linearly. Formally,

f(s14s2) + f(0) — f(s1) — f(s2)

/ / f u1 + 'LLQ duldu2

o [" [ %3 — Paud

S0~ (50
/ / 2<I>’ 7 (1) By (ua) d®p(u)d2s(u2)
‘I’%’( )P (u) — (P (u))?
éufg[%?;ﬂu;a%f;] s ) e

(
" "
<p?- max max S ACy (/) ((I)*?(
ur€]0,1] uz€0,55] (P(u))2 @l (u1) P (uz)

2n
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where in (a), u = u1 + ug. In the R regime, letting Y, Y’ oy Teen (-|2),
@ (1)@ (u) — (2 (x))’
wr€10,51] u2€[0.52] (@ (u)2 @l (u1) P (uz2)
E[¢s(Y[2)gs(Y'|2) - (p5(Y]x) = ds(Y'|2))? - e (@s V) Hon(Io))]

" 9F [6s(Yz) - e—u(@amx)f E[ps(Y]a)ds(Y'|x) - e~ u(#s(Y2)+65(Y"2))]
@ Elgs(V]e)gp(Y']z) - (¢5(Y]x) — dp(Y']2))? e (@ ()t os ()]
= T 20— pa)? E[55(VI2)6s (Y Te) - e 0 40070

(¢max Prmin)?
= 202, (01— po)?
< (Pmax/Pmin — 1)%,

where (a) uses the assumption that ®g(us ), P5(uz) > 1 — p,, in this regime, and the last inequality
assumes that n is sufficiently large that p,, < % Combining with eq. (21),

(=P (51 + 52))(—P3(0)) < exp (Pi <¢max - 1) 2) .

(=@ (51)) (=P (s2)) Pmin
Combining with eq. (20) completes the proof. O
Lemma 7 (Bounding the integral Z;). We have that,
4 QSHIB,X
NS

Proof. In the Ry regime, we have that n(1 — ®5(s1)®s(s2)) > log(n*). Therefore,

7= o= [, (P Rats)®s000) 1) (00D 501 +520)
exp(n [@5(51)@5(52) = 1})d51 d52>
/ (=P (s1 + s2))) exp(— log(n4))d31 dss

- / Elgs(Y|2)] - E[(Y |z)e 1282019 ds, ds,

=7~ E[ps(Y]x)] - E[¢p(Y]2)) 7]
4 ¢max

n? ®min

4 ¢max

% Gumin

A
|

C.2 PROOF OF THEOREM 4

Proof. This is a consequence of the fact that by eq. (19),
1 + DX2 (WSMC,TL”T(Z{) = I() + Il

Combining with Lemmas 6 and 7, this results in the bound,

* d)max 4 2 ¢max 2
1 + E[DX2 (WSMC,N”WI(})] < - . ﬁ + exp pn 7 -1 .
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Simplifying this by noting that z < e* — 1, gives the inequality,

2
1+ ]E[DXQ (TI'SMC,NHW;;)] <142 (exp (41)3 <9(Zme-1x) ) B 1> '

Taking a logarithm on both sides, noting that Dy (p|lq) < log(1 + D,2(p||q)) and simplifying the
RHS with the inequality, log(1 + ¢(e® — 1)) < cx for ¢ > 1 completes the proof. O

C.3 PROOF OF THEOREM 5

Consider the following problem instance where there is a single prompt (which we will avoid stating
in the reward and policy notations), and the response space Y = {yo,y1}. 7(y0) =0 and r(y1) = R,
and 1 — Tiarget (Y0) = Trarget (Y1) = 795 Where we denote 6 = e* for the sake of brevity. The
optimal aligned model is,

* * 1
ﬂ-w,ﬁ(yo) = ﬂ-w,ﬂ(yl) = 5

For this model, the Laplace transform of the score function is,

—s —s6
—sop(Vim) BT €

@ﬁ(s) = Eywmarget(.m) [e = W 22)
From Lemma 5,
0 n o 3 .,
Tome,n(Yo) = 110 —em /o e (®@(s)=1) | =5,

-5 - )/len(gmel)dt
0

146 (1—em
where the last equation uses the structure of the Laplace transform of the score function in eq. (22).
Let h = g(t) = %+, and thereby, t = g~ '(h) and dt = 1/g/ (9" (h))dh.
0 n Len(h=1)
Tsuc,n(Yo) 1460 (1—e™m) /0 g' (g7 (h))

®_0 1 /n e dh
140 (A—e) o glg (A—ha/n))

where in (b) we plug in h; = n(1 — h). Observe that ¢'(t) = 9"'194{271 < % is an increasing
function in ¢, and thereby,

1
T sMc,n (yo) > 5

In particular, we will show that ‘ﬁSMcm(yo) — %’ > (’)(%). Since ¢’ and g~ ! are increasing functions,

_ ) 1 Loem " e M
7TSMC,n(yO) > 1+6 ’ (1 _ efn) |:/0 g’(gfl(l))dhl +/1 g’(gfl(l - 1/”))dh1:|

_ 0 1 {( _6_1)1+9+e_1—e_”. 20/(1+ 0) }

S 14+6 (1—em) 20 20/(1+0) g (g7 (1 —1/n))

1 e l—e™m 20/1+6)

=5+ (et ) @

Observe that,

1+6 0 1+6 1 1+6\°
9(1_ 29n)_1+9(1_ 29n>+1+9<1_ 20n>

6 1+6 1 146
> _ _
1+9(1 29n>+1+9<1 2n>
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Since g (and thereby g ') is increasing, this results in the inequality, g~ (1 —1/n) < 1— £*£_ Since

g is also increasing, we have the inequality,

o a-1/m <g(1- 550

0 0 1+0\!
1460 1+90 20n,
0—1
20 0 [, _(,_1+6
20n

~ 146 1+6
Assuming thatn > 6 > 2, (1 — 1i@)(F1 >1-— 2—*719. This implies,

20n
20 0
(g7t 1 -1 < —— - —.
glo=A-1/n) < =5 -
Combining with eq. (23),
1 _elt—em 20/(1+6)
= _ > -1
Tauen(Yo) = 5 2 =3 (29/(1%—9)——9/4n/ )
el —e™m 2
> -1
- 2 2—0/4n
0
~ 50n’

where the last inequality assumes that n > 3. This implies that,

Drv(Fsuem, T5) > ——.

TV(WSMC, Wﬁ) = 50n

The proof concludes by an application of Pinsker’s inequality to lower bound the KL divergence by
the squared TV distance, D%, (p, q) < %DKL(p, q)). Finally, by the convexity of the KL divergence,
we may take the expectation over N ~ Poi(n)|~¢ outside the KL divergence.

D ADDITIONAL EXPERIMENTAL DETAILS

D.1 LATENCY BREAKDOWN

In this experiment, we further hope to break down and understand the distribution of latency cost
across the various components of SPECS: generation from the draft model (when deferred to),
generation from the target model, and scoring using the draft and target models. We evaluate these
across all three datasets, AMC23, MATHS500 and OlympiadBench when the draft-target pair is
Qwen2.5-1.5B-Instruct and Qwen2.5-7B-Instruct. We observe that generation from the target model
is still a large component of the latency breakdown, since it is slower than the other steps. However,
the overall latency can be brought down via generation from the draft model.

D.2 HARDWARE AND FRAMEWORKS USED FOR THE EXPERIMENTS

All experiments are performed on a node equipped with 3 NVIDIA A100 Tensor Core GPUs. Each
model is served on a separate GPU and accessed using vLLM (Kwon et al., 2023) API endpoint. For
both beam search and SPECS, we vary the computational budget (e.g., by adjusting the beam width
n) to trace out different latency-accuracy scalings.

D.3 ENGINEERING AND PERFORMANCE OPTIMIZATIONS:

In order to make the SPECS algorithm more latency-efficient, we implemented some performance
optimizations for increased parallelism and efficiency that are worth noting here. In particular, within
the SuBSaMP LE subroutine in Algorithm 2, the log-likelihoods of the generated beams under the
target model as well as their scores under the reward model are evaluated. Both of these options can
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Latency Breakdown
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Figure 5: Latency breakdown is shown

be carried out concurrently to only pay for the latency cost of the slower of these two operations.
Moreover, during the generation of new candidate beams for a given step, ideally we would like to
use prefix-caching so that we do not need to recompute the logits of the previously decoded steps.
However, prefix-caching is disabled in vLLM when we also want to access the log probabilities of the
prompt tokens, which is necessary for the SuSamp LE subroutine that requires the computation of
log-likelihoods of trajectories under the target model. We solve this problem by changing the vLLM
source code to allow the computation of log probabilities. The solution to this problem is that we do
not actually need to compute the log-probabilities of the tokens that are prefix-cache hit, we only
need the log-probabilities of the tokens appearing in the last step. We solve this issue by bypassing
the prefix-cache hit tokens for the previous steps and efficiently compute the log-probabilities of the
newly generated tokens in the last step, avoiding redundant computations.

D.4 HYPERPARAMETERS FOR SPECS EXPERIMENTS

The hyperparameters used in the experiments in Table | are presented in Table 3. Importantly, there
are 3 key hyperparameters in this algorithm: 7 is the beam-width, 5 is the inverse-temperature for the
soft verification, 7 is the dynamic switching threshold. For MATHS00 and OlympiadBench datasets,
the hyperparameters are chosen on a separate set of 100 questions from that dataset, treated as a
validation set. For AMC23 dataset, since there were only 40 questions, we select the hyperparameters
that give the best accuracy vs. latency for different choices of n.

B draft target B draft target

0.8 0.8

0.7 0.7

0.6 0.6
205 205
[ [
204 foa
o o
o o
@03 @03

0.2 0.2

0.1 0.1

0.0 0.0 -

overall low reward high reward overall low reward high reward
(a) “High reward” threshold is 0.6 (b) “High reward” threshold is 0.7

Figure 6: The threshold on reward determining the batch of “high-reward” 8-step partial traces
generated by the target model is varied, within the same experimental setup of Figure 2b. The
trend persists very strongly: the draft model is much better at completing high-reward partial traces
compared to low-reward partial traces generated by the target model.
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Table 3: Chosen hyperparameters /3 and 7 for different datasets; n is the beam width.

Family Dataset |n | B T
4 20 0.8

AMC23 8 | 16 08

16 12 09

- 1000 038
Qwen Family MATHS500 8 | 10000 0.75
16 1000 0.8

12 09

OlympiadBench | 8 8 0.9
16 12 0.7

4 | 1000 09

AMC23 8 | 1000 0.8
16 | 1000 0.85

. 4 100 0.8

Llama Family ' s Ts00 8 | 1000 0.8
16 100 0.7

10000 0.8

OlympiadBench | 8 100 0.6
16 | 1000 0.7

D.5 DYNAMIC SWITCHING

In this section, we include some further analyses of how the accuracy varies as the reward threshold
which defines “high-reward” and “low-reward” is varied in the setting of Figure 2b, where it is set
as 0.5. As we increase the reward threshold defining high-reward, we observe that the trend grows
stronger: the draft model gets increasingly better at solving high-reward traces. The results are
described in Figure 6.

We further try to understand the effect of switching from target model as generator to draft model
as generator, as a function of the point at which traces are sliced. In Figure 2b we observed that
the draft model is very successful at completing 8-step high-reward partial traces generated by the
target model, while it is much worse at completing the corresponding low-reward partial traces. In
this section, we run the same experiment but set the switchpoint to be earlier, by generating only
4 initial steps of reasoning from the target model instead of 8. The results of this experiment are
plotted in Figure 7. We observe that the draft model continues to achieve higher accuracy when
completing high-reward traces compared to when completing low-reward traces. However, when
we set the switchpoint to be earlier, we observe that completing with either draft or target model
achieves similar performance on the low-reward traces, while there is a deterioration in performance
on high-reward traces when the draft model is used to complete them.

Based on this experiment, we conclude that the trend observed in Figure 2b is stronger when we
switch from the target to the draft model at later points: completing high-reward traces using the draft
model is better than using the target model, when the high-rewards are observed later in the trace.

D.6 PERFORMANCE OF SPECS UNDER NOISY PRM

We also conduct some experiments where the quality of the PRM is worsened by adding explicit
Gaussian noise. In the particular, the PRM we consider is 7pzy = 7pry + Z, Where Z is independent
0-mean Gaussian noise with standard deviation 0.1, i.e. Z ~ N(0,0.01). In this regime, we see
that the performance gap between SPECS and beam search with small model increases, while the
performance of SPECS still remains competitive with beam search with the large model. We also do
not carry out any additional hyperparameter search prior to running SPECS in this setting, showing
the robustness of our hyperparameters. The results are presented in the Table 4.
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Figure 7: We generate 4 steps of reasoning from the target model. The remaining steps are completed
either by the target model, or by the draft model. We bucket the initial 4-step reasoning traces
generated by the target model into “low-reward” and “high-reward” based on the PRM reward of
the trace, where the threshold is set as reward = 0.5. When contrasted with Figure 2b, which is the
same experiment, but with 8 initial steps of reasoning generated by the target model, there are some
differences.

Table 4: Performance comparison of different methods under a noisy version of the PRM, 7 = r + Z,
where Z ~ N(0,0.01). Here n denotes the per-step beam width.

Method | n | Success Rate (%) 1 Runtime (s) | | Success Rate (%) 1 Runtime (s) | | Success Rate (%) 1 Runtime (s) |
AMC23 MATHS00 OlympiadBench
BS(S) (with 7) 4 36.25 9.55 53.33 7.07 26.00 11.38
BS(B) (with 7) 4 43.33 14.44 76.67 11.18 30.67 14.38
SPECS (with7) | 4 46.67 16.50 78.00 11.07 30.67 14.10
BS(S) (with 7) 8 34.38 12.07 62.00 9.77 25.00 15.83
BS(B) (with 7) 8 50.83 20.59 78.67 14.21 34.00 20.29
SPECS (with7) | 8 50.83 19.64 71.33 12.49 3533 19.99
BS(S) (with 7) 16 43.13 19.73 59.33 15.32 29.33 25.38
BS(B) (with 7) 16 46.67 26.62 73.33 18.57 32.67 25.49
SPECS (with 7) | 16 49.17 27.57 72.67 18.76 37.00 27.99

D.7 PERFORMANCE OF SPECS UNDER CONSTRAINT VALUE OF HYPERPARAMETERS

We see that selecting 5 = 2 x L where L is the max token budget for a generation of a beam search
step is a stable choice for 3 across different benchmarks and different beam width sizes. Indeed, to
demonstrate the robustness of our method to hyperparameters, we show that most of the performance
of our method can be recovered by restricting the space of parameter search to a restricted subset.
In particular, we set 5 = [y * L where 5y = 2 and L is the token budget. Further constraining 7 to
be values in tau € {0.7,0.8,0.9}, we report the accuracy and latency numbers of restricted search
compared to an exhaustive search over /3 and 7 in Table 5.

Table 5: We can achieve similar performance with SPECS even if we constraint the hyperparameters
to specific values across benchmarks and beam width sizes.

Method | n | Success Rate (%) Runtime (s) | | Success Rate (%) 1 Runtime (s) | | Success Rate (%) 7 Runtime (s) |
AMC23 MATHS500 OlympiadBench
SPECS 4 59.2 14.8 77.0 9.83 413 13.1
SPECS (with const. 5,7) | 4 53.1 133 717.0 9.80 38.5 12.5
SPECS 8 62.5 20.7 79.5 11.3 41.7 16.9
SPECS (with const. 5,7) | 8 58.4 20.2 75.3 11.0 41.0 18.1
SPECS 16 68.3 28.8 81.0 15.8 44.0 24.6
SPECS (with const. 5,7) | 16 64.8 264 81.0 15.8 42.6 23.8
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D.8 FURTHER ABLATIONS ABOUT SPECS

We also ran further ablations about SPECS. The main objective of these ablations is to strengthen the
benefit of our proposed scoring mechanism with the loglikelihood term added, as opposed to just
using the PRM rewards.

First, we show that the version of SPECS where we start with the small model first and switch to
the larger model if none of the small model generations exceed the reward theshold 7 performs
better than RSD, which also starts with a small model and then switches to the big model if small
model generations don’t meed a PRM reward threshold but chooses the beams from the small model
with hard best of n sampling. Second, we show SPECS performs better than the version of RSD
where the initial step is done by the large model. Thirdly, we show that the case of SPECS with no
log-likelihood term in the scoring function performs worse than the proposed SPECS, showing the
usefulness of the scoring function. We are using Qwen2 .5-Instruct family of models here.

Table 6: Performance of different case studies with SPECS and RSD

Method | n | Success Rate (%) 1 Runtime (s) | | Success Rate (%) 1 Runtime (s) | | Success Rate (%) 1 Runtime (s) |
AMC23 MATH500 OlympiadBench
SPECS 4 59.2 14.8 71.0 9.83 41.3 13.1
RSD 4 31.2 12.6 71.8 10.1 33.0 17.3
SPECS (start with small model) 4 58.9 18.5 71.5 13.0 41.0 15.3
RSD (start with large model) 4 433 16.8 70.0 13.8 28.0 233
SPECS (with no log-likelihood term in score) | 4 432 125 71.5 8.73 325 16.6
SPECS 8 62.5 20.7 79.5 11.3 41.7 16.9
RSD 8 492 20.3 78.3 11.8 333 21.7
SPECS (start with small model) 8 61.4 21.9 78.9 12.7 41.3 18.1
RSD (start with large model) 8 39.2 21.2 66.7 17.8 327 26.0
SPECS (with no log-likelihood term in score) | 8 47.5 17.9 733 10.6 32.8 23.8
SPECS 16 68.3 28.8 81.0 15.8 44.0 24.6
RSD 16 50.0 25.0 79.0 16.3 335 28.7
SPECS (start with small model) 16 67.9 29.2 81.0 17.2 442 27.8
RSD (start with large model) 16 483 26.2 71.3 22.1 30.7 354
SPECS (with no log-likelihood term in score) | 16 48.6 28.1 74.5 14.5 33.1 27.1

D.9 GPQA EXPERIMENTS

Using the Qwen family of models we have in this paper, we obtain more results on the GPQA dataset.
The results are presented below in Table 7. Note that SPECS achieves much better latency compared
to the Beam Search with Large Model while achieving similar accuracy results, demonstrating the
applicability of SPECS to reasoning problems other than mathematics:

Table 7: SPECS results on the GPQA benchmark. Here n denotes the per-step beam width.

Dataset | n | SPECS Beam Search (Big Model) Beam Search (Small Model)
| | Ace (%) 1 Latency (s) | | Ace (%) 1 Latency (s) | | Ace (%) 1  Latency (s) |
GPQA 4 30.8 9.00 34.2 18.6 17.8 7.77
GPQA 8 32.2 21.83 32.5 23.1 22.6 10.31
GPQA 16 34.5 22.42 333 28.3 24.2 15.08
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