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Optimal Representation Size: High-Dimensional
Analysis of Pretraining and Linear Probing
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Abstract
Learning reusable representations from unlabelled
data is central to modern training pipelines, where
large pretrained models are adapted to down-
stream tasks through fine-tuning or linear probing.
We study this process in a tractable two-stage
setting: representations are learned via principal
component analysis on unlabelled data and reused
for downstream linear regression on a separate la-
belled dataset. In the high-dimensional regime,
we derive exact expressions for training and gen-
eralisation error as functions of representation
dimensionality, unlabelled and labelled sample
sizes, and task alignment. Our results show that
pretrained representations strongly shape down-
stream generalisation and that the optimal rep-
resentation size depends critically on the data
regime: with abundant pretraining data but limited
downstream supervision, maximally compressed
representations are optimal, whereas with lim-
ited pretraining data, higher-dimensional repre-
sentations generalise better. Beyond our idealised
model, we observe similar phenomenology in au-
toencoders and pretrained LLMs. Altogether, our
results identify when compression during pretrain-
ing improves downstream generalisation.

1. Introduction
Large language models, vision transformers, and related
architectures have demonstrated language, reasoning and
mathematical capabilities widely considered out of reach
just a decade ago (OpenAI et al., 2024; Grattafiori et al.,
2024; Wang et al., 2018; Hendrycks et al., 2021). This
progress has been made possible by multi-stage training
pipelines capable of leveraging massive amounts of unla-
belled data: models are first pretrained on a large corpus
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Preliminary work. Under review by the International Conference
on Machine Learning (ICML). Do not distribute.

of unlabelled data, then fine-tuned on labelled tasks and
finally refined, e.g., via reinforcement learning from human
feedback (Christiano et al., 2017; Ouyang et al., 2022), low-
rank adaptation (Hu et al., 2022) or test-time training (Sun
et al., 2020; Liu et al., 2021; Akyürek et al., 2025). Such
a paradigm unlocks remarkable sample efficiency, as large
pretrained models generalise on new tasks where they have
access only to thousands (or even hundreds) of samples
(Aghajanyan et al., 2021; Howard & Ruder, 2018).

At their core, these training pipelines rely on a key fact:
pretraining on large datasets yields rich representations that
effectively transfer to downstream tasks. This idea is not
new, as greedy layer-wise training and stacked autoencoders
were designed to learn reusable representations in pretrain-
ing a decade before modern transformers (Bengio et al.,
2006; Erhan et al., 2010; Vincent et al., 2010). However,
different pretraining objectives emphasize different aspects
of the data, and it remains unclear which features of a repre-
sentation are most useful for downstream learning.

Characterizing these representations, how they support com-
putation, transfer to new tasks and enable adaptive behaviour
in artificial and biological systems, has been a longstand-
ing focus in machine learning, as well as cognitive science
and neuroscience (Bengio et al., 2013; Martin, 2007; Fusi
et al., 2016). In machine learning, structured representations
and prior knowledge can accelerate learning and enhance
generalisation, but may also hinder adaptation, as exempli-
fied by catastrophic interference in continual and reversal
learning (Parisi et al., 2019; Kirkpatrick et al., 2017; Zenke
et al., 2017; Braun et al., 2022). Similar trade-offs arise in
biological systems, where representations must support flex-
ible and efficient adaptation (Badre et al., 2021). A crucial
property underlying these effects is the size (or dimension-
ality) of representations. Both high and low-dimensional
representations have been observed across a range of brain
regions and tasks (Boyle et al., 2024; Courellis et al., 2024;
Mishchanchuk et al., 2024; Nogueira et al., 2023) as well
as in machine learning models (Aghajanyan et al., 2021;
Valeriani et al., 2023), yet a principled account of how di-
mensionality interacts with task and environment structure
to shape learning performance and sample efficiency re-
mains missing.
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High-Dimensional Analysis of Optimal Representation Size

Here, we study a two-stage learning setting in which repre-
sentations are first learned via principal component analysis
(PCA) from unlabelled samples drawn from a spiked co-
variance model, and then reused by linear regression on
an independent labelled dataset. The covariance structure
plays a central role: it produces both a tractable model for
analysis and controlled alignment between the pretraining
and supervised training stages, thus enabling us to isolate
how pretrained representations influence downstream gener-
alisation. More precisely, our contributions are as follows:

• We derive exact asymptotic expressions for estimation,
generalisation and training error (Theorem 4.1, 4.2
and 4.3, respectively). From this, we establish the
improvement in generalisation coming from tuning
the representation size, as well as the improvement
due to adding more pretraining and finetuning data.
For optimally-tuned errors, we identify regions where
unlabelled samples are more valuable than labelled
samples (Figure 2).

• We characterize when either (i) low-dimensional rep-
resentations are useful for generalisation on down-
stream tasks, or (ii) tasks benefit from detailed high-
dimensional representations (Figure 3). In particular,
we identify phase transitions where compression be-
comes useful (Corollaries 4.4, 4.5), and describe their
behaviour for an infinite number of pretraining samples
(Corollary .13).

• We finally show that the theoretical predictions derived
in our idealized setting extend to trained autoencoders
when the number of samples is larger than the number
of features, and further demonstrate that the insights
unveiled by our theory persist in more realistic set-
tings through linear probing of pretrained transformers
(Figure 4).

2. Related work
High-dimensional regression. High-dimensional regres-
sion in proportional asymptotics has led to precise test-error
formulae and explanations of benign overfitting and dou-
ble descent (Dobriban & Wager, 2018; Trevor Hastie et al.,
2022; Richards et al., 2020; Wu & Xu, 2020; Bartlett et al.,
2020; Belkin et al., 2019; Advani et al., 2020). Principal
component regression (PCR) restricts regression to a low-
dimensional subspace, with performance governed by the
number of retained components (Jolliffe, 1982; Xu & Hsu,
2019; Green & Romanov, 2025; Massy, 1965; Dhillon et al.,
2013; Yao et al., 2015). In contrast, we study pretrained re-
gression: PCs are estimated from an independent unlabelled
sample and reused for a downstream task, changing both
the asymptotic risk and the optimal representation size.

Pretraining and transfer learning. More broadly, the reuse
of pretrained representations across tasks has been exten-
sively studied in transfer learning, primarily in supervised
settings where generalisation depends on task similarity
or alignment with pretrained features (Pan & Yang, 2010;
Zhuang et al., 2020; Gerace et al., 2022; Lampinen & Gan-
guli, 2019; Tahir et al., 2025; Yang et al., 2025; Song et al.,
2024). These approaches typically do not model representa-
tions learned from unlabelled data. Complementary work
establishes benefits of unsupervised and self-supervised pre-
training (Lee et al., 2021; Azar & Nadler, 2024; Arora et al.,
2019; Zhang & Hashimoto, 2021). Closest to our paper, re-
cent work analyses PCA-based pretraining in spiked models
(Jones-Mccormick et al., 2025), but considers fixed rep-
resentations without addressing the role of representation
dimensionality in generalisation.

Representation dimensionality. A growing body of work
highlights that pretrained representations often lie in low-
dimensional subspaces, as evidenced by studies of intrinsic
dimensionality (Aghajanyan et al., 2021; Valeriani et al.,
2023), low-rank adaptation (Hu et al., 2022), and linear
probing (Alain & Bengio, 2018). Recent theoretical work
has begun to formalise aspects of this structure (Wang et al.,
2026; Anguita et al., 2026). While these papers study the
structure of pretrained features and how they support down-
stream prediction, they do not provide a closed-form char-
acterisation of how the optimal retained dimension depends
jointly on pretraining, downstream data, and task structure.
Addressing this question through an analytically tractable
theory is the focus of our work.

Spiked covariance models. The spiked covariance model
(Johnstone, 2001) provides a tractable framework for study-
ing low-dimensional structure in high-dimensional data. A
key feature is the BBP phase transition (Jinho Baik et al.,
2005; Marčenko & Pastur, 1967; Bai & Silverstein, 2010):
above this threshold, empirical principal components align
with the population spike, while below it they are asymp-
totically uninformative (Jinho Baik et al., 2005; Baik &
Silverstein, 2006; Paul, 2007; Bai & Yao, 2012). This tran-
sition makes the spiked models well-suited for analysing
how representation quality depends on sample size and sig-
nal strength. Accordingly, they have been used to analyse
kernel methods, neural networks and feature learning (Ba
et al., 2023; Ghorbani et al., 2020; Mousavi-Hosseini et al.,
2023), as well as the emergence of low-rank structure during
training (Ba et al., 2022; Cui et al., 2024; Dandi et al., 2025;
Sonthalia et al., 2025). Finally, spiked covariances have
been used to analyse PCR, showing how the projection onto
empirical PCs has a regularising effect (Gedon et al., 2024).
Our setting differs from these works: the signal subspace is
estimated from an independent unlabelled pretraining sam-
ple and then used for a separate labelled task, allowing us
to characterise the optimal representation dimension.
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High-Dimensional Analysis of Optimal Representation Size

(a)

Unlabelled Pretraining (PCA)

PCA

m PCs

Downstream Supervised task

(b) (c)

Figure 1. Analytically tractable model of two-stage learning. (a) In the pretraining stage, PCA extracts the top-m principal components
from nu unlabelled samples. The downstream task with nl labelled samples is learned via regression on inputs projected through
Pm = UmU⊤

m. Theoretically derived generalisation (b) and training errors (c) match numerical simulations.

3. Setup
We study two-stage learning with unlabelled pretraining
followed by supervised learning:

1. In the pretraining stage, we observe inputs Xu ∈
Rnu×p whose rows are i.i.d. N (0,Σ), forming the
unlabelled dataset Du. From this data, the model
extracts a representation via PCA: it computes the
top m principal components of Xu, stacks them into
Um ∈ Rp×m, and defines a projection of retained
directions Pm = UmU⊤

m with a discarded comple-
ment P⊥ = I − Pm = U⊥U

⊤
⊥. If m > nu, the

PCA subspace is completed with uniformly random
orthonormal vectors.

2. In the downstream stage, we observe a labelled dataset
Dl = {Xl,yl}, where yl = Xlw

⋆+ξ ∈ Rnl , the rows
of Xl ∈ Rnl×p are i.i.d. N (0,Σ) and independent of
Xu, w⋆ ∈ Rp is the ground-truth signal and ξ ∈ Rnl

is Gaussian noise with i.i.d. entries of variance σ2.

The pretrained regression model uses the representation
learned from Du to fit the downstream task by regressing
on the projected inputs (see Figure 1(a) for a schematic
representation):

ŵ = (XlPm)†yl = (XlPm)†Xlw
⋆ + (XlPm)†ξ, (1)

where (·)† denotes the pseudoinverse. We denote by Π the
projection onto the row space of XlPm, i.e., the subspace
spanned by the projected training inputs. This setup follows
(Green & Romanov, 2025), with the key difference that the
projection subspace is learned from independent unlabelled
data rather than the downstream dataset itself.

The quantities of interest are estimation Eest =
Eξ

[
∥w⋆ − ŵ∥2

]
, training Etrain = 1

nl
Eξ

[
∥yl −Xlŵ∥2

]
and generalisation error Egen = Ex,y,ξ

[
(y − x⊤ŵ)2

]
,

where the test point (x, y) in Egen is drawn from
N (0,Σnew).

We work in the high-dimensional regime where p/nl →
γl ∈ (0,∞), p/nu → γu ∈ (0,∞), m/p → α ∈ [0, 1]
with α the fraction of dimensions to keep, and γu, γl the

aspect ratios for the datasets Du,Dl. Due to the projection
of the downstream inputs, we define the effective aspect
ratio γeff := m

nl
→ αγl and assume γeff ̸= 1.

The population covariance follows a rank-one spiked model
Σ = Ip + (λ − 1)vv⊤, where λ > 1 and the unit vector
v ∈ Rp are fixed. The alignment of w⋆ with the spike
eigenvector of Σ is captured by (w⋆⊤v)2/∥w⋆∥2 → η, and
the mass spectrum of w⋆ on the eigenbasis of Σ is ηδλ +
(1− η)δ1. The test population covariance follows a spiked
model with T spike directions {vnew,i}Ti=1 and eigenvalues
{νi}Ti=1, i.e., Σnew = Ip +

∑T
i=1(νi − 1)vnew,iv

⊤
new,i.

4. Theoretical analysis of two-stage learning
In this section, we derive asymptotic expressions for the
estimation, generalisation, and training errors of the estima-
tor in (1). We then characterise the phase transitions in the
optimal representation dimensionality α, specifically, the
regimes in which the optimum shifts from retaining all PCs
to retaining only a few PCs, as a function of nu and nl. We
further study how nu, nl, λ and the signal-to-noise ratio
SNR = ∥w∗∥2

σ2 affect both the errors and the optimal α, as
well as the limiting behaviour with infinite pretraining data
(γu = 0). Proofs of all results are deferred to Appendix A.

4.1. Asymptotic expressions

The following deterministic limits characterise how the
learned projection Pm, its complement P⊥, and the down-
stream effective row-space projector Π capture fixed signal
directions. Under the high-dimensional scaling assumptions
of Section 3, for any deterministic vectors a,b with bounded
normalized overlaps with the population spike directions,
the bilinear projection terms satisfy

a⊤P⊥b

∥a∥∥b∥
a.s.−−→ p̄⊥,a,b

a⊤Πb

∥a∥∥b∥
a.s.−−→ π̄a,b, (2)

with p̄⊥,a,b and π̄a,b given by the expressions in (36) and
(43), involving integrals over limiting spectral distributions
of X⊤

uXu/nu and (XlPm)⊤(XlPm)/nl (see Lemmas .9
and .11 in Appendix A.6).
Theorem 4.1 (Asymptotic estimation error). As
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nl, nu, p,m → ∞ with p/nl → γl, p/nu → γu,
m/p → α and γeff ̸= 1, the estimation error converges a.s.
to

Eest
∞ = w̄∗

1− π̄w⋆,w⋆︸ ︷︷ ︸
missing signal

+
(λ− 1)2

λ̄2
p̄2⊥,w⋆,v π̄v,v︸ ︷︷ ︸

leaked signal


+

min{γeff , 1}
|γeff − 1|

(
w̄∗σ̄2

eff + σ2
)

︸ ︷︷ ︸
variance

,

(3)

where w̄∗ is the deterministic limit of ∥w⋆∥2, λ̄ = 1 +
(λ − 1)(1 − p̄⊥,v,v) is the effective spike eigenvalue, and
the variance from the unrecoverable part of w⋆ is σ̄2

eff =
p̄⊥,w⋆,w⋆ + λ−1

λ̄
p̄2⊥,w⋆,v.

The expression in (3) admits a simple geometric interpre-
tation: the estimator observes w⋆ through the subspace in-
duced by XlPm, and the error reflects how w⋆ decomposes
relative to this subspace. By decomposing into two compo-
nents, aligned or orthogonal to Um, w⋆ = w⋆

∥+w⋆
⊥, the

error splits into three contributions: (a) the missing signal,
(b) the leaked signal, and (c) the variance term.

(a) The term 1− π̄w⋆,w⋆ captures the missing signal, i.e.
directions that lie in the retained subspace but cannot
be reliably estimated from finite samples.

(b) The key non-trivial effect is the leak. In an isotropic
model, the components XlPm and XlP⊥ are inde-
pendent, so w⋆

⊥ is completely invisible to the es-
timator. Here, the spike in the covariance couples
these two parts of the data, so directions outside the
retained subspace become correlated with it. As a re-
sult, part of w⋆

⊥ leaks into Π, where it appears as
a spurious signal aligned with v, producing the bias
term (λ−1)2

λ̄2 p̄2⊥,w⋆,v π̄v,v. For a detailed discussion
of parameter effects on the leak and a breakdown of
different terms in the estimation error, see Figure 6 in
Appendix B.

(c) The remaining part of w⋆
⊥ does not couple back into

the learned subspace. Together with label noise, this
contributes to the variance, which exhibits a double
descent (Belkin et al., 2019) controlled by γeff = αγl.
Thus, even without explicit regularisation in the re-
gression step, the model mitigates double descent by
controlling the representation size α, see Figure 6 in
Appendix B.

Theorem 4.2 (Asymptotic generalisation error). Under the
same regime, let ρw⋆,vnew,i be the deterministic limit of

w⋆⊤vnew,i

∥w⋆∥ . The generalisation error converges a.s. to

Egen
∞ = Eest

∞ + w̄∗
T∑

i=1

(νi − 1)
(
ρw⋆,vnew,i

− π̄w⋆,vnew,i︸ ︷︷ ︸
missing signal

− λ− 1

λ̄
p̄⊥,w⋆,v π̄v,vnew,i︸ ︷︷ ︸
leaked signal

)2
+ σ2

(4)

Thus, generalisation error equals estimation error plus the
projection of w⋆ − ŵ onto the spike directions of the test
covariance. Each test spike contributes according to its
strength (νi − 1), with the same missing- and leaked-signal
decomposition as above. For additional discussions and a
breakdown of different terms in the generalisation error, see
Figure 7 in Appendix B.

Theorem 4.3 (Asymptotic training error). Under the same
regime, the training error converges a.s. to

Etrain
∞ =

(
w̄∗σ̄2

eff + σ2
)
max(0, 1− γeff) .

This expression has the standard interpolation form. When
γeff > 1, the model is overparameterised and perfectly
fits the training data, yielding zero error. When γeff < 1,
the model cannot interpolate, and the error decreases lin-
early with γeff , with slope set by the total residual variance
w̄∗σ̄2

eff + σ2.

Altogether, these results provide exact expressions for gener-
alisation, estimation, and training errors, predicting several
key trends. In Figure 1(b-c), we illustrate these errors as
functions of the compression ratio α under varying data
structures λ. The plots demonstrate an excellent agreement
between theoretical predictions and experimental results
for moderate values of nu, nl, p. Increasing λ reduces the
bias from the missing signal, the leak and also the variance.
However, it does not reduce the errors across α uniformly,
as errors with low α benefit more from stronger structure
than errors with high α. We validate our theory across a
range of parameter settings, with experiments exploring vari-
ations in the signal-to-noise ratio, the alignment between
the spike v and the signal w⋆, and the number of unlabelled
and labelled samples (see Figure 5 in Appendix B).

Importantly, optimising the representation dimensionality
reduces generalisation error across a broad region of param-
eter space, both relative to low-dimensional representations
with a single PC (α ≈ 0,1 Figure 2(c)) and to full-rank rep-
resentations (α = 1, Figure 2(b)), with the optimum shown
in Figure 2(a). These gains are particularly pronounced in

1If m does not grow with p (e.g., m = 1), then m/p → α = 0.
Thus, in simulations, α ≈ 0 refers to taking m not growing with p
(e.g., retaining only the top principal component m = 1).
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High-Dimensional Analysis of Optimal Representation Size

Figure 2. Benefits of optimal representation size. (a) Minimum achievable generalisation error with optimal α⋆. (b) Gain in
generalisation error from using α⋆ instead of all PCs (α = 1). (c) Same gain relative to α ≈ 0. (d) Marginal rate of substitution between
unlabelled and labelled data, (∂Egen

∞ /∂nu) / (∂E
gen
∞ /∂nl); values above 1 (red) indicate that unlabelled data reduces the error more

than labelled data, and vice-versa below 1 (blue). (e) Generalisation-optimal representation size α⋆. Simulation details are given in
Appendix D.

regimes with substantial pretraining data and limited down-
stream samples, where standard PCR or regular regression
fail to achieve comparable performance even in misaligned
task settings (see Figure 12 in Appendix C.1 for a compari-
son).

Next, we study the trade-off between pretraining and su-
pervision at the optimal α⋆ by quantifying how much error
reduction is obtained from additional unlabelled versus la-
belled samples (Figure 2(d)). The resulting phase map
reveals a nontrivial dependence on both data sources. In par-
ticular, there exists a broad interior region of the phase dia-
gram—spanning moderate to large nu and increasing nl—in
which additional pretraining data yields larger reductions
in generalisation error than labelled samples. Interestingly,
this regime is closely linked to the optimal representation
size α⋆ that minimises generalisation error (see Figure 2(e)),
which is discussed below.

4.2. Optimal representation size

We now study the optimal representation size quantified by
the fraction of retained principal components, α = m/p,
that minimises generalisation and training error. We anal-
yse how the resulting optimum depends on the interplay
between unlabelled and labelled samples nu and nl, signal-
to-noise ratio (SNR), spike strength λ, and task alignment
η.

Generalisation error. We find that the optimal level of
compression minimising generalisation error adapts to the
availability of unlabelled and labelled data. For fixed SNR,
λ and an aligned task w⋆ ∥ v, Figure 3(a) reveals the
following three regimes.

(i) Scarce nl and nu: not enough pretraining samples to
reliably estimate PCs, thus downstream tasks should
not be compressed (α⋆ ≈ 1).

(ii) Large nu, low nl: maintain a compact representation
subspace (α⋆ < 1).

(iii) High nl: little compression needed (α⋆ ≈ 1), as the
number of task samples is enough to learn.

We argue that regime (ii) is the most representative of mod-
ern machine-learning pipelines, where pretraining data is
abundant but downstream task-specific data are limited. In
practice, modern models are typically pretrained on large-
scale datasets (Grattafiori et al., 2024; Biderman et al., 2023)
and then fine-tuned on substantially smaller task-specific
datasets (Wang et al., 2018). Altogether, we observe two
phase transitions: one between regimes (i) and (ii), and an-
other between regimes (ii) and (iii). We discuss them below
in detail.

Phase transitions for generalisation error. We derive ap-
proximate analytical phase transition lines as a function of
signal-to-noise ratio (SNR), spike strength (λ), and sam-
ple allocation between pretraining and downstream tasks
(nu and nl). These approximations characterise the bound-
aries separating regimes in which different representation
dimensions (α⋆) are optimal, and they provide a tractable
description of the underlying transitions observed in simula-
tions.

Corollary 4.4 describes the transition between region (i) and
(ii) when γl > 1. In this regime, the generalisation error
exhibits a double descent, with two local minima: one at
α = 1, and one at small α (see Figure 2(b)). Although
the exact location of the left minimum can in principle
be obtained from the closed-form error expressions, the
resulting formulas are not analytically transparent. Instead,
Corollary A.7 provides an interpretable approximation by
comparing the error at the two extremes α = 1 and α = 0,
corresponding to retaining all components and only a fixed
number of PCs.

Corollary 4.4 (Phase transition for γl > 1). Let γl > 1
and assume Σnew = Σ. Let SNR → S = w̄∗

σ2 and define
the overlap between the population and sample covariance
spike eigenvector

c(γu) = 1γu<(λ−1)2

1− γu

(λ−1)2

1 + γu

λ−1

.

Then, the transition between the small-α and large-α min-
ima is approximated by the endpoint condition Egen

∞ (0) =

5
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Figure 3. When is compression useful. (a) Heatmap of the generalisation-optimal α⋆ reveals distinct phases; white curves mark the
theoretical phase-transition boundaries where low α is optimal. Phase boundaries in the (nu, nl) plane for varying SNR (b) varying λ (c)
and varying η (d). Non-varying parameters are λ = 5, SNR = 9 and η = 1. Simulation details are given in Appendix D.

Egen
∞ (1), which yields a parametric curve

1 + η(λ− 1)− η
λ2c(γu)

1 + (λ− 1)c(γu)
=

(1− η)
γl − 1

γl
+ η

λγl(γl − 1)

(γl − 1 + λ)2
+

1

S(γl − 1)
.

(5)

Along the curve (5), the two local minima of the generalisa-
tion error approximately coincide; crossing the curve then
induces an abrupt transition in α⋆. The derivation of this
result is in Appendix A.7.

Corollary 4.5 characterises the transition between regions
(ii) and (iii) in the underparametrised regime γl < 1. In
this regime, the generalisation error exhibits a single mini-
mum (see e.g. Figure 5(e,g,h) in Appendix B.1). The point
α = 1 is optimal as long as decreasing α increases the
generalisation error, which is determined by the condition
∂Egen

∞
∂α

∣∣∣
α=1−

= 0.

Corollary 4.5 (Phase transition for γl < 1). Let γl < 1,
SNR → S = w̄∗

σ2 and denote by Dv(γu) the α-derivative
of p̄v,v at α = 1. Then, the solution α = 1 is locally stable
if and only if γl ≤ γcrit

l :

γcrit
l =

S [(1− η) + ηDv(γu)]

1 + S [(1− η) + ηDv(γu)]
(6)

where Dv(γu) =

{
λγu

(λ−1+
√
γu)2

, γu < 1,
γu

γu−1+λ , γu > 1.

Depending on the regime, the resulting boundary induces
either a linear or nonlinear scaling of the critical number
of labelled samples nl with the unlabelled sample size nu.
Below this threshold, the optimal representation shifts to
α < 1, and compression improves downstream generalisa-
tion. The derivation of this result is in Appendix A.8.

Of particular interest is the limit γu → 0, corresponding
to infinite unlabelled data—a regime reminiscent of mod-
ern pretraining datasets (Grattafiori et al., 2024; OpenAI
et al., 2024; Biderman et al., 2022). Here, errors and phase

boundaries are independent of γu and have simple depen-
dencies on η, SNR, λ, and γl. Precise expressions are in
Appendix A.9 (Corollary .12), where we also consider the
limit of infinite labelled data, γl → 0 (Corollary .13). In this
last regime, the generalisation error simplifies (see Eq. (45)),
the double-descent behaviour disappears, and the effective
projector (XPm)†XPm reduces to the population projector
onto Pm.

The full phase transition curve, derived in Corollaries 4.4
and 4.5, matches the phase transition observed in the heat
map of Figure 3(a) (shown in white; see also additional
heatmaps in Figures 8 and 10 in Appendix B.2). Increasing
the SNR progressively shrinks the region where compres-
sion is beneficial (Figure 3(b)), making full-rank represen-
tations (α = 1) optimal over a wider range of sample sizes.
The converse is true when increasing the spike strength λ
or the task-spike alignment η (Figure 3(c,d)). These trends
are evident from Corollary 4.5: when γl < 1, the stability
boundary depends on S(1 − η), so increasing SNR or de-
creasing η directly reduces γcrit

l . Additional heatmaps for α
in Appendix B.2 (Figures 8 and 10) further validate the joint
dependence on SNR, λ and η, as well as the match with the
theoretically derived transitions. In particular, increasing
SNR, and decreasing λ and η all act to suppress the benefits
of compression: for γl < 1 the phase boundary flattens,
while for γl > 1 it shifts along the nl axis, reducing the
region where α < 1 is optimal. Intuitively, a weaker spike
is harder to estimate, lower alignment reduces the relevance
of prior structure, and higher SNR makes the downstream
task easy to learn from scratch. These effects diminish the
value of compression, even when labelled data is abundant.

Training error. Our analysis further characterises the op-
timal value of α for minimising the training error. In the
oversampled regime (nl > p, corresponding to γl < 1),
the optimal representation is full-rank, i.e., α = 1. Con-
versely, in the undersampled regime (nl < p, corresponding
to γl > 1), the training error is equal to zero. In this case,
the optimal dimensionality matches the sample size, i.e.,
α = nl/p, since increasing the dimension beyond this point
provides no additional information. This is illustrated in
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Figures 9 and 11 in Appendix B.2.

Altogether, our exact asymptotic analysis provides a theoreti-
cal framework to understand when low- or high-dimensional
representations are optimal for downstream generalisation.
We next validate such framework in practical settings.

5. Validation in autoencoders and pretrained
transformers

In this section, we evaluate the extent to which theoretical
predictions are valid beyond the idealised setting employed
in their derivation. We first consider a controlled synthetic
experiment in which the representation learned by an autoen-
coder approximates PCA. We then relax the assumptions
of linearity and spiked isotropic covariance, allowing for a
more general covariance structure. Finally, we show that
our predictions extend to representations learned by modern
neural networks.

5.1. Autoencoders as learned representations

We train the autoencoder on a pretraining task and use
the learned representations for regression on downstream
tasks. This approach is motivated by the fact that, in sev-
eral regimes, autoencoders with a bottleneck dimension m
recover the subspace spanned by the top-m principal compo-
nents of the pretraining data (Refinetti & Goldt, 2023; Baldi
& Hornik, 1989; Plaut, 2018; Bourlard & Kamp, 1988). We
discuss below the regimes under which this correspondence
holds.

Spiked isotropic covariance. We first train autoencoders
on the spiked identity covariance structures considered in
the theory. For linear autoencoders, the optimal bottleneck
size, defined as the value minimising the generalisation error
on a downstream task, closely follows our theoretical results
(compare Figure 4(a) with Figure 3(a)). We highlight that
the boundaries of the phase transitions in the heatmaps pre-
cisely match the predictions from Section 4.2. Nonlinear
autoencoders exhibit the same qualitative behaviour, except
when the number of pretraining samples is small, see Fig-
ure 4(b). This discrepancy is explained by a data-dependent
transition: both linear and nonlinear autoencoders recover
PCA only once sufficient pretraining data is available, see
Figure 15 in Appendix C.2. In the low-sample regime,
autoencoders instead tend to memorise training samples
(Fumero et al., 2026; Jiang & Pehlevan, 2020; Radhakr-
ishnan et al., 2020). Despite this, when nu < p, higher-
dimensional representations still yield lower errors on down-
stream tasks.

General covariance structure. For a spiked general co-
variance, the same qualitative behaviour persists. In fact,
while phase boundaries shift, the overall structure is pre-
served: no compression when pretraining data is limited;

small bottlenecks for large pretraining and small down-
stream datasets; and intermediate-sized bottlenecks for large
pretraining datasets. This is illustrated in Figure 4(c,d), and
it is consistent with PCA-based regression under general
covariance, see Figure 13 in Appendix C.2. Furthermore,
when optimising for training error, the results closely match
the spiked identity case (Figure 13 in Appendix C.2). At
lower signal-to-noise ratios, the regime where compression
is optimal expands (Figure 14 in Appendix C.2), in agree-
ment with the theoretical analysis. Nonlinear autoencoders
again exhibit deviations from PCA at low pretraining sample
sizes.

Overall, our empirical results show that the theoretical pre-
dictions derived in the idealised setting extend to trained
linear and nonlinear autoencoders when enough pretraining
data is available, and that the qualitative phase structure
persists under general covariance spectra.

5.2. Linear probing transformers

We next examine whether representations learned by mod-
ern architectures exhibit similar dimensionality effects under
linear probing. We use models from the Pythia family (Bi-
derman et al., 2023), which provide access to intermediate
checkpoints throughout pretraining. As these models are
trained for ∼1.5 epochs on the Pile dataset (Gao et al., 2020;
Biderman et al., 2022), the training step serves as a proxy
for the number of pretraining samples nu. The learned
representations exhibit a spiked covariance structure, with
a clear bulk and a small number of outlying eigenvalues
(Figure 4(f)), and the spikes become more pronounced as
training progresses, see Figure 18 in Appendix C.3. For
each checkpoint, we project representations onto the top-m
principal components and train linear probes on a down-
stream sentiment classification task (SST-2 from GLUE
(Wang et al., 2018)), selecting m to optimise validation or
training accuracy.

The dependence on dataset size is consistent with theoretical
predictions, see Figure 4(e). For small downstream datasets,
models that are pretrained longer benefit from stronger com-
pression, see Figure 4(g). For larger downstream datasets,
performance improves monotonically with m, indicating
that little or no compression is optimal (see the right-most
plot of Figure 17 in Appendix C.3). For extremely small
downstream datasets (∼100 samples), the optimal dimen-
sionality is high again (see the left-most plot in Figure 17
in Appendix C.3), consistent with the weak alignment be-
tween the task signal and dominant pretraining directions.
Finally, tuning the representation dimensionality via PCA
consistently matches or outperforms using the full feature
space, see Figure 19 in Appendix C.3.

In summary, these results show that real-world represen-
tations exhibit a theoretically predictable qualitative phase
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Figure 4. Optimal representation in autoencoders and pretrained LLMs. Optimal representation size as a function of unlabelled (nu)
and labelled (nl) sample sizes. Linear autoencoders are considered in panels (a,c) and nonlinear ones in panels (b,d). Autoencoders
are trained on Gaussian data with either spiked identity covariance Σ = Ip + λvv⊤ (panels (a,b)) or a spiked Toeplitz covariance
Σ = H + λvv⊤, where Hi,j = ρ|i−j| and ρ = 0.5 (panels (b,d)). (e) In a language transformer (PYTHIA models), PCA on
representations also improves downstream linear probing on the sst2 task from the GLUE benchmark. (f) Eigenvalue spectrum of
last-token representations from the final hidden layer, showing a bulk with a few spikes. (g) Validation accuracy versus representation size
m for a small downstream dataset (nl = 2000); colors denote different checkpoints and shaded regions indicate standard deviation across
seeds. Simulation details are given in Appendix D.

structure when optimising dimensionality for downstream
generalisation.

6. Discussion
We present a theoretical model quantifying how representa-
tion dimensionality affects training and generalisation error
on downstream tasks. We demonstrate that (i) tuning this
dimensionality significantly improves generalisation com-
pared to full representations or naive fixed dimensionality
reduction, and that (ii) the optimal dimensionality is deter-
mined by the amount of pretraining and downstream data,
the task signal-to-noise ratio, the strength of structure in
the inputs, and the alignment between task-relevant signals
and dominant covariance directions. In particular, when
pretraining data is abundant and downstream data is limited,
the optimal representations are maximally compressed. Fur-
thermore, we unveil a trade-off between pretraining and su-
pervision, identifying regimes where unlabelled data yields
larger gains than labelled samples. These results provide
a principled explanation for why large models trained on
extensive data and exhibiting low intrinsic dimensionality
(Aghajanyan et al., 2021), are especially effective for fine-
tuning and linear probing.

The question of optimal representations is central to machine
learning as well as neuroscience, where internal represen-
tations support categorisation, reasoning, planning, naviga-

tion, and decision-making (Stokes et al., 2013; Genovesio
et al., 2005; Shima & Tanji, 2000). A key property of these
representations is their dimensionality. High-dimensional
representations may support flexible readout across tasks
(Raposo et al., 2014; Tang et al., 2019; Rigotti et al., 2013;
Bernardi et al., 2020), whereas low-dimensional represen-
tations are associated with abstraction, efficient coding, or
structured prior knowledge (Tye et al., 2024; Nogueira et al.,
2023). Our results provide a quantitative characterization
of how task structure and data availability determine the
optimal representation tradeoff in a simplified setting, offer-
ing predictions for how biological systems might organize
representations for effective learning.

Several limitations motivate future work: relaxing the
shared-spike assumption to capture data mismatch, extend-
ing the analysis to ridge-regularised learning, and consid-
ering richer covariance models. Another important direc-
tion is to replace the closed-form regression estimator with
gradient-based training, enabling the study of optimisation-
induced bias and its dependence on initialisation from pre-
training. Finally, extending the framework beyond PCA-
based projections to learned feature representations would
allow for a closer connection to empirical observations in
deep networks.
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Impact Statement
This paper presents theoretical work aimed at advancing
the understanding of representation learning and transfer
in machine learning systems. Potential positive impacts
include improving the efficiency and sample efficiency of
pretrained models by identifying when compressed repre-
sentations improve downstream generalisation. We do not
identify specific ethical concerns beyond those generally
associated with advances in machine learning methods and
representation learning.
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transition of the largest eigenvalue for nonnull complex
sample covariance matrices. The Annals of Probability,
33, 2005.

Johnstone, I. M. On the distribution of the largest eigenvalue
in principal components analysis. The Annals of Statistics,
29(2), 2001.

10



550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604

High-Dimensional Analysis of Optimal Representation Size

Jolliffe, I. T. A Note on the Use of Principal Components in
Regression. Applied Statistics, 31, 1982.

Jones-Mccormick, T., Jagannath, A., and Sen, S. Provable
benefits of unsupervised pre-training and transfer learning
via single-index models. In Proceedings of the 42nd
International Conference on Machine Learning, volume
267. PMLR, 2025.

Kirkpatrick, J., Pascanu, R., Rabinowitz, N., Veness, J., Des-
jardins, G., Rusu, A. A., Milan, K., Quan, J., Ramalho, T.,
Grabska-Barwinska, A., et al. Overcoming catastrophic
forgetting in neural networks. Proceedings of the national
academy of sciences, 114, 2017.

Lampinen, A. K. and Ganguli, S. An analytic theory of
generalization dynamics and transfer learning in deep
linear networks. In International Conference on Learning
Representations, 2019.

Lee, J. D., Lei, Q., Saunshi, N., and Zhuo, J. Predicting
what you already know helps: Provable self-supervised
learning. In Beygelzimer, A., Dauphin, Y., Liang, P., and
Vaughan, J. W. (eds.), Advances in Neural Information
Processing Systems, 2021.

Liu, Y., Kothari, P., Van Delft, B., Bellot-Gurlet, B., Mordan,
T., and Alahi, A. Ttt++: When does self-supervised
test-time training fail or thrive? In Advances in Neural
Information Processing Systems, volume 34, 2021.

Martin, A. The representation of object concepts in the
brain. Annu. Rev. Psychol., 58, 2007.
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Appendix
A. Theory

A.1. ASSUMPTIONS

Assumption .1 (High-dimensional asymptotic regime). Let the number of features be p, and nl, nu,m be such that
p

nl
→ γl ∈ (0,∞),

p

nu
→ γu ∈ (0,∞),

m

p
→ α ∈ [0, 1].

Furthermore, we define γeff := m
nl

→ αγl ∈ [0,∞).

In words, α is the fraction of dimensions to keep, γu and γl are the aspect ratios the prior and downstream datasets, and γeff
is the effective aspect ratio of the compressed downstream dataset.
Assumption .2 (Spiked covariance model). For each p, the population covariance matrix is

Σ = Ip + (λ− 1)vv⊤,

where λ > 1 and the unit vector v ∈ Rp are fixed.

Note that the eigendecomposition of Σ is

Σ = Vdiag(λ, 1, . . . , 1)V⊤,

with V = [v1,v2, . . . ,vp] ∈ Rp×p. As we often refer directly to the spike eigenvector, we keep the simpler notation
v1 = v.
Assumption .3 (Data generation). The input matrices Xl ∈ Rnl×p and Xu ∈ Rnu×p have i.i.d. rows distributed as

x ∼ N (0,Σ).

Equivalently, there exists a matrix Z ∈ Rnl×p with i.i.d entries distributed as N (0, 1), such that Xl = ZΣ1/2.
Assumption .4 (Task weight vector). Let the alignment between the true signal w⋆ and the data covariance structure Σ be
given by the spectral measure

Ĝw⋆(τ) =
1

w̄∗

p∑
i=1

(w⋆⊤vi)
21{λi(Σ) ≤ τ}.

Then, there exists a limiting spectrum Gw⋆ such that Ĝw⋆ ⇒ Gw⋆ almost surely.

Sample covariance eigenspectrum. We further note that sample covariance matrices Su = 1
nu

X⊤
uXu and Sl =

1
nl
X⊤

l Xl

have empirical spectral measures

F̂Su(θ) =
1

p

p∑
i=1

1{λi(Su) ≤ θ}, F̂Sl(θ) =
1

p

p∑
i=1

1{λi(Sl) ≤ θ},

which converge weakly almost surely to Marcenko-Pastur laws (Marčenko & Pastur, 1967; Bai & Silverstein, 2010) with
aspect ratios γu and γl respectively:

F̂Su ⇒ Fγu
, F̂Sl ⇒ Fγl

.

For completeness, we state the Marcenko-Pastur density with an aspect ratio γ:

fγ(λ) =

√
(λ+ − λ)(λ− λ−)

2πλγ
+ 1γ>1

(
1− 1

γ

)
δ(λ),

λ+ = (1 +
√
γ)2,

λ− = (1−√
γ)2,

(7)

with λ+, λ− denoting the edges of the support of the distribution.
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A.2. MAIN IDEAS OF THE PROOFS

The key idea of each proof is to decompose the model’s estimator ŵ into a signal term, a bias term arising from the
component of w⋆ outside the relevant subspace, and two variance terms arising from noise and model mismatch. The
Gaussian structure of the data allows us to express the component of Xl orthogonal to the prior subspace Um as a linear
function of XlUm plus independent noise E. This reduces the analysis to understanding various projections onto the row
space of spiked Gaussian matrices.

Conditional Gaussian decomposition under prior subspace projections. Let Xl ∈ Rnl×p be a random matrix whose
rows xi ∼ N (0,Σ) are i.i.d., and let Um ∈ Rp×m be a random matrix with orthonormal columns. Let U⊥ ∈ Rp×(p−m)

be such that [Um U⊥] is an orthogonal matrix. Define

Xm = XlUm ∈ Rnl×m, X⊥ = XlU⊥ ∈ Rnl×(p−m).

Then, conditioning on Um, the rows of (Xm,X⊥) are jointly Gaussian with covariance[
Σmm Σm⊥
Σ⊥m Σ⊥⊥

]
=

[
U⊤

mΣUm U⊤
mΣU⊥

U⊤
⊥ΣUm U⊤

⊥ΣU⊥

]
.

Moreover, due to the conditional distribution, X⊥ given Xm satisfies

X⊥ = XmΣ−1
mmΣm⊥ +E, (8)

where E is independent of Xm and its rows are i.i.d. with distribution ei ∼ N
(
0, Σ̄

)
, with Σ̄ := Σ⊥⊥ −Σ⊥mΣ−1

mmΣm⊥.
Under the spiked covariance model of Assumption .2, the population covariance Σmm of Xm equals

Σmm = Im + (λ̃− 1)ṽṽ⊤, (9)

where λ̃ = 1 + (λ − 1)∥Pmv∥2 and ṽ =
U⊤

mv
∥Pmv∥ . Furthermore, after some algebraic manipulations using the Sherman-

Morrison formula, it follows that

Σ−1
mm = Im − λ̃− 1

λ̃
ṽṽ⊤, (10)

Σ−1
mmΣm⊥ =

(λ− 1)∥Pmv∥
λ̃

ṽv⊤U⊥, (11)

Σ̄ = Ip−m +
λ− 1

λ̃
U⊤

⊥vv
⊤U⊥. (12)

Decomposing the model’s weight estimate. From the definition of ŵ in Equation (1) and the decomposition in Equation
(8), we can write:

ŵ = (XlPm)†XlPmw⋆ + (XlPm)†XlP⊥w
⋆ + (XlPm)†ξ

= (XmU⊤
m)†XmU⊤

mw⋆ + (XmU⊤
m)†XmΣ−1

mmΣm⊥U
⊤
⊥w

⋆ + (XmU⊤
m)†EU⊤

⊥w
⋆ + (XmU⊤

m)†ξ.

Then, using Equation (11) leads to

Σ−1
mmΣm⊥U

⊤
⊥w

⋆ =
(λ− 1)(w⋆⊤P⊥v)

λ̃︸ ︷︷ ︸
A

U⊤
mv (13)

and by defining
Πm := X†

mXm ∈ Rm×m Π := (XlPm)†XlPm = UmΠmU⊤
m ∈ Rp×p

, we obtain
ŵ = Πw⋆︸︷︷︸

signal from Pm subspace

+ A ·Πv︸ ︷︷ ︸
signal from P⊥ subspace that leaked into Pm

+ (XlPm)†Ew⋆
⊥︸ ︷︷ ︸

variance from model mismatch

+ (XlPm)†ξ︸ ︷︷ ︸
variance from label noise

,
(14)
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where w⋆
⊥ := U⊤

⊥w
⋆. Note that the component of w⋆ not involving label noise is

(XlPm)†Xlw
⋆ = Πw⋆ +AΠv + (XlPm)†Ew⋆

⊥. (15)

The model’s weight estimate decomposes into the four parts discussed below.

• Πw⋆: part of w⋆ that lies in the subspace formed by Pm and is identifiable from the available data. It is equal to
Pmw⋆ if m < nl (i.e., γeff < 1), since in that case Πm = Im (see Lemma .10); if m > nl (i.e., γeff > 1), this term
causes bias due to the finite sample size.

• AΠv: a part of w⋆ that lies outside the subspace Pm can leak into Pm, causing the model to reconstruct it (in the Pm

subspace). The reason is the existence of the population covariance spike which makes the rows of XlP⊥ and XlPm

correlated, so the part outside the subspace leaks back into the subspace through this covariance structure.

• (XlPm)†Ew⋆
⊥: the part of the w⋆ that lies outside the subspace Pm and does not leak into Pm behaves like noise,

eventually causing a double-descent-like curve that scales with ∥w⋆∥2.

• (XlPm)†ξ: label noise variance, causing another double-descent-like curve that scales with σ2.

A.3. PROOF FOR THE ESTIMATION ERROR

Proof of Theorem 4.1. The proof proceeds in three stages, exploiting the conditional independence structure of the data.
First, we use the joint Gaussianity of Xm and X⊥ to rewrite X⊥ in terms of Xm and an independent noise matrix
E ∈ Rnl×(p−m) (see Section A.2). We then average over E conditioned on Xm and Um, then average over Xm conditioned
on Um, and finally over Um.

Step 1: Decomposition of the error. The estimation error splits into bias and variance:

Eξ

[
∥w⋆ − ŵ∥2

]
=
∥∥(I− (XlPm)†Xl

)
w⋆
∥∥2 + Eξ

[
ξ⊤(XlPm)†⊤(XlPm)†ξ

]
− 2Eξ

[
ξ⊤(XlPm)†⊤

(
I− (XlPm)†Xl

)
w⋆
]

=
∥∥(I− (XlPm)†Xl

)
w⋆
∥∥2 + Eξ

[
Tr
[
ξξ⊤(XlPm)†⊤(XlPm)†

]]
=
∥∥(I− (XlPm)†Xl

)
w⋆
∥∥2 + σ2Tr

[
(PmX⊤

l XlPm)†
]
.

Substituting the result in (15) further decomposes the bias:

1

∥w⋆∥2
∥∥(I− (XlPm)†Xl

)
w⋆
∥∥2 =

1

∥w⋆∥2
∥w⋆ −Πw⋆ −AΠv − (XlPm)†EU⊤

⊥w
⋆∥2

=
1

∥w⋆∥2
∥w⋆ −Πw⋆ −AΠv∥2 + 1

w̄∗

∥∥(XlPm)†EU⊤
⊥w

⋆
∥∥2

− 2
1

∥w⋆∥2
(w⋆ −Πw⋆ −AΠv)⊤(XlPm)†EU⊤

⊥w
⋆︸ ︷︷ ︸

cross term T

.

Step 2: E-independent term. The first term ∥w⋆ −Πw⋆ −AΠv∥2 does not depend on E, so its conditional expectation
on E is itself. We expand using the property of the projection matrix Π that Π2 = Π:

1

∥w⋆∥2
∥w⋆ −Πw⋆ −AΠv∥2 = 1− ∥Πw⋆∥2

∥w⋆∥2
+

A2

∥w⋆∥2
∥Πv∥2, (16)

where the cross term −2Aw⋆⊤Πv + 2Aw⋆⊤ΠΠv = 0. Substituting A = λ−1
λ̃

(v⊤P⊥w
⋆) gives

1− ∥Πw⋆∥2

∥w⋆∥2
+

(λ− 1)2

λ̃2

(v⊤P⊥w
⋆)2

∥w⋆∥2
∥Πv∥2 ⇒ 1− π̄w⋆,w⋆ +

(λ− 1)2

λ̄2
p̄2⊥,w⋆,vπ̄v,v almost surely, (17)
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which matches the first two terms of the bias. The projections ∥Πw⋆∥2

∥w⋆∥2 and ∥Πv∥2 converge almost surely to π̄w⋆,w⋆ , π̄v,v

in Equation (41) according to Lemma .10. The quantity v⊤P⊥w⋆

∥w⋆∥ converges almost surely to p̄⊥,w⋆,v in Equation (36)

according to Lemma .9, and λ̃ = 1+ (λ− 1)∥Pmv∥2 converges to λ̄ almost surely by the continuous mapping theorem and
the almost sure convergence of ∥Pmv∥2 → p̄v,v from Equation (32) (see Lemma .8). By the continuous mapping theorem,
the combined expression in (17) converges almost surely.

Step 3: Cross term linear in E. We write the cross term as

T = c⊤Ed,

with

c :=
1

∥w⋆∥
(XlPm)†⊤(w⋆ −Πw⋆ −AΠv) ∈ Rnl ,

d :=
1

∥w⋆∥
U⊤

⊥w
⋆ ∈ Rp−m.

Conditioned on (Xm,Um), the vectors c and d are deterministic and independent of E. Since the rows of E are i.i.d.
Gaussian with covariance Σ̄, it follows that

T | (Xm,Um) ∼ N
(
0, (d⊤Σ̄d) ∥c∥2

)
.

We now bound the variance. First,

d⊤Σ̄d =
∥P⊥w

⋆∥2

∥w⋆∥2
+

λ− 1

λ̃

(w⋆⊤P⊥v)
2

∥w⋆∥2
,

which by the almost sure limits of ∥P⊥w
⋆∥2, λ̃, and w⋆⊤P⊥v, converges almost surely to

σ̄2
eff = p̄⊥,w⋆,w⋆ +

λ− 1

λ̄
p̄2⊥,w⋆,v.

In particular, there exists a deterministic constant C1 such that for all sufficiently large p,

d⊤Σ̄d ≤ C1 almost surely.

It therefore remains to control ∥c∥2. We have

∥c∥2 ≤ 1

∥w⋆∥2
∥w⋆ −Πw⋆ −AΠv∥2

σmin(Xm)2
.

By Step 2, the numerator is bounded almost surely for all sufficiently large p. For the denominator, writing Xm = GΣ
1/2
mm

(see Lemma .5) gives
σmin(Xm) ≥ σmin(G)σmin(Σ

1/2
mm).

Note that σmin(Σ
1/2
mm) = min{1,

√
λ̃} for any p. By the singular value inequality for Gaussian random matrices (see e.g.

Exercise 7.13 in (Vershynin, 2026)), for all t > 0,

P
(
σmin(G) ≤ |

√
nl −

√
m| − t

)
≤ 2e−t2/2.

Since γeff = m/nl ̸= 1, we have

|
√
nl −

√
m| = √

p
|1−√

γeff |√
γl

=
√
p cγ .

Choosing t = 1
2cγ

√
p and setting c = c2γ/8, we obtain

P
(
σmin(G) ≤ 1

2
cγ
√
p

)
≤ 2 exp

(
−
c2γ
8
p

)
.
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Noting that λ̃ ≤ λ, and setting aγ := 1
4c

2
γ min{1, λ}, bγ := 1

8c
2
γ , we have

P
(
σmin(Xm)2 ≤ aγp

)
≤ 2e−bγp.

Therefore, there exists C2 > 0 such that

P
(
∥c∥2 ≤ C2

p

)
≥ 1− 2e−bγp.

Define the event

Ep :=

{
∥c∥2 ≤ C2

p

}
.

Then
P(Ec

p) ≤ 2e−bγp.

For any δ > 0,
P(|T | ≥ δ) = P(|T | ≥ δ, Ec

p) + P(|T | ≥ δ, Ep) ≤ P(Ec
p) + P(|T | ≥ δ, Ep).

Noting that there exists C1 s.t. d⊤Σ̄d ≤ C1 for any large p, on Ep,

Var(T | Xm,Um) ≤ C1C2

p
.

Thus, on Ep, we have
P(|T | ≥ δ | Xm,Um) ≤ 2 exp(−cδp),

and since this holds for any Xm,Um, by the law of total probability, we have

P(|T | ≥ δ, Ep) ≤ 2e−cδp.

Therefore,
P(|T | ≥ δ) ≤ 2e−bγp + 2e−cδp = Ce−cp.

Since
∑

p Ce−cp < ∞, the Borel–Cantelli lemma implies

T
a.s.−−→ 0.

Step 4: Average of the trace terms. The variance term contains

Tr[(PmX⊤
l XlPm)†] = Tr[(X⊤

mXm)†].

We note that the term Tr[(XmX⊤
m)†] is equivalent to the above, since the non-zero eigenvalues of X⊤

mXm and XmX⊤
m are

the same. By Lemma .6, the trace term has a limiting value min{1,γeff}
|γeff−1| almost surely.

Step 5: Quadratic term in E. Define

Q := w⋆⊤U⊥E
⊤(XmX⊤

m)†EU⊤
⊥w

⋆.

Let
a := U⊤

⊥w
⋆, A := (XmX⊤

m)†.

Conditioned on (Xm,Um), the vector a and the matrix A are fixed and independent of E. Since the rows of E are i.i.d.
Gaussian with covariance Σ̄, the vector

c := Ea

is Gaussian with
c | (Xm,Um) ∼ N

(
0, (a⊤Σ̄a)Inl

)
.
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Therefore
Q = c⊤Ac.

First, the conditional expectation is
EE[Q | Xm,Um] = (a⊤Σ̄a)Tr(A).

Here
a⊤Σ̄a = w⋆⊤U⊥Σ̄U⊤

⊥w
⋆ = ∥w⋆∥2σ2

eff .

By the deterministic equivalents used above,

∥w⋆∥2σ2
eff

a.s.−−→ w̄∗σ̄2
eff .

Moreover, by the pseudo-inverse trace computation in Step 4,

Tr
[
(XmX⊤

m)†
] a.s.−−→ min{1, γeff}

|γeff − 1|
.

Thus

EE[Q | Xm,Um]
a.s.−−→ w̄∗σ̄2

eff

min{1, γeff}
|γeff − 1|

.

It remains to show concentration around this conditional expectation. Write

c =
√
a⊤Σ̄a z, z ∼ N (0, Inl

),

conditionally on (Xm,Um). Then

Q− EE[Q | Xm,Um] = (a⊤Σ̄a)
(
z⊤Az− Tr(A)

)
.

By the Hanson–Wright inequality, for every fixed δ > 0,

PE(|Q− EE[Q | Xm,Um]| ≥ δ | Xm,Um) ≤ 2 exp

[
−cmin

(
δ2

(a⊤Σ̄a)2∥A∥2F
,

δ

(a⊤Σ̄a)∥A∥

)]
.

We now bound the quantities appearing in this inequality. As above,

a⊤Σ̄a = ∥w⋆∥2σ2
eff

is bounded for all sufficiently large p almost surely. Furthermore, since γeff ̸= 1, the nonzero spectrum of 1
nl
X⊤

mXm is
bounded away from zero almost surely. Equivalently, the nonzero singular values of Xm are of order

√
p (see argument in

Step 3). Hence

∥A∥ = ∥(XmX⊤
m)†∥ = O

(
1

p

)
,

and

∥A∥2F =
∑

i:σi(Xm)>0

1

σi(Xm)4
= O

(
1

p

)
.

Consequently, for all sufficiently large p,

PE(|Q− EE[Q | Xm,Um]| ≥ δ | Xm,Um) ≤ 2e−cδp.

The right-hand side is summable in p, so Borel–Cantelli gives

Q− EE[Q | Xm,Um]
a.s.−−→ 0.

Combining this concentration statement with the limit of the conditional expectation yields

Q
a.s.−−→ w̄∗σ̄2

eff

min{1, γeff}
|γeff − 1|

.
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Combining. Summing the contributions from Steps 1–5 and applying the continuity mapping theorem concludes the
proof.

A.4. PROOF FOR THE GENERALISATION ERROR

Proof of Theorem 4.2. We decompose the error and take averages over E, Xm, Um.

Step 1: Decomposition of the generalisation error. We start from the definition of the generalisation error

Egen = Ex,y,ξ

[
∥y − x⊤ŵ∥2 | w⋆,Xl,Xu

]
. (18)

Using the data model y = x⊤w⋆ + ξ and independence of the test noise, this becomes

Egen = Ex,ξ

[
(w⋆ − ŵ)⊤xx⊤(w⋆ − ŵ) | w⋆,Xl,Xu

]
+ σ2

= Eξ

[
(w⋆ − ŵ)⊤Σ(w⋆ − ŵ)

]
+ σ2.

(19)

Using the spiked covariance model Σnew = Ip +
∑

i(νi − 1)vnew,iv
⊤
new,i, we obtain

Egen = Eest +
∑
i

(νi − 1)Eξ

[(
(w⋆ − ŵ)⊤vnew,i

)2]
+ σ2. (20)

Substituting ŵ = (XlPm)†Xlw
⋆ + (XlPm)†ξ and expanding the quadratic form, the cross term vanishes in ξ expectation

and we obtain a bias contribution (
(w⋆ − (XlPm)†Xlw

⋆)⊤vnew,i

)2
(21)

and a variance contribution proportional to

v⊤
new,i(PmX⊤

l XlPm)†vnew,i. (22)

Using the same decomposition and conditional Gaussian argument as in Equation (15), (XlPm)†Xlw
⋆ = Πw⋆ +AΠv +

(XlPm)†Ew⋆
⊥, we further decompose the bias

(w⋆⊤ − (XlPm)†Xlw
⋆)⊤vnew,i = w⋆⊤vnew,i − v⊤

new,iΠw⋆ −Av⊤
new,iΠv − v⊤

new,i(XlPm)†Ew⋆
⊥, (23)

with the squared term being:

(w⋆⊤vnew,i − v⊤
new,iΠw⋆ − λ− 1

λ̃
(w⋆⊤P⊥v)(v

⊤
new,iΠv))2︸ ︷︷ ︸

E–independent

+(v⊤
new,i(XlPm)†Ew⋆

⊥)
2︸ ︷︷ ︸

quadratic in E

− 2 (w⋆⊤vnew,i − v⊤
new,iΠw⋆ − λ− 1

λ̃
(w⋆⊤P⊥v)(v

⊤
new,iΠv))(v⊤

new,i(XlPm)†Ew⋆
⊥)︸ ︷︷ ︸

cross term

.

Step 2: E-independent term. The term linear in E is made up of terms that have almost sure limits. In particular:

v⊤
new,iΠw⋆ a.s.−−→

√
w̄∗π̄w⋆,vnew,i

by Lemma .11

v⊤
new,iΠv

a.s.−−→ π̄v,vnew,i
by Lemma .11

w⋆⊤P⊥v
a.s.−−→

√
w̄∗p̄⊥,w⋆,v by Lemma .9

λ̃
a.s.−−→ λ̄ by Lemma .8

w⋆⊤vnew,i
a.s.−−→

√
w̄∗ρw⋆,vnew,i by model assumptions

Thus, by the continuous mapping theorem, we have the almost sure convergence of the entire E-independent term to

w̄∗
(
ρw⋆,vnew,i

− π̄w⋆,vnew,i
− λ− 1

λ̄
p̄⊥,w⋆,vπ̄v,vnew,i

)2

.
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High-Dimensional Analysis of Optimal Representation Size

Step 3: Cross term linear in E. The linear E term has the form

T = c⊤Ed,

where
c = C (XlPm)†⊤vnew,i, d = w⋆

⊥,

and C is the deterministic prefactor defined in Step 2, which converges almost surely to an O(1) limit.

This term has the same structure as the term linear in E in Theorem 4.1, Step 3, with the vector

w⋆ −Πw⋆ −AΠv

replaced by the unit vector vnew,i and multiplied by the scalar C = O(1). The same arguments apply and we conclude that

T
a.s.−−→ 0.

Step 4: Quadratic term in E. Define

Q := w⋆⊤
⊥E

⊤(XlPm)†⊤vnew,iv
⊤
new,i(XlPm)†Ew⋆

⊥.

Let
a := w⋆

⊥, A := (XlPm)†⊤vnew,iv
⊤
new,i(XlPm)†.

Conditioned on (Xm,Um), the vector a and matrix A are independent of E, so Q = a⊤E⊤AEa is a quadratic Gaussian
form.

This is exactly the same object as in Theorem 4.1, Step 5, with a different choice of A. The concentration argument therefore
carries over verbatim once we verify that the same norm bounds hold.

First, as in Theorem 4.1, Step 3,
a⊤Σ̄a = O(1) almost surely.

Next, since A is rank one,
∥A∥ = ∥(XlPm)†vnew,i∥2, ∥A∥2F = ∥A∥2.

Using the bounds on ∥(XlPm)†∥op established in Theorem 4.1, Step 3, together with ∥vnew,i∥ = 1, we obtain

∥A∥ = O

(
1

p

)
, ∥A∥2F = O

(
1

p2

)
, almost surely.

The conditions required for the Hanson–Wright concentration used in Theorem 4.1, Step 5 are satisfied. Therefore, by the
same argument as in Theorem 4.1, Step 5,

Q− EE[Q | Xm,Um]
a.s.−−→ 0.

Finally, the conditional expectation is

EE[Q | Xm,Um] = (a⊤Σ̄a)Tr(A) = O

(
1

p

)
a.s.−−→ 0

Step 5: Variance contribution. Finally, we consider the term from Equation (22) and note it is the same as the norm of
the matrix A from Step 4:

v⊤
new,i(PmX⊤

l XlPm)†vnew,i = ∥(XlPm)†vnew,i∥2 = ∥A∥ = O

(
1

p

)
.

Thus, this term converges to 0:
v⊤
new,i(PmX⊤

l XlPm)†vnew,i
a.s.−−→ 0.
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High-Dimensional Analysis of Optimal Representation Size

Combining. Thus, in the high-dimensional limit the only additional contribution relative to the estimation error is the
spike bias term, and the generalisation error converges to

Egen
∞ = Eest

∞ + w̄∗
∑
i

(νi − 1)

(
ρw⋆,vnew,i

− π̄w⋆,vnew,i
− λ− 1

λ̄
p̄⊥,w⋆,vπ̄v,vnew,i

)2

+ σ2.

A.5. PROOF FOR THE TRAINING ERROR

Proof of Theorem 4.3. Let
H = (XlPm)(XlPm)†

and recall that the target vector is yd = Xlw
⋆ + ξ. Then, the residual vector is:

yd −Xlŵ = yd − (XlPm)(XlPm)†yd − (XlP⊥)(XlPm)†yd

= (Inl
−H)yd

= (Inl
−H)(Xlw

⋆ + ξ),

(24)

where we note that the term multiplying two projections is 0:

(XlP⊥)(XlPm)† = XlU⊥ U⊤
⊥Um︸ ︷︷ ︸
0

(XlUm)† = 0.

The training error splits into two terms since the noise ξ is independent and zero-mean:

Etrain =
1

nl
Eξ

[
∥(Inl

−H)Xlw
⋆ + (Inl

−H)ξ∥2
]

=
1

nl
∥(Inl

−H)Xlw
⋆∥2︸ ︷︷ ︸

Bias2

+
1

nl
Eξ

[
∥(Inl

−H)ξ∥2
]

︸ ︷︷ ︸
Variance

.
(25)

We start by computing the bias. Using the decomposition Xl = XlPm +XlP⊥ and the fact that (I−H)XlPm = 0, the
bias simplifies to:

Bias2 =
1

nl
∥(Inl

−H)XlP⊥w
⋆∥2 . (26)

Substituting the conditional Gaussian decomposition, we have

XlP⊥ = XmΣ−1
mmΣm⊥U

⊤
⊥ +EU⊤

⊥,

where E is independent of Xm. Thus, we obtain

(Inl
−H)XlP⊥w

⋆ = (Inl
−H)XmΣ−1

mmΣm⊥U
⊤
⊥w

⋆ + (Inl
−H)EU⊤

⊥w
⋆

= (Inl
−H)Ew⋆

⊥,
(27)

where we used (Inl
−H)Xm = 0 and defined w⋆

⊥ = U⊤
⊥w

⋆. Note that the entries of Ew⋆
⊥ are i.i.d. N (0, ∥w⋆∥2σ2

eff),
with

σ2
eff =

∥P⊥w
⋆∥2

∥w⋆∥2
+

λ− 1

λ̃

(v⊤P⊥w
⋆)2

∥w⋆∥2
. (28)

Conditioned on Xm, H is deterministic, and the term ∥(Inl
− H)Ew⋆

⊥∥2 is a quadratic form z⊤(Inl
− H)z where

z ∼ N (0, ∥w⋆∥2σ2
effInl

). Hence, we have

EE

[
Bias2 | Xm

]
= ∥w⋆∥2σ

2
eff

nl
Tr(Inl

−H) = ∥w⋆∥2σ2
eff

(
1− min(m,nl)

nl

)
, (29)
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High-Dimensional Analysis of Optimal Representation Size

where the last equality holds almost surely (w.r.t. the randomness in Xm).

Next, to compute the variance, recall that the label noise ξ is isotropic N (0, σ2Inl
). Thus, we have

1

nl
Eξ

[
ξ⊤(Inl

−H)ξ
]
=

σ2

nl
Tr(Inl

−H) = σ2

(
1− min(m,nl)

nl

)
, (30)

where the last equality again holds almost surely (w.r.t. the randomness in Xm). Note that

1− min(m,nl)

nl
= max(0, 1− γeff).

To conclude, it suffices to recall from the proof of Theorem 4.1 that σ2
eff

a.s.−−→ σ̄2
eff , and the argument is complete.

A.6. AUXILIARY LEMMAS

Lemma .5 (Limiting spectral distribution of Xm). Consider the setup of Section 3, and define

Xm := XlUm.

Then the empirical spectral measure of 1
nl
X⊤

mXm converges weakly almost surely to the Marchenko–Pastur law with aspect
ratio γeff , i.e.,

F̂
1
nl

X⊤
mXm ⇒ Fγeff

almost surely.

Proof. Fix a realization of the full sequence (Um)p≥1. Conditional on this realization, the rows of Xm = XlUm are i.i.d.
Gaussian in Rm with covariance

Σmm := U⊤
mΣUm.

Using the form of Σ from Assumption .2, we obtain

Σmm = U⊤
m

(
Ip + (λ− 1)vv⊤

)
Um = Im + (λ− 1)(U⊤

mv)(U⊤
mv)⊤.

Hence, Σmm − Im has rank at most one. Since Σmm ≻ 0, define G ∈ Rnl×m and W ∈ Rm×m by

G := XmΣ−1/2
mm W :=

1

nl
G⊤G.

Conditional on Um, G has i.i.d. N (0, 1) entries. The sample covariance can be rewritten:

1

nl
X⊤

mXm = Σ1/2
mm

(
1

nl
G⊤G

)
Σ1/2

mm = Σ1/2
mmWΣ1/2

mm.

Since Σmm = Im +R with rank(R) ≤ 1, the spectral decomposition shows that Σ1/2
mm − Im also has rank at most one.

Consequently,
Σ1/2

mmWΣ1/2
mm −W = (Σ1/2

mm − Im)WΣ1/2
mm +W(Σ1/2

mm − Im),

and thus
rank

(
Σ1/2

mmWΣ1/2
mm −W

)
≤ 2.

Let F̂A denote the empirical spectral distribution function of a real symmetric matrix A. By the rank inequality (e.g., see
Theorem A.43 in (Bai & Silverstein, 2010)),

sup
θ∈R

∣∣∣F̂ 1
nl

X⊤
mXm(θ)− F̂W(θ)

∣∣∣ ≤ 2

m
→

p→∞
0.

Since W is a standard Wishart matrix of size m × m with aspect ratio m
nl

→ γeff , by the Marchenko–Pastur theorem
(Marčenko & Pastur, 1967),

F̂W ⇒ Fγeff
almost surely, conditional on (Um)p≥1.
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Let A :=
{
F

1
nl

X⊤
mXm ⇒ Fγeff

}
. Taken together, the arguments above shows that:

P(A | (Um)p≥1) = 1.

We now remove the conditioning on (Um)p≥1. By the law of total probability,

P(A) = E[P(A | (Um)p≥1)] = E[1] = 1.

This proves that

F̂
1
nl

X⊤
mXm ⇒ Fγeff

almost surely.

Lemma .6 (Deterministic equivalent for the pseudoinverse trace). Consider the setup of Section 3, and define

Xm := XlUm.

Then

Tr
[
(X⊤

mXm)†
] a.s.−−→


γeff

1− γeff
, γeff < 1,

1

γeff − 1
, γeff > 1.

Proof. We have

Tr
[
(X⊤

mXm)†
]
=

1

nl
Tr
(
(
1

nl
X⊤

mXm)†
)
=

m

nl
· 1

m
Tr
(
(
1

nl
X⊤

mXm)†
)
. (31)

By Lemma .5, the empirical spectral distribution of 1
nl
X⊤

mXm converges weakly almost surely to the Marcenko–Pastur law
with aspect ratio γeff . If γeff < 1, its support is bounded away from zero, and the claim follows by continuity of x 7→ 1/x.
If γeff > 1, there is an additional atom at zero; however, the pseudo-inverse removes this null space contribution, and the
nonzero spectrum remains bounded away from zero, so the same argument applies on the effective support. Therefore,

1

m
Tr
( 1

nl
(X⊤

mXm)†
)
=

∫
1

x
dF

1
nl

X⊤
mXm(x)

a.s.−−→
∫

1

x
dFγeff

(x).

Recall that ∫
1

x
dFγ =


1

1− γ
, γ < 1,

1

γ(γ − 1)
, γ > 1.

Substituting into (31) and using γ = γeff gives

Tr
[
(X⊤

mXm)†
] a.s.−−→


γeff

1− γeff
, γeff < 1,

1

γeff − 1
, γeff > 1,

which concludes the proof.

Lemma .7 (Spectral measure of the overlap). Consider the setup of Section 3, and let (ui)
p
i=1 be the eigenvectors of

Su = 1
nu

X⊤
uXu. Let a ∈ Rp be a fixed vector with population mass distribution Ga on the eigenvectors of Σ, i.e.,

Ga = (a⊤v)2

∥a∥2 δλ +
(
1− (a⊤v)2

∥a∥2

)
δ1. Define the empirical CDF

Ĝsample
a (θ) =

1

∥a∥2
p∑

i=1

(a⊤ui)
2 1{θ ≤ λi(Su)}.
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Then, Ĝsample
a ⇒ Gsample

a almost surely, where Gsample
a is such that (i) its support satisfies supp(Gsample

a ) ⊆ Sγu
∪

{θ∗} ∪ {0} with Sγu being the support of the Marcenko-Pastur density with aspect ratio γu; (ii) it has a continuous density
gsample
a (θ) on the interior of Sγu

gsample
a (θ) =

(∫
τ γu

τ2 − τ(1− γu + θ) + θ
dGa(τ)

)
fγu

(θ);

(iii) it has an atom at {θ∗} where θ∗ =
λ(λ− 1 + γu)

λ− 1
is the location of the spike λ in the sample covariance spectrum

Gsample
a ({θ∗}) =

1− γu

(λ−1)2

1 + γu

(λ−1)

Ga({λ});

and (iv) it may have an atom at 0 of weight

Gsample
a ({0}) =

Ga({0}) γu < 1∫
γu − 1

γu − 1 + τ
dGa(τ), γu > 1.

Proof. The result follows by specializing Lemma 3 in (Green & Romanov, 2025) to the spiked covariance model of
Assumption .2.

Lemma .8 (Deterministic limit of ∥Pma∥2, ∥P⊥a∥2). Consider the setup of Section 3, and let a ∈ Rp be a fixed vector
with population mass distribution Ga on the eigenvectors of Σ. Let Pm be the projection onto the top m eigenvectors of
the prior sample covariance Su, with m/p → α. Let Gsample

a denote the deterministic limiting weighted spectral measure
defined in Lemma .7. Let λt be the deterministic bulk threshold corresponding to retaining an asymptotic fraction α of
principal components

Fγu
(λt) = 1− α.

Then, almost surely,

∥P⊥a∥2

∥a∥2
a.s.−−→



∫ λt

λ−

gsample
a (λ), γu < 1,

Gsample
a ({0}) +

∫ λt

λ−

gsample
a (λ), γu > 1, α < 1

γu
,

1− α

1− 1
γu

Gsample
a ({0}), γu > 1, α ≥ 1

γu
,

(32)

where λ− = (1−√
γu)

2 is the infimum of the support of the Marcenko-Pastur distribution as defined in Equation (7) and

∥Pma∥2 = ∥a∥2 − ∥P⊥a∥2. (33)

Proof. Let

Ĝsample
a (θ) =

1

∥a∥2
p∑

i=1

(a⊤ui)
2 1{θ ≤ λi(Su)}

be the weighted empirical spectral measure of Su. By Lemma .7, Ĝsample
a converges almost surely to the deterministic

measure Gsample
a .

Since ∥P⊥a∥2/∥a∥2 is exactly the mass of Ĝsample
a on the discarded eigenspaces, its limit is obtained by integrating Gsample

a

over the discarded part of the spectrum.

If γu < 1, there is no nullspace, so only bulk directions are discarded. This gives

∥P⊥a∥2

∥a∥2
a.s.−−→

∫ λt

λ−

gsample
a (λ).
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If γu > 1 and α < 1/γu, fewer than all positive-eigenvalue directions are retained, so the entire nullspace is discarded as
well. Hence

∥P⊥a∥2

∥a∥2
a.s.−−→ Gsample

a ({0}) +
∫ λt

λ−

gsample
a (λ).

Finally, if γu > 1 and α ≥ 1/γu, all positive-eigenvalue directions are retained, and the retained subspace is completed by
adding

m− rank(Su) = m− nu

orthonormal directions chosen uniformly at random in the nullspace, independently of a. Therefore only the fraction

p−m

p− nu

a.s.−−→ 1− α

1− 1
γu

of the nullspace remains discarded. Since the total asymptotic mass of a in the nullspace is Gsample
a ({0}), we obtain

∥P⊥a∥2

∥a∥2
a.s.−−→ 1− α

1− 1
γu

Gsample
a ({0}).

The identity ∥Pma∥2 = ∥a∥2 − ∥P⊥a∥2 is immediate.

Lemma .9 (Deterministic limit of a⊤Pmb,a⊤P⊥b). Consider the setup of Section 3, let a,b ∈ Rp be fixed vectors and
let Pm denote the projection onto the top m principal components of Su, with m/p → α. Define the signed population
spectral measure

Ga,b(τ) =
1

∥a∥∥b∥
∑
j

(a⊤vj)(b
⊤vj)1{λj ≤ τ}, (34)

where (vj , λj) are the population eigenpairs of Σ. Let Gsample
a,b denote the corresponding deterministic limiting signed

sample spectral measure onto the eigenpairs of Su. Then,

a⊤Pmb = a⊤b− a⊤P⊥b, (35)

and, almost surely,

a⊤P⊥b

∥a∥∥b∥
a.s.−−→



∫ λt

λ−

gsample
a,b (λ), γu < 1,

Gsample
a,b ({0}) +

∫ λt

λ−

gsample
a,b (λ), γu > 1, α < 1/γu,

1− α

1− 1
γu

Gsample
a,b ({0}), γu > 1, α ≥ 1/γu.

(36)

Moreover, Gsample
a,b ({0}) and the bulk density of gsample

a,b are given by the formulas of Lemma .7 with dGa replaced by the
signed measure dGa,b.

Proof. Define the signed mass density onto the sample eigenvectors of Su

Ĝsample
a,b (θ) :=

1

∥a∥∥b∥

p∑
i=1

(a⊤ui)(b
⊤ui)1{θ ≤ λi(Su)}, (37)

so that its Stieltjes transform is

mĜsample
a,b

(z) =

∫
1

λ− z
dĜsample

a,b (λ) = a⊤(Su − zI)−1b = Tr
[
ab⊤(Su − zI)−1

]
. (38)

By Rubio & Mestre (2011, Theorem 1), for any deterministic matrix Θ with bounded trace norm (i.e., Tr
[
(Θ⊤Θ)1/2

]
=

∥Θ∥tr),
Tr
[
Θ(Su − zI)−1

]
− δΘ(z) → 0 a.s.
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where δΘ(z) is a deterministic function of z. Applying this with Θ = ab⊤ and repeating the argument from (Green &
Romanov, 2025) (in their paper, see Lemma 1 proven in Appendix A) yields the following almost sure weak convergence

Ĝsample
a,b ⇒ Gsample

a,b ,

where the Stieltjes transform of Gsample
a,b is

mGsample
a,b

(z) = −1

z

∫
1

1 + τ mγu
(z)

dGa,b(τ). (39)

Here, the companion Stieltjes transform is defined as mγu
(z) = γumγu(z)− (1− γu)

1
z , and mγu is a Stieltjes transform

of a Marcenko-Pastur density fγu . This is exactly the same expression as in Lemma 1 in (Green & Romanov, 2025) with the
population measure Ga replaced by the signed measure Ga,b. Hence, the atom at 0 and the bulk density of gsample

a,b ({0}) are
obtained from the formulas of Lemma .7 by the same substitution. Now the mass of Ĝsample

a,b on the discarded eigenspaces is

a⊤P⊥b =

p∑
i=m+1

(a⊤ui)(b
⊤ui) (40)

noting that the eigenvectors ui are sorted according to their eigenvalues, such that the set {m + 1, . . . , p} contains the
indices of the p−m smallest eigenvalues. Therefore, the same geometric argument as in Lemma .8 gives the three regimes
above: discarded bulk only when γu < 1; bulk plus the full atom at 0 when γu > 1 and α < 1/γu; and, when γu > 1 and
α ≥ 1/γu, only the fraction

1− α

1− 1
γu

of the nullspace mass remains discarded, by the same random nullspace-completion argument. Finally,

a⊤Pmb = a⊤b− a⊤P⊥b,

which proves the result.

Lemma .10 (Deterministic limit of the effective projection ∥Πa∥2). Consider the setup of Section 3, let Xm = XlUm ∈
Rnl×m and define

Πm := X†
mXm ∈ Rm×m, Π := UmΠmU⊤

m ∈ Rp×p.

Let the eigendecomposition of Σmm be Σmm := U⊤
mΣUm with (ṽi, λ̃i) denoting the eigenpairs. For any fixed vector

a ∈ Rp with Pma ̸= 0, define

ã :=
U⊤

ma

∥Pma∥
∈ Rm,

and let G̃ã be the mass distribution of ã onto the eigenvectors of Σmm:

G̃ã(τ̃) =
∑
i

(ã⊤ṽi)
2 1{λ̃i ≤ τ̃}.

Then, it holds almost surely

G̃ã(τ) ⇒

(
1−

p̄2a,v
p̄a,ap̄v,v

)
δ1 +

p̄2a,v
p̄a,ap̄v,v

δλ̄,

and

a⊤Πa

∥a∥2
a.s.−−→ p̄a,a ·


1, γeff < 1,

1−
∫

γeff − 1

γeff − 1 + τ̃
dG̃ã(τ̃), γeff > 1.

(41)

with p̄a,a, p̄v,v, p̄a,v defined via Equations (32) and (36).
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Proof. We start by computing explicitly G̃ã. Recall that

Σmm = U⊤
mΣUm = Im + (λ− 1)(U⊤

mv)(U⊤
mv)⊤.

Then, Σmm has m− 1 eigenvalues equal to 1 and the remaining one is

λ̃ = 1 + (λ− 1)∥Pmv∥2 ⇒ λ̄ = 1 + (λ− 1)p̄v,v,

where the convergence occurs almost surely. The corresponding unit eigenvector is ṽ =
U⊤

mv
∥U⊤

mv∥ =
U⊤

mv
∥Pmv∥ . Therefore the

spectral measure G̃ã of

ã =
U⊤

ma

∥Pma∥

with respect to the eigenbasis of Σmm is supported on {1, λ̃}, and hence

G̃ã =
(
1− (ã⊤ṽ)2

)
δ1 + (ã⊤ṽ)2δλ̃,

with

(ã⊤ṽ)2 =
((U⊤

ma)⊤(U⊤
mv))2

∥Pma∥2 ∥Pmv∥2
=

(a⊤UmU⊤
mv)2

∥Pma∥2 ∥Pmv∥2
=

(a⊤Pmv)2

∥Pma∥2 ∥Pmv∥2
.

Thus, G̃ã is a two-point measure, with the original atom at λ replaced by an atom at λ̃, and with weight determined by the
projected overlap. Almost surely, it holds that:

G̃ã(τ) ⇒

(
1−

p̄2a,v
p̄a,ap̄v,v

)
δ1 +

p̄2a,v
p̄a,ap̄v,v

δλ̄.

Case m < nl. In this regime, Xm ∈ Rnl×m has full column rank almost surely, so Πm = Im. Hence ã⊤Πmã = 1,
giving

a⊤Πa

∥a∥2
a.s.−−→ p̄a,a,

as ∥Pma∥2

∥a∥2

a.s.−−→ p̄a,a from Lemma .8.

Case m > nl. In this regime, Xm has a nullspace of dimension m− nl, and

ã⊤Πmã = 1− ã⊤Πm,nullã.

Conditioned on Um, the rows of Xm are Gaussian with covariance Σmm = U⊤
mΣUm. Therefore, by the nullspace mass

formula from Lemma .7 applied to the m-dimensional model with aspect ratio γeff = m/nl > 1,

ã⊤Πm,nullã
a.s.−−→

∫
γeff − 1

γeff − 1 + τ̃
dG̃ã(τ̃). (42)

Finally, noting that ∥Pma∥2

∥a∥2

a.s.−−→ p̄a,a according to Lemma .8 and combining the two terms via the continuous mapping
theorem gives the required result.

Lemma .11 (Deterministic limit of the bilinear effective projection a⊤Πb). Consider the setup of Section 3, let a,b ∈ Rp,
with Pma ̸= 0,Pmb ̸= 0, and define

ã :=
U⊤

ma

∥Pma∥
∈ Rm, b̃ :=

U⊤
mb

∥Pmb∥
∈ Rm.

Let G̃ã,b̃ be the signed joint mass distribution of ã, b̃ onto the eigenvectors ṽi of Σmm:

G̃ã,b̃(τ̃) =
∑
i

(ã⊤ṽi)(b̃
⊤ṽi)1{λ̃i ≤ τ̃}.
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Then, it holds almost surely

G̃ã,b̃(τ) ⇒

(
p̄a,b

p̄
1/2
a,a p̄

1/2
b,b

− p̄a,vp̄b,v

p̄
1/2
a,a p̄

1/2
b,bp̄v,v

)
δ1 +

p̄a,vp̄b,v

p̄
1/2
a,a p̄

1/2
b,bp̄v,v

δλ̄,

and

a⊤Πb

∥a∥∥b∥
a.s.−−→


p̄a,b, γeff < 1,

p̄a,b − p̄
1/2
a,a p̄

1/2
b,b

∫
γeff − 1

γeff − 1 + τ̃
dG̃ã,b̃(τ̃), γeff > 1.

(43)

with p̄a,a, p̄b,b, p̄v,v, p̄a,v, p̄b,v defined via Eq. (32) and (36).

Proof. The proof follows the steps of the proof of Lemma .10. The mass distribution G̃ã,b̃ can be written as

G̃ã,b̃ =
(
ã⊤b̃− (ã⊤ṽ)(b̃⊤ṽ)

)
δ1 + (ã⊤ṽ)(b̃⊤ṽ)δλ̃,

with

(ã⊤ṽ)(b̃⊤ṽ) =
((U⊤

ma)⊤(U⊤
mv))((U⊤

mb)⊤(U⊤
mv))

∥Pma∥ ∥Pmb∥ ∥Pmv∥2
=

(a⊤Pmv)(b⊤Pmv)

∥Pma∥ ∥Pmb∥ ∥Pmv∥2
,

which converges almost surely to p̄a,vp̄b,v

p̄
1/2
a,a p̄

1/2
b,bp̄v,v

and

ã⊤b̃ =
(U⊤

ma)⊤(U⊤
mb)

∥Pma∥∥Pmb∥
a.s.−−→ p̄a,b

p̄
1/2
a,a p̄

1/2
b,b

This readily gives the almost sure limit of G̃ã,b̃(τ). Next, observe

a⊤Πb

∥a∥∥b∥
=

1

∥a∥∥b∥
(U⊤

ma)⊤Πm(U⊤
mb) =

∥Pma∥
∥a∥

∥Pmb∥
∥b∥

ã⊤Πmb̃. (44)

Combining this with the almost sure limits from Lemma .8, with the same steps as in the proof of Lemma .10 and with the
mass distribution of G̃ã,b̃ proves the lemma.

A.7. PHASE TRANSITION FOR γl > 1

Here, we derive parametric equations for the two phase transitions we observe in the phase diagrams for α in Figure 3. For
small downstream tasks, γl > 1, there is a sharp phase transition due to competing local minima at different sides of the
double descent (local minimum at large vs small α), which we tackle first. We find a proxy of the parametric curve of this
phase transition by comparing the values of the error at the endpoints in α, and check when Egen

∞ (α → 0) = Egen
∞ (α = 1).

Note that the left endpoint is not exactly 0, as we always retain the first principal component of the data, but in the
high-dimensional regime p → ∞, α approaches 0.

We define signed normalized overlaps as

ρa,b :=
a⊤b

∥a∥ ∥b∥
, ηa,b := ρ2a,b.

In particular, ηa,v denotes the squared population-spike overlap of a fixed vector a with the spike eigenvector v. For bilinear
quantities, the signs of the corresponding ρ’s must be retained.

Define the limiting value of the population and sample spike eigenvector overlap (v⊤u1)
2 → c, which depends on whether

the spike is below or above the BBP transition (Green & Romanov, 2025):

c :=


1− γu

(λ−1)2

1+ γu
λ−1

γu < (λ− 1)2

0 γu ≥ (λ− 1)2
.
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Endpoint values for the eigenvalues and projections. At the left endpoint, meaning m = 1 and hence α → 0, the
retained direction is the empirical spike direction. Therefore, the limiting value of projections for any fixed vectors a,b are
given by

p̄a,a(0) = ηa,vc, p̄⊥,a,a(0) = 1− ηa,vc,

p̄a,b(0) = ρa,vρb,vc, p̄⊥,a,b(0) = ρa,b − ρa,vρb,vc.

At the right endpoint, α = 1, the projection is the identity, Pm = Ip. Hence, we have

p̄a,a(1) = 1, p̄⊥,a,a(1) = 0

p̄a,b(1) = ρa,b, p̄⊥,a,b(1) = 0.

Next, let us analyse the effective limiting projections π̄. At α = 0, the effective aspect ratio satisfies γeff = 0. Hence the
compressed task design is overdetermined, and the task projection is exact inside the retained subspace:

π̄a,a(0) = p̄a,a(0) = ηa,vc,

π̄a,b(0) = p̄a,b(0) = ρa,vρb,vc.

At α = 1, we have λ̄ = λ and γeff = γl. Therefore

π̄a,a(1) =


1, γl < 1,

ηa,v
λ

γl − 1 + λ
+ (1− ηa,v)

1

γl
, γl > 1.

π̄a,b(1) =


ρa,b, γl < 1,

ρa,vρb,v
λ

γl − 1 + λ
+ (ρa,b − ρa,vρb,v)

1

γl
, γl > 1.

Furthermore, note that at α = 1 we have λ̄ = λ, and for α = 0 define:

λ̄0 = 1 + (λ− 1)c.

Endpoint values for the generalisation error. At α = 1, we have Pm = Ip, hence

p̄⊥,w⋆,w⋆ = 0, p̄⊥,w⋆,v = 0, σ̄2
eff = 0.

Therefore,

Egen
∞ (1) = w̄∗ (1− π̄w⋆,w⋆(1)) +

σ2

|γl − 1|
+ w̄∗

T∑
i=1

(νi − 1)
(
ρw⋆,vnew,i

− π̄w⋆,vnew,i
(1)
)2

+ σ2,

where for the relevant regime for this phase transition (γl > 1)

π̄w⋆,w⋆(1) = ηw⋆,v
λ

γl − 1 + λ
+ (1− ηw⋆,v)

1

γl
,

π̄w⋆,vnew,i
(1) = ρw⋆,vρvnew,i,v

λ

γl − 1 + λ
+
(
ρw⋆,vnew,i

− ρw⋆,vρvnew,i,v

) 1

γl
.

At α = 0 ((γeff = 0), the variance term in Eest
∞ vanishes. Moreover,

π̄w⋆,w⋆(0) = ηw⋆,vc, π̄v,v(0) = c, p̄⊥,w⋆,v(0) = ρw⋆,v(1− c).

Thus, we have

Egen
∞ (0) = w̄∗

[
1− ηw⋆,vc+

(λ− 1)2

λ̄2
0

ηw⋆,v(1− c)2c

]
+ w̄∗

T∑
i=1

(νi − 1)

[
ρw⋆,vnew,i

− ρw⋆,vρv,vnew,i
c− λ− 1

λ̄0
ρw⋆,v(1− c)ρv,vnew,i

c

]2
+ σ2.
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Noting that λ̄0 = 1 + (λ− 1)c, this simplifies further:

Egen
∞ (0) = w̄∗

[
1− ηw⋆,vc

λ

λ̄0

(
2− λ

λ̄0

)
+

T∑
i=1

(νi − 1)

(
ρw⋆,vnew,i

− ρw⋆,vρv,vnew,i
c
λ

λ̄0

)2
]
+ σ2.

Let S := w̄∗

σ2 , and define
ri := ρw⋆,vnew,i

, qi := ρw⋆,vρv,vnew,i
, η := ηw⋆,v.

Then the normalized α = 0 endpoint is

B0(c) := 1− ηc
λ

λ̄0

(
2− λ

λ̄0

)
+

T∑
i=1

(νi − 1)

(
ri − qi

λc

λ̄0

)2

.

Thus
Egen

∞ (0)

w̄∗ = B0(c) +
1

S
.

For α = 1 and γl > 1, define

A(γl) :=
λ

γl − 1 + λ
, B(γl) :=

1

γl
.

Then

B1(γl) := 1− [ηA(γl) + (1− η)B(γl)] +

T∑
i=1

(νi − 1) [ri − qiA(γl)− (ri − qi)B(γl)]
2
.

The phase boundary in the (γu, γl)-plane is therefore

B0(c(γu)) = B1(γl) +
1

S(γl − 1)
(γl > 1).

Specialization to Σnew = Σ. In this case, T = 1, ν1 = λ, and

r1 = q1 = ρw⋆,v, η = ρ2w⋆,v.

Hence
B0(c) = 1 +

η

λ̄2
0

(
cλ2 − 2cλλ̄0 + (λ− 1)

(
λ̄2
0 − 2λ̄0λc+ λ2c2

))
= 1 + η(λ− 1)− ηλ2c

1 + (λ− 1)c
,

while

B1 = (1− η)
γl − 1

γl
+ η

λγl(γl − 1)

(γl − 1 + λ)2
.

Thus, the phase transition is:

1 + η(λ− 1)− ηλ2c

1 + (λ− 1)c
= (1− η)

γl − 1

γl
+ η

λγl(γl − 1)

(γl − 1 + λ)2
+

1

S(γl − 1)

Specialization to Σnew = Σ and w⋆ =
√
w̄∗v. Now everything simplifies even further. We have

B0 =
λ(1− c)

1 + (λ− 1)c
,

and

B1 =
λγl(γl − 1)

(γl − 1 + λ)2
.

Due to the two regimes of c, the proxy transition splits into two components:

λγl(γl − 1)

(γl − 1 + λ)2
+

1

S(γl − 1)
=

{
λ λ < 1 +

√
γu

λ
(λ−1)2 γu λ ≥ 1 +

√
γu
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A.8. PHASE TRANSITION FOR γl < 1

Next, we study the regime of larger downstream tasks γl < 1, and find the phase transition between the phases α = 1 and
α < 1 by finding a parametric curve that describes the loss of stability of α = 1, i.e., when d

dαE
gen
∞ |α=1= 0.

Derivatives of the pretraining projection at α = 1. Let λ± = (1±√
γu)

2, and define

Ha(θ) := (1− ηa,v) + ηa,v
λγu

λ2 − λ(1− γu + θ) + θ
.

Since
gsample
a (θ) = Ha(θ)fγu(θ),

the derivative of p̄⊥,a,a at α = 1 is

d

dα
p̄⊥,a,a(α)

∣∣∣∣
α=1−

=


−Ha(λ−), γu < 1,

−Gsample
a ({0})
1− 1

γu

, γu > 1.

Equivalently,

d

dα
p̄⊥,a,a(α)

∣∣∣∣
α=1−

=


−
[
(1− ηa,v) + ηa,v

λγu
λ2 − λ(1− γu + λ−) + λ−

]
, γu < 1,

−
[
(1− ηa,v) + ηa,v

γu
γu − 1 + λ

]
, γu > 1.

Therefore
d

dα
p̄a,a(α)

∣∣∣∣
α=1−

= − d

dα
p̄⊥,a,a(α)

∣∣∣∣
α=1−

.

For signed bilinear projections, replace
ηa,v by ρa,vρb,v,

and replace the constant bulk contribution 1− ηa,v by

ρa,b − ρa,vρb,v.

Derivative of the effective projection at α = 1. For γl < 1, the compressed task design remains overdetermined in a
neighbourhood of α = 1. Thus

π̄a,a(α) = p̄a,a(α), γl < 1,

and hence
d

dα
π̄a,a(α)

∣∣∣∣
α=1−

=
d

dα
p̄a,a(α)

∣∣∣∣
α=1−

.

Stability of α = 1 for γl < 1. Assume γl < 1 and let α → 1−. Define

Dw⋆ :=
d

dα
p̄w⋆,w⋆(α)

∣∣∣∣
α=1−

.

At α = 1, p̄⊥,a,b = 0 and σ2
eff = 0, thus simplifying

d

dα
Egen

∞ (α)

∣∣∣∣
α=1−

=
γlσ

2

(1− γl)2
− w̄∗

1− γl
Dw⋆ .

Consequently, α = 1 is locally stable iff
d

dα
Egen

∞ (α)

∣∣∣∣
α=1−

≤ 0,
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or equivalently

γl ≤
SDw⋆

1 + SDw⋆

, S :=
w̄∗

σ2
.

The equality gives the local stability boundary of the full representation:

Dw⋆ =


(1− η) + η

λγu
(λ− 1 +

√
γu)2

, γu < 1,

(1− η) + η
γu

γu − 1 + λ
, γu > 1,

γcrit
l =

S [(1− η) + ηDv]

1 + S [(1− η) + ηDv]
,

where

Dv =


λγu

(λ− 1 +
√
γu)2

, γu < 1,

γu
γu − 1 + λ

, γu > 1.

A.9. INFINITE DATA LIMITS

We consider what happens to the errors and optimal α when γu → 0 or γl → 0.

Prior data limit γu → 0. In this limit, the empirical spike aligns with the population spike, and the retained subspace
contains the spike direction together with an α-fraction of the isotropic bulk.

For any fixed vectors a,b, we have

p̄a,a → ηa,v + (1− ηa,v)α,

p̄⊥,a,a → (1− ηa,v)(1− α),

p̄a,b → ρa,vρb,v + α (ρa,b − ρa,vρb,v) ,

p̄⊥,a,b → (1− α) (ρa,b − ρa,vρb,v) .

In particular,
p̄v,v → 1, p̄⊥,v,v → 0, λ̄ → λ.

For the effective projections π̄, the behaviour depends on γeff .

If γeff < 1, then
π̄a,a → p̄a,a, π̄a,b → p̄a,b.

If γeff > 1, define

Aλ :=
λ

γeff − 1 + λ
, A1 :=

1

γeff
,

then

π̄a,a → ηa,vAλ + (1− ηa,v)αA1,

π̄a,b → ρa,vρb,vAλ + α (ρa,b − ρa,vρb,v)A1.

Errors in the limit γu → 0. In the infinite-prior-data limit, the empirical spike is recovered exactly. Hence

p̄v,v → 1, p̄⊥,w⋆,v → 0, λ̄ → λ,

and
p̄w⋆,w⋆ → η + (1− η)α, p̄⊥,w⋆,w⋆ → (1− η)(1− α).
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Therefore
σ̄2
eff → (1− η)(1− α).

Since the leak term vanishes,

Eest
∞ → w̄∗ (1− π̄w⋆,w⋆) +

min{γeff , 1}
|γeff − 1|

[
w̄∗(1− η)(1− α) + σ2

]
,

where

π̄w⋆,w⋆ =


η + (1− η)α, γeff < 1,

η
λ

γeff − 1 + λ
+ (1− η)

1

γl
, γeff > 1.

Moreover, taking Σnew = Σ, we obtain

Egen
∞ → Eest

∞ + w̄∗(λ− 1)η

(
γeff − 1

γeff − 1 + λ

)2

+ σ2.

Finally, the training error satisfies

Etrain
∞ →

[
σ2 + w̄∗(1− η)(1− α)

]
max{0, 1− γeff}.

Downstream-data limit γl → 0. For any fixed α > 0, we have γeff = αγl → 0, hence

π̄a,a → p̄a,a, π̄a,b → p̄a,b.

Moreover, the variance factor satisfies
min{γeff , 1}
|γeff − 1|

=
αγl

1− αγl
→ 0,

so all downstream finite-sample variance contributions vanish.

The pretraining projections p̄ remain determined by γu.

At α = 1,
p̄a,a = 1, p̄⊥,a,a = 0, π̄a,a → 1,

and
p̄a,b = ρa,b, p̄⊥,a,b = 0, π̄a,b → ρa,b.

At the spike-retaining endpoint α → 0,

π̄a,a(0) → p̄a,a(0), π̄a,b(0) → p̄a,b(0),

with p̄ determined by the prior overlap c(γu).

Errors in the limit γl → 0. For fixed α > 0, γeff = αγl → 0. Hence

π̄a,a → p̄a,a, π̄a,b → p̄a,b,

and
min{γeff , 1}
|γeff − 1|

→ 0.

Therefore the estimation error satisfies

Eest
∞ → w̄∗

[
1− p̄w⋆,w⋆ +

(λ− 1)2

λ̄2
p̄ 2
⊥,w⋆,vp̄v,v

]
.
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The generalisation error satisfies

Egen
∞ → Eest

∞ + w̄∗
T∑

i=1

(νi − 1)

(
ρw⋆,vnew,i

− p̄w⋆,vnew,i
− λ− 1

λ̄
p̄⊥,w⋆,vp̄v,vnew,i

)2

+ σ2. (45)

The training error satisfies

Etrain
∞ → σ2 + w̄∗

[
p̄⊥,w⋆,w⋆ +

λ− 1

λ̄
p̄ 2
⊥,w⋆,v

]
. (46)

Specialization to Σnew = Σ. We further specialize the result in the limit to the setting where the validation data is the same
as pretraining and downstream data.

Corollary .12. Assume γu = p/nu → 0, so that the empirical spike direction converges to the population spike v. Let
η = ηw⋆,v, γeff = αγl, S = w̄∗/σ2. Then the estimation error becomes

Eest
∞ → w̄∗(1− π̄w⋆,w⋆) +

min{γeff , 1}
|γeff − 1|

[
w̄∗(1− η)(1− α) + σ2

]
,

where

π̄w⋆,w⋆ =


η + (1− η)α, γeff < 1,

η
λ

γeff − 1 + λ
+ (1− η)

α

γeff
, γeff > 1.

For matched test covariance Σnew = Σ,

Egen
∞ → Eest

∞ + w̄∗(λ− 1)η


0, γeff < 1,(

γeff − 1

γeff − 1 + λ

)2

, γeff > 1,
+ σ2.

Finally,
Etrain

∞ →
[
σ2 + w̄∗(1− η)(1− α)

]
max{0, 1− γeff}.

Consequently, the phase transitions in this limit can either be derived by taking derivatives and limiting values α, or by
substituting the limits directly in Corollaries 4.4 and 4.5. In this regime, the phase boundaries become independent of γu
and depend only on η, SNR, λ, and γl.

Corollary .13 (Phase transitions for γu → 0). In the limit γu → 0, the spike direction is recovered exactly. Hence,
c(γu) → 1 and Dv(γu) → 0. Thus, the transition curve when γl > 1 simplifies to

(1− η)
1

γl
= η

λγl(γl − 1)

(γl − 1 + λ)2
+

1

S(γl − 1)
.

Furthermore, when γl < 1, the stability boundary reduces to

γcrit
l =

S(1− η)

1 + S(1− η)
.

B. Theory-experiment validation

Below, we present additional plots validating the theoretical predictions through numerical experiments. We introduce an
overlap measure for the task-spike alignment θ, which can be defined through the overlap η as

(w⋆⊤v)2

∥w⋆∥2
= η = (cos θ)2.
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Figure 5. Generalisation error of PCR as a function of the number of retained components α = m
p

. Solid lines show the theoretical
prediction; dashed lines show the empirical mean ± one standard deviation across trials. Each column varies one parameter while holding
the others fixed: (a,e) varying the pre-training dataset size nu with nl fixed; (b,f) varying the downstream dataset size nl with nu fixed;
(c,g) varying the signal-to-noise ratio SNR; (d,h) varying the spike eigenvalue λ. The two rows correspond to two regimes: smaller (top)
and larger (bottom) values of nu and nl. Results are shown for a rank-1 spiked covariance model with perfectly aligned signal (η = 1).

B.1. ERROR CURVES

Figure 5 illustrates the range of generalisation error curves across parameter settings. When the downstream sample size is
limited (nl < p), the error exhibits a double descent profile, with the peak occurring at α ≈ 1/γl. Increasing the size of
the pretraining dataset nu uniformly reduces the overall error scale (panels (a,e)), while varying nl shifts the location of
the interpolation threshold (panels (b,f)). Increasing the SNR raises the generalisation error (panels (c,g)), as it amplifies
the contribution of signal-dependent bias. This increase is non-uniform across α: smaller values of α are affected more
strongly, since a larger fraction of the signal lies outside the retained subspace. A similar non-uniform effect is observed
when varying the spike strength λ (panels (d,h)).

We further decompose these effects by examining the estimation error components in Figure 6. The bias due to missing
signal is determined by the downstream sample regime. In the overparametrized regime (nl < p), this bias admits a strictly
positive lower bound (panel (a)), reflecting the inability to fully reconstruct the signal. In contrast, when nl > p, this
component can vanish (panel (e)). Independently of this constraint, the bias decreases with α, since increasing α enlarges
the subspace Pm and thus increases the fraction of w⋆ that can be represented. The leak-induced bias follows a similar
decreasing trend in α, as it is controlled by p̄⊥,w⋆,v, which shrinks as the orthogonal complement P⊥ becomes smaller.
However, its dependence on λ is non-monotonic (panels (b,f)): it is negligible for weak spikes (e.g. λ = 1.1), increases at
intermediate values (e.g. λ = 2, 5), and decreases again for strong spikes (e.g. λ = 10). This reflects a trade-off between
decreasing leak size p̄⊥,w⋆,v and increasing the effective component of the leak vector v in the subspace XlPm through π̄v.
For the parameter ranges considered, the magnitude of the leak term remains small relative to the other components. The
variance behaves as expected: in the regime nl < p, it decreases monotonically with λ, reflecting improved signal-to-noise
separation (panels (c,g)).

Finally, the generalisation error (Figure 7) includes two additional contributions relative to the estimation error. The first is
the additive noise variance σ2 (panels (c,g)). The second is an additional bias term induced by the spike structure in the test
distribution. This term combines a residual missing signal component with a correction from the leak, and it is amplified
by λ. Its structure leads to a discontinuity at α = γl (panel (b)), inherited from the behaviour of the “missing signal” bias.
Overall, the generalisation error closely tracks the estimation error, with the main differences appearing at small α, where
these additional bias contributions are most pronounced (panels (e,f)).

35



1925
1926
1927
1928
1929
1930
1931
1932
1933
1934
1935
1936
1937
1938
1939
1940
1941
1942
1943
1944
1945
1946
1947
1948
1949
1950
1951
1952
1953
1954
1955
1956
1957
1958
1959
1960
1961
1962
1963
1964
1965
1966
1967
1968
1969
1970
1971
1972
1973
1974
1975
1976
1977
1978
1979

High-Dimensional Analysis of Optimal Representation Size

Figure 6. Components of the theoretical estimation error as a function of α for different values of λ. The total error (panels (d, h)) is
decomposed into the missing signal term (panels (a, e)), the leak term (panels (b, f)), the variance term (panels (c, g)). All plots assume
fixed parameters nu = 311, nl = [311, 724], SNR = ∥w⋆∥2

σ2 , and a target signal misaligned with the spike eigenvector (η = 0.75). The
number of features is set to p = 500.

Figure 7. Components of the theoretical generalisation error as a function of α for different values of λ. The total error (panels (d, h))
is decomposed into the estimation error (panels (a, e)), the missing signal (panels (b, f)), and the leak term (c, g). All plots assume
fixed parameters nu = 311, nl = [311, 724], SNR = ∥w⋆∥2

σ2 , and a target signal misaligned with the spike eigenvector (η = 0.75). The
number of features is set to p = 500.

B.2. OPTIMAL DIMENSIONALITY

In Figures 8, 9, 10 and 11, we present various phase portraits in α, reflecting their dependence on the signal-to-noise ratio
(SNR), the spike strength (λ), and the task overlap. For the optimal α minimizing the training error (Figures 9 and 11),
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the SNR, task overlap, and spike strength have little effect. In contrast, for the optimal α minimizing the generalisation
error, the phase-transition boundaries and the size of the bulk region are highly sensitive to the task overlap, SNR, and spike
strength (λ). Figures 8 and 10 show that the phase-transition boundary flattens into a horizontal line at a fixed nl (i) as
the task-spike overlap decreases, (ii) as the SNR increases or (iii) as the spike strength decreases. At the same time, the
bulk region expands along the nu axis, thereby reducing the region of parameter space in which compression is used. This
behaviour can be explained by the fact that a weaker signal is harder to detect, leading to a less accurate estimate of the prior.
Consequently, exploiting this poorly-estimated prior through compression is not advantageous across many regimes, even
when the amount of new data is large.
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C. Additional experiments

We provide additional figures from the experiments outlined in the main text in Section 5, as well as an additional experiment
directly comparing the effectiveness of pretrained regression.

C.1. COMPARISON WITH REGRESSION AND PRINCIPAL COMPONENT REGRESSION

We compare three approaches: standard regression, pretrained regression (PR) where PCA is learned on prior data and
transferred to the downstream task, and principal component regression (PCR), where PCA is learned directly on the
downstream data.

In the fully aligned setting (w⋆ ∥ v, cos θ = 1), Figure 12 (left) shows that incorporating a PCA step consistently improves
performance over standard regression. Moreover, when the pretraining dataset is larger than the downstream dataset
(nu > nl), PR outperforms PCR, reflecting the more accurate estimation of the signal subspace from additional data.

In the misaligned setting (cos θ = 1/
√
2, right panel in Figure 12), the advantage of PR is restricted to regimes with large

nu and small nl. As nl increases, PCR becomes comparable to PR, and both methods approach the performance of standard
regression (within a small error gap). This reflects the diminishing benefit of transferring a pretrained subspace when
sufficient downstream data is available to estimate the relevant structure directly.

C.2. ADDITIONAL AUTOENCODER EXPERIMENTS

Figure 13 extends panels (a-d) of Figure 4. The top row shows simulations that directly match our theoretical setting (PCA
followed by regression), while the middle and bottom rows replace PCA with unsupervised representation learning using a
linear and a nonlinear one-hidden-layer autoencoder, respectively. The linear autoencoder closely reproduces the theoretical
predictions in both the spiked identity and general covariance settings, confirming that it effectively recovers the same
subspace as PCA in these regimes.

We next examine the effect of reducing the SNR in Figure 14. The phase boundaries shift in the same qualitative manner as
predicted by the theory, where the optimal α is low across a larger part of the (nu, nl) space, indicating that the dependence
on SNR is captured beyond the exact PCA setting.

Finally, we analyse deviations from PCA in low-sample regimes in Figure 15. We compare the theoretical overlap Pmv
with the empirical overlap obtained by passing v through trained linear and nonlinear autoencoders with varying bottleneck
dimension. The linear autoencoder deviates from PCA only when nu < p, while the nonlinear autoencoder exhibits larger
discrepancies across a broader range of nu.

Despite these deviations, the optimal bottleneck dimension that minimizes both training and generalisation error remains
close to α ≈ 1 when nu < p. As a result, the performance of linear autoencoder-based pipelines is still well predicted
by the theory across all nu. In contrast, the nonlinear autoencoder exhibits a persistent mismatch for nu > p, which only
diminishes for sufficiently large pretraining datasets (empirically around nu ≈ 3p). The magnitude of this mismatch also
depends on SNR, as seen by comparing Figures 13 and 14.

C.3. ADDITIONAL TRANSFORMER EXPERIMENTS

We first consider the setting where PCA is applied to representations extracted from the downstream task (Figure 16), rather
than from pretraining data as in Figure 4(e). In this regime, compression remains beneficial for generalisation when the
downstream dataset is small, with an optimal intermediate dimension m. The dependence on the pretraining dataset size nu

is weaker than in the pretraining-PCA setting, but still observable. This likely reflects the evolution of the representation
spectrum during training, with increasing spike size (effective λ) as shown in Figure 18.

We next return to applying PCA to pretraining data and report validation accuracy across a broader range of downstream
dataset sizes (Figure 17). For small downstream datasets, an intermediate compression level is optimal, particularly
for models trained for longer durations. In contrast, for large downstream datasets, performance is maximized without
compression (m ≈ p). At the smallest dataset sizes, the optimal m is less stable across runs.

Neither experimental setup provides a direct match to the theoretical model. In particular, the pretraining and downstream
datasets differ not only in semantic structure but also in sequence length, which affects the learned representations and limits
the transferability of PCA computed on pretraining data. Despite this mismatch, both PCA-based approaches match or
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outperform the no-compression baseline (Figure 19).

D. Implementation details

D.1. FIGURE 1

Panel (a) Diagram of the model made with figma.

Model. We define the signal-to-noise ratio as SNR = ∥w⋆∥2

σ2 and the alignment between the regression target and the
spike as η = cos θ. Throughout, we fix p = 500 and σ2 = 1.

Panels (b-c) (generalisation and training error vs α). We fix nu ≈ nl ≈ 300, SNR = 9.0, and η = 1.0. The parameter
α is swept over 30 values in [0.01, 1.0] for each of four spike strengths λ ∈ {1.1, 2.0, 5.0, 10.0}. Theoretical predictions
(solid curves) are compared against empirical averages over multiple realisations (dashed curves, shading corresponds to 1
standard deviation).

D.2. FIGURE 2

Model. We define the signal-to-noise ratio as SNR = ∥w⋆∥2

σ2 and the alignment between the regression target and the
spike as η = cos θ. Throughout, we fix p = 500 and σ2 = 1.

Panel (a) (minimum generalisation error). For SNR = 9.0, λ⋆ = 5.0, and η = 1.0, we plot minα Egen(α) over a
100 × 100 grid with nu, nl ∈ [1, 3000]. Dashed white lines mark nu = p and nl = p (p = 500). The colour scale is
logarithmic.

Panel (b) (gain from tuning α relative to α = 1). Under the same setting, we compute Egen(α=1)−Egen(α
⋆) over the

same grid. Positive values indicate regions where using the full prior representation is suboptimal and tuning α reduces
generalisation error. The colour scale is logarithmic.

Panel (c) (gain from tuning α relative to αmin). Under the same setting, we compute Egen(α= αmin) − Egen(α
⋆),

where αmin ≈ 0.01 is the smallest value in the sweep (m = 1 principal component retained). This quantifies the benefit of
tuning α upward from the minimal representation. The colour scale is logarithmic.

Panel (d) (marginal substitution rate). Under the same setting, we compute the ratio (∂Egen/∂nu)/(∂Egen/∂nl)
evaluated at the optimal α⋆, with gradients approximated numerically via central differences on the 100× 100 grid. Values
above 1 (red) indicate that collecting an additional unlabelled sample nu reduces generalisation error more than collecting a
labelled sample nl; values below 1 (blue) indicate the converse. The colour scale is centred at 1.

Panel (e) (generalisation-optimal α⋆). Under the same setting, we plot the value of α⋆ = argminα Egen(α) over the
same grid, normalised so that α ∈ [0, 1].

D.3. FIGURE 3

Model. We define the signal-to-noise ratio as SNR = ∥w⋆∥2

σ2 and the alignment between the regression target and the
spike as η = cos θ2. Throughout, we fix p = 500 and σ2 = 1.

Panel (a) (optimal α⋆ heatmap). For SNR = 9.0, λ = 5.0, and η = 1.0, we compute the theoretical optimal
representation size α⋆ that minimises generalisation error over a 100 × 100 grid, where nu and nl each vary from 1
to 3000. Analytical phase-transition boundaries (smooth transition and sharp transition) are overlaid.

Panel (b) (phase portrait SNR). At fixed λ = 5.0 and η = 1.0, we plot the smooth and sharp transition boundaries in the
(nu, nl) plane for each of the six SNR values {0.1, 0.5, 1.0, 3.0, 5.0, 9.0}. Increasing SNR progressively reduces the region
in which full-rank representations (α ≈ 1) are suboptimal.
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Panel (c) (phase portrait spike strength). At fixed SNR = 9.0 and η = 1.0, we show the corresponding transition curves
for λ ∈ {2, 3, 5, 7, 10}. Stronger spikes shift the phase boundaries.

Panel (d) (phase portrait alignment). At fixed SNR = 9.0 and λ = 5.0, we plot the transition curves for η ∈
{0.0, 0.25, 0.5, 0.75, 1.0}. All panels are evaluated over nu, nl ∈ [1, 3000].

D.4. FIGURE 4

Autoencoders

Data generation. Both covariances use p = 200 features, noise standard deviation σ = 1, SNR = 9, ∥w⋆∥ = 3.

• Spiked identity (λ = 5.0): Σ = Ip + (λ− 1)vv⊤; true weight vector aligned with the spike w⋆ = ∥w⋆∥v, where v is
the top eigenvector of Σ.

• Spiked Toeplitz (λ = 5.0): Σ is a Toeplitz matrix with ρ = 0.5, with λ added to the top eigenvalue; w⋆ again aligned
with the top eigenvector.

Each grid point (nu, nl) averages five independent replications, with nu, nl ∈ [1, 1200] each swept over 20 uniform values.

Models. For each (nu, nl) pair, α ∈ {0.01, 0.05, . . . , 1.0} (20 values) sets the latent dimension m = ⌊αp⌋. The three
models below are evaluated.

1. PCA + Regression (PR): Eigenvectors of Su = X⊤
uXu/nu are computed; Xl is projected onto the top-m eigenvectors

and OLS is applied in the latent space.

2. Linear AE: Encoder (Rp → Rm) and linear decoder (Rm → Rp) trained by minimizing MSE on Xu; the frozen
encoder maps Xl to features for OLS.

3. Nonlinear AE: Same as the linear AE but with a sigmoid nonlinearity applied at the encoder, z = σ(Wenc x).

All autoencoders are implemented in JAX/Equinox and trained with Adam (lr = 10−3, 20,000 epochs, batch size 500).
Weights are initialized as Wi,j ∼ N (0, 1/

√
din).

Panel descriptions. Each panel is a 20 × 20 heatmap with nu on the x-axis, nl on the y-axis, and color encoding
α⋆ ∈ [0, 1] (the value minimizing mean loss over the five replications).

The autoencoder component of the figure is organized as 2 rows × 2 columns:

Linear AE Nonlinear AE

Spiked identity (a) (b)
Spiked Toeplitz (c) (d)

Columns compare linear vs nonlinear AEs; rows contrast spiked identity and spiked Toeplitz covariance structures; each
panel shows generalisation-optimal α⋆. A single shared colorbar applies to all panels.

LLMs

Model and representations. All experiments use Pythia-70M-deduped (Biderman et al., 2023) (70M parameters,
trained on the deduplicated Pile (Gao et al., 2020; Biderman et al., 2022)). We evaluate 10 checkpoints at steps 2, 8, 32, 128,
512, 2000, 5000, 20000, 80000, and 143,000. Representations are last-token hidden states from the final layer of 64-token
truncated inputs, yielding vectors in R512.

Downstream task. Binary sentiment classification on SST-2 from the GLUE benchmark (Wang et al., 2018). Fixed
872-sentence validation set; training sizes nl ∈ {100, 250, 500, 1000, 2000, 4000, 10000, 20000, 40000, 67349}, nl training
examples are randomly chosen out of the maximum 67349 for each seed.
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PCA. We sweep m ∈ {2, 3, 4, 7, 11, 16, 25, 39, 60, 92, 142, 218, 334, 512} (approximate log2 grid), and consider the two
conditions below.

1. Downstream PCA (Figure 16): basis fit on the nl labelled training representations;

2. Pretrain-PCA (Figure 4(e-g)): basis fit on up to 51,200 Pile sequences (50 batches × 1,024 sequences) from the same
checkpoint, using torch.linalg.eigh. For earlier checkpoints, the basis is fit on 1024× ncheckpoint sequences.

Linear probe. Projected representations are fed to a 2-output linear layer trained with cross-entropy loss using Adam
(lr = 10−3), for up to 10,000 epochs with early stopping. Linear probes were randomly initialized with small weights for
each seed.

Seeds and aggregation. Each (checkpoint, nl, m) configuration is run with 3 random seeds (affecting probe initialization
and downstream data shuffling). Figures show mean ± std; optimal-m heatmaps report the mean per-seed argmax.

Panel descriptions.

• (e) Heatmap for optimal m under pretrain-PCA, selected by validation accuracy.

• (f) Eigenvalue histogram at step 143,000, computed from the 872-sentence SST-2 validation covariance; log-density on
the y-axis. The full set of 5 checkpoints is shown in Figure 18.

• (g) Validation accuracy vs m (x-axis in log2 scale) under pretrain-PCA for nl = 2000, with curves colored by
pretraining progress.

D.5. COMPUTE

Theory curves. Theory curves were computed on a single CPU (Intel Xeon E5-2680 v4 @ 2.40 GHz, no GPU required).
Each configuration sweeps a 100× 100 grid of (nu, nl) values over 30 values of α, amounting to approximately 300,000
evaluations of closed-form expressions. The full sweep covers 24 configurations, λ∗ ∈ {1.1, 2.0, 5.0, 10.0} × SNR ∈
{0.1, 0.5, 1.0, 3.0, 5.0, 9.0}, with alignment η = 1.0, totaling approximately 7.2 million evaluations. When executed in
parallel, the full sweep completes in approximately 2h. Peak RAM usage was approximately 2 GB per configuration.

Simulations. Simulations were distributed over a SLURM cluster. Each job was allocated 4 CPUs and 30 GB of RAM.
The full grid 6 SNR × 4 λ1 × 4 λ2 × 30 nb produced 2,880 SLURM jobs, each processing 30 values of nl with 100
independent replications at p = 500. Each replication involves an eigendecomposition and pseudoinverse of a p× p matrix
for each of the 30 values of α. When executed in parallel, the full sweep completes in approximately 10h.

Autoencoder experiment. Simulations were distributed over a SLURM cluster. Each job was allocated 1 GPU, 8 CPUs,
and 16 GB of RAM. The full grid 20 nbase × 20 ntask produced 400 SLURM jobs, each processing 20 values of α with 5
independent replications at p = 200. Each replication trains a linear and a nonlinear autoencoder for 20,000 epochs for each
value of α, followed by OLS regression in the learned latent space. The individual jobs completed in 10-50min depending
on parameters.

LLM probe experiment. Simulations were distributed over a SLURM cluster. Each job was allocated 1 GPU, 16 CPUs,
and 32 GB of RAM. Two sets of 10 SLURM jobs were submitted: one per checkpoint of Pythia-70M-deduped for the
downstream-PCA condition and one for the pretrain-PCA condition. Each job sweeps over 10 training-set sizes and 3 seeds,
fitting a linear probe for up to 10,000 epochs with early stopping across up to 14 PCA dimensionalities m.

D.6. LLM USAGE

Large language models (LLMs) were used throughout this research project to assist with writing, editing, and formatting the
manuscript, including improving clarity and refining LATEX expressions. LLMs were also used as an aid for understanding
and discussing technical concepts, as well as for debugging and drafting portions of the experimental and simulation code.
All scientific results, analyses, and conclusions were verified and validated by the authors.
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Figure 8. Optimal value of α that minimizes the generalisation error, shown as a function of SNR and spike alignment η. We fix λ = 2.
Red lines indicate the approximate phase transitions.
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Figure 9. Optimal value of α that minimizes the training error, shown as a function of SNR and spike alignment η. We fix λ = 2.
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Figure 10. Optimal value of α that minimizes the generalisation error, shown as a function of spike strength λ and spike alignment θ with
w∗. We fix SNR = 9. Red lines indicate the approximate phase transitions.
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Figure 11. Optimal value of α that minimizes the training error, shown as a function of spike strength λ and spike alignment θ with w∗.
We fix SNR = 9.
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Figure 12. Heatmaps over the (nu, nl) grid (p = 500, SNR = 1.8, λ = 5) showing which method – standard regression (violet),
pretrained regression (PR, blue) or principal component regression (PCR, orange) – achieves lower generalisation error. Forward hatching
(//) marks regions where PR and PCR are tied (within 2% error); cross hatching (×) marks regions where all three methods (PR, PCR, and
standard regression) are tied. When the task is aligned with the pretraining signal, PR wins for nu > nl and PCR wins otherwise, with the
boundary tracking the diagonal. Under misalignment, PCR dominates across most of the grid; PR retains an advantage when nu ≫ nl.
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Figure 13. Extended version of panels (a-d) in Figure 4: optimal bottleneck size in autoencoders on inputs with different covariance
structure. We compare PCA on pretraining data (top row) corresponding to our theoretical setup, a linear autoencoder (middle row) and
a non-linear autoencoder (bottom row) trained on Gaussian data, with varying bottleneck size m (α = m/p). The input covariance
on the first two columns is Σ = I + λvv⊤, while in the last two columns the covariance is a Toeplitz matrix H with a spike, i.e.,
Σ = H+λvv⊤, where Hi,j = ρ|i−j| with ρ = 0.5. The autoencoder results match those of PCA, and the identity vs general covariance
exhibit a similar phenomenology. We fix SNR = 9.0, λ = 5.0.
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Figure 14. Effect of SNR on optimal bottleneck size in autoencoders on inputs with different covariance structure. We compare PCA
on pretraining data (top row) corresponding to our theoretical setup, a linear autoencoder (middle row) and a non-linear autoencoder
(bottom row) trained on Gaussian data, with varying bottleneck size m (α = m/p). The input covariance on the first two columns
is Σ = I + λvv⊤, while in the last two columns the covariance is a Toeplitz matrix H with a spike, i.e., Σ = H + λvv⊤, where
Hi,j = ρ|i−j| with ρ = 0.5. The autoencoder results match those of PCA, and the identity vs general covariance exhibit a similar
phenomenology. We fix SNR = 1.8, λ = 5.0.
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Figure 15. Spike direction recovery as a function of sample ratio nu/p for linear and nonlinear autoencoders. Each panel shows the
overlap between the singular vectors of the encoder weights and the population spike v as a function of the sample ratio nu/p, for a
fixed latent dimension m ∈ {5, 25, 50, 75, 100}. Data are generated from a spiked covariance model in p = 100 dimensions with spike
strength λ = 5. Solid lines show empirical means over 5 random seeds; shaded bands show ±1 standard deviation. The dotted line
shows the theoretical PCA overlap p̄v,v derived from Lemma .7. Both linear and nonlinear autoencoders show a mismatch in low sample
regimes, with a more evident mismatch in nonlinear autoencoders and in autoencoders with larger bottlenecks. For large sample regimes,
linear and nonlinear autoencoders match PCA well, and show the phase transitions predicted by our theory (see panels (a-d) in Figure 4
discussed in Section 5.1, and Figures 13-14 discussed in Appendix C.2).
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Figure 16. Optimal m using PCA on representations of the downstream task. We use the same layout as Figure 4(e), but the PCA basis is
fit on the downstream labelled set rather than on the pretraining corpus. (a) Optimal m for validation accuracy; (b) optimal m for training
accuracy. Compared to doing PCA on the pretraining corpus (Figure 4(a)), downstream PCA tends to favor larger m and the dependence
on the checkpoint is weaker.
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Figure 17. Validation accuracy vs number of PCA components m across five downstream task sizes. Note that the values of m are on
a log scale. Each panel shows a different value of nl spanning the full range from nl = 100 to nl = 67,349; curves are coloured by
pretraining checkpoint. Shaded bands show the standard deviation over three random seeds. For smaller tasks, the curves have a clear
peak and become progressively more monotone as nl grows, reflecting that small tasks benefit from aggressive compression while large
tasks can exploit finer-grained directions in representation space.
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Figure 18. Eigenvalue spectra of Pythia-70M-deduped last-token last-hidden-layer representations at five pretraining checkpoints.
Each panel shows the empirical distribution of covariance eigenvalues computed from the representation of the sst2 task. Throughout
pretraining, the spectrum shows a clear bulk and a few outlying eigenvalues. As pretraining progresses (steps 128 to 143,000), the outlying
eigenvalues become more and more prominent.
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Figure 19. Validation accuracy vs pretraining checkpoint for three probing conditions across five downstream task sizes. Each panel
shows a different downstream task size nl; the x-axis is the pretraining step on a log scale. Three curves are compared: Pretrain PCA
(pink, solid) fits the PCA basis on Pile representations from the same checkpoint and selects the best m; Downstream PCA (blue,
dashed) fits PCA on the downstream task representations (sst2) and selects the best m; No PCA (grey, dotted) uses the full-dimensional
representations (largest available m). For each curve, the displayed value is the mean over three seeds at the per-seed optimal m, with the
shaded area corresponding to 1 standard deviation. The gap between PCA and the no-PCA baseline is largest at small and intermediate nl,
where dimensionality reduction acts as regularization. Pretrain PCA matches downstream PCA for intermediate and large nl, with the
mismatch coming from the difference in the type of data available in the pretraining and downstream datasets.
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