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ABSTRACT

Diffusion language models (DLMs) have emerged as a promising alternative to
autoregressive models for faster inference via parallel token generation. We pro-
vide a rigorous foundation for this advantage by formalizing a model of paral-
lel sampling and showing that DLMs augmented with polynomial-length chain-
of-thought (CoT) can simulate any parallel sampling algorithm using an optimal
number of sequential steps. Consequently, whenever a target distribution can be
generated using a small number of sequential steps, a DLM can be used to gener-
ate the distribution using the same number of optimal sequential steps. However,
without the ability to modify previously revealed tokens, DLMs with CoT can still
incur large intermediate footprints. We prove that enabling remasking (converting
unmasked tokens to masks or revision (converting unmasked tokens to other un-
masked tokens) together with CoT further allows DLMs to simulate any parallel
sampling algorithm with optimal space complexity. We further justify the advan-
tage of revision by establishing a strict expressivity gap: DLMs with revision or
remasking are strictly more powerful than those without. Our results not only
provide a theoretical justification for the promise of DLMs as the most efficient
sampler, but also advocate for why revisions should be enabled in DLMs.

1 INTRODUCTION

Diffusion language models (DLMs, |Austin et al.| (2021); Nie et al.| (2025); Song et al.| (2025)) have
recently emerged as a promising alternative to autoregressive (AR) generation, fueled by their poten-
tial to deliver faster generation and more efficient inference. In contrast to AR models—which, de-
spite running on massively parallel hardware, must still generate text sequentially, token by token—
DLMs decode by iteratively denoising masked sequences, allowing many positions to be unmasked
in parallel. This fundamental architectural difference offers the promise of significantly reducing
generation and inference latency, and has led to a surge of interest in DLMs in a world increasingly
attuned to the value of inference-time scaling[Song et al.|(2025)); Khanna et al.| (2025).

Yet DLMs remain in their infancy compared to the highly optimized AR models, and it is far from
clear when, or if, their promised advantages will translate into principled gains. This makes theory
especially important for evaluating the genuine potential of DLMs: unlike AR models, whose ca-
pabilities under chain-of-thought (CoT; Wei et al.| (2022))) reasoning are well understood, the basic
limits of DLMs, such as how much sequential computation they truly save, and what space and
memory such parallelism requires, remain largely unexplored.

In this work, we provide such a theoretical foundation for studying DLMs by formalizing them
through the lens of circuit complexity, using circuit depth and width as abstractions for the time and
space resources required to compute a function in parallel. As we describe in more detail below, our
results establish the expressive power of DLMs as the most efficient parallel sampler.

Our first result shows that when equipped with sufficiently long CoT, DLMs can sim-
ulate any sampling procedure with the minimal number of sequential computational steps. Specif-
ically, any distribution that can be realized by a circuit of depth d can be generated by a DLM in d
decoding rounds, thereby matching the minimum number of sequential steps required by the target
computation. This stands in stark contrast to AR decoding. In particular, while it is known that
autoregressive models equipped with CoT can simulate any Boolean circuit (Li et al.| [2024), the
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number of sequential steps in this case (which in the cases of AR models equals the length of the
CoT) grows linearly with circuit size, i.e., the total number of nodes, rather than with depth.

Beyond the number of steps required to generate a sample, we also analyze the working memory
footprint of DLMs and show that it depends critically on design choices unique to this
family of models—most notably on inference-time mechanisms such as remasking (Nie et al.| [2025)
and revision |Song et al.| (2025). Remasking is an inference-time mechanism that allows already
unmasked tokens to be re-masked (noised) and resampled (denoised). Revision, on the other hand,
permits unmasked tokens to be changed directly to other tokens. We show that when DLMs are
augmented with CoT and either remasking or revision, they can simulate any circuit using memory
that scales only linearly with the circuit’s width.

Finally, we demonstrate via the problem of uniformly sampling from strings with zero parity that
remasking or revision can generate strictly richer distributions. More specifically, a DLM with
remasking or revision can generate the distribution with constant steps (Theorem 4.3), while it is
impossible for a DLM with neither of them and[.2). Our results show clear evidence
that remasking and revision, which arise from the special structure of DLMs, can potentially greatly
enhance the capability of the model given constrained inference time. This suggests exploring more
remasking strategies and more flexible forward-processes in the future.

1.1 RELATED WORK

Diffusion Language Model. Diffusion models were originally built for generative modeling in
the continuous domain (Ho et al.l 20205 |Sohl-Dickstein et al., [2015)), and were later extended to the
discrete domain. The seminal work of D3PM (Austin et al., |2021) formalized categorical forward
kernels and popularized absorbing masks, and is followed by a series of works on language model-
ing (He et al.| 2023} [Lou et al., 2024} Sahoo et al. [2024). Furthermore, recent works (Song et al.,
2025; Nie et al., 2025 |Yang et al., 20255 Ye et al.,|2025; |Xie et al., 2025; Khanna et al., [2025)) scale
DLMs up, and achieve competitive performance to AR models and faster generation.

Decoding order, Remasking and Revision. DLM can perform inference in any order, but it is ob-
served that decoding order can greatly affect the performance of DLMs (Kim et al., 2025;|Yang et al.,
2025} Xie et al., 2025). Remasking Nie et al.| (2025)); |Yang et al.| (2025)) is another inference-time
strategy that introduces richer decoding paths to further enhance the performance. More recently,
DLMs with revision (Song et al., 2025) are introduced and exhibit remarkable capability. However,
the fundamental differences of these strategies are not clear yet.

2 PRELIMINARY

In this section, we specify the notations and conventions used in this paper, and describe the theo-
retical framework to analyze the problems.

Notations. Let ) be the vocabulary set. Throughout the paper, we will always consider the binary
vocabulary set V = {a, b} by default, but the diffusion language model works for any other discrete
vocabulary set. We also consider a mask token M. We consider sequences of length L on the
VU {M}. For asequence z; € (VU {M})E, t € [0,1] denotes the noise level, i.e., the fraction of
the masked tokens in the sequence. For simplicity, we assume ¢ € {0,1/L,2/L,...,(L—1)/L,1},
and therefore ¢ - L is an integer. Let [n] = {1,...,n} for a positive integer n. A sequence with no
mask is called noiseless. We use x} where i € [L] to denote the i-th entry of z¢, and z;7 to be the
subsequence of x; starting from the i-th entry to the j-th entry, including both ends. Since subscripts
are used as noise levels, we use superscripts for indices of sequences by default. We denote the set
of distributions with support on set .S by A(S).

2.1 DIFFUSION LANGUAGE MODEL

Central to a diffusion language model (DLM) is a predictor p(-|z;) € A (V*) that predicts a

noiseless sequence from a noisy sequence z; € (VU {M})". Let pi(:|z;) be the distribution on
the token at position 7. The predictor satisfies that its prediction on tokens at different positions
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are conditionally independent given x;, and it only changes mask tokens. Mathematically, for all
z0 € VE 2, € (VU {M})”, we have

L
p(xo|xy) = Hpi (x6|:1:,) ,and p° (:cﬂxt) =1 ifxi ev.
i=1
These constraints arise from the definition of the forward process, where tokens at different positions
are independently masked to M.

At inference time, we specify a noise level s that we want the output sequence to be and unmask a
set of positions to match this noise level. Following the convention of |[Kim et al.|(2025)), we denote
the set of positions to be unmasked by S = F(z;) C {i|z} = M} that depend on z;. A simple
unmasking policy F(z;) only requires the knowledge of where the masked tokens are and chooses
a uniformly random set S C {i|z} = M} to unmask, such that |S| = L(¢ — s). For much of the
paper we constrain F to be a deterministic function.

We also consider the general case of DLMs trained to generate an output o € V™ conditioned on an
input ¢ € V". At inference time, we start from z, = ¢M”~", the sequence of input padded with
masks, and adopt an iterative generation process. In each iteration, we first calculate the positions
to decode as S = F(x;), and then decode the corresponding positions using p(-|x) for i € S. The

iteration ends at a predetermined number of steps D at a noiseless sequence zy. We finally extract
the output as o0 = x~™+1:L' The generation process is summarized in|[Algorithm 1

Chain of Thought (CoT) is the technique in language models that allows the output o to a prompt g to
appear after generating some intermediate tokens. In our framework, this means that L > m+n, and
the form of xg is ¢|CoT|o. In this paper we always assume that L matches the length of ¢|CoT|o for
simplicity, while in practice L is predetermined and is usually larger than the length of ¢|CoT|o. We
also allow for the case when ¢ is an empty string, which corresponds to generating an unconditional
distribution.

Remasking. Remasking is an inference strategy that is used to improve output quality. It allows
unmasked tokens to be remasked during the generation process. We model this via function G(-),
which at the end of each iteration, it produces a set T = G(z;) C [L] that represents the positions
to be remasked and set to M. By default, we consider G that is a random function. The remasking
process is also incorporated in

Revision. Recent works such as |Song et al.| (2025 have proposed forward processes that allows
a token to change into another token before becoming fully masked. We refer to this as DLMs with
revision. When DLM with revision are considered, we relax the constraint that an unmasked token
must remain fixed. However, we still impose the constraint that token distributions across different

positions are independent. Formally, for all zo € VX, z; € (VU {M})”, we have

L
p(zo|zs) = Hpi (f|x+) ,butitis possible that p* (z{|2") < 1 for z} € V.
i=1
Unless otherwise specified, throughout this paper DLM refers to the standard model without re-
masking or revision.

2.2 BOOLEAN CIRCUITS

A Boolean circuit is a model to characterize the complexity of carrying out certain parallel computa-
tions. A circuit C is defined as a layered directed acyclic graph (DAG). Formally, a DAG C = (V, E)
consists of a set of vertices V' and a set of directed edges £ C V x V with no directed cycles. The
number of vertices |V| is called the size of the circuit. Furthermore, there is a function [ : V' — Z*,
which assigns every vertex to a layer satisfying [(v2) = [(v1) + 1 for all (vy,v9) € E. That is, no
edge skips a layer. Each vertex represents an input, a logic gate or an output. The input and output
vertices have zero in-degree and out-degree, respectively, and they take Boolean values from {0, 1}.
Logic gates perform a range of operations on their inputs, which we will specify in the following
paragraphs. As a result, we can calculate the output from the input using logic gates following the
graph.
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Algorithm 1 DLM Inference

Input: prompt ¢ € V", p(+|x:), length L, rounds D, masking F, optional remasking G.
Output: Outputo € V™

x < gME"
forj=1to D —1do
S + F(x).
xt ~ p' (-|z) foreachi € S.
T + G(z). // If remasking is enabled
x' < Mforeachi € T. /' If remasking is enabled
end for
x' ~ p’ (-|x) for each remaining masked position.
return pt—mtLL

The input to the a circuit is (x, R) € {0,1}" x {0,1}" and consists of two parts: y € {0,1}" repre-
sents the actual input, and R € {0,1}" are the random bits, sampled from U” = Uniform ({0, 1}"),
the uniform distribution over {0, 1}". We denote the output of the circuit as C'(, R). The depth d
and width w of the circuit are respectively defined as

d= ?ggl(v),w = ?é?j]('{”'“ eV, 1l(v) =t}

That is, depth is the total number of layers, and width is the largest number of vertices in a layer.
Depth represents the minimum number of sequential steps to carry out the computation represented
by C, and width represents the minimum number of memory bits needed to carry out the computa-
tion. Finally, we say that C' simulates a random function f : {0,1}" — {0, 1} if

Pr(f(x) = ¢] = Prr~ur [C(x, R) = 4] forall x € {0,1}",¢ € {0,1}"™".

In this paper, we use Latin letters x, y to represent token sequences, and Greek letters X, ¢ to repre-
sent boolean sequences. We use boolean circuit to model the computational complexity to generate
distributions. All distributions in this paper are assumed to be generated by some circuit. Further-
more, we also model the diffusion language model, including the predictor, F and G, as circuits.
Since the circuit model is a standard model of modern computers, it is natural to use circuits to
model the distributions that can be sampled by computers, as well as the computation in DLMs. Be-
sides, it has been standard to study the expressive power of neural networks using circuit models (Li
et al.l |2024; Merrill & Sabharwal, [2023)).

Complexity Classes. A problem is a random map £ : {0,1}* — {0,1}™. A set of circuits
{C"},en simulates problem L if

Pr{L(x) =¢] =Prp_;.ix [C'X‘(x, R) = | forall x € {0,1}",4 € {0,1}™.

Here r" represents the number of random bits in C™.

A basic set of gates for circuits is {AND, OR,NOT, ID}. Gates AND, OR has 2 in-degrees, while
NOT, ID has 1 in-degree. All of them have 1 out-degree. Gates AND, OR, NOT realize the logic
computations suggested by their names, and ID outputs the input without change. A problem £
is in NC* where k € N, if there exists a set of circuit {C), },en, such that it computes £, and
any C,, has O(poly(n)) gates and O ((logn)*) depth. Now we generalize the complexity classes
to more powerful classes. If we allow AND, OR to have unbounded in-degrees rather than 2 in-
degrees, the corresponding complexity class is called AC*. If we further allow MAJORITY gates
with unbounded in-degrees, which outputs 1 if and only if there are more 1’s than 0’s in its input,
the corresponding complexity class is called TC®. MAJORITY could be thought of as allowing
the circuit to count, as assessing which digit is majority essential requires the circuit to count their
numbers of appearance. It is known that for all i € N, NC* C AC' C TC! € NC**! (Vollmer,
1999).
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Circuit Model for DLM. Recall that we restrict the Vocabularyﬂ V = {a, b} to be binary. In order
to encode the vocabulary as well as the masked token M, we will use a fixed 2-bit encoding

a—00, b—01, M— 10,

with the unused encoding 11 being invalid and never produced. For a sequence = € (V U {M})

let its encoding be x € {0, 1}2L, where the pair (x2;—1, X2i) encodes «'. When convenient we refer
to the numerical or token value of a and b as 0 and 1, rather than their encoded values 00 and 01.

A predictor p(-|z;) of a DLM is a set of L circuits whose inputs are from the encoding space. For
each position i € [L] we have a circuit C* : {0,1}?* x {0,1}"* — {00,01,10}, which takes
as input the shared encoded sequence y; and uses 7 random bits R ~ U" to simulate pi(-]2e).
Analogous to the definition of DLMs before, the random bits for different 7 are independent so that

p(xol|xy) = HiL:1 Pt (5136 ’a:f) Furthermore, each circuit C; can only unmask a masked token, i.e., if
X211 -£ 10 then the output pair at 7 equals the input pair.

Masking and remasking are done analogously. In particular, function F is represented by a deter-
ministic boolean circuit f : {0,1}2% — {0, 1}%, where f(x:)® represents whether the i-th position
should be unmasked. Similarly, function G is represented by a possibly randomized circuit function
g:{0,1}22 x {0,1}" — {0,1}f, where r ~ U™ and g(x¢, ) represents whether the i-th position
should be unmasked.

3 DLMS ARE EFFICIENT SAMPLERS

In this section, we prove that DLMs can simulate circuits with the minimum possible parallel com-
putation steps and memory needed. As mentioned in the depth and width of a circuit
provide natural formalization of the minimum sequential steps and memory needed to sample from
a distribution. In this section, we denote a DLM as M and use M (q) to represent the output from

the DLM given input ¢ generated using the DLM following

3.1 DLM wITH CHAIN OF THOUGHT

The following theorem formalizes the statement that DLMs can generate any distribution with the
minimum possible sequential steps.

Theorem 3.1. Let C be a circuit with depth d, m output bits, n input bits, random input bits R ~ U"
and N vertices in total. There is a DLM M with CoT and length L = N, such that for every input
q, M (q) generates the same distribution as C(q, R). Furthermore, the number of decoding steps of
D is d, and the corresponding p(-|x+), f are both represented by constant-depth circuits.

Before presenting the proof, we first define a function that is very useful for our construction.

Definition 1. Boolean function ShiftR : {0,1}" — {0,1}" is defined as follows. For any x €
{0, 1}",ShiftR(x)? = x**

. ; =logfl<i<n
ShiftR(x) :{’f ;izl—

This circuit can be realized in constant depth by OR with 2 in-degree and NOT.

Proof. Let us first consider a deterministic circuit. Without loss of generality, we can assume that
all input vertices are in the first layer and all output vertices are in the last layer. Let v!, ..., v~ be
the list of vertices in the circuit, sorted in a way that the layer number increases in the sequence, and
ul, ..., u" be the corresponding variable that is output from the vertex. Furthermore, Let s', . . ., s¢
be the index of the first vertex in every layer (and s%*' = L + 1 for simplicity), and I',... "V be
the layer number of each vertex. The initial sequence for the model is 1 = ¢gM*~™. In this proof,

we use the subscript to x to denote the index of iteration that is going to be carried out instead of

"Larger vocabularies are handled by standard reduction that encodes tokens by binary codewords and expand
the sequence length accordingly.
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noise level for convenience. As a result, the generation process stops at sequence x4 and mﬁ —mtl:L

should equal o. The construction realizes the following intermediate sequence:

K2

j woifj < st
M ifj > sit!

That is, we simulate one layer of circuit computation during each iteration.

First, let us design F. Function F needs to identify ¢ from x;, and produce & =
{si*1,...,s""2 — 1}. Note that x;’ denotes whether z/ is a mask. Sequence {X?SJ} ;

j=1,.,
represents whether each layer in the circuit is decoded in ;. Let x?¢ € {0, 1} be the concatenation
of this sequence, then ShiftR (st) represents whether each layer in the circuit is decoded in x; 1.
Hence ShiftR (x?%) A —x?* represents whether each layer should be decoded from z;. As a result,
we design

FO6) = (ShiftR (x2*) A =x2)"
which is realized by a constant-depth circuit using OR with 2 in-degree and NOT.

Second, let us design p(-|z;). This function also needs to identify i from x;. Then it needs to
maintain the input from the first 7 layers and compute the (i + 1)-th layer from the i-th layer. Denote
the circuit in the i-th layer by C; : psest {0, 1}57“*31+1 Then the output for p(-|z;) is: for
all sit1 < j <st2 -1

2j—-1 _
Xit1 =0,

9 igit1_1\J . 27 vt
Xit1 = (Ci (xf ° 1) A f(Xi)]> v (Xi] AXE® ) .

That is, the decoder outputs either the computed output, or the retained input, based on its control
signal. This computation can also be realized by a constant-depth circuit.

Finally, let us consider the random circuit. We require in sequence v', ..., v, the random vertices
are at the end of the block for the first layer, and at the beginning of the block for the last layer. This
is to ensure that inputs ¢ and outputs o are in the right positions. The construction for F remains
the same because randomness does not affect which tokens should be unmasked. The construction
for p(-|x;) needs to be modified. If v/ is not a random vertex, the formula remains the same. If v/
is a random vertex, we let p(-|x;)%~! = 0 and p(-|x;)%! = rJ, where binary sequence 71, ...,7ry
is a sequence of i.i.d. uniform random variables. One can see that in this construction, the output of
every position can only depend on 7. Hence, conditioned on z;, each position is independent. [

In the proof, we attach the intermediate result to the generated content as we decode the sequence.
This results in a large memory footprint, although we do not need previous intermediate results.
This is unavoidable because we are not allowed to erase unmasked tokens.

This result demonstrates that DLMs can in principle generate distributions faster than its autoregres-
sive counterparts, and hold great potential of fast parallel generation. We would like to clarify that
being able to sample in O(d) rounds instead of O (V') does not directly imply that we could reduce
computation or wall-clock latency compared to autoregressive models in real-world practice. As
a concrete example, we compare the computation cost and wall-clock latency in one decoding step
between an autoregressive Transformer with KV caching and a DLM implemented by a Transformer
of the same size. In every attention layer, an autoregressive model only needs to compute the atten-
tion output for one position, whereas a DLM needs to compute the attention output for all positions.
Hence a DLM needs O(L) times more FLOPs than an autoregressive model. The computation of
the L tokens is parallelizable for the DLM, so if the hardware supports enough degree of parallelism
they have the same wall-clock latency. However if the hardware does not support enough parallel
computing, the wall-clock latency for the DLM can be slower.

’In order to simplify notation, here we assume that the circuit takes in VV, which is mapped to the binary
representation before being passed to the actual circuit
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3.2 DLM WITH CHAIN OF THOUGHT AND REMASKING OR REVISION

With remasking or revision, we now have the power to erase intermediate results that are no longer
needed. In this part, we show that with remasking or revision, we can sample from any distribution
not only with the minimum possible sequential steps, but also with the minimum amount of memory.
Both ADD and IDENTIFY; can be computed by an O(log n)-depth circuit with AND, OR with 2
in-degrees and NOT.

Theorem 3.2. Let C be a circuit with depth d, width w, m output bits, n input bits, and random input
bits R ~ U". There exists a DLM M with CoT and remasking with length L = 2w + 2[log(d +2)],
such that the distribution of D(q) is the same as C(q, R). Furthermore, the number of decoding
steps is d + 2, and p(-|x), f, g are all represented by circuits with O(log d) depth.

Proof Sketch. We defer the full proof to the Appendix and describe the high-level idea here. In this
proof, we use the same notations as those of as the proof strategy is similar. In each
iteration we simulate the calculation of one layer. We still start by considering only deterministic
C, and the way we deal with random circuits is the same as that in In more detail, we
partition z; into four blocks, each with length w, w, [log(d +2)1, [log(d + 2)]. The first two blocks
are used together in an alternating way to store the output for the current layer and reserve space for
the next step calculation. The last two blocks store the last and current iteration indices, also in an
alternating way.

In the beginning, we have zg = qML ~"™ Forall 0 < 7 < d, we construct
g =g M bin(i)MM°8(4+21 when i is even,
v = MWy s Vs s os(d ) hin (7) when 4 s odd,
Tgr1 = st L Lmm=2[log(d+2)] bin(d)bin(d — 1) in the last stepE|

Following the intermediate sequences described above, the rest of the proof is procedural. O

The proof is simpler for DLMs with revision, as we can directly rewrite x; by =, 1, instead of using
two chunks of memory in an alternating way.

4 DLMS ARE MORE EXPRESSIVE WITH REMASKING OR REVISION

In the last section, we show how DLMs with appropriate sizes can efficiently simulate the generation
process of boolean circuits, and how enabling remasking or revision can significantly reduce the
sequence length L needed. It is natural to ask whether remasking or revision enable use to sample
more distributions. More specifically, for a DLM with fixed L, is there a distribution that can be
sampled only with remasking or revision? This section gives an affirmative answer to this question
by showing a separation for generating a specific distribution introduced in the next paragraph.

In this section, we focus on the simpler case when the DLM takes no input (¢ = &), and is sampling

from an unconditional distribution. Let & be addition modulo 2. That is, z; & 2o = bfor b € {0,1}

iff 21 + 22 = b (mod 2). It is well-known that & can be represented by AND and OR as
X®Y=(VY)Aa(xAy) foranyx,¢ € {0,1}

We define the parity function as follows.

Definition 2. Boolean function PARITY : {0,1}" — {0, 1} is defined as follows. For any x €
{0,1}",

PARITY (x) = P xi-
=1

It is well known that PARITY is not in ACY (Furst et al., |1984; |Hastad, |1986). We show the separa-
tion result using the following distribution.
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Definition 3. Distribution DY is defined as the uniform distribution over all n-bit strings with even
parity (i.e., {(z1,...,2,)|PARITY(2) = 0}).

We first show that DLMs with revision can sample from D in two steps.

Theorem 4.1. DLMs with revision can generate D in two steps, such that the predictor p*(-|z)
and f are represented by AC circuits.

Proof. We first describe our sampling algorithm A, and then show how to set up the predictor p?(-|z)
and F to implement the algorithm.

The sampling algorithm. Our goal is to generate n bits (x',...,2") ~ D2, Now, lety!,...,y" €
{0, 1} be defined as y* = @_, «7. It is easy to verify that for (z',...,2") ~ D?, the distribution
of (y',...,y" ') is uniformly random, and y" = 0. We can then sample (z',...,z") by first
sample the corresponding (y!,...,y"), and then sample the = conditioning on the value of y’s.

Specifically, the algorithm A proceeds as follows:

-1

* (Step 1) Generate y*, 32, ...,4" ! uniformly at random and set 4" = 0.

* (Step 2) We set 2° = y' @ yi~1 fori € {2,...,n} and 2! = y'. Itis easy to verify the
resulting distribution (z?, ..., 2™) follows the distribution DY

Intuitively the procedure above can be implemented by DLMs with revision easily: generate y first
and then revise it to x. Below we describe it in detail.

Implementing the procedure with revision. Now we set up our predictor p'(-]z) and F formally to
implement the algorithm. Our predictor p*(-|z) is defined as follows:

* (Step 1) If z' = M, then p‘(-|z) samples a uniformly random bit for i € [n — 1], and
outputs 0 with probability 1 if ¢ € [n].

* (Step 2) If x! # M, then p’(-|z) outputs y’ & y*~! deterministically fori € {2,...,n} and
outputs y! deterministically when i = 1.

Function F always outputs an all-one vector of length n. With the F and p(-|z) defined as
above, our DLMs first generates (y',...,y") according to the first step of A, and then revise it
to (2!, ...,2™) according to the second step of A. This completes the proof. O

Here we assume that DLMs consist of ACY circuits. Note that a constant-precision constant-depth
Transformer can simulate AC® circuits with poly-sized embedding size |Li et al.|(2024), and most
current DLM implementations are based on Transformers Nie et al.| (2025); |[Yang et al.| (2025)).
Hence, we believe that our results reflect the true expressiveness of current architectures. In partic-
ular, for the task of sampling from D, the sampling algorithm described above is very simple and
can be easily simulated by Transformers.

A similar result holds for DLMs with remasking, as stated below.

Theorem 4.2. DLMs with remasking can sample DY in O(1) steps, such that the corresponding
circuits are in AC’. Here, we also allow the predictor and F to depend on the step number in the
generation process.

We note that the procedure from Theorem cannot be directly implemented by DLMs with re-
masking, because revising 3 to y* @ y*~! need to know the prior value 3’ at position i, where
remasking simply “forgets” this prior value y*. Therefore, we have to modify the procedure a bit
and use more steps. Due to space constraints, we defer the full proof to the Appendix.

Next, we show that DLMs (without remasking or revision) cannot generate DY in O(1) steps when
the predictor p’(-|z) and F are both in ACP. In this way, we establish a strong separation between
DLMs with and without revision/remasking.
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Intuitively, this is because one can only modify mask tokens, and if there is only one mask token
left, the DLM is forced to calculate the parity of all other bits, which is hard since parity is not
in AC®. However, formalizing this intuition precisely is quite challenging, and we need a strong
average-case lower bound for parity against ACC.

Theorem 4.3 (Hastad| (2014)). Let d be a constant. Let C: {0,1}" — {0,1} be an AC° circuit of

depth d and size S. There exists a constant cq that only depends on d such that

Pr [C(z) = PARITY (2)] < 1/2 4 2~ can/(og$)""

U™

In particular, the theorem immediately extends to probabilistic AC® circuits.

Corollary 4.4. Let d be a constant. Let C: {0,1}" x {0,1}™ — {0,1} be a probabilistic AC°
circuit of depth d and size S. There exists a constant cq that only depends on d such that

Pr  [C(xz,R) = PARITY(z)] < 1/2 4 2 can/(os8)"™"
e~U™ , RoU™
Theorem 4.5. DLMs (without remasking or revision) cannot sample D in O(1) steps when the
predictor p*(-|x) and F are both in AC°.

Proof. We first set up some notations. Let £ = O(1) be an arbitrary constant. Assume for the sake
of contradiction that there for any integer n, there exists a DLM that samples DY in ¢ steps such
that the predictor p’(-|x) and F are both in AC”. We define the size of the DLM to be the maximum
circuit size of the predictor p’(-|x) (for all i) and F. Since both the predictor and F are in AC", the
size of a DLM is n¢ for some constant ¢ > 1, as long as n is sufficiently large.

Given the contradiction assumption, we can prove the following claim which is instrumental for
proving our theorem:

Foreveryi € {0,1,...,(}, there exists an O (n®)-size DLM with L = n; that samples DY in { — i
steps, where n; > n? .

We defer the proof of this statement to start in the next paragraph, and first show how this claim

helps us finish the proof. This statement implies that an n°-size DLM can sample Dfrf in O step,

a clear contradiction since one cannot sample any token in O steps.

Let us now show how to prove the claim and the proof for the original theorem would conclude.
We use similar notations as the proof of Let S = F(M") be the set of positions to
be unmasked in the first iteration, and 25" € {a,b}'>1! be the sequence of sampled tokens in the
first iteration. Since the marginal distribution of D,?i on Sy is U ‘31|, and a DLM without revision

or remasking cannot change unmasked tokens, we must have x‘gl ~ US|, Furthermore, let m =
n; — |S1| be the number of masked tokens in x5. Since U™ # D , we must have m > 0.

The proof is by induction. The case when 7 = 0 follows directly from our assumption. Now, assume
that the claim holds for ¢, and we prove it for ¢ + 1. Here we introduce the high level idea of proving
the induction step and in future paragraphs we elaborate on details. The central argument is to show
that m > /n; for sufficiently large n;. To prove this, we will show that we can construct an AC®
circuits that approximates PARITY (x) for x € {0, 1}|Sll, and the approximation becomes more
accurate as m is smaller. The circuit lower bound in would then gives us a lower
bound on m as an AC? circuit cannot approximate PARITY very well. Besides, we can construct a
DLM that samples D in [ — i — 1 steps using a DLM that samples Dj?i in [ — ¢ steps. Combined
with m > /n; we finish the induction step.

The construction of a circuit C' that approximates PARITY (x) for x € {0, 1}'51‘ is as follows:

* Set the positions from set S; in x5 by x using the correspondence 0 — a, 1 — b. Set other
positions of z2 to be M.
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* Simulate the DLM starting from x5 for £ — ¢ — 1 steps and obtain output tokens on [n;]\ S.
* The DLM outputs sequence z,_;. Circuit C' Output 0 if x%@'g\sl are all a, and output a
random bit otherwise.

This circuit is in AC” because every iteration we apply an AC® circuit on x and ¢ = O(1). Be-
sides, outputting whether the outputs are all a can be realized by an AND gate with unbounded
fan-ins. Since parity of the output sequence PARITY (z;_;) = 0 by definition of D®, we know
PARITY (xfil) = PARITY (mi’fg\sl). As a result, the constructed circuit calculates parity
slightly better than random guess on average by precisely predicting the parity in the case when
xé"j].\‘sl is all a, as we must have PARITY (251) = 0.

3

Now we calculate the probability that C' computes parity correctly over input y ~ U!Stl. It is easy

to verify that the distribution of 2[™\S' conditioned on 5 with parity zero is Df?_‘ Sil Hence

the probability of argfl\sl being all a is 2~™*!. Therefore the probability that C' outputs the parity

correctly is

1
_ = 27(m+1).
D) +

2714 (1 -2

| —

Note that C' has constant depth and size n{, applying [Theorem 4.4| we know that we must have

LY .

1 + 2_(m+1) < 1 +2 (1ogng)*t = omo> % _

2 2 =1 (logn;)*~

For sufficiently n;, we have m > | /niﬂ Finally, since the DLM samples perfectly from Dj?i, when
setting w to be all-zero, it samples D over the positions in [n;]\ S1. In this way, we obtain a DLM

that samples from DY in £ — i — 1 steps, completing the induction. O

As aresult, our theoretical analysis advocates that designing a forward process that includes revision
and collecting training data that contains revision/remasking is a very important design component
for DLMs and holds greater potential than DLM without revision or remasking.

All the upper bounds proved in this paper are constructive, but there is no guarantee that DLM
could find such optimal constructions after training. On the other hand, a lot of diffusion language
models have shown extraordinary inference speed, especially on tasks like coding that can benefit
greatly from parallelized decoding (Xie et al} 2023} [Khanna et al.| 2025} [Song et all, [2025). It is
an interesting future direction to theoretically investigate how standard training algorithms could
discover such parallel decoding strategies. Besides, there has been growing interest in designing
forward processes that include revision rather than mere masking 2025)), so that the
model is explicitly forced to learn revising during decoding.

5 CONCLUSION

In this paper, we establish a theoretical foundation for diffusion language models (DLMs) as parallel
samplers, showing that with CoT they achieve the optimal number of sequential steps, in contrast to
autoregressive models whose cost grows with circuit size. Furthermore, with remasking or revision,
it can simultaneously achieve optimal space requirement. Additionally, we prove that remasking and
revision not only reduce the memory requirement to scale with circuit width but also strictly expand
expressivity, enabling constant-step sampling of distributions such as parity that standard DLMs
cannot realize. These results position DLMs as the most efficient parallel samplers, and highlight
remasking and revision as essential mechanisms for unlocking their full potential.

6 REPRODUCIBILITY STATEMENT

We state the assumptions in the main text and include proofs for our theoretical results in the Ap-
pendix.

4Since the induction ends in £ steps, a sufficienly large n; can always be realized by a sufficietly large n.
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A MISSING PROOFS FROM SECTION 3]

We first define some functions that are helpful for the construction.

Definition 4. Function bin : N — {a,b}" is a function that turns a natural number into its binary
form.

Definition 5. Boolean function ADD : V™ — {0,1}" is defined as the function that outputs the
binary number represented by the input plus one. When input is b", the output is O™.

Definition 6. Boolean function IDENTIFY; : {a,b}" — {0, 1} where integer i < 2" is defined as
outputting 1 if and only if the input is bin(2).

Both ADD and IDENTIFY can be simulated in O(logn) steps.

Theorem 3.2. Let C be a circuit with depth d, width w, m output bits, n input bits, and random input
bits R ~ U". There exists a DLM M with CoT and remasking with length L = 2w + 2[log(d + 2)],
such that the distribution of D(q) is the same as C(q, R). Furthermore, the number of decoding
steps is d + 2, and p(-|x), f, g are all represented by circuits with O(log d) depth.

Proof. In this proof, we use the same notations as those of as the proof strategy is
similar. In each iteration we simulate the calculation of one layer. We still start by considering only
deterministic C, and the way we deal with random circuits will be the same as that in
In more detail, we partition x; into four blocks, each with length w, w, [log(d + 2)], [log(d + 2)].
The first two blocks are used together in an alternating way to store the output for the current layer
and reserve space for the next step calculation. The last two blocks store the last and current iteration
indices, also in an alternating way.

In the beginning, we have zg = qML ~". Forall 0 < ¢ < d, we construct

i, i1 _ i+l A . ..

a;=u® e TIMPOTST S bin(i)M1084 21 when i is even
Lot tl _ ot t1 i . . ..

z; = MWy s TiMwTsT s los(d42) ki (7) when i is odd,

Ld+1 = s Lmm 2 log(d+2)] bin(d)bin(d — 1) in the last stepE]

There are multiple places where we need to construct a circuit that select a small circuit to use based
on ¢, which is stored in the third block. Let us say we have circuits Dy, . .., Dy with single outputs,
and we want to construct a circuit D such that outputs D(z, bin(i)) = D;(z). This can be realized
with an O(log d) overhead in circuit depth because we may construct

d
\/ IDENTIFY (i) A D;(x). (*)
k=1

Here the OR logic with d inputs can be realized by OR with 2 in-degrees in O(logd) depth and
IDENTIFY has O(log d) depth. In the rest of the proof when we need such logic we only need to
construct D; separately.

First, let us construct F. Denote the width of each layer in C by w!, - - ,wdﬁ The positions need
to be decoded are: the ones reserved for the current iteration output, and the ones recording ¢ + 1.
At the ¢-th iteration for 7 < d, we need to construct

S={w+1,...,w+w™t 2w+ [log(d+2)] +1,---,2w + 2[log(d +2)]} if 4 iseven,
S={1,...,wt 2w+ 1,...,2w+ [log(d + 2)]} if 4 is odd,

and S = {1,...,wq} when ¢ = d. Now we can construct the networks for F given each i as listed
above, and construct the whole network using (x).

Then, let us construct G. At each iteration, we need to remask the positions that records the output
from the last iteration. Wheni = 0and d, 7 = &. For 0 < ¢ < d,

T={1,...,w2w+1,---, 2w+ [log(d + 2)]} if ¢ is even,
T={w+1,...,w+w" 2w+ [log(d+2)] +1,2w + 2[log(d + 2)]} if 7 is odd.

SWe further let w® = w; to keep consistency

13
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When i = d, we have T = {m + 1,..., 2w}After that, we again use (%) to construct the whole
circuit.

Finally, let us construct p(+|z;). Like the previous proof, we only need to consider the case when C
is deterministic as the treatment for random circuit is the same as the proof for[Theorem 3.1 When
1 = 0, we need to set the output to be

viu+1 wtwr xtl):wl’x§w+1:2w+flog(d+2ﬂ _ gllos(d+2)1-1p
When ¢ is odd, for integer 1 < 7 < wit!
11 w? J
X?J]dl —0 Xz+1 el ( wLiwt ) ’
and for 2w + 1 < j < 2w + [log(d + 2)],

. J
X?J7r11 —0 X1+1 — ADD (xizuur(1og(d+2ﬂ+1.2w+2[10g(d+2)])

When i is even, for integer w + 1 < j < w + wi*1,
J
X?YHI_O XL+1_C< ) )
and for 2w + [log(d + 2)] + 1 < j < 2w + 2[log(d + 2)],

: J
X;il1' =0,xj{, = ADD (m?”“'2w+“°g<d+2ﬂ) .

When ¢ = d, for integer m + 1 < j < 2w, we have X? =0 Xz+1 = 1

B MISSING PROOFS FROM SECTION [4]

Proof of Theoremd.2] In the following, we will describe our sampling algorithm while also ex-
plaining how to implement it using an AC® predictor and unmasker. Since here our predictor and
unmasker can also depend on the step number in the generation process, at each step we can simply
use a new predictor and unmasker.

Suppose for simplicity that n is even. In the first step, at all odd positions, we generate

TLTER y™/2 such that (yh, ... Y2 Ly is unlformly random and y"/2 = 0. Then, in the sec-
ond step, at all even posmons we compute Tt = y @y ~tfori € {2,...,n/2}, and 2! = yl.
After these two steps, we have generated (y!, 2!, 9%, 22,.. .,y y"/2, "/2). The first two steps can be

implemented using AC" predictor and unmasker easily.

Now, following the proof of Theorem , (z',...,2"/?) follows the distribution Df?/Q, meaning
that they are uniformly random conditioning on having even parity.

Next, we remask all odd positions (all the y*’s). We will partition the n-bit input into n/2 2-bit
blocks, and interpret z* as the parity of the i-th 2-bit block. And the goal from now is to sample the
i-th 2-bit block uniformly at random such that its parity is z*, which gives us the desired distribution
De.

Concretely, for each block of the form M0, we replace it with a new string from {00, 11} with equal
probability. For each block of the form M1, we replace it with a new string from {01, 10} with
equal probability. We will do it in two stages, each with several steps.

In the first stage, for all blocks of the form MO, we sample the first bit randomly. Then, for every
block of the form 10, we first remask the 0 to get 1M, and then change the last M to 1 to get 11. In
this way, each block of form MO is replaced by 00 or 11 with equal probability.

In the second stage, for all blocks of the form M1, we sample the first bit randomly. Then, for every
block of the form 11, we first remask the second 1 to get 1M, and then change the last M to O to get
10. In this way, each block of form M1 is replaced by 01 or 10 with equal probability.

"Here we assume that d is even without loss of generality.
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It is not hard to see the first stage and second stage can be implemented using AC° predictor and
unmasker easily if the predictor and unmasker can also depend on the step number in the generation
process. This completes the proof. O
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