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Abstract

The reasoning capabilities of large language models (LLMs) have advanced rapidly,
particularly following the release of DeepSeek-R1, which has inspired a surge of
research into data quality and reinforcement learning (RL) algorithms. Despite the
pivotal role diversity plays in RL, its influence on LLM reasoning remains largely
underexplored. To bridge this gap, this work presents a systematic investigation
into the impact of diversity in RL-based training for LLM reasoning, and proposes
a novel diversity-aware policy optimization method. Across evaluations on 12
LLMs, we observe a strong positive correlation between the solution diversity
and Potential @k (a novel metric quantifying an LLM’s reasoning potential) in
high-performing models. This finding motivates our method to explicitly promote
diversity during RL training. Specifically, we design a token-level diversity and
reformulate it into a practical objective, then we selectively apply it to positive
samples. Integrated into the R1-zero training framework, our method achieves
a 3.5% average improvement across four mathematical reasoning benchmarks,
while generating more diverse and robust solutions. The code is available at
https://github.com/nigelyaoj/R1_zero_Div.

1 Introduction

Recently, the reasoning capabilities of large language models (LLMs) have made remarkable progress,
with significant improvements showcased by OpenAl-ol [35], DeepSeek-R1 [[13], and Kimi-k1.5
[43]]. Among these advancements, two key innovations have contributed significantly: First, the
adoption of a rule-based reward system significantly streamlines the training process by focusing
exclusively on rewarding correct final answers and proper output formats, thereby eliminating the
complexity associated with process-based reward models [30, 47]. Second, the introduction of a
lightweight reinforcement learning (RL) algorithm [[13| |43]] removes the need for a separate critic
model, substantially reducing computational overhead and accelerating the training process. The
success of DeepSeek-R1 has attracted numerous follow-up studies [62], which broadly fall into
two categories. The first category focuses on improving the quality of training data [33} (15} 21} 2],
emphasizing rigorous data set curation through filtering, deduplication, and verification. The second
category refines RL algorithms, including detailed optimizations for PPO-based methods such as
VCPPO [56] and VAPO [55]; enhancements to GRPO for stability and speed, such as DAPO [54]],
Dr.GRPO [31]] and SRPO [63]]; as well as alternative approaches such as REINFORCE++ [20].

While RL has been extensively applied to LLM reasoning, the role of diversity remains largely
unexplored in this context, even though it plays a crucial role in RL research[[19} 111136} 18} 137,132l 164,
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12,1581 166 16} 152]. In traditional RL tasks, incorporating diversity is widely recognized to facilitate
exploration by promoting the selection of more stochastic policies, which helps the policy escape
local optima and accelerate the convergence of training. This hypothesis has been experimentally
validated in previous work [19, 111 36]. Beyond empirical evidence, theoretical analyses suggest
that policies with higher entropy (a measure of diversity) can smooth the optimization landscape [1].
These findings naturally lead us to ask the following question: Is promoting diversity essential
during RL training for LLM reasoning?

Intuitively, an LLM capable of generating diverse responses could broaden the exploration of
reasoning paths, enabling the model to avoid overfitting to narrow solution patterns in mathematical
or logical tasks. To formally address this question, we conduct an evaluation of diversity in LLM
reasoning, with a specific focus on mathematical problem-solving. We introduce a novel metric,
Potential @k, to quantify an LLM’s reasoning potential (the possible performance gain after RL
training). We empirically analyze 12 representative LLMs, examining both their solution diversity
and Potential @k scores. Notably, our results reveal a strong positive correlation between solution
diversity and Potential @k scores among high-performing models, which suggests that diversity
directly contributes to improved final performance after RL training.

The empirical findings motivate us to promote diversity during RL training for LLM reasoning. A
commonly used approach for this goal is entropy regularization. However, directly increasing the
average entropy of LLM outputs can introduce length bias, as longer responses inherently exhibit
higher entropy. To address this, we introduce a token-level diversity metric and reformulate the
diversity objective into a practical form. Moreover, promoting diversity often entails a quality-
diversity trade-off. To mitigate this, we strategically apply diversity enhancement only to positive
samples, thereby enriching solution diversity while preserving training stability. This design is akin to
fostering diversity in high-quality policies in population-based RL training, ensuring that exploration
is guided by task-relevant performance criteria [48]]. Finally, we integrate our diversity objective into
the R1-zero training method and evaluate the enhanced approach across 4 mathematical reasoning
benchmarks. Experimental results demonstrate a 3.5% average performance gain over standard
R1-zero training, while our method can generate more diverse solutions.

To summarize, our key contributions are:

* We present the first formal investigation into the role of diversity in LLM reasoning. Through
experiments on mathematical benchmarks, we identify a positive correlation between solu-
tion diversity and an LLM’s reasoning potential, as measured by our proposed Potential @k
metric. This finding provides empirical motivation for incorporating diversity into policy
optimization.

* We propose a novel token-level diversity objective, which is reformulated into a practical
metric and selectively applied to positive samples. This design is further supported through
gradient behavior analysis, offering an insight for balancing quality and diversity during
optimization.

* We evaluate our method on four mathematical reasoning benchmarks, each comprising
at least 500 problems with stable evaluation metrics. Our method achieves a 3.5% aver-
age improvement over standard R1-zero training and consistently produces more diverse
solutions.

2 Preliminary

2.1 RL for LLMs

In the context of RL for LLMs, we frame the LLM generation process as an RL problem. Here, the
LLM is modeled as a policy that produces outputs (actions) conditioned on input prompts (states)
and receives evaluative feedback (rewards) for its generated responses. This formulation aligns the
sequential decision-making nature of language generation with RL’s state-action-reward framework,
enabling systematic optimization of the model’s behavior through reward signals.

Formally, in the context of LLM generation for mathmatical problem-solving, where each prompt is
a question, we define the prompt as ¢ € Q, where Q represents the set of all possible questions. The
set of all potential text outputs o forms an action space O. Each output o consists of tokens, denoted



as 0 := (ol,0%,...,0,...). To generate an output, a policy 74(-|q) parameterized by @ is employed,

which generates the output according to the distribution:
mo(olq) : Hm) (']g,0~"), )

where o<t = (o', 0%, ...0'71).

2.2 Reinforcement Learning algorithm

The R1-zero training method proposed by DeepSeek-R1 [[13] has attracted significant research
attention due to its computational efficiency and effectiveness. In our work, we adopt this training
method as our backbone. R1-zero incorporates two key innovations: the GRPO algorithm [40] and a
rule-based reward function. In this section, we introduce both components.

Group Relative Policy Optimization (GRPO) GRPO streamlines the process by eliminating the
need for a separate critic model, which is usually as large as the policy model, and instead estimates
baselines using group scores. Specifically, for each question ¢, GRPO samples a group of outputs
{01, 02, ..., 0¢} from the old policy 7,4 and optimizes the policy my by maximizing the following
objective:

Jarpo(me) = Eq~g {0i}& 1 ~mo1a(:lq)

G
Z <m1n <Z|Q)A clip(m7 1—¢61+ €)A1'> — BDKL(W9|7Tmf)) ,

G To1a(0ilq) To1a(0ilq)
)
where € and /3 are hyperparameters, the KL term is defined as
Tres (0il4) Tre(0il9)
Dgr(mol[mrer) = —lo -1, (3)
I (o) mo(0la)

and the advantage A; is computed using a group of rewards {ry, 7o, ...,7g }:

A= r; — mean({ry,ra,...,7g}) @

Std({T‘l, Tro, ...,Tg})

Reward functions In line with DeepSeek-R1 [13]], we implement two types of rule-based rewards:
accuracy rewards and format rewards. The accuracy reward model assesses whether the response is
correct by comparing the predicted answer to the golden reference answer, while the format reward
model ensures that the final answer is presented in a \boxed{} format for reliable verification.

3 Correlation between LLMSs’ reasoning potential and solution diversity

The role of diversity has long been established as critical in traditional RL tasks. Numerous studies
(19, 111136418, 137] have shown that promoting diversity can enhance the final quality of the policy.
However, its impact in the realm of RL for LLM reasoning still remains under-explored. In this
section, we investigate the relationship between solution diversity and the reasoning abilities of LLMs
on mathematical benchmarks. We adopt the equation diversity in prior work [49] to quantify the
variety of solutions generated for mathematical problem-solving. For reasoning ability, we introduce
a novel metric to evaluate an LLM’s training potential (related to the performance gain achieved after
RL training).

Experimental setup We evaluate 12 LLMs on the MATH benchmark [16]. For each question, we
calculate: (1) Pass@1 accuracy using greedy decoding, and (2) Diversity with (3) Potential @k,
both evaluated from 16 sampled responses (temperature=0.9).

For diversity, we adopt the metric (denoted as Div-Equ) from prior work [49], which measures the
ratio of distinct equations among the responses:

Div-Equ := 1 > |uf| 5)
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Figure 1: (a) Evaluation of Pass@1 accuracy, Div-Equ diversity, and Potential @ 16 across 12 LLMs
on the MATH benchmark. Model naming conventions: Prefixes denote base architectures (Q:
Qwen2.5-Math, DS: DeepSeekMath, M: Mistral, L: Llama, DRQ: DeepSeek-R1-Distill-Qwen, NM:
NuminaMath); suffix ’-I’ indicates ’-Instruct’. (b) Illustration of probability movement during
diversity optimization on positive samples.

where U; and A; are the sets of unique equations and all equations extracted from the k& sampled
responses (with £ = 16 in our experiments) of question 7, respectively. And N = 500 is the amount
of the data.

For Potential, we define a metric termed Potential @k to quantify the model’s capability to correct
answers within k trials (with k£ = 16 in our experiments) on its Pass@1 failure samples. Formally:

Zil\il Pass@k(g;) - (1 — Pass@1(g;))

PotentialQk := ~
> e (1 —Pass@l(g;))

; (6

where ¢; denotes the i-th question.

Empirical findings The results are shown in Figure[Tal The results show a bifurcated pattern: For
LLMs with limited reasoning ability (Pass@1 < 0.4), we observe no significant relationship between
solution diversity and model potential. For stronger performers (Pass@1 > 0.4), a clear positive
correlation emerges between these metrics. Linear regression on this high-performing subset yields
R? = 0.81, confirming a strong predictive relationship where increased diversity corresponds to
higher model potential.

Through an investigation of the Objective2]in the GRPO algorithm, we observe that for each question
in the training set, if all samples within a group are either entirely positive or entirely negative, the
advantage score becomes 0, resulting in no gradient update. Crucially, the training signal originates
from the reward discrepancy between positive and negative samples within the group, which is
inherently linked to our definition of potential (to some extent, the algorithm’s improvement can be
characterized by the dynamics of this potential metric, as discussed in Appendix [B). This indicates
that promoting diversity for LLM may result in higher performance after RL training.

Takeaways A positive correlation between the LLM’s reasoning potential and solution diversity
is observed in our experiment. As illustrated in Section [2.2] the optimization direction is guided by
correct answers in multiple sampled responses. This directly links our Potential @k metric to RL
training improvements. Hence, the observation strongly motivates us to enhance diversity during the
RL training process.

4 Diversity-aware policy optimization

Building on the insights from Section[3] in this section, we introduce an entropy-based diversity and
propose its targeted application to positive samples during policy optimization for LLM reasoning.
We incorporate this diversity objective into the R1-zero training method [13]], which employs the



GRPO algorithm with the reward function defined in Section[2.2] We refer to this enhanced approach
as R1-zero-Div.

4.1 Entropy-based diversity

A straightforward approach is to define diversity as the average entropy of the LLM’s outputs per
question i.e., E,.q[H(mg(-|¢))]. However, this formulation introduces length bias: longer responses
inherently exhibit higher entropy (due to more token-level uncertainties), causing the metric to
artificially favor longer outputs regardless of actual solution diversity. To address this issue, we
introduce token-level entropy, which calculates the entropy for each token sampled from the old
policy 7oq. Formally, we define:

JDiv(Tm) = Eq~Q7O~7T()’d (-l9)

1 T
ZH o |q7 )] 3 (7)
t:1

where T is the length of the output.

During training, the gradient of diversity with respect to the policy 7y in the H(my(:|q,0<?)) is
intractable. We therefore reformulate the diversity objective to enable effective backpropagation:

JIpiv (770) = EqNQ,ON‘ﬂ'ozd('VI)

T
1
_T Z IE:5"~71'@(4|q,0<t) [log e (5t|Q7 0<t)]‘|
t=1

=E

q~Q,0~7o1a(-1q)

T t ¢
_lz 7T(-)(0 |Qu0< )) logwo(otq,oq)] ) )

T 2= Toa(o'lg, 0=
A proof for the last equation can be found in Appendix [A.T] In practice, building on the R1-zero
training method, we can use the samples within the group to calculate Objective 8]

4.2 Promoting diversity on positive samples

Empirical evidence indicates that the direct application of Objective[§|inadvertently increases diversity
in incorrect solutions. Intuitively, negative samples offer more room for diversity enhancement, which
can skew the model’s optimization process. To address this issue, we concentrate on promoting
diversity exclusively within positive samples:

T t <t
7T9(0 |Q70 )
Ipin(T0) = Eqng ommoral-la) l—ﬂ(r =17 > :Wlogm(othw“)] )
t=1 (o] )

where I(-) denotes the indicator function and r is the accuracy reward for output o.

This is akin to fostering diversity in high-quality policies in population-based RL training [48], while
we focus on positive samples rather than policies here. Beyond intuitive justification, we further
justify this design by analyzing the gradient on each token.

According to Equation [§] we have:

1 ET: Vo [Wa(otlm0<t)10g”(0t|q’0<t)]1 . (10)

vﬂ‘g JDiU (7-[-9) = ]E(INQ7ON7Told("q)

T To1d(0t|q, 0<?)

t=1

Thus, the gradient can be decomposed into per-token contributions (each term in the summation
contributes a component). Up to a constant scaling factor, the gradient from each token is:

—V0W9(0t|qa 0<t) ]'Og 71—G(Ot|qv 0<t) = _[1 + IOg W9(0t|qu O<t)] : V0W9(0t|% O<t)' (11)

Hence, for tokens with small probabilities (in that case 7y (0%|g,0<!) < e~1, and this holds for most
of tokens since the sum of probability is equal to 1), the gradient aligns with Vg (of|q, 0<*). This
suggests that the diversity component’s gradient actively promotes increasing the probability of



low-probability tokens, which inherently offer substantial growth potential. However, this tendency
is undesirable for negative samples. Thus, excluding diversity enhancement for negative samples
mitigates conflicts between solution quality and diversity. A visual illustration is provided in Figure
[Ib] Moreover, the experimental results in Section [5.3|and Appendix [E.T| further support our design.

Finally, we incorporate the diversity optimization into the standard R1-zero training, and use the
samples in the group to calculate the diversity, yielding the final training objective:

J(mg) =Jarpro(mg) + X - Jpiv(mo)

G
1 . 79 (0i|q) . mo(0i]q)
=E ;00,1030  ~muraCle) A min (— <A clip(——=,1—-¢1+¢€)4;
~Q. {0}, olduq)G;[ e R RIS e )4i)
Tv
1 <~ mg(ot|g, o t
— Dk (|| Trey) — M1 = 1) - f % log g (ot]q, 05")], (12)
i 7= Tola(05]q,07")

where ) is the diversity weight and ¢ denotes the i-th sample in the group. In practice, we choose
A = 0.01. Other implementation details are provided in Section [5.1]and Appendix [D}

S Experiments

In this experimental section, we aim to address the following questions:

Q1. Can our method effectively enhance reasoning abilities and provide diverse solutions?
Q2. Does the design of the diversity coefficient ) influence the results?

Q3. Does our method demonstrate consistent performance across different model sizes?

5.1 Experimental setup

Base models We choose Qwen2.5-Math-7B (Qwen7B) [51] as our base model, which is commonly
used for mathematical reasoning benchmarks [59, 67, 24]]. Additionally, we conduct an ablation study
using Qwen2.5-Math-1.5B (Qwen1.5B)[51] to assess the effectiveness of our approach in smaller
LLMs.

Benchmarks We selected 4 mathematical benchmarks to evaluate the models’ reasoning abilities:
GSMSK [7], MATHS500 [16]], Olympiad Bench [14], and College Math [42]. Each contains at
least 500 data points for testing. We excluded some commonly used mathematical benchmarks
that provide limited data, e,g, AIME24 E] with 30 items, as they can lead to unstable and biased
evaluation outcomes. We train the base model on the GSM8K training set and then evaluate on the 4
benchmarks.

Baselines The most pertinent baselines for comparison are the base model itself and the base model
trained via R1-zero. Additionally, we incorporate the latest prominent "R1-zero-Like" models with
similar backbones for reference: SimpleRL-Zoo [59], PRIME-Zero-7B [9]. It is important to note
that these methods are trained with different computational resources and datasets, making direct
comparisons challenging. Our approach is designed to enhance diversity rather than compete directly
with these methods. In fact, our method is compatible with and can be integrated into these existing
approaches.

Implementation details For R1-zero-Div, we train the base model on the GSMS8K training set using
the loss function in Equation|12] with a learning rate of 3 x 10~6 and the AdamW optimizer. During
rollout, we sample 6 responses with a temperature of 0.9 and train for 2 epochs. Our implementation
is built on TRL [46]] and runs on 8 x A6000 GPUs. For R1-zero, we maintain identical settings
to R1-zero-Div but exclude the diversity objective. For other baselines, we evaluate open-sourced
models downloaded from Hugging Face’| following the settings recommended in their original papers.
Additional implementation details are provided in Appendix

“https://huggingface.co/datasets/Maxwell-Jia/AIME_2024
*https://huggingface.co
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Table 1: Pass@1 accuracy on mathematical benchmarks.

Method GSMSK MATHs00 OF™PR4 - coliege Math  Avg
Qwen2.5-Math-7B 576 5138 16.1 214 367
Rl-zero 88.7 74.6 373 £33 61.0
R1-zero-Div (Ours) 91.7 78.2 40.1 47.6 64.4
SimpleRL-Zoo 90.2 80.0 39.0 472 64.1
Eurus-2-7B-PRIME ___ 88.0 74.4 39.4 46.6 62.1

Table 2: Avg@8 accuracy on mathematical benchmarks.

Method GSMSK  MATHS500 Og;‘fc’;fd College Math  Avg
Qwen2.5-Math-7B 5337 (0.56) 48.10 (0.82) 15.80(022) 1936 (0.14)  34.16
R1-zero 8777 (0.86) 72.97(120) 37.26(052) 4222(031)  60.06
Ri-zero-Div (Ours) 90.64 (0.89) 76.92 (1.24) 39.19 (0.55) 47.49 (0.32)  63.56
SimpleRL-Zoo 89.46 (0.87) 77.15(123) 3943 (057) 47.19(034) 6331

Eurus-2-7B-PRIME ~ 88.31 (0.86) 73.92 (1.18) 36.56 (0.50) 4527 (0.30) 61.02

5.2 Main results

R1-zero-Div enhances reasoning abilities We evaluate the reasoning performance using Pass@1
accuracy, as shown in Table|l} In our experiment, R1-zero-Div demonstrates superior performance
compared to R1-zero, achieving an average improvement of 3.5%. Despite being trained with limited
computational resources (discussed in Appendx [B), R1-zero-Div achieves comparable results to state-
of-the-art methods (SimpleRL-Zoo and Eurus-2-7B-PRIME). These results suggest that promoting
diversity on positive samples in training can effectively enhance the model’s reasoning capabilities.
Also, following the recommendations in prior work [4} [17], we evaluated 8 samples per question
with a temperature of 0.5. We report Avg@8 and its standard error in the Table 2] The conclusion
regarding the effectiveness of our approach remains consistent with the pass@ 1 metric results.

R1-zero-Div generates diverse solutions We empirically demonstrate that R1-zero-Div produces
more diverse solutions than other RL-finetuning baselines. Our evaluation on the GSMS8K test
set generates 5 responses for each of 1,319 questions, measuring diversity through three metrics:
Div-Equ, and two additional metrics in prior work [26]: (1) N-gram diversity (proportion of distinct
n-grams per response, capturing intra-diversity) and (2) Self-BLEU diversity (100 minus Self-BLEU
score, capturing inter-diversity). All metrics range from 0 to 100, with higher values indicating greater
diversity. As shown in Table[3] while RL fine-tuning methods significantly reduce diversity (compared
to the base model), R1-zero-Div effectively preserves diversity. We further provide concrete examples
in Appendix |E[showing that R1-zero-Div generates distinct solutions for the same question.

5.3 Ablation study

We conduct an ablation study to analyze (1) the impact of different diversity weights and (2) our
method’s generalization capability on smaller base models.

Analysis on the choice of diversity weights A\ Table 4| presents Pass@ 1 accuracy when applying
different A values to promote diversity on positive samples (denoted as “pos”). The results demonstrate
that small values (A < 0.02) effectively enhance reasoning performance, with A = 0.01 emerging
as the optimal choice in our experimental setup. We further compare diversity promotion strategies:
positive samples only (“pos”) versus all samples (“pos+neg”). The marginal improvement observed
when applying diversity to all samples supports our methodological design choice in Section 4.2}



Table 3: Diversity of different methods on GSMS8K test set.

Method Div-Equ Div-N-gram Div-Self-BLEU
Qwen2.5-Math-7B 92.26 29.29 85.98
Eurus-2-7B-PRIME 60.86 24.08 48.20
SimpleRL-Zoo 74.89 25.41 49.32
R1-zero 75.02 27.75 56.00
zero-Div (Ours) 79.29 29.60 58.89

Experiment on 1.5B base model We perform both R1-zero-Div and R1-zero on the Qwen2.5-Math-
1.5B base model [51]], with results shown in Table[5] The experiments demonstrate that, compared
to R1-zero, R1-zero-Div enhances reasoning performance on 3 out of 4 benchmarks, achieving an
average improvement of 2.3%, validating the scalability of our approach to a smaller model.

Table 4: Ablation Study on different diversity weights on mathematical benchmarks

Method GSM8K MATHS00 Olympiad Bench College Math Avg
A=0 88.7 74.6 37.3 43.3 61.0
A = 0.05, pos 88.1 74.8 38.2 45.8 61.7
A = 0.02, pos 90.7 76.0 384 45.9 62.8
A= 0.01, pos 91.7 78.2 40.1 47.6 64.4
A = 0.01, pos+neg 89.8 76.6 39.6 46.9 63.2

Table 5: Ablation Study on Qwen2.5-Math-1.5B base model

Method GSMSK MATHs00 O¥™PR4 - colege Math  Avg
Qwen2.5-Math-158B  39.4 36.4 230 6.6 263
Rl-zero 82.9 66.4 2.1 1 56.1
R1-zero-Div (Ours) 83.2 70.4 32.0 43.9 57.4

6 Related work

RL for LLM reasoning The reasoning capabilities of LLMs have seen remarkable progress
recently, with notable improvements demonstrated by OpenAl-ol [35], DeepSeek-R1 [13], and
Kimi-k1.5 [43]]. Our work builds upon the R1-zero training method proposed by DeepSeek-R1 [13]],
which significantly improves LLM reasoning through two innovations that simplify the training
pipeline and accelerate training: the GRPO algorithm [40l], which replaces critic models with group
score baselines, and a rule-based reward system that focuses solely on final answer correctness and
output format.

Subsequent research has advanced this approach in two directions: (1) improving training data quality
[28L 133] [15] 154, 21}, [18]] and (2) refining RL algorithms. Regarding RL algorithm refinement, one
category focuses on PPO-like methods. SimpleRL-zero [60]] demonstrates that PPO with replacing the
reward model by a rule-based reward function can significantly improve the LLM’s reasoning ability.
VinePPO [25]] leverages the flexibility of language environments to compute unbiased Monte Carlo-
based estimates, eliminating the need for large value networks. VCPPO [56]] employs a pretrained
value model to address value initialization bias and decouples Generalized Advantage Estimation
(GAE) computation between the actor and critic to mitigate reward signal decay. VAPO [53]] further
shows that value-based RL frameworks outperform value-free methods in long Chain-of-Thought



reasoning. The second category focuses on GRPO enhancements for stability and speed. DAPO
[54]) identifies the critical shortcomings (entropy collapse, training instability, and biased loss) in
the original GRPO algorithm and addresses them via decoupled clipping and dynamic sampling.
Dr.GRPO [31]] reveals two biases in GRPO: response-level length bias and question-level difficulty
bias. SRPO [63] introduces a two-stage history-resampling method to improve training efficiency.
Alternative approaches explore algorithms like REINFORCE: Kimi-k1.5 [43]] demonstrates stable
training with REINFORCE-like policy gradients, while REINFORCE++ [20] and GPG [3]] aim to
enhance REINFORCE’s stability and scalability, respectively.

Diversity in RL Research on policy diversity in deep reinforcement learning can be categorized
into three groups based on how diversity is utilized [48]]. The first category uses diversity primarily
to improve exploration efficiency, where diversity emerges as a byproduct of maximizing final task
performance [19}111}136, 8} 137,153]]. The second category treats diversity either as a constraint (opti-
mizing quality subject to diversity constraints) or as an objective (optimizing diversity under quality
constraints) [32, 164} 12}158.166l]. The third category optimizes quality and diversity simultaneously,
known as Quality-Diversity RL methods [6, |38} 45} [3]]. Our work extends the first paradigm to
RL for LLM reasoning. While existing research in this category has proposed various diversity
metrics, such as distance regularization between the current policy and a previous policy [19], reward
randomization [41]], we develop our approach based on a simple yet effective entropy-based diversity
metric.

Diversity in LLMs Prior work has explored diversity in LLMs across several domains. GEM [29]
proposes methods to preserve diversity during supervised fine-tuning, while Bstar [61]] investigates
the exploration-exploitation tradeoff in self-improvement settings. Additional studies have examined
diversity in reinforcement learning from human feedback [34}[26] and LLM ensembles [44]. However,
diversity remains understudied in RL for LL.M reasoning scenarios. To our knowledge, we are the
first to formally analyze diversity and propose a principled diversity-aware training method for this
setting.

7 Conclusion, limitations, and discussion

In this research, we investigate the role of diversity in RL for LLM reasoning. Through comprehensive
evaluations across 12 LLMs, we empirically establish a strong positive correlation between a model’s
reasoning potential and the diversity of its generated solutions, underscoring the necessity of fostering
diversity during RL training. To this end, we introduce a novel diversity-aware policy optimization
method that optimizes the token-level diversity in positive samples. Experimentally, we demonstrate
that our method not only enhances LLMs’ reasoning ability but also generates more diverse solutions.
By bridging the gap between diversity promotion and policy optimization, we aim to provide new
insights for advancing the robustness and creativity of LLMs in complex reasoning scenarios.

Due to computational constraints, our experiments were conducted on 8xNVIDIA A6000 GPUs,
which restricted our analysis to 1.5B and 7B parameter-scale models. This naturally introduces a
limitation: the generalizability of our diversity-aware policy optimization method to larger-scale
LLMs remains to be explored. While our method demonstrates significant improvements on mid-
sized models, extrapolating these findings to larger architectures may require adjustments to the
entropy regularization scheme or training dynamics, given the known differences in optimization
landscapes across model scales. We urge future research to investigate these scalability challenges
and hope our work will inspire the community to explore diversity-enhanced RL strategies for both
small and large LL.Ms, fostering more robust reasoning capabilities across the spectrum of model
architectures. Beyond scaling, the diversity-aware optimization mechanism could also be extended to
other LLM tasks [65} 150, 23| [22]], suggesting its broader applicability beyond reasoning tasks.

Another promising future direction lies in the semantic definition of diversity. In this work, we
employ entropy-based regularization to implicitly promote diverse behaviors during LLM generation,
which captures statistical variance in output distributions. However, many real-world applications
demand user-intended diversity (e.g., requiring both algebraic and arithmetic solutions to a math
problem, or generating code with distinct algorithmic approaches). Such scenario-specific diversity
requires explicit modeling of user-defined diversity, a challenge well-studied in RL [10, 48]]. By
bridging LLM reasoning with explicit diversity optimization from RL, future work could unlock



more controllable and context-aware generative capabilities, addressing the gap between statistical
diversity and human-intentional variety in complex tasks.
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Justification: Yes, the main claims made in the abstract and introduction accurately reflect
the paper’s contributions and scope.
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* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
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2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Please refer to the Limitation Section.
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* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
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* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
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* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
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* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
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tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: The paper has some theoretical analysis. We provide a complete and correct
analysis.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

¢ Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

e Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Please refer to Experiment Section and Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.
* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]

Justification: Our code and instructions are included in the supplementary material. The
data we use for the experiments are all from open-access datasets.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Please refer to Experiment Section and Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Please refer to Experiment Section.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

17


https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy
https://nips.cc/public/guides/CodeSubmissionPolicy

8.

10.

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.
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figures symmetric error bars that would yield results that are out of range (e.g. negative
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they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources
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puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
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Justification: Please refer to the implementation details in the Appendix.
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* The answer NA means that the paper does not include experiments.
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. Code of ethics
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Answer: [Yes]
Justification: The research conducted in the paper conform with the NeurIPS Code of Ethics.
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* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We list potential positive societal impacts in the Appendix.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

e If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We properly credit data, paper, and ideas that we used in this paper.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification: We document well about the asset.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: This paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [Yes]
Justification: We decrible the pipeline to fine-tune the LLM in the Experiment Section.
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Theoretical analysis

A1 Proof for Equation 3]

The equation we want to prove is:

T
1
Eq~Q,o~7ro;,d(-\q) T Z EatNWa(,|q70<t) [log o (54’|q’ 0<t)}]
L~ mo(o']g,0<") N
=Eq00,0mmora(-]q) _fz ngﬂ'e(o lg,0~") | - (13)
t=1 ’

Since T is a random variable that depends on 7,4, the proof is not straightforward. We prove it in
two stages.

(1). When T is fixed, the proof proceeds straightforwardly by examining each term in the summation.
Note that 0<* is sampled from 7,q while o' is sampled from 7y, hence:
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The second and fifth equations hold because we may add or remove any random variables that are not
in the target expectation. The third equation results from applying importance sampling to reweight
probabilities.

(2). For the case that T' is a random variable, roughly, the idea is to apply the law of total probability:

T
1
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oo 1 To
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b= =

And apply case (1) to finish the proof.

B More discussion

More discussion about Potential @k
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The definition of Potential @k aims to quantify the performance improvement achievable through RL
training for LLMs. By examining its formulation, we derive:

vazl Pass@k(g;) - (1 — PassQ1(g;
Zf.vzl(l — Pass@1(g;))

This metric essentially captures the discrepancy between Pass@k and Pass@1. While Pass@k is
often treated as the performance boundary for RL training on LLM [57], our Potential @k specifically
measures the performance gain from RL training, approximated by subtracting Pass@1 (a measure
for initial performance) from Pass @k.

Potential@Qk :=

~ ass@k(q;) — PassQ1(g;)]. (16)

For each question ¢; before training begins, if Pass@1(g;) = 1, the question is already mastered
with no improvement potential. When Pass@1(g;) = 0 but Pass@k(g;) = 1, GRPO training
uses positive samples from k trials to teach the correct response. If both Pass@1(g;) = 0 and
Pass@k(g;) = 0, the question provides no training signal as it remains unsolved. Hence, our
definition of Potential @k focuses training on questions with partial capability, excluding both
mastered and unsolvable questions, thereby capturing the true learning potential through the Pass@k
to Pass@ 1 performance gap.

Why the performance of our reproduction of R1-zero is worse than the state-of-the-art methods
reproductions (e.g. SimpleRL-Zo00)?

We believe the performance gap between our R1-zero reproduction and SimpleRL-Zoo’s implemen-
tation stems primarily from resource constraints. Our experiments were conducted on a modest
8xA6000 GPUs setup, necessitating several efficiency optimizations: we employed the simpler
GSMBSK dataset, constrained generation lengths (appropriate for GSM8K’s short responses). In
contrast, SimpleRL-Zoo utilized significantly more powerful 2x8 H100-80G GPUs, trained on more
complex datasets with longer response lengths. Importantly, our study’s primary objective was not to
surpass SimpleRL-Zo0’s results, but rather to demonstrate that our diversity-enhanced method outper-
forms standard R1-zero. Our method of independence can be applied to enhance the SimpleRL-Zoo
and other state-of-the-art methods.

Why are the 4 mathematical datasets chosen?

We require the number of data points in the test dataset to be at least 500. Since we find that the
results are unstable when we test on a small dataset. In some recent work, they report by sampling
many times and calculate the average. However, we think the distribution shift issue still exists (i.e.,
the small test data may biasly represent the hard/medium/easy-level benchmark)

C Broader impacts

Our diversity-aware RL approach for LLM reasoning offers valuable benefits for Al applications.
First, in education, generating multiple valid reasoning paths could enhance Al tutoring systems by
providing alternative solution strategies to students. Second, for scientific research, the improved
ability to explore diverse reasoning approaches may aid in hypothesis generation and problem-solving
where multiple perspectives are valuable.

D Implementation details

We provide more details for experiments in Section 5}

D.1 Experiment environment

For training R1-zero and R1-zero-Div, the codebase runs on Python 3.11, utilizing TRL 0.16.0 [46]
with PyTorch 2.5.1. We employ DeepSpeed [39]] for distributed training and incorporate vVLLM 0.7.2
[27] for efficient rollout, all deployed on 8x NVIDIA A6000 GPUs. Each experiment runs for 3 days.
For other baselines, we evaluate open-sourced models downloaded from Hugging Fac

*https://huggingface.co
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A conversation between User and Assistant. The user asks a question, and the Assistant solves it.
The assistant first thinks about the reasoning process in the mind and then provides the user with
the answer. The assistant should 1) Identify core concepts and required formulas. 2) Break down
solutions into logical, numbered steps. 3) Verify results using alternative methods or substitutions.
Put your final answer within \\boxed{}

Figure 2: System prompt

For evaluation, we utilize the code from Qwen2.5-Math. E| To calculate Pass@1, we use greedy
decoding for our models and baselines, except for SimpleRL-Zoo [39], which we evaluate using
temperature=1 and top-p=0.95 as suggested in their paper.

D.2 Hyperparameter settings

We provide the system prompt in Figure 2] and other detailed hyperparameter settings in Table [6]
Due to computational resource constraints, we train on the simpler dataset (GSM8K), which allows
for a shorter maximum response length, and use a well-designed prompt to obtain a stronger initial
checkpoint. The experiment settings for R1-zero and R1-zero-Div are the same except for A = 0 in
R1-zero and A = 0.01 in R1-zero-Div.

Table 6: Hyperparameter settings

Hyperparameter Value

General settings

dataset GSME8K
max prompt length 256
max completion length 756
num generations 6
use vllm true
vllm gpu memory utilization 0.5
torch dtype bfloat16
learning rate 3.0e-06
Ir scheduler type cosine
beta 0.0001
zero stage 2
offload optimizer device CPU
offload param device none
distributed type DEEPSPEED
Base model: Qwen/Qwen2.5-Math-7B
num train epochs 2
per device train batch size 1
gradient accumulation steps 64
Base model: Qwen/Qwen2.5-Math-1.5B
num train epochs 3
per device train batch size 6
gradient accumulation steps 16

5https ://github. com/QwenLM/Qwen2.5-Math

24


https://github.com/QwenLM/Qwen2.5-Math

Entropy over training steps

0.20

0.19

0.18 A

0.17

Entropy

0.15 A

0.14

0.139 —— A =0.01 pos,neg
A =0.01 pos (R1-zero-Div)
—— A =0 (R1l-zero)

0.12 1

0 50 100 150 200 250
Training step

Figure 3: Entropy during the RL training

Table 7: Avg@8 on GPQA Diamond dataset

Method GPQA Diamond
Qwen2.5-Math-7B 28.5 (0.64)
R1-zero 32.7 (0.70)
R1-zero-Div (Ours) 34.3 (0.79)
SimpleRL-Zoo 33.9 (0.56)

Eurus-2-7B-PRIME 34.0 (0.74)

E More experiment results

E.1 Entropy during the RL training

We analyze the entropy dynamics during training. As shown in the Figure[3] when A = 0 (i.e., the
baseline R1-zero method), entropy collapses rapidly, indicating a loss of exploration. When applying
the diversity objective with A\ = 0.01 to all samples (both positive and negative), entropy exhibits
late-stage exploration during training; however, this tends to degrade model quality, as reflected by the
final performance in Table[d] In contrast, applying the diversity objective with A = 0.01 exclusively
to positive samples strikes a better balance between quality and diversity, yielding the optimal final
performance.

E.2 Evaluation on GPQA

We present the avg @38 results on the GPQA Diamond dataset in Table[7} where we directly evaluated
the models listed in Table[T} These results demonstrate the generalizability of our method.

E.3 Solution diversity in R1-zero-Div

We show the case where our method generates diverse solutions in Figure ] The text outputs
are generated by our model (R1-zero-Div training on Qwen2.5-Math-7B), and we render LaTeX
expressions for better visualization. As illustrated in Figure d] the model generates two distinct yet
mathematically valid solutions to the problem. The first solution demonstrates elegant mathematical
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Question: There exist real numbers z and y, both greater than 1, such that log,, (y*) =
log, (:c4y) = 10. Find zy.

Solution 1:
Given the equations:
log,(y*) =10 and log,(z*) =10

1. First, we simplify the equations using logarithmic properties:
log, (y") = 10 = z-log,(y) = 10 = log,(y) =

log,(z%) =10 = 4y -log,(z) = 10 = log,(z) = H[j = %
2. Using the change of base formula, we know that log,, (y) = logl(z) . Therefore:
Y

log,(y) = % and logy(m) = 2—5y

Vet = VB — 105=2-2y = 50=2zy = ay=25

x

Thus, the final answer is:

Solution 2:

o=

Given the equations:
log,(y*) =10 and log,(z%) =10
we can use the properties of logarithms to simplify these equations.

1. Simplifying the first equation:

log, (y*) =10 = zlog,(y) =10 = log,(y) = 7
Using the change of base formula log,, (y) = iggg)) we get: 8W) — 10
This implies: log(y) = “22&(2)

T

2. Simplifying the second equation:
log, (z%) = 10 = 4ylog,(z) = 10 —> log,(z) = 0_2

Using the change of base formula logy (z) = EEZ;
5log(y)
2y

, we get: Tog(y) 2

This implies: log(z) =

Now we have two equations:

log(y) = ", log(z) = "5

Substituting the second equation into the first:

of el
log(y) = ( y ) _ 2 lis(y)

Dividing both sides by log(y) (assuming log(y) # 0):

1=23 — zy =25
zy

Thus, the value of zy is:

Figure 4: Solution generated by R1-zero-Div

insight by utilizing the reciprocal property of logarithmic functions. The second solution adopts a
more systematic approach, first establishing two equations for log(y) and log(x) (more precisely,
lgy and lg ). And then solve these two equations. Both methods ultimately arrive at the correct
solution, showcasing the model’s ability to discover multiple valid reasoning paths.
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