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ABSTRACT

In many applications, treatment and outcome are confounded by unobservables,
yet mediators remain unconfounded. The front-door (FD) adjustment identi-
fies causal effects through mediators even with unmeasured confounding. How-
ever, most estimators focus on average treatment effects, and work on hetero-
geneous treatment effect (HTE) estimation remain scarce. We address this gap
with two debiased learners for heterogeneous FD effects: FD-DR-Learner and
FD-R-Learner. Both attain fast, quasi-oracle rates (i.e., performance comparable
to an oracle that knows the nuisances) even when nuisance functions converge as
slowly as n~1/%. Beyond theory, we demonstrate fast convergence and debiased-
ness in synthetic and real-world evaluations. Our results show that the proposed
learners deliver robust and debiased HTE estimates under the FD scenario.

1 INTRODUCTION

Estimating causal effects from observational data is central to disciplines such as public policy.
A crucial challenge is unmeasured confounding, where the treatment a unit receives is influenced
by unobserved variables that also affect the outcome. The front-door (FD) criterion (Pearl, 1995)
addresses this by using an observed mediator that transmits the treatment’s influence to the outcome
and is plausibly explained by observed covariates.

A concrete instance (which we also use in our empirical study in § 5.2) is the effect of adopting a
primary seat-belt law (X)) on occupant fatality (Y'), with observed seat-belt use (Z) as the mediator,
and observed covariate C. This scenario is depicted in Fig. 1a. Because of unmeasured confounding
between X and Y, the naive contrast E[Y | X = 1] — E[Y | X = 0] is a biased estimate of the
causal effect. When belt use responds strongly to law adoption and the observed covariates plausibly
explain belt use, the setting is consistent with an FD structure, enabling identification and estimation
of the causal effect via FD adjustment (Pearl, 1995).

Although robust FD estimation has advanced recently (refer § 1.1), most methods target the aver-
age treatment effect. In practice, practitioners need personalized effects (i.e., the conditional effect
7(C)) to support decision-making at the user or context level. We address this gap by adapting
heterogeneous effect estimators developed for the standard ignorability (Rubin, 1974) (or back-door
adjustment (Pearl, 1995)), such as the DR-Learner (van der Laan & Luedtke, 2014; Kennedy, 2023)
and the R-learner (Robins, 2004; Nie & Wager, 2021), to the front-door setting. Concretely,

1. FD-DR-Learner. We construct a pseudo-outcome whose conditional mean equals 7(C'). Re-
gressing this pseudo-outcome on C yields a debiased estimator that achieves quasi-oracle rates
(the rate achievable with true nuisances) whenever the nuisances converge at n~ Y4 rates.

2. FD-R-Learner. We develop a three-stage procedure: (1) estimate how X changes Z across C
(2) estimate how changes in Z shift Y given (X, C'); (3) compose these estimates to obtain 7(C).
This estimator achieves quasi-oracle rates whenever nuisances converge at n~/“-rates.

3. Theory and Practice. We provide error analyses of the proposed estimators, showing debi-
asedness under slow nuisance convergence. We demonstrate our findings with synthetic and
real-world data analysis.

This paper is organized as follows. §3-4 presents the FD-DR and FD-R learners. §5 reports simula-
tions and a case study. All proofs are deferred to Section B.



Under review as a conference paper at ICLR 2026

FD HTE Debiasedness

Robins (2004)

van der Laan & Luedtke (2014)
Kennedy (2023)

Nie & Wager (2021)

@—» @ Xu & Gretton (2022) /X X

@ Xu et al. (2024)

Fulcher et al. (2019)
Guo et al. (2023)
Wen et al. (2024)
Jung et al. (2024)

Chen et al. (2025) v X

X Ours oV

(b) ©)

x v v

Figure 1: (a) Causal diagram for the front-door (FD); (b) back-door (BD); (¢) Comparison table.

1.1 RELATED WORKS

For back-door adjustment (g-formula), a large literature establishes debiased and sample-efficient
estimation. Classical approaches include augmented inverse probability weighting (Robins et al.,
1994; Bang & Robins, 2005), as well as targeted maximum likelihood estimation (TMLE) (Van
Der Laan & Rubin, 2006; van der Laan & Gruber, 2012). Recently, estimation frameworks leverag-
ing machine learning for heterogeneous effect have produced flexible estimators with finite-sample
guarantees, notably the DR-Learner (van der Laan & Luedtke, 2014; Kennedy, 2023), the R-learner
(Robins, 2004; Nie & Wager, 2021), the EP-learner (van der Laan et al., 2024), orthogonal statistical
learning (Foster & Syrgkanis, 2023), and debiased machine learning (Chernozhukov et al., 2018).

Beyond back-door adjustment, research on developing debiased estimators for the front-door (FD)
model has grown steadily. Fulcher et al. (2019) develop a doubly robust estimator for the FD av-
erage treatment effect estimator. Guo et al. (2023) propose one—step and TMLE estimators for FD
adjustment. Jung et al. (2024) introduce a unified covariate-adjustment formulation that enables
robust and sample-efficient FD estimation. On a different thread, modern deep learning-based FD
estimators have been developed for scalable estimation (Xu & Gretton, 2022; Xu et al., 2024), but
these methods lack the debiasedness property.

Beyond average effects, work on heterogeneous or conditional FD has also emerged. Chen et al.
(2025) study conditional FD and introduce LobsterNet, a multi-task neural estimator for the condi-
tional FD effect. However, their estimator lacks debiasedness. In this work, we propose debiased
learners for heterogeneous FD treatment effects, which allow any machine learning method to be
used off the shelf while guaranteeing fast convergence to the target even when nuisance parameters
converge slowly. A summary comparing existing works with ours is in Table Ic.

2 PROBLEM SETUP

We observe i.i.d. samples of V' = (C, X, Z,Y), where C is observed covariates, X € {0,1}
a binary treatment, Z € {0,1} a binary mediator, and Y is the outcome. Let U represent an
unobserved variable that jointly influences (C, X, Y"). We define the nuisance functions

m(zzc) 2EY | Z=2,X =2,C =, (D
e(z|c)2Pr(X =2 |C=c) withe(C)2e(l]C), andeg(C) £ e(0]C). ()
qz|zc) 2 Pr(Z=2| X =2, =¢) 3)

We assume positivity: 0 < e(x | ¢),q(z | x¢) < 1for z,z € {0,1} and almost every c. We also
assume Var(Y) < co.

The data-generating process is depicted in the causal diagram G in Fig. 1a. Specifically, the structure
satisfies the conditional front-door criterion (Pearl, 1995; Fulcher et al., 2019):

1. Every directed path from X to Y is mediated by Z in G (no unmediated direct effect).
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2. Every spurious path between X and Z is blocked (d-separated) by C in G.
3. Every spurious path between Z and Y is blocked (d-separated) by (X, C) in G.

Let 73(C) £ E[Y | do(X = ), C], where do(X = Z) denotes an intervention that fixes X to Z.
Under the graph in Fig. 1a, the conditional treatment effect 7(C') is identified by

7(C) £ 11(C) = 1(C) = Y {alz | 10) = q(z | 0C)}eu (C)m(z2C), 4

Z,T

2.1 PRELIMINARIES: R-LEARNER FOR BACK-DOOR ADJUSTMENT (BD-R-LEARNER)

In this subsection, we review the standard R-learner of (Robins, 2004; Nie & Wager, 2021). We
refer to this standard R-learner as BD-R-Learner (shortly, BDR), since it is developed under the
back-door (BD) criterion (Pearl, 1995), as depicted in Fig. 1b.

To review the BD-R-Learner, define the nuisance functions 7 £ {ex,my}, where

ex(C)2e(1|C) and my(C)2E[Y|C]. 6))
Let 72P(C)£E[Y |do(X = 7), C] in the BD setting. It is identified as
7ED(C) 2 7BD(C) - nBP(C)=E[Y | X = 1,C]—E[Y | X = 0,C]. ©)

In the BD graph in Fig. 1b, the data generating process can be expressed as the following partial
linear model (Robinson, 1988):

Xzex(C)+€X, E[EX |C}:O, and @)
Y =a(C)+ Xb(C)+ey, Eley|XC]=0, (8)

where a(C) = 18P (C) and b(C) = 8P (C).

The BD-R-learner’s loss function, equipped with an arbitrary nuisance 77 = {€x, my } is defined as:

PV, X,C),77,7) & (Y =y (C) = {X = &x(C)}r(C))*. ©
Population and empirical risk functions for samples D(Y, X, C) = {(Y;, X;, Ci)}y:)‘l are give by:
LEPR(7,7) 2 By x ,cop [(BPR((Y, X, 0),7,7)] + AT (7) (10)
~ ~ 1 ~
L3ty x.0)(T:71) £ D] Z PR (Y3, X5, Ci), 1, 7) + AT (1), (11
:V, €D

where )\ is a hyperparameter and 7 is a regularizer. BD-R-Learner is defined as follows:

Definition 1 (BD-R-Learner (Nie & Wager, 2021; Foster & Syrgkanis, 2023)). The BD-R-
Learner 72PR is learned from the following procedure:

1. Split the i.i.d. dataset D(Y, X, C) = {(Y;, X;, C;)}2", into D; and Ds.
2. Learn ) £ {€x, My } using D;.

3. Find 7BPR ¢ arg min, ¢ Lf,gf(yxc) (1,7).

One may repeat steps (2—3) with the partitions swapped and average the two estimates. The debi-
asedness property of the BD-R-learner is captured by the following result:

Proposition 1 (Error Analysis of BD-R-Learner (Nie & Wager, 2021; Foster & Syrgkanis,
2023)). Let || - ||, denote the L,(P) norm. Let 7EPR denote the BD-R-Learner estimate
from Def. 1. Let a < b denote a < b up to a constant factor. Suppose there exists a function
REPR (e, 7,7) such that, with probability 1 — ,

LRV, ) — min LYPH(7, )| < RFPH (e, 7,7). (12)
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Then, with probability 1 — e,

[FBPR—7BOR |2 < REDR(e 7BDR ) 1 |jey — x|t + iy —my [ZIex —ex]. (13)

This result exhibits the property of debiasedness: 75PR

when €x converges only at n~ /4,

converges at a quasi-oracle rate REPR even

3 FD-DR-LEARNER

We first introduce the FD-DR-Learner, a learner for the conditional FD effect 7(C') that exhibits a
double robustness property. In addition to the nuisance functions m(ZXC'), e(X | C) and ¢(Z |
XC) in Eq. (1), (2), (3), define the following weights:

Z | zC) (X =z)
L(zxcye 4Z120) vy s (14)
IO yzixey RO T dxT0)
We also define the following functionals of nuisances (m, e, q):
rme(ZC) 2 > m(ZzC)e(x | C), (15)
z€{0,1}
Vimeq(XC) £ Z rme(2C)q(z | XC), (16)
ze{0,1}
Smgs (XC) = Z m(zXC)q(z | zC). (17
z€{0,1}
These induced functionals are sufficient to express the front—door estimand.
Lemma 1 (Expressiveness of nuisances). For z € {0,1}
E[¢s(ZXC)Y] = E[5(XC)rme(ZC)] = E[smq; (XC)] =E[r:(C)].  (18)

Based on these nuisances, we define the pseudo-outcome for the FD-DR-Learner.

Definition 2 (Front-door Pseudo-Outcome (FDPO)). For z € {0, 1}, let n = {m, e, q}.
The front-door pseudo-outcome (FDPO) at Z is denoted as ¢z (V;n): d

E(ZXONY —m(ZXC)} + 13 (XC){Tme(ZC) — Vimeg(XC)} + $mq, (XC).  (19)

FDPO enjoys the following identification and robustness properties.

Lemma 2 (FDPO Property). For z € {0,1}, let n = {m, e, q},
1. Consistency: 7;(C) = E[¢z(V;n) | C]; and
2. Double Robustness: Let 7) be an estimate of 7. Let e, = e(X | C) and ¢.z = q(z | 2O).

Eloz(V;0) — oz(V;n)] (20
= E[{ — m}{&~&}) + E[{Fs — s} {vmge— vinge)] 1)
+ ZE (z2C){q(z | zC)—q(z | zC)H{e(x | C)—e(x | C)}]. (22)

We learn 7(C) by regressing the difference between the FDPO at Z = 1 and Z = 0 on C'. Specifi-
cally, define the population and empirical risk functions for the FD-DR-Learner as

LYR(7,7) 2 B[{1 (V1) — po(V; o) — 7(C)}] + AT (), (23)
BB (7, ﬁ)é% S (o) — wo(Visio) - 7(COY +AT(R), @4
i: V; €D
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where 7 denotes any nuisance set, 7 is any candidate function, ¢z is the FDPO for Z € {0,1}, A > 0
is a regularization parameter, and J penalizes model complexity.

Using the risk functions in Egs. (23) and (24), we define the FD-DR-Learner as follows:

Definition 3 (FD-DR-Learner). Let D, D, be two disjoint (independent) splits of size n
of V; = (Cy, Xi, Z;,Y;). Let T be the model class for 7, and let \,, be a regularization level.

1. Fit/ £ {1, 4, ¢é} on D;.
2. Compute 7pr € arg r_ni?_ EA]/\Dsz (7,1) using Ds.
2

3. (Optional) Swap the roles of D; and D, (cross-fitting) to obtain a second estimate 7/, and
return the average Tpr = (7+77)/2.

Finally, the following result formalizes the debiasedness of the learner:

Theorem 1 (Error-Analysis of FD-DR-Learner). Let 7 be the model class for any 7.
Suppose there exists a quasi-oracle rate function RPRT (e, 7,7) such that, with probability
atleast 1 — e,

|LPR(7,7) — r%rgg LYR(F,7)| < RPR(e,7,7) forall 7 €T. (25)

Let 7pr denote the FD-DR-Learner. With probability at least 1 — e,

I7or — 7II3 S RP™ (e, 7ors D)+ Y Il — ml311€s — &3 (26)
z€{0,1}
+ D lvimeg — vimeqll3llFz — mall3 27)
ze{0,1}
+ > llée —eal3llgs — Gzl @8)
z,x,2€{0,1}3

In words, the error of 7pg is controlled by the quasi-oracle rate and second-order products of nui-
sance errors, reflecting the method’s debiasedness. For example, if all nuisances converge at the
n~1/% rate, then the FD-DR-Learner 7pg converges at the quasi-oracle rate (behaving as if the true
nuisances were known).

4 FD-R-LEARNER

In this section, we introduce the FD-R-Learner, a learner for the conditional FD effect 7(C') that
exhibits a robustness property such that the estimator converges fast even when nuisances converge
slowly. To derive the FD-R-Learner, we re-express the data-generating process as the following
partial linear model:

Proposition 2 (Partial Linear Model for FD). Suppose the FD criterion holds (i.e., Fig. 1a).

X = ex(C) +ex, Elex|C]=0, (29)
Z=a(C)+ Xb(C)+ez, Elez|XC]=0, (30)
Y = f(XO) + Zg(XC) + ey, Eley | ZXC] =0, G1)

where ex (C) £ E[X | C] and
a(C) 2 E[Z | do(X =0),C], b(C)2E[Z|do(X =1),C]—a(C),
F(XC) 2 E[Y | do(Z = 0),XC], ¢(XC)2E[Y |do(Z = 1),XC] — f(XC).
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Since C satisfies the BD criterion relative to (X, Z) (by the definition of the FD-criterion in §2), we
can learn b(C') using the BD-R-Learner as follows:

b€ argmin L3157 x o) (b7 = {ex, 7 2}), (32)

where the population and empirical R-risk functions are defined in Eq. (10) and (11), (D1, Do) is
a partltlon of the sample D, and €x, My are estimated nuisances for ex = Pr(X = 1 | C) and
mz = E[Z | O], learned from D;. error analysis of the BD-R-Learner implies that b converges to b
at the quasi-oracle rate even when the estimated nuisances converge as slowly as the n~ /% rate.

Similarly, g can be estimated using the BD-R-Learner, since (X, C') satisfies the BD criterion rel-
ative to (Z,Y) (by the definition of the FD-criterion), and Z and Y admit the Robinson (1988)’s
partial linear model as in Eq. (7) as follows:

Zzez(XC)+Ez, ]E[GZ |XC}:O, (33)
Y = f(XC)+ Zg(XC) + ey, Eley | ZXC] =0, (34)

where eZ(X ) £ a(C) + Xb(C) from Eq. (30), so that ez(XC) = E[Z | XC] because E[Z |
do(X =z),C] = E[Z | &, C]. Therefore,g(X C') can be estimated using BD-R-Learner as follows:

g € arg mm LA Da(v.z,x0)(0:7g = {€z, My }), (35)

where (D14, D2, ) is a partition of the sample D, and e, my are estimated nuisances for ez £ E[Z |

XC] and my £ E[Y | XCJ, learned from Dy,. The error analysis of the BD-R-Learner implies
that g converges to g at the quasi-oracle rate even when estimated nuisances converge slowly.

Such debiasedness properties of b(C') and g(X C) is crucial for the estimation of heterogeneous FD
causal effect 7(C'), since it can be expressed as a functional of b and g:

Theorem 2 (Heterogeneous Treatment Effect via Partial Linear Equation). Let b and g
denote the functionals in Prop. 2. Define v,(C) £ E[g(XC) | C]. Then,

7(C) = b(C)4(C). (36)

A remaining challenge is to estimate v,(C) = ex(C)g(1C) + (1 — ex(C))g(0C) in a sample-
efficient manner. One straightforward approach is to construct a plug-in-estimator by substituting
the estimated nuisances:

FPIE(0) £ 8y (C)G(1C) + {1 — ex (C)}g(0C). 37)

However, even if b and § converge quickly (Prop. 1), gP'"& may still converge slowly when nuisance
estimates converge poorly, because its error depends directly on the accuracy of ex (C'). Specifically,

FPIE(C) = 7,4 (C) = {9(1C) = g(0C) }(ex(C) — ex(C)) + ex (C){g(1C) — g(1C)}  (38)
+ (1= ex(C)){9(0C) — g(0C)}. (39)
Thus, the convergence of AP (() is bottlenecked by the accuracy of €x, and can be slow when

nuisance estimates converge poorly.

To address this challenge, we define the pseudo-g function, which serves as a pseudo-outcome for
g(X (), as follows:

Definition 4 (Pseudo-g). The pseudo-g (5. (XC) with 77, £ {éx(C), §(XO)} is:
(7. (XC) £ {1-ex(C)}9(00) +ex (C)g(10) +{X —ex (C)Hg(1C) ~g(0C)}.  (40)

The pseudo-g function enjoys the following consistency and robustness properties:
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Lemma 3 (Property of pseudo-g). Let (5_(XC) denote the pseudo-g function.
1. Consistency: E[¢,.(XC) | C] = 7,(C) with , £ {ex(C),g(XC)}.
2. Error Correction: For any estimated ex and g,

E[G. (XC) [ Cl=4(C) =ex (C){g(1C)—g(1C) }+{1—ex (C)Hg(0C)—g(0C)}. (41)

The error analysis in Lemma 3 implies that the pseudo-g’s error no longer depends on the error of
ex it depends only on the error of g, which can be learned sample-efficiently via the BD-R-Learner.

We now formally define the FD-R-Learner as follows:

Definition 5 (FD-R-Learner). Let (D, D5, D3) be disjoint (independent) splits of size n
of V; = (Cy, Xi, Z;, Y;). Let B, Q, T" denote the function classes for b, g, v, respectively. Let
Abns Ag,n» Ay,n be regularization levels.

1. (Nuisance Fit) Fit 7, = {€x, Mz} and i), = {€z, My } using D;.

2. (BD-R-Learner for b) Learn b using Dy with 7, from Eq. (32).

3. (BD-R-Learner for g) Learn g using D, with 7, from Eq. (35).

4. (Pseudo-g) Evaluate the pseudo-g function (5, (X C') using Ds.

5. (Learn ) Find

- 1 >
7 € argmin o i:ge:%{gz (XiC3) = 7(C)Y* + A nT (7). (42)

6. Return 7 (C) £ b(C)3(C).

One may repeat steps (1-5) with the partitions swapped and average the estimates. Finally, the
following result formalizes the robustness and sample-efficiency of the learner:

Theorem 3 (Error-Analysis of FD-R-Learner). Let £](7,7.) = E[{¢.(XC) —
7(C)}?]+ AT (7) be a population risk for . Suppose there exists quasi-oracle rate functions

Rp(e, b,m), Ro(e, g,1g) and Rr(e,7, 1) such that, with probability 1 — €,

‘LE)DR(I; ﬁb) - ipelré L)\(b/a ﬁb)‘ < RB(QE, ﬁb)v (43)
X (@ 7g) — min La(g', )| < Rol(€ 9. 755). (44)
13, 7) — min £ 75)] < Re(e,7, 7). @)
Let 7 denote the FD-R-Learner in Def. 5. With probability 1 — e,
17 = 7113 S Ra(e,b,7) + Rale G 9) + Rr(e,3,:) (46)
+ |[ex —exi+l[ex —exllill7z —mz|} (47)
+[ez—ezli+l€z —ez|3lmy —myll3. (48)

In words, the error of 7 is controlled by the quasi-oracle rates, together with second-order products
and fourth-order terms of nuisance errors, reflecting the method’s debiasedness. For example, if all
nuisances achieve the n~'/% rate, then 7z converges at the quasi-oracle rate.

4.1 COMPARISON BETWEEN FD-DR-LEARNER AND FD-R-LEARNER

FD-DR-Learner. FD-DR enjoys a double robustness property (Thm. 1), where its error depends
on the quasi-oracle rate plus nuisance errors represented as second-order products. Consequently,
quasi-oracle rates are attained if either (i) ¢ is accurate, or (ii) (M, €) are accurate, even when the
other blocks are misspecified or converge slowly. This makes FD-DR a default when q or (7, €)
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Figure 2: Synthetic study: RMSE (mean + 95% CI) of FD-PI (plug-in), FD-DR, and FD-R estima-
tors: (a—b) varying sample size n, where (a) no structural nuisance noises is added, and (b) nuisances
converge at the n~ /4 rate; (c) varying the level p of nuisance noises pe, € ~ N (n~/4 n=1/4); and
(d) varying weak-overlap severity.

can be fit well. A caveat is variance under weak overlap (positivity): its construction uses inverse
weights and density ratios (e.g., 7z(XC) and £z(Z X C)), which can inflate finite-sample variance
when e or g approach 0 or 1.

FD-R-Learner. FD-R avoids the density ratios required by FD-DR, making it more variance-
friendly under near-violations of overlap. This makes FD-R a strong choice when overlap is weak.
In addition, FD-R provides interpretability by decomposing the estimation into two BD-R-learner
subproblems for the pathway components b(C') (effect of X — Z) and g(X C) (effect of Z —Y).
These intermediates (b and g) are useful for diagnostics. However, FD-R requires more nuisance fits
(ex,mz,ez, my plus b, g) compared to the FD-DR-Learner.

Practitioner Guidance. Prefer FD-DR-Learner when ¢ or (7, €) can be accurately estimated. Pre-
fer FD-R-Learner when overlap is weak (to avoid density ratio estimation) or when interpretability
of the X — Z and Z — Y pathways is valuable.

5 EXPERIMENTS

In this section, we demonstrate the debiasedness of the proposed estimators. In all experiments,
nuisance functions are learned with XGBoost (Chen & Guestrin, 2016). We compare the proposed
FD-DR and FD-R-learners with a plug-in (PI) estimator 7p; of the target estimand:

1(C) £ {4z | 1C) = 4(z | 00)}e(X =z | C)in(z2C). (49)
Details of simulations are described in Sec. C.

5.1 SYNTHETIC DATA ANALYSIS

We assess the proposed estimators on synthetic scenarios where the true heterogeneous FD effect
7(C) is known. Fig. 2 reports the root mean squared error (RMSE; mean £ 95% CI) of the plug-in
baseline (FD-PI, 7pr), the FD-DR learner, and the FD-R learner across four regimes.

Panels (a-b) vary the sample size n. Both FD-DR and FD-R consistently dominate FD-PI as n
grows. When no additional structural noise is introduced (panel (a)), all estimators converge as
expected, but the proposed FD-DR and FD-R learners achieve substantially lower error. When the
nuisance functions are restricted to converge at the n~1/4 rate (panel (b)), FD-DR and FD-R still
exhibit reliable convergence, demonstrating robustness to imperfect nuisance estimation, whereas
the plug-in estimator converges much more slowly.

To further probe robustness under noisy nuisances, we inject controlled noise of the form pe into the
nuisance functionals, where ¢ ~ A'(n='/% n=1/%) and p € {0.0,0.2,0.4,0.6,0.8,1.0}. Panel (c)
shows that the RMSE of 7p deteriorates rapidly as p increases, while FD-DR and FD-R maintain
stable performance. FD-R achieves lower RMSE across higher noise levels, reflecting its reduced
reliance on nuisance accuracy.
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Figure 3: Seat-Belt Laws and Fatalities: (a) histograms for 7pr (C;) and 7r (C;) (b) concentration
curve showing the mean values of Tpg and Tr within the top-a fraction (largest 7), where both
learners exhibit a downward trend; (¢) SHAP feature importance highlighting age, time of dat, and
driver status as the most influential features for both learners.

Finally, panel (d) examines weak-overlap scenarios by pushinge(X =1 | C)and¢(Z =1 | X, C)
toward zero. In this regime, the plug-in estimator exhibits severe degradation, and FD-DR suffers
noticeable variance inflation due to its use of inverse weights. FD-R, by contrast, remains stable and
consistently outperforms both FD-PI and FD-DR. These patterns mirror our analytical comparison
in § 4.1, confirming that FD-DR excels when nuisances are accurately estimated and overlap is
sufficient, while FD-R is particularly advantageous under weak overlap or noisy nuisance models.

5.2 CASE STUDY: STATE SEAT-BELT LAWS AND FATALITIES (FARS)

We use a state—year panel constructed from National Highway Traffic Safety Administration
(NHTSA) sources (National Highway Traffic Safety Administration, 2000) using the Fatality Anal-
ysis Reporting System (FARS). In our data, the treatment is whether a state—year has a primary seat-
belt law (enforcing seat-belt use) (X), the mediator is the belt-use (Z) from NHTSA surveys, the
outcome is the occupant fatality Y, and C collects covariates affecting (X, Z,Y"). The front-door
structure is plausible here because the effect from X to Y operates through increased belt use Z;
rich set of covariates C helps mitigate confounding bias between (X, Z) and between (Z,Y"). Also,
positivity holds in this dataset, because belt use is neither zero nor universal across law regimes; i.e.,
some occupants do not fasten seat belts even under a primary law.

Fig. 3 summarizes the analysis. Panel (a) shows the distributions of Tpr (C;) and Tr (C;), indicating
lower fatality rates under primary-law regimes. Panel (b) reports the concentration curve (mean
7 within the top-« fraction ranked by 7). Only a small portion of units exhibit increases fatality
under the primary law regime (X =1), whereas over 95% of units show decreases, consistent with a
preventive effect of primary-law adoption. Panel (c) presents SHAP feature importance, highlighting
age, time of day, and driver status as dominant factors explaining heterogeneity.

Together, our results indicate that primary seat-belt laws reduce occupant fatality rates for the ma-
jority of units, illustrating the practical utility of our approach for estimating causal effects from
real-world datasets that fit the FD setting.

6 CONCLUSION AND DISCUSSION

Summary. We developed two heterogeneous FD treatment effects estimators: FD-DR-Learner and
FD-R-Learner. Both attain quasi-oracle rates under n~'/%-rate nuisance convergence (Thm. 1, 3). A
comparison of the two estimators for practitioners is given in § 4.1. In synthetic stress tests (varying
n, slow nuisances, weak overlap) they dominate a plug-in baseline, and in our FARS seat-belt case
study they deliver reliable personalized FD estimates.

Limitations & future work. (i) Positivity. Our guarantees assume overlap for e(X | C) and ¢(Z |
X, C); near-violations inflate variance (especially for FD-DR). We recommend overlap diagnostics,
ratio stabilization, and overlap-aware uncertainty, and plan adaptive routing toward FD-R under
weak overlap. (ii) Binary mediator. Our theory uses a binary Z, whereas many practical settings
feature continuous or multidimensional mediators. Extending FD-DR and FD-R learners to handle
such settings is a promising direction.



Under review as a conference paper at ICLR 2026

REFERENCES

Heejung Bang and James M Robins. Doubly robust estimation in missing data and causal inference
models. Biometrics, 61(4):962-973, 2005.

Tianqi Chen and Carlos Guestrin. Xgboost: A scalable tree boosting system. In Proceedings of the
22nd ACM SIGKDD International Conference on Knowledge Discovery and Data Mining, pp.
785-794, 2016.

Winston Chen, Trenton Chang, and Jenna Wiens. Conditional front-door adjustment for heteroge-
neous treatment assignment effect estimation under non-compliance. In Conference on Health,
Inference, and Learning, pp. 194-230. PMLR, 2025.

Victor Chernozhukov, Denis Chetverikov, Mert Demirer, Esther Duflo, Christian Hansen, Whitney
Newey, and James Robins. Double/debiased machine learning for treatment and structural pa-
rameters: Double/debiased machine learning. The Econometrics Journal, 21(1), 2018.

Dylan J Foster and Vasilis Syrgkanis. Orthogonal statistical learning. The Annals of Statistics, 51
(3):879-908, 2023.

Isabel R Fulcher, Ilya Shpitser, Stella Marealle, and Eric J Tchetgen Tchetgen. Robust inference
on population indirect causal effects: the generalized front door criterion. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 2019.

Anna Guo, David Benkeser, and Razieh Nabi. Targeted machine learning for average causal effect
estimation using the front-door functional. arXiv preprint arXiv:2312.10234, 2023.

Yonghan Jung, Jin Tian, and Elias Bareinboim. Unified covariate adjustment for causal inference.
Advances in Neural Information Processing Systems, 37, 2024.

Edward H Kennedy. Towards optimal doubly robust estimation of heterogeneous causal effects.
Electronic Journal of Statistics, 17(2):3008-3049, 2023.

National Highway Traffic Safety Administration. Fatality analysis reporting system (fars) 2000 data
files. Technical report, U.S. Department of Transportation, 2000. URL https://www.nhtsa.
gov/file-downloads?p=nhtsa/downloads/FARS/2000/. Accessed: 2025-09-24.

Xinkun Nie and Stefan Wager. Quasi-oracle estimation of heterogeneous treatment effects.
Biometrika, 108(2):299-319, 2021.

J. Pearl. Causal diagrams for empirical research. Biometrika, 82(4):669-710, 1995.

James M Robins. Optimal structural nested models for optimal sequential decisions. In Proceed-
ings of the Second Seattle Symposium in Biostatistics: analysis of correlated data, pp. 189-326.
Springer, 2004.

James M Robins, Andrea Rotnitzky, and Lue Ping Zhao. Estimation of regression coefficients when

some regressors are not always observed. Journal of the American statistical Association, 89
(427):846-866, 1994.

Peter M Robinson. Root-n-consistent semiparametric regression. Econometrica: journal of the
Econometric Society, pp. 931-954, 1988.

Donald B Rubin. Estimating causal effects of treatments in randomized and nonrandomized studies.
Journal of educational Psychology, 66(5):688, 1974.

Lars van der Laan, Marco Carone, and Alex Luedtke. Combining t-learning and dr-learning: A
framework for oracle-efficient estimation of causal contrasts. arXiv preprint arXiv:2402.01972,
2024.

Mark J van der Laan and Susan Gruber. Targeted minimum loss based estimation of causal effects

of multiple time point interventions. The international journal of biostatistics, 8(1), 2012.

10


https://www.nhtsa.gov/file-downloads?p=nhtsa/downloads/FARS/2000/
https://www.nhtsa.gov/file-downloads?p=nhtsa/downloads/FARS/2000/

Under review as a conference paper at ICLR 2026

Mark J. van der Laan and Alexander R. Luedtke. Targeted learning of an optimal dynamic treatment,
and statistical inference for its mean outcome. Working Paper 329, U.C. Berkeley Division of
Biostatistics Working Paper Series, September 2014. URL https://biostats.bepress.
com/ucbbiostat/paper329/.

Mark J Van Der Laan and Daniel Rubin. Targeted maximum likelihood learning. The International
Journal of Biostatistics, 2(1), 2006.

Lan Wen, Aaron Sarvet, and Mats Stensrud. Causal effects of intervening variables in settings with
unmeasured confounding. Journal of Machine Learning Research, 25(345):1-54, 2024.

Liyuan Xu and Arthur Gretton. A neural mean embedding approach for back-door and front-door
adjustment. In The Eleventh International Conference on Learning Representations, 2022.

Ziqi Xu, Debo Cheng, Jiuyong Li, Jixue Liu, Lin Liu, and Kui Yu. Causal inference with condi-
tional front-door adjustment and identifiable variational autoencoder. In The Twelfth International
Conference on Learning Representations, 2024.

11


https://biostats.bepress.com/ucbbiostat/paper329/
https://biostats.bepress.com/ucbbiostat/paper329/

Under review as a conference paper at ICLR 2026

Supplement to “Heterogeneous Front-Door Effects: Debiased
Estimation with Quasi-Oracle Guarantees”

CONTENTS

1

Introduction 1
1.1 Related works . . . . . . . . .. e

Problem Setup 2

2.1 Preliminaries: R-Learner for Back-Door Adjustment (BD-R-Learner) . .. .. ..

FD-DR-Learner 4
FD-R-Learner 5
4.1 Comparison between FD-DR-Learner and FD-R-Learner . . . . . . ... ... .. 7
Experiments

5.1 Synthetic Data Analysis . . . . . . . . . . . L e
5.2 Case Study: State Seat-Belt Laws and Fatalities (FARS) . . . . . . ... ... ...

Conclusion and Discussion 9

Preliminaries: R-Learner and DR-Learner Analysis using Orthogonal Statistical

Learning 14
A.1 Examples (R-and DR-learners) . . . . . . ... .. ... .. ... .. 14

ALl R-Learner . . . . . . . . . e 14

A.12 DR-Learner . . . . . . . .. . e 15
A2 ASSUMPLONS . . . o v c e e e e e e e e e e e 15
A.3 Assumption checks forthe examples . . . . . .. ... ... ... ... ..., 15

A.3.1 R-Learner: assumptionshold . . . . . . ... ... ... ... ... .. 15

A3.2 DR-Learner: assumptionshold . . . . ... ... ... ... L0000, 16
A4 MainResult . . . . ... L 16

A.4.1 Nuisance Leakage: R-learner . . . . . . ... .. .. ... ......... 17

A.42 Nuisance Leakage: DR-learner . . . . . . ... ... ... ..... ... 18
Proofs 20
B.1 Proofof Lemmal . . ... ... ... ... ... .. . 20
B.2 ProofofLemma2 . . . .. ... . . . . . e 20
B.3 Proofof Theorem 1 . . . . . . . ... . . ... . 21
B.4 Proof of Proposition 2. . . . . . . . . . . . e e 22
B.5 Proofof Theorem?2 . . . . . . . . . . . . . .. e 23
B.6 Proofof Lemma3 . . .. .. ... ... ... ... 23
B.7 Proofof Theorem.3 . . . . . . . . . . . . . e 24
Simulation Details 26

12



648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682
683
684
685
686
687
688
689
690
691
692
693
694
695
696
697
698
699
700
701

Under review as a conference paper at ICLR 2026

C.1 Synthetic simulation . . . .. ... ... .. .......
C.2 Real-world study: State seat-belt laws and fatalities (FARS)

13



Under review as a conference paper at ICLR 2026

A PRELIMINARIES: R-LEARNER AND DR-LEARNER ANALYSIS USING
ORTHOGONAL STATISTICAL LEARNING

We study a population risk L(7,n), where the farget 7 € T and the nuisance n € H live in normed
spaces (T, ||-|l7) and (H, || - |13 ), respectively. Throughout, 79 denotes the true nuisance. We define
the (possibly non-unique) oracle minimizer

i L 5 5 A.l
T0 € arg min (T 7] ) ( )
W hiCh weE assume iS IlOl’leIIlpty.

Directional derivatives. For a functional F' and direction h, the (Gateaux) derivative with respect
to a variable x at xq is

V. F(wo)h] 2 lim &0+t = Flao)

t—0 t ’ (A-2)

and second derivatives V2 F'(x)[h1, ho] are defined analogously; mixed derivatives such as V,, V. L
will be used for orthogonality.

Sample splitting and plug-in. We assume a two-way split into independent folds of approxi-
mately equal size: one to learn 7} (using data D,)), and one to learn 7 by minimizing L(7, 7}) over T,

ie.,
x A& : - _
T, = arg meL(T,n), so that TO=T

This separation prevents overfitting-induced bias when we later linearize around (7o, 7).

Target-class statistical term. Let Ry (7;7,¢) > 0 be a data-dependent rate function such that,
with probability at least 1 — e,

L(r,n) = L(ry,n) < Ry(7;n;€). (A3)

You may instantiate R via localized complexity (e.g., critical radius) or algorithm-specific bounds;
we keep it abstract to highlight how nuisance error propagates into target error.

Goal and norms. Our goal is to upper bound the farget error |7 — 7o||%. When we write || - ||,
we mean the L,,(P) norm with respect to the underlying distribution.

A.1 EXAMPLES (R- AND DR-LEARNERS)

We use standard notation: 7' € {0, 1} (treatment), X (covariates), Y (outcome). The estimand is
the CATE

70(X) 2 E[Y (1) - Y(0) | X], (A4)
under the usual positivity (¢ < mo(X) < 1 — ca.s.) and i.i.d. sampling. We assume

Y() LT |X = E[Y(t)| X]=E[Y | t,X], vt € {0,1}. (A.5)

A.1.1 R-LEARNER

The Robinson decomposition posits

Y:f()(X)+TT()(X)+6y, ]E[Gy |T,X] :0, (A6)
T =mo(X)+ex, Elex|X]=0, (A7)

and with mo(X) = E[Y | X] we have mo(X) = fo(X) + mo(X)70(X). Hence
Y —mo(X) = (T —mo(X)) 70(X) + ey (A8)

14
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Thus, viewing 7y as an OLS-type coefficient in a residualized regression, we define
2
Li(r,m02 {mo, mo}) 2 E[{Y = mo(X) — (T = mo(X))r(X)}],

so that 79 € argmin, Lg(7,70).

A.1.2 DR-LEARNER

We define following nuisances:

s L 21

Define the pseudo-outcome
e(Vino={po,mo}) = wo(T, X){Y — po(T, X)} + po(1, X) — p10(0, X),
and the squared-loss objective
2
Lpr(r,n) £ E[{w(V; ) —7(X)} } :

This loss is centered at the CATE in virtue of E[o(V;10) | X]| = 70(X).

A.2 ASSUMPTIONS

(A9)

(A.10)

(A.11)

(A.12)

We now state structural conditions that yield fast rates. The exposition follows the orthogonal-
statistical-learning (OSL) template: first-order optimality at truth, curvature in 7, and orthogonality

to damp the impact of nuisance error.

population risk at the true nuisance:

V.L(m9,m0)[h+] > 0 for all feasible directions ., from 7.

Assumption A.1 (First-order optimality in 7). Moving away from 7 cannot reduce the

(A.13)

k > 0,and r € [0,1) such that, for any 7 on the line segment between 7 and 7o,

4

ViL(E )l = 10,7 =70] = AT = nollF — #lln =m0l

terms via Young’s inequality later.

Assumption A.2 (Strong convexity (quadratic growth) in 7). There exist constants A > 0,

(A.14)

Rationale: The risk function L(7,n) is in a bowl-shape over 7. The  term allows mild
curvature deterioration when 7 # 1); the exponent 4/(1 + r) is chosen to balance mixed

A.3 ASSUMPTION CHECKS FOR THE EXAMPLES

We verify that the R- and DR-losses satisfy the above, clarifying how positivity yields curvature and

how residualization/DR construction yields orthogonality.

A.3.1 R-LEARNER: ASSUMPTIONS HOLD

First-order optimality. WithY 2Y —mo(X), T £ T — mo(X),

V., Lr (70, 10) [hy] = —2E[ (¥ — TTO)ThT(X)} - —QE[E[GY | T, X|Th-(X)| =0. (A.15)

Hence Assumption A.1 holds.

15
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Strong convexity. We have

VIL(T, )l — 70,7 — 0] = 2E[{7(X) — 70(X)}*{T — (X)}*], (A.16)
where
(T —(X)? | X] = Var(T|X) + (mo(X)—n(X))’ > mo(X)(1—mo(X)). (A7)
=mo(X)(1=7o (X))
Therefore,
VIL(7, )T — 70,7 — 7o) = 2E[{7(X) — 70(X)}* {T — (X)}?] (A.18)
> 2E[{7(X) — 70(X) }*Var(T | X)] (A.19)
= 2E[{7(X) — 70(X)}*m0(X){1 — mo(X)}] (A20)
> 2E[{1(X) — 70(X)}?c{1 — ¢}] (A21)
=2¢(1— )| — mol|3. (A.22)
Hence, Assumption A.2 holds with A = 2¢(1 — ¢) and x = 0 (taking || - ||+ = || - ||2)-
A.3.2 DR-LEARNER: ASSUMPTIONS HOLD
First-order optimality.
Vi Lpr(70,m0)[h+] = —2E[{(Vino) — 70(X)} h-(X)] =0, (A.23)
since E[p(V5mo) | X] = 70(X).
Strong convexity. We first note that
V- Lpgr(70,m0)[T = 70] = —2E[{p(V;n) — 7(X)H7(X) — 70(X)}]. (A.24)
This gives
V2 Log(7,n)[T — 70,7 — 0] = 2[|7 — 70ll3, (A.25)
which shows that kK = 0 and A = 2 (taking || - || = || - [|2)-
A.4 MAIN RESULT
Theorem A.3 (Fast Rate Convergence). Suppose Assumption A.l and A.2 hold. Then,
4

I = 7ol < $Rr (757, €) + ${V-L(70,m0)[F — 70] = VL (70, )7 = 7]} + 511 = moll3;"
(A.26)

Proof of Thm. A.3. By applying the Taylor’s expansion and rearranging, we have
%qu—L(%vﬁ)[(% - 7—0)2} = L(%a "7) - L(T()v ) \% L(T()v )[T - 7—0}

where T is on the line segment between 7 and 7.
Using Assumption A.2, we have

4

A kal -~ s T
§||T—70||gr < L(7,M) — L(70,m) =V L(70, 7)[T — To] + HU molla

Ry (#31),€)
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Since V- L(79,m0)[7 — 0] > 0 by Assumption A.1, we have
A ) . : R s T
5 I =70l = Ry (730, €) + {V- L0, m0)[7 = 7] = V- L(70, T)[T = 70]} + 5[ = moll5
(A.27)
O
The middle difference
{V+L(r0,1m0) = V2 L(70, ) }F — 7o] (A28)

is the nuisance leakage of the first-order optimality condition. It is the main channel through which
nuisance error affects the target. Under Neyman orthogonality, the leakage is higher than first order
in ||) — mo|| (typically quadratic or a product of nuisance errors), so 7 inherits only a higher-order
remainder rather than linear bias. In particular, for the DR-learner it factors into a product of nui-
sance errors (yielding double robustness), whereas for the R-learner it enables fast rates once the
nuisances are sufficiently accurate. We quantify these forms below for each loss.

A.4.1 NUISANCE LEAKAGE: R-LEARNER

Theorem A.4 (Error Analysis: R-learner). Suppose Assumption A.l and A.2 hold with
|- ll7 = Il - ll2- Leta = ||70]|2% and A = 2¢(1 — ¢), where c is a constant satisfying

¢ < mp(X) < 1 — c. Then, with probability 1 — ¢,

. 4 A 32a
I —7oll3 < <Ry (%;7,€) + SVl

. 32, .
. I~ molld + 3310 — ol — moll3.  (A29)

Proof of Thm. A.4. Let h,(X) 2 #(X) — 170(X). Let 6,,(X) = (m(X) — mo(X)) and
5. (X) £ (m(X) — mo(X)).
Note, the first-order risk function is the following:
Vo Lr[r,n](hs) = —2E[{Y —m(X) — 7(X)(T — (X))} - {T — n(X)} - b (X)],
(A.30)

We note that V., Lg[70,70](h-) = 0, as shown in the first-order optimality condition analy-
sis. To analyze the leakage, we rewrite a few terms here:

Y—m—-1(T—-7)=Y —mo—10(T —m0) —0m + T00x (A3D)

T—nm=T-m— 0. (A32)

Then, we can rewrite the first-order risk as follows:

V.Lr[10,n](h:) = —2E[{ey — 6m + 100} - (T — 79 — 0x) - hr] (A.33)
= 2E[{7002 — 8,6 thr] (A.34)
< 2|E[r002hr]| + 2[E[6, 0 b ]| (A.35)
< 20102117 - 17olloo - 1z 12 4 2018 la - 16l - 1A l2 (A.36)
=2||hrll2 - (I7olloo 18 17 + 16 la - 107 [l4) - (A37)
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Then, for any o > 0, Young’s inequality (with p = ¢ = 2) gives

V. L(70,m0)[7 — 70] — V+L(70,%)[7 — 70 (A.38)

< 2|lhrll2 - (I70lloo 16115 + Smlla - (167 l4) (A.39)
1 2

< allh. |3 + - (17olloo |8 15 + [16malla - (167 ) (A.40)
2 2

= alh.|5 + aHTo||§o||57rHlL + aHémlliH%Hﬁ- (A.41)

Choose o = \/4. Let Ry = RT(%; 7}, €). Then, by Thm. A.3, we have
16a 16
Ihrll3 < RT + llh I3+ 5z 197112 + 35 19m l3 107 11, (A42)

16a 16
||h I < RT+ 7 110x115 + 33 19m 131013, (A43)

which completes the proof.

O

A.4.2 NUISANCE LEAKAGE: DR-LEARNER

Theorem A.5 (Error Analysis: DR-learner). Suppose Assumption A.1 and A.2 hold with
Il - Il = || - ||2- Then, with probability 1 — e,

17 — 703 < 2R7 (737, €) + 8llw — woll3llso — pl13- (et

Proof of Thm. A.5. Let h,(X) £ #(X) —10(X). Let 6,(XZ) & (u(X Z) — po(X Z)) and
%(X) 2 (W(X) — wo(X)).
ote

Vo Logr(7,n)[h-] = =2E[{p(V;n) — 7}h] < 2E[{o(Vin) — T}h,]|. (A45)

We note V., Lpr (70, 10)[h+] = 0, as shown in the first-order optimality condition analysis.
Also,

[E{e(V;n) — o }h-ll (A.46)

= [E{w(TXNY — u(TX)} + wo(TX)(TX) — wo(TX)po(TX) }h-(X)]|  (A4T)
= [E{w(TX){po(TX) — i(TX)} + wo(TX){(TX) — puo(TX) } } o7 (X)]]  (A4B)
= E{w(TX) — wo(TX)Huo(TX) — (TX) }hr (X)]| (A49)
< ]2l (w — wo) (o — w12 (A.50)
< s |l2llw = wollallo — plla- (A51)

Then, for any o > 0, Young’s inequality (with p = ¢ = 2) gives
2[E[{e(Vin) = 1oth.]]] (A52)

1
< allhr 3 + ~lw = woll2llmo — 43 (A53)
Choose a = \/4. Let R = R7(7;1,¢€). Then, by Thm. A.3, we have

2
hella <=
lhrllz <

1 2 16
= 5lIhel3 < SR7 + 35 llw = wolldllio — pli, (A55)

22 16
Ry + 37125+ S5llw = woldllio — w2 (A54)
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which completes the proof.
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B PROOFS

B.1 PROOF OF LEMMA 1

First,
= m(zze)q(z | Ze)e(x | )p(c).
Then, h
; E[Y | zed P(zzc) qu : Z; _ zm: m(zec)q(z | zc)e(x | O)p(c).
Also,
Elmerd = 3 L Szl | atz [ #lela’ |
= gm(zxc)e(w | e)a(z | Zc)p(c)
Finally, h

B.2 PROOF OF LEMMA 2

First,

Elz(ZXCONY —m(ZXC)}] = E[&(ZXO{m(ZXC) —m(ZXC)}] =

Also,

E[WE(XC){Tme(ZC) Vmeq(XC)}] [WI(XC){E[rme(ZC) | XC]

since

Elrme(ZC) | XC] = ZZm (zzC)e(z | C)q(z | XC) = Vpeqg(XO).
=rme(2C)
Finally,
E[8mq, (XC) | C] = Zm 22C)q(z | 2C)e(z | C) = 72(C).

Therefore, E[pz (V1) | C] = E[spmq, (XC) | C] = 72(C) .

Now, we prove the doubly robustness. Let

B.1)

(B.2)

(B.3)

(B.4)

(B.5)

(B.6)

(B.7)

Vmeq(XC)}] = 0,

(B.8)

(B.9)

(B.10)

T ( ; A) = gx(ZXC’){Y M(ZXC)} + Tz(XCO){rme(ZC) — vpge(XC)} + vimge(2C)

Z{H ) = é@@" | C)}smg(2'C).
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‘We note that

To(Vi1) = smg(XC) — Zé(x’ | C)}Ysmg(2'C). (B.11)
=Vmge(ZC)
Therefore,
T (V;0) + Ta(Vin) (B.12)
= &(ZXCONY — m(ZXCO)} + 7 (XCO){rme(ZC) — vige(XCO)} (B.13)
+ Vinge (TC) + 8mg(XC) = vige(TCO) (B.14)
=z (V;n). (B.15)
Now, from ]E[TQ(C)] =El&(ZXCO)ym(ZX )],
Elpz(V; 7z(C)]

= ]E[Tl(V 77) +12(Vi1) — &(ZXC)m(ZXC))
— BE(ZXO)Y — m(ZXC)}] + El&(ZXO)m(ZXC)) — El&(ZXC)m(ZXC)
=E[rz(C)]
E[7z(XC)Y{rne(ZC) — vige(XCO)}) + E[nz (X C)vpnge (X O)] —E[nz (X C)vyge (X C))
=E[vnqe(zC) ]
-+ E[qué(fC) — fi(ZXC)ﬁl(ZXC) + qu(XC) — qug(‘TC)].

The first line can be handled as follow:

E[{%{Y —m} 4 &m — Em] = E[{EE — & H{m —m}]. (B.16)

The second line can be handled as follow:

Elz{rme — Vige} + TaVmge — TaVimge] = E{Tz — Tz H{Vige — Vimge - (B.17)
The third line is handled as follow:
E[Umqé<§70> — fi(ZXC)T/T\l(ZXC) + Sﬁui(XC) — Vm@é(.’f())] (B.18)
= ZE (z2C)q(z | 2C){é(x | C) —e(z | C)}] (B.19)
+ ZIE (22C)§(z | zC){e(z | C) — é(z | C)}] (B.20)
= ZE (z2C){q(z | ZC) — 4(z | ZC)Hé(x | C) —e(z | C)}. (B.21)

This decomposition completes the proof.

B.3 PROOF OF THEOREM 1

By Thm. A.3, we have
I7PR = 7117 < 3Rr (70, €) + {V L7, 0)[7 — 7] = VLY (r a)[F — 7]}, (B.22)

since V2ZLPR (7, n)[7 — 7,7 — 7] = 2||7 — 7|3 + V2T (7) (i.e., the strong convexity holds).

21



Under review as a conference paper at ICLR 2026

Define h,(C) £ 7(C) — 7(C). First,

VALY (7, n)[he] = —2E[{e1(V5n) — 0o (Vin) — 71 + 70} he]
—2E[{p1(V5n) — 11(C) Yher] + 2E[{0(V5n) — 70(C) }hr]

S > Efws(Vin) = m(C)}h-(O)]
z€{0,1}
= Y Ec[E{e:(Vin) | C] - 7:(C)}h.(C)]
ze€{0,1}
=0.
Next,
Vo LY (7, 1) [hr]
S > Elfes(Vin) - m2(C)}h.(O))]
xE{O 1}
= > EcE[{p:(Vin) | C] - 72(C)}h.(C)]
z€{0,1}
= Y E[{&(ZXC) - &(ZXC) Hm(ZXC) - m(ZX C)}h(O)]
z€{0,1}
+ Y E{F(XC) — m2(XC)Hinge(ZXC) = vinge(ZXC)}hr (C)]
z€{0,1}
+ Y Y Eeolm(zaC){g(z | 2C) — gz | 2C){e(z | C) — e(x | C)}h-(C)]
ze€{0,1} zz
<lhrlle Y A —mllallés — &llatlihella D (vmae — vigellalFe — 7alla
ze{0,1} ze{0,1}
A B
+lhel3 Y D li(220) [l 13(2 | 2C) = g(z | 2O)||al|e(a | C) — ez | C)]l4
z€{0,1} zz
C

1
< oflh.]3+ ~(A+B+0), Va>o.

Choosing o = \/4 completes the proof.

B.4 PROOF OF PROPOSITION 2

Define
ex = X —e(0) (B.23)
ez 2 7 —a(C)— Xb(C) (B.24)
ey =Y — f(XO) - Zg(XO). (B.25)

Then, E[ex | C] = 0. Next, consider ez. For z € {0,1},

Elez | zC) = E[Z | zC] — a(C) — zb(C). (B.26)
We note that E[ez | 1C] = 0since E[Z | X = 1,C] = a(C) + b(C). Also, E[ez | 0C] = 0 since
E[Z | X =0,C] = a(C) Therefore, E[ez | XC] = 0.
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Next, consider ey-.

Eley | Z=0,XC]=E[Y | Z=0,XC] - f(XCO) (B.27)
=m(Z=0,XC)—m(Z=0,XC) (B.28)
=0, (B.29)
and

Eley | Z=1,XC|=E[Y | Z=1,XC] - f(XC) —g(XC) (B.30)

=m(Z=1,XC)—m(Z=0,XC)—m(Z=1,XC)+m(Z=0,XC)
(B.31)
=0. (B.32)

B.5 PROOF OF THEOREM 2

We first note that m(ZXC) = f(XC) + Zg(XC). Define f(C) £ > e(x | C)f(xC) and
g(C) =Y, e(x | C)g(zC) Then,

[ e(z | C)ym(ZzC) | xC} (B.33)
l e(z | CH{f(zC)+ Zg(«C)} | :EC] (B.34)
E[f(C) + Zg(C) | zC]. (B.35)
From E[Z | zC] = a(C) + zb(C),
7:(C) = E[f(C) + Zg(C) | 2C] (B.36)
= f(C) + g(O)E[Z | 2C] (B.37)
= F(0) +g(C){a(C) + 20(C)}. (B.38)
This implies that
71(C) = 70(C) = b(C)g(C) = b(C)E[g(XC) | C]. (B.39)
B.6 PROOF OF LEMMA 3
We first prove the consistency result:
ElCex o(XC) | C = {1 = ex(C)}g(0C) + ex (C)g(1C) = 7,4(C). (B.40)

Now we prove the error-correction property. Define €, (C) £ x(C), ey(C) £ 1—ex(C), 1 (C) =
9(10), and Go(C) £ G(0C). Also, e1(C) £ ex(C), eo(C) = 1 — ex(C), g1(C) £ g(1C), and
90(C) £ g(0C).

Also,e1 =1 —¢gande; = 1 — ey. Then,

3(XC) [ Ol =74(C)

E[Cex
=€ A1 +eogo+{e1 —er1 {1 —go} — 6191 - 6090
- S " %
=ei{g1 — g1} —e191 +eo{do — go} — eogo + €191 + €ogo + {e1 — e} {g1 — g0}
_“c -D ) B

=g1{e1 —er} +go{eo —eo} +e1{gr — g1} +eo{go — g0} +{e1 —e1}{g1 — 90}-
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Here,
gi{er —e1} +gofeo —eo}
=g1{é1 —e1} —gofer —er}
={e1 —e1}{g91 — 9o}
Therefore,

E[Gex 5(XC) | €] = 74(C) = ex{gr — g1} + eo{g0 — g0}

B.7 PROOF OF THEOREM. 3

We first note that
7R = 7ll5 = 167 — bygll5

<{7 — v} + 79 {0 — 0}I5

SIA = ll5 + 116 = b3
By Thm. A.3,

||a - ’79”3 S RF(QW? "/7\2) + {V’YL’)\Y(,% T]Z) - V’YL}(’% ;\]Z)}a
where, for i, £ |5 — 7|3,
Vo L (7, 11:) [he] = —2E[{G. (X C) = F(C) }hy (C)].

This gives that V., L] (~y, 7. )[h4] = 0. Therefore,

||a - 'YQHS S RF(evi}/\v 7/7\2) - V’YL’)Y\(’-%;]\Z)a

(B.41)

where
— Vo LY (7, 7:) ]
= 2E[{G7. (XC) —(C) }h, (C)]
= 2E[h,(C)ex (C){g(1C) — g(1C)} + (1 — ex (C)){g(0C) — g(0C)}]
= 2[e1(O) % 1h, (O)311G(1C) = g(LO)I3 + 2lea(C) 12 12 (C) 13][G(0C) — g(0C) |13

< aflhy (O (lex ()3 + llea(O)3) +é|\§(10) —g(1O)3 + é\l?(OC) —9(00)|I3

B
1, . ~
< aB|h, (O] + o (15(1C) = g(1O)|I5 + (0C) = g(0C)|3) -

Set o £ % Then,

= VoL (7, 12)[hy]

1 ~ ~

< §|Ihw(0)||2 +28(/[g(1C) = g(10)[3 + 1(0C) — g(0C)][3) ,

which implies that

1. . ~ N
57 = %l3 < Re(e,3,7:) + 28 ([5(1C) = g(1O)|3 + [5(0C) — g(0C)I3)

or

7 = 79l3 £ Rr(e,7,7:) + [5(1C) = g(1C)|13 + [[g(0C) — g(0C)]I3.
By Error Analysis of BD-R-Learner,

[9(XC) = 9(XO)3 S Rale,9,7y) + ez — ezli + |y — my|l}l|ez — ez]3.
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‘We note that

[9(XC) — g(XO)||3 (B.42)

=E[{g(XC) — g(XC)}?] (B.43)

= Y E[{gaC) - g(zC)’I(X = z)], (B.44)
z€{0,1}

which implies that
E[{g(zC) - g(zC)}’|P(X = z) < Rale,§.7y) + €z — ez|l3 + [y — my|[il[éz — ez|3,
which implies that, for z € {0,1},
[9(2C) = g(zO)3 £ Rale,3,7y) + ez — ezlli + |y — my|l3l|ez — ez].
Therefore,
17 = ll3 < Re(e.7,7:) + [9(1C) — g(1C)|13 + [§(0C) — g(0C)]I3
S Rr(e,7:7:) + Rale,9,7) + €z — ezlli + [y —myl[ilez — ezll3-
Finally, by Error Analysis of BD-R-Learner,
IB(C) = b(CO)II3 S Ris(e, b, ) + llex — ex|d + [z — mz|flex —ex|3-

Combining,

17— 7112

S5 = ll3 + 15— 0113

~ Y = Ygll2 2

- RF(€7 av ﬁz) + RQ(G? gv ﬁg) + RB(ﬁ, b7 ;\]b)

+ ez = ezlli + |y —mylillez —ezlli + l[ex — exlli + [z — mz|ilex —exlli,

which completes the proof.
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C SIMULATION DETAILS

C.1 SYNTHETIC SIMULATION

Data-generating process (DGP). For a given sample size n and dimension d,
C ~N(0,1,), U~ N(0,1),
Pr(X =1|C,U) =0(Bo + B, C+ B,U),
Pr(Z=1|X,C)=o(ag+ o, C+a,X),
Y =0,+0C+0.Z+0,U+e¢, e~ N(0,1).
We choose “moderate-positivity” coefficients to avoid extreme propensities:
Bo=0.1, 8. =0Twx, B, =07, =01, a.=0Twz, a; =12; 6y=0,0.=0Twy,0,=14,0,=-24,

where wx, wz, wy ~ N (0, I) are £3-normalized. The ground-truth heterogeneous effect is

Ttrue(c) = 92{0'(040 + OZZC + Oégc) — O'(Oto + OZIC) }

Learning algorithms and cross-fitting. All nuisances use XGBoost (Chen & Guestrin, 2016)
with the same configuration: n_estimators = 50, max_depth = 3, learning rate = 0.1, subsample
= 0.9, colsamplepytree = 0.9, {5 penalty A = 1.0, histogram tree method. We employ two-fold
cross-fitting for FD-PI/FD-DR. FD-R uses a three-way split: nuisances on Dy, (b, g) via BD-R on
D,, and the final ~y, regression on D3, then swap/average. Final regressions on pseudo-outcomes
(FD-DR) or on the pseudo-g target (FD-R) use ridge OLS with o = 10~°. To control variance, only
denominators appearing in inverse weights/density ratios are floored at 0.05; numerators are never
clipped.

Structural nuisance noise. To stress robustness, we inject rate-level misspecification at the n~1/4
scale:
peleqt: p— clip(oyl)(p—kés), we {my,m}: pur— utoe, €~ ./\/'(rrl/47 n*1/4)’
sweeping the knob ¢ € {0,0.2,0.4,0.6,0.8,1.0}. Denominators used in weights are frozen before
noise and floored.
Weak-overlap stress test. We steepen the treatment logit via

Pr(X =1|C,U) =0{Bo + k(B C+ B.U)}, ke €1{2,4,6,8,10},

keeping the mediator regression moderate. This inflates inverse-weight variance (affecting FD-
PI/FD-DR) while FD-R remains variance-friendly (no density ratios).

Design grid and reporting. Unless noted, d = 10. We vary n €
{1,000, 2,500, 5,000, 10,000, 20,000,50,000} and use R = 100 Monte Carlo replications.
We report RMSE

RMSE = (E[(?(C’) - Ttme(c*))Q])l/ ’

with mean £ 95% normal CIs across replications.
C.2 REAL-WORLD STUDY: STATE SEAT-BELT LAWS AND FATALITIES (FARS)

Setting and estimand. We study the effect of adopting a primary seat-belt law on motor-vehicle
occupant fatality rates using a state—year panel constructed from the National Highway Traffic Safety
Administration’s Fatality Analysis Reporting System (FARS) and companion NHTSA survey tables
(National Highway Traffic Safety Administration, 2000). Let C' denote observed state—year covari-
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ates, X € {0, 1} indicate whether a primary law is in force, Z € {0,1} be the observed seat-belt
use, and Y the occupant fatality. Our target is the conditional front—door effect 7(C).

The FD assumptions are plausible here because (i) the causal pathway from X to Y operates via
increased belt use; and (ii) rich C' may be sufficient to explain spurious paths between X and Z; and
Z and Y'; and (iii) positivity holds empirically since belt use is neither zero nor universal in either
law regime.

Our simulation result is described in Fig. 3.

Data and preprocessing. Following the analysis script (analyze_fars_2000_£fd.py) pro-
vided in supplements, we build a balanced state—year panel and construct (C, X, Z,Y) as follows.

* Treatment X: indicator that a primary seat-belt law is active in a given state and year.
* Mediator Z: belt-use from NHTSA surveys ({0, 1}).
* Outcome Y': occupant fatality.

» Covariates C" state and year fixed effects and policy-relevant controls compiled at the state—year
level: coarse weather severity, and road-class mix and drivers’ status.

Estimators and learning protocol. We fit the plug-in FD baseline (FD-PI), FD-DR-Learner, and
FD-R-Learner exactly as in the synthetic study: all nuisances are learned with XGBoost (XGBoost;
50 trees, depth 3, learning rate 0.1, subsample/colsample 0.9, ¢2 penalty A=1); FD-PI/FD-DR use
two-fold cross-fitting, and FD-R uses a three-way split (nuisances — (b, g) via BD-R — ~, via
pseudo-g), followed by swap-averaging. The final regression on pseudo-outcomes (FD-DR) or on
pseudo-g targets (FD-R) uses ridge OLS. To stabilize finite-sample variance we floor only denomi-
nators that appear in inverse weights/density ratios at 0.05; numerators are never clipped.
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