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Abstract
Parametric system identification methods estimate the parameters of explicitly defined physical
systems from data. Yet, they remain constrained by the need to provide an explicit function space,
typically through a predefined library of candidate functions chosen via available domain knowl-
edge. In contrast, deep learning can demonstrably model systems of broad complexity with high
fidelity, but black-box function approximation typically fails to yield explicit descriptive or disen-
tangled representations revealing the structure of a system. We develop a novel identifiability the-
orem, leveraging causal representation learning, to uncover disentangled representations of system
parameters without structural assumptions. We derive a graphical criterion specifying when system
parameters can be uniquely disentangled from raw trajectory data, up to permutation and diffeo-
morphism. Crucially, our analysis demonstrates that global causal structures provide a lower bound
on the disentanglement guarantees achievable when considering local state-dependent causal struc-
tures. We instantiate system parameter identification as a variational inference problem, leveraging
a sparsity-regularised transformer to uncover state-dependent causal structures. We empirically
validate our approach across four synthetic domains, demonstrating its ability to recover highly
disentangled representations that baselines fail to recover. Corroborating our theoretical analysis,
our results confirm that enforcing local causal structure is often necessary for full identifiability.
Keywords: Causal representation learning, dynamical systems identification, sparse attention

1. Introduction

Parametric system identification methods aim to estimate the parameters that govern a complex sys-
tem by observing the system’s behaviour. While these methods have proven successful in finding
interpretable and physically meaningful parameters that describe the underlying dynamical sys-
tems, classical methods often require substantial domain knowledge, such as a predetermined func-
tion space (Brunton et al., 2016; Gao et al., 2025). In stark contrast, deep learning methods adopt
a domain-agnostic and fully data-driven approach to modelling dynamics. By bypassing explicit
parameter estimation and directly predicting system trajectories, learning-based methods excel in
highly complex settings where providing domain knowledge is prohibitively difficult, such as cli-
mate systems (Alet et al., 2025; Lam et al., 2023), biological systems (Abramson et al., 2024), and
interactive environments like video games and autonomous driving (Hafner et al., 2025; Hu et al.,
2023). However, these methods represent the dynamics of the underlying system implicitly within
model weights, and therefore lack the insight and mechanistic understanding afforded by system
identification techniques. Motivated by the complementary strengths of these paradigms, this work
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Figure 1: High-level overview of the developed theory. An observed trajectory (left) is encoded
into a vector of latent system parameters (marked in dark blue). The developed theory shows that
enforcing sparse causal relations between parameters and system components in the decoder (which
performs one-step prediction) provably disentangles the system parameter representation.

investigates, both theoretically and empirically, how and when the underlying parameters of a phys-
ical system can be learned from observations without requiring prior functional knowledge.

The key intuition motivating our investigation is that physically meaningful parameters typi-
cally exert sparse causal influence on system states: a given parameter does not influence all system
components at all times. Consider a system comprised of colliding objects. System parameters such
as the masses and elasticity coefficients influence only the specific objects involved in a collision,
and only at the moment of impact. We argue that this sparsity of influence serves as a practical
model-selection criterion for discovering meaningful parameterisations of dynamical systems. We
formalise this intuition within the framework of parameter estimation as representation learning
(Yao et al., 2024a), where identifying physically meaningful parametrisations from system trajec-
tories is analogous to learning disentangled representations from observations. This allows us to
leverage causal representation learning theory to characterise the conditions under which parameters
can be disentangled. Specifically, we extend prior results on mechanism sparsity (Lachapelle et al.,
2024) to the context of dynamical systems and derive novel identifiability results that highlight the
role of sparsity regularisation and elucidate the structural properties necessary for disentanglement.

To operationalise and empirically verify our theory, we propose a practical algorithm for learn-
ing parameters from observed trajectories. We instantiate our learning method as a sparsity regu-
larised, VAE-style model that encodes observed trajectories into latent parameters and then decodes
them, together with the initial state of the system, to reconstruct future trajectories (figure 1). A key
aspect of our theory is that parameter identifiability can be significantly improved if the decoder
model captures local, state-dependent causal structures. To reflect such structures, we employ a
recently proposed sparsity-regularised transformer architecture as the decoder, designed to learn
local causal dependencies. Empirically, we validate our approach across four synthetic domains
and demonstrate that the proposed method successfully isolates the underlying system parameters
where baseline representation methods fail. In sum, our core contributions are threefold:

• A novel theorem establishing identifiability of system parameters for local causal predictors,
culminating in a graphical criterion.

• A practical implementation using a recent sparse transformer architecture for unsupervised
local causal discovery and representation learning.

• An empirical validation across multiple domains, including object-centric and discontinuous
systems, which corroborates the theory’s predictions.
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2. Identifiability of System Parameters

In this section, we present the main identifiability theorem of our work and highlight its practical
implications. Our general approach extends prior theoretical results (Lachapelle et al., 2024), which
uses mechanism sparsity to induce disentanglement, to the setting of learning parameterisations
of dynamical systems from observed trajectories. In particular, we consider system parameters
that change between the trajectories within a dataset. For example, consider a dataset containing
planetary orbits. If each trajectory consists of a single instantiation of the system given an initial
state and a particular set of parameters (e.g. planetary and solar masses), then the mass of each
planet or sun strongly influences the evolution of the others. The theory we are establishing in
this section defines the conditions on the underlying system and the learning method under which
mechanism sparsity leads to disentangled system parameters.

2.1. Problem Setting

We consider nonlinear deterministic Markovian dynamical systems, which include the orbital ex-
ample presented above, as well as the majority of natural systems that are not externally influenced.

xt+1 = f(xt,θ) = fθ(xt), θ ∼ pθ(·), θ ∈ Θ, x ∈ X , x0 ∈ X0 ⊆ X , (1)

τ = h(x0,θ) = [x0,fθ(x0), (fθ ◦ fθ)(x0), ...,f
T
θ (x0)], x0,θ = h−1(τ ), (2)

where xt ∈ X ⊆ Rd denotes the state of a system at time t, fθ denotes the Markovian dynamics
model, characterised by a set of parameters θ ∈ Θ, where Θ has non-zero measure. Trajectories are
initialised from an initial distribution x0 ∈ X0. The set of systems fθ ∈ F defines an environment.
For instance, F might represent the family of orbital mechanics. Then fθ might be the instantiation
of a system where a planet with mass θ0 is orbiting a sun with mass θ1. We assume that the
parameters sparsely affect the state distribution via a causal graph G (assumption 3). For example,
the planet’s acceleration is affected by the mass of the sun θ1 but not its own mass, and vice versa.
Each trajectory is defined via a bijective trajectory decoder, h(·), which, given a parameter and
starting state, auto-regressively applies the Markovian dynamics model. Likewise, a parameter
encoder, h−1(·), is defined as the inverse process (equation 21). This encoder-decoder setup is
visualised in Figure 1 and forms a latent information bottleneck that forces learnt approximations to
isolate the dynamical factors of variation. Let S = (Θ,X0,X ,F ,G) denote the ground truth model
of a dynamical family, and Ŝ = (Θ̂,X0,X , F̂ , Ĝ) denote the learnt latent parameter model. For
uniqueness and without loss of generality, we enforce assumptions 1 and 2, which in combination
also require the bijectivity of h(·) and h−1(·) with respect to their image.

Assumption 1 (Existence and Parameter Influence (Yao et al., 2024a)) For everyx0 ∈ X0,θ ∈
Θ there exists a unique trajectory, τ , over horizon T, satisfying xt+1 = fθ(xt). Equivalent to re-
quiring h(x0,θ) to be injective.

Assumption 2 (Observational Equivalence) Assume that the two systems, the ground-truth S
and learnt approximation Ŝ, are observationally equivalent, which posits that the modelled sys-
tems are equivalent up to invertible parameter representations. Observational equivalence requires,
∀x0,θ : ∃θ̂ s.t. h(x0,θ) = ĥ(x0, θ̂) (Equivalently, ĥ(·) is surjective).

Assumption 3 (The Transition Model is Markov to a DAG (Lachapelle et al., 2024)) The tran-
sition models of S, and Ŝ, are causally and faithfully (Pearl, 2000; Spirtes et al., 2001) related to
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directed acyclic graphs (DAG), G, and Ĝ, which fully define the dependencies between the output
elements and latent parameters. The edges of the graph are defined through the non-zero entries in
the Jacobian of the transition model, requiring that the model and its first derivative are continuous.
Simply, the following causal equivalence is defined, where θPaGi

denotes the subset of parameters
that are parents of output i in graph G: fi(xt,θ) ≡ fi(xt,θPaGi

).

(i, j) /∈ G =⇒ ∂(f(xt,θ))i
∂θj

= 0 ∀xt, θ. (3)

Assumptions 1, 2 enforce separability and uniqueness of dynamical influences, as well as ensuring
that the learnt approximation sufficiently captures the system dynamics. Assumption 3 formalises
the intuition that parameters affect the system components sparsely by defining parameter influence
as an inherent property of a system. All assumptions are commonly made in the non-linear ICA and
causal representation learning literature (Schölkopf et al., 2012; Yao et al., 2024b). The fundamental
investigation of this work is then to specify the conditions under which the representations of system
parameters learnt by the parameter encoder, h(·), align with the ground-truth system parameters, or
equivalently, when the representation is identified (Hyvärinen et al., 2023; Carbonneau et al., 2022).

Relative to a ground-truth representation, a learnt representation is identified (definition 1)1 if
it is equivalent to the ground truth. Exact identifiability conditions are, in general, unobtainable in
unsupervised settings (Locatello et al., 2019), due to a lack of defined scaling and bias of functional
mappings (Lachapelle et al., 2022a). Consequently, we consider a looser form of identifiability,
identifiability up to an equivalence operator (definition 2). Disentanglement is defined in this setting
as identifiability up to permutation and element-wise diffeomorphism.

2.2. Graphical Criterion

We present our main identifiability result, which shows how mechanism sparsity, when applied to
the context of learning parameters of dynamical systems, can lead to identifiable parameter repre-
sentations up to permutation and element-wise diffeomorphism.

Theorem 1 (Disentanglement of Latent System Parameters) Let S, and Ŝ correspond to two
systems satisfying assumptions 1, 2, and 3. Further assume that,

1. The system, S, is path connected (assumption 4).

2. Ŝ satisfies ∥Ĝ∥0 ≤ ∥G∥0 (assumption 5).

3. The Jacobian of the transition model, ∇θf , varies sufficiently (assumption 6).

Then the dynamical representations of S, and Ŝ are equivalent up to permutation and element-wise
diffeomorphism if G satisfies the following graphical criterion:

∀i : ∩a∈ChG(i)PaG(a) = {i}, (4)

where ChG(j), and PaG(j) denotes the set of children and parent nodes of a node j in a graph G.

1. All definitions can be found in appendix A.
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Here, assumption 6, sometimes referred to as assumption of variability (Hyvarinen et al., 2019), is
a standard assumption that requires the Jacobian of the ground truth model to depend sufficiently
strongly on individual parameters such that it is possible to differentiate the parameters by observing
their influence. Assumption 4 precludes the existence of disjoint partitions: in some systems, the
state space can be partitioned into regions with boundaries that are not traversable by any trajectory2.
In such cases, the theory will only hold locally within each partition, guaranteeing a weaker form
of conditional disentanglement. Details of the assumptions and proofs are provided in appendix B.

The key intuition behind the theory and its practical implications can be understood through
assumption 5 and the graphical criterion. Assumption 5 requires the learnt model to use a parameter
representation with at most as many causal influences as the true system. To illustrate how this
drives disentanglement, consider a simple 2D system with two parameters, each affecting exactly
one state variable: θ0 → x0, θ1 → x1. Suppose an arbitrary learnt model uncovers an entangled
representation. For example, a linear mixing of the ground truth parameters. θ̂0 = 1

2(θ0 + θ1),

θ̂1 = 1
2(θ0 − θ1). In this case, correctly reproducing the system’s behaviour would require each

state variable to depend on both mixed parameters. The causal graph would therefore need to be
denser than the true one. This illustrates a general principle: entangled representations typically
require at least as many, and often more, causal edges to account for the same physical effects. By
constraining how many causal relations the learned model may use, assumption 5 restricts the space
of admissible representations, pushing the model toward disentangled parameters.

However, this only works if the underlying system is sufficiently sparse. If, for example, the
underlying system graph were fully connected, then every representation would be fully dense and
sparsity cannot induce disentanglement. The presented graphical criterion (equation 54) charac-
terises exactly how sparse the underlying system needs to be: a ground-truth parameter can be
identified if no other parameter also influences all of its children. In the following, we show that
this criterion can be substantially relaxed by considering local causal graphs, such that a parameter
is only unidentifiable if there is another parameter that influences all of its children at all time.

2.3. Broadened Identifiability Guarantees with State-Dependent Local Causal Graphs

In practice, many dynamical systems exhibit interactions in which parameters exert influence sparsely
along a trajectory. For example, parameters such as an object’s mass and elastic coefficients influ-
ence only the specific objects involved in a collision and only at the moment of impact. A global
graph must account for every possible interaction that might occur and, as a result, fails to capture
the structure of a system that can be exploited to infer disentangled representations. We consider
the setting in which local subsets of a global graph are expressible as functions of the state. Imagine
there are b distinct local causal graphs, each being active in a non-trivial open partition of the state
space x ∈ Xi∈[1,b]. The dynamics model, f(·), can then be assumed as Markov (assumption 3) with
respect to all local graphs within their respective partitions.

Gl(x) ⊆ G, ∀l ∈ [1, 2, ..., b] . (5)

We can treat each partition as an independent representation learning problem. Within each par-
tition, the space of admissible parameter representations is constrained separately by each unique
graph. The path-connectedness assumption ensures that the system can traverse between distinct
partitions of the state space along a trajectory. Therefore, a parameter representation must be

2. For an intuitive example of such a system, please refer to Appendix C
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reusable across partitions and satisfy each representational constraint enforced by sparsity regular-
isation individually. This leads to the local graphical criterion (equation 6, derivation in appendix
B.6), which formalises the conditions under which parameter reuse results in disentanglement.

∀i : ⋂
l∈[1,b] ∩a∈ChGl (i)

PaGl
(a) = {i}. (6)

The local graphical criterion reveals that local sparsity constitutes a strictly stronger source of iden-
tifiability than global sparsity. As local graphs contribute to disentanglement through an intersection
over graphs, the feasible space of parametrisations can only shrink as additional local graphs are in-
troduced. One consequence is that if a parameter is disentangled in any individual sub-graph, then
it must be disentangled globally. Identifiability may be attainable even when no individual local
graph is sufficient to guarantee the disentanglement of any parameter on its own.

3. Learning Parameters with Sparse Attention

The identifiability guarantees of our theorem are expressed as constraints upon both the system, S
and a model, Ŝ, where assumptions 1, 4, and 6 apply only to the system. In fact, only two constraints
are imposed on the model: observational equivalence to the system and Markovian dynamics with
respect to a causal graph with ∥Ĝ∥0 ≤ ∥G∥0. In practice, these conditions are unenforceable directly.
We recast these constraints as an optimisation problem by relaxing observational equivalence as a
dynamical reconstruction loss and enforcing sparsity through regularisation.

3.1. Latent Representation Learning

In accordance with our overall framework of using representation learning techniques for latent pa-
rameter estimation, our method uses a Variational Autoencoder setup (Kingma and Welling, 2013).
Specifically, in the dynamical systems setting, the goal is to maximise the likelihood of observed tra-
jectories given the initial condition, p(τ | x0), which requires a conditional VAE (Sohn et al., 2015).
The overall model consists of two modules, parametrised by ϕ and ψ: first, the encoder, pϕ(θ̂|τ ),
encodes observed trajectories into latent parameters, and second, the decoder, pψ(τ |θ̂,x0), gener-
ates the reconstructed trajectory conditioned on an initial state x0. In practice, conditioning on the
initial state is implemented by concatenating the latent parameter with the initial state. In this work,
all distributions are parameterised as Gaussian distributions with learnable mean and variance and
a unit isotropic Gaussian distribution is used as the prior over the latent parameters. The encoder
and the decoder are trained jointly by maximising the Evidence Lower bound, which consists of a
reconstruction term, Lrec(ψ,ϕ), and a KL divergence term, LKL(ϕ). Following standard practice,
we scale strength of the KL term using a hyperparameter (Higgins et al., 2017). In effect, forcing
the model to reconstruct trajectories enforces the observational equivalence assumption.

3.2. Optimising for Sparse Local Causal Structure

The theory places a sparsity constraint on the decoder, which generates trajectories from parameters.
To this end, we leverage the SPARTAN architecture introduced by Lei et al. (2025) to both measure
and regularise the causal relationship between input parameters and system components. SPARTAN
builds upon the transformer architecture by masking the flow of information between tokens and
penalising the connections between them. Starting with the key, query, and value embeddings per
token, i, for a layer l out of L layers, {ki, qi,vi}, SPARTAN samples an adjacency matrix, Al,
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treating the sigmoid, σ(·), of the attention logit as the parameter of a Bernoulli distribution. The
adjacency matrix is used as a mask to restrict information flow through the softmax when computing
the next hidden state hi. The adjacency matrix is a function of the current state and can be interpreted
as a layer wise local causal graph. When stacking multiple transformer layers, the information flow
between different tokens is tracked through the number of paths, Āi,j connecting token j to i.

Al
i,j ∼ Bern(σ(qTi kj)), hi =

∑
j

Aijexp(q
T
i kj√
dk

)vj∑
i exp(q

T
i kj√
dk

)
, Ā(x0, θ̂) =

L∏
l=1

(
Al + I

)
, (7)

Lpath(ψ,ϕ) = Eθ̂∼pϕ(·|τ ), xt∈τ∈D
[
∥Ā(x0, θ̂)∥1.

]
(8)

The identity matrix is added to account for residual connections. By inspecting the values of the
path matrix, SPARTAN reveals a state-dependent causal graph between tokens that is differentiable
and can be regularised using a path loss, Lpath(ψ,ψ).

3.3. Training Objective

Sparsity, reconstruction, and latent regularisation are jointly optimised in our proposed implemen-
tation of the theory. However, it is the sparsity of causal relations that drives disentanglement in our
theory and not the other losses. To ensure the optimisation procedure learns the sparsest representa-
tion that models the dynamics, training is formulated as a constrained optimisation problem, where
sparsity is minimised subject to a constraint on non-causal losses set by the target loss L⋆. Learning
the sparsest representation ensures that ∥Ĝ∥0 ≤ ∥G∥0 without explicitly defining ∥G∥0.

min
ϕ,ψ

Lpath(ψ,ϕ) subject to Lrec(ψ,ϕ) + LKL(ϕ) + Llogit(ψ) ≤ L⋆. (9)

Auxiliary losses are introduced in subsequent sections. The constrained optimisation problem is
solved by introducing a Lagrange multiplier, λdual, and solving via a dual min-max optimisation
scheme by taking alternating gradient steps on the parameters and λdual (Rezende and Viola, 2018).

max
λdual>0

min
ψ,ϕ

Lpath(ψ,ϕ) + λdual

(
Lrec(ψ,ϕ) + LKL(ϕ) + Llogit(ψ)− L⋆

)
. (10)

Attention Logit Regularisation. The min-max optimisation scheme results in a two-phase learn-
ing process. First, the model learns to reconstruct whilst ignoring the sparsity regularisation loss
(λdual → ∞). At some point during training, the reconstruction threshold is reached, and the
sparsity loss becomes dominant (λdual → 0), which will push the entangled representation toward
disentanglement. The representational switch poses a complex optimisation problem, particularly
as transformers learn increasingly peaked and low-entropy attention patterns during training (Zhai
et al., 2023), leading to vanishing gradients via the softmax, thereby hindering representational plas-
ticity during the second phase of training. Vanishing gradients are combatted through a small loss
that penalises large attention logits, Llogit(ψ). An ablation exemplifying the necessity of the logit
losses is provided in appendix F.4. The functional form of the logit loss is shown below, where
l ∈ L, i ∈ T , j ∈ T represent the layer and two token dimensions respectively, and the query and
key vector for each layer and token are functions of xt and θ̂.

Llogit(ψ) = Eθ̂∼pϕ(·|τ ), xt∈τ∈D

[
λlogit

LT 2

L,T,T∑
l,i,j=1

eq
T
l,ikl,j + e−q

T
l,ikl,j

]
. (11)
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ẋ2

ẏ2
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Figure 2: Depiction of the ground-truth DAGs of the evaluation environments. The left and centre-
left correspond to the dual particle and springs environments, respectively, and both satisfy the
global graphical criterion for disentanglement. The centre-right and right graphs correspond to the
local particle and bounce environments, respectively. Coloured arrows indicate causal edges that
are only active in subsets of the state space, and only a limited number of subsets are shown for
the bounce environment. The local particle and bounce environments satisfy only the local, not the
global, graphical criterion for disentanglement.

4. Experiments

Building on the local causal graph discovery method outlined in section 3 and the conditions speci-
fied in our main theorem, this section empirically examines the feasibility of recovering disentangled
representations amidst modelling and approximation errors. Additionally, by testing in controlled
domains, we assess the identifiability claims in section 2 and validate the theoretical framework
through practical experiments.

Environments. We evaluate our method across four synthetic domains with known ground-truth
parameters and causal structure. Disentanglement of a learnt representation up to permutation
and element-wise diffeomorphism is measured by computing the mean-max correlation coefficient
(MCC)3 metric between the ground-truth and learnt parameters, as is common in related literature
(Lachapelle et al., 2022a; Yao et al., 2022; Lachapelle and Lacoste-Julien, 2022).

The dual particle and local particle environments consist of modified 2D mass-spring-damper
systems. The former contains two point masses with independent damping on the vertical and
horizontal axes, where one point mass is additionally tethered to the origin via a spring. The latter
models a single point mass under independent x-y damping and a spring which becomes slack near
the origin. The springs environment features four point masses coupled by six springs, and the
bounce environment simulates five variable mass balls that elastically collide, creating dynamic
local causal graphs. Figure 2 depicts the corresponding causal structures, with expanded details
on each environment provided in appendix E. Together, these environments span systems in which
the global graphical criterion is sufficient for identifiability, the local criterion is adequate, and
the global criterion is insufficient; the parameters causally influence scalar state values, and the
parameters causally influence the system at the object level (modelled using vector representations).
The springs and bounce environments are inspired by similar variations from prior works in causal
discovery and representation learning (Löwe et al., 2022; Battaglia et al., 2016; Li et al., 2020).

3. Details on the MCC metric are provided in appendix F.1.
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Figure 3: Comparison of disentanglement across the test environments, where an MCC of 1.0 rep-
resents perfect disentanglement. All trials are repeated over eight random seeds. Box plots display
the minimum, lower quartile, upper quartile, and maximum values. The validation reconstruction
loss is shown at the bottom, indicating that all models are approximately equiperformant in these
environments. The VCD baseline, which learns static graphs, strongly disentangles in the first two
environments, which satisfies the global graph criterion. In contrast, only SPARTAN, which learns
state-dependent graphs, consistently disentangles in all environments.

Baselines. We compare against baselines chosen to isolate the role of causal structure and sparsity
in parameter identifiability. All models share the same variational autoencoder learning objective
and differ only in their inductive bias on dependencies between parameters and state, i.e. the de-
coder. Since the theory only places sparsity constraints on the decoder, the encoder architecture
is held fixed across all baselines. An MLP is used as the encoder in all environments except the
bounce environment, where a convolutional network is found to be more efficient for longer se-
quences. For the decoder, we compare against three baselines: 1. MLP, which imposes no struc-
tural constraints and serves as a control for disentanglement arising from the variational bottleneck
alone; 2. VCD (Lei et al., 2023), which uses a masked MLP decoder based on a learned global
causal graph and satisfies identifiability assumptions only when the global graphical criterion holds;
3. Transformer, which uses a transformer that does not explicitly impose sparsity constraints, but
nonetheless can provide an implicit bias towards sparse information flow due to the softmax at-
tention. Finally, our method, labelled SPARTAN, uses a sparsity-regularised transformer as the
decoder, as described in section 3.

4.1. Results

Figure 3 shows the distribution of MCC scores (higher is better) obtained when training each base-
line in each environment across eight random seeds. Reconstruction error is reported to verify that
differences in disentanglement are not attributable to failures in modelling the system’s dynamics.

In environments where the global causal graphs satisfy the graphical criterion, namely dual
particle and springs, models enforcing global causal sparsity recover disentangled parameter repre-
sentations. Both the VCD and SPARTAN baselines consistently achieve MCC scores close to one
(the upper bound), corroborating our theoretical analysis. In contrast, both the MLP and transformer
baselines exhibit a substantially lower and broader distribution of achieved disentanglement. Figure
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(a) (b)

Figure 4: Autoregressive rollouts of the dual particle environment produced from the learnt (a)
SPARTAN, and (b) MLP models. Starting from the same initial state, the red particle experiences
resistive damping forces independently in the horizontal and vertical axes, whilst the blue particle
additionally experiences a spring force to the origin. The ground-truth system parameters are the
damping coefficients and the spring constant. (a) shows a clear separation of parameters, increasing
θ̂2 evidently reduces spring strength. As the red particle is unaffected by the spring, it is invariant to
changes in θ̂2. Increasing θ̂1 increases horizontal damping, and increasing θ̂0 reduces vertical axis
damping. In contrast, the entangled representations produced by the MLP yield no such insight.

Figure 5: Plots of the entanglement mapping for all models in the dual particle environment. Each
subplot shows the marginal distribution of a learnt parameter (x-axis) against the ground-truth (y-
axis). Representative trials were chosen. Disentanglement is exemplified by the clear element-wise
diffeomorphic structure learnt by both the SPARTAN and VCD architectures, whereas the MLP and
Transformer architectures learn entangled representations. Extended results for all environments
and representative samples of the causal graphs learnt are provided in appendix F.
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5 illustrates samples of the latent representations learnt by each model in the dual particle environ-
ment. Here, we observe that VCD and SPARTAN both learn latent parameters that can be mapped
to the ground-truth parameters in a one-to-one manner, i.e. each ground-truth parameter can be
predicted from exactly one learned parameter, qualitatively illustrating the disentanglement induced
by sparsity regularisation. Similar examples for other environments can be found in Appendix F.2.
To demonstrate the local extension of our theory, in the local particle and bounce environments, the
global graphical criterion is not satisfied, and local causal graphs are required for disentanglement.
Consequently, the VCD baseline fails to recover disentangled parameters, while SPARTAN consis-
tently learns highly disentangled representations. In the local particle environment, VCD is still
able to attain stronger disentanglement compared to the other baselines, since the system graph still
supports partial disentanglement. In the bounce environment, however, since the local causal graphs
are significantly sparser (e.g. edges only exist for one timestep during collision), and therefore the
VCD baseline is unable to recover any disentanglement. We note that the Transformer baseline also
achieves high disentanglement in the Bounce environment. We hypothesise that this is due to the
implicit bias from softmax attention, which has been shown to be sufficient for inducing local causal
graphs in simple situations (Pitis et al., 2020). Nonetheless, SPARTAN is the only model that is able
to learn disentangled parameters robustly across all tested environments. To further demonstrate the
usefulness of the learned parameters, we perform latent interventions on the learned dynamical sys-
tems to generate counterfactual rollout trajectories. Figure 4 visualises how intervening on the learnt
parameters in the dual particle environment results in physically meaningful changes to trajectories,
whereas intervening on entangled parameters lead to uninterpretable changes in system behaviours
that affect all states.

Overall, the empirical results corroborate the identifiability claims of section 2 and show that
in settings where the relevant criteria are satisfied, disentangled representations are recoverable by
realising sparse causal relations via appropriate sparsity regularisation.

5. Related Works

The theoretical backbone of our work draws inspiration from prior identifiability results in Causal
Representation Learning (CRL) (Schölkopf et al., 2021) and Non-Linear Independent Component
Analysis (Hyvärinen and Pajunen, 1999), which explore the conditions under which recovering
unobserved variables from data is possible. Works in this area show that disentanglement can be
achieved via various inductive biases (e.g., additive decoders (Lachapelle et al., 2023)), assumptions
on the data-generating processes (e.g. equivariances (Ahuja et al., 2022), multi-view data (Yao
et al., 2024c), and auxiliary information such as interventions (Lippe et al., 2022)). Variations
exist within each subgenre; interventions can be known a priori (Ahuja et al., 2023), unknown
(von Kügelgen et al., 2023; Varıcı et al., 2024), or differ in their assumptions about intervention
targets. Furthermore, when distinguishing between non-temporal and temporal data, temporal CRL
leverages distinct assumptions, including non-stationary time series (Hyvarinen and Morioka, 2016;
Song et al., 2023), interventions on the temporal transition function (Lippe et al., 2022), or sparse
relations between ground-truth latent factors (Li et al., 2025c).

Our approach builds specifically on the mechanism sparsity principle (Lachapelle and Lacoste-
Julien, 2022) to achieve identifiability. The key distinction between our approach and existing CRL
efforts is that, whereas prior works explore state representation for observations such as images
(Buchholz et al., 2023; Lachapelle et al., 2024), our setting concerns learning dynamical parameters.
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In this sense, our work can be viewed as an instantiation of the broader framework of parameter
learning as representation learning, as advocated in recent literature (Yao et al., 2024a).

Central to our theory and proposed method is the notion of local causal graphs, which capture
the causal dependencies between variables at a fine-grained temporal resolution. This nascent idea
has recently been explored in the context of world models (Zhao et al., 2025; Lei et al., 2025)
and reinforcement learning (Hwang et al., 2024; Seitzer et al., 2021), where state-dependent local
structures are shown to improve robustness and adaptation efficiency. To the best of our knowledge,
our work is the first to theoretically demonstrate how local causal graphs can extend identifiability
guarantees for parameter learning and, more broadly, representation learning.

On a conceptual level, our work shares the motivation of System Identification methods, which
aim to estimate the underlying parameters of a system given observed trajectories. Here, classi-
cal methods require significant prior knowledge of the system, such as known functional forms in
PINN-based ODE learning methods (Raissi et al., 2019), and a pre-specified library of functions in
the SINDy family of works (Brunton et al., 2016; Rudy et al., 2017). In contrast, our work relaxes
these requirements and relies only on the general assumption of mechanism sparsity. Beyond Sys-
tem Identification, the notion of extracting latent descriptions of systems from observed trajectories
also appears in adjacent fields such as meta-RL (Wang et al., 2024; Wen et al., 2024), where latent
task embeddings are inferred from past trajectories, and in-context inductive reasoning (Macfarlane
and Bonnet, 2025), where the system rules are inferred from context examples as latent program
codes. We believe the insights developed in this work are readily transferable to these lines of work.

6. Conclusion

In this work, we analyse the identifiability of dynamical system parameters by extending prior
results in causal representation learning. Our main result shows that mechanism sparsity can induce
identifiable representation of dynamical parameters and make explicit the conditions on the class
of dynamical systems where this is possible. In settings where parameters exert temporally sparse
causal influence on the system, we extend our theory to show that state-dependent local causal
graphs strictly strengthen these identifiability guarantees, enlarging the class of identifiable systems.

Motivated by the theory, we propose a practical algorithm for identifying latent parameters
using variational inference and sparse transformers. Experiments across four synthetic domains
corroborate the theoretical analysis: mechanism sparsity allows consistent learning of disentangled
representations, and in scenarios where globally sparse methods are insufficient, local sparse atten-
tion enables consistent disentanglement. Furthermore, we empirically show that the disentangled
parameters learnt under these conditions enable physically meaningful and localised interventions
on system behaviour, as well as counterfactual trajectory generation.

Limitations and Future work. The present work has several limitations that point toward promis-
ing directions for future investigation. It has long been conjectured that disentangled representations
play a central role in improving generalisation and robustness (Lachapelle et al., 2022b; Bengio
et al., 2013). While our experiments demonstrate that disentanglement is possible, future work
should evaluate its generalisation properties in downstream tasks. Moreover, in its current form, our
theory requires a priori knowledge of the dimension of the parameter space, which can be relaxed
in future work by, for example, performing model selection on the latent dimension. Finally, the
theorem makes explicit what can be learnt from a given dataset and system, and, as such, future
work can exploit the graphical criterion for active data acquisition strategies.
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Appendix A. Useful Definitions

Definition 1 (Identifiable Models (Khemakhem et al., 2020)) Two systems S, Ŝ, are said to be
identifiable if and only if

∀(θ, θ̂,x0) : τ = τ̂ =⇒ θ = θ̂. (12)

Definition 2 (Identifiable up to Equivalence) Two systems S, Ŝ, are said to be identifiable up to
some equivalence operator if and only if

∀(θ, θ̂,x0) : τ = τ̂ =⇒ θ ∼equiv θ̂. (13)

Definition 3 (Diffeomorphism) A map f : RM → RN between two differentiable manifolds M
and N is called a diffeomorphism if it satisfies the following equivalent conditions:

1. f is a one-to-one continuously differentiable mapping of M onto N with a continuously
differentiable inverse mapping f−1.

2. f is a C1 bijection (see definition 5), meaning that:

• f is injective (one-to-one): f(z1) = f(z2) implies z1 = z2 for all z1, z2 ∈ M,

• f is surjective: for every x ∈ N , there exists a z ∈ M such that f(z) = x.

Definition 4 (Surjectivity) A function, f , with codomain and domain y ∈ Y,x ∈ X , is surjective
if for every y ∈ Y there exists x ∈ X such that y = f(x).

Definition 5 (Ck Functions) A function f : U → Rm defined on an open subset U ⊂ Rn is
said to be of class Ck if it is k-times continuously differentiable on U . In other words, the partial
derivatives of f up to order k on U are continuous functions.

Definition 6 (Equiv. up to Elementwise Perm. & Diffeomorphism (Lachapelle et al., 2022a)) A
representation, θ̂, is said to be equivalent with respect to a ground truth representation, θ up to per-
mutation and elementwise diffeomorphism (see definition 3) if and only if there exists a permutation
matrix, P , and a set of one-to-one diffeomorphisms, ci(·), such that

θ ∼diff θ̂ =⇒ ∀(i, θ̂,θ) : θi = ci([P θ̂]i). (14)

Definition 7 (Disentanglement) Two representations, θ, θ̂, are provably disentangled if they are
identifiable up to elementwise diffeomorphism and permutation equivalence.

Definition 8 (Subsets of Graphs)

Ga ⊆ Gb ⇔
[
AGb

]
i,j

= 0 =⇒
[
AGa

]
i,j

= 0. (15)

Graphs subsets are defined as follows. Every zero in the adjacency matrix of the superset graph
must also be a zero in the adjacency matrix of the subset graph.

Definition 9 (Graph Arithmetic)
Graph arithmetic allows the product and sum of Jacobians (and consequently their respective

graphs) to be expressed in the adjacency matrix domain. Graph operations are defined via Boolean
matrix algebra. All summation operations are overloaded by element-wise OR operations, and all
scalar multiplication with the AND operation.
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Definition 10 (Right and Left Graph Consistency) Any graph C is said to be left graph consistent
with another graph G if and only if the graph is invariant to adjacency matrix multiplication:

AG = ACAG . (16)

The same applies for right consistency:

AG = AGAC . (17)

Definition 11 (Real Subset) The real subset relative to a directed acyclic graph, G, with n input
nodes and m output nodes is denoted as RG . It is defined as the set of real matrices where all
elements and only the elements with edges in G can take any non-zero value, and all elements with
no edges in G are zero.

M ∈ RG =⇒
(
Mi,j ̸= 0 ⇐⇒ (i, j) ∈ G

)
. (18)

An alternative definition defines RG as the set of matrices for which there exists a λ which satisfies:

RG : {M |∃λ ∈ R∥G∥0 s.t. M =
∑

(i,j)∈G

λi,jei,j}. (19)

Where ei,j is an indicator matrix.
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Appendix B. Formal Proofs and Derivation of Graphical Criteria
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This appendix provides the formal mathematical foundations and proofs for the identifiability
of system parameters in latent dynamical systems. We recapitulate the main theorem and problem
setting from the main text to keep the proof self-contained. The proof of the main theorem is found
in section B.5. Below, we provide the precise setting and the required lemmas. We consider a non-
linear deterministic Markovian dynamical system defined as the tuple S = (Θ,X0,X ,F ,G) with
state variables xt and dynamical parameters θ, following the evolution:

xt+1 = f(xt,θ) = fθ(xt), θ ∈ Θ, x ∈ X , x0 ∈ X0 ⊆ X , (20)

τ = h(x0,θ) = [x0,fθ(x0), (fθ ◦ fθ)(x0), ...,f
T
θ (x0)], x0,θ = h−1(τ ), (21)

Where f(·) is the dynamics model which describes the system’s evolution, τ is a trajectory gener-
ated by the autoregressive application of the dynamics model. The dynamics model is faithful to
a directed acyclic graph (DAG) G in modelling how parameters influence the state variables. h(·)
is a trajectory decoder which encapsulates the autoregressive process, and h−1(·) is the trajectory
encoder which recovers a latent parameter representation from a trajectory. Our primary objective is
to establish the conditions under which a learnt representation of dynamics θ̂ (belonging to a learnt
approximation Ŝ) is equivalent to the ground truth parameters θ up to permutation and element-wise
diffeomorphism. For uniqueness and without loss of generality, we enforce assumptions 1 and 2,
which in combination also require the bijectivity of h(·) and h−1(·) with respect to their image. We
further assume that the parameters sparsely affect the state distribution via a causal graph G.

Assumption 1 (Existence and Parameter Influence (Yao et al., 2024a)) For everyx0 ∈ X0,θ ∈
Θ there exists a unique trajectory, τ , over horizon T, satisfying xt+1 = fθ(xt). Equivalent to re-
quiring h(x0,θ) to be injective.

Assumption 2 (Observational Equivalence) Assume that the two systems, the ground-truth S
and learnt approximation Ŝ, are observationally equivalent, which posits that the modelled sys-
tems are equivalent up to invertible parameter representations. Observational equivalence requires,
∀x0,θ : ∃θ̂ s.t. h(x0,θ) = ĥ(x0, θ̂) (Equivalently, ĥ(·) is surjective).

Assumption 3 (The Transition Model is Markov to a DAG (Lachapelle et al., 2024)) The tran-
sition models of S, and Ŝ, are causally and faithfully (Pearl, 2000; Spirtes et al., 2001) related to
directed acyclic graphs (DAG), G, and Ĝ, which fully define the dependencies between the output
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elements and latent parameters. The edges of the graph are defined through the non-zero entries in
the Jacobian of the transition model, requiring that the model and its first derivative are continuous.
Simply, the following causal equivalence is defined, where θPaGi

denotes the subset of parameters
that are parents of output i in graph G: fi(xt,θ) ≡ fi(xt,θPaGi

).

(i, j) /∈ G =⇒ ∂(f(xt,θ))i
∂θj

= 0 ∀xt, θ. (22)

These assumptions establish a framework in which multiple parametrisations can yield identical ob-
servations, allowing the study of the conditions under which additional assumptions lead to disen-
tanglement. We begin by introducing the concept of an entanglement mapping and an entanglement
graph as necessary prerequisites to understand the theory. Subsequently, we build intermediate re-
sults in forms of lemmas. Section B.5 combines the lemmas into the proof of Theorem 1. Finally,
section B.6 extends the main result to state-dependent local causal graphs and demonstrates that
state-dependent sparsity improves identifiability guarantees.

B.1. Entanglement Map and Entanglement Graph

The trajectory encoder, θ = h−1(τ ), allows us to define an entanglement map, v(·), which relates
the latent representations learnt by Ŝ, with the parameters in Ŝ. Given that the two systems are
modelling the same underlying system, it follows that for each parameter of the ground truth system,
θ, there must exist a learnt representation θ̂ such that the modelled process is equivalent f(x0,θ) =
f̂(x0,v(θ,x0)). The equivalence of the system is formalised in the next section as assumption 2.
Observational equivalence requires the injectivity of the entanglement map.

θ̂ = v(θ,x0) = (ĥ−1 ◦ h)(θ,x0). (23)

The dependence of the entanglement mapping upon a trajectory’s starting state, x0, is a conse-
quence of the application to dynamical domains. This dependence allows the dynamical represen-
tation to become entangled with the state representation. The entanglement map is also associated
with an entanglement graph, V , which quantifies the dependencies between the two representations
using the same fundamental definition used for the system graphs G, and Ĝ. The entanglement
graph denotes which system parameters, θ, are required to map to the learnt representation. Equiv-
alently, θ̂i = vi(θPaVi

,x0) where θPaVi
is the subset of parameters that are parents of node i in the

entanglement graph.

(i, j) /∈ V =⇒ ∂[v(θ,x0)]i
∂θj

= 0 ∀θ,x0. (24)

Given, h(·) is bijective (and therefore so is its inverse), the entanglement map must also be bi-
jective, as the composition of two bijective functions is also bijective. Consequently, θ and θ̂ are
reparametrisations of the same underlying manifold.

B.2. Disentanglement and Entanglement Graphs

The entanglement graph provides a mathematical description of the relationship between a known
ground-truth parametrisation and a representation learnt by a neural network. If we show that the ad-
jacency matrix of the entanglement graph must be a permutation of the identity matrix, then we have
also equivalently demonstrated that the model has disentangled up to elementwise diffeomorphism.
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To illustrate the point, consider V = I and a two-dimensional parametrisation. This entanglement
graph forces the entanglement mapping dependencies to be element-wise, since each output latent
can depend on at most one input latent. Consequently, θ̂0 = v0(θ0), θ̂1 = v1(θ1), or some permu-
tation thereof. Note that the entanglement mapping v(·) can be highly non-linear, and constraining
the entanglement graph does not allow us to make any assumptions about the functional form of the
mapping, only that it is smooth, differentiable, and invertible, or in other words, a diffeomorphism.

Hence, we have established that showing an entanglement graph is either the identity matrix or a
permutation of the identity matrix is sufficient to establish that a learnt representation is disentangled
up to an element-wise diffeomorphism (see definition 3) and permutation.

Without further assumptions upon the systems S and Ŝ, the entanglement graph connecting
them is unconstrained. The following section introduces the necessary assumptions and the theorem
under which the entanglement graph is constrained to be a permutation of the identity.

B.3. Assumptions

We formalize three core assumptions which in conjunction sufficiently constrain the entanglement
graph and form the primary identifiability result (restated below). These assumptions are applied on
top of the system preliminaries (assumptions 1, 2, and 3). Assumption 4 ensures that the representa-
tion of dynamics does not entangle with the state representation, by precluding possible sources of
entanglement from existing4. Assumption 5 restricts the causal complexity of the learnt represen-
tation, thereby reducing the admissible representation space. Assumption 6 enforces information
diversity: if two parameters were to always affect the system in the exact same way, then no amount
of data can tell them apart, preventing degenerate cases where the number of parameters is not
representative of the true dimension of variation of the system.

Assumption 4 (Path Connectedness) We assume the state variable domain X is path-connected,
such that there exists no disjoint decomposition of the state space separated by boundaries that are
fundamentally unreachable or untraversable by the system’s trajectories.

∀XA,XB ⊂ X s.t. XA ∪ XB = X ,XA ∩ XB = ∅,∃(x0,θ, t) s.t. x0 ∈ XA ∧ xt ∈ XB (25)

Assumption 5 (Sufficient Sparsity) We assume that Ŝ learns a representation and a system model
that is at most as sparse as the underlying system, which in practise is enforced by assuming Ŝ is a
minimiser of ∥Ĝ∥0. This implies that ∥Ĝ∥0 ≤ ∥G∥0.

Assumption 6 (Sufficient Variability of the Jacobian (Lachapelle et al., 2022b)) There must ex-
ist at least one θ ∈ Θ such that there exists a set of states {xp}∥G∥0p=1 ,x ∈ X such that

span {∇θf(xp,θ)}∥G∥0p=1 = RG (26)

The real graph subset is defined in definition 11. This common formulation (Lachapelle et al.,
2022b; Hyvarinen et al., 2019) requires that the effect of each causal edge in the system graph be
independently observable from the state space.

4. For an intuition on path connectivity, refer to Appendix C

24



DISENTANGLING DYNAMICAL SYSTEMS

B.4. Definition and Proofs of Supporting Lemmas

The proof of Theorem 1 is built from several smaller supporting lemmas defined here. The final
proof combining these lemmas is stated in section B.5. Lemma 1 combines assumption 4

Lemma 1 (Entanglement Map Independence) If a system satisfies path connectivity (assumption
4), the entanglement mapping is independent of the starting state: v(θ,x0) = v(θ).

Proof The trajectory decoder function is composed of one-step Markovian predictions from a dy-
namical model, f(·).

τ = h(x0,θ) = [x0,fθ(x0), (fθ ◦ fθ)(x0), ...,f
T
θ (x0)]. (27)

The proof follows two steps. First, we show that the entanglement mapping must be invariant
to states that can originate from the same trajectory, and second, we show that it must be invari-
ant between any states that could have originated from a chain of trajectories. For a trajectory
τ = (x0,x1, · · · ,xT ) generated by a fixed ground truth parameter θ. Under autoregressive roll-
outs, the model reuses the same inferred latent parameter θ̂ to decode the dynamics at every step
along the trajectory. Hence, for the rollout to remain consistent with the underlying system (as is
guaranteed by the uniqueness of each trajectory in assumption 1), the entanglement mapping, v(·),
cannot depend on which state along the same trajectory is used for inference. If the rollout were to
be reinitialised from the middle of some trajectory, x̃0 = xt, τ̃ = h(x̃0,θ), while keeping θ un-
changed, the inferred latent parameter must agree with the original ĥ−1(τ ) = ĥ−1(τ̃ ). Otherwise,
the model would assign different latent parameters to the same physical system depending on the
temporal offset, thereby violating the Markovian assumption of the transition model.

Consequently, this implies v(θ,x0) = v(θ,x1) = v(θ,xi)∀θ,xi ∈ τ . The corollary of this
is that the entanglement mapping must be invariant to states within the same trajectory; therefore,
defining a trajectory subset of the state space:

Xτ (x0,θ) =
{
x̃ | ∃x′ ∈ Xτ s.t. x̃ = f(x′,θ) and x0 ∈ Xτ

}
. (28)

Set Xτ represents the set of all positions that could have led to or have been produced from x0

given a particular parametrisation of a system. In the geometric deep learning literature, this concept
is referred to as manifold invariance (Bronstein et al., 2021; Gerken et al., 2023). Furthermore,
as the entanglement map is a function of state, then instantaneously evaluated at a specific state,
x′, the representation becomes independent of state. The invariance manifold can consequently
be extended by considering local stationarity of the representation at fixed states. For any two
trajectories, τa = h(xa,θa), τb = h(xb,θb), such that at some point in their trajectories, both
contain a state xc ∈ τa ∩ τb.

From the definition of Xτ and the consequential state invariance of the entanglement mapping,

v(xa,θ) = v(xc,θ) ∀θ,xa,xc ∈ Xτ (xa,θa) (29)

v(xb,θ) = v(xc,θ) ∀θ,xb,xc ∈ Xτ (xb,θb) (30)

xc ∈ τa ∩ τb =⇒ Xτ (xa,θa) ∩ Xτ (xb,θb) ̸= ∅ (31)

Through the transitive property, whenever two trajectory manifolds overlap in state variable space,
they must share the same inferred representation, implying that v is invariant on Xτa ∪Xτb (and, by
transitive closure, on any union of manifolds connected through overlaps).
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XP (x0) =
{
x̃ | ∃x′ ∈ Xτ ,θ s.t. x̃ = f(x′,θ) and x0 ∈ Xτ

}
. (32)

The set XP defines a partition of the state space. The set XP lifts Xτ ; the latter is defined as
the set of states that are trajectory-connected to a specific starting point and dynamical parameter.
The former extends Xτ to include every dynamical system that is either dynamically or trajectory-
connected to a point through any arrangement. A corollary of this is that the set XP ⊆ X defines a
partition of the state space for which v(θ,x′) = v(θ, x̃), ∀x′, x̃ ∈ XP .

If the latent parameter is surjective (definition 4) with respect to the dynamical model, then
trivially XP must span the whole domain X and global manifold invariance follows. If X = XP ,
then the entanglement mapping must be invariant to the starting state, v(x,θ) = v(θ).

Topological assumptions upon the data-generating distribution in representation learning are
commonplace. Literature usually enforces stronger assumptions about the bijectivity of the latent
space rather than a more relaxed connectivity requirement (Lachapelle et al., 2024; Fu et al., 2025),
although Schug et al. (2024) implements a discrete analogue to our path connectivity. Similar
concepts and methods have been used more generally to study emergent structures in latent rep-
resentational space (Gu and Borovykh, 2023; Li et al., 2025a). Lachapelle et al. (2023) applies a
similar path-connectedness assumption on the mapping between observational and representational
space without the constraint of connectedness through a dynamical model.

The independence of the entanglement mapping allows proof techniques from Lachapelle et al.
(2024) to be imported and applied to analyse the constraints upon the entanglement mapping.

Lemma 2 (Causal Inclusion) Under assumption 6 (Sufficient Variability), there must exist a per-
mutation matrix, P , such that every edge contained in the ground truth graph, G, must also be
contained within the permuted version of the learnt graph Ĝ.5

∃P s.t. AG ⊆ AĜP . (33)

Proof We begin from the observational equivalence assumption (assumption 2) but consider the
inverse of v(·) which must exist as v(·) is a diffeomorphism.

f(xt,v
−1(θ̂)) = f̂(xt, θ̂), (34)

∇θ̂f̂ = ∇θf∇θ̂v−1 ∀xt, θ̂, (35)

[∇θ̂f̂ ]i,j =
∑
k

[∇θf ]i,k[∇θ̂v−1]k,j , (36)

∇θ̂f̂i,j = (∇θfi,·)T∇θ̂v−1
·,j . (37)

From here, we show that given the invertibility of v−1 and following assumption 6, every edge
contained in G must also be contained within some permutation of the learnt graph Ĝ. First, consider,
rather than v−1, a permutation v−1. As v−1 is invertible, there exists a permutation thereof such
that there are no zeros on the diagonal. This fact follows simply from the Inverse Function Theorem
(Lee, 2012). The Inverse Function Theorem proves that the Jacobian of the entanglement mapping

5. Note all products and sums between adjacency matrices follow graph arithmetic (definition 9).
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must be of full row rank. Consequently, it must be possible to rearrange the entanglement graph such
that there are no zeros on the diagonal. The permuted composition will be denoted as ∇θ̂v−1P =

C. Formally, C is a function of θ̂, but the inputs of C, f , and f̂ are omitted for notational clarity.

[∇θ̂f̂P ]i,j =
∑
k

[∇θf ]i,k[∇θ̂v−1P ]k,j , (38)

=
∑
k

[∇θf ]i,k[C]k,j , (39)

= [∇θf ]i,j [C]j,j +
∑
k ̸=j

[∇θf ]i,k[C]k,j . (40)

From the inverse function theorem,Cj,j ̸= 0∀j. This implies that if [∇θf ]i,j ̸= 0 then [∇θf ]i,j [C]j,j ̸= 0.
This is not sufficient to imply that edge (i, j) is in AĜP since the domains x ∈ X , θ ∈ Θ may
constrain ∇θfi,· to the subspace of C·,j . To combat this, we introduce assumption 6. The suffi-
cient variability assumption ensures that there exists at least one input for which the Jacobian of the
ground truth system is not in the subspace of the permuted inverse entanglement map. Formally:

∀(i, j) ∈ {i, j | [∇θ̂f̂P ]i,j ̸= 0}, ∃(θ,xt) s.t
∑
k

[∇θf ]i,k[C]k,j ̸= 0. (41)

There must exist a permutation P such that there exists any point in the input space where
[∇θf ]i,j ̸= 0 necessarily implies [∇θ̂f̂P ]i,j ̸= 0. Consequently every edge in AG must exist
in AĜP . This is not necessarily true in the other direction; not every edge in Ĝ must exist in a
permuted form of G.6 Formally,

∃P s.t. AG ⊆ AĜP . (42)

Lemma 3 (Graph Equivalence) Under assumptions 5 and 6, the learnt graph G is equivalent to
the ground truth graph up to permutation.

∃P s.t. AĜP ≡ AG . (43)

Proof Trivially true. From lemma 2 it is established that there exists a permutation such that every
edge contained in G must also be contained within the permuted Ĝ. Assumption 5 states that the
learnt representation’s graph must contain at most as many edges as the underlying graph. There-
fore, they must be the same.

6. Toy example to showcase this is that Ĝ can be fully connected, and G can be sparse. Since only the sufficient influence
of the true dynamics model is constrained and not that of the learnt model.
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Lemma 4 (The Inverse Entanglement Graph is Right Graph Consistent) Given all prior assump-
tions, the permuted Given lemma 3, the permuted inverse entanglement mapping must be right G
consistent (definition 10). Which, in the form of adjacency matrix arithmetic, requires

∃P s.t. AG = AGAV−1P . (44)

Proof Beginning from the full form of equation 39,

∇θ̂f̂︸︷︷︸
⊆Ĝ=GP T

P = ∇θf︸︷︷︸
⊆G

∇θ̂v−1︸ ︷︷ ︸
⊆V−1

P , (45)

From Lemma 2, we know that there exists a point in the input space such that no cancellations
occur in the product between the ground truth system Jacobian and the Jacobian of the inverse
entanglement map (the Jacobian of the ground truth graph varies sufficiently and consequently it
is not constrained to the null-space of the Jacobian of the entanglement mapping). The relation
below can be rewritten in adjacency matrix arithmetic by considering the set of non-zero values
each element of equation 45 can take. The set of non-zero values is given by the elements of the
graph in each underbrace.

AĜP ⊆ AGAV−1P . (46)

The lack of cancellations allows the subset to be tightened to equality:

AĜP = AGAV−1P , (47)

AG = AGAV−1P . (48)

Lemma 5 (Graphical Criterion) If G satisfies the following graphical criterion:

∀i : ∩a∈Ch(i)Pa(a) = {i}. (49)

Then the only valid right consistent graph on G, R : AG = AGAR is the identity.

Proof We will now formalise the allowed structures on R, given G. Consider a generic 3x3 example,
where a ⋆ symbol denotes that any possible value could be taken.⋆ ⋆ ⋆

⋆ ⋆ ⋆
⋆ ⋆ ⋆


︸ ︷︷ ︸

G

=

⋆ ⋆ ⋆
⋆ ⋆ ⋆
⋆ ⋆ ⋆


︸ ︷︷ ︸

G

R11 R12 R13

R21 R22 R23

R31 R32 R33


︸ ︷︷ ︸

R

.

In adjacency matrix arithmetic, cancellations of edges are impossible; consequently, the product
can be written out in Boolean logic form as:

Gij = 0 =⇒ (Gi1 ∧R1j = 0) ∨ (Gi2 ∧R2j = 0) ∨ ... ∨ (Gik ∧Rkj) = 0. (50)

28



DISENTANGLING DYNAMICAL SYSTEMS

By iterating over all appearances of Rij , it can be shown through boolean algebra that Rij must
be 0 if and only if: ∨

k

(Gkj = 0 ∧ Gik ̸= 0) = 1. (51)

Further rearrangement shows that the set of nonzero elements in each row of the entanglement
mapping is given by Ri,::

∩a∈Ch(i)Pa(a). (52)

Where Ch(·) and Pa(·) are the children and parents of a node in each graph, respectively.
Therefore, the set of permissible elements in each row ofAR is restricted to the diagonal (equiv-

alently the elements of the identity), by iterating over row elements in the graphical criterion.

∀i : ∩a∈Ch(i)Pa(a) = {i}. (53)

B.5. Proof of Theorem 1

Theorem 1 (Disentanglement of Latent System Parameters) Let S, and Ŝ correspond to two
systems satisfying assumptions 1, 2, and 3. Further assume that,

1. The system, S, is path connected (assumption 4).

2. Ŝ satisfies ∥Ĝ∥0 ≤ ∥G∥0 (assumption 5).

3. The Jacobian of the transition model, ∇θf , varies sufficiently (assumption 6).

Then the dynamical representations of S, and Ŝ are equivalent up to permutation and element-wise
diffeomorphism if G satisfies the following graphical criterion:

∀i : ∩a∈ChG(i)PaG(a) = {i}, (54)

where ChG(j), and PaG(j) denotes the set of children and parent nodes of a node j in a graph G.

Proof

Step 1. We define an entanglement map v : Θ × X → Θ̂ such that θ̂ = v(θ,x). This mapping
describes how the learned parameters relate to the ground truth at any given state. The dependencies
in this mapping are captured by an entanglement graph V , where an edge exists if a ground-truth
parameter influences a learned latent dimension:

θ̂ = v(θ,x0) = (ĥ−1 ◦ h)(θ,x0). (55)

Step 2. By assumption 4, any two states in the domain are connected through some sequence of
trajectories. Lemma 1 uses the assumption to show that the entanglement map must be invariant to
the starting state:

v(θ,x0) = v(θ) ∀x0,θ (56)
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Step 3. We establish the conditions under which the entanglement map v implies representational
disentanglement. By definition, v = ĥ−1 ◦ h. From Assumption 1, h(·) must be injective, and
from Assumption 2, ĥ(·) must be surjective; together with the requirement that both models are
defined over the same image, this ensures that v is a bijection. Furthermore, Assumption 3 requires
that the transition model (and consequently h) and its first derivative are continuous, rendering v a
diffeomorphism. If the entanglement graph is shown to be a permutation of the identity,AV = P , it
implies that each learned parameter θ̂i is a function of exactly one unique ground-truth parameter θj .
Because the requirements of bijectivity and differentiability must hold, such a structural constraint
necessitates that v is an element-wise diffeomorphism, satisfying the criteria for disentanglement
(Definition 7). By the same logic, if the inverse entanglement graph is a permutation of the identity
(AV−1 = P ), then each ground-truth parameter is mapped to a single learned latent, which similarly
forces an element-wise diffeomorphic relationship between the two representations.

Step 4. From observational equivalence (assumption 2), we relate the Jacobians of the ground
truth and learnt transition models via the inverse entanglement mapping,

∇θ̂f̂(xt, θ̂) = ∇θf(xt,v
−1(θ̂))∇θ̂v−1(θ̂). (57)

Step 5. We use lemma 2 to show that given sufficient variability of the Jacobian of the transition
model (assumption 6), there must exist a point in the input space such that every non-zero entry in
the Jacobian of the ground truth transition model must also be non-zero up to permutation in the
learnt transition model. In terms of the structural graphs, this implies that:

∃P s.t. AG ⊆ AĜP . (58)

Step 6. Additionally, introducing assumption 5 (Sparsity), which posits that the learned graph’s
cardinality is bounded by the ground truth (∥Ĝ∥0 ≤ ∥G∥0). By lemma 3, sinceAG ⊆ AĜP and the
number of edges in Ĝ cannot exceed those in G, the two graphs must be equivalent up to permutation:
AĜP ≡ AG .

Step 7. Using the graph equivalence, we return to the Jacobian formulation from step 4. The
sufficient-variability assumptions require that the transition model not be constrained to the nullspace
of the Jacobian of the inverse entanglement mapping. Consequently, lemma 4 shows that the inverse
entanglement mapping must be right consistent with the ground truth graph:

AG = AGAV−1P . (59)

Step 8. The requirement of right consistency means that the ground truth graph, G, constrains the
allowed structure uponAV−1P . Lemma 5 proves that if G satisfies the graphical criterion:

∀i : ∩a∈Ch(i)Pa(a) = {i}. (60)

Then the only matrix AR that satisfies the consistency equation, AG = AGAR is the identity
matrix. ThereforeAV−1P = I .

Step 9. Since AV−1P = I , it follows that the entanglement graph is a permutation of the iden-
tity. This forces the mapping v(θ) to be an element-wise diffeomorphism, meaning the system
parameters have been disentangled. This concludes the proof.
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B.6. Extension to Local Causal Graphs

Many dynamical systems exhibit state-dependent causal structures, where only a subset of the edges
in the global graph are active at a given state. Let the state space admit a finite cover by non-zero
measure partitions {Xl}bl=1, such that for xt ∈ Xl, the one-step transition xt+1 = f(xt,θ) is
Markov not only with respect to the global DAG, but also the local DAG Gl ⊆ G associated with
that partition. The partition must have non-zero measure so the sufficient variability assumption can
be applied. In practice, this means that when dealing with continuous systems, instantaneous events
such as collisions can not be factored into discrete local graph partitions. However, when operating
in discrete time, collisions occupy a non-zero measure.

[
AGl

]
i,j

= 0 ⇐⇒ ∂[f(xt,θ)]i
∂θj

= 0 ∀xt ∈ Xl, θ. (61)

We further assume:

• Assumptions 1, and 2 hold globally. This is required to prevent trivial solutions.

• Assumption 4 must also hold globally. In practice, this imposes the additional constraint that
the system must be able to navigate between state space partitions. Otherwise, a separate
representation might be learnt for each partition. Global path connectedness ensures the same
representation is used for each partition and allows theoretical reasoning about the reuse of
representations across partitions.

• Assumption 5-6 must hold within each partition Xl. The former allows local representations
to be sparser than global representations, whilst the latter ensures that the effect of each edge
in a local causal graph is measurable.

B.6.1. POINTWISE CONSISTENCY OF THE ENTANGLEMENT MAPPING.

Recall the global right-consistency relation from lemma 4, which forces the inverse entanglement
map to respect the system graph in adjacency arithmetic: AG = AGAV−1P , obtained from the
Jacobian factorisation, ∇θ̂f̂ = ∇θf∇θ̂v−1, and ∇θf = ∇θ̂f̂∇θv. Building the same calculation,
restricted to a partition Xl, gives, pointwise in xt ∈ Xl:

AGl
= AGl

AV−1P . (62)

Intuitively, whenever an edge is active in Gl, the corresponding influence must be representable
through the inverse entanglement mapping, v−1, at that state.

B.6.2. ALLOWED STRUCTURE OF V UNDER LOCAL GRAPHS.

In the global case, Boolean adjacency arithmetic shows that the set of indices allowed to be non-zero
in row i of V−1 is:

supp(V−1
i,: ) ⊆

⋂
a∈Ch(i)

Pa(a). (63)
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Which yields the global graph criterion for disentanglement
⋂

a∈Ch(i) Pa(a) = {i}∀i. Note that
the same applies to each and every partition:

supp(V−1
i,: ) ⊆

⋂
a∈ChGl (i)

PaGl
(a) ∀l. (64)

Since the representation is reused globally and throughout partitions, the allowed supports must
satisfy all local constraints simultaneously. Hence, the allowed support upon the entanglement
graph is given as:

supp(V−1
i,: ) ⊆

b⋂
l=1

⋂
a∈ChGl (i)

PagGl
(a) (65)

Therefore, the local-graph graphical criterion guaranteeing disentanglement is:

∀i :
b⋂

l=1

⋂
a∈ChGl (i)

PagGl
(a) = {i}. (66)

B.6.3. COROLLARIES AND EDGE CASES.

• Monotonicity. Adding more local graphs can only shrink the admissible set for each row of
the entanglement graph, so incorporating additional partitions can never worsen disentangle-
ment and may only help it.

• Sufficient Subgraph. If full latent parameter disentanglement holds in any one local graph,
the representation must be entangled globally.

• Insufficient Subgraph. If full latent parameter disentanglement holds in none of the indi-
vidual sub-graphs, or the global graph, disentanglement throughout the intersections is still
feasible given the right structure.

• Overspecification. The number of dynamical parameters that can be disentangled can be
significantly larger than the number of state parameters considered. Theroretically in the
limit it can be infinite as long as all assumptions are still met, and the full set of dynamical
parameters is inferable from a trajectory.

• Nodes without children. If ChGl
= ∅ in some sub-graph, the local constraint does not restrict

row i. When evaluating the intersection, these should be ignored. In practice, it is easiest to
replace such a case with the set of all nodes, as this best aligns with the allowed elements
of the entanglement mapping. Suppose a node has no children in any subset of the global
causal graph. In that case, the invertibility of dynamics is unmet, and the latents are not
deterministically encodable from a trajectory. The theory does not apply in cases where the
number of learnt parameters exceeds the minimal set of parameters required to describe a
system.
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Appendix C. An Example of Path Connectedness

Example.

Figure 6: Illustration of how partition sets are defined using a planetary orbit example. Con-
sider this system where the dynamical factor of variation is the (central) sun’s mass. From an
initial starting position and velocity, a large set of trajectories can unfold depending on the
sun’s mass. Throughout every point in black, the learnt representation must be independent
of the system state. Each black line represents one trajectory that could have originated from
the black point by varying the dynamical parameter. This process can be repeated iteratively
at any point along any of the black lines to expand the set. In the figure, we choose the blue
point from the set of black trajectories and, from the same starting position and velocity,
change the dynamical parameter again. The result is a set of states, which can be expanded
to cover a partition of the state-space.

Path connectivity uncovers trajectory-invariant symmetries in dynamical families. This
means that the usefulness of a representation to our theorem is highly sensitive to the avail-
able state representation. Trajectory invariant symmetries can be challenging to spot. Con-
sider the example from figure 6. It is evident that, given a broad enough set of allowable
starting conditions and sun masses, the entire position space can be covered by one singular
partition, as there exist trajectories between any two positions. However, if the state space
were to include the planet’s velocity, then two partitions would exist in the system. One
for clockwise circular motion and one for counter-clockwise circular motion, since no dy-
namical parameter or state can transfer the system from one partition to another. Therefore,
we expect any dynamical model trained on this system to learn up to two state-dependent
distinct representations, one for clockwise circular motion and one for counter-clockwise
circular motion. This also means that invariant or redundant system information cannot be
part of the state space. For example, imagine a dynamical model predicting the behaviour of
cubes on a table, except sometimes the cube is red and sometimes the cube is blue. If this
property were encoded into the state space, it would be invariant along a trajectory, and any
dynamical parameter can be a function of the cube colour.
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Appendix D. Discussion

D.1. Comparison with the Recent Works Lachapelle et al. (2024) and Yao et al. (2024a)

The proof presented in Appendix B builds upon the proposed concepts by Yao et al. (2024a) and the
proof technique of Lachapelle et al. (2024). Lachapelle et al. (2024) introduces Mechanism Spar-
sity a principle for nonlinear ICA that achieves disentanglement by assuming latent factors depend
only on a small subset of past factors or auxiliary variables. They derive an identifiability theorem
showing that latent variables can be recovered up to permutation and element-wise diffeomorphism
if the ground-truth causal structure satisfies a graphical criterion. To implement this in practice,
they propose a method that simultaneously learns latent representations and their underlying causal
graph structure via L1 regularisation. We adapt the framework of Lachapelle et al. (2024) to a novel
setting, necessitating three key theoretical extensions: the incorporation of auxiliary variable repre-
sentation learning, the introduction of state-dependent local-causal graphs, and the application of a
path-connectedness assumption.

Learning the Representation of Auxiliary Variables. Prior works, such as (Lachapelle et al.,
2024; Hyvarinen et al., 2019), are primarily focused on learning state representations while assum-
ing auxiliary variables are directly observed. We show that in the framework of mechanism sparsity,
these results can be extended to learning representations of auxiliary variables, which are of partic-
ular importance in settings of modelling dynamical systems, as dynamical parameters can be seen
as auxiliary variables.

Path Connectedness Assumption. Switching to auxiliary representational learning does intro-
duce additional challenges not addressed by Lachapelle et al. (2024) and not discussed in Yao et al.
(2024a). The representation of parameters can become entangled with the representations of state.
We formalise path-connectedness, an assumption that resolves this issue. To our knowledge, we
are the first to implement such an assumption in the context of a mechanism sparsity identifiability
theorem.

Local Graphs. Finally, we introduce the notion of local graphs, which are state-dependent sub-
graphs of a system’s global graph. To the best of our knowledge, ours is the first work to establish
a representational disentanglement identifiability theorem incorporating local graphs. Critically, we
show that incorporating subgraphs must be equiperformant with global graph methods or improve
upon them. We anticipate that the shift from global to local intersections is a generalizable insight
applicable to other graphical criteria within the mechanism sparsity framework, although we leave
the formal proof of this extension to future work.

Yao et al. (2024a) propose an isomorphism between Causal Representation Learning (CRL)
and dynamical systems, arguing that integrating the two fields equips system identification with
theoretical guarantees and improves the real-world applicability of CRL. Empirically, they rely on
Mechanistic Neural Networks (Pervez et al., 2024) to model the parameters of an Ordinary Dif-
ferential Equation (ODE) via differentiable solvers. This reliance on ODEs fundamentally distin-
guishes their domain from ours. While ODEs model continuous vector fields, our theorem allows
for object-centric or factored representations that are not bound by global continuity. Consequently,
our method is inherently capable of capturing sparse (both spatially and temporally), discontinuous
interactions, such as collisions, that lie outside the standard expressivity of continuous ODE formu-
lations.
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Regarding identifiability, Yao et al. (2024a) presents two key propositions. The first, applicable
when the functional form is known (see their Corollary 3.1), aligns with the framework of sparse
identification methods such as SINDy (Brunton et al., 2016). By assuming a fixed dictionary of
terms, this approach maps predicted parameters to pre-defined equation components; thus, identifi-
ability arises from the imposed structural priors rather than through representation learning of latent
variables.
Their second proposition (Corollary 3.2) addresses the case of unknown functional forms and relies
on multi-view assumptions. They show that optimising an alignment loss across paired trajectories
partially identifies shared parameters. In contrast, our work does not consider multi-view data or
paired counterfactuals. Instead, we prove that mechanism sparsity is sufficient in some settings to
disentangle parameters from raw trajectories.

D.2. Discussion on the Sufficient Influence Assumption

The sufficient variability assumption (alternatively termed sufficient influence, assumption 6) emerges
as a theoretical necessity. In this section, we demonstrate that this condition possesses a clear, intu-
itive interpretation within our framework. We support this claim through illustrative examples and a
comparative analysis of how analogous constraints are utilised in the broader causal representation
learning literature (section D.2.1). The assumption is restated below for convenience.

Assumption 6 (Sufficient Variability of the Jacobian (Lachapelle et al., 2022b)) There must ex-
ist at least one θ ∈ Θ such that there exists a set of states {xp}∥G∥0p=1 ,x ∈ X such that

span {∇θf(xp,θ)}∥G∥0p=1 = RG (67)

The real graph subset is defined in definition 11.

In essence, the assumption requires that every causal edge exerts a unique influence that is
separable from the influence of every other edge. Practically, this requires that the graph G and our
model of the ground-truth environment f are irreducible. Consequently, the assumption is mild and
additionally imposes that the assumed cardinality of the parameter space is correct.

In the setting of physical parameters, irreducibility can be expressed as a lack of redundancy.
For example, given a system under the influence of two springs with strengths θ0, and θ1, as per
equation 68.

Example A. Redundant Causal Edge

xt+1 = f(xt,θ) = −(θ0 + θ1)xt (68)

∇θf =
[
−xt −xt

]
(69)

Equation 69 expresses the corresponding Jacobian of the transition model. As per our definition of
causal graphs (non-zero Jacobian at any point), the graph is fully connected. The graph is depicted
in figure 7A.

From the Jacobian, it is evident that the assumption can never be satisfied with this system. In-
tuitively, because both springs have the same effect upon the system, their combined influence can
be aggregated into one parameter. Another implication is that, given any observed trajectory, the
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Figure 7: The causal DAGs pertaining to examples A,B,C and D.

ground-truth parameters are not uniquely recoverable. Satisfying the sufficient variability assump-
tion by itself does not guarantee disambiguation of the influence of parameters given any specific
trajectory, but it does guarantee that there exist states where the influence can be disambiguated.

Example B. Redundant Causal Edge

xt+1 = f(xt,θ) =
θ0
θ1
xt + θ2 (70)

∇θf =
[

1
θ1
xt − θ0

θ1
2xt 1

]
(71)

Example B showcases the same effect in a slightly more complex setting. Many physical effects are
functions of the ratios of natural variables. For example, elastic collisions are a function of the ratio
of the masses of the colliding objects. In the same setting, using two parameters introduces linearly
dependent columns, which violate the assumption.

Example C. Non-Redundant Causal Edge

xt+1 = f(xt,θ) = θ0xt + θ1 (72)

∇θf =
[
xt 1 0

]
(73)

In contrast, if the redundant parameter is replaced with a single parameter, the first two columns
become linearly separable. Note that in this new example, the Jacobian with respect to θ2 is zero.
Consequently, the parameter no longer exerts causal influence on x and the assumption no longer
requires that the column is linearly independent.

36



DISENTANGLING DYNAMICAL SYSTEMS

D.2.1. SUFFICIENT INFLUENCE ASSUMPTION IN RELATED WORKS

A notion of sufficient influence (or variability) is a recurring requirement across causal represen-
tation learning (CRL) methods, as it is fundamental for resolving ambiguity between causal influ-
ences. While this assumption is intuitive in physical systems, where parameters exert identifiable
effects on system states,its interpretation becomes less direct in more abstract representation learn-
ing settings.

In the temporal CRL setting of Lachapelle et al. (2024), the sufficient variability assumption
is formalized as a requirement that the family of functions influencing each variable be linearly
independent. In their framework, these functions correspond to components of the transition func-
tion, which closely parallels our setting, in which identifiability depends on the distinguishability of
parameter-induced effects on state transitions. Linear dependence among these functions introduces
redundancy, preventing parameters from being uniquely identified. Recent work on hierarchical
temporal CRL (Li et al., 2025b), employs a similar modified sufficient variability assumption.

Similar principles appear outside of temporal CRL. In iVAE, (Khemakhem et al., 2020), identifi-
ability is achieved by leveraging an observed auxiliary variable that modulates a latent distribution.
There, sufficient influence is enforced by requiring independence between the sufficient statistics
and the natural parameters of an assumed exponential family. As in our setting, this condition rules
out redundant or indistinguishable latent effects that would otherwise break identifiability.

More broadly, related assumptions are commonplace across a wide range of CRL approaches.
In interventional CRL, for example, methods typically require interventions to induce sufficiently
distinct changes in the latent variables. The work of von Kügelgen et al. (2023) formally assumes
that interventions is sufficiently distinguishable such that only the correct causal graph can explain
a set of observations. CITRIS (Lippe et al., 2022) requires the independence of intervention tar-
gets, preventing scenarios in which it is ambiguous which intervention produced a given outcome.
Although expressed differently, these conditions serve a common purpose, preventing ambiguity in
causal influence.
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Appendix E. Dataset Details

Figure 8: Graphical representation of the four evaluation environments, in order from left to right.
Left: Dual Particle. Center-Left: Local Particle. Center-Right: Springs. Right: Bounce.

DUAL PARTICLE

Consider a point-mass that is connected to the origin by a spring (controlled by dynamical parame-
ter, k) and under the influence of separate x-axis and y-axis damping (parameters cx, cy). The state
information is taken as a four-dimensional vector containing position and velocity information. As
per the graphical criterion derived in section 2, the dynamical factors are not disentangle-able us-
ing the system’s causal graph. To achieve disentanglement, we modify the system to perform two
counterfactual tasks: general prediction, and then counterfactually what would have happened if
the spring were disabled. The resultant DAG is visualised in figure 2 and satisfies the graphical
criterion globally. This environment also showcases an interesting edge case in the theory. The
path-connectedness condition is not technically satisfied. Consider the environment as visualised in
Figure 8. The red particle represents the counterfactual trajectory with no spring connected. The
entire state-space can be partitioned into four, depending upon the sign of the x and y velocity of
the non-spring-connected particle. The path-connectedness assumption is violated, as there exists
no position in state space or no (positive) damping parameters that would change the sign of the
velocity components of the red particle. The assumption being violated is not catastrophic in this
scenario, as it only affects the damping parameters, which the blue particle must also reuse, and
those are well-behaved relative to the path-connectedness assumption. The result is a representation
which is surjective, simply many-to-one. Within the set of experiments, this instantiates itself as a
V or inverted-V learnt representation. In practice, we also regularise the state-to-state causal DAG,
which isolates the dynamical behaviour of each particle, and forces the learnt representation to be
diffeomorphism again.

LOCAL PARTICLE

The graphical criterion can also be met locally, with state-dependent local causal graphs. The lo-
cal particle environment implements the same physics as the multi-task particle environment, but
disables the spring within a ball around the origin. Consequently, locally within the ball the causal
graph is the same as the counterfactual graph of the multi-task environment, and outside the same
as the primary task. Interestingly, neither local graph is sufficient to disentangle all parameters by
itself, but when used in conjunction they satisfy the local graphical criterion.
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SPRINGS

The springs environment contains four-point particles connected by six springs, one for every possi-
ble pairing. The causal connections are quantised at the per-object level, meaning each token input
to SPARTAN corresponds to an object, not a state dimension. The spring constants are distributed
via the absolute value of a standard normal variable, but there is only a seventy per cent probability
of a given spring being active at all. The global causal graph for the environment is consequently
heavily populated, and can be seen in figure 2. This environment is an example in which there are
more dynamic factors of variation than direct observables, yet the theory guarantees disentangle-
ment with respect to the global graph. Variations of this environment, usually with static spring
constants, are commonplace across works in causal discovery and representation learning (Löwe
et al., 2022; Kipf et al., 2018; Battaglia et al., 2016; Li et al., 2020).

BOUNCE

The bounce environment consists of five round balls constrained in a square box, observable through
object-centric representations. Each ball can collide elastically with another ball and with the wall.
The characteristics of each collision are governed by the mass of each object, which is the dynamical
factor of variation, sampled from a non-zero mean normal distribution. For ease of observation, the
radius of each ball is also proportional to its mass, creating a dynamic environment that is sensitive
to its mass. As with the spring environment, variations of this environment are prevalent testing
grounds for works within compositional world models, causal discovery, and representation learning
(Lei et al., 2025; Battaglia et al., 2016; Chang et al., 2017; Jiang et al., 2024), and were initially
introduced in video form by Van Steenkiste et al. (2018). The environment is much more difficult
to learn as the causal graphs occur discontinuously only upon collision events. The global graph
for this environment is fully connected and provides zero disentanglement guarantees; however, as
visualised in figure 2, there exists a combinatorial cardinality of local causal graphs. Only a small
subset of them is required to prove the theory guarantees disentanglement.

Appendix F. Extended Results

F.1. MCC Metric for Disentanglement

The MCC disentanglement metric is computed by encoding all trajectories in a validation dataset
into the learnt parameters, θ̂, and fitting a small MLP onto every combination of marginalised pre-
dictions and marginalised ground truth parameters, θi ≈ MLPij(θ̂j). The predictions from this
collection of MLPs are used to form a matrix of non-linear correlation coefficients, R2 ∈ RI×J .
The MCC metric is calculated as MCC = 1

I

∑I
i maxj(R

2
i,j). The MCC metric is permutation,

scale, and shift invariant in representations and accounts for any non-linearities. It does not deter-
mine whether a representation is a diffeomorphism, but it does enforce surjectivity. Consequently,
an MCC of ≈ 1 indicates that there exists at least one element in the learnt representation that
perfectly specifies, functionally up to continuous, and differentiable surjection, every element in
the ground-truth representation. The use of MCC to measure disentanglement is commonplace in
causal representation learning literature (Lachapelle et al., 2022a; Yao et al., 2022; Lachapelle and
Lacoste-Julien, 2022; Li et al., 2019, 2024; Gresele et al., 2021; Khemakhem et al., 2020).

The metric is an approximation as exact values depend upon the size and convergence of the
MLP used. If not enough data points are used to calculate the mapping, overfitting might also skew
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the results. Consequently, we opt to use a one-hidden-layer MLP with a hidden dimension of 32
and 5,000 sampled training points, as well as cross-validation with a 10% and 90% split to prevent
overfitting and ensure that the model converges quickly.

F.2. Examples of Learnt Representations

To illustrate the learnt representations, the empirical entanglement mapping can be plotted. We en-
code over a validation dataset of trajectories all trajectories into pairs of latent vectors and ground-
truth dynamical factor vectors. Then in a grid by plotting the marginals we can represent the mul-
tidimensional mapping in a way that visually shows disentanglement. On the y axis we depict the
ground truth parameters and on the x axis the learnt parameters. Surjective disentanglement (as
measured by MCC) is evident when specifying one learnt parameter allows for a precise specifica-
tion of a ground truth factor of variation. Each diagram is a representative sample from one of the
trials in the main results.

Figure 9: Representative samples of representations learnt on the Dual Particle environment. Each
subplot plots the marginal between one ground-truth factor of variation on the vertical axis against
a learnt parameter dimension on the horizontal axis. Increasingly sharp one-to-one mappings show
disentanglement. The MLP learns a representation where parameters are correlated with the factors
of variation but not disentangled. The Transformer learns a non-bijective distribution in which only
the spring constant, k, exhibits clear diffeomorphic disentanglement. The multi-form nature of the
Transformers distribution indicates entanglement with the state. Both SPARTAN and VCD show
clear, sharp, and crisp disentanglement.
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Figure 10: Representative samples of representations learnt on the Local Particle Environment.
Each subplot plots the marginal between one ground-truth factor of variation on the vertical axis
against a learnt parameter dimension on the horizontal axis. Increasingly sharp one-to-one map-
pings show disentanglement. Both the MLP and VCD baselines learn representations that are cor-
related with but not fully disentangled. In this instance, the global graphical criterion predicts partial
disentanglement; the spring constant k is guaranteed to be disentangled, but not the damping con-
stants. The VCD model strongly disentangles k and cy, but cx remains entangled. SPARTAN learns
a diffeomorphism mapping as predicted by the theory, whilst a Transformer learns a surjective map-
ping. Both perform well on the MCC metric.
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Figure 11: Representative samples of representations learnt in the Springs environment. Each sub-
plot plots the marginal between one ground-truth factor of variation on the vertical axis against a
learnt parameter dimension on the horizontal axis. Increasingly sharp diagonals in each subplot
showcase disentanglement. VCD and SPARTAN both learn highly disentangled representations
with evident structure that is missing from the MLP and Transformer baselines.
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Figure 12: Representative samples of representations learnt in the Bounce environment. Each sub-
plot plots the marginal between one ground-truth factor of variation on the vertical axis against a
learnt parameter dimension on the horizontal axis. Increasingly sharp diagonals indicate disentan-
glement. As this environment requires adherence to local-causal graphs for disentanglement, both
the MLP and VCD baselines fail to disentangle. Both SPARTAN and a Transformer selectively
attend to parameters, and in this instance, the Transformer’s softer bias is sufficient for both to dis-
entangle strongly.
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F.3. Examples of Learnt Causal Graphs

Figure 13: Representative global causal graph learnt by the VCD architecture on the dual particle
environment. State space tokenisation is used. The parameter influence graph (referred to as Ĝ in the
theory) is represented by the final three columns. The sparse representation satisfies the global graph
criterion for disentanglement. Dark blue squares represent an edge probability of approximately 1,
light grey squares an edge probability of approximately 0, and colours in between represent values
in between.

Figure 14: Representative global causal graph learnt by the VCD architecture on the local particle
environment. State space tokenisation is used. The parameter influence graph (referred to as Ĝ
in the theory) is represented by the final three columns. In contrast to the local-graphs learnt by
SPARTAN, the global graph displayed does not satisfy the disentanglement condition. Dark blue
squares represent an edge probability of approximately 1, light grey squares an edge probability of
approximately 0, and colours in between represent values in between.
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Figure 15: Representative global causal graph learnt by the VCD architecture on the springs envi-
ronment. State space tokenisation is used. The parameter influence graph (referred to as Ĝ in the
theory) is represented by the final six columns. The sparse representation satisfies the global graph
criterion for disentanglement. Dark blue squares represent an edge probability of approximately 1,
light grey squares an edge probability of approximately 0, and colours in between represent values
in between.

Figure 16: Representative global causal graph learnt by the VCD architecture on the bounce envi-
ronment. Object-level tokenisation is used. The parameter influence graph (referred to as Ĝ in the
theory) is represented by the final five columns. The graph is fully connected, as any pair of objects
and any set of parameters can interact at some point in the dataset, even though interactions are very
sparse in practice. The local sparsity is taken into account by the SPARTAN baseline. Dark blue
squares represent an edge probability of approximately 1, light grey squares an edge probability of
approximately 0, and colours in between represent values in between.
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Figure 17: Comparison of the impact that the attention logit regularisation loss has on training a
transformer in the bounce environment. Both lines consists of 8 trials completed with different
random seeds, and the shaded region represents plus-minus one standard deviation.

F.4. Ablation of the Logit Regularisation

We demonstrate the necessity of attention logit regularisation through an ablation study within the
bounce environment, comparing performance with and without across eight random seeds. Because
the encoder is bootstrapped to the decoder, its capacity to encode dynamical behaviour emerges only
after the decoder has adequately modelled the system and identified the relevant factors of variation.
This results in a two stage information adoption process akin to the dual optimisation procedure
used with the SPARTAN and VCD experiments. Without the attention logit regularisation, the
decoder struggles to incorporate the new information. We conjecture that this is due to vanishing
gradients in the softmax of the transformer. The effect is visualised in figure 17, which shows that
the transformer can only disentangle in this setting when introducing the logit loss. We observed
in experimental settings that undertuning or removing the logit loss hyperparameter, λlogit, in the
SPARTAN experimental runs results in the path loss plateauing during training, and consequently,
the model does not sparsify sufficiently for representational disentanglement.
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Figure 18: Comparison of the disentanglement achieved by tuning the weighting on the KL regu-
larisation and using an MLP decoder. Each data point represents one trial over a random seed, and
the lines represent the mean over all trials at that value. The shaded region covers plus-minus one
standard deviation.

F.5. Disentanglement Induced by the ELBO Loss.

During all experiments, the weighting on the KL regularisation βKL is set to 10−6. This is to ensure
that latent regularisation does not contribute to the disentanglement of factors, an issue widely
studied in the non-linear ICA and representation learning literature (Burgess et al., 2018; Kim and
Mnih, 2018; Khemakhem et al., 2020; Chen et al., 2018; Esmaeili et al., 2019; Mathieu et al., 2019).
The impact of varying the KL regularisation parameter is shown in figure 18.
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