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ABSTRACT

Time series foundation models (TSFMs) are a potential class of powerful, general-
purpose tools for forecasting and related temporal tasks, but their behavior is
strongly shaped by subtle inductive biases in their design. Rather than developing
anew model and claiming that it is better than existing TSFMs, e.g., by winning on
existing benchmarks, our objective is to understand how the various “knobs” of the
training process affect model quality. Using a mix of theory and controlled empir-
ical evaluation, we identify and show how various design choices (e.g., patch size,
embedding choice, training objective, etc.) lead to implicit biases in fundamental
model properties (e.g., temporal behavior, geometric structure, how aggressively
or not the model regresses to the mean, etc.), and how these biases can be intuitive
or counterintuitive, depending on properties of the model and data. We illustrate
in a case study on outlier handling how multiple biases interact in complex ways.

1 INTRODUCTION

Design decisions associated with modern machine learning models typically involve multiple trial-
and-error iterations using one or more of many possible “knobs,” including model architectures, loss
functions, and parameters and hyperparameters such as learning rate, batch size, patch size, and em-
bedding strategy. A common workflow is to adjust these knobs based on intuitions about the model
and then use available data, typically in the form of curated, well-established benchmarks, to train
and evaluate the model. For example, in the case of time series, intuitions include that nearby data
points are similar and should be mapped close to each other, that low-frequency structure is typically
more stable and informative than high-frequency fluctuations, and that regression algorithms should
regress to the mean. This process, which is expensive, is iterated upon until one obtains a model that
is quantitatively “better” on well-established benchmarks.

Unfortunately, model improvements often do not stand the test of time: when the data and compute
are much larger, or when the data are qualitatively different than the well-established benchmarks
on which the model was trained, the same knob fiddling can have a different, and often delete-
rious, effect. This leads to worse results and more model development effort in the longer term.
Understanding how various design choices affect downstream model properties is of increasing im-
portance as the community aims to design foundation-like models that are forward-compatible with
qualitatively more and different data.

Here, we consider these issues in the context of recently-developed time series foundation mod-
els (TSFMs). Our goal is not to develop “yet another” model. Rather, we aim to understand the
effects, i.e., the implicit biases, encoded by these various design decisions. We are particularly in-
terested in how those effects vary with the properties of the data and the model, in particular for data
that are similar to well-established benchmarks versus data that are qualitatively different. In time
series forecasting, there are multiple well-known public benchmarks, e.g., M4 (Makridakis et al.,
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Figure 1: An illustration of examples of the three broad classes of biases that we identify and
investigate. Theemporal biastends to be induced by patching, which transplants the temporal
dependencies from the input sequence to a Transformer's hidden spageothetric biagends

to be related to the input embedding, where a discrete versus a continuous embedding preserves
the input space's geometry differently; thegression-to-the-mean bidasnds to be caused by the
training loss, where a continuous loss tends to average different outcomes more than a cross-entropy
loss does. We also illustrate the interaction of these biases in a case study of outlier handling.

2020), ETT (Zhou et al., 2021), and the large collection from Godahewa et al. (2021) including
Kaggle's Tourism (Athanasopoulos et al., 2011), Electricity (Trindade, 2015), Traf c (Lai et al.,
2017), and Dominick (James M. Kilts Center, 2020). There has also a recent explosion of TSFMs,
e.g., LLMTime (Gruver et al., 2023), Chronos (Ansari et al., 2024a), Moirai (Woo et al., 2024),
TimesFM (Das et al., 2024), Chronos-Bolt (Ansari et al., 2024b), WaveToken (Masserano et al.,
2025), and TOTEM (Talukder et al., 2024). If a foundation model is to be easily adapted to new
forecasting tasks, with minimal task-speci ¢ data (Liang et al., 2024), this leads to an important open
guestion:how does one know the biases of various knobs in a TSFM on data that are qualitatively
different from the benchmarks on which the TSFM was trained and evaluated?

In this paper, we identify three classes of design choices — the “knobs” of patch size, whether the
embedding is discrete or continuous, and the choice of loss; and, based on extensive analysis, we
characterize three corresponding classes of implicit biases — which we call the “temporal bias,”
the “geometric bias,” and the “regression-to-the-mean bias.” We describe in detail how each design
choice tends to affect the corresponding bias; and we show how, depending on the model, this effect
could be intuitive or very counterintuitive. We also provide an example of how the design choices
can interact in complex ways. Our main results, summarized in Figure 1, are as follows.

» Patch Size! Temporal Bias. Given a discrete sequence sampled from a time series, many
TSFMs group these inputs into patches of lergtivith k = 1 as a “trivial” corner case, and map
each patch into a Transformer's hidden space. This design choice of the patch size parameter leads
to atemporal bias depending on its value, a TSFM may favor low-frequency information more or
less aggressively. A larger patch size, e.g., 16 in Chronos-Bolt, favors low-frequency components
in the time series, which can be challenging on chaotic (or even non-chaotic) systems that consist
of high frequency and/or mixed-frequency components. Conversely, a smaller patch size, e.g., 1
in Chronos or 2 or 4 or 8 in Chronos-Bolt, can capture parts of these high frequency components.
Importantly, many time series are periodic or quasi-periédind capturing these two related but
distinct phenomena can depend on temporal bias in subtle ways. (See section 2.)

* Embedding Strategy! Geometric Bias. In TSFMs, there are two common embedding strate-
gies: discrete; and continuous. A discrete embedding quantizes the co-domain of a time series
(e.g., the real line for a univariate time-series) into a nite number of regions, where each is
treated as a “word token,” as in an LLM. This is used in Chronos. A continuous embedding
de nes a trainable continuous function, usually an MLP, that maps the time series into a Trans-
former's hidden space. This is used in, e.g., Chronos-Bolt, Moirai, TimesFM and Time-MoE. This
design choice leads togeometric biascontinuous embeddings preserve most of the input's ge-
ometric structure, while quantization maps nearby values to different discrete tokens. As a result,
guantization-based embeddings introduce several qualitative distinctions: they emphasize local

!Periodic phenomena repeatmeciseintervals, e.g., New Year's Day, while quasi-periodic phenomena
follow complex, non-repeating patternsrotighlyregular intervals, e.g., Mother's Day.
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information over global context; they treat ne- and large-scale patterns with less discrimination;
and they remain invariant to signals that are shifted by an offset. (See section 3.)

» Training Loss ! Regression-to-the-mean BiasDiscrete and continuous embeddings are two
ways to handle the input domain; similarly, the output space can also be treated in a discrete or
continuous way. A cross-entropy loss, e.g., in Chronos, computes forecasts as a discrete classi -
cation task, and is more aligned with LLMs. A continuous regression-based loss is more aligned
with classical statistical methods: thé-based mean squared loss is a popular choice for models
that perform point forecasting, e.g., TimesFM, whereas models that predict quantiles are usually
trained on arl -based quantile loss or negative log-likelihood loss, e.g., Chronos-Bolt. This de-
sign choice leads to @egression-to-the-mean bia3 SFMs that use a regression-based loss tend
to regress to either the mean or median forecast, while TSFMs that use a cross-entropy loss tend
to regress much less aggressively and thus, for instance, have the exibility to hop between basins
for chaotic data and to better learn quasi-periodic information. (See section 4.)

In each case, we provide theory and/or quanti cation through controlled empirical evaluations to
corroborate the existence of each bias and to demonstrate how each bias follows from the corre-
sponding design choice. To demonstrate this, we mostly compare Chronos versus Chronos-Bolt
because they are natural to compare: they use the same T5 Transformer backbone, they have com-
parable sizes, and they are pretrained on similar datasets (while most TSFMs are trained on different
datasets). We also show in ablations that other TSFMs relying on the same choices of knobs behave
(qualitatively) similarly to Chronos-Bolt. Lastly, as an illustration of how to use our insights, we
demonstrate how these various biases can interact and mix with each other through an outlier han-
dling analysis. (See section 5.) An important summary conclusion of our investigation deigi
choices, e.g., a large patch size, a continuous embedding, and a continuous training loss, which may
induce intuitive implicit biases that work well on well-established time series benchmarks, may actu-
ally be deleterious to qualitatively different datasets such as chaotic systems, and for these datasets
the opposite design choices may be bene.di8ke Appendix A.)

Related Work. Recent time-series founda-

tion models (TSFMs), e.g., TimesFM (Das

et al., 2024), Chronos (Ansari et al., 2024a),

Moirai (Woo et al., 2024), PatchTST (Nie et al.,

2022), Time-MoE (Shi et al., 2025), Chronos-

Bolt (Ansari et al., 2024b), iTransformer (Liu

et al.,, 2023), UniTime (Liu et al., 2024b),

TOTEM (Talukder et al., 2024), share the com-

mon goal of generalization across domains.

Empirical studies compare them (Liang et alFigure 2: Design choices across TSFMs and their
2025; Zhao et al., 2025) across various bencirduced implicit biases.

marks. Several works also investigated speci c

design choices of TSFMs, e.g., tokenization strategies (Nie et al., 2022; Talukder et al., 2024), scal-
ing laws for model size and dataset coverage (Woo et al., 2024; Shi et al., 2025), and architectural
choices, e.g., state-space models vs. Transformers (Gu & Dao, 2023; Ma et al., 2024). In this work,
we systematically analyze the inductive biases of Transformer-based TSFMs. (See Figure 2.)

While our experiments include many TSFMs, we extensively focus our comparisons on
Chronos (Ansari et al., 2024a) and Chronos-Bolt (Ansari et al., 2024b) for two reasons. First,
they share the T5 backbone of the same size and are trained on similarly mixed corpora of real-
world and kernel-synthetic data. Second, together they span all major design choices discussed
above: Chronos-Bolt treats the time-series co-domain as continuous, embetl§ sitehes with

a two-layer MLP, and is trained with dn® quantile-regression loss; in contrast, Chronos “learns

the language of time series” by quantizing values #@86bins (thus using no patching), assigning

each bin a trainable embedding vector, and training via cross-entropy classi cation of real-valued
output “tokens.”

2 TeEMPORALBIAS: How Do TSFMs LEARN TIME?

A temporal biasoccurs when a TSFM represents or learns certain temporal structures (e.g., speci ¢
frequencies and periodic patterns) more strongly than others. Time series data are fundamentally
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different from discrete language data, in that they are often thought of as evolving over a continuous
time domain. As a result, notions such as frequency, periodicity, and seasonality play a central role,
and these notions often determine the dominant structures that a model must capture. Here, we
distinguish between two related temporal notions (frequency and periodicity), and we describe how
they are affected by different design choices. We outline key considerations in this section, and leave
additional details to Appendix C.

FREQUENCY. Thefrequency biaswhich occurs when a model learns low-frequency information
better than high-frequency one, was observed and studied in general neural networks (Rahaman
et al., 2019; Yang & Salman, 2019; Xu, 2020), and it was later extended to sequential models such
as Transformers (Piao et al., 2024) and state-space models (SSMs) (Yu et al., 2025a). Most of
these models have been shown, both theoretically and empirically, to be better at learning the low
frequencies than high frequencies. One might hypothesize that we generally want to learn low-
spectral modes better, because they usually contain less noise and/or describe more dominant “large-
scale” structure. However, in many tasks, e.g., forecasting chaotic systems (Zhang & Gilpin, 2025a)
or systems with quasi-periodic properties, high-spectral modes contain essential information that
steers the trajectories, and their role cannot be downplayed. It is important to understand the cause
of the frequency bias and to be able to tune it for the nature of the speci c problem.

A TSFM operates on a discrete sample of a continuous time domain, in which a time series is
de ned. Given a continuous time series that can be sampled, we can hope to control this bias by
changing the sampling intervalt. More commonly, however, time series are recorded at xed
frequency intervals, and the data is a sampled sequence with a given frequency, and we have no
control over t. When we talk about the “spectral modes,” we imagine the Fourier modes in a

determines the spectral content that a TSFM will learn? Perhaps surprisingly, a frequency bias is

induced as soon asis embedded into the hidden space. The reason is that an embedding function
:RX 1 RY maps a patch of size, i.e.,(X;;:::;Xi+k 1), into the hidden space. The following

result, whose full statement and proof can be found in TheofémAppendix C.1.1, makes precise

a sense in which patches of different frequencies are embedded differently.

Theorem 1 (See Theorem “for the full statement) Let k be a patch size. LeV =

[Vi vn] 2 RK M be a collection ofn patches whose frequencies range in an interval of
size! andU =[u; un] 2 R " be a collection oh patches whose frequencies are sepa-
rated by a distance of at ledst For somad;m 1, let (x) = W, ReLU(W 1x) + b be a neural
network embedding, withV; 2 R™ X, W, 2 RY ™ andb 2 RY that satisfy certain regularity
assumptions (see Theorefi Appendix C.1.1). The following two statements hold:

1. (Similar frequencies are embedded in a shared subspace.) For any<xe&d 1, we have

rank ( (V)= jfjj j( (V) >" 1( (V))gi= O@)" 2
stab-rank (V)):= k (V)ke=k (V)k» = O(!):

2. (Different frequencies are embedded in nearly orthogonal subspaces.) There exists a universal
constant' > 0 so that with high probability, with random Gaussian weights satis es

rank( (U))= ( n); stab-rank (U))= ( n):
Moreover, the constants in &l and -notations are universal.

The"-rank and stable rank of a matriXV) or (U) measure the “dimension” of its column space.

In Theorem 1V can be represented as a collection of patches of similar frequencidd asda

set of patches of heterogeneous frequencies. In essence, Theorem 1 says that patches with similar
frequencies are embedded into a low-dimensional subspaé, afith the “effective” dimension
bounded proportionally to the bandwidth(see also Yu et al. (2025b)). At the same time, low-
spectral and high-spectral modes are embedded in almost orthogonal subspaces. (See Figure 3c.)
See Figure 10 in Appendix C.1 for a conceptual illustration of Theorem 1. One may wonder: what
role does the patch sizeplay in this story? Ik is small, then all patches share a similar bandlimit,
because we must hale Kk; as aresult, all patches are embedded into a low-dimensional subspace

of RY. With a random Gaussian assumption of the weights, Theorem 1 shows that several neural
networks embed low- and high-spectral modes into orthogonal spaces. In trained TSFMs, even
though weight matrices are not random Gaussian, we empirically nd that the orthogonality is easily
preserved. (See Appendix C.1.4.)
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Figure 3: In (a), we show the forecasts of a signal consisting of a low-spectral and a high-spectral
mode using two pretrained Chronos-Bolt models with patchlsizel andk = 16, respectively. In

(b), we vary the frequencies of the two modes, and we evaluate the spectral loss in predicting each
mode. We see that Chronos-Bolt with a patch sizd®fails signi cantly at capturing the high-
spectral information. In (c), we project the embeddings of low-spectral modes and high-spectral
modes onto the two principal components, and we show how the attention matrices align with these
two principal components on average. We observe that the attention scores are heavily dominated
by the low-spectral modes.

Now that we know that wheh is large, low-spectral and high-spectral modes are embedded very
differently, the next question is: which frequencies does the model learn best? In practice, we nd
that most TSFMs with a large patch sikdearn lower frequencies better than higher frequencies
(see Figure 3a,b). This aligns with the conventional notion of “frequency bias” in other deep learning
models (Rahaman et al., 2019; Yang & Salman, 2019; Yu et al., 2025a). A full understanding of
this phenomenon can be obtained by analyzing the training dynamics of Transformers, but even
without going into that level of detail, we have an intuitive understanding: in many time series, the
dominant large-scale structure lies in the low-frequency components, while high-frequency content
often appears more irregular or noisy. As a restliy, W ¢ , andW y tend to align more closely

with the subspace containing low-spectral information (see Figure 3c and Appendix C.1.4).

PERIODICITY. The periodicity

bias refers to a model's capabil-

ity of recognizing and aligning

(quasi-)periodic motifs in the input.

Periodicity is a fundamental property

of many time-series applications.

By “periodicity,” we refer to loosely

recurring patterns rather than cycles

that repeat at axed frequency.

The perioidicity bias is controlled

by several design choices. First,

patching can directly reshape the

periodic structure. If the period of

the recurring motif does not align

with the chosen patch size, thdsigure 4: In (a), we show the autocorrelation in the out-
patching operation effectively sam-{put of a Transformer given a periodic input context, which
ples the signal at off-grid locations,measures the periodicity preservation of a model. In (b), we
introducing aliasing effects that alteishow leading principal components of the encoded context
the perceived periodicity. = Theseof a Chronos-Bolt model, with or without tfREG] token,
distortions accumulate across layergiven a periodic input. In (c) , we show the best matching
and change how the model “sees8core, aggregated di®; 000 randomly sampled time series
repetition in the input (see Fig-in Chronos' training dataset, with or without patching. The
ure 4c for a large-scale experimenbest matching score is computed by comparing the last mo-
over 10,000 sequences showingf of length64to all previous motifs.

decreased motif-matching quality

ask increases). Intuitively, patching replaces the original time axis with a coarser “patch axis.”
Then, periodic patterns that do not divide evenly into this new grid become misaligned, which
makes it more challenging for the model to detect consistent repetitions. Second, the underlying
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architecture in uences how well periodicity is preserved. Encoder-only models tend to better
maintain periodicity because they attend bidirectionally over the entire context, allowing the model
to reinforce long-range regularities. In contrast, decoder-only or encoder—decoder architectures
may dilute periodic structure when information ows primarily forward or is concentrated at a
single aggregation position (see Figure 4a). In decoder-style attention, each position primarily
attends to earlier tokens. Then, the periodic structure that requires comparing future and past motifs
cannot be cleanly captured. Third, we nd that the presence [®fEG] token can signi cantly

disrupt periodic patterns. Although tHREG] token is intended as a designated location for
aggregating global information, it can inadvertently overwrite earlier positions when unmasked.
Our analysis shows that large values at[lREG] token propagate backward through self-attention

and contaminate otherwise periodic channels in the hidden representation. This effect is visible
in Figure 4b, where leading principal components lose their sinusoidal structure whgtEGe

token is present. Conceptually, tfREG] token acts as a strong anchor point in attention space;
when its value is large, it “pulls” nearby representations toward itself, breaking the smooth periodic
patterns. In Appendix C.2, we provide a mechanistic study demonstrating that the channels whose
periodicity collapses are precisely those receiving large contributions froffiREe€] token, and

that masking this token restores periodicity.

Summary: Frequency and periodicity biases are two connected views of how TSFMs represent
time. Frequency biass controlled by the patch side which determines whether embeddings
emphasize low- or high-spectral mod@egriodicity biasis controlled by the alignment of patch
sizek with the underlying recurrent motifs, architectural choices, such as encoder versus decoder
design, and the use of an unmaskg&G] token.

3 GEOMETRICBIAS: How Do TSFMs LEARN GEOMETRY?

In this section, we identify geometric biaswhich we de ne as the way an embedding choice dis-
torts or preserves the input domain's geometric properties (induced by the standard inner product
h; i onRX). This bias changes which local versus global patterns and scales are easiest to learn.
There are two broad classes of embeddinggntization-base(featured, e.g., in Chronos) andn-
tinuous(featured in most TSFMs, including Chronos-Bolt, TimesFM, and Moirai). A quantization-
based embedding partitioRsinto regionsD;;:::;Dy and denes o : R! RY as a step func-

tion that is constant on ead;. A continuous embedding instead parameterizes: RK | R

directly with a neural network. We use Chronos to represent the quantization-based embedding and
Chronos-Bolt with a patch size & = 1 to be representative of the continuous embedding. Note
that we pretrain a new Chronos-Bolt model with= 1 to eliminate the temporal bias from larger
patch sizes, as discussed in Section 2, and to be more directly comparable with Chronos.

In a continuous embedding, the topologyPofs inherently preserved by the continuity of ; but

in a quantization-based embedding, the ordering of the real line must be (re)learned during training.
Since each ¢(D;) is initially a random vector, training rarely recovers the full geometrjRan

RY. Here, we focus on three geometric notions (angle between a pair of vectors, distance between
a pair of vectors, and norm of a vector), and we describe how they are affected by different design
choices, and how they in turn affect the behavior of a TSFM. At rst glance, it may seem that it

is generally good to preserve the geometry (i.e., the angle, distance, and norm) of the input space,
as a continuous embedding does. We show that while not preserving the geometry does lead to
certain problems, it is also surprisingly bene cial in some cases. We outline key considerations in
this section (see Appendix D for details).

ANGLES. Our rst measurement of the geometric bias is #rgular bias which makes a TSFM
to favor local information over global information. This angular bias is caused by difference in the
angles between the embedded vectors:

X)) o . j c(x)  cyi
k o(X)kak o(Y)kz2 k c(X)kek c(y)ka
for the two types of embedding. In Figure 5&(x;y) is signi cantly larger than ¢ (x;y) as a

function ofjx  yj, which makes an input appear more different from its close neighbors. This
difference increases with the number of bins used in quantization (see Appendix D.4).

Q(x;y) = arccos c(x;y) = arccos
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Figure 5: Panel (a) shows the angles between the embedded vedtoysand (y) for Chronos'
embedding o and Chronos-Bolt's embeddingc, respectively, wher& andy denote two real
numbers to be embedded. Panel (b) shows a histogram of all self-attention scores when inferring the
two models on a corpus of contexts. Panel (c) shows the forecasts from both models on a context
formed by repeating a motif of a chaotic system. Chronos achieves a signi cantly lower MASE than
Chronos-Bolt. The cross-attention scores are aggregated across all layers when generating the rst
prediction token. See Appendix D for details.

The angular bias affects both self-attention and cross-attention in a Transformer. In Figure 5b, the
self-attention scores of Chronos are bimodal, i.e., tokens place high attention weights on their im-
mediate neighbors, and low attention weights on distant tokens. In contrast, the attention scores of
Chronos-Bolt are more evenly distributed, indicating a broader mixing of contextual information. A
similar pattern appears in the right panels for cross-attention. Chronos focuses almost entirely on
the most relevant part of the context, whereas Chronos-Bolt attends more broadly across the context.
Among other things, this makes Chronos better at “parroting” — one reason why it performs better
than other TSFMs on chaotic systems (Zhang & Gilpin, 2025b). This comes at the cost of less mix-
ing across the context, which can hurt performance on tasks that require synthesizing information
from distant parts of the time series or jointly interpreting multiple interacting patterns. Notably, for
guantization embeddings, the size of the vocabulary also controls the bias (see Appendix D.4).

DISTANCES. Our second measurement of the geometric bias isligtance biaswhich makes a
TSFM magnify small scales, and makes nearby numbers appear more distinct in the hidden space.
This distance bias is caused by the difference in the relative distance, de ned as:

Ko  oWke . o ooy kel  cOk
k ok + k o)k2' k c()ka+ k c(y)kz

Just as the learned quantization embeddiagbends the input spade in the hidden spacR¢, as
we saw via angle measurement, it also stretches or squBe2éile a continuous embedding is
naturally expected to map nearby numbers to nearby vectors in the hidden space, a leaised
generally less scale-preserving (see Figure 6a).

do(x;y) =

scale ratio 1 43 2 4 8 463 20 40

Chronos ~ 10000 1.0057 10088 10191 10215 10234 10327 1.0382
Bolt 10000 1.0047 10063 10140 10218 10271 10333 10341
TimesFM 10000 1.0031 1.0045 1.0091 10150 10197 10224 1.0266
Moirai 10000 10014 10050 10101 10227 10299 10329 1.0401

Chronos 10000 1.0291 10133 10755 11882 12749 13602 15559
Bolt 10000 10815 11098 12207 13687 15538 17256 26792
TimesFM 10000 11293 11622 13805 15120 18436 20182 3.2009
Moirai 10000 10742 11131 11922 13186 14866 17705 2.4818

cal

small scalg large st

Figure 6: Panel (a) shows the distance between the embedded vectors for Chronos' embegding
and Chronos-Bolt's embeddingc. Panel (b) shows Chronos' and Chronos-Bolt's forecasts of a
multi-scale time series. Panel (c) quanti es the forecasting quality by computing the relative MSE,
as we increase the ratio between the two scales. See Appendix D for details.

The distance bias results in a mismatch in scale preservation. As a result, when a multi-scale struc-
ture is present, Chronos is more sensitive to and better at learning ne-scale patterns than a Chronos-
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Bolt model. Figure 6b well-illustrates this phenomenon: while both Chronos and Chronos-Bolt are
good at learning the large-scale pattern, only Chronos nicely learns the small-scale patterns. A more
systematic quanti cation is given in Figure 6¢, where we show that, as the ratio between the two
scales increases, Chronos-Bolt, TimesFM, and Moirai, all of which rely on a continuous embed-
dings, are less capable of learning the ne-scale pattern. Whether this is an advantage or a drawback
is again task-dependent (see Appendix A): it can be valuable when ne-scale detail is important,
e.g., when learning high-frequency information or when learning to perform context parroting; but
may be unnecessary, or even distracting, in simpler situations when large-scale trends dominate.

offset gap 1 =3 2 4 B 263 20 40

% Chronos 10000 10023 10047 10111 10145 10134 10227 10282
Bolt 10000 10025 10045 10039 10079 10125 10199 10321
TimesFM  1.0000 10019 10008 10048 10090 10121 10179 1.0277
Moirai 10000 10090 10059 10099 10177 10241 10250 10328

ronos 11151 11032 10690 11078 11729 13423 16219
Bolt 10000 11138 11672 12192 13566 16279 2.1845 3.1620
TimesFM 10000 11781 12995 13808 14780 18239 2.6884 3.4165
Moirai 10000 12196 13142 14234 15517 19059 2.8262 3.6152

low offset| high offs:
2
-
5
8
8

Figure 7: Panel (a) shows the norm of the embedded vectgyéx) and ¢ (x). Panel (b) shows

the forecasts of a multi-offset time series for Chronos and Chronos-Bolt, respectively. Panel (c)
guanti es the forecasting quality by computing the relative (to each stage's amplitude) MSE of the
forecasts as we increase the offset. See Appendix D for more details.

NORMS. Our last measurement of the geometric bias igibren bias which makes a TSFM better

at learning motifs that are larger in magnitude. This norm bias concerns the mapping of a single

element, rather than pairs of elements, as in the other two cases. For a continuous embgdding

many TSFMs use a RelLU-activated MLP. Because the ReLU activation is positive-homogeneous,
¢ maps small input values to small vectorsifrand large values to large vectors. A quantization-

based embeddingg behaves differently. Since the mapping of each big(D;), is initialized

from the same distribution, it has no inherent bias toward preserving norms (see Figure 7a).

The norm bias is caused by the tendency gfto map large numbers to vectors with large norms.

In Figure 7b, the scale of each period is the same; the only difference is their offsets. When a
motif is large in magnitude, its corresponding embedded vectors are also large in magnitude. In
Transformer's hidden space, they appear more dominating than the smaller vectors associated with
a motif with a small magnitude (see Appendix D.2.2). Conversely, a period near zero is mapped to
small vectors that are more easily overwhelmed by the rest of the context. Figure 7c illustrates this
effect: as the offset increases (equivalently, as the period's oscillation amplitude decreases while the
offset stays xed), Chronos-Bolt struggles to forecast the near-zero period. For regular signals with
multiple offsets, this can introduce an undesirable imbalance; but for sparse signals, it can be advan-
tageous, by allowing the model to focus on nonzero entries and ignoring the zeros. (See Appendix A
for bene cial and deleterious examples.)

Summary of the Geometric Bias: Geometric bias concerns how the geometry of the input|do-
main is preserved by embeddings, and it is controlled by the choice between continuous and
guantization-based strategies. From the angle perspective, quantization indangs/ian bias
making the model favor local information. From the distance perspective, continuous embed-
dings advocate distance biasmaking ne-scale patterns less learnable. From the norm per-
spective, continuous embeddings induecean bias weighting large-magnitude elements mare
heavily, while quantization embeddings treat inputs more evenly.

4 REGRESSIONTO-THE-MEAN BIAS: DO TSFMs REGRESS TO THEMEAN?

In this section, we identify aegression-to-the-meahias, which is the tendency of a TSFM to
collapse future variability toward a central forecast (mean or median) versus maintaining sharper,
more extreme or multimodal outcomes under uncertainty. When the future is stochastic, should a



Published as a conference paper at ICLR 2026

model settle on a safe, compromised prediction, e.g., regress to the mean forecast, or should a model
aggressively commit to one of the possible outcomes? Here, we analyze the effects of various design
choices on how aggressively (or not) a TSFM regresses to the mean (see Appendix E for details).

How a model reacts to uncertainty heavily depends on how it is trained. Most TSFMs are trained
with either anL ?-based loss (e.g., mean-squared loss) ok &ibased loss (e.g., quantile loss). A
notable exception is Chronos, which is trained with a cross-entropy loss, like LLMs. If our target
comes from an unknown probability distribution with large variance, then:

+ L2-based lossfavors themeanof the distribution, by averaging all possible outcomes.

« L1-based lossfavors themedian which gives a central split of the probability mass in half.

» Cross-entropy loss:models the full probability distribution (Stewart et al., 2023) and can settle
on a/the mode” This can avoid a “compromise” between possible outcomes, and it allows the
model to represent distributions with large variances and stronger heterogeneity more faithfully.

A L?- or L'-based loss explicitly tailors the forecast to minimize pointwise error metrics such as
MAE or MSE. From traditional wisdom, a low MAE or MSE is usually good, but time series fore-
casting is not all about pointwise tting. For instance, in chaotic systems, the fractal dimension is a
measurement of the long-term geometry of the trajectories, and regressing to the median or the mean
can severely damage it (Zhang & Gilpin, 2025a). (See Appendix A for cases where the bias is “ben-
e cial” or “deleterious.”) Unlike mean- or median-based forecasts, “regressing to the mode” lets the
prediction re ect a sharp, high-probability outcomes, instead of a smoothed central tendency.

Figure 8: Panels (a) and (b) show the forecasts from three TSFMs of a purely deterministic and

a purely random context, respectively. We also quantify the “regression score” by computing
min(j¥j;j1l  ¥j), wherey denotes the forecast from a model. As the context involves more un-
certainty, TimesFM and Chronos-Bolt regress to the mean and the median, respectively, more than
Chronos. Panel (c) shows three examples where Chronos “parrots” three distinct outcome branches
from the context of a Lorentz chaotic system. See Appendix E for more detalils.

We illustrate the regression-to-the-mean bias using the examples in Figure 8. In (a), we show a
periodic walk betwee® and 1. Since the process is fully deterministic, Chronos (cross-entropy
loss), Chronos-Boltl(* loss), and TimesFML(? loss) produce similar forecasts. Panel (b) uses a
context generated by a random walk. With probabili2 on each branch, the uncertainty in the
context drives the forecast of TimesFM toward the mean, Chronos-Bolt toward the median (any
value in[0; 1]), and Chronos toward the mode (eitieor 1). We quantify this effect by “bridging”

the purely deterministic and purely random cases. For 8actp 1=2, we take a periodic walk

and diffuse it with probabilityp. As p increases, the context becomes more uncertain and models
trained with a continuous loss regress more strongly than the one trained with cross-entropy.

Summary of the Regression-to-the-Mean BiasAn L 2- or L -based loss tends to collapse fu-
ture variability into a central forecast, re ecting mean or median behavior and usually resulting
in a good pointwise tting. In contrast, cross-entropy-based training represents the full distribu-
tion and preserves sharper outcomes, instead of aggressively regressing to a central tendency.

5 MIXTURE OF BIASES. OUTLIER HANDLING

In the previous three sections, we have identi ed three key knobs that affect three fundamental im-
plicit biases in the development of TSFMs. Of course, in practical settings, these biases can interact
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Figure 9: Top row shows the MSE of the baseline models of forecasting a sinusoidal wave with
randomly injected outliers. Panel (a) shows the effect of increasing the outlier's magnitude, and
panels (b) and (c) show the MSE as we increase the number of outliers. We repeat the experiments
are30times. Panels (d) and (e) show the rst principal component of the embedded input in Chronos
and Chronos-Bolt as we increase the magnitude of the outlier.

in complex ways, and the effect of ddling with a given knob can be nontrivial to characterize. In
this section, we present outlier handling as an illustration of how different biases can combine in nat-
ural ways. We use a sinusoidal wave as the context and inject outliers into it, in two scenarios: (1)
increasing the magnitude of a xed number of outliers; (2) increasing the number of outliers sampled
i.i.d. from a xed Gaussian distribution. Our results, as shown in Figure 9, are the following:

1. Temporal bias. Comparing the two Chronos-Bolt models with patch sikes 1 andk = 16
shows that, without outliers, the = 1 model performs better. As outliers are injected, they
inject high-frequency perturbations, making the larger patch size more effective at denoising
(see Figure 9c). This crossover behavior is consistent with our temporal-bias analysis: larger
patches suppress high-frequency variation by averaging over a wider window. Injected spikes are
smoothed out while the underlying sinusoid is largely preserved in the embedded sequence.

2. Geometric (Distance) bias. When outlier contamination is limited, i.e., their magnitude and
number are relatively small, Chronos outperforms Chronos-Bolt by reducing the apparent scale
of outliers through its quantization-based embedding (see Figure 9d). In Chronos, extreme values
are mapped into nearby bins whose embeddings are not much farther away to those of the clean
signals. Isolated spikes no longer dominate local distances in the hidden space, which makes the
learning of the underlying sinusoidal wave more tractable.

Geometric (Norm) bias. Chronos-Bolt's continuous embedding causes large-magnitude outliers

to dominate the embedded context. As the outlier magnitude increases, this dominance leads to
progressively worse forecasts (see Figure 9a,e). The large embedded vectors in Chronos-Bolt
pull attention toward the timestamps corresponding to outliers, which reweighs the context in
favor of the outliers.

3. Regression-to-the-Mean bias Although Chronos handles outliers well on average, its perfor-
mance variance is larger than that of Chronos-Bolt. This is because the regression-to-the-mean
bias can cause Chronos to produce an “outlier” when it is uncertain whether the observed outliers
are part of the underlying context (see Figure 9b). This leads to occasional large forecast devi-
ations even when the average error is small, which highlights a fundamental trade-off between
robustness in expectation and higher conditional variance for TSFMs that seek dominant modes.

6 CONCLUSION

We identify and characterize three broad classes of inductive biases in TSFMs, which are induced
by various common design “knobs”, These biases in uence the strengths and weaknesses of TSFMs
across tasks in subtle and sometimes counterintuitive ways. Our ndings indicate that there is no
single choice of patch size, embedding strategy, or loss function that is uniformly optimal across all
forecasting regimes. Each induces biases that help on certain types of data, and hinder performance
on others. This highlights a central challenge for TSFMs: unlike language, time-series data exhibit
widely varying characteristics, which makes universal modeling substantially more challenging.
Understanding these biases helps explain why different models excel in different settings, and clari-
es trade-offs among architectural and training choices. Lastly, our work suggests that dynamically
adapting these biases, e.g., through in-context learning, retrieval mechanisms, or reinforcement-
learning-based adaptation, may be a more promising path toward broadly applicable TSFMs.

10
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A Two SIDES OFEACH BIAS

In the main article, we showed many examples in which a bias may be “good” or “bad” in certain
situations; and we also emphasized that each bias controls a trade-off, and that there are important
applications on both ends of the spectrum of a bias. In this section, we show concrete synthetic ex-
amples illustrating when a bias may be “good” or “bad.” (These examples illustrate learnings from
developing Chronos-Bolt to “improve” Chronos on well-established benchmarks, and the observa-
tion that Chronos-Bolt performs worse than Chronos on the qualitatively-different chaotic nonlinear
dynamics data.) The examples in this appendixrertecherry-picked, but they are highly context-

speci c; for a more generic and systematic analysis, see the main article. See Table 1 for an overview
of our discussion.

The way to read Table 1 is as follows: for each bias, we compare two models on the two different
ends of the spectrum. Then, we come up with two examples: in the rst example, we show that
having this bias is good for this particular example; in the second example, we show the opposite.
A green background always indicates that a forecast is qualitatively better, while a red background
shows otherwise.

A.1 TEMPORALBIAS

As described in Section 2, there are two biases related to the temporal bias: the frequency bias; and
the periodicity bias.

A.1.1 FREQUENCYBIAS

The frequency bias has been known to the deep learning community for almost a decade; and it is
often thought of as an implicit regularization. Driven by this, we rst come up with an example
where the context is

x(t) = sin(t) + noise Q)
where the noise is obtained by sampling every entry from the discrete sequence i.i.d. according to the
standard Gaussian distributidh(0; 1). In this casesin(t) is the useful low-frequency information
that one wants to learn, while the Gaussian noise is high-frequency content that we do not wish to
learn. We see that with a larger patch size, and therefore a stronger frequency bias, Chronos-Bolt is
more capable of “denoising.”

On the other hand, the example in Figure 3 has already shown a case where biasing towards low
frequencies is not desirable:

x(t)=sin( t )+sin( t); : (2)
In this case, both the low-frequency informat&in( t ) and the high-frequency informatiamn( t )

contain useful information, but Chronos-Bolt with a patch sizd®bnly enables us to learn the
low-frequency content.

A.1.2 PERIODICITY BIAS

To understand the pros and cons of preserving the periodicity bias, we can rst consider a signal
formed from a chaotic system's data:

X() = 1) OF(M)+ Lr  m(OFE T+) 3)
whereF () : [0; ] ! R s a motif taken from a Lorentz oscillator. SinEeis repeated twice in
the context, and that the task can be solved by simply “matching” the repeating motifs, we see that

a model that preserves periodicity better, i.e., Chronos-Bolt, performs better than one that destroys
periodicity more, i.e., TimesFM.
However, if one focuses too much on the periodic patterns, then one may overlook the important
non-periodicities. Consider the following context:

x(t) = 1g,tsin(t) + 1g, sin(t); (4)
whereR; is the disjoint union of all even ones from an evenly divided set of intervals Rand
[0;1 ) n Ry is the complement of it. We see in Table 1 that Chronos-Bolt focuses heavily on

the periodic patterns oR;, resulting in a bad forecast, whereas TimesFM gives a more accurate
partition ofR; andR; in its forecast.
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Table 1: lllustration of when inductive biases “help” and when they “hurt” performance.

Frequency — GOOD

Chronos-Bolt ( k =16) Chronos-Bolt (  k =1)

Frequency — BAD

Regression — GOOD

Chronos Chronos-Bolt

Regression — BAD

Locality — GOOD

Chronos Chronos-Bolt

Locality — BAD

Scale — GOOD
Chronos-Bolt Chronos
Scale — BAD

Offset — GOOD

Chronos-Bolt Chronos

Offset — BAD

Periodicity — GOOD

Chronos-Bolt TimesFM

Periodicity — BAD
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A.2 GEOMETRICBIAS

As described in section 3, there are three parts to the geometric bias: an angular bias, which con-
cerns the angles between the embeddings; a distance bias, which is due to the distance between the
embeddings; and a norm bias, which originates from the homogeneity of the ReLU activation. We
show interesting examples for each of them.

A.2.1 ANGULAR BIAS

A model that has an angular bias, e.g., Chronos, tends to tailor the “parroting” strategy. When there
is a matching motif in the earlier context, then the model will parrot what is after it. Therefore, if
we set the context to be a perfectly periodic signal

x(t) = sin( t); (5)

then we see that Chronos' forecast is pinpoint, while Chronos-Bolt suffers from certain small errors.

However, parroting can also be dangerous, not only because of the fact that sometimes there is not
too much to parrot, but also since it can prevent the model from identifying more subtle patterns.
Consider the following context:

x(t) = sin(t)S(t); (6)

where S(t) is a bidirectional scaling factor that vanishestas 1 . In this case, Chronos is

able to identify the recent context to a previous motif. Unfortunately, this “drags” Chronos into a
caveat: simply parroting the previous context results in a forecast with an increasing trend, whereas
the actual trend is clearly decreasing over time. In this case, Chronos-Bolt gets a better forecast than
Chronos.

A.2.2 DISTANCE BIAS

Similar to the frequency bias, ne-scale oscillation may sometimes be simply due to random noise.
In that sense, the distance bias could be helpful for denoising. Consider the following context:

x(t) = sin(t) + noise (7

where the noise is obtained by sampling every entry from the discrete sequence i.i.d. according to
the standard Gaussian distributid(0; ) for some small , and then passing it through a low-pass

Iter. The reason why we choose small is that we want to make the noise small-scale, and the
reason why we pass it through the low-pass lter is to decouple the example from the frequency bias.
Here, we see that Chronos learns these small-scale noises, while Chronos-Bolt, having a distance
bias, only learns the large-scale trend.

Of course, when small-scale properties appear to be important, Chronos performs better than
Chronos-Bolt. One example is shown in Figure 6, where

x(t) = sin(t)S(t); (8)

whereS(t) is a scaling factor that periodically alternates between large and small values.

A.2.3 NORM BIAS

Regarding the norm bias, it may not be clear why one should treat signals at different offsets dif-
ferently. Indeed, if we consider the signal labeled “Offset—BAD” in Table 1, we see that Chronos

is much better at continuing the signal near zero than Chronos-Bolt. However, sometimes the small
signals in the input domain are really “physically” less important than the large signals. One im-
portant example is with a sparse signal. For example, consider the signal labeled “Offset—GOOD”
in Table 1. This signal is sparse, consisting of mostly zeros and a few non-zero motifs. Essentially,
the most important information is contained in these non-zero motifs. Chronos-Bolt's MLP embed-
ding assigns the zero values small embeddings, and it focuses more on the non-zero parts, resulting
in a better prediction than Chronos.
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A.3 REGRESSIONTO-THE-MEAN BIAS

As described in Section 4, it may be intuitive that regression algorithms should regress to the mean,
but an example where this bias is not desired is provided by the chaotic systems data from Zhang
& Gilpin (2025a). (Probabilistic forecasting has become an important paradigm in real-world ap-
plications, from weather and climate prediction (Gneiting & Katzfuss, 2014), to energy demand
forecasting (Hong et al., 2016), to nancial risk management (Gneiting et al., 2007); and evidence
suggests that similar results may hold more generally for TSFMs.) In particular, we use the Lorentz
oscillator to generate our context. We see that since the system is chaotic, neither forecast stays
close to the ground-truth, but Chronos' prediction resembles the context much more than Chronos-
Bolt's. That is, while from an MSE or MAE perspective, Chronos is not doing so much better than
Chronos-Bolt, it performs better on other aspects, such as the frequency loss or the fractal dimen-
sion (Zhang & Gilpin, 2025a). More colloquially, without showing the ground-truth, Chronos gives

a more credible continuation of the context and Chronos-Bolt.

Clearly, of course, in many other cases, regression-to-the-mean is desirable. A signi cant example
of this arises when outliers are introduced. For example, consider the following context:

x(t) = sin(t) + Bernoulli(p) ¢; 9

where  is the Dirac-delta and Bernoulp) is i.i.d. random variable with a small probabilify<

p < 1. This signal can model a demand curve that follows some seasonal trend but can be excited by
several random events. In this case, we see that Chronos sometimes predicts these outliers, which
we do not want, while Chronos-Bolt generally avoids them.
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B RELATED WORK

In this section, we describe several lines of related work.

B.1 TIME SERIESMODELING AND FOUNDATION MODELS

Classical time series forecasting (Hyndman & Athanasopoulos, 2018) is grounded in statistical
methods such as ARIMA (Makridakis & Hibon, 1997) and exponential smoothing (Gardner Jr,
1985). More recently, deep learning approaches, e.g., N-BEATS (Oreshkin et al., 2020), have be-
come prominent. Sequence models such as DeepAR (Salinas et al., 2020) popularized probabilistic
forecasting at scale, while the Temporal Fusion Transformer (Lim et al., 2021) combined attention
mechanisms with interpretability for multi-horizon prediction. Building on these advances, recent
work has focused on pretraining general-purpose time series models that transfer across datasets
and tasks. Notable examples include TimesFM (Das et al., 2024), Chronos (Ansari et al., 2024a),
Moirai (Woo et al., 2024), and Time-MoE (Shi et al., 2025). These models vary in tokenization
strategies, training corpora, and zero-shot protocols, but they all share the common goal of develop-
ing a single “foundation model” that generalizes across domains and horizons. Such TSFMs, which
we compare along several axes in Figure 2, include Chronos (Ansari et al., 2024a), TimesFM (Das
et al., 2024), Moirai (Woo et al., 2024), PatchTST (Nie et al., 2022), Time MOE (Shi et al., 2025),
Chronos-Bolt (Ansari et al., 2024b), iTransformer (Liu et al., 2023), Moment (Goswami et al.,
2024), Timer (Liu et al., 2024c), GPTATS (Zhou et al., 2023), UniTime (Liu et al., 2024b), and
TOTEM (Talukder et al., 2024).

B.2 DESIGNCHOICES OFTSFMs

Design choices for TSFMs have caught research attention, e.g., with empirical work in Liang et al.
(2025); Zhao et al. (2025). Beyond these benchmark studies, several papers have investigated spe-
ci ¢ design dimensions of TSFMs. For instance, recent work has examined the impact of tok-
enization strategies (Nie et al., 2022; Talukder et al., 2024), scaling laws for model size and dataset
coverage (Woo et al., 2024; Shi et al., 2025), and architectural choices such as state-space models
versus Transformers (Gu & Dao, 2023; Ma et al., 2024). Other efforts have focused on evaluation
protocols and generalization across domains, highlighting the importance of systematic comparisons
to guide the development of more reliable TSFMs.

B.3 DEEPLEARNING MODELS FORCHAOTIC SYSTEMS FORECASTING

We have used time series from chaotic dynamical systems data as part of our investigation. Re-
cent work (Rackauckas, 2025) has highlighted the promise and limitations of using deep learning
models to learn chaotic systems. A major line of work from Gilpin's group has made fundamen-
tal contributions, including providing a benchmark of many state-of-the-art methods—ranging from
reservoir computing to TSFMs—showing that large, domain-agnostic models can achieve accurate
predictions up to two dozen Lyapunov times into the future (Gilpin, 2021). Further empirical stud-
ies demonstrate that TSFMs like Chronos can perform zero-shot forecasting of chaotic dynamics,
preserving the geometric and statistical properties of chaotic attractors even when point forecasts
degrade (Zhang & Gilpin, 2025a;b; Lai et al., 2025). Beyond TSFMs, physics-informed networks
leverage known physical constraints to extend predictability limits (Doan et al., 2020; Steger et al.,
2022), while knowledge-based hybrid models combining mechanistic and data-driven components
reliably forecast complex chaotic behaviors far longer than either approach alone (Pathak et al.,
2018).

B.4 FREQUENCYBIAS

The frequency bias is related to the spectral bias of neural networks, which was observed and studied
in Rahaman et al. (2019); Yang & Salman (2019); Xu (2020). The term “spectral bias” comes from
the spectral decomposition of neural tangent kernels (NTKs) (Jacot et al., 2018), which approximate
the training dynamics of overparameterized networks (Arora et al., 2019; Su & Yang, 2019; Cao
et al., 2019). By analyzing the eigenfunctions of NTKs, Basri et al. (2019); Bietti & Mairal (2019)
formally proved the presence of spectral bias in two-layer overparameterized networks with uniform
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input distributions; and these results were later extended to nonuniform inputs (Basri et al., 2020;
Yu et al., 2023b). Several approaches have since been proposed to tune the strength of this bias,
including Sobolev-norm-based training strategies (Vlassis & Sun, 2021; Yu et al., 2023b; Tsay,
2021; Son et al., 2021; Czarnecki et al., 2017; Zhu et al., 2021; Son, 2023; Liu et al., 2024a) and
frequency-aware initialization methods (Yu et al., 2023a; 2025a).
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C DETAILS OF THE TEMPORAL BIAS (FROM SECTION 2)

In this section, we provide more details on the temporal bias, which was discussed in Section 2. We
discuss both the frequency bias (Appendix C.1) and the periodicity bias (Appendix C.2).

C.1 DETAILS OF THEFREQUENCYBIAS

In this subsection, we provide more details on the frequency bias, one of the two temporal biases
(the other being the periodicity bias; see Appendix C.2), from section 2. Our discussion is split into
several parts. First, we prove Theorem 1 and discuss some of its consequences (Appendix C.1.1).
Then, we provide more results on the attention matrices in a Transformer with patching to corrobo-
rate the frequency bias (Appendix C.1.2). Finally, we show the existence and non-existence of the
frequency bias in two more interesting scenarios (Appendix C.1.3).

C.1.1 HROOF ANDDISCUSSION OFTHEOREM 1
THE PROOF

The proof of Theorem 1 is an application of concentration inequalities and matrix norm bounds
once we realize that the inverse Fourier transform is an orthogonal transformation, mapping distinct
Fourier modes to orthogonal subspaces in the patch $pface

Theorem 1°. Letk be a patch sizél, < n <k be any positive integer, and min(k=n;n) 1bea

are below! , i.e.,jBjj ! foreveryl i n. Letunitvectorsi;:::;v, 2 R¥ ben patches
that belong to the same band, i.e., sihp B foralll i n and a common. Let unit
vectorsus;:::;u, 2 R ben patches that belong to all different bands, i.e., Gpp B; for
all i n. LetV = v, vn 2 RK "andU = u; Un 2 Rk " and let

(x) = W, ReLU(W 1x) + b be a neural network embedding, witth; 2 R™ kK W, 2 R4 ™,
andb 2 RY. The following two statements hold:

1. (Patches of similar frequencies are embedded in a shared subspace.p <et"
1 be given. Given any neural network widtm and any W; and W, such that
k (V)ka = (1) kW kokW 1kokVk, and any bias termb such thatkb1; ke =
O(1)kW , ReLU(W 1V kg, we have

rank ( (V)= Jfi§ 5 ( (V) >" 1( (V)gi= O()" 2
stab-rank (V)):= k (V)ke=k (V)ko= O():

2. (Patches of different frequencies are embedded in nearly orthogonal subspaces.) There exists a
universal constarit > 0 so that the following statement holds. Assume M&f is a random
Gaussian matrix whose entries follow i.iMd.(0; ) distribution andw ; is a random Gaussian
matrix whose entries follow i.i.d\ (0; bdistribution, where and are any positive numbers.

Set the biastermtobe = W,1,= 2 . Then, forany0 < < 1, m = (log(l =)),
d= (log( n=)),m>n,andm=d= (1) , with probability no lessthath , we have

rank ( (U))= ( n); stab-rank (U))= ( n):

Moreover, the constants in &l and -notations are universal.

Proof of Theorem@ We prove the two statements separately.

the discrete Fourier transform is an orthogonal operator, the veciors: ; v, are also contained
in a subspace of dimension! . Therefore, we have that raf\k) ! and that

KWke | V2T F a2 T am2=Prow)
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Since the RelLU activation function cannot increase the norm of an input matrix, we therefore have
k ( V)kF k W ReLU(W 1V)k|: + kb 1: ke
= O(1)kW 2 ReLUW 1V)ke O (1)kW 2kokReLU(W 1V )kg
O (kW 2k kW 1Vke O (LKW 2k kW 1kokV kg O (p TYKW 5ko kW 1kokV ko:
By our assumption, we have that( ( V)) (1) kW 2kokW 1kokV ko, and the statement about
the stable rank follows immediately. Thus, we have
P
= (VD2 k(V)RE _ K(V)ke ?
"2 4((V)? "2 4((V)? (V)
PIkW okokW kokV ks 2 oW 2
" (1) KW 2kokW 1kokV kp -

rank (( V))

Proof of the Second Statement.We will break the proof into three steps. In the rst step, we
lower-bound the Frobenius norm ¢fU). In the second step, we upper-bound the spectral norm of

( U). This gives us an estimate of the number of large singular values, which we formally prove as
the last step.

» Step I: Since the ReLU activation function is homogeneoug®n ), we may assume, without
loss of generality, that = = 1. Since the vectorsi;;:::; 0, are supported on mutually
disjoint sets of indices, they are orthogonal to each other. Moreover, since each of them is a
unit vector, they are orthonormal. Since the inverse discrete Fourier transform is an orthogonal
operator, we have that the matiik has orthonormal columns. Therefore, the matix U is
still a random Gaussian matrix whose entries are i.i.d. distributedNlii@& 1). That is, we clearly
have that 1
E kReLUW U)kZ = Smn;
where thel=2 comes from the fact that ReLU res each neuron with a probability=<#. More-
over, by estimating the lower tail of the? distribution, we know that for soma = (log(1 =)),
with probability no less thatt =5, we have that

kReLU(W ;U )k2 gmn: (10)
From now on, we instantiaté/ ; and assume that eq. (10) is achieved. Zet ReLU(W ;U),
N; = kZkg, and letY = W ,Z. Letw; be theith row of the matriXxw ,. We have
" #
xd xd
E[kY k3]= E[kW ,Zk2]= E kwZks = E kw] Zk3
1 i=1

i
= dE kw;Zki =d E (wjz)?:
j=1
However, sincav; N (0;ly), we have
E (w7z)? = kzk:
This gives us
X X
EkYki]=d E (w7z)? =d kzjk3 = dkzZkZ:
j=1 j=1

By another Chernoff bound, we have that b= (log( n=)), with probability no less than
1 =5 that

kY k2 (1) dkzk2 gdmn: (12)
Clearly, ford = (log( n=)), with probability no less thafh =5, we have
KW 21, k3 gdm =) k Woln nzp 2 k2 S%dmn: (12)
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By a union bound, with probability no less than 3 =5, we have that eq. (10), (11), and (12)
hold. When these hold, the triangle inequality of the Frobenius norm gives us
p 2 3

2 k2 = = dmn> %dmn: (13)

k(U)kZ k YK k Wyly, n= 5 &

» Step II: We can write the output of the neural network as
0 1

( U)= W,ReLUW ;U) p]énglm n = WZ%ReLU(Wlu) pjz':lm n§:
| {RZ }

First, sincelV , is a random Gaussian matrix whose entries are N.@; 1), ford = (log( n=))
andm = (log(1 =)) de ned above and with probability no less tharb, we have

p- _

KW oko = O(1)( d+ " m): (14)
Now, consider the matriR . SinceU has orthonormal columns, we know that the matkix U
still has i.i.d. entries, and so do&s. Moreover, each entry iR clearly has a sub-Gaussian
distribution. LetR be an entry oR, then we have

E[R] = E RelLU(Z) 912: = E[ReLU(Z)] plzj:o;

whereZ N (0;1) and it is well-known thaE [ReLU(Z)] = 1 :p 2 . Since we assumed that
m = (log(1 =)), with probability no less thatt =5, we have

KRk, = o()(" m + P m): (15)

By a union bound, eq. (14) and (15) hold with a probability no less than2 =5. When these
two equations hold, we have by the sub-multiplicativity of the spectral norm that

k( Uk, = KW,Rko, k W okokRks = 0(1)(p%+ m) = 0(1)pﬁ; (16)

where the second last step comes from the factrtkatn and the last step follows from the fact
thatd=m= (1) .

» Step lll: By a nal union bound, we can assume that eq. (13) and (16) hold with a probability of

nolessthal .Let 3;:::; n, bethe singular values of U). Then, we have that
2+ 4+ 2 k(U)K dmn
1 n - F _ - .
7 T ok - D gm - (M

Since the constant in the-notation is universal, there must exist a univefsal 0 such that at
least ( n) of the relative singular valueg = 1 = 12: 2 are>" . The proof is complete.

O

INTERPRETATION ANDDISCUSSION OFTECHNICAL DETAILS

A pictorial description of Theorem 1 can be found in Figure 10.

As a next step, notice that our theorem relies on a list of crucial assumptions. We anticipate some
guestions on them, and now we discuss why certain assumptions are made.

* Why do we assume that the support of a veator v is strictly in a band?

We make this assumption for the simplicity of the proof and the cleanliness of the nal
statement. In practice, when is small, one hardly encounters a patch whose support

is strictly limited within a narrow band; instead, it is often the case that a patch has its
Fourier coef cients dense in a band and are supported with small values elsewhere. To
prove a result in this case, one can view these patches as small perturbations of strictly
band-limited patches, and a statement will follow using a Weyl-type perturbation analysis.
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Figure 10: An illustration of Theorem 1: if we sample a number of patches from the same narrow
frequency band, then they are embedded into a small subspace; while if we sample the patches with
different frequency contents, then they are embedded into different subspaces of the hidden space.

* In the rst statement, why do we assume th@tV )k = (1) kW 2kokW 1kokV ky?

If we assume no RelU activation is used, then this condition simply reduces to the general
tightness of the sub-multiplicativity of the spectral norm. However, introducing the ReLU
activation function usually only increases the spectral norm of the output. Hence, the lower
bound is natural to assume.

¢ Inthe rst statement, why do we assume tklat > ke = O(1)kW ,ReLUW 1V kg ?

This assumption simply says that when computing the output of a two-layer RelLU-
activated MLP, we are not asymptotically dominated by the bias term, which is a natural
one to make.

* In the second statement, why do we assumelthat W 1, :p 27

This is perhaps the most arguable assumption that we have made. It is a technical as-
sumption that we will further empirically justify in our numerical experiments. At a high
level, if we assume that/ ; andW , are random Gaussian matrices, the ReLU's output
ReLU(W V) does not have a mean 6f Since it does not have a mean of zero, in ex-
pectation, it will introduce a rank-perturbation in the output of the MLP. The bias term

is there to recenter the intermediate output R&BMJ V') to avoid the rankk component.
Without the bias term, the output will be the sum of a large ramRatrix and a full-rank
matrix, making our statement about the stable rank invalid, but the statement about the
"-rank remains true.
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NUMERICAL EXPERIMENT

Figure 11: The"-ranks and stable ranks of the output matrix of a randomly sampled MLP layer,
given an input matrix sampled from a single frequency band whose width is limitéd Bs !
increases, the ranks of the output matrix grow. The reference line has a slape thfis log-log

plot.

We conclude our discussion of Theorem 1 by presenting three numerical experiments to corroborate
the theorem statement and elaborate on some technical assumptions made. Our rst experiment
validates that the bandwidth limits the rank of the input embedding. For this experiment, we
setd = 1024, m = 4096, n = 1024, andk = 64. Our MLP is obtained by randomly sampling
Gaussian matrice®/ ; andW , and de ning the bias term to be the centering fadférn1,, as
explained earlier. For a xed bandwidth, we samplen patches whose supports are contained in a

xed band of width! . We then simulate the two-layer MLP to compute the output matrix.

In Figure 11, we see that dsincreases, the stable rank of the output matrix follows the linear
growth, which corroborates the rst statement in Theorem 1. "Fhenks are slightly more compli-
cated because they are upper boundethbn(d; n) and saturate easily. In practice, we see that the
growth of the"-ranks is initially faster than linear and eventually slows down.

In the second experiment, we compare the two statements made in Theorem 1. To this end, we
design an experiment, where we x the bandwidth ta= 2. We still used = 1024, m = 4096,

andk = 64. However, we change, the number of patches sampled. For eactve sample these
patches in two ways:

» A sampling that resembles the rst statement: we sample then patches from a xed
single band that has a width bf

» A sampling that resembles the second statementve sample the patches fronn mu-
tually disjoint bands in the Fourier domain. Note that this requires  k, which is the
reason why we choose a smalfor this experiment.

We then simulate the two-layer MLP sampled in the same way as explained above.
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