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ABSTRACT

We introduce a mathematical framework for analyzing and representing neural networks in a way
that is both structurally aware and hierarchical. We begin by developing two general-purpose,
mathematically-grounded tools for the pairwise analysis of neurons. First, we introduce Structural
Component Analysis (SCA) and prove it finds the optimally disentangled orthonormal basis for the
joint input-output weight space. First, Structural Component Analysis (SCA) finds a maximally
disentangled orthonormal basis for the joint input-output weight space. Second, we formalize
the Gated Interaction Decomposition (GID) provides a generative, and generally oblique, basis that
explains how the coupling between input and output weights arises from an interpretable multiplicative
gating mechanism. We then present the Hierarchical Encoding via Reversible Merging (HERM)
framework, which leverages GID as a core operator to iteratively and losslessly merge pairs of
neurons, thereby transforming a trained network into a compressed skeletal representation and a
sequence of recovery instructions. This process reveals a meaningful functional hierarchy of the
network’s learned knowledge. Our theoretical approach provides a new lens for understanding and
manipulating neural networks, and we illustrate its potential through proof-of-concept applications in
elastic fine-tuning, dynamic architecture design, and model compression.

1 INTRODUCTION

Deep neural networks have achieved remarkable success across a vast range of domains, yet our understanding of their
internal workings remains surprisingly limited. As models grow in complexity, they are increasingly treated as opaque
”black boxes,” making it difficult to interpret their learned representations, debug their failures, or efficiently adapt them
to new tasks. A central obstacle here is the lack of analysis tools that can decompose a network’s function in a way that
respects its inherent structure. For instance, standard linear analysis techniques like Singular Value Decomposition
(SVD) applied to a weight matrix ignore the fundamental distinction between a neuron’s input weights (which detect
features) and its output weights (which propagate signals). Furthermore, most methods provide a ”flat” view of the
network, failing to uncover the hierarchical relationships that may exist among its learned concepts.

This paper introduces a mathematical framework designed to address these shortcomings by providing a structured,
hierarchical, and reversible way to analyze neural networks. Our approach is built from the ground up, starting with the
fundamental mathematical unit of a network: the interaction between neurons. We argue that by understanding how
pairs of neurons cooperate and specialize, we can build a comprehensive picture of the entire network’s function. Our
framework consists of three main components. We first introduce two general-purpose tools for the analysis of any pair
of neurons within a layer.

Structural Component Analysis (SCA). A method to find an orthonormal basis for the subspace spanned by the
joint input-output weights of neurons. Critically, this basis is maximally disentangled, meaning its vectors align as
closely as possible with the input and output weight spaces, respectively. SCA answers the question: what is the most
structurally pure representation of the function performed by these neurons?

Gated Interaction Decomposition (GID). A more expressive, generative model that provides a specific parameteri-
zation for the subspace spanned by two neurons. GID explains how the coupling between input and output spaces arises
via a multiplicative gating mechanism, modeling a form of second-order conditional logic. It answers the question:
what is the underlying mechanism of interaction between these neurons?

Hierarchical Encoding via Reversible Merging (HERM). A framework that uses GID as a core algebraic operator
to iteratively merge pairs of neurons in a provably lossless manner. This process transforms a trained network into a
compressed ”skeletal” network and a sequence of recovery instructions. This ordered sequence of merges reveals a
functional hierarchy, from granular, specialized concepts (merged first) to fundamental, core concepts (merged last).

The main contribution of this paper is not an empirical result but the mathematical framework itself. SCA, GID, and
HERM are general-purpose tools rooted in sound mathematical foundations, offering a new perspective on network
analysis. To demonstrate their potential, we conclude with two minimal, proof-of-concept experiments. We show how
the hierarchy revealed by HERM can be used to guide a principled form of elastic fine-tuning for transfer learning and
how its reversible operators can provide the mechanics for creating dynamic, self-organizing architectures that grow
and shrink during training, and finally how partial decoding can be used for model compresion. These applications
underscore the utility of a framework that goes beyond passive analysis to enable active and intelligent manipulation of
neural network structure. All relevant algorithms and mathematical proofs are provided in the supplementary
appendix.

2 RELATED WORKS

Structured Subspace Analysis Classical subspace analysis methods like PCA Pearson (1901); Hotelling (1933) or
SVD Eckart & Young (1936) are structure-agnostic, mixing functionally distinct components. Our SCA is instead
designed to find an orthonormal basis for the joint space Rn × Rc that is maximally disentangled, respecting this
partition. This differs from two-view methods like Canonical Correlation Analysis (CCA) Hotelling (1936) or Partial
Least Squares (PLS) Wold (1975). These methods, including modern variants Hardoon et al. (2004); Witten et al.
(2009); Andrew et al. (2013), seek to relate two separate subspaces (e.g., span(Win) and span(Wout)), whereas SCA
analyzes a single joint subspace S and finds a single, maximally-aligned basis for it. This line of inquiry remains active
in the analysis of modern representation geometry Hoogeboom et al. (2023); Pimentel et al. (2024).
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Interpretable Bases and Multiplicative Interactions Our GID produces a generally non-orthogonal (oblique)
basis. This connects it to methods like Independent Component Analysis (ICA) Comon (1994), Non-negative Matrix
Factorization (NMF) Lee & Seung (1999), and sparse coding Olshausen & Field (1997); Aharon et al. (2006). However,
while these methods derive obliqueness from statistical priors (e.g., independence, sparsity), GID’s obliqueness is a
necessary consequence of its specific, mechanistic hypothesis: a multiplicative, second-order gating process. This goal
of finding interpretable, non-orthogonal ”features” is shared by modern dictionary learning approaches used to analyze
LLMs Lanchantin et al. (2023); Adly & et al. (2024). The core GID mechanism, pc = (⟨u, z⟩) r, is a form of bilinear
interaction, a concept related to tensor decompositions Harshman (1970); Kolda & Bader (2009) and ubiquitous in
deep learning. Gating mechanisms are foundational to LSTMs Hochreiter & Schmidhuber (1997) and dot-product
attention Vaswani et al. (2017), and remain central to state-of-the-art LLMs through innovations like Rotary Position
Embeddings (RoPE) Su et al. (2024) and Grouped-Query Attention (GQA) Ainslie et al. (2023). GID contributes a
novel post-hoc analytical tool to interpret this coupling in static, learned weights.

Network Interpretability and Neuroscience Parallels Our framework offers a new approach to network inter-
pretability. It analyzes neither activations Olah et al. (2017); Bau et al. (2017); Kornblith et al. (2019) nor single weight
matrices Saxe et al. (2013); Han et al. (2015) in isolation. Instead, SCA and GID are, to our knowledge, the first tools
designed specifically to model the joint input-output weight space. This allows a decomposition of function based on the
coupling between what a neuron detects (input) and how it contributes (output), aligning with the goals of mechanistic
interpretability Nanda et al. (2023); Olah et al. (2020). This approach has strong parallels in computational neuroscience.
GID’s multiplicative gating provides a mathematical form for dendritic computation, where biological neurons perform
complex, non-linear operations in their dendrites Mel (1994); London & Häusser (2005); Gidon et al. (2020); Häusser
& Magee (2021). HERM’s discovery of a functional hierarchy mirrors the principles of efficient and hierarchical
coding in sensory pathways Barlow (1961); Olshausen & Field (1996); Felleman & Van Essen (1991), while its merge
operation is a computational analog for the formation of neural assemblies Buzsáki (2010); Holtmaat et al. (2022).
Finally, SCA’s joint analysis of input-output structure resonates with the central goal of modern connectomics: linking
structural wiring diagrams to function Sporns (2010); Bullmore & Sporns (2009); Shapson-Coe et al. (2024).

3 STRUCTURAL COMPONENT ANALYSIS (SCA)

We introduce Structural Component Analysis (SCA) to analyze data possessing an intrinsic binary partition, specifically
the joint input and output weight parameters of neurons in a network. Consider a layer with h neurons, each of which
has n inputs, and c outputs. The parameters for each neuron 1 ≤ i ≤ h are represented by a joint vector wi ∈ Rn+c,
formed by concatenating its input weights (∈ Rn) and output weights (∈ Rc). These h vectors span a k-dimensional
subspace S ≜ span({wi}hi=1) ⊆ Rn+c, where k ≤ h is the rank.

To reveal a specific structure within the vectors {wi}hi=1, one can apply the appropriate orthogonal transform—a
rotation of the coordinate system—to find a new basis where each axis has a special meaning. Examples include
the Discrete Fourier Transform (DFT) and Principal Component Analysis (PCA), which find spaces well-suited for
frequency and variance analysis, respectively. These transforms, however, are structure-agnostic. They ignore an
inherent Rn × Rc partition in the data, producing basis vectors that arbitrarily mix these components. This mixing is
problematic because the two subspaces are functionally distinct. In a neural network, for example, a neuron’s input
weights ∈ Rn act as a feature detector (a template or filter), while its output weights ∈ Rc translate the detection result
into a task-relevant signal to the next layer. A basis that merges these two separate functions is difficult to interpret.

SCA addresses this by finding an orthonormal basis {b1, . . . ,bk} for S that is maximally structurally disentangled.
That is, it seeks basis vectors that are either n-dominated or c-dominated, while penalizing vectors that mix components
from both spaces. Formally, given a hyperparameter kn (denoting the desired number of n-dominated basis vectors,
where 1 ≤ kn < k), SCA seeks to find the basis {bi} that minimizes the total structural coupling cost J . This
cost function quantifies the cumulative ”spill-over” of basis vectors into their non-dominant subspace J({bi}ki=1) =∑kn

i=1 ∥(bi)c∥2 +
∑k

j=kn+1 ∥(bj)n∥2, where (b)n ∈ Rn and (b)c ∈ Rc are the components of b. Minimizing J
forces the first kn vectors to align as closely as possible with the Rn subspace and the remaining k− kn vectors to align
with the Rc subspace, while collectively remaining an orthonormal basis for S. See Figure 1 for a visual illustration.

x1 x2

x3

Rn (n-space)

Rc (c-space)

S

e1

e2

b1

b2

Figure 1: Visualizations of the Structural Com-
ponent Analysis (SCA). The blue-shaded region
is the n-space (Rn, visualized as a 2D plane)
and the vertical z-axis represents the c-space
(Rc, visualized as 1D). The red-shaded region is
the subspace S. SCA finds an n-dominated vec-
tor b1 (blue) that lies as flat as possible within
S, and a c-dominated vector b2 (purple) that is
orthogonal to it and maximally aligned with the
c-space. A conventional basis like {e1, e2} is
less disentangled.

The optimal basis {b∗
i } that minimizes the structural coupling cost J is guaranteed to exist and can be constructed via

the following procedure (see Proposition 2 for proof). We first choose any arbitrary orthonormal basis {e1, . . . , ek}
for the k-dimensional subspace S (e.g., via SVD on the matrix W whose rows are w⊤

i ). Then we construct the k × k
symmetric, positive semi-definite matrix M using only the n-space components of the initial basis Mij = (ei)

⊤
n (ej)n.

This matrix captures the projection of the subspace S onto the Rn space, as seen from the basis {ei}. We now compute
the complete eigendecomposition of M, yielding k orthonormal eigenvectors v1, . . . ,vk ∈ Rk and their corresponding
real eigenvalues λ1 ≥ λ2 ≥ · · · ≥ λk ≥ 0, that is Mvj = λjvj ∀j ∈ {1, . . . , k}. At the end we construct the
SCA basis vectors {b∗

1, . . . ,b
∗
k} by linear combinations of the initial basis vectors, using the components of the

eigenvectors of M as coefficients. That is, the new basis is a rotation of the old basis, defined by the orthogonal matrix
V = [v1| . . . |vk], which yields b∗j =

∑k
i=1(vj)i ci, where (vj)i is the i-th component of vj . The first kn vectors,
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{b∗
1, . . . ,b

∗
kn
}, corresponding to the kn largest eigenvalues, constitute the optimal set of n-dominated vectors. The

remaining vectors, {b∗
kn+1, . . . ,b

∗
k}, are the optimal c-dominated vectors. The eigenvalues themselves quantify the

disentanglement: λj =
∥∥(b∗

j )n
∥∥2. Since

∥∥b∗
j

∥∥2 = 1 (as it’s an orthonormal basis), this implies
∥∥(b∗

j )c
∥∥2 = 1− λj .

Thus, eigenvalues close to 1 correspond to basis vectors residing almost entirely in Rn, while eigenvalues close to 0
correspond to vectors almost entirely in Rc. This allows us to categorize the nature of the coupling as: No Interaction:
All eigenvalues λj are either 1 or 0. The subspace S fully decomposes into a direct sum of a subspace within Rn and
a subspace within Rc. One-Sided Interaction: One set of coupling terms is zero, but the other is not. Two-Sided
Interaction: The general case, where both n-dominated and c-dominated vectors have non-zero ”spill-over” (i.e.,
eigenvalues 0 < λj < 1 exist).

3.1 THE TWO-DIMENSIONAL CASE: dim(S) = 2

Motivation Analyzing the two-dimensional case for a subspace S ⊆ Rn+c is crucial. While focusing on a 2D
subspace may seem restrictive, this approach allows us to analyze an entire deep network by iteratively applying SCA
(or its derivative, GID) to pairs of neurons. The computational implications of this pairwise method are profound. It
reduces the most expensive operations—eigendecomposition and, for GID, matrix inversion—from large (n+c)×(n+c)
matrices to trivial 2× 2 matrices. This is the miracle: for the 2× 2 case, both operations have simple, closed-form
algebraic solutions. Consequently, we can completely avoid the iterative and computationally costly numerical
procedures required for general-sized matrices.

Notation When dim(S) = 2, the only meaningful choice for the SCA parameters is k = 2 and kn = 1. For clarity,
we denote the two resulting SCA basis vectors as p∗ and q∗ instead of b∗1 and b∗2. Without loss of generality, we let p∗

be n-dominated and q∗ be c-dominated. Accordingly, the subvectors p∗
n and q∗

c are called the primary components,
while the subvectors p∗

c and q∗
n are the coupling components, which represent the structural coupling.

4 GATED INTERACTION DECOMPOSITION (GID)
4.1 CORE DEFINITION AND MOTIVATION

The Gated Interaction Decomposition (GID) is a specialized parameterization for any S ⊆ Rn+c with dim(S) = 2.
Recall that SCA finds an optimally disentangled basis. While SCA’s objective function J is bounded below by zero, the
actual minimum value J∗ is typically non-zero, meaning the resulting basis still retains an inevitable and irreducible
residual coupling. This coupling is crucial for understanding the underlying process that generated the subspace, yet
SCA only provides the basis; it does not explain the mechanism of this coupling. GID, in contrast, constructs a specific,
and generally non-orthogonal, basis {p,q} from four underlying primitive vectors {u,v, z, r} where ∥u∥ = ∥v∥ = 1.
We refer to u ∈ Rn and v ∈ Rc as primary vectors and to z ∈ Rn and r ∈ Rc as interaction channels. These
primitives form the basis vectors according to a precise multiplicative structure:

p =

[
u

(⟨u, z⟩) r

]
and q =

[
(⟨v, r⟩) z

v

]
(1)

It is precisely this structure that characterizes how the spaces interact—i.e., how the n-space influences the c-space,
and vice versa. The scalar terms ⟨u, z⟩ and ⟨v, r⟩ act as gates that control the magnitude of this cross-space coupling.
Specifically, the interaction mechanism is as follows: In the basis vector p, the c-space component r is gated by
the interaction between the n-space primary vector u and the n-space channel z. In the basis vector q, the n-space
component z is gated by the interaction between the c-space primary vector v and the c-space channel r.

4.2 GID INTERACTION MODES

The same taxonomy of interaction modes developed for SCA (no interaction, one-sided, two-sided) can also be applied
to GID. In fact, the modes derived from both methods must be identical. This is because the interaction mode is a
fundamental property of the subspace S itself, not of the particular basis chosen to represent it (see Propositions 3 and
4). Within this taxonomy, two-sided interactions represent the most general and complex form, making them the most
practically relevant mode. However, one-sided interaction spaces, when represented by GID, exhibit special properties
that make them particularly attractive from a theoretical perspective. Given the distinct practical and theoretical
importance of each, our analysis will cover both modes.

4.3 ONE-SIDED INTERACTIONS: AXIOMATIC FOUNDATIONS AND SIMPLE SOLUTION FORMS

While the GID basis {p,q} is generally non-orthogonal (and thus distinct from the orthonormal SCA basis {p∗,q∗}), in
the special case of one-sided interaction spaces, the two bases are proven to be parallel. This connection is highly useful.
It stems from the definition of a one-sided SCA basis, in which one coupling component is zero (e.g., (q∗)n = 0).This
perfect alignment allows for the derivation of a simple analytical solution for a set of GID primitives, computed directly
from the SCA basis components. One-sided interaction spaces are of special interest from theoretical perspective for
the following reasons:

Orthogonality and Simple Solution Form for Primitives . While the GID basis {p,q} is generally non-orthogonal
(and thus distinct from the orthonormal SCA basis {p∗,q∗}), in the special case of one-sided interaction spaces, the
two bases are proven to be parallel. This connection is highly useful. It stems from the definition of a one-sided SCA
basis, in which one coupling component is zero (e.g., (q∗)n = 0).This perfect alignment allows for the derivation of a
simple analytical solution for a set of GID primitives, computed directly from the SCA basis components. For the
case where (q∗)n = 0: u ≜ p∗

n

∥p∗
n∥

, v ≜ q∗
c , z ≜ p∗

n

∥p∗
n∥2 , r ≜ p∗

c . This solution has a continuous scaling
ambiguity, as the set {sz, (1/s)r} for any s ̸= 0 describes the same subspace. See proof of Theorem 5 for details.

Axiomatic Foundations: Why GID is special to represent a 2D subspace over other possibilities? The GID
structure is not an arbitrary choice but is the unique mathematical representation that satisfies three intuitive principles
for a 2D basis {p,q}:

(1) Minimal Structural Coupling. The basis must be maximally disentangled, as found by SCA.
(2) Minimal Interaction Rank. Let the coupling between spaces be defined as linear maps Ln→c : Rn → Rc and

Lc→n : Rc → Rn, where pc = Ln→c(pn) and qn = Lc→n(qc). This principle mandates minimal interaction
by requiring Ln→c and Lc→n to be the simplest possible non-trivial form: a rank-1 operator.

3
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(3) Shared Interaction Mechanism. The coupling is symmetric, sharing the same interaction channels {z, r}.

Any basis satisfying these three axioms must take the GID parametric form. See Figure 2 for illustration and
Theorem 6 for details.

N-Space (Rn) C-Space (Rc)

z

span(z)

r

span(r)

Principle 2: Minimal Interaction Rank (Rank-1)

x

1. Project: a = ⟨x, z⟩ Ln→c

2. Scale: ar
3. Output: Ln→c(x)

Principle 3: Shared Interaction Mechanism (Transpose)

y

1. Project: b = ⟨y, r⟩
Lc→n = L⊤

n→c

2. Scale: bz
3. Output: Lc→n(y)

Figure 2: A visualization of the GID interac-
tion axioms. [Principle 2] The map Ln→c is a
rank-1 bottleneck: An input x is (1) ’Projected’
onto the z channel to get a scalar a, which is
then (2) used to ’Scale’ the r vector, produc-
ing (3) the final ’Output’ vector. The output
must lie along the 1D line defined by r. [Prin-
ciple 3] The map Lc→n is a shared, symmet-
ric mechanism: It uses the exact same vectors
(z, r) but in reversed roles. An input y is (1)
’Projected’ onto r to get b, which is (2) used to
’Scale’ z, producing (3) the final ’Output’ vector.
This operational symmetry, where the projection
and scaling channels are swapped, is the visual
meaning of the maps being ’Transposes’ of each
other (Lc→n = L⊤

n→c).

4.4 THE TWO-SIDED INTERACTION CASE: SOLUTION VIA QUARTIC ROOT-FINDING

While two-sided interactions are more general and typical in real-world applications, this generalization introduces
significant analytical challenges. The jump from one-sided to two-sided interaction spaces is not trivial; we lose the
clear axiomatic foundation that made GID the unique and necessary representation for the one-sided case. While not a
formal proof, the fact that GID arises from first principles in the one-sided case provides a strong justification for its
continued use as a general and principled representation. Furthermore, while a closed-form expression for the GID
primitives is still attainable, its derivation is substantially more complex. The reason is that a GID basis for a two-sided
space is necessarily oblique as shown in Proposition 9. This breaks the link to the SCA basis that are by definition
orthonormal. The remainder of this section is dedicated to developing the mathematical results required to derive these
analytical expressions for the two-sided interaction space.

Roadmap. First, we formulate the problem as a constrained optimization guided by the principle of minimum energy.
Second, we prove that this principle confines the search space for the interaction channels to a low-dimensional subspace,
allowing us to project the entire problem into R2. Third, we derive the complete system of constraints that govern the
2D problem, a crucial step whose omission leads to an incorrect, underdetermined solution. Fourth, we show how this
fully-constrained system can be analytically collapsed into a univariate optimization problem whose solution is found
by finding the roots of a quartic polynomial. Finally, we detail the full algorithm, including critical numerical stability
enhancements.

4.4.1 PROBLEM FORMULATION
Given a pair of neurons with joint weight vectors {wi,wj}, we form the joint weight matrix W = [wi|wj ] ∈ R(n+c)×2.
We say a neuron pair is admissible if their corresponding input and output weight matrices, Win = [(wi)n|(wj)n] and
Wout = [(wi)c|(wj)c], are both of full column rank (i.e., rank(Win) = rank(Wout) = 2). The analysis throughout
Section 4.4 assumes admissibility. As demonstrated in Proposition 15, any pair that fails this condition degenerates to a
one-sided subspace, which is fully addressed by the methods developed in Section 4.3.

The GID factorization seeks primitives u,v, z, r and coefficients α,β that provide a perfect reconstruction. Among
the potentially infinite set of solutions, we seek the one whose interaction channels induce minimum energy. Formally,
we solve:

min
{u,v,z,r,α,β}

(
∥z∥22 + ∥r∥

2
2

)
s.t. W =

[
u

⟨u, z⟩ r

]
︸ ︷︷ ︸

p

α⊤ +

[
⟨v, r⟩ z

v

]
︸ ︷︷ ︸

q

β⊤ and ∥u∥ = ∥v∥ = 1 (2)

4.4.2 DIMENSIONALITY REDUCTION
The key to an analytical solution is to prove that the search for the optimal interaction channels is not over the entirety
of Rn and Rc, but is restricted to the 2D subspaces defined by the neuron weights themselves. We start by showing
the optimal solution to 2 must have its interaction channels z and r for in the column space of span(Win) and
span(Win) respectively per Proposition 10. Consequently, we can parameterize the high-dimensional vectors using a
low-dimensional coordinate system. Let the (thin) QR factorizations of the weight matrices be Win = QnRn and
Wout = QcRc, where Qn ∈ Rn×2 and Qc ∈ Rc×2 are orthonormal bases for the respective 2D subspaces. We
can express the primitives as z = Qnz2d, r = Qcr2d, u = Qnu2d, v = Qcv2d, where the subscript 2d means the
vector is 2-dimensional. Substituting these into the GID equations and left-multiplying by Q⊤

n and Q⊤
c transforms the

high-dimensional problem into an equivalent one in R2:

Rn = u2dα
⊤ + z2d(r

⊤
2dv2d)β

⊤ (3)

Rc = v2dβ
⊤ + r2d(u

⊤
2dz2d)α

⊤ (4)

4.4.3 THE COMPLETE SYSTEM OF CONSTRAINTS IN THE 2D SUBSPACE
Within this 2D space, the problem becomes tractable. We first define the coefficient matrix C ≜ [α|β] ∈ R2×2,
which Proposition 11 proves is invertible. This invertibility is key, as it allows us to solve for C⊤ and equate the two
expressions in (3) and (4). Then simple algebraic manipulation reveals that the GID primitives in the 2D projected space
must satisfy two core constraints: z⊤2dPr2d = 1 and z⊤2d(P

−1)⊤r2d = 1, where P ≜ RnR
−1
c . See Proposition 12

4
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for detailed derivation steps. Note that the 2× 2 matrix P ≜ RnR
−1
c is well-defined and invertible. That is because

the matrices Rn and Rc are upper triangular and full rank by construction from the QR decomposition of linearly
independent neuron weights.

4.4.4 CONVERSION TO UNCONSTRAINED OPTIMIZATION

The optimization problem is now reduced to solving the following in R2: minz2d,r2d E s.t. z⊤2dPr2d =

1 , z⊤2d(P
−1)⊤r2d = 1, where E ≜ ∥z2d∥2 + ∥r2d∥2. The constraints form a linear system for z2d, which

allows us to solve for it in terms of r2d. Substituting this solution back into the energy function reduces the problem to
the following unconstrained optimization over the single 2D vector variable r2d. This is proved in Proposition 13.

min
r2d∈R2

E(r2d) =
r⊤2d(A

⊤A)r2d
(r⊤2dMr2d)2

+ r⊤2dr2d , (5)

where A = P− (P−1)⊤ and M = A⊤J⊤P.

4.4.5 OPTIMAL LENGTH

We now show that the optimal magnitude of the vector r2d can be determined analytically for any given direction. Let,
r2d = ρ · û , ∥û∥ = 1. By substituting r2d = ρû into Eq. (5), the energy becomes E(ρ) = ρ2(û⊤A⊤Aû)

ρ4(û⊤Mû)2
+ ρ2.

The quadratic forms in û are constant for a fixed direction. Taking the derivative dE
dρ and setting it to zero yields

−2ρ−3 N
D2 + 2ρ = 0, where N and D are the constant quadratic forms. Solving for ρ gives the optimal magnitude:

ρ4 =
û⊤(A⊤A)û

(û⊤Mû)2
(6)

4.4.6 COLLAPSED 1D OBJECTIVE FUNCTION

In this section, we show that by substituting this optimal magnitude back into the energy function, the problem collapses
from a bivariate optimization over r2d to a simpler univariate optimization over its direction, represented by an angle θ.
To obtain the collapsed 1D objective function, we start by showing that the minimum E, as a function of the direction
vector û ∈ S1, is given by:

E(û) = 2 ·
√
û⊤(A⊤A)û

|û⊤Mû|
(7)

To see that, let N(û) = û⊤(A⊤A)û and D(û) = û⊤Mû, so that (6) can be expressed more compactly as ρ2 =

√
N(û)

|D(û)| .

Substitute this into the energy function E = ρ−2 N(û)
D(û)2 + ρ2. The first term becomes |D(û)|√

N(û)

N(û)
D(û)2 =

√
N(û)

|D(û)| .

The second term is ρ2 =

√
N(û)

|D(û)| . Summing these two identical terms gives the final expression. The problem
is now reduced to finding the unit vector û ∈ S1 that minimizes Eq. (7). This is equivalent to minimizing its
square: minû∈R2,∥û∥=1 F (û) = û⊤(A⊤A)û

(û⊤Mû)2
. To solve this, we parameterize the unit vector by an angle, û(θ) =

[cos θ, sin θ]⊤. Let C = A⊤A (a symmetric matrix) and Msym = 1
2 (M+M⊤), noting that û⊤Mû = û⊤Msymû.

A general quadratic form û⊤Xû for a 2 × 2 symmetric matrix X and unit vector û can be written as: û⊤Xû =
X11+X22

2 + X11−X22

2 cos(2θ) + X12 sin(2θ). We apply this to our numerator and denominator N(θ) = û⊤Cû =

kc1 + kc2 cos(2θ) + kc3 sin(2θ), D(θ) = û⊤Msymû = km1 + km2 cos(2θ) + km3 sin(2θ) and therefore obtain
F (û(θ)) = N(θ)

D(θ) where the coefficients kij are derived directly from the elements of C and Msym.

4.4.7 CONVERSION TO A POLYNOMIAL

To find a purely analytical solution, we reframe the problem from minimizing a trigonometric objective function in θ to
finding the roots of a degree-4 univariate polynomial, which can be solved using known closed-form expressions. To do
this, we continue with these following steps.

Step 1: Set the Derivative to Zero. To minimize F (θ) = N(θ)/D(θ)2, we set its derivative to zero. Using the
quotient rule, dF

dθ = 0 implies that the numerator of the derivative must be zero: N ′(θ)D(θ)2−N(θ) ·2D(θ)D′(θ) = 0.
Since D(θ) is generally non-zero, this simplifies to the core condition:

N ′(θ)D(θ)− 2N(θ)D′(θ) = 0 (8)

The derivatives are: N ′(θ) = −2kc2 sin(2θ) + 2kc3 cos(2θ) and D′(θ) = −2km2 sin(2θ) + 2km3 cos(2θ).

Step 2: Convert to a Polynomial. Let x = cos(2θ) and y = sin(2θ). Substituting into Eq. 8 gives (−2kc2y +
2kc3x)(km1 + km2x + km3y) − 2(kc1 + kc2x + kc3y)(−2km2y + 2km3x) = 0. Expanding this equation yields a
polynomial in x and y with terms up to degree 2 (e.g., x2, y2, xy). We rearrange this equation to isolate the terms
containing y A2(x)y

2 +A1(x)y = A0(x) where Ai(x) are polynomials in x of at most degree 2. We can now use the
identity y2 = 1 − x2 to eliminate y2. To eliminate the remaining y term, we isolate it and square both sides of the
equation. This process results in a final equation that is a polynomial in x only. The highest power of x will be 4, thus
yielding a quartic polynomial in x = cos(2θ).

5 HIERARCHICAL ENCODING VIA REVERSIBLE MERGING (HERM)
Having established tools for pairwise analysis, we introduce the Hierarchical Encoding via Reversible Merging (HERM)
framework to extend this analysis to an entire network. The HERM encoder applies a sequence of algebraically
reversible operations to iteratively merge neuron pairs. This process transforms the network into two components: a
compressed skeletal network, which is a minimal architecture where no more merging is possible, and a corresponding
sequence of recovery instructions. The result is a meaningful hierarchical decomposition that can be perfectly reversed
to restore the original model without any loss of information.
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5.1 CONSTRUCTION OF THE MERGED NEURON

The HERM merge operation is predicated on the GID factorization. Given a neuron pair (i, j) from the same layer,
we first compute their shared primitives {u,v, z, r}. Using these, we can then obtain neuron-specific reconstruction

coefficients (αk, βk)k∈{i,j}. by solving the linear equality constraint from (2): wk =

[
αku+ βk ⟨v, r⟩ z
βkv + αk ⟨u, z⟩ r

]
for

k ∈ {i, j}. This decomposition represents each neuron’s weight vector wk as the sum of a first-order term (e.g. αku) and
a higher-order term (e.g., βk ⟨v, r⟩ z) that models the pair’s conditional logic. The merge operation then approximates
the pair (i, j) by replacing it with a new neuron, wnew, constructed only from the first-order primary vectors u,v and
two new, as-yet-undetermined merge coefficients, α0 and β0. This operation discards the higher-order interaction terms

from wnew, effectively creating a first-order approximation of the original pair:wnew ≜

[
win

new
wout

new

]
=

[
α0u
β0v

]
.

5.2 THE IDEAL COST OF A SINGLE MERGE

The encoder greedily merges the neuron pair (i, j) (from the same layer) that induces the minimal distortion. We
define this distortion as the L2-norm of the change in the block’s output after the merge. The merge operation replaces
the neuron wi with a new, merged neuron wnew, and eliminates wj by zeroing its weights. Formally, let x ∈ Rn be the
block’s input, f : Rn → Rc be its output function, and wrest be all other weights. We assume a standard network layer
whi h neurons where f (x ; wi,wj ,wrest) =

∑h
k=1 ϕ

(〈
x,win

k

〉)
wout

k + g(x;wrest), where g represents the function
of the rest of the block and ϕ is the activation nonlinearity. We define the distortion as:

Cideal(i, j) ≜ ∥f (x ; wi,wj ,wrest)− f (x ; wnew,0,wrest)∥ (9)

=

∥∥∥∥∥∥
∑

k∈{i,j}

ϕ
(〈

x,win
k

〉)
wout

k − ϕ (⟨x, α0u⟩) β0v − ϕ (⟨x,0⟩) 0

∥∥∥∥∥∥ . (10)

5.3 INPUT-AGNOSTIC COEFFICIENT SELECTION

The ideal cost Cideal(i, j) depends on the yet-to-be-determined coefficients α0 and β0. A natural choice would be to
select α0, β0 that minimize Cideal, but this optimization over a non-linear function ϕ is challenging. Instead, we minimize
a proxy cost function Cfunc(i, j), derived by approximating the activation with a linear function ϕ(x) ≈ Ax+B.

Cideal(i, j) ≈ Cfunc(i, j) ≜
∥∥(A 〈

x,win
i

〉
+B

)
wout

i +
(
A
〈
x,win

j

〉
+B

)
wout

j − (A ⟨x, α0u⟩+B) β0v
∥∥ (11)

The selection of optimal α0, β0 must be input-agnostic, as x is unknown. A direct minimization of Cfunc(i, j) would
yield coefficients that are functions of x, which is not permissible for a static network modification. To satisfy this
constraint, we instead minimize a tractable and x-independent upper bound Cup

func(i, j). Assuming a known maximum
input norm, ρ ≜ sup ∥x∥, and applying the triangle and matrix norm inequalities, one can obtain the following bound:

Cfunc(i, j) ≤ Cup
func(i, j) ≜ ρ |A|

∥∥∥wout
i win

i

⊤
+wout

j win
j

⊤ − α0 β0 vu
⊤
∥∥∥
F
+ |B|

∥∥wout
i +wout

j − β0v
∥∥ . (12)

This derivation yields an elegant and practical solution with two crucial properties. First, although the upper bound
itself depends on the unknown linearization constants A,B and the input norm ρ, the optimal coefficients α∗

0, β
∗
0 that

minimize it are, remarkably, independent of all three. Second, the solution is symmetric with respect to the neuron
indices (i, j). This symmetry provides a computational advantage: while the cost functions Cideal(i, j) and Cfunc(i, j)
are asymmetric, the underlying optimal coefficients (α∗

0, β
∗
0) are identical for both merge directions, precluding the

need for a redundant calculation. It is straightforward to derive the expressions for α∗
0, β

∗
0 that minimize Cup

func(i, j),
which have the following form:

α∗
0 =

〈
u,win

i

〉
⟨v,wout

i ⟩ +
〈
u,win

j

〉 〈
v,wout

j

〉〈
v,wout

i +wout
j

〉 , β∗
0 =

〈
v,wout

i +wout
j

〉
(13)

Note that the above expression for α∗
0 is well-defined when

〈
v,wout

i +wout
j

〉
̸= 0. If v is orthogonal to wout

i +wout
j

this condition is not met, but then the optimal β0 must be zero β∗
0 = 0, which means Cideal(i, j) becomes independent

of α0. Therefore, in this degenerate case, α∗
0 is arbitrary, and we can set it to 0 by convention.

5.4 PAIR SELECTION

With the optimal coefficients (α∗
0, β

∗
0) computed for a pair (i, j), the merged neuron w∗

new is fully defined. We must
now select which pair to merge by evaluating this potential merge with a cost function. Both Cideal(i, j) and its proxy
Cfunc(i, j) are unsuitable for this selection process, as they are input-dependent (relying on x and its norm ρ). We
therefore introduce a third cost function Cstruct(i, j), which is a purely structural proxy that is fully input-agnostic.
This cost approximates the functional distortion by measuring the total perturbation to the network’s weight space. This
perturbation is defined as the sum of the squared L2 norms of the change vectors for the survivor neuron (i) and the
victim neuron (j):

Cstruct(i, j) ≜ ∥w∗
new −wi∥2︸ ︷︷ ︸

Survivor Perturbation

+ ∥0−wj∥2︸ ︷︷ ︸
Victim Perturbation

= ∥w∗
new −wi∥2 + ∥wj∥2 (14)

This structural cost Cstruct inherits the asymmetry of Cideal, as Cstruct(i, j) ̸= Cstruct(j, i). To select a single op-
timal pair (i∗, j∗), we must aggregate these two asymmetric costs into a single, symmetric cost value for the
pair. While the minimum of the two could be used, we proceed with their average, as it provides a more
robust and conservative estimate of the pair’s mutual interchangeability. This defines our selection criterion:
(i∗, j∗) = argmin(i,j)

1
2 (Cstruct(i, j) + Cstruct(j, i)).

5.5 SURVIVOR AND VICTIM ASSIGNMENT

Once the optimal pair (i∗, j∗) in the network is decided, we should decide which of these two neurons should be the
survivor (to be replaced by w∗

new) and which one should be the victim (to be replaced by 0) from the winning pair
(i∗, j∗). A rational choice is to select the direction that causes the least possible damage according to Cstruct(i, j). That
is:

(wsurvivor,wvictim) =

{
(wi∗ ,wj∗) if Cstruct(i

∗, j∗) ≤ Cstruct(j
∗, i∗)

(wj∗ ,wi∗) otherwise
The network is then modified by applying the update: wsurvivor ← w∗

new and wvictim ← 0.

6
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5.6 RECOVERY INSTRUCTIONS

The merge operation that replaces the pair (i, j) with w∗
new is a lossy, first-order approximation that discards the

higher-order interaction terms. To ensure the entire encoding process is perfectly reversible, the algorithm must archive
all information necessary to reconstruct the original wi and wj from scratch. For each merge, a recovery instruction
packet, Iij , is created and stored. This packet contains the complete set of parameters that define the original pair’s 2D
subspace and their exact coordinates within it: the location of the merged pair (including the layer index): (i, j, ℓ), The
shared GID primitives: {u,v, z, r}, The original reconstruction coefficients: {αi, βi, αj , βj}. As defined in the GID
formulation (2), these components are mathematically sufficient for the decoder to perfectly reconstruct the original wi

and wj via direct algebraic synthesis.

5.7 COMPLETE ENCODING AND DECODING

The HERM framework is composed of two algorithms: an encoder that iteratively compresses the network, and a
decoder that perfectly reverses the process.

5.7.1 ENCODER ALGORITHM

The encoder transforms the full network into a skeletal model and a LIFO (Last-In, First-Out) queue of recovery
instructions, I. It iteratively applies the following four-step cycle until no more valid pairs can be merged: Pair
Selection: Find the optimal pair (i∗, j∗) in the entire network by solving the global minimization problem using our
symmetric structural proxy (i∗, j∗) = argmin(i,j)

1
2 (Cstruct(i, j) + Cstruct(j, i)). Direction Assignment: Determine

the optimal merge direction by finding the minimum of Cstruct(i
∗, j∗) and Cstruct(j

∗, i∗). Compute w∗
new for this optimal

assignment. Store Instructions: Archive the complete recovery instruction packet Ii∗j∗ (containing the GID primitives
and original coefficients {αi∗ , βi∗ , αj∗ , βj∗}) by pushing it onto the instruction queue I. Network Update: Simplify
the network by setting the designated victim neuron’s weights to 0 and replacing the survivor neuron’s weights with the
computed w∗

new.

5.7.2 DECODER ALGORITHM

The decoder perfectly reconstructs the original network by reversing this process. Starting from the final skeletal model,
it iteratively applies the instructions in the reverse order of their creation, systematically executing an un-merging
operation at each step until the network is restored to its full state. Each un-merging step is a deterministic algebraic
substitution that perfectly restores two “child” neurons from a single “parent” neuron, demonstrating that the encoding
is fully reversible. Specifically, the decoder repeats the following steps until the instruction queue I is empty:

1. Read Instruction: Pop the next instruction packet Iij from the queue.

2. Expand Network: Re-allocate space for two neurons at locations (i, j), replacing the single merged neuron
that was stored at the survivor’s location.

3. Reconstruct Weights: Using the GID primitives and reconstruction coefficients from the instruction packet,
perfectly synthesize the original weight vectors wi and wj via the GID synthesis equation (2).

5.8 RATIONALE FOR THE HYBRID PROXY STRATEGY

A reader might wonder about the necessity of this hybrid-proxy approach: using Cup
func to derive the coefficients (α∗

0, β
∗
0),

but then using Cstruct to select the optimal pair (i∗, j∗). This is not a redundancy but a deliberate design choice that
matches the complexity of each proxy to the specific requirements of its task.

For coefficient derivation, Cup
func is ideal because while it depends on unknown scalars (ρ,A,B), these do not change

the location of the minimum. We can therefore find the optimal coefficients (α∗
0, β

∗
0) using this high-fidelity proxy.

Using the ”weaker” Cstruct here would yield poorer approximation quality.

The pair selection is a comparison problem. Here, the ρ,A,B scalars in Cup
func matter and affect the choice of (i, j)

but they are unknown. By contrast, while Cstruct is a lower-fidelity approximation of Cideal, it doesn’t rely on unknown
quantities and can be directly used for comparing different neuron pairs (i, j).

5.9 PRACTICAL CONSIDERATION

Optional Residual Correction for Perfect Reconstruction. While the HERM framework is algebraically lossless,
the GID factorization relies on arithmetic operations that are subject to finite floating-point precision. This can result
in minuscule round-off errors, where the reconstructed weights wrecon

k are high-fidelity approximations but not
bit-for-bit identical to the original wk. For applications requiring provable, perfect reconstruction, a simple residual
correction mechanism can be enabled. This add-on involves the encoder calculating the numerical residual vector,
∆wk ≜ wk − wrecon

k , and storing it in the instruction packet Iij . The decoder then adds this stored residual back
during synthesis (wfinal

k = wrecon
k + ∆wk), guaranteeing bit-for-bit reversibility. For application scenarios studied

Section 6, perfect bit-for-bit fidelity is not required. However, we present the full details of this optional mechanism in
the Appendix B for completeness and for future applications where provable, exact reversibility is required.

Handling Normalization Layers. For clarity of presentation, our main development in the text assumed a simplified
network architecture without normalization. In practice, modern architectures, including all models evaluated in our
experiments in Section 6, rely on Group Normalization (GN). This introduces a non-trivial but critical implementation
detail, as the learnable affine parameters (γ, δ) of the GN layers must be systematically handled to ensure the algebraic
reversibility of the encode/decode process. This requires a specific asymmetric folding strategy for constructing the
joint weight vectors (wn,wc) and principled rules for merging and restoring the GN parameters. As this mechanism is
a practical extension rather than part of the core theory, we defer its full derivation and implementation details to the
Appendix A.

Adaptation for Convolutional Layers For clarity of presentation, our main development in the text assumed a
fully connected network architecture. However, we can easily adapt our results to work with convolutional networks
by defining a ”neuron” as a single filter i within a layer conv a. The joint vector wi = [wn;wc] for this filter is
constructed by vectorizing its input and output weights. The n-space wn is simply the flattened weight kernel of the

7
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filter. If conv a has a kernel KA of shape (hA, wA, Cin, Cout), then wn for filter i is the flattened vector KA[:, :, :, i],
with dimension n = hA ×wA ×Cin. The c-space wc represents the filter’s influence on the subsequent layer, conv b,
which has kernel KB . Since the output map of filter i becomes the i-th input channel to conv b, wc is constructed by
collecting and flattening all weights in KB that operate on this i-th input channel (i.e., KB [:, :, i, :]). This results in a
vector of dimension c = hB ×wB ×Cout,B . This representation allows the GID factorization and all subsequent merge
operations to be applied to convolutional layers directly. In fact, all the experiments in Section 6 use a convolutional
network.

We present the complete pseudocode for the HERM encoder and decoder in Appendix C.3. These algorithms integrate
all the practical considerations discussed above.

6 PROOF-OF-CONCEPT APPLICATIONS

All experiments are conducted on the CIFAR-10 dataset. We use a simple convolutional neural network for all of
the experiments defined by the sequence: Conv(32) → GroupNorm → MaxPool → Conv(64) → GroupNorm →
MaxPool → Flatten → Dense(128) → GroupNorm → Dense(64) → GroupNorm → Dense(10). The two
convolutional layers use 3x3 kernels. This architecture relies on GroupNormalization after each main layer.

6.1 APPLICATION 1: DISPERSED ELASTIC FINE-TUNING (DEFT)
HERM provides a principled way to guide fine-tuning by distinguishing fundamental concepts (merged late, inelastic)
from granular specializations (merged early, elastic).

6.1.1 METHODOLOGY

Dispersed Elastic Fine-Tuning (DEFT) leverages the hierarchy from a HERM encoding to control parameter plasticity
during transfer learning.

1. Elasticity Map Generation: A one-time HERM encoding is performed on the source model, producing a
decoding curriculum of M instructions. An elasticity map C—a set of tensors matching the model’s parameter
shapes—is initialized to zeros.

2. Map Population: The curriculum is traversed. For each un-merge instruction Im (at step m), a hierarchical
elasticity em = m/M is assigned. The GID primitives from Im are used to reconstruct the interactional
components of the un-merged neurons’ weights (e.g., (wi,int)n = βi ⟨v, r⟩ z). These components represent the
specialized, conditional logic. The elasticity map C is then updated at the corresponding parameter locations
by taking the maximum of the current value and the normalized magnitude of this interactional component,
scaled by em.

3. Propagation: To maintain functional coherence, a neuron’s final elasticity (the max value from its kernel
weights) is broadcast to all of its associated parameters, including its bias and Group Normalization (beta,
gamma) parameters.

4. Gradient Modulation: The downstream fine-tuning process then uses this map C to modulate the gradient
update for each parameter tensor θk (identified by its path, pathk): ∆θk ≜ −η · C[pathk]⊙ ∂LD

∂θk
. This update

rule freezes core parameters (where C ≈ 0) while allowing full adaptation of specialized ones (where C ≈ 1).

6.1.2 EXPERIMENTAL VALIDATION
DEFT was compared against a standard frozen-backbone across 20 transfer learning tasks (binary classifications derived
from CIFAR-10). DEFT achieved higher accuracy in 17 of the 20 scenarios, with significant gains (e.g., +11.9%,
+13.4%), validating that a principled, dispersed plasticity is superior to coarse-grained freezing.

6.2 APPLICATION 2: SELF-ORGANIZING ARCHITECTURES

The algebraic reversibility of HERM operators provides the mechanics for networks to dynamically adapt their own
architecture during training.

6.2.1 METHODOLOGY
An experiment was run where a network training on CIFAR-10 is periodically reconfigured by a controller that can
Expand or Shrink the architecture. The HERM/GID formalism provides the precise mechanics for these operations.

• Expansion (Splitting): Triggered by a plateau in validation accuracy. The target neuron k∗ for splitting
is the one with the largest gradient L2-norm, k∗ = argmaxk ∥∇wk

L∥2, ensuring capacity is added where
needed. The expansion is the algebraic inverse of a HERM merge. The single neuron k∗ is replaced by a new
pair (i, j). Their new GID coefficients are initialized to ensure reversibility: input coefficients are duplicated
(αi = αj = ∥(wk∗)n∥), while output coefficients are halved (βi = βj =

1
2 ∥(wk∗)c∥).

• Shrinking (Merging): Triggered by signs of over-parameterization. The network uses the HERM encoder’s
logic to find the pair of neurons (i∗, j∗) with the minimal True Structural Cost, Cstruct(i, j) ≜ ∥wnew −wi∥2+
∥wj∥2, where wnew is the GID-based merged prototype. This identifies the pair that can be merged with the
least functional disruption, making it the safest candidate for removal.

6.2.2 RESULTS AND DISCUSSION
The results in Figure 4 clearly show dynamic architectural adaptation. The network autonomously allocated more
neurons to the first convolutional layer and final bottleneck layer while slightly pruning a dense layer, intelligently
reallocating its parametric resources. While architectural changes introduce transient instabilities in test accuracy, the
model demonstrates the ability to recover and continue learning. This serves as a compelling proof-of-concept that the
GID-based operators function as designed, enabling a principled approach to self-organizing network architectures.

6.3 APPLICATION 3: MODEL COMPRESSION

Because the decoder reconstructs the full model by progressively expanding a skeletal one, a partially decoded model
can be treated as a compressed version of the original. This allows a full model to be encoded once, after which partially
decoded versions at various stages can be generated inexpensively. These versions can then serve different applications,
each requiring a specific trade-off between compression and fidelity.

We use structured L1 pruning as a baseline compression method. This approach prunes entire neurons (effectively
removing all associated incoming and outgoing weights) rather than individual parameters, ensuring a more equitable
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Figure 3: Visual comparison of DEFT and Standard fine-tuning performance. (Top) A grouped bar chart directly
compares the final test accuracy for all 20 transfer-learning tasks. For each pair, the DEFT result (blue) is shown next to
the Standard baseline (red), making the performance difference clear. (Bottom) A heatmap visualizes the performance
gain of DEFT over the baseline, measured in percentage points. Green cells indicate a performance increase with DEFT,
while red indicates a decrease. The strong prevalence of green cells visually confirms DEFT’s consistent and significant
advantage across the majority of transfer tasks.

comparison against HERM. A global threshold τ is set, and any neuron j whose associated weights have an L1 norm
less than τ is pruned.

Our experiments evaluated the relationship between model density (the ratio of active parameters to the total number
of parameters) and test set accuracy. As shown in Figure 4, HERM yields more accurate models than L1 pruning in
higher-density regimes. However, this trend reverses for very sparse (low-density) models.
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Figure 4: Left. Training progress over 25 phases. The primary y-axis (left, blue) shows the model’s test accuracy. The
secondary y-axis (right, red) tracks the number of neurons in each of the four dynamically sized layers, demonstrating
the network’s ability to autonomously reallocate its parameters. Right. Model density versus accuracy plot for structured
L1 pruning and HERM.

7 CONCLUSION

In this work, we have presented a multi-level mathematical framework for the analysis and representation of neural
networks. We began by developing two mathematically-grounded, general-purpose tools for pairwise neuron analysis:
Structural Component Analysis (SCA), which finds a maximally structure-aligned orthonormal basis, and the Gated
Interaction Decomposition (GID), which provides an interpretable model of the coupling mechanism between a neuron’s
input and output weights.

Building on these tools, we introduced the Hierarchical Encoding via Reversible Merging (HERM) framework. By
using GID as a provably lossless algebraic operator, HERM refactors an entire trained network into a skeletal form and
a set of recovery instructions, revealing a meaningful functional hierarchy of its learned knowledge. We positioned this
framework not as an empirical method, but as a foundational toolkit. As a proof of concept, we demonstrated its utility
in two distinct applications: guiding a principled elastic fine-tuning strategy and enabling the creation of dynamic,
self-organizing architectures.

The primary contribution of this work is the framework itself. By providing tools that respect neural structure and
uncover hierarchical relationships, SCA, GID, and HERM offer a new and lens through which to understand, interpret,
and manipulate deep neural networks. Future work could explore the use of this framework for more efficient model
compression, targeted knowledge transfer, and deeper interpretability studies.
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A HANDLING GROUP NORMALIZATION

This section details the specific strategies used in the code to handle the learnable scale γ and shift δ parameters of GN
layers during the encoding and decoding processes.

A.1 ENCODER: ASYMMETRIC FOLDING FOR JOINT WEIGHT CONSTRUCTION

A key step is constructing the joint weight vector w = [wn;wc] for a neuron in a layer A that is followed by a GN layer
(GN-A) and then another convolutional/dense layer B.

• The n-space (wn): The input-space vector is constructed from the effective weights of layer ‘A‘. This is
achieved by ”folding” the channel-wise scaling parameter, γA, from ‘GN-A‘ into the bare kernel weights of
layer ‘A‘.

(wi)n ←− flatten(kernelA[:, :, :, i] · γA[i]) (15)
This correctly represents the actual linear operation performed by neuron i on its inputs.

• The c-space (wc): Crucially, the output-space vector is constructed from the bare weights of the subsequent
layer B. The code does not fold the γB from the next GN layer (GN-B). This asymmetric handling is a
deliberate and necessary correction. The γB parameter scales the outputs of layer ‘B‘, not its inputs. Therefore,
to correctly model the influence of neuron i from layer ‘A‘ on layer B, we must use the bare weights of B that
operate on the output of neuron i.

A.2 ENCODER: PRINCIPLED MERGING OF GN PARAMETERS

Before a pair of neurons (i, j) can be merged, it must pass the three-part numerical invertibility check on its γ parameters,
ensuring that both the encoder and decoder can perform the necessary inverse operations without encountering a division
by zero. Only after a pair is deemed eligible are its corresponding GN parameters merged. The merge rules for GN
parameters are chosen to be simple, axiomatic approximations as presented below.

• Merging Gamma (γ): The new parent neuron’s gamma is the average of the child gammas, preserving the
mean activation sensitivity

γparent =
1

2
(γi + γj) (16)

After the effective n-space vector of the parent, weff
parent,n, is computed, it must be ”unfolded” using this new

gamma to find the bare kernel weight to be stored in the network: kernelparent = weff
parent,n/γparent.

• Merging Delta (δ): The new parent neuron’s delta (the bias/shift term) is the sum of the child deltas, preserving
the total additive bias passed to the next layer.

δparent = δi + δj (17)

The asymmetric merge rules for the Group Normalization parameters are derived from the same axiomatic principles
that govern the GID coefficients. The scaling parameter, γ, is a multiplicative factor that controls the sensitivity of the
neuron’s activation. To best preserve the pre-activation statistics, the new parent neuron’s γ is defined as the average of
the child gammas (γnew = 1

2 (γi + γj)). In contrast, the shift parameter, δ, is a pure additive bias. To preserve the total
additive signal passed to the subsequent layer, its value is defined as the sum of the child deltas (δnew = δi + δj).

A.3 DECODER: REVERSING THE PROCESS

The decoder perfectly reverses these operations. For each un-merge instruction:

1. The original γi, δi, γj , δj values for the child neurons are retrieved from the instruction packet.

2. The GID primitives are used to reconstruct the final effective child weights, {wfinal
i ,wfinal

j }.
3. The n-space components of these effective weights are ”unfolded” by dividing by their original, respective

gamma values (wbare
i,n = wfinal

i,n /γi). The c-space components are already bare and require no unfolding.
4. The bare kernel weights are placed back into the network layers, and the original γ and δ values are restored in

the GN layer, ensuring a perfect reconstruction.

A.4 ENSURING NUMERICAL STABILITY IN THE MERGE OPERATION

A critical aspect of numerical stability involves handling neurons with near-zero magnitudes. For such neurons, the
matrices derived from their weights become ill-conditioned, rendering the main GID factorization algorithm numerically
unstable. To handle these “trivial merge” cases gracefully, the implementation includes a bypass mechanism. If both
neurons in a candidate pair have a norm below a small tolerance, the GID solver is avoided entirely. The merge cost
is computed directly from the norms of the original neurons (Cstruct ≜ ∥wi∥2 + ∥wj∥2), and the GID primitives are
treated as zero vectors, as there is no meaningful interaction to model. This practical optimization ensures robustness
without compromising the integrity of the cost function.

A central requirement of the hierarchical coding scheme is its perfect, lossless reversibility. This implies that the full
encoding process, viewed as a map from a pair of neurons to a merged neuron and a recovery instruction, must be
perfectly invertible. While the GID is algebraically exact, its practical implementation within a network containing
Group Normalization (GN) layers introduces a critical precondition for this invertibility.

The potential point of failure arises from the forward operation of the GN layer, which scales a neuron’s bare kernel
weights, wbare, by a learnable parameter, γ, to produce its effective weights: weff = wbare · γ. Consequently, the
decoder must perform the inverse operation, wbare = weff/γ, to restore the original network state. This division is
mathematically undefined for γ = 0 and numerically ill-conditioned for |γ| ≈ 0.

To guarantee a robust and reversible merge, the encoder must therefore only select pairs (i, j) that satisfy the necessary
invertibility conditions. This leads to a principled, three-part eligibility check, where ϵ is a small, positive constant for
numerical tolerance:

13
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1. First Child Neuron Invertibility: The scaling parameter for the first neuron in the pair must be numerically
invertible. |γi| ≥ ϵ.

2. Second Child Neuron Invertibility: The scaling parameter for the second neuron in the pair must also be
numerically invertible. |γj | ≥ ϵ.

3. Parent Neuron Invertibility: The scaling parameter for the newly created parent neuron, defined as γnew =
1
2 (γi+γj), must also be numerically invertible, as the encoder itself performs this inverse operation. |γnew| ≥ ϵ.

A neuron pair is deemed eligible for a merge only if it satisfies all three of these conditions. This check is not a heuristic;
it is a direct test of the mathematical preconditions for the operation’s reversibility.

Implementing this check efficiently within the greedy search for the best pair can be approached with two distinct
computational strategies:

• Post-Check Strategy: This iterative approach first performs an exhaustive search to find the single best
candidate pair based on a primary cost metric (e.g., Cstruct). Only then are the γ parameters of this single
candidate subjected to the three-part eligibility check. If the check fails, the pair is added to an exclusion list,
and the entire search is restarted. This minimizes expensive computations when top candidates are likely to be
valid.

• Unified Strategy: This approach guarantees a single-pass search. It computes the GID factorization, the
merge cost, and the result of the γ eligibility check for all possible pairs upfront, typically via a vectorized
computation. It then finds the best pair that is certified as valid from this complete set of results. While
computationally intensive upfront, it avoids the possibility of costly re-search loops, making it faster and more
predictable in cases where many top-ranked candidates might be ineligible.

By combining a principled cost function with this rigorous, architecture-aware eligibility check, the encoder can reliably
and efficiently select neuron pairs for a merge operation that is guaranteed to be perfectly and robustly reversible.

A.5 CHOICE OF NORMALIZATION SCHEME

The presented mechanism for handling Group Normalization (GN) is not universally applicable to all normalization
schemes; it is, in fact, uniquely suited to GN due to its ”local” properties. The core HERM assumption is that a pairwise
merge of neurons (i, j) does not create side-effects that alter the output of other neurons in the layer. GN adheres to
this, as its statistics are computed per-channel (or per-group), making each neuron’s normalized output independent of
its peers. Other schemes present fundamental challenges: Layer Normalization (LN) is incompatible, as it normalizes
across the entire layer, meaning a local merge would change the statistics and thus the output of all other neurons. Batch
Normalization (BN) presents a different difficulty, as it requires a new, non-trivial merge rule for its non-learnable
statistical parameters (moving mean,moving variance), which our framework does not define.

B ENSURING NUMERICAL REVERSIBILITY VIA RESIDUAL CORRECTION

A central claim of the hierarchical coding scheme is its perfect, lossless reversibility. While this holds true from a
purely algebraic perspective, the practical implementation introduces a subtle challenge. The GID factorization for the
general, two-sided interaction case relies on numerical optimization algorithms. These algorithms operate with finite
floating-point precision and are subject to convergence tolerances, inevitably introducing minuscule numerical errors.
Consequently, the GID primitives found by the encoder are high-quality numerical approximations, not exact algebraic
solutions. When the decoder uses these slightly imprecise primitives, the reconstructed network will be nearly identical
to the original but not bit-for-bit perfect, technically violating the lossless guarantee.

To bridge this gap between theoretical algebra and practical implementation, we introduce a simple and robust correction
mechanism. The core idea is to compute, store, and re-apply the small numerical error, or residual, that arises during
the encoding process. This ensures that any precision lost during factorization is perfectly accounted for during
reconstruction.

B.1 ENCODER MODIFICATION: ARCHIVING THE RESIDUAL

The encoding algorithm is augmented with a final verification and correction step. After a neuron pair (wi,wj) is
selected and its GID factorization is numerically computed, the encoder performs the following:

1. Immediate Reconstruction: Using the just-computed numerical GID primitives and coefficients, the encoder
immediately reconstructs the neuron weights, yielding a reconstructed pair {wrecon

i ,wrecon
j }.

2. Residual Calculation: The encoder computes the small vector difference between the original and recon-
structed weights. This difference is the numerical residual:

∆wi = wi −wrecon
i (18)

∆wj = wj −wrecon
j (19)

3. Store Residual: These two residual vectors, ∆wi and ∆wj , are archived in the recovery instruction set Iij
alongside the GID primitives and coefficients.

B.2 DECODER MODIFICATION: APPLYING THE CORRECTION

The decoder’s process is correspondingly updated with a final correction step to achieve perfect reconstruction:

1. Reconstruction from Primitives: The decoder uses the GID primitives from the recovery instructions to
reconstruct the neuron weights, yielding the same {wrecon

i ,wrecon
j } as the encoder.

14
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2. Residual Correction: The decoder retrieves the residual vectors ∆wi and ∆wj from the instructions and
adds them back to the reconstructed weights:

wfinal
i = wrecon

i +∆wi (20)

wfinal
j = wrecon

j +∆wj (21)

By construction, the final restored weights, wfinal
i and wfinal

j , are now guaranteed to be bit-for-bit identical to the original
weights, thus ensuring the entire encoding-decoding pipeline is perfectly and demonstrably reversible.

B.3 THE REVERSIBILITY-COMPRESSION TRADE-OFF

This residual correction method provides a definitive guarantee of lossless performance. However, it introduces an
explicit trade-off between perfect reversibility and storage efficiency. The residual vectors have the same dimensionality
as the neuron weights themselves, and storing them necessarily increases the size of the recovery instructions. This may
run counter to the goal of achieving the highest possible compression ratio. The decision to implement this correction is
therefore application-dependent: for contexts where absolute, provable fidelity is paramount, storing the residual is
the correct and necessary approach. For applications where near-lossless reconstruction is sufficient, this step may be
omitted to maximize compression.

B.4 ENSURING ENCODING INTEGRITY: CHEATING DETECTION VIA RESIDUAL ANALYSIS

Storing the residual, however, creates a potential loophole. A faulty or poorly-converged GID factorization could fail to
produce a meaningful structured representation. Instead, it might output trivial primitives (e.g., all zeros) and offload
the entire signal into the residual term, ∆w. While this still permits perfect reconstruction, it defeats the purpose of the
method, as the residual would carry the primary signal rather than a minor correction.

To detect this, a safeguard can be implemented. After each factorization, the encoder calculates the relative norm of the
residual for each neuron in the pair: ∥∆w∥

∥woriginal∥ . If this ratio exceeds a small tolerance threshold (e.g., 10−6), it signals
that the residual contains a substantial portion of the original signal’s energy. Although this scenario is unlikely with
a correctly computed factorization, this check is a crucial safeguard against implementation errors or convergence
failures.
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C ALGORITHMS

C.1 SCA

Algorithm 1 Analytical SCA for 2D Subspaces

Require:
Two linearly independent vectors w1,w2 ∈ Rn+c spanning the subspace S.
Numerical tolerance εangle (e.g., 10−8).

Ensure: The optimal SCA basis {p∗,q∗} for S, where p∗ is n-dominated and q∗ is c-dominated.

1: procedure ANALYTICALSCA2D(w1,w2, n)
▷ Step 1: Construct an initial orthonormal basis {c1, c2} for S via Gram-Schmidt.

2: c1 ← w1/∥w1∥
3: u2 ← w2 − (w2 · c1)c1
4: if ∥u2∥/∥w2∥ < εangle then
5: Print ”Warning: Input vectors are nearly parallel. Results may be inaccurate due to Gram-Schmidt

instability.”
6: end if
7: c2 ← u2/∥u2∥

▷ Step 2: Form the 2× 2 Gram matrix M from the n-space components.
8: (c1)n ← first n components of c1
9: (c2)n ← first n components of c2

10: a← ∥(c1)n∥2; b← (c1)n · (c2)n; c← ∥(c2)n∥2
▷ Step 3: Solve the eigenvalue problem for M analytically to find orthonormal eigenvectors.

11: ( ,v1)← SOLVE2X2EIGENPROBLEM(a, b, c)

12: v2 ←
(
−(v1)2
(v1)1

)
▷ Orthogonal complement of v1

▷ Step 4: Construct the optimal SCA basis using the eigenvectors.
13: p∗ ← (v1)1c1 + (v1)2c2 ▷ p∗ is n-dominated as it’s built from vv1.
14: q∗ ← (v2)1c1 + (v2)2c2 ▷ q∗ is c-dominated as it’s built from vv2.
15: return {p∗,q∗}
16: end procedure
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C.2 GID

Algorithm 2 Compute GID Factorization

Require: Joint weight matrix Wjoint ∈ R(n+c)×2, dimension n.
Ensure: GID primitives {u,v, z, r} and coefficients {αi, βi, αj , βj}, or null on failure..

1: procedure COMPUTEGID(Wjoint, n)
▷ Step 1: Dimensionality Reduction

2: Win ←Wjoint[1 : n, :], Wout ←Wjoint[n+ 1 : end, :]
3: Qn,Rn ← QR decomposition(Win)
4: Qc,Rc ← QR decomposition(Wout)
5: if | det(Rc)| < ϵ then return null ▷ Precondition: Wout must be full rank.
6: end if

▷ Step 2: Form 2D Problem Matrices
7: PT ← SOLVE2X2LINEARSYSTEM(RT

c ,R
T
n )

8: if P is null then return null
9: end if

10: Pinv ← SOLVE2X2LINEARSYSTEM(P, I)
11: if Pinv is null then return null
12: end if
13: A← P−PT

inv

14: M← ATJTP, where J =

(
0 −1
1 0

)
15: C← ATA, Msym ← 0.5(M+MT )

▷ Step 3: Find Optimal Direction
16: p← GETQUARTICCOEFFICIENTS(C,Msym)
17: û∗ ← FINDOPTIMALDIRECTION(p,C,Msym)
18: if û∗ is null then return null
19: end if

▷ Step 4: Reconstruct 2D Primitives
20: N∗ ← (û∗)⊤Cû∗, D∗ ← (û∗)⊤Msymû∗

21: ρ∗2 ←
√
N∗/|D∗|

22: r∗2d ←
√
ρ∗2 · û∗

23: k∗ ← 1/(ρ∗2D∗)
24: z∗2d ← k∗JAr∗2d
25: u∗,unnorm

2d ← Pr∗2d
26: v∗,unnorm

2d ← SOLVE2X2LINEARSYSTEM(P, z∗2d)
27: if v∗,unnorm

2d is null then return null
28: end if
29: u∗

2d ← u∗,unnorm
2d /

∥∥u∗,unnorm
2d

∥∥, v∗
2d ← v∗,unnorm

2d /
∥∥v∗,unnorm

2d

∥∥
▷ Step 5: Reconstruct Full-Dimensional Primitives

30: {u,v, z, r} ← {Qnu
∗
2d,Qcv

∗
2d,Qnz

∗
2d,Qcr

∗
2d}

▷ Step 6: Solve for Coefficients Analytically
31: Construct GID basis B = [pgid|qgid].
32: yi ← BTwi, yj ← BTwj

33: G← BTB
34: if | det(G)| < ϵ then return null
35: end if
36: (αi, βi)

⊤ ← SOLVE2X2LINEARSYSTEM(G,yi)
37: (αj , βj)

⊤ ← SOLVE2X2LINEARSYSTEM(G,yj)
38: if (αi, βi) is null or (αj , βj) is null then return null
39: end if

▷ Step 7: Final Sanity Check
40: if any primitive or coefficient contains NaN or Inf then return null
41: end if
42: return GID primitives {u,v, z, r} and coefficients {αi, βi, αj , βj}.
43: end procedure
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C.3 HIERARCHICAL CODING

Algorithm 3 Reconstruct Neuron from GID Primitives

Require: GID primitives {u,v, z, r}, coefficients α, β.
Ensure: Reconstructed joint weight vector wrecon.

1: procedure RECONSTRUCTFROMGID({u,v, z, r}, α, β)
2: wn ← αu+ β⟨v, r⟩z
3: wc ← βv + α⟨u, z⟩r

4: return
(
wn

wc

)
5: end procedure

The encoder iteratively simplifies a given layer by applying the following four-step cycle until only one neuron remains:

1. Select Pair: For the current layer, find the optimal neuron pair (i∗, j∗) to merge. This is the pair that
minimizes symmetric structural proxy 1

2 (Cstruct(i, j) + Cstruct(j, i)) among all pairs that are deemed eligible
(i.e. satisfying the three conditions on its Group Normalization γ parameters defined in Section A.4).

2. Direction Assignment: Determine the optimal merge direction by finding the minimum of Cstruct(i
∗, j∗) and

Cstruct(j
∗, i∗). Compute w∗

new for this optimal assignment.

3. Store Instructions: Archive a recovery instruction Ii∗j∗ containing all information required for a perfect
reversal of the merge:

• The location of the merged pair (including the layer index): (i, j, ℓ).
• The GID primitives: {u,v, z, r}.
• The reconstruction coefficients: {αi∗ , βi∗ , αj∗ , βj∗}.
• The original Group Normalization parameters: {γi∗ , δi∗ , γj∗ , δj∗}.
• (Optional) The numerical residuals, ∆wi∗ and ∆wj∗ , to ensure bit-perfect reversibility.

4. Network Update: Simplify the network by setting the designated victim neuron’s weights to 0 and replacing
the survivor neuron’s weights with the computed w∗

new. The effective weights of this new neuron are constructed
from the primary GID components:

(w∗
new)

in
eff ≜ α∗

0u and (w∗
new)

out
eff ≜ β∗

0v

where α∗
0, β

∗
0 are determined by (13). The final bare kernel weights are then computed by reversing the Group

Normalization scaling with the new parent gamma, γnew = 1
2 (γi∗ + γj∗).

C.4 THE DECODER: PERFECT RECONSTRUCTION VIA ALGEBRAIC REVERSAL

The decoder’s function is to reverse the encoding process, perfectly reconstructing the original, dense neural network
from its compressed skeletal structure and the ordered sequence of recovery instructions. This is achieved by applying
the instructions in the reverse order of their creation, systematically executing an “un-merging” operation at each step
until the network is restored to its full, pre-trained state. Each un-merging step is a deterministic algebraic substitution
that perfectly restores two “child” neurons from a single “parent” neuron, demonstrating that the encoding is fully
reversible.

Proposition 1 (Perfect Reversibility of the Un-Merge Operation) The un-merge operation is the exact algebraic
inverse of the GID factorization performed during encoding. Given an instruction set Iij , the decoder can perfectly
reconstruct the original neuron pair (wi,wj).

Proof Let the encoder map (wi,wj)→ (wnew, Iij). The decoder receives the instruction packet Iij and the current
state of the simplified network. The reconstruction for each child neuron h ∈ {i, j} proceeds in four deterministic steps,
using only the information in Iij :

1. Direct Recovery of Primitives: The decoder retrieves the complete set of original GID primitives {u,v, z, r}
and reconstruction coefficients {αh, βh} directly from the instruction packet Iij . This direct retrieval protocol
is robust and avoids the numerical instability of inferring the primary vectors from the parent neuron’s weights.

2. Algebraic Reconstruction of Effective Weights: Using the recovered primitives, the decoder algebraically
reconstructs the effective weights of the child neuron, (wh)eff, which represent the weights after Group
Normalization scaling has been applied.

(wh)
in, rec
eff = αhu+ βh⟨v, r⟩z = (wh)

in
eff

(wh)
out, rec
eff = βhv + αh⟨u, z⟩r = (wh)

out
eff

3. Reversal of Group Normalization: To obtain the final bare kernel weights that are stored in the model, the
decoder must reverse the effect of the Group Normalization layer.1 It retrieves the original scalar GN parameter
γh from the instruction packet and performs the inverse scaling operation:

(wh)
bare
n =

(wh)
in, rec
eff

γh

The c-space weights, (wh)c, are already bare and require no modification.

1The other learnable parameter of Group Normalization, the additive shift δh, is not part of this multiplicative reversal. It is
treated as a simple bias term that is not included in the GID factorization. Instead, its original value is archived in the instruction
packet by the encoder and restored directly by the decoder, separate from this weight reconstruction process.
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Algorithm 4 Hierarchical Encoder

1: Input: Initial weights W , Paired layer definitions P , Active neuron indices N
2: Output: Skeletal weights Wskel, Instruction queue I
3: I ← [ ] ▷ LIFO queue for instructions
4: E ← {empty dictionary of sets} ▷ Exclusion list for failed pairs
5: while true do
6: best merge← {cost: ∞}

▷ – Step 1: Find Global Best Pair (SMC) –
7: for p ∈ P do ▷ Global ”free-for-all” search
8: Lm ← NAME(p)
9: if |NLm

| ≤ 1 then
10: continue
11: end if
12: Wcost ← GETJOINTWEIGHTSFORCOST(W,p)
13: for (i, j) ∈ PAIRS(NLm

) do
14: if (i, j) ∈ ELm

then
15: continue
16: end if ▷ Skip failed pairs
17: cij ← CSTRUCT(Wcost[i],Wcost[j])
18: cji ← CSTRUCT(Wcost[j],Wcost[i])
19: s← min(cij , cji) ▷ SMC scoring metric
20: if s < best merge.cost then
21: best merge← {cost: s, pair: (i, j), layer: p, costs: (cij , cji)}
22: end if
23: end for
24: end for
25: if best merge.cost =∞ then
26: break
27: end if ▷ No valid merges left

▷ – Step 2: GID Factorization & Eligibility Check –
28: (i, j)← best merge.pair, p∗ ← best merge.layer
29: Lcurrent ← NAME(p∗)
30: if best merge.costs[0] ≤ best merge.costs[1] then
31: (i∗, j∗)← (i, j) ▷ i is survivor, j is victim
32: else
33: (i∗, j∗)← (j, i) ▷ j is survivor, i is victim
34: end if
35: Wmerge ← GETJOINTWEIGHTS(W,p∗) ▷ Use asymmetric weights for merge
36: Wpair ← [Wmerge[i

∗],Wmerge[j
∗]]

37: gid result← COMPUTEGID(Wpair)
38: eligible← CHECKELIGIBILITY(W, i∗, j∗, STRATEGY)
39: if gid result = null or not eligible then
40: ELcurrent .add(sorted(i, j))
41: continue ▷ Restart search
42: end if

▷ – Step 3: Archive Instructions and Merge –
43: (α0, β0)← COMPUTEMERGECOEFFS(Wpair, gid result, STRATEGY)
44: (γnew, δnew)← COMPUTEGNPARAMS(W, (i∗, j∗), STRATEGY)
45: wnew ← CONSTRUCTMERGEDNEURON(α0, β0, gid result)
46: (∆wi,∆wj)← COMPUTERESIDUALS(Wpair, gid result)
47: I ← CREATEPACKET((i∗, j∗), gid result, coeffs,∆w, . . . )
48: I.push(I)
49: W ← UPDATENETWORKSTATE(W, (i∗, j∗),wnew, (γnew, δnew))
50: NLcurrent .remove(j∗) ▷ Remove victim
51: end while
52: I.reverse()
53: return W, I
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4. Residual Correction for Numerical Precision: Finally, the decoder adds the stored numerical residual vector
∆wh from the instruction packet back to the reconstructed weights.

wfinal
h = wrec

h +∆wh

This step corrects for any minuscule floating-point errors from the encoder’s GID factorization, ensuring the
final result is bit-for-bit identical to the original weight vector wh.

After computing the final child neuron weights, the decoder updates the simplified network by replacing the parent
neuron with the two reconstructed child neurons. Since all primitives are retrieved directly and all architectural
transformations are explicitly reversed, the un-merge operation is a perfect reversal.

□

Algorithm 5 Hierarchical Decoder

1: Input: A skeletal layer and a list of recovery instructions I.
2: Output: The original, fully reconstructed network layer.
3: for each instruction I in I (in order) do

▷ – Step 1: Recover All Original Parameters from Instruction –
4: (i, j,u,v, z, r, αi, βi, αj , βj , γi, δi, γj , δj ,∆wi,∆wj)← I .

▷ – Step 2: Reconstruct Child Neurons –
5: for each child neuron h ∈ {i, j} do

▷ First, reconstruct the effective weights from GID primitives.
6: (wrecon

h )n ← αhu+ βh⟨v, r⟩z
7: (wrecon

h )c ← βhv + αh⟨u, z⟩r
▷ Second, apply the stored residual to achieve bit-perfect effective weights.

8: weff
h ← wrecon

h +∆wh

▷ Finally, reverse the Group Normalization to get the final bare weights.
9: (wfinal

h )n ← (weff
h )n/γh

10: (wfinal
h )c ← (weff

h )c ▷ c-space weights are already bare.
11: end for

▷ – Step 3: Update the Network State –
12: Expand the network layer to accommodate two neurons at locations i and j.
13: Restore n-space weights of neurons i, j with (wfinal

i )n, (w
final
j )n.

14: Restore c-space weights for neurons i, j with (wfinal
i )c, (w

final
j )c.

15: Restore bias params for neurons i, j with (bi, bj).
16: Restore GN params for neurons i, j with (γi, δi), (γj , δj).
17: end for
18: return The fully reconstructed layer.

C.5 DEFT

Algorithm 6 Generate Elasticity Map

Require: HERM decoding curriculum I = {I1, . . . , IM}, expert model fS .
Ensure: Elasticity map C.

1: Initialize C as a map from parameter paths to zero-tensors with shapes matching fS .
2: M ← length(I).
3: for m ∈ {1, . . . ,M} do
4: em ← m/M .
5: Extract GID primitives {u,v, z, r} and coeffs from Im.
6: Reconstruct interactional components (e.g., wn

i,int ← βi ⟨v, r⟩ z).
7: for each interactional component vector wint do
8: wmask ← |wint|/(∥wint∥2 + ϵ).
9: Reshape wmask to match its corresponding kernel tensor slice.

10: Update the relevant slice of C[kernel path] via max(current value,wmask · em).
11: end for
12: end for
13: ▷ Post-processing: Propagate elasticity to other trainable parameters.
14: for each layer in fS do
15: if layer has a kernel then
16: Compute per-neuron max elasticity from C[kernel path].
17: Assign this max value to corresponding slices in C[bias path], C[beta path], and C[gamma path].
18: end if
19: end for
20: return C.

C.5.1 FUNCTION 2: TRAIN STEP DEFT

This function performs a single step of fine-tuning using the generated map.

C.6 SELF-ORGANIZING NETWORK TRAINING

D MATHEMATICAL RESULTS

Proposition 2 (Structural Component Analysis)
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Algorithm 7 DEFT Training Step

Require: Current parameters θ, data batch (x, y), elasticity map C.
Ensure: Updated parameters θ′.

1: Compute gradients: ∇LD ← ∇θLD(θ;x, y).
2: Modulate gradients: ∇LDEFT ← ∇LD ⊙ C (element-wise product).
3: Apply updates: θ′ ← OptimizerUpdate(θ,∇LDEFT).
4: return θ′.

Algorithm 8 Self-Organizing Network Training Loop

1: Initialize a small skeletal networkM.
2: for each training phase t = 1, . . . , T do
3: TrainM for N epochs using standard gradient descent.
4: Assess State:
5: Compute loss trajectory L(t)

val.
6: Compute network activity statistics (e.g., mean activations, gradient norms).
7: if loss has plateaued for P epochs then
8: Expand: Select neuron k∗ to split via argmaxk ∥∇wk

L∥.
9: Replace k∗ with a new pair (i, j) via the GID-based splitting mechanism.

10: else if network exhibits signs of over-capacity then
11: Shrink: Select pair (i∗, j∗) to merge via argmini,j Ctrue(i, j).
12: Replace (i∗, j∗) with a single neuron wnew via the HERM merge operation.
13: end if
14: end for

Setup. Given a k-dimensional subspace S ⊆ Rn+c, where n, c > 0 and k ≥ 2. We view the space as the product
Rn × Rc, associating the first n components of any vector with Rn and the remaining c components with Rc. Let kn
be an integer hyperparameter such that 1 ≤ kn < k. We seek to find an orthonormal basis {b1, . . . ,bk} for S that
minimizes the structural coupling cost function:

J(b1, . . . ,bk) =

kn∑
i=1

∥(bi)c∥2 +
k∑

j=kn+1

∥(bj)n∥2

where (bj)n ∈ Rn and (bj)c ∈ Rc are the components of the basis vector bj ∈ Rn+c. The first kn vectors are
designated to be n-dominated, and the remaining k − kn vectors are designated to be c-dominated. Existence and
Uniqueness. An optimal basis that minimizes this cost function is always guaranteed to exist. The uniqueness of the
solution depends on the eigenspectrum of the matrix M defined below:

1. Simple Eigenvalues: If all eigenvalues of the matrix M are distinct, the set of optimal basis vectors
{b1, . . . ,bk} is unique up to the 2k possible combinations of flipping the sign of each vector.

2. Degenerate Eigenvalues: If an eigenvalue of M is repeated with multiplicity d > 1, the corresponding d
optimal basis vectors are not unique. They possess an additional continuous degree of freedom corresponding
to any arbitrary rotation within the d-dimensional eigenspace, an SO(d) rotational freedom.

Analytical Form of the Solution. An optimal basis can be constructed as follows:

1. Construct an Initial Basis: Find an arbitrary orthonormal basis {e1, . . . , ek} for the subspace S. Decompose
each vector into its components: ei = [(ei)

⊤
n , (ei)

⊤
c ]

⊤.

2. Form the Gram Matrix: Construct the k × k symmetric matrix M from the n-space components of the initial
basis, where the elements of M are given by the dot products:

Mij = (ei)n · (ej)n

3. Solve the Eigenvalue Problem: Find the eigenvectors v1, . . . ,vk and their corresponding real eigenvalues
λ1 ≥ λ2 ≥ · · · ≥ λk for the matrix M . These eigenvectors are themselves orthonormal vectors in Rk.

4. Construct the Optimal Basis: The optimal basis vectors {b∗
1, . . . ,b

∗
k} are linear combinations of the initial

basis vectors, with coefficients given by the components of the eigenvectors of M :

b∗
j =

k∑
i=1

(vj)iei

The first kn vectors of this new basis, {b∗
1, . . . ,b

∗
kn
}, corresponding to the kn largest eigenvalues of M , are the

optimal n-dominated vectors. The remaining k − kn vectors, {b∗
kn+1, . . . ,b

∗
k}, are the optimal c-dominated

vectors.

Proof Let {e1, . . . , ek} be an arbitrary orthonormal basis for S. Any other orthonormal basis {b1, . . . ,bk} for S can
be expressed as a rotation of the initial basis, defined by a k × k orthogonal matrix R, such that bj =

∑k
i=1 Rijei.

Let rj be the j-th column of R. The set {r1, . . . , rk} forms an orthonormal basis for Rk. The squared norm of the
n-space component of a new basis vector is given by the quadratic form ∥(bj)n∥2 = r⊤j Mrj , where M is the Gram
matrix Mij = (ei)n · (ej)n. Since bj is a unit vector, we have ∥(bj)c∥2 = 1− ∥(bj)n∥2. Substituting this into the
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cost function J yields:

J =

kn∑
i=1

(1− ∥(bi)n∥2) +
k∑

j=kn+1

∥(bj)n∥2

= kn −

 kn∑
i=1

∥(bi)n∥2 −
k∑

j=kn+1

∥(bj)n∥2


Minimizing J is equivalent to maximizing the quantity J ′ as defined below.

J ′ ≜
kn∑
i=1

∥(bi)n∥2 −
k∑

j=kn+1

∥(bj)n∥2 . (22)

The objective function J ′ can be rewritten using the trace operator. Since r⊤Mr is a scalar, it equals its own trace. By
the cyclic property of the trace, Tr(r⊤Mr) = Tr(Mrr⊤). The objective function can therefore be expressed as:

J ′ = Tr

M

 kn∑
i=1

rir
⊤
i −

k∑
j=kn+1

rjr
⊤
j


Let’s define the matrix Q ≜

∑kn

i=1 rir
⊤
i −

∑k
j=kn+1 rjr

⊤
j . We seek to choose the orthonormal basis {rj} to maximize

Tr(MQ).

The basis vectors {rj} are the eigenvectors of Q. Specifically, for any l ≤ kn, Qrl = rl, giving an eigenvalue of +1.
For any l > kn, Qrl = −rl, giving an eigenvalue of −1. By the Von Neumann trace inequality, the expression tr(MQ)
is maximized when the eigenspaces of the symmetric matrices M and Q are aligned according to their eigenvalue
ordering. Let {v1, . . . ,vk} be the orthonormal eigenvectors of M with corresponding real eigenvalues sorted as
λ1 ≥ · · · ≥ λk. To maximize the trace, the eigenvectors of Q with the largest eigenvalue (+1) must be chosen to
be the eigenvectors of M with the largest eigenvalues. Therefore, the optimal choice for maximizing J ′ = tr(MQ)

is to set the basis {r1, . . . , rkn} to be the eigenvectors {v1, . . . ,vkn} of M . This makes ∥(bi)n∥2 = v⊤
i Mvi = λi

for i = 1, . . . , kn. The remaining basis vectors {rkn+1, . . . , rk} are consequently the remaining eigenvectors of M ,
making ∥(bj)n∥2 = λj for j > kn. This choice of rotation matrix R (whose columns are the eigenvectors of M in
order) constructs the optimal basis {bj} as claimed.

Proof of Uniqueness. The uniqueness of the basis {bj} is determined by the uniqueness of the eigenvectors {vj} of
the real symmetric matrix M .

1. Case of Simple Eigenvalues: If all eigenvalues λ1 > λ2 > · · · > λk are distinct, then the corresponding
eigenspace for each λj is one-dimensional. This means the direction of each eigenvector vj is uniquely
determined. The constraint that ∥vj∥ = 1 restricts the choice to two vectors, vj and −vj . Since the optimal
basis vectors bj are constructed from these eigenvectors, the ambiguity is limited to a sign flip for each bj .

2. Case of Degenerate Eigenvalues: If an eigenvalue λ is repeated with multiplicity d > 1, its corresponding
eigenspace Vλ is d-dimensional. The solution requires choosing any d orthonormal vectors that form a basis
for Vλ. If {v1, . . . ,vd} is one such basis, then any other basis {v′

1, . . . ,v
′
d} for Vλ can be obtained by a

rotation: v′
j =

∑d
l=1 Oljvl, where O is a d× d orthogonal matrix. This continuous rotational freedom in the

choice of eigenvectors translates directly to a continuous rotational freedom in the corresponding optimal basis
vectors {bj}.

Thus, the solution is unique up to sign flips if and only if all eigenvalues of M are simple. □

Proposition 3 (Equivalence of Interaction Mode Definitions) A 2D subspace S ⊆ Rn+c has a One-Sided Interac-
tion (as defined by its SCA basis) if and only if the dimensions of its projections are {dim(Sn), dim(Sc)} = {1, 2}.

Proof Let {p∗,q∗} be the orthonormal SCA basis for S.

(⇒) Assume S has a one-sided interaction. Without loss of generality, let (q∗)n = 0 and (p∗)n ̸= 0. The projection
of any vector v ∈ S onto the n-space is given by vn = (c1p

∗ + c2q
∗)n = c1(p

∗)n + c2(q
∗)n = c1(p

∗)n. Thus, the
entire n-projection of the subspace is Sn = span((p∗)n), which is 1-dimensional. Since the basis vectors are linearly
independent, the c-projection Sc = span((p∗)c, (q

∗)c) must be 2-dimensional (otherwise the entire subspace would be
1D). Therefore, {dim(Sn), dim(Sc)} = {1, 2}.
(⇐) Assume the projection dimensions are {1, 2}. Let dim(Sn) = 1. This means the n-components of all vectors in
S are collinear, i.e., Sn = span(u) for some vector u. We can therefore choose an orthonormal basis {p,q} for S
such that pn is aligned with u and qn is orthogonal to it, which forces qn = 0. This basis has a one-sided structure.
The SCA basis, being the one that minimizes coupling, must be at least this good, and will therefore also have a zero
coupling component, satisfying the SCA definition of a one-sided interaction. □

Proposition 4 A GID basis can only represent a 2D subspace S if the GID’s structural mode (Two-Sided, One-Sided,
or No Interaction) matches the intrinsic interaction mode of S.

Proof The proof rests on a fundamental principle: for a GID basis {pg,qg} to be a valid representation of a subspace S,
the subspace it spans, Sg , must be identical to S. A necessary condition for this is that the dimensions of their respective
projections must match, i.e., dim((Sg)n) = dim(Sn) and dim((Sg)c) = dim(Sc). We will prove by contradiction that
this condition forces the GID’s structural mode to match the intrinsic mode of S.

1. Case 1: Subspace S is Two-Sided (dim(Sn) = 2,dim(Sc) = 2).
A valid GID representation for S must generate 2-dimensional projections.
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• Contradiction for a One-Sided GID: By definition, a one-sided GID has one zero coupling gate, for
instance, ⟨v, r⟩ = 0. This forces the GID basis vector qg to have a zero n-component: qn = 0. The
n-projection of the spanned subspace is then (Sg)n = span(pn,0) = span(pn), which is at most
1-dimensional. This contradicts the requirement.

• Contradiction for a No-Interaction GID: By definition, both coupling gates are zero. This forces qn = 0
and pc = 0. The n-projection is therefore 1-dimensional, which is a contradiction.

Only a Two-Sided GID, where both gates are non-zero and the primitive vectors {u, z} are linearly indepen-
dent, can generate a 2-dimensional n-projection. Thus, it is the only valid representation.

2. Case 2: Subspace S is One-Sided (e.g., dim(Sn) = 1, dim(Sc) = 2).
A valid GID representation must match these specific projection dimensions.

• Contradiction for a Two-Sided GID: A two-sided GID, by requiring linearly independent primitives
{u, z}, generates a 2-dimensional n-projection. This contradicts the requirement that dim(Sn) = 1.

• Contradiction for a No-Interaction GID: A no-interaction GID generates a 1-dimensional c-projection, as
(Sg)c = span(0,v) = span(v). This contradicts the requirement that dim(Sc) = 2.

Therefore, only a One-Sided GID can produce the required ‘1, 2‘ projection dimensions.

3. Case 3: Subspace S has No Interaction (dim(Sn) = 1,dim(Sc) = 1).
A valid GID must generate 1-dimensional projections in both spaces.

• Contradiction for a Two-Sided GID: Generates 2-dimensional projections.
• Contradiction for a One-Sided GID: Generates one 2-dimensional projection.

Therefore, only a GID with No Interaction can be a valid representation.

The projection dimensions act as an unforgeable structural signature. Any valid GID parameterization must adopt a
structure that reproduces this signature, thereby forcing its interaction mode to match the intrinsic mode of the subspace.
□

Theorem 5 (Equivalence of SCA and GID for One-Sided Subspaces) Let S be a 2D subspace of Rn+c with a one-
sided or non-interactive interaction mode. Its unique orthonormal SCA basis {p∗,q∗} and the GID basis {p,q}
describe the same subspace, meaning a GID basis {p,q} can be constructed whose vectors are parallel to the SCA
basis vectors {p∗,q∗}, respectively.

Proof The proof is constructive. We will show that for a one-sided SCA basis {p∗,q∗}, we can always find a set of
GID primitives {u,v, z, r} with ∥u∥ = 1, ∥v∥ = 1 that generates a GID basis {p,q} whose vectors are parallel to the
SCA basis vectors. Let S be a one-sided subspace. Its orthonormal SCA basis must have one perfectly aligned vector.
Without loss of generality, assume this is the c-dominated vector, so (q∗)n = 0. The SCA basis is:

p∗ =

(
p∗
n

p∗
c

)
, with ∥p∗∥ = 1

q∗ =

(
0
q∗
c

)
, with ∥q∗∥ = 1 =⇒ ∥q∗

c∥ = 1

For the bases to coincide, their vectors must be parallel: p∗ = cpp and q∗ = cqq for some non-zero scalars cp, cq . The

GID basis vectors are defined as p =

(
u

(u · z)r

)
and q =

(
(v · r)z

v

)
. 1. Analyzing the ‘q‘ Vector: The relationship

is
(
0
q∗
c

)
= cq

(
(v · r)z

v

)
. This yields two conditions:

• (v · r)z = 0. Since the interaction is one-sided (not non-interactive), p∗
c ̸= 0, which will require a non-zero

r. To allow for this, we must have the gate (v · r) = 0. This confirms the GID representation must also be
one-sided.

• q∗
c = cqv. Taking the norm of both sides and using the GID convention ∥v∥ = 1 and the SCA property
∥q∗

c∥ = 1, we get 1 = |cq| · 1, so |cq| = 1.

2. Analyzing the ‘p‘ Vector: The relationship is
(
p∗
n

p∗
c

)
= cp

(
u

(u · z)r

)
. This yields two conditions:

• p∗
n = cpu. Taking the norm and using ∥u∥ = 1, we get ∥p∗

n∥ = |cp|.

• p∗
c = cp(u · z)r.

3. Constructing the GID Primitives: We can now define a consistent set of primitives. Let’s choose the positive
scalars, so cq = 1 and cp = ∥p∗

n∥.

• From q∗
c = cqv, we define v ≜ q∗

c . This satisfies ∥v∥ = 1.

• From p∗
n = cpu, we define u ≜ p∗

n/ ∥p∗
n∥. This is well-defined because p∗

n cannot be the zero vector;
otherwise, both p∗ and q∗ would be purely c-space vectors, contradicting the premise that they form a 2D
basis with an n-dominated component.

• We are left with one equation, p∗
c = ∥p∗

n∥ (u · z)r, and two unknowns, z and r. This reflects a scaling
ambiguity inherent to the interaction channels, as the coupling term (u · z)r is invariant to scaling z by a
non-zero scalar α and r by 1/α. We can resolve this ambiguity by making a canonical choice. Let us define:

r ≜ p∗
c
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Substituting this in, we need to find a z such that p∗
c = ∥p∗

n∥ (
p∗

n

∥p∗
n∥
· z)p∗

c . This simplifies to requiring

(
p∗

n

∥p∗
n∥
· z) = 1

∥p∗
n∥

. A valid choice is:

z ≜
p∗
n

∥p∗
n∥

2

We have now constructed a full set of GID primitives with unit-norm u and v. The GID basis vector q generated is
q = [0;v] = [0;q∗

c ] = q∗. The GID basis vector p generated is p = [u; (u · z)r] = [
p∗

n

∥p∗
n∥

; ( 1
∥p∗

n∥
)p∗

c ] =
1

∥p∗
n∥

p∗. The
generated GID basis { 1

∥p∗
n∥

p∗,q∗} is parallel to the SCA basis {p∗,q∗} and therefore spans the same subspace. The
non-interactive case follows as a simpler version of this logic. Thus, the representations coincide. □

Theorem 6 (GID Representation from First Principles) An orthonormal basis {p,q} for a 2D subspace S ⊂ Rn+c

that satisfies Principle 1, 2, and 3 is uniquely described by a GID. The basis vectors are parallel to vectors of the form:

pgid =

(
u

⟨u, z⟩ r

)
and qgid =

(
⟨v, r⟩ z

v

)
(23)

where the primary components u ≜ pn/ ∥pn∥ and v ≜ qc/ ∥qc∥ are unique up to a sign flip. The interaction is
governed by a unique rank-1 matrix Z ≜ zr⊤. The individual channel vectors {z, r} are subsequently determined up
to a reciprocal scaling ambiguity, where {sz0, 1

sr0} for any non-zero scalar s describes the family of valid solutions.

Lemma 7 (Optimality Condition from Principle 1) An orthonormal basis {p,q} for a 2D subspace satisfies Princi-
ple 1 (Minimum Structural Coupling) if and only if its components satisfy the condition:

⟨pn,qn⟩ = ⟨pc,qc⟩ . (24)

Proof Any orthonormal basis for a 2D subspace can be parameterized by a rotation angle θ, such that p(θ) =
cos(θ)e1 + sin(θ)e2 and q(θ) = − sin(θ)e1 + cos(θ)e2 for some fixed basis {e1, e2}. The cost function from
Principle 1 is J(θ) = ∥pc(θ)∥2 + ∥qn(θ)∥2. We seek the basis that corresponds to the global minimum of this function.
First, we find the stationary points of J by setting its derivative of the cost function to zero:

dJ

dθ
=

d

dθ
∥pc∥2 +

d

dθ
∥qn∥2 = 2

〈
pc,

dpc

dθ

〉
+ 2

〈
qn,

dqn

dθ

〉
Using the facts that dp

dθ = q and dq
dθ = −p, we have:

dJ

dθ
= 2 ⟨pc,qc⟩ − 2 ⟨qn,pn⟩

Setting the derivative to zero yields the necessary condition for any extremum: ⟨pn,qn⟩ = ⟨pc,qc⟩. Now, we must
confirm that this condition identifies the global minimum required by Principle 1. We can first build an intuition for
this. Since the basis vectors p(θ) and q(θ) are formed by sinusoidal functions of θ, the cost J(θ) is a sum of squared
sinusoidal terms. Using trigonometric identities, this function can be shown to take the general form of a simple,
phase-shifted sinusoid, A+B cos(2θ + ϕ), which is guaranteed to have a unique minimum and maximum over each
period. To prove this formally without relying on algebraic expansion, we can use a more general argument. By the
Extreme Value Theorem, J(θ) is a continuous function on a compact domain ([0, 2π]) and is therefore guaranteed
to attain a global minimum. This global minimum must occur at a stationary point2 where dJ

dθ = 0. Thus, the global
minimum must be among the stationary points of J in the interval of [0, 2π]. Let the basis at an angle θ0 that satisfies
the stationary condition be {p,q}. The other extremum occurs at θ0 + π/2, yielding the basis {q,−p}. The sum of
the cost function at these two points is a constant:

J(θ0) + J(θ0 + π/2) = (∥pc∥2 + ∥qn∥2) + (∥qc∥2 + ∥pn∥2) = ∥p∥2 + ∥q∥2 = 2

Since the sum of the two extremal values is 2, and they cannot be equal (except the trivial case of J(θ) being a constant
function). Therefore, the two extremal values, Jmin and Jmax, are distinct in any non-trivial case. This guarantees
that a unique basis exists which minimizes the cost, and another which maximizes it. Our stationary point condition,
⟨pn,qn⟩ = ⟨pc,qc⟩, finds the locations of both of these bases. Principle 1, by definition, is the search for the basis that
achieves the global minimum cost. Therefore, we are guaranteed that the optimal basis we seek is among the solutions
to the stationary point condition. □

Lemma 8 (Structure of Rank-1 Maps from Principle 2) If a basis {p,q} satisfies Principle 2, its components must
have the form

pc = ⟨pn, z⟩ r
qn = ⟨qc, r

′⟩ z′

for some vectors z, z′ ∈ Rn and r, r′ ∈ Rc.

Proof Principle 2 states that pc = Ln→c(pn) where Ln→c is a rank-1 linear map. The image of a rank-1 map is
a one-dimensional line, so its output must be proportional to a fixed direction vector r ∈ Rc. We can thus write
Ln→c(x) = f(x)r, where f : Rn → R is a scalar function that must be linear. By the Riesz Representation Theorem,
any linear functional f(x) can be represented as an inner product ⟨x, z⟩ for some unique vector z ∈ Rn. Therefore,
Ln→c(x) = ⟨x, z⟩ r.

An identical argument applies to Lc→n. The trivial case of a rank-0 map (the zero map) is inherently included in this
form by setting z = 0 or r = 0. □

2While finding a global optimum on an interval typically requires checking the boundaries, our domain of rotations is topologically
a circle. Because our function J(θ) is smooth and periodic over this domain, any extremum occurring at the parameterization’s
boundary (e.g., θ = 0) must also have a zero derivative. The search for stationary points is therefore sufficient to find the global
minimum.
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Proof of Theorem 6 The proof synthesizes the three principles to derive the GID structure for an orthonormal basis
{p,q}.

1. Implication of Principle 2 (Minimal Rank): From Lemma 8, the coupling components are given by rank-1
maps, yielding the expressions:

pc = ⟨pn, z⟩ r
qn = ⟨qc, r

′⟩ z′

2. Implication of Principle 3 (Shared Mechanism): This principle requires the maps to be transposes, which
in outer-product form means z′r′⊤ = (rz⊤)⊤ = zr⊤. For two rank-1 matrices to be equal, their constituent
vectors must be collinear. We can therefore unify the representations by defining a single pair of interaction
channels {z, r} without loss of generality:

pc = ⟨pn, z⟩ r
qn = ⟨qc, r⟩ z

By defining the primary components as u ≜ pn/∥pn∥ and v ≜ qc/∥qc∥, we arrive at the exact parametric
form of the GID.

3. Implication of Principle 1 (Minimal Coupling): This principle provides the final constraint. From Lemma 7,
the basis that is maximally disentangled must satisfy ⟨pn,qn⟩ = ⟨pc,qc⟩. This ensures that the GID
parameterization derived above is not merely a possible structure, but the unique structure of the optimal basis
sought by SCA.

4. Uniqueness: The optimal basis {p,q} that minimizes the cost is unique (up to sign flips and degeneracies
in the SCA eigenspectrum). This fixes the primary components u and v. The outer product Z = zr⊤ is
subsequently fixed by the basis. The remaining degree of freedom is the well-known reciprocal scaling
ambiguity in rank-1 matrix factorization, where for any non-zero scalar s, the pair {sz, 1

sr} produces the same
outer product Z and thus the same basis vectors.

□

Proposition 9 (Obliqueness of the GID Basis in Two-Sided Subspaces) Let {p,q} be a basis for a 2D subspace
S ⊂ Rn+c parameterized by GID, where

p =

(
u

⟨u, z⟩ r

)
and q =

(
⟨v, r⟩ z

v

)
If the basis {p,q} represents a two-sided interaction, then its vectors are not orthogonal; that is, ⟨p,q⟩ ̸= 0.

Proof The proof proceeds by first deriving a general expression for the dot product of the GID basis vectors and then
showing that the necessary conditions for a two-sided interaction require this dot product to be non-zero.

1. Derivation of the Dot Product. The dot product of the basis vectors p and q is given by the sum of the dot
products of their respective components in Rn and Rc:

⟨p,q⟩ = ⟨pn,qn⟩+ ⟨pc,qc⟩

Substituting the GID definitions for these components yields:

⟨p,q⟩ = ⟨u, (⟨v, r⟩)z⟩+ ⟨(⟨u, z⟩)r,v⟩

Since ⟨u, z⟩ and ⟨v, r⟩ are scalar quantities, they can be factored out of the outer dot products:

⟨p,q⟩ = (⟨v, r⟩) ⟨u, z⟩+ (⟨u, z⟩) ⟨r,v⟩
= 2(⟨u, z⟩)(⟨v, r⟩)

2. Implication of the Two-Sided Interaction Condition. By definition, a GID represents a two-sided interaction
if both of its cross-space coupling components are non-zero vectors. A meaningful interaction requires
non-zero interaction channels, so we assume z ̸= 0 and r ̸= 0. The two conditions are:

(a) pc = (⟨u, z⟩)r ̸= 0

(b) qn = (⟨v, r⟩)z ̸= 0

For condition (a) to hold, the product of the scalar ⟨u, z⟩ and the vector r must be non-zero. Since we assume
r ̸= 0, this necessarily implies that the gating term must be non-zero: ⟨u, z⟩ ̸= 0. Similarly, for condition (b)
to hold, since we assume z ̸= 0, it necessarily implies that ⟨v, r⟩ ̸= 0.

3. Conclusion. The dot product of the basis vectors is ⟨p,q⟩ = 2(⟨u, z⟩)(⟨v, r⟩). As established in step 2, the
condition of a two-sided interaction necessitates that both gating terms, (⟨u, z⟩) and (⟨v, r⟩), are non-zero
real numbers. The product of two non-zero real numbers is itself non-zero. Therefore, for any GID basis
representing a two-sided interaction, it must be that ⟨p,q⟩ ̸= 0. The basis vectors are thus necessarily
non-orthogonal.

□

Proposition 10 (Subspace Confinement of Interaction Channels) Any minimum-energy GID solution must have its
contextual trigger z in the column space of the input weight matrix, span(Win), and its contextual effect r in the column
space of the output weight matrix, span(Wout).
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Proof Let the GID reconstruction for the input weights be Win = uα⊤ + z(r⊤v)β⊤. For this equation to hold, u
must lie in span(Win). Now, decompose z into a component z∥ ∈ span(Win) and an orthogonal component z⊥. The
reconstruction equation remains unchanged if we replace z with z∥, as the term z⊥ is orthogonal to all other terms on

the right-hand side and to the left-hand side. However, the objective function becomes
∥∥z∥∥∥2 + ∥z⊥∥2 + ∥r∥2. To

minimize this objective, ∥z⊥∥2 must be zero, proving z must lie entirely in span(Win). A symmetric argument holds
for r and Wout.

□

Proposition 11 (Invertibility of the Coefficient Matrix) Given the precondition that Win and Wout are of full rank
(rank 2), the coefficient matrix C must be invertible.

Proof Assume C is singular. Then its columns α and β are linearly dependent, meaning β = kα for some scalar k.
Substituting this into the GID equations for Win and Wout shows that the column space of both matrices becomes
one-dimensional, spanned by a single vector (e.g., Win = (u+ k(r⊤v)z)α⊤). This implies that rank(Win) ≤ 1 and
rank(Wout) ≤ 1, which contradicts the initial condition. Therefore, C must be invertible. □

Proposition 12 (Core GID Constraints) For a valid GID factorization to exist, the primitives in the 2D projected
space must satisfy the constraints:

z⊤2dPr2d = 1 , z⊤2d(P
−1)⊤r2d = 1 , (25)

where,
P ≜ RnR

−1
c . (26)

Proof Let su = u⊤
2dz2d and sv = v⊤

2dr2d. The projected GID equations (Eq. 3, 4) can be written compactly as:

Rn = [u2d svz2d]C
⊤

Rc = [sur2d v2d]C
⊤

Since C is invertible, we can solve for C⊤ and equate the two expressions to yield P ≜ RnR
−1
c =

[u2d svz2d] [sur2d v2d]
−1. Therefore, P [sur2d v2d] = [u2d svz2d]. Equating the columns gives two vec-

tor equations:

P(sur2d) = u2d (27)
Pv2d = svz2d (28)

Let’s first focus on the first equation. By definition, su = u⊤
2dz2d. Substitute Eq. 27 into this definition: su =

(Psur2d)
⊤z2d = sur

⊤
2dP

⊤z2d. We can assert that su ̸= 0, because if su = 0, then from Eq. 27, u2d must be the zero
vector. This contradicts the unit-norm constraint on u (∥u∥ = 1 =⇒ ∥u2d∥ = 1). We can therefore safely divide by
su to obtain the core constraint: 1 = r⊤2dP

⊤z2d = z⊤2dPr2d. We now switch to the second equation. Substitute Eq. 28
into the definition of sv: sv = v⊤

2dr2d = (P−1svz2d)
⊤r2d = sv(z

⊤
2d(P

−1)⊤r2d). Since sv ̸= 0, we get the second,
essential constraint: z⊤2d(P

−1)⊤r2d = 1. □

Proposition 13 By solving the two scalar constraints z⊤2dPr2d = 1 and z⊤2d(P
−1)⊤r2d = 1 in z2d and then substituting

this solution back into the energy function, we obtain the following unconstrained optimization task:

min
r2d∈R2

E(r2d) =
r⊤2d(A

⊤A)r2d
(r⊤2dMr2d)2

+ r⊤2dr2d (29)

where A = P− (P−1)⊤ and M = A⊤J⊤P.

Proposition 14 (The Collapsed 1D Objective Function) The minimum energy, as a function of the direction vector
û ∈ S1, is given by:

E(û) = 2 ·
√
û⊤(A⊤A)û

|û⊤Mû|
(30)

Proof Let N(û) = û⊤(A⊤A)û and D(û) = û⊤Mû. From the previous proposition, the optimal squared magnitude

is ρ2 =

√
N(û)

|D(û)| . Substitute this into the energy function E = ρ−2 N(û)
D(û)2 + ρ2. The first term becomes |D(û)|√

N(û)

N(û)
D(û)2 =

√
N(û)

|D(û)| . The second term is ρ2 =

√
N(û)

|D(û)| . Summing these two identical terms gives the final expression. □

Proposition 15 A 2D subspace S exhibiting a truly one-sided interaction does not produce an admissible neuron pair
for any basis {wi,wj} spanning S.

Proof A 2D subspace S is defined as one-sided if the dimension of one of its projections is 1 while the other is 2. Let us
consider the case where dim(Sn) = 1 and dim(Sc) = 2. The input weight matrix is formed by the n-space components
of the basis vectors, Win = [(wi)n|(wj)n]. The columns of Win must both lie within the one-dimensional subspace
Sn. As a result, the two columns are necessarily collinear, meaning the column space of Win is one-dimensional.
Therefore, rank(Win) = 1, which violates the admissibility condition that rank(Win) = 2. □

Theorem 16 The exact analytical GID factorization is mathematically undefined for one-sided interaction spaces.

Proof The derivation of the analytical solution breaks down at three sequential stages:

1. Singularity of the R Matrix. The derivation begins with the (thin) QR decomposition, such as Win = QnRn.
For a matrix Win ∈ Rn×2 with n ≥ 2, it is a standard result of linear algebra that rank(Win) = rank(Rn).
For a one-sided space with rank(Win) = 1, the resulting 2× 2 upper-triangular matrix Rn must also have a
rank of 1. A square matrix with deficient rank is, by definition, singular, meaning det(Rn) = 0 and its inverse
R−1

n does not exist.
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2. Ill-definition of the Transformation Matrix P. The central object in the derivation is the 2 × 2 matrix
P ≜ RnR

−1
c . In the case of a one-sided space where rank(Win) = 1 and rank(Wout) = 2, the matrix Rc is

invertible, but Rn is singular. While P can be formed, it will itself be singular. Crucially, its inverse, P−1,
which is required for the second constraint, is undefined.

3. Collapse of the Constraint System. The entire analytical solution hinges on the existence of two independent
constraints derived from the GID structure:

z⊤2dPr2d = 1

z⊤2d(P
−1)⊤r2d = 1

Since P−1 does not exist, the second constraint is mathematically meaningless. The system of equations that
defines the relationship between the interaction channels is therefore incomplete and underdetermined, and the
analytical path to the quartic polynomial is broken at its foundation.

Thus, the formulation is rigorously undefined for any one-sided interaction space. □

Proposition 17 (Structural Cost as an Upper Bound on Functional Impact) Let LDval
(wi,wj ,wrest), the net-

work’s loss function evaluated over a validation set, be LDval
-Lipschitz continuous with respect to the weights

wij ≜

[
wi

wj

]
. The change in loss, |∆LDval

|, i.e. Cideal(i, j), resulting from merging a neuron pair (i, j) is bounded by

the true structural cost:
|∆LDval

| ≤ LDval

√
Cstruct(i, j)

Proof For brevity, we drop the subscript Dval in the loss function’s notation. The merge operation changes the network
parameters from wall to w′

all = wall +∆wall. The perturbation ∆wall is non-zero only for the weights of neurons i and
j, where ∆wi = wnew −wi and ∆wj = −wj . By definition of Lipschitz continuity, |∆L| = |L(w′

all)− L(wall)| ≤
L ∥∆wall∥. The squared norm is ∥∆wall∥2 = ∥∆wi∥2 + ∥∆wj∥2 = ∥wnew −wi∥2 + ∥−wj∥2 = Cstruct(i, j). Thus,
|∆L| ≤ L

√
Cstruct(i, j). □

Proposition 18 (Perfect Reversibility of the Un-Merge Operation) The un-merge operation is the exact algebraic
inverse of the GID factorization performed during encoding. Given an instruction set Iij , the decoder can perfectly
reconstruct the original neuron pair (wi,wj).

Proof Let the encoder map (wi,wj)→ (wnew, Iij). The decoder receives the instruction packet Iij and the current
state of the simplified network. The reconstruction for each child neuron h ∈ {i, j} proceeds in four deterministic steps,
using only the information in Iij :

1. Direct Recovery of Primitives: The decoder retrieves the complete set of original GID primitives {u,v, z, r}
and reconstruction coefficients {αh, βh} directly from the instruction packet Iij . This direct retrieval protocol
is robust and avoids the numerical instability of inferring the primary vectors from the parent neuron’s weights.

2. Algebraic Reconstruction of Effective Weights: Using the recovered primitives, the decoder algebraically
reconstructs the effective weights of the child neuron, (wh)eff, which represent the weights after Group
Normalization scaling has been applied.

(wh)
in, rec
eff = αhu+ βh⟨v, r⟩z = (wh)

in
eff

(wh)
out, rec
eff = βhv + αh⟨u, z⟩r = (wh)

out
eff

3. Reversal of Group Normalization: To obtain the final bare kernel weights that are stored in the model, the
decoder must reverse the effect of the Group Normalization layer.3 It retrieves the original scalar GN parameter
γh from the instruction packet and performs the inverse scaling operation:

(wh)
bare
n =

(wh)
in, rec
eff

γh
The c-space weights, (wh)c, are already bare and require no modification.

4. Residual Correction for Numerical Precision: Finally, the decoder adds the stored numerical residual vector
∆wh from the instruction packet back to the reconstructed weights.

wfinal
h = wrec

h +∆wh

This step corrects for any minuscule floating-point errors from the encoder’s GID factorization, ensuring the
final result is bit-for-bit identical to the original weight vector wh.

After computing the final child neuron weights, the decoder updates the simplified network by replacing the parent
neuron with the two reconstructed child neurons. Since all primitives are retrieved directly and all architectural
transformations are explicitly reversed, the un-merge operation is a perfect reversal. □

Proposition 19 (Propagation of Elasticity to All Trainable Parameters) A neuron’s function is determined by the
totality of its trainable parameters, not just its kernel weights. To maintain functional coherence during fine-tuning, all
parameters associated with a given neuron must share the same degree of plasticity.

Proof by Contradiction Assume the kernel weights of a neuron are assigned a high elasticity, but its associated bias
and Group Normalization (‘beta‘ and ‘gamma‘) parameters are frozen (zero elasticity). During fine-tuning, the optimizer
can change the kernel, altering the neuron’s feature selectivity. However, it cannot adjust the output statistics (mean
and variance) of the neuron’s activations, as the bias, shift (‘beta‘), and scale (‘gamma‘) are fixed. The new feature
distribution produced by the updated kernel may be poorly conditioned for subsequent layers, but the network lacks
the local degrees of freedom to correct it. This functional inconsistency can impair learning. Therefore, for effective
adaptation, all trainable parameters of a neuron must be allowed to co-adapt with the same degree of freedom. □

3The other learnable parameter of Group Normalization, the additive shift δh, is not part of this multiplicative reversal. It is
treated as a simple bias term that is not included in the GID factorization. Instead, its original value is archived in the instruction
packet by the encoder and restored directly by the decoder, separate from this weight reconstruction process.
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