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Abstract

Model comparison and calibrated uncertainty quantification often require integrating over
parameters, but scalable inference can be challenging for complex, multimodal targets. Nested
Sampling is a robust alternative to standard MCMC, yet its typically sequential structure and
hard constraints make efficient accelerator implementations difficult. This paper introduces
Nested Slice Sampling (NSS), a GPU-friendly, vectorized formulation of Nested Sampling
that uses Hit-and-Run Slice Sampling for constrained updates. A tuning analysis yields a
simple near-optimal rule for setting the slice width, improving high-dimensional behavior
and making per-step compute more predictable for parallel execution. Experiments on
challenging synthetic targets, high dimensional Bayesian inference, and Gaussian process
hyperparameter marginalization show that NSS maintains accurate evidence estimates and
high-quality posterior samples, and is particularly robust on difficult multimodal problems
where current state-of-the-art methods such as tempered SMC baselines can struggle. An
open-source implementation is released to facilitate adoption and reproducibility.

1 Introduction

Sampling from unnormalized probability distributions is a foundational task in machine learning and Bayesian
computation. We consider targets of the form

exp(=fE(x)) IT(x)
Z(P) ’

where z are parameters of interest, F is a scalar energy (e.g. negative log-likelihood up to an additive constant),
and I is a reference density (often a prior). The normalizing constant Z(f) is the partition function, given by

Pﬁ(x) = 6 € [071]a (1)

2(8) = / exp(—BE()) TI(z) dz . (2)

The parameter § can be interpreted as an inverse-temperature/tempering parameter: at 5 = 0 the target
reduces to I, and at 5 = 1 it corresponds to the distribution of interest. When exp(—FE(x)) is identified as a
likelihood and IT as a prior, Z(1) is the marginal likelihood (evidence) in Bayesian inference (Murphy, 2022]).
Estimating this quantity enables Bayesian model comparison (MacKay} 2002). While MCMC methods (Geyerl,
1992) are widely used for posterior inference, most standard MCMC algorithms do not directly estimate Z,
motivating specialised approaches.

Nested Sampling was introduced as a generic meta-algorithm for estimating the marginal likelihood (Skilling}
2004). At a high level, it is related to particle Monte Carlo methods such as Sequential Monte Carlo (Doucet,
et al., [2001), in that it evolves a population of particles through intermediate distributions bridging between
IT and the target. NS saw rapid adoption in the physical sciences, first in statistical physics (Murray et al.|
2005)) and cosmology (Mukherjee et all 2006]), and subsequently in gravitational-wave astronomy (Veitch
& Vecchio], 2008)), particle physics (Trotta et al.l |2008), and materials science (Partay et al., [2010), where
it is valued for robustness on complex and multimodal distributions (Ashton et all 2022)). However, a
single canonical implementation strategy has not emerged, leading to a variety of implementations with
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differing internal mechanics. Various components have been explored in the intervening years, including
gradient-guided variants (Feroz & Skilling, [2013} |Cai et al., |2022; Lemos et al., 2023)) and implementations in
autodiff-compatible frameworks (Albert, |2020; /Anau Montel et al.l [2024). Among these, PolyChord (Handley
et al.l |2015) demonstrated that slice sampling within NS scales to moderately high dimensions, establishing
the approach we build on. However, PolyChord and other mature NS codes (e.g. MultiNest (Feroz & Hobson)
2008), UltraNest (Buchner} 2021b))) carry features designed for CPU architectures—clustering heuristics, priors
implemented as unit-hypercube transforms, dynamic live-point populations, and MPI-based parallelism—that
are poorly suited to accelerator hardware.

In this work, we address this gap by providing a clear, efficient, and modern implementation of Nested
Sampling suitable for both physical science and ML practitioners. While many of the individual ingredients
(nested sampling, slice sampling, constrained MCMC) are known, existing formulations and implementations
do not automatically translate into an efficient accelerator algorithm: classical NS is often viewed as sequential,
and constrained inner kernels typically have data-dependent control flow that maps poorly to SIMD hardware.
Our contributions are therefore targeted at making NS practically GPU-viable end-to-end, by exposing
parallelism in the outer loop and stabilizing the inner-kernel compute so that batched execution is effective.
Our key contributions are as follows:

(i) We develop a massively parallel implementation of Nested Sampling that expresses the full update
(energy evaluation, thresholding, resampling, and mutation) via vectorized execution targeting modern
GPU hardware (section [3).

(ii) We show that using Hit-and-Run Slice Sampling as the constrained inner kernel, while discarding
clustering heuristics, yields a robust and performant algorithm, and we provide a principled tuning
analysis for the slice width. Crucially, operating near the derived optimum makes per-step costs
concentrate, mitigating SIMD /warp divergence and enabling effective batching on accelerators

(section [3.2).

(iii) We provide an empirical comparison against strong adaptive tempered SMC baselines using optimized
implementations of both approaches (section . As well as an implementation that directly aligns
in details and form with established SMC patterns. We demonstrate performance on challenging
synthetic problems, high dimensional Bayesian inference and ML inference tasks.

Our implementation, Nested Slice Sampling (NSS) and the underlying nested sampling framework, is designed
to be composable within modern probabilistic programming ecosystems and is available as open-source
software.

2 Theoretical Framework and Related Methodologies

Nested Sampling (NS) estimates the normalizing constant Z(8) = [ exp(—B8E(x))II(z)dx and produces
weighted samples for posterior expectations. A useful way to view NS is as the combination of (i) an outer
scheme that turns evidence estimation into a one-dimensional quadrature with automatically chosen levels,
and (ii) an dnner constrained sampling routine that approximately draws from I1(z) 1{g)<g,,,}- This
section reviews the outer NS construction (section , then (in section discusses constrained sampling
and motivates slice-based updates as our default inner kernel. Connections to particle methods and bridging
distributions are summarized in section 2.3

2.1 Nested Sampling

We follow the formulation of Skilling| (2006). Figure [1] illustrates the core idea: NS iteratively restricts
the reference density to lower and lower energy (higher likelihood) regions, producing a sequence of nested
constraint sets and associated quadrature weights.
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Figure 1: Nested Sampling shrinks a reference density by successive energy constraints (left), yielding a
quadrature approximation of the normalizing constant (right).

Let II(z) denote a reference density (typically a prior) and E(z) an energy (e.g. minus log-likelihood). Define
the prior volume

X(E) = / I(2) 1 ey e € [0, 1], 3)

and let F(X) be its inverse. Then the normalizing constant can be written as the one-dimensional integral

1
2(8) = /O exp( — 8 E(X)) dX, (4)

and NS approximates this integral by a quadrature over a decreasing sequence of energy levels Fy > Fy >
-+- > E, (equivalently, shrinking volumes 1 = Xy > X7 > -+ > X,):

/Z\(ﬁ) = ZeXp(—ﬁEi) AXZ, AXl = A1 — Xi. (5)
i=1

El Once the pairs {(E;, AX;)} are available, the same quadrature can be evaluated for different 8 by reweighting.
Operationally, NS maintains m live particles intended to approximate draws from the constrained reference
distribution

Ug, () o« H(z) {p@)<E}- (6)
At iteration 4, the algorithm identifies the k live particles with largest energies, records them as dead points
at level E;, and replaces them with k& new particles approximately drawn from IIg,. Under the idealized
assumption that live points are i.i.d. from Ilg the shrinkage factor ¢; := X,;/X;_1 is an order statistic,
giving the standard approximation

i—17

Ellogt;] = —k/m = Alog X; =~ —k/m. (7)

It is possible to derive errors on this approximation; details are given in section [D.2] The resulting estimator
and its error properties have been studied extensively (Chopin & Robert), 2010} [Keeton), 2011} [Fowlie et al.
2023)), including extensions to dynamic live-set sizes (Higson et al.,2018) and likelihood plateaus (Fowlie et al.
2021)). When k > 1 points are removed per iteration, rather than treating the batch as a single contraction
step, we unroll it into k sequential single-death events with effective live counts m,m—1,...,m—k+1 (Fowlie
2021)), so each removal contributes its own order-statistic volume compression (section
practice, NS is terminated when an upper bound on the remaining contribution from the live set is below a
user-specified tolerance.

The outer NS construction above is agnostic to how constrained draws from Ilg, are generated; the main
practical bottleneck is therefore constrained sampling as the contour shrinks. We focus on this in section [2.2]

2.2 Constrained sampling

Nested Sampling (NS) reduces evidence estimation to a sequence of constrained sampling problems. At a
given likelihood/energy threshold Ey,, the outer NS update requires approximate samples from the reference

LOther quadrature rules (e.g. trapezoidal or Simpson) can be substituted with varying degrees of accuracy; in practice the
evidence error is typically dominated by the stochastic estimation of the X; rather than the choice of quadrature.
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density II restricted to a hard constraint (Buchner| |2021al), as expressed in equation @ As NS progresses, the
feasible region typically becomes small, anisotropic, and may be disconnected. In moderate-to-high dimensions
the boundary of {E(x) < Emin} becomes a dominant geometric feature, so the choice of constrained sampler
largely determines both the efficiency and the practical correctness of NS.

Two broad families of constrained updates are commonly used in NS. First, region-based rejection sampling
constructs a proposal distribution (often informed by the current live set) and draws candidates until
the constraint is satisfied. This is effective in low-to-moderate dimensions and underlies several popular
implementations (e.g. ellipsoidal bounds and related schemes) (Feroz & Hobsonl 2008; [Buchner}, 2021b)). More
expressive proposals can be learned from the live points, including approaches based on normalizing flows or
other ML density models (Langel [2023; |Williams et al., 2021} [Torrado et al.l |2023)). However, rejection-based
strategies typically degrade as dimension grows unless the proposal accurately matches the constrained
geometry.

Second, constrained MCMC' applies a Markov transition kernel that leaves Il , invariant. This avoids
explicit acceptance by a global proposal envelope, but introduces a different set of requirements: the kernel
must mix within a compact, evolving, and potentially sharp-bounded region. Simple random-walk proposals
can be dominated by boundary rejections, while naive reflection-based constrained dynamics can be sensitive
to discretization choices and, in some implementations, exhibit dimension-dependent artifacts (Kroupa et al.|
2025)). In section [F| (fig. we empirically compare several constrained kernels on a controlled family of
problems; slice-based constrained updates remain accurate across dimensions in this stress test, while several
reflection-based alternatives deviate as dimension increases (Kroupa et al., [2025)).

Motivated by these considerations, we use Hit-and-Run Slice Sampling (HRSS) as the default inner kernel for
constrained propagation. HRSS is a variant of slice sampling (Neal, 2003) specialised to high-dimensional
updates: it chooses a random direction (hit-and-run) (Smith}|1984) and then performs an exact one-dimensional
slice update along the resulting chord of the constrained set. The algorithm with recursive bound shrinkage
was formalised by [Kiatsupaibul et al.| (2011), and scales well with dimensionality (Collins et al., [2013]). This
construction is well-suited to NS because it treats the hard constraint in equation |§| directly (by assigning
zero density outside the feasible set), and inherits favourable dimension-dependent behaviour relative to naive
constrained random walks in a range of settings (Rudolf & Ullrichl |2018} [Power et al., |2024). We use a simple
Gaussian family of direction proposals as a fast, robust baseline (Handley et al., [2015; [Buchner; [2023)), and
note that richer direction/proposal mechanisms are compatible with the same framework (Moss, [2020).

We demonstrate that for ellipsoidal level sets Fq = {x : #T Agz < 1}, the mean chord length in HRSS scales
as E[ly] = ©(d~1/?) (lemma, and the optimally tuned slice width inherits the same scaling (theorem .
Second, at (or near) the optimal width, the total number of stepping-out and shrinkage evaluations has
standard deviation of order 1 over a wide range of dimensions (section see fig. [11)). This concentration
is a key enabler for vectorization: even though each constrained update is acceptance/rejection based,
the per-chain computational cost is sufficiently well-behaved to benefit from batched execution on parallel
hardware (section . We provide further implementation and tuning details in section

2.3 Particle Monte Carlo and bridging distributions

Nested Sampling (NS) belongs to a broader family of particle Monte Carlo methods that propagate a
population of particles through a sequence of intermediate (“bridging”) distributions between an easy-to-
sample reference IT and a target of interest, while accumulating an estimate of the normalizing constant
(Del Moral et al.l |2006; |Chopin), [2002]). The most prominent formalism in this family is Sequential Monte
Carlo (SMC), which has become a standard tool for model comparison (Zhou et al., 2015) and admits
highly parallel implementations (Murray et all 2015). A central design choice in SMC is the path: the
practitioner specifies (or adaptively constructs) the bridging distributions {m;}, for example via tempering
mg(z) x II(z) exp(—BE(x)) or other problem-specific interpolations, with step sizes often chosen to control
weight degeneracy (Fearnhead & Taylor}, 2010)).

NS shares structural similarities with rare-event SMC methods (Cérou et al.,[2012), and can formally be viewed
within the SMC framework (Salomone et al., [2024]), but differs in important respects. Rather than selecting an
externally parameterised annealing coordinate, NS induces a constraint-based path 75 (z) o (2)1{p@)<E
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where the levels {E;} are set by order statistics of the live set. Crucially, NS estimates the normalizing
constant via a one-dimensional quadrature over probabilistically estimated prior volumes (section , rather
than via importance weights as in standard SMC. While the formal SMC unification is mathematically valid,
it represents a singular case within the broader SMC framework: the probabilistic volume estimation that
underpins NS has no natural analogue in standard SMC and is responsible for many of its distinctive properties,
including the ability to reweight samples across temperatures and the characteristic geometric compression
schedule. Consequently, NS follows a characteristic sequence of nested likelihood regions whose geometry is
determined by the model and data (illustrated in fig. , yielding a bridging family that is essentially fixed by
the NS update rule rather than chosen by the user. This distinction is practically important: the NS path
turns inference into repeated constrained sampling problems, which places different demands on the inner
MCMC kernel than unconstrained tempering paths. In our experiments we use adaptive tempered SMC as a
baseline; detailed configuration is given in section

3 Algorithm and implementation

We implement our Nested Sampling framework, including Nested Slice Sampling (NSS), in the blackjax
library (Cabezas et al.,2024)) within the jax ecosystem (Bradbury et al., 2018]). Closely following existing
available SMC abstractions in (Chopin & Papaspiliopoulos; [2020). A practical motivation for this choice is
that the dominant cost in NS is repeated evaluation of the energy E(z) (and hence the likelihood) over many
particles. By expressing both the outer NS update and the inner constrained update as composable jax
functions, we can batch energy evaluations across particles and compile the full update to CPU/GPU/TPU
backends via JIT.

Our implementation mirrors the decomposition in section [2} an NS outer kernel that maintains the live
set and performs evidence bookkeeping, and a pluggable constrained update kernel used to (approximately)
sample from the constrained reference distribution H(x)l{ E(z)<Emm} at the current threshold. Section
describes the parallel outer kernel and its replacement interface; section then specifies the constrained
update and tuning choices that form NSS. Compared to typical NS implementations that parallelize primarily
across CPU cores (e.g. via MPI), this enables a complementary form of massive parallelism based on batched
likelihood evaluation and fused kernel execution.

3.1 Parallel Nested Sampling

We implement a batched NS outer loop that removes and replaces k live points per iteration (Henderson &
Goggans), [2014). Let m denote the number of live particles and k € {1,...,m — 1} the batch size. Each outer
iteration performs:

(i) Reweight (delete): evaluate energies { E(x;)},, identify the k worst live points, and set the batch
threshold Ejyaten to the k-th worst energy. The deleted points are recorded as dead samples.

(ii) Resample (duplicate): select k parent indices from the surviving m — k live points (with replacement)
and duplicate those states. This corresponds to multinomial resampling with binary weights. w;
1{E(x;) < Evatch}, i-e. uniform over survivors.

(iii) Mutate (constrained update): apply a user-specified constrained update operator targeting
(7)1 {E(2)< By} to each duplicated parent to obtain & new live points satisfying the same con-
straint.

(iv) Replace: insert the k new points into the live set.

The ratio k/m controls the expected compression per iteration (hence the number of outer iterations), while
k also sets the exposed parallelism. In contrast to many SMC schemes, this decouples the degree of parallel
mutation from the live-set resolution m — an advantageous trade off for high memory footprint likelihoods.
Resampling is a user defined step and simple extensions such as applying updates to all m particles are also
supported.
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Evidence bookkeeping. The outer kernel stores dead-point energies (and any auxiliary statistics required
for posterior reconstruction). For batched deletion, the expected volume contraction depends on (m, k) via
order statistics (section . In experiments we propagate the corresponding “geometric” uncertainty post
hoc by shrinkage simulation (section using the within-batch unrolling in section [D.2.1).

Vectorised execution. All operations in the outer update—energy evaluation, thresholding, indexing,
and resampling— are implemented as array programs and can be JIT-compiled. In particular, energies for
the full live set are evaluated in a single batched call to E(x), and the k constrained updates are applied in
parallel via the replacement interface.

Replacement strategies and adaptation. The outer kernel is agnostic to how replacements are generated.
Our default strategy, from_mcmc, applies a constrained MCMC kernel (HRSS in NSS, section starting
from each duplicated parent. To illustrate the flexibility of the interface we also implement a constrained
Gaussian random-walk baseline using standard blackjax components. We additionally support an adaptive
mode in which inner-kernel parameters (e.g. a conditioning metric estimated from the live set) are updated
once per outer iteration, in the same spirit as SMC inner-kernel tuning utilities (Chopin & Papaspiliopoulos),
2020)).

3.2 Nested Slice Sampling (NSS)

Nested Slice Sampling instantiates the replacement interface of section [3.1] using Hit-and-Run Slice Sampling
(HRSS) (see section for practical implementation details) as the constrained update kernel. Following the
batch deletion step, we resample (duplicate) k surviving particles as parents. Each replacement starts from a
duplicated survivor and applies a short HRSS chain to obtain a new (decorrelated) particle satisfying the
constraint. Key design choices are detailed below.

Hit-and-Run Slice Sampling (HRSS). In NSS we generate new live points by applying short HRSS
chains targeting the constrained density 7(z) o< Il(%)1{g(2)<E,.;,}- Given a current state x, HRSS samples a
random direction (velocity) v and performs a one-dimensional slice update along the line {z + tv : t € R}
using stepping-out and shrinkage (Neall |2003)). Operationally, points outside the hard constraint (or outside
the support of IT) are treated as having log 7 (x) = —o0, so stepping-out automatically discovers a finite chord
within the feasible set whenever one exists. We run p HRSS steps per replacement; we use p = d as a default,
with an ablation study in section [B7}

Direction metric. At each HRSS step, the velocity is randomized in a Mahalanobis geometry by sampling
d ~ N(0, M~') and setting v = d/||d||, where M is a positive definite conditioning matrix. In practice M
is updated once per outer iteration from the empirical covariance of the current live set (with standard
regularisation), providing inexpensive approximate whitening as the NS contour evolves. For very high
dimensions it is likely to be beneficial to restrict this to be diagonal, or otherwise modify this to exploit
any structure in the model. This plays a role analogous to mass-matrix adaptation in HMC-based kernels
(Buchholz et al.| {2020)).

Optimal slice width tuning. Section [E|derives the computational cost for the stepping-out and shrinkage
procedures and the resulting optimal tuning. Conditional on the (random) chord length ¢ induced by the
current point, direction, and constrained region, the expected number of likelihood evaluations for one HRSS
update is

L w
E[Newass | = — +1+26(5) (8)
for an explicit function ¢ (theorem . Minimising yields a unique optimum. For a fixed (non-stochastic) £

this gives w, ~ 1.36 ¢ (theorem. For ellipsoidal level sets Eq = {x : x! Agz < 1} in dimension d one obtains
the explicit high-dimensional scaling

Wy = 4Koo

ol = T4, )
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with a universal constant k., ~ 1.3035 (theorem . In particular, the optimal step size decreases like d—1/2,
and the leading dependence on anisotropy enters primarily through ug rather than the full spectrum. This
motivates the whitening strategy used in practice: by sampling directions in a Mahalanobis metric based on
the live-particle covariance, we aim to keep the constrained region approximately isotropic in the proposal
geometry, so that a dimension-aware width rule remains stable as the NS contour evolves.

Two empirical consequences of this analysis are leveraged by NSS. First, the theoretical expressions for both
the cost and the optimal width agree with numerical experiments (fig. [10). Second, the variability of the
per-step cost remains modest at the optimum (section see fig. Which explains why vectorising
many short constrained chains can be effective despite the adaptive control flow of slice sampling.

3.3 SMC and MCMC baselines

We benchmark NSS against particle and MCMC baselines implemented in the same blackjax stack. For
particle methods we use adaptive tempered SMC with an ESS-controlled temperature schedule (Fearnhead &
Taylor, 2010), and compare multiple mutation kernels: HMC (SMC-HMC), random-walk Metropolis—Hastings
(SMC-RW)), slice sampling (SMC-SS), and independent Metropolis—Hastings (SMC-IRMH). For posterior-only
comparisons (where evidence estimation is not required) we additionally run standalone slice sampling (SS)
and NUTS. Full configuration details are given in sections and

4 Experiments

In this section we review the performance of NSS on synthetic benchmarks, Bayesian inference problems
from Inference Gym (Sountsov et al., [2020), and an ML application to Gaussian Process hyperparameter
marginalization. We compare against adaptive tempered SMC with several mutation kernels (SMC-RW,
SMC-IRMH, SMC-SS, SMC-HMC) and, where appropriate, posterior-only baselines (SS and NUTS). We
evaluate posterior quality using Maximum Mean Discrepancy (MMD) (Gretton et al., [2012) and the sliced
2-Wasserstein distance (WW5) against reference samples (analytic where available, otherwise long-run MCMC;
see section [D.1)). For efficiency, we report ESS normalised by wall-clock time and by the number of energy
evaluations. For the GP Regression task we evaluate performance using a held out test set comprised of the
last 30% of the data, measuring the log-likelihood of the test set under the posterior predictive distribution
averaged over hyperparameter posterior samples. All GPU experiments were run on a Google Cloud A2
Standard instance equipped with 1x NVIDIA A100 GPU (40 GB HBM2), 12 vCPUs, and 85 GB host
memory. We run experiments in single precision (float32) unless otherwise noted. Extended results and more
experimental details are provided in section [B]

For evidence estimation, NSS reports geometric shrinkage uncertainties from volume simulations (section 7
which quantify the stochastic error from the NS compression process. SMC normalizing-constant estimators
are unbiased with variance O(1/m) under standard conditions (Beskos et al., |2011)); at m = 1000 particles
(the value we run most experiments at), this statistical error is negligible compared to the mixing uncertainty
that arises when mutation kernels fail to fully explore the target. We report all metrics, including In Z, with
run-to-run error bars from 5 independent seeds; for SMC the dominant source of error is mixing failure rather
than within-run variance (see section .

4.1 Synthetic Benchmarks

We evaluate NSS on synthetic benchmarks designed to probe sampler performance on pathological features
common in inference problems: pronounced multimodality (Mixture of Gaussians in 2d with 40 modes
and in 10d) and hierarchical structures (Neal’s funnel). These targets test both posterior sampling quality
and evidence estimation accuracy. We compare against adaptive tempered SMC baselines with random-
walk, independent, slice-sampling, and HMC mutation kernels (SMC-RW/IRMH/SS/HMC). Results are
summarized in table [I, with full problem descriptions, visualizations, and extended baselines in section

The results demonstrate consistent patterns across problems. On the 2d MoG with 40 modes—a challenging
benchmark from the ML sampling literature (Midgley et al., [2023)—all our particle methods recover the
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Figure 2: Posterior samples for a mixture of 40 bivariate Gaussians on a bounded uniform prior. NSS (orange)
recovers all modes with correct weights. This 2d example, despite its low dimensionality, challenges many
sampling methods due to the large number of well-separated modes.

Table 1: Performance on synthetic benchmarks. NSS vs SMC-RW vs SMC-HMC, averaged over 5 runs. Wy
and MMD computed against ground truth samples. Full results with additional baselines in section E}

Problem Method Energy evals  Time (s) ESS/s InZ MMD Wa
Truth - - - -9.21 0.021 + 0.009  3.51 4+ 0.71
MoG NSS 7.8 x10* 5.1 7.4 x102 -9.19 + 0.02 0.029 + 0.014  4.06 + 0.87
[d=2,40 modes] SMC-RW 1.9 x10° 3.6 2 x102 -9.21 + 0.01 0.032 + 0.012  4.22 + 0.75
SMC-HMC 1.9 x10° 8.1 8.6 x10? -9.22 + 0.06 0.034 + 0.019  4.48 + 1.2
Truth - - - -46.05 0.036 + 0.02  4.70 + 0.95
MoG NSS 1.5 x10° 8.1 9.9 x10® -45.97 + 0.11 0.19 £+ 0.05 9.56 =+ 0.89
[d=10] SMC-RW 2.7 x10°8 41 7.3 x10®°  -47.93 + 1.33 1.9 £ 0.65 19.0 + 2.7
SMC-HMC 5.4 x10° 8.5 3.5 x10®  -46.13 + 0.46 0.5 4+ 0.23 12.3 + 1.8
Truth - - - - (8.3 +1.5) x107%  7.35 + 0.40
Funnel NSS 2 x10°8 7.7 4 x10°  -62.34 + 0.10 0.033 £ 0.002  9.17 + 0.06
[d=10] SMC-RW 2.5 x10° 41 56 x10®°  -63.56 & 0.17 0.066 + 0.005  8.92 + 0.01
SMC-HMC 5.2 x10° 8.2 29 x10° -62.71 + 1.42 0.059 + 0.010  9.03 + 0.22

correct mode structure (fig. , confirming that our SMC implementations are competitive baselines and likely
underrepresented in this literature. The interesting performance gaps between methods emerge on harder
problems involving high-dimensional multimodality, invalid likelihood regions, and hierarchical structure.

On the 10d funnel, NSS has the lowest MMD score, perhaps unsurprising as slice sampling was introduced
in the literature to solve this exact problem. For multimodal targets, NSS maintains significantly better
posterior quality metrics indicating proper mode discovery and weighting as shown in table[I] All methods
have similar evaluation overheads, and produce large numbers of posterior samples per second. The 10d MoG
starts to differentiate tested methods, with slice sampling embedded in particle methods, particularly NSS,
proving generally the most reliable at mode recovery. Section [B.6] provides additional analysis of evidence
estimation accuracy and reliability as dimension increases.
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4.2 Inference Gym

To complement the results on synthetic benchmarks, we evaluate on real-data problems from the Inference
Gym (Sountsov et al, 2020)) repository. These Bayesian probabilistic models include ground truth posteriors
derived from exhaustive NUTS runs. We compare NSS against adaptive tempered SMC with multiple
mutation kernels (SMC-RW/IRMH/SS/HMC). Results are shown in table |2} with posterior quality measured
by Wy and MMD against the NUTS reference samples. No ground truth marginal likelihood estimates are
available for these problems, so we compare In Z estimates across methods for consistency.

The results reveal several patterns. On lower-dimensional problems (EightSchools, GermanCredit), all methods
achieve similar posterior quality and compatible evidence estimates. NSS matches SMC-RW and SMC-HMC
on EightSchools in both MMD and W5, and achieves the best posterior quality on GermanCredit logistic
regression. For the higher-dimensional problems (S&P500, RadonIndiana), NSS remains competitive. On
S&P500, NSS achieves comparable evidence variance to SMC-HMC and substantially outperforms SMC-RW
on all metrics; SMC-HMC achieves the best posterior quality, benefiting from gradient information in this
smooth stochastic volatility model. On RadonIndiana, NSS achieves the best performance across all metrics,
with substantially lower MMD and W5 than SMC-HMC and tighter evidence estimates; SMC-RW fails on
this hierarchical model, substantially underestimating the evidence. These results demonstrate that NSS
scales effectively to moderately high-dimensional problems; scaling further will likely require gradient-based
constrained samplers.

Table 2: Results on Inference Gym benchmarks. NSS vs SMC-RW vs SMC-HMC, averaged over 5 runs. Wy
and MMD computed against NUTS reference chains.

Problem Method Energy evals  Time (s) ESS/s InZ MMD Wa
BightSchools ~ NSS 1.6 x10° 10 3.8 x10° -36.15 £ 0.09 (2.0 £ 0.8) x1072 0.86 + 0.12
[d=10] SMC-RW 6.6 x10° 3.9 4.2 x10® -36.11 + 0.16 (1.8 £ 0.8) x1073 0.85 £ 0.07
SMC-HMC 6.8 x10° 7.6 2.3 x10° -36.16 £ 0.10 (2.0 & 0.3) x1072 0.95 + 0.09
GermanCredit ~ NSS 2.0 x107 16 5.5 x102 -529.12 £ 0.26 (1.4 £ 0.3) x107% (8.9 + 0.5) x10~3
[d=25] SMC-RW 2.4 x107 6.7 2.5 x10? -529.53 4+ 0.18 (2.3 +£ 0.6) x107% (11 & 1.0) x1073
SMC-HMC 9.8 x10° 11 1.6 x102 -529.19 £ 0.08 (4.1 & 0.6) x10~% (13 & 0.7) x10~3
S&P500 NSS 3.7 x107 79 1.1 x10? -571.25 4 0.18 0.014 4 0.002 0.14 + 0.008
[d=103] SMC-RW 5.7 x107 53 47 -572.87 4 0.62 0.023 & 0.006 0.18 # 0.015
SMC-HMC 5.4 x10° 90 24 -571.02 + 0.19 (2.2 + 0.6) x103 0.072 % 0.005
RadonIndiana ~ NSS 1.2 x108 63 2.6 x102 -2591.13 + 2.43 (2.0 & 0.3) x1073 0.029 =+ 0.002
[d=97) SMC-RW 1.9 x108 29 5.4 x10®  -3033.96 + 376.35 0.5 £ 0.55 0.67 + 0.47
SMC-HMC 1.5 x107 14 1.1 x10° -2596.62 + 8.59 0.04 4 0.039 0.1 £ 0.051

4.3 Gaussian Process hyperparameter marginalization

A practical application of Nested Sampling in machine learning is Bayesian Gaussian Process (GP) regression
with hyperparameter marginalization (Rasmussen & Williams|, 2006; [Simpson et all [2021)). Standard practice
often fits GP hyperparameters by maximizing the marginal likelihood (type-II maximum likelihood), but this
point estimate ignores hyperparameter uncertainty and can lead to miscalibrated predictive uncertainties.
A full Bayesian treatment instead marginalizes hyperparameters (Lalchand et al., 2022)). Particle methods
such as NSS additionally provide an estimate of the model evidence (marginal likelihood) Z, which enables
principled Bayesian model comparison between kernel choices (Kroupa et al., [2024).

We demonstrate NSS on two standard GP regression benchmarks (Mauna Loa COs and Airline Passengers),
using a composite kernel with constant, linear, and spectral mixture components (Wilson & Adams| 2013)),
resulting in an 11-dimensional hyperparameter space (see section for kernel details). We again compare
against adaptive tempered SMC with random-walk and HMC mutation kernels, and against NUTS as a
posterior-only baseline. Because evaluating the GP log marginal likelihood involves repeated Cholesky
factorisations, this problem benefits from double precision for numerical stability which does not vectorize
as efficiently (see section [C]) across particles. We therefore use a reduced particle population of m = 500.
This also limits the benefit of batch deletion, but it still provides a significant acceleration. In preliminary
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single-precision tests, NSS remained stable, consistent with HRSS being gradient-free and based on log-density
comparisons (see section [A.4)). We use the GPJax library (Pinder & Dodd} [2022) for GP likelihood evaluations.

400
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Figure 3: Posterior predictive distributions for GP regression on Mauna Loa COs [left] and Airline passengers
[right]. Shaded regions show 95% credible intervals from NSS samples, demonstrating well-calibrated
uncertainty quantification.

Table 3: GP regression results on Mauna Loa CO4 and Airline Passengers datasets (d=11 spectral mixture
kernel). Results averaged over 5 runs. NSS provides marginal likelihood estimates with uncertainty, enabling
model comparison.

Problem Method InZ Time (s) ESS Test NLL RMSE
NSS 874.42 + 2.42 423 5511  38.01 + 7.82 0.25
Mauna Loa SMC-RW 880.83 + 1.36 130 495 57.87 + 3.02 0.25
[d=11] SMC-HMC  875.34 + 2.66 100 896  49.00 + 12.31 0.25
NUTS — 277 1000  67.86 + 52.42 0.30
NSS 24.72 £ 0.57 32 4203 15.68 + 0.77 0.46
Airline Passengers ~ SMC-RW 24.02 £ 1.30 13 976 15.61 % 0.80 0.45
[d=11] SMC-HMC  23.50 4 0.92 19 563 15.24 + 0.85 0.44
NUTS — 117 1000  25.23 + 17.58 0.49

The results in table |3| and posterior predictive distributions in fig. [3| reveal several important findings. First,
Spectral Mixture kernels provide an extremely challenging posterior landscape to sample from. This surface
is highly non-linear, multimodal and features sweeping degeneracies, which are all features NS is proposed to
handle particularly well. To evaluate predictive performance we use a held-out test set (the last 30% of the
data) and compute the test negative log-likelihood (NLL) and root-mean-square error (RMSE) under the
posterior predictive distribution (see section for metric definitions). NSS provides the best predictive
performance on Mauna Loa and competitive performance on Airline, where all particle methods achieve
similar NLL. NSS’s high effective sample size (ESS) indicates thorough posterior exploration; visually in fig.
we find that all methods can capture similar trends, but NSS offers slightly better calibrated uncertainty
on average. We provide additional comparison with legacy NS implementations in section [C.I} where NSS
achieves over an order of magnitude speedup on identical hardware by fully exploiting batch likelihood
evaluation.

5 Discussion

Both NSS and our SMC baselines rely on mutation steps that evolve particles via short Markov chains, and a
key practical hyperparameter is the chain length p. If p is too small, replacement particles remain strongly
correlated with their duplicated parents, reducing the effective resolution of the particle population; if p is too
large, runtime is wasted on over-mixing relative to the outer-loop progress. This trade-off is present in many
particle Monte Carlo methods. In terms of parallel structure, the SMC baselines apply an embarrassingly
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parallel update that attempts a fixed number of steps for all particles, while classical NS (with £ = 1) is at
the other extreme, updating one particle at a time. Our batched NS outer loop (with k£ > 1) lies between
these extremes, and is reminiscent of waste-free particle schemes (Dau & Chopin, 2021)).

Empirically, NSS is often efficient in terms of energy evaluations per effective sample, but can be slower
in wall-clock time than SMC on hardware where strict SIMD synchronization penalizes variable-cost inner
updates. In NSS, HRSS steps have adaptive control flow (stepping-out and shrinkage) and therefore a
variable number of energy evaluations; when many chains are executed in lockstep this induces some wasted
computation, as discussed in section [C] Our tuning analysis helps reduce this effect: near the optimal slice
width, HRSS step costs concentrate (section fig. , making batched execution substantially more
effective than naive constrained random walks. An important direction for future work is to adapt p online
using diagnostics of within-chain decorrelation across the population (Margossian et all [2024). The NS
literature has also explored dynamic schemes that vary the number of live particles (Higson et al., |2018]), but
such approaches are less compatible with a static-memory, accelerator-oriented implementation; adapting p
and inner-kernel parameters appears more tractable in this setting.

Across the chosen benchmarks, NSS provides robust performance with minimal manual tuning, consistent
with the view that NS is particularly effective when the induced intermediate targets have hard constraints
and complex geometry (section . We expect the proposed implementation to be useful in scientific and
ML workflows where the forward model is already vectorized (or emulated)—a setting that is increasingly
common in the physical sciences (Wong et al., |2023; [Spurio Mancini et al., |2022))—and where estimating log Z
is valuable for principled model comparison (Lovick et al., [2025; [Leeney} 2025; [Yallup et al., |2025). In higher
dimensions (d > 10%), more sophisticated constrained mutation kernels (e.g. gradient-guided variants) may
be required to maintain efficiency (Lemos et all |2023); at the same time, exact evidence estimation for highly
multimodal non-convex targets is challenging for any method, and understanding practical scaling limits
remains an open problem. We also provide practical accelerator friendly versions of slice sampling, optionally
embedded within SMC, and note that for highly non-linear problems slice sampling is highly performant.
This embodies a broader contribution of this work, beyond just NSS, of well tested and efficient constrained
sampling methods for modern ML ecosystems.

6 Conclusion

Nested Sampling is a widely used tool for Bayesian model comparison in the physical sciences, notably in
astrophysics (Trottal, 2008), but has seen comparatively less adoption in modern ML software ecosystems.
We presented an accelerator-oriented implementation of Nested Sampling in the jax ecosystem, structured as
a batched NS outer kernel with a pluggable constrained-update interface. Instantiating this interface with
Hit-and-Run Slice Sampling yields Nested Slice Sampling (NSS), a simple and robust variant designed for
hard constraints and massively parallel likelihood evaluation.

Besides this engineering contribution, our main methodological contribution is a principled treatment of the
HRSS slice-width hyperparameter: we provide an optimal-width analysis (including the w, = 1.36 £ rule and
its high-dimensional scaling for ellipsoidal sets) and show that operating near this regime leads to well-behaved
per-step costs that support vectorized execution. We empirically compare NSS to strong adaptive tempered
SMC baselines and demonstrate competitive performance on challenging synthetic targets, High dimensional
Bayesian inference, and GP hyperparameter marginalization (section , where evidence estimation enables
Bayesian model comparison and improved uncertainty calibration. Our implementation of NSS is particularly
performant for moderate-dimensional problems that exhibit complex constrained geometries, and where the
likelihood is already vectorized or emulated.

The accompanying open-source implementation aims to make NS easier to use and to benchmark in ML
settings, while remaining compatible with established NS practice (e.g. evidence termination) and removing
several legacy complexities (e.g. clustering heuristics; see section. Open problems include better automatic
selection of the mutation length p, more asynchronous batched execution strategies on accelerators (Bou-Rabee
et al.l |2025)), and integrating gradient information into constrained updates when it is available.
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A Baseline Methods and Configuration

A.1 Adaptive Tempered SMC

SMC methods estimate ratios of normalizing constants by moving a particle system through a sequence
of bridging distributions {m;}_, with unnormalized densities {~;}, using incremental importance weights,
resampling, and MCMC mutation (Del Moral et al., 2006} |Chopinl 2002). While many paths are possible (e.g.
tempering, data-tempering, or other interpolations), for benchmarking we use a standard tempered (annealed)
path targeting the power-posterior family

m(z) o< yp(x) = 1l(z) exp(—BE(z)),  B€[0,1], (10)
with Bp =0 and B = 1.

Given particles {xl(t)}l’-il approximating 7g,, we choose the next temperature 8,11 > f; adaptively using an
ESS criterion following [Fearnhead & Taylor| (2010). For a candidate 3, define incremental weights

Z;ﬁﬂ 117]‘(6)7

and the effective sample size ESS(8) := 1/ 3", w;(3)%. We then set B:11 so that ESS(B:11) ~ pm for a
fixed target p € (0,1). The incremental normalizing-constant ratio has the standard estimator

A£5t+1)
Z(Br)

w:(8) :=exp( — (B — B)EEY)),  wi(B):= (11)

= % Z W; (Br1), (12)

so log Z accumulates as a sum of log-means over SMC steps.

After reweighting, we resample particles according to w;(S8:+1) and then apply an MCMC mutation kernel
that leaves mg,,, invariant. The inner kernel is a design choice; common options include random-walk or
independent Metropolis—Hastings proposals (Robert & Casella), 2005} |Andrieu et al., 2010) and Hamiltonian
Monte Carlo (Duane et al., [1987; |Buchholz et al.| 2020). In our benchmarks we choose inner kernels and
tuning rules to match NSS as closely as possible (e.g. comparable particle counts and comparable numbers of
inner-kernel steps), so that differences primarily reflect the bridging path (tempered versus constraint-based)
and the resulting geometry of the intermediate targets. Prior comparisons between NS and SMC have used a
range of NS inner kernels (Grosse et al., [2015; |Salomone et al., [2024)), and inner-kernel choice can strongly
affect the practical performance of either method.

The adaptive tempering sequence is closest in spirit to the automatic bridging sequence of NS, and the ESS
criterion plays a similar role to the compression factor k/m in NSS.

A.2 NSS Default Configuration

Unless otherwise noted, NSS experiments use population size m = 1000 and batch deletion size k£ = 100
(i.e., k/m = 0.1). We use p = d MCMC steps per replacement, where d is the parameter dimension. The
theoretical analysis in theorem [3| shows that the optimal slice width scales as w* oc d~'/2 for a d-dimensional
isotropic target. In practice, we combine a fixed base width w = 1.0 with adaptive whitening: at each outer
iteration, we estimate the live-set covariance and sample HRSS directions in the corresponding Mahalanobis
metric (see section . This effectively rescales the slice width to the local geometry, so that a simple fixed
w in the whitened space approximates the optimal scaling. The stepping-out procedure then adapts to the
actual slice length, ensuring robustness when the whitening is imperfect.

Termination occurs when the estimated remaining evidence contribution falls below e~ (synthetic) or e~®

(Inference Gym) of the current estimate. For GP regression experiments requiring double precision, we use
m = 500 with & = 250. For the higher-dimensional Inference Gym problems (S&P500, RadonIndiana), we use
m = 1000 with £ = 500 and triple the MCMC steps to p = 3d; the same tripling is applied to SMC baselines
for consistency (although this is likely conservative for both methods).
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A.3 SMC Inner Kernel Configuration

This section details the specific inner kernels used for our SMC baselines. We deliberately use settings that
are stronger than typical library defaults to ensure fair comparisons: high ESS targets, long mutation chains,
and adaptive proposals. Across all SMC variants we use m = 1000 particles (or m = 500 for GP experiments)
and adaptive tempering with an ESS target of 0.9m (Fearnhead & Taylor, 2010). Within each SMC step we
apply p = 5d inner-kernel transitions per particle for random-walk kernels and p = 2 — 5 HMC transitions
with trajectory length L = 5-10 for HMC kernels. As noted in section[A2] we triple inner step counts for the
higher-dimensional Inference Gym problems.

SMC-RW (random-walk Metropolis—Hastings). We use a Gaussian random-walk proposal with
covariance estimated from the current particle population and scaled as 2.382/d, following standard optimal-
scaling results for random-walk MH (Geyer} [1992)). The resulting Metropolis—Hastings kernel targets the
current tempered density mg, (Robert & Casella, 2005)).

SMC-IRMH (independent Metropolis—Hastings). We use an independent Gaussian proposal fitted
from the current particle cloud (empirical mean and covariance) and apply an independent MH correction
(Robert & Casellay, [2005; [South et al., 2019)). This can be interpreted as an importance-sampling-like mutation
step inside a particle Monte Carlo method (Andrieu et al., [2010), and is closely related in spirit to Annealed
Importance Sampling when used along a tempered path (Neal, [1998]).

SMC-HMC (Hamiltonian Monte Carlo). We use an HMC mutation kernel with mass-matrix adaptation
based on the particle covariance, and step size scaled using the Expected Squared Jump Distance of the
previous (f3;—1) temperature step trajectory (Buchholz et al.,2020). This provides a gradient-based baseline
on problems where gradients are available and the geometry is amenable to Hamiltonian dynamics.

SMC-SS (slice sampling). We also consider slice sampling as an SMC mutation kernel (Neal, [2003]).
This targets the tempered density 7g, (x) o II(x) exp(—f,E(x)) without hard constraints, and provides a
gradient-free alternative to MH/HMC within the same SMC outer loop. This is an important control as the
inner kernel exactly matches that of NSS; with identical tuning (slice width, number of steps).

Additional baselines. We did not include more expressive learned proposals (e.g. flow-based repeated
annealing) (Matthews et all[2023) or alternative classical baselines such as parallel tempering (Syed et al.l
2021)), in order to keep the comparison focused on strong, standard kernels. We report point estimates of
log Z from SMC; unbiasedness and error bounds for SMC normalizing-constant estimators are available under
standard conditions (Beskos et al.| |2011)). Finally, we use standalone SS and NUTS as posterior-only baselines
where appropriate; these do not provide marginal-likelihood estimates. NUTS is run with warmup window
adaption (Carpenter et al.,|2017)), and SS is run for a similar number of steps (1000-2000) with covariance set
from the initial particle sample covariance.

A.4 Hit-and-Run Slice Sampling Implementation

Our constrained update kernel is Hit-and-Run Slice Sampling (HRSS), implemented using the stepping-out
and shrinkage procedures of slice sampling (Neal, |2003). For a current state « and (randomised) direction
v, HRSS performs a one-dimensional slice update along the line { + tv : ¢ € R}. We work in log space
throughout and treat points outside the constraint (or outside the support of IT) as having log density —oo.

Stepping-out. Given a slice height (auxiliary) variable, stepping-out expands an interval until it brackets
the horizontal slice along the chosen line. We use the standard linear stepping-out procedure with a randomised
initial bracket of width w (Neal, |2003), which yields a transition kernel that leaves the target invariant under
the usual slice-sampling conditions.

To ensure bounded-loop execution under JIT compilation, we cap the number of stepping-out expansions
at 10 steps in each direction. This cap exists purely for safety against unbounded while loops and is not
expected to affect the sampler under normal operation.
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Shrinkage. Given a bracketing interval, we sample a candidate ¢’ uniformly from the current interval and
accept it if it lies in the slice; otherwise we shrink the interval by replacing the left or right endpoint with ¢’
and repeat. This shrinkage loop produces an exact slice update along the line in the idealised setting, and in
particular it does not require a separate Metropolis—Hastings accept/reject step.

As with stepping-out, we cap the maximum number of shrinkage iterations at 100 for robustness. This is
again a safety guard for JIT compilation; when the cap is reached, the update returns the current state as a
null move, ensuring bounded runtime without introducing invalid states. Across all experiments in section [4]
neither the stepping-out cap (10 per direction) nor the shrinkage cap (100) was ever reached. The caps
exist solely to guarantee bounded execution in a JIT-compiled environment and do not affect the sampler’s
behavior on the problems studied.

Reduced-precision execution. HRSS requires only comparisons of (log-)densities and does not use
gradients or numerical integration. This makes it straightforward to run in single or mixed precision, provided
the log-density computation itself is stable. We did not observe the same sensitivity to reduced precision
that can arise in gradient-based inner kernels. We found relatively robust performance on all problems,
including GP hyperparameter marginalization, when using single precision. Due to potential instabilities of
other algorithms on the GP tasks, we used double precision for all methods in that section to ensure a fair
comparison.

A.5 Slice Sampling vs Random Walk

A key advantage of slice sampling over random-walk Metropolis—Hastings for constrained sampling is the
concentration of per-step computational cost. This property is critical for efficient GPU execution: when
many chains run in parallel via jax.vmap, the wall-clock time per batch is determined by the slowest chain.
High variance in per-step cost leads to wasted computation as faster chains wait for stragglers.

We compare NSS (using HRSS) against constrained random walk (RW) on an ill-conditioned Gaussian target
with condition number k = 100. For RW, we use a Gaussian proposal with covariance matched to the target
and scaled optimally, rejecting proposals that violate the constraint. Table [4] shows that NSS maintains
nearly constant cost (=~ 5 evaluations per step with standard deviation = 1.2) across dimensions 10-100,
while RW has both higher mean cost and dramatically higher variance (standard deviation ~ 30-34).

Table 4: Evaluations per step for constrained sampling on an ill-conditioned Gaussian (x = 100). NSS uses
slice sampling; RW uses random walk with rejection. NSS maintains constant cost with low variance across
dimensions, while RW exhibits high variance that degrades batched execution efficiency.

Mean =+ std Evals per successful sample

Dimension NSS RW

10 49 + 1.2 19.6 + 30.7
50 5.0 % 1.2 25.3 £ 33.7
100 5.1+ 1.2 24.1 £+ 32.7

The distribution of per-step costs reveals why this matters for vectorized execution. Figure [4] shows that NSS
cost is tightly concentrated around the mean, while RW exhibits a heavy tail extending to 100+ evaluations
per step. In a batched setting, even a small fraction of high-cost chains forces all other chains to wait, severely
degrading parallel efficiency.

This empirical finding aligns with the theoretical analysis in section which shows that HRSS cost
variance remains O(1) across a wide range of dimensions when operating near the optimal slice width. The
concentration property is a direct consequence of the stepping-out procedure automatically adapting to the
local geometry, whereas rejection-based methods accumulate rejections at the constraint boundary.
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Figure 4: Distribution of likelihood evaluations per constrained step for NSS (slice sampling, blue) vs RW
(random walk, orange) on an ill-conditioned Gaussian (x = 100) in dimensions 10, 50, and 100. NSS maintains
concentrated cost (= 5 evals, with standard deviation ~ 1) while RW exhibits heavy tails that degrade
batched execution efficiency.

B Extended Experimental Results

This section provides detailed problem descriptions and complete results for the synthetic benchmarks
discussed in section [.I] For each problem, we provide the target distribution definition, ground truth
computation methodology, and extended performance comparisons. Across all synthetic experiments we
report error bars on key quality metrics (W2, MMD) computed over 5 independent draws from the reference
density. We run each algorithm with 5 independent seeds to measure the run-to-run variability on a subset
of the problems. As all experiments are run on identical hardware, and we are comparing across different
algorithms with different computational profiles, we report results in terms of number of target density
evaluations, wall clock time, and the ESS per wall clock time as a measure of efficiency. The ESS for NS is
measured as described in section and for SMC variants it is computed by summing contributions from
all annealing steps using the standard formula (Le Thu Nguyen et al., |2014)). All reported wall-clock times
include jax JIT compilation overhead, which represents a significant proportion of total runtime on these
problems; production use would amortize this cost across multiple runs.

B.1 Mixture of Gaussians (d=2, 40 modes)

This pedagogical example, introduced by Midgley et al.| (2023)), consists of 40 bivariate normal distributions
arranged on a bounded uniform reference density. The ground truth evidence is In Z = —9.21, computed
analytically from the mixture weights and component normalizations. Interestingly, standalone SS also mixes
well despite being a single chain method. The full results are shown in table [§ and fig. [2]

Table 5: Performance on the 40-component mixture of Gaussians. Results averaged over 5 runs. In Z reported
where available.

Method Energy evals  Time (s) ESS/s InZ MMD Wa
Truth - - - -9.21  0.021 £ 0.009  3.51 + 0.71
SS 6.6 x10% 9.2 1.1 x10® - 0.027 £ 0.015 3.84 + 0.94
NUTS 4.4 x10* 37 2.7 x10? - 2.8 + 0.27 34.7 + 2.1
Particle Methods
NSS 7.8 x10* 5.1 7.4 x10® -9.19 + 0.02 0.029 &+ 0.014  4.06 + 0.87
NS-RW 6.4 x10* 3.3 1.1 x10°  -9.20 £ 0.04 0.032 &+ 0.012  4.42 + 0.63
SMC-SS 2 x10° 59 1.2 x10° -9.20 + 0.01  0.036 &+ 0.012  4.43 + 0.54
SMC-RW 1.9 x10° 3.6 2 x10%  -9.21 £ 0.01  0.032 &+ 0.012  4.22 + 0.75
SMC-IRMH 1.9 x10° 3.5 2 x10®  -9.21 + 0.01  0.023 + 0.008  3.82 + 0.79
SMC-HMC 1.9 x10° 8.1 86 x10% -9.22 4+ 0.06 0.034 &+ 0.019 4.48 + 1.2
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B.2 Mixture of Gaussians (d=10)

This benchmark extends multimodal sampling challenges to higher dimensions. The target is a mixture of
five 10-dimensional Gaussian distributions with randomized means and covariances, designed to test mode
discovery and proper weighting across well-separated regions of parameter space.

Ground truth samples are drawn directly from the known mixture components, providing exact reference
distributions for quality metrics. This problem starts to differential the particle methods, where both SMC-SS
and NSS are particularly strong. This pattern holds on random re-seeding. The full results of this experiment
are shown in table [0 and fig. [5|

Truth SS NUTS
50 4 . .
- « o » o «
0 - e ® & B
L L L
_50 L T T T T T L T T T T T L T T T T T
NSS NS-RW SMC-SS
50 . .
= » 'y - - -
0 ~ - .
‘% * % * %
_50 L T T T T T L T T T T T L T T T T T
SMC-RW SMC-IRMH SMC-HMC
50 4 . .
ra <« ”» - &~
O - -
% || |[°%
_50 L T T T T T L T T T T T L T T T T T
—50 —25 0 25 50 —50 —25 0 25 50 =50 —25 0 25 50

Figure 5: Marginal distribution of the first two parameters of the d=10 mixture of Gaussians. Ground truth
samples (blue) compared with NSS samples (orange).

Table 6: Performance on the d=10 mixture of Gaussians. Results averaged over 5 runs.

Method Energy evals Time (s) ESS/s InZ MMD Wo
Truth - - - -46.05  0.036 £+ 0.02  4.70 £+ 0.95
SS 6.7 x10% 9.5 1.1 x10® - 2.7+ 0.24 222+ 053
NUTS 3.6 x10° 89 1.1 x10? - 2.8 4+ 0.06 22.5 + 0.12
Particle Methods
NSS 1.5 x10° 81 9.9 x10? -45.97 + 0.11 0.19 4+ 0.05  9.56 + 0.89
NS-RW 1.5 x10° 5.3 1.3 x10°  -46.09 + 0.44 0.94 + 0.41 15.4 + 2.0
SMC-SS 2.6 x10° 6.8 4.4 x10? -46.07 + 0.05  0.044 + 0.03 5.43 + 1.4
SMC-RW 2.7 x10° 4.1 7.3 x10®  -47.93 + 1.33 1.9 + 0.65 19.0 + 2.7
SMC-IRMH 2.7 x10° 4.4 6.7 x10?  -46.88 + 0.22 0.93 + 0.3 15.3 + 1.8
SMC-HMC 5.4 x10° 8.5 3.5 x102  -46.13 + 0.46 0.5 + 0.23 12.3 +£ 1.8

22



Under review as submission to TMLR

B.3 Neal's Funnel

The funnel distribution (Neal, 2003) is a canonical example of a hierarchical structure that presents significant
challenges for sampling algorithms. In 10 dimensions, the target density is defined as:

9
P(y,x) = N(y | 0,3) [T M(zn | 0,exp(y/2)), (13)

n=1

with a uniform prior distribution on all parameters. The hierarchical structure creates a “funnel” shape where
the variance of the = variables depends exponentially on y, causing the distribution to span many orders of
magnitude in scale.

Ground truth samples are obtained by running HMC with a non-centered parameterization
, which removes the problematic coupling. All algorithms under test use the more challenging
centered parameterization to evaluate robustness to difficult geometries. Although HRSS has limited tuning
requirements (primarily the slice width), embedding it within a particle method like NSS makes tuning
effectively automatic: the adaptive whitening based on the live-set covariance (section continuously
rescales the sampler to the local geometry, removing the need for manual tuning even on problems with
extreme scale variation like the funnel. The difference between NSS and SMC-SS on this problem highlights
that NS provides a more natural framework to embed slice sampling within, compared to the tempered SMC
approach. The full results are shown in table [7] and fig. [6}

NUTS (centered)

10

SMC-IRMH
0

—10 -5 0 5 10 —-10 10 —10 ) 0 5 10

Figure 6: Marginal distribution of the first two parameters of Neal’s d=10 funnel. Ground truth samples
(blue) compared with NSS samples (orange).

B.4 Inference Gym Models

We run a reduced, more targeted subset of the full algorithmic range on the remaining problems explored,
restricting to SMC-RW, SMC-HMC and NSS. The NUTS reference chains used to assess quality were run
with 1000 warm-up steps and for 5000 sampling steps, before thinning to 1000 posterior samples. The NUTS
chains were run in double precision on the machine CPU as this executed significantly faster than using the
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Table 7: Performance on the d=10 funnel target. Results averaged over 5 runs. In Z reported where available.

Method Energy evals  Time (s) ESS/s InZ MMD Wa
Truth - - - - (83 +£1.5) x107%  7.35 4+ 0.40
NUTS (centered) 4.1 x10* 20 1 x102 - 0.031 £ 0.004  9.07 & 0.03
Ss 5.8 x10* 6.3 1.6 x10° - 0.041 + 0.011  9.22 4 0.18
Particle Methods
NSS 2 x10° 7.7 4 x10°  -62.34 £ 0.10 0.033 £ 0.002  9.17 & 0.06
NS-RW 2.2 x10° 5.6 5.9 x10°  -62.34 £ 0.05 0.033 £ 0.003  9.18 £ 0.06
SMC-SS 2.6 x10° 6.3 3.7 x10° -62.63 £ 0.18 0.033 £ 0.002  9.08 £ 0.05
SMC-RW 2.5 x10° 41 5.6 x10° -63.56 £ 0.17 0.066 £ 0.005  8.92 £ 0.01
SMC-IRMH 2.6 x10° 4.4 5.3 x10°  -63.53 £ 0.10 0.063 + 0.003  8.95 & 0.03
SMC-HMC 5.2 x10° 8.2 2.9 x10° -62.71 £ 1.42 0.059 £ 0.010  9.03 £ 0.22

hardware accelerator, highlighting the fact that the throughput of a GPU is best exploited with ensemble
methods. The standard prior and likelihood definitions provided by the library were used throughout [Sountsov
et al.| (2020]), with a filtering to prior samples applied to ensure valid support on all initial prior samples.

The S&P500 stochastic volatility model presents unique challenges due to its heavy-tailed Cauchy priors
on volatility parameters, which produce high-variance samples during prior initialization. Additionally, this
model requires filtering-based likelihood evaluation, which can amplify sensitivity to initialization. Without
aggressive filtering of prior samples to ensure valid likelihood support, all particle methods fail entirely on
this problem. With proper initialization, NSS achieves comparable evidence variance to SMC-HMC and
substantially outperforms SMC-RW; SMC-HMC benefits from gradient information on this smooth target,
achieving the best posterior quality metrics.

B.5 Gaussian Process Hyperparameter Marginalization

This section provides details for the GP regression experiments in section We use a composite kernel
combining trend and periodic components, following the spectral mixture approach of [Wilson & Adams
(2013)).

Kernel specification. The covariance function is a sum of three components:

k(z,2") = keonst (%, ") + Kiinear (%, ') + ks (z, '), (14)

where the constant and linear kernels capture the long-term trend:
Econst (2, 2') = 02, (15)
Ftinear(z,2") = 02 272, (16)

and the spectral mixture kernel captures periodic structure:

Q
ksm(z, ') = qu exp(—2m°(z — ') /A7) cos(2m fy(z — a')) . (17)

q=1

We use (Q = 3 mixture components, giving 11 hyperparameters in total: {Uf, 037 0,%7 w13, A\1:3, f1:3}, where
o2 is the observation noise variance.

Priors. All variance and scale parameters are assigned standard normal priors in log-space:
log o2, log o?,log 02, log wy,log Ay ~ N(0,1). The frequencies f; < fo < f3 are constrained to be sorted and
lie in [0, fnyquist], Where fnyquist = N/(2T") for N observations over time span 7. We place a uniform prior
on the sorted frequencies, implemented via a Dirichlet-based bijection with appropriate Jacobian correction.

Data preprocessing. Both inputs X and outputs y are standardized (zero mean, unit variance) before
inference. Reported predictions are transformed back to the original scale for visualization. We apply
the methodology to two standard datasets: the Mauna Loa COy dataset (kee|) and the airline passenger
dataset (Box & Jenkins, [1976]).
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Experiment configuration. We use m = 500 particles with k£ = 250 for NSS, and m = 500 particles for
SMC baselines. NSS uses p = d MCMC steps; SMC-RW uses p = 5d steps; SMC-HMC uses p = 2 transitions
with trajectory length L = 10. NUTS uses 1000 warmup and 1000 sampling iterations. Results are averaged
over 5 independent runs with a 70/30 train/test split.

B.6 Dimension Scaling of Evidence Estimation

Beyond per-step efficiency, we evaluate the accuracy of evidence estimation as dimension increases. This
experiment also illustrates the distinction between two sources of uncertainty in NS evidence estimates:

1. Geometric uncertainty: Stochastic variation from the volume shrinkage process, computable via
Monte Carlo simulation of Beta-distributed shrinkage factors (section [D.2]).

2. Mixing uncertainty: Systematic bias from imperfect constrained sampling that fails to maintain
the i.i.d. assumption on the live set. This appears as run-to-run variation beyond the geometric
uncertainty.

When the constrained sampler mixes well, empirical run-to-run variation should be consistent with the
reported geometric uncertainty. When mixing fails, runs will exhibit systematic bias.

We use the 10d Mixture of Gaussians experimental design (section [B.2)) with an analytically known evidence,
varying the dimension from 10 to 20. Figure[7]and Table [§| show results from averaging 10 independent runs
per method.

d=10 d=20
—44 - —90 + SMC-RW
A SMC-HMC
745 - —91 N A True
i A 0o @® Nss
—46 g Ee _*__l____;__!__r = B 92 _.i_.i._.i_. cavar s
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Figure 7: Evidence estimates (In Z) across 10 independent runs for MoG targets in d=10 (left) and d=20
(right). NSS (blue circles) consistently tracks the true value (black dotted line), while SMC-RW (orange
squares) and SMC-HMC (green triangles) exhibit systematic negative bias that worsens with dimension.
Arrows indicate runs that failed to reach 5 = 1 within the budget.

NSS maintains accurate evidence estimates across dimensions, with mean absolute error & 0.2-0.35 that
is consistent with the NS geometric uncertainty—indicating that the constrained slice sampler mixes well
and the reported uncertainties are reliable. When combining all 10 runs (as would be done in practice for
uncertainty reduction), NSS achieves errors of 0.12 (10d) and 0.02 (20d). In contrast, both SMC-RW and
SMC-HMC exhibit systematic negative bias that far exceeds their nominal uncertainties: errors of 2.6-3.6 in
10d worsen to 7.9-8.0 in 20d. This demonstrates mixing uncertainty dominating: the samplers fail to discover
all modes, producing biased evidence estimates regardless of the number of particles. The bias is particularly
severe for SMC-HMC in 20d, where most runs fail to discover all modes (indicated by arrows in fig. . The
constraint-based path of NS, combined with the robustness of slice sampling, provides more reliable evidence
estimation than tempered SMC with standard mutation kernels on this problem.
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Table 8: Evidence estimation accuracy on MoG targets at d = {10,20}. Mean absolute error |In Z — In Z, e
from 10 independent runs. NSS* denotes the estimate obtained by unrolling the order statistics across all 10
runs into a single combined evidence estimate section

[InZ — In Zgrye|
d NSS NSS* SMC-RW SMC-HMC
10 0.19 £ 0.16 0.12 2.64 £ 0.81 3.55 £ 6.19
20 0.35 £ 0.27 0.02 7.86 £ 3.09 8.04 £+ 6.05

B.7 Dimension Scaling of Inner mutation step

In section we showed that relative to a constrained random walk baseline, slice sampling maintains a
constant per-step cost distribution as dimension increases. However, this doesn’t address the mixing rate
of the chain itself which will exhibit scaling with dimension. Hamiltonian Monte Carlo is known to have a
favorable d'/* scaling for unconstrained targets (Beskos et all, [2010), while random walk methods typically
scale as d or worse (Geyerl, [1992)). The impact of this is that we keep the number of MCMC mutations per
replacement proportional to dimension in algorithms that display this random walk scaling (NSS, SMC-RW)
to maintain a roughly constant effective sample size per replacement. For SMC-HMC we make the realistic
choice of using a fixed number (2-5) of HMC transitions per replacement, as the d*/* scaling is mild enough
that this remains effective in practice.

Mutation Chain Length The number of MCMC steps p per particle replacement controls the tradeoff
between decorrelation and cost. Figure[8|shows ablations varying p on the d=10 MoG problem (5 independent
runs each). All methods use m = 1000 particles. NSS uses batch deletion k¥ = 100 and sweeps p €
{1,3,5,...,20}. SMC-RW uses ESS target 0.9 and sweeps p € {5,15,...,250}. SMC-HMC uses ESS target
0.9, trajectory length L = 5, and sweeps p € {1,2,4,6,8,10}.

NSS plateaus around p ~ 7 with MMD =~ 0.11; we use p = d for consistency. SMC-RW and SMC-HMC
improve more slowly with increased p. The optimal p is problem-specific; for challenging problems, a similar
ablation is recommended. Assuming a near optimally tuned Gaussian Random Walk, with acceptance rate
around 0.234 (Geyer} [1992)), attempting p = 5d moves will yield a similar effort to NSS (which is rejection
free) making p = d moves. We note that the mean values of slice walk lengths in table |4f are around 5, so the
total evaluations are indeed similar between the Gaussian walk and HRSS, with some loss of parallel efficiency
incurred for HRSS. Despite this random walk scaling, NSS can still extend to hundreds of dimensions (Yallup),
2025)). Going much beyond this requires more sophisticated constrained samplers, which we explore more in
section [E]

C GPU Scaling and Vectorization

With the increased proliferation of Neural Network surrogates, neural Simulation-Based Inference, and the
general utilization of GPU acceleration in scientific problems, sampling algorithms that efficiently leverage
parallel hardware have become essential. However, implementing typically control-flow-heavy MCMC methods
effectively on architectures like GPUs presents challenges (Hoffman & Sountsov,, [2022; [Hoffman et al., 2021)).

The efficiency of this parallelization is limited by the inner MCMC step, here Hit-and-Run Slice Sampling.
As discussed in section slice sampling involves a variable number of likelihood evaluations per call (e.g.,
during stepping-out). When executing k chains in parallel (e.g., via jax.vmap), the time for the collective step
is determined by the chain requiring the maximum number of evaluations. However, the cost concentration
property of HRSS (section [E|) ensures that the per-chain variability remains low, enabling significant wall-clock
time reductions on highly parallel hardware.

Detailed scaling results are provided in table [§] Note that timings in this section exclude JIT compilation
overhead to isolate the scaling behavior of the algorithm itself. We consider both one of the GP regression
tasks (Airline Passengers dataset), and the GermanCredit logistic regression task. For the GP task, increasing
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Figure 8: Ablation of MCMC chain length p on d=10 MoG. Top: NSS (p = 1-20). Middle: SMC-RW
(p = 5-250). Bottom: SMC-HMC (p = 1-10, trajectory length L = 5).

the deletion batch size k from 10 to 900 (with fixed m = 1000) reduces runtime by 13x (152s to 12s) while
maintaining consistent In Z estimates until k/m > 0.5. The GermanCredit task shows even better scaling:
runtime reduces by 28x (194s to 7s) over the same range.

The population size scaling is particularly striking for GermanCredit: increasing m from 100 to 4000 (a 40x
increase in particles) only increases runtime by 1.5x (8.2s to 12.6s), while reducing o(In Z) from 0.80 to
0.13. This near-constant runtime with increasing population size demonstrates effective GPU utilization on
problems that parallelize well on the chosen hardware. Gaussian Process inference is somewhat bottlenecked
by the O(N?3) Cholesky factorization, leading to more modest scaling. Expectation for the potential of
GPU acceleration on new tasks should consider the per-evaluation compute cost and parallelizability of the
likelihood function.

C.1 Comparison with existing Nested Sampling implementations

Existing prominent Nested Sampling implementations, such as PolyChord (Handley et al., [2015) and
UltraNest 7 were built to target CPU architectures and rely on MPI-based parallelism, with
features (clustering, unit-hypercube prior transforms, dynamic population sizes) that are not well-suited to
GPU execution (see section (3| for discussion). As such it is hard to construct a fair comparison with our
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Figure 9: GPU scaling ablation for NSS. Top: GP hyperparameter inference (Airline Passengers, d=11).
Bottom: GermanCredit logistic regression (d=25). For each problem, the left panel shows runtime vs. deletion
batch size k, and the right panel shows In Z accuracy vs. k. The higher-dimensional GermanCredit problem
exhibits better parallel scaling (28x speedup vs 13x), demonstrating that parallelization benefits increase
with per-evaluation compute cost.

GPU-accelerated NSS implementation. Despite these architectural differences, we find the performance (in
terms of quality metrics) on difficult problems to be potentially superior to these existing codes, with a
significant runtime advantage.

To demonstrate this we consider the Mauna Loa dataset hyperparameter marginalization problem from
section [£:3] comparing NSS against UltraNest. Ultranest implements a variety of NS methods, we pick two
that closest match NSS: SliceSampler and a vectorized PopSliceSampler. We use the same number of steps,
same population size and same termination criterion as in NSS. We run all on the same NVIDIA A100
hardware with the same JIT-compiled likelihood and enable vectorized likelihoods in UltraNest.

The results in table show NSS achieves a 12x to 30x speedup depending on configuration, while
achieving substantially better predictive NLL and using fewer likelihood evaluations. This likelihood is
relatively bottlenecked by Cholesky factorization, so we expect even larger speedups on problems with more
parallelizable likelihoods.
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Table 9: GPU scaling ablation comparing GP hyperparameter inference (Airline Passengers, d=11) and
GermanCredit logistic regression (d=25). For each problem: top rows vary deletion batch size k with fixed
m = 1000; bottom rows vary population size m with fixed k/m = 0.5.

Problem Study Parameters Time (s) InZ o(InZ) Evals (x10%)
k=10, k/m=0.01 152.3 25.21 0.17 1.85

k=50, k/m=0.05 47.5 24.88 0.19 1.82

Deletion k=100, k/m=0.10 30.2 26.12 0.18 1.75

batch k=250, k/m=0.25 20.0 26.03 0.21 1.61

(m=1000) k=500, k/m=0.50 15.6 25.38 0.19 1.31

GP Airline k=750, k/m=0.75 12.9 24.19 0.23 1.02
Passengers k=900, k/m=0.90 11.6 23.03 0.38 0.79
[d=11] m=100, k=50 9.9 22.57 0.67 0.15
Population m=200, k=100 10.7 23.73 0.40 0.27

size m=>500, k=250 11.9 25.27 0.27 0.67

(k/m=0.5) m=1000, k=500 15.4 24.97 0.24 1.33

’ m=2000, k=1000 22.2 26.50 0.14 2.57

m=4000, £=2000 37.4 26.21 0.10 5.15

k=10, k/m=0.01 193.9  -528.99 0.23 21.5

k=50, k/m=0.05 52.4 -529.17 0.21 21.1

Deletion k=100, k/m=0.10 31.8  -529.00 0.24 20.5

batch k=250, k/m=0.25 16.4  -529.62 0.21 19.0

(m=1000) k=500, k/m=0.50 10.1  -529.91 0.29 16.0

German k=750, k/m=0.75 8.3  -529.77 0.33 11.9
Credit k=900, k/m=0.90 7.0 -529.95 0.47 8.6
[4=25] m=100, k=50 8.2  -528.09 0.80 1.6
Population m=200, k=100 9.0 -529.56 0.62 3.2

size m=>500, k=250 9.4  -528.43 0.39 7.7

(k/m=0.5) m=1000, k=500 9.9  -529.47 0.25 15.8

’ m=2000, k=1000 10.7  -529.01 0.19 31.2

m=4000, k=2000 12.6  -529.17 0.13 62.3

Table 10: Comparison of NSS vs UltraNest on Mauna Loa GP (d=11 spectral mixture kernel).

Method InZ Time (s) Evals Test NLL  Test RMSE
NSS 870.02 £ 0.41 227 1050579 32.6466 0.2690
UltraNest (PopSliceSampler) 803.40 £ 0.73 2813 15823697 141.1388 0.3519
UltraNest (SliceSampler) 881.91 £ 0.69 6785 2711842 50.6655 0.2522

D Technical Details

D.1 Sample Quality Metrics

To provide a principled comparison of posterior sample quality, we employ two integral probability metrics
to measure the statistical distance between the samples X = {z;}7_; generated by a given method and our
ground truth reference samples Y = {y;}72, (either analytically known or from exhaustive NUTS runs). For
our analysis, we draw n = m = 1000 samples for each comparison.

Maximum Mean Discrepancy (MMD). We use the kernel two-sample discrepancy MMD |Gretton et al.
(2012), which measures the distance between the mean embeddings of two sample sets in a reproducing kernel
Hilbert space (RKHS). For a characteristic kernel k, the squared MMD is

MMD2 (Xa Y) = Ex,z’NX [k(xa 1}/)] -2 IE::DNX7 y~Y [k(fE, y):l + Ey,y’NY [k(yv yl)] .

With a characteristic kernel, MMD(X,Y) = 0 if and only if X and Y are drawn from the same distribution.
We use a Gaussian (RBF) kernel

k(z,y) = exp(— |z — y[*/(20%)),

with bandwidth o set by the median heuristic. MMD is particularly effective at detecting differences in the
shape and moments of distributions.
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Sliced 2-Wasserstein Distance (W3). We compute the sliced 2-Wasserstein distance (Bonneel et al.l
2015)), which provides a computationally efficient and statistically robust approximation to the full Wasserstein
distance, particularly in higher dimensions. The sliced W5 distance projects both sample sets onto random
one-dimensional directions and computes the exact 1D Wasserstein distance along each projection.

For a unit vector 6 € S¥1, let Xy = {(z;,0)} and Yy = {(y;,0)} denote the projected samples. The 1D
Wasserstein distance admits a closed-form solution: for sorted samples, W3 (Xy, Yy) = 1 S0 (Xél) - Ye(l))z7

n i=1
where superscripts denote order statistics. The sliced W5 distance averages over random projections:

WQ(Xa Y) = (EGNUniform(Sd_l) [WQQ(X(% YQ)} )1/2 .

We approximate this expectation using 200 random projection directions. This approach avoids the regular-

ization bias of entropic optimal transport methods (Cuturi & Doucet} 2014) and scales linearly in sample
size, making it well-suited for comparing high-dimensional posterior samples.

Predictive metrics for GP regression. For the GP hyperparameter marginalization experiments
(section 4.3), we evaluate predictive performance on a held-out test set {(z.;,¥x.i)}~", using two standard
metrics.

The test negative log-likelihood (Test NLL) measures how well the posterior predictive distribution explains
unseen observations. For each posterior hyperparameter sample 05 (s = 1,...,5), the GP predictive
distribution at a test input z, is Gaussian with mean ps(x.) and variance 01207 J(z2) + 07, where O'J%, o is the
latent GP predictive variance and o2

= o is the observation noise (both functions of 6,). We marginalize over
¥
samples pointwise via a mixture:

S
1
log p(ys,i | D) = log<s > N (yei | ps(@ai), 05 (220) +Uﬁ,s)> :
s=1

computed numerically using logsumexp for stability, and the total NLL is

N,
NLL = =) "log p(y».i | D).

i=1

Lower NLL indicates better-calibrated predictive uncertainty. The root mean square error (RMSE) evaluates
point prediction accuracy:

1 & 2
RMSE = | - D (i = 9ei) s

=1

where §,; = % 25:1 ps(z4 ;) is the posterior predictive mean averaged over hyperparameter samples. While
RMSE captures the accuracy of the mean prediction, it does not assess uncertainty calibration; the combination
of NLL and RMSE therefore distinguishes methods that produce similar point estimates but differ in their
uncertainty quantification (table |3)).

D.2 Nested Sampling Volume Estimation
D.2.1 Computation of the effective number of live particles

Our implementation performs batched NS updates: at each outer iteration we remove the k live points with
highest energies and then generate k replacements, all under the same constraint threshold Epatcn (the k-th
worst energy). In the code, all replacements are therefore assigned the same birth level EPirth — e

For volume accounting it is convenient to unroll each batched deletion into a sequence of k single-death
events without replenishment (Fowlie et al.l |2021)). Under the usual NS idealisation that the live set is i.i.d.
from the constrained prior, the k& removed points are precisely the top k order statistics of m draws, and
this unrolling yields the correct joint distribution for the associated prior volumes. This is mathematically
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equivalent to the joint volume contraction ¢ ~ Beta(m—k+1, k) derived by [Fowlie et al.|(2021)) for likelihood
plateaus, and applies generally to the joint compression of any k removed points, ensuring that evidence
estimation remains unbiased. Concretely, within a batch we assign the j-th removed point (j = 1,...,k,
ordered from worst to best within the batch) an effective live count

Nive,(5) = M — (j - 1)- (18)

After the k deaths, the k births at the batch threshold restore the live set to size m for the next outer
iteration.

This “within-batch” live-count schedule is what we use in the post-hoc shrinkage simulation in section
(For k =1 it reduces to the standard constant-m setting.)

D.2.2 Estimation of prior volumes and propagation of geometric uncertainty

The deterministic approximation Alog X ~ —k/m in the main text is useful for exposition, but in experiments
we propagate the canonical NS geometric uncertainty by Monte Carlo simulation of volume shrinkage factors.

For a single death event with nj;ye live points, the shrinkage ratio t := X;/X,_ satisfies t ~ Beta(niiye, 1),
equivalently

Alog X; :=log X; —log X;,_1 = log s, s~U(0,1),

live

(or Alog X; = —e/nyjve with e ~ Exp(1)). Starting from Xy = 1, we obtain a full volume trajectory by
iterating X; = X;_1t;.

In the batched setting, we apply this shrinkage update to each of the k unrolled deaths within a batch using
Nive,(j) = M — (j — 1), producing volumes Xj g — X1 — -+ — X1, for batch b.

Repeating the shrinkage simulation R times (we use R = 100) yields an ensemble of volume trajectories; after
concatenating all dead points in likelihood order we form (trapezoidal) prior-mass elements

Xz(i)l _ X(T)

" ._ +1 ) ._ " ._
ax" .= X=X =0,

and corresponding quadrature weights at inverse temperature 3,

w(8) = exp(~AE) dX, 25 =Y u"().

We compute uncertainty estimates for log Z from the empirical dispersion of {log Z MBI,

For posterior diagnostics (ESS and resampling), we collapse the R stochastic weights by averaging in log-space
(geometric-mean weights)

R
W;(B) == exp(ll% Zlogwgr)(5)> ,
r=1

and report the Kish effective sample size

(ZLae) () e B10)

ESS = 9
) S i)

SN wi(B)? o @ (8)

This captures the standard NS geometric uncertainty induced by random volume contraction, but does not
account for additional error sources from imperfect constrained mixing; we therefore complement it with
repeated runs on different seeds and initial conditions for some experiments (section and section .
Various diagnostics and corrections to account for these effects have been proposed (Prathaban & Handley,
2024; Higson et al., 2019).
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E Optimal scaling of hit-and-run slice sampling

This appendix develops a principled tuning theory for Hit-and-Run Slice Sampling (HRSS), with the goal of
explaining how its per-step computational cost behaves and how the slice-width parameter should scale with
dimension in the regimes relevant to Nested Slice Sampling. The key results are a closed-form expression
for the expected HRSS cost in terms of the chord length of the one-dimensional slice (theorem ; a unique
optimal width when the slice length is fixed (theorem [2)) and an asymptotically optimal global width for
sampling uniformly from high-dimensional ellipsoids, yielding the characteristic d—/2 scaling and identifying
the leading dependence on the ellipsoid geometry (theorem . The section is organised as follows. Section
collects technical probabilistic lemmas and establishes the convergence results needed to control expectations
in high dimension, which it then specialises to ellipsoids to obtain chord-length asymptotics and related
geometric inputs for the tuning rule. Section [E.1.4] derives the HRSS cost formula and the optimal-width
results (fixed-slice and ellipsoid-wide). Section validates the theoretical predictions for both the cost and
the optimal width, and section [E.2.2] quantifies how strongly per-step costs concentrate near the optimum,
motivating efficient vectorised implementations.

E.1 Proofs
E.1.1 Technical lemmas

A Polish space is a topological space which is separable and admits a complete metrisation (Kallenberg
(1997), Chapter 1). This is not a particularly restrictive assumption, all spaces we consider are Polish. We

9 1
denote convergence in distribution by ’D%, almost sure convergence by +23 and convergence in L' by L,
We say that a family of random variables {X,,},>1 is uniformly integrable (Rao & Ren (1991), Theorem 2) if

lim supE [|X,[1x, 2] = 0. (19)

T—r00 n>1

The Gamma(c«, 8) distribution with shape and scale parameters « and 6, respectively, is supported on [0, o)
and has density

a—1_—z/6
— F(oz)@ax e ) (20)

where I' is the Gamma function. For any real p > —«, the moments are obtained by direct integration,

I'(a+p)
E[X?] =P ——. 21
X7 = s (21)
The Beta(a, 8) distribution is supported on [0, 1] and has density
2 = T O R L (22)
B(a, B)
where B is the Beta function. For any real p > —«, the moments are obtained by direct integration,
r T
Ila+ 8+ p)(a)
Lemma 1. For each p > 0, there exists a finite constant Cp, such that for all z > 1,
I'(z) _
— < (Cyz? 24
F(Z +p> = Gpz 7, ( )

where T' is the Gamma function.

Proof. It suffices to show I'(z + p)/T'(2) > ¢,2P for some ¢, > 0 and then set C), = 1/c,.
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Fix p > 0. Write p=n+a withn=|p] e Nand a=p—n €[0,1). For any z > 1,

I'(z+p) T(+n+a)l(z+n)
[(z)  T(z+n) T(2) ° (25)

To bound the first ratio, we use Gautschi’s inequality (Olver| (2010), 5.6.4), which states that for > 0 and
a€(0,1)

1—a F(l’ + 1)

< —_

I(x+a)

Inverting the middle ratio and multiplying by Fif(l')l) = x, we obtain

< (z+1)te (26)

x I(x+a)
@i = ()

< a°. (27)

Now using the bound

1—a
T a T a—1_.a
Grore 2 (x—i—l) z 2, (28)

valid for x > 1, because T-IH > % and 1 —a € (0, 1]. Therefore,
I'(z+n+a) 1 ~1
—_ > 92¢ @ >92¢ @ 29
(z+n) ~ (z4+mn)* 2 = (29)

since z +n > z and a > 0.
To bound the second ratio, we use the recurrence relation of the Gamma function:

n—1

= H(z+k)2z”. (30)

k=0

I'(z+n)
I'(z)
Combining the two bounds, we have shown that for all z > 1 and a € (0, 1),

I'(z+p)

> 2720710 =207 P 31
) >z z z (31)

To handle the edge case a = 0, in which case p is an integer, we note that

-1
L(z+p) _ 1
————=||(z+k) > 2" (32)
e A
Therefore, for all p > 0 and z > 1,
I'(z + p)
TP L p
TG > Cp2 (33)
with
1 if peN,
R P (34)
2071 if p ¢ N, where a =p — |p].

Lemma 2. Let {X,}n>1 be a family of random variables and fiz § > 0. If sup,,>; E[|X,|'*] < oo, then
{Xn}n>1 is uniformly integrable.

Proof. By Vallée-Poussin’s theorem (Rao & Ren| (1991), Theorem 2), uniform integrability is equivalent to
the existence of a convex function ¢ : R — [0, 00) with ¢(0) =0, ¢(—z) = ¢(x), ¢(x)/x — 0o as ¢ — oo and
sup,,»; E[¢(X,)] < co. Therefore, a sufficient condition is that sup,,s, E[|X,,|**%] < oo for some § > 0, since
x> |2|"9 with § > 0 is convex and satisfies the growth condition. O
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Lemma 3. Let S be a Polish space and X, Lo X inS. Let f S — R be continuous. Assume that the
family {f(X,)}n is uniformly integrable. Then, E[f(X,)] = E[f(X)].

Proof. Because S is Polish (hence separable) and X, DX , Skorokhod’s representation theorem (Kallenberg
(1997), Theorem 5.31) gives a probability space on which there exist random variables X,, and X with the
same laws as X,, and X, respectively, i.e. X,, ~ X,, and X ~ X, respectively, such that X,, —= X.

Since f is continuous, it follows that f (X,) =2 f(X) by the continuous mapping theorem (Van der Vaart
(2000), Theorem 2.3). As {f(X,,)} have the same laws as {f(X,)} and uniform integrability depends only on
the laws (eq. ), they are also uniformly integrable.

Set Y, = f(X,,) and Y = f(X). We have ¥;, =5 Y (hence Y, & Y)) and {Y},} is uniformly integrable, so by

the Vitali convergence theorem (Bogachev, (2007), Theorem 4.5.4), Y, ~L—1> Y and therefore E[Y,] — E[Y].
Because X, ~ X, and X ~ X, we have E[f(X,,)] = E[f(X,)] and E[f(X)] = E[f(X)]. Hence, E[f(X,,)] —
E[f(X)]- O

Lemma 4. Fiza,b > 0 and let U ~ Gamma(a, 1) and V, ~ Gamma(b, 1) be independent. Define Xy, :=

Then, bXj DU as b — .

U
U+Vy *

Proof. Write bX, =
any € > 0,

Since E[V;] = b and Var[V;,] = b, it holds by Chebychev’s inequality that for

Vo 1 Vi 1
Plil——1 < =V — = — =
( b ’ - 6) — €2 ar( b ) be? 0, (35)

as b — oo. Hence, % 2, 1. Since U has a fixed distribution independent of b, E[U] = a < oo for all b. By
Markov’s inequality, it follows that for all € > 0,

__Uu_
U/b+Vy /b

P g>e =P(U > eb) < — 0. (36)
(15>

Thus, % 2, 0. It follows that % + % 2, 1. Slutsky’s theorem (Van der Vaart| (2000), Lemma 2.8) finally
gives bX;, 25 U. O

E.1.2 Convergence of expectations in a ball

Let the random variable y4 be uniform in the d-dimensional unit ball {x € R?: ||z|| < 1}, where || - || is the
L? norm. Write this as the polar decomposition yq = psUy with radius pg = |lya|| € [0, 1] and unit vector
Ug = m € 9971 where S9! = {z € R?: ||z|| = 1} is the unit sphere. pg and U, are independent. For any
fixed unit vector u, define

Xy:=Ug-u)?€0,1] and Yy:=1-p2e]0,1] (37)
It follows that Yy and X4 are independent.
Define
Zg:=p2(Ug-u)? + (1 —p2) = Xq+ Yy — XqYy € [0,1]. (38)

Introduce the scaled variables

Sq:=dX4 €[0,d], T;:=dY; €[0,d] and Qg :=dZ; € |0,d]. (39)
It follows that S; and Ty are independent.
An exact algebraic identity is given by Qq = Sq + Ty — 294 Let

Lod,
P;:=85S;+T; and ¢€4:=T;5,. (40)
Then we have the identity
€
Qu= P — Ed‘ (41)
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Lemma 5. X, ~ Beta (%, %) and Yy ~ Beta (1, g)

Proof. The first statement follows from V' = Uy - u having density fy (v) o< (1 — v2)(@=3)/2 by rotational
symmetry, taking the square and comparing with the Beta density (eq. ) The second statement follows
from the radius pgq having distribution f,,(r) = dr?=1 on [0,1]. O

Lemma 6. Qg D, Q as d — oo, where @@ ~ Gamma (%, 2).

Proof. If X ~ Beta(a,b), then X = A‘_:%B where A ~ Gamma(a, 1) and B ~ Gamma(b, 1) are independent.

By lemma |5, we write X4 as Xy = AfoXBX with Ax ~ Gamma(3,1) and Bx ~ Gamma(%;t,1). By

lemma %Xd D, Ax and hence Sg = dXg = ﬁ%Xd N 2Ax =: S, where the random variable S

has distribution Gamma(3,2).

Similarly, write Yy as Yy = ﬁ, where Ay ~ Gamma(1,1) and By ~ Gamma(%,1). It follows that

Ty =dY,; = #Q%Yd 2, 2Ay =: T, where T has distribution Gamma(1, 2).
We have shown that marginal convergence of Sy L, S and Ty Lor holds, i.e. Sy and Ty converge individually
in distribution. Moreover, we have that for any finite d, Sy and T, are independent. We proceed to show
that Sy and Ty converge jointly as the random vector (Sq,Ty) and that convergence preserves independence.
Since Sy and T, are independent, the joint characteristic function factorises:

¢(Sd7T4)(37t) = ¢s, (S)¢Td (t) (42)

From marginal convergence, we have pointwise ¢g,(s) = ¢s(s) and ér,(t) — ¢ (¢) for all s and ¢. Therefore,

B($q.10) (5, 1) = bs5,(8)PT, (1) = Ps(s)dr(t) =: ¢(s,1). (43)

The function ¢(s,t) is the characteristic function of the product measure, i.e. of the independent pair (S, T),
since it factorises. Note that the characteristic functions ¢g and ¢ are continuous everywhere so that
the product ¢ is continuous at zero. By Lévy’s continuity theorem (Van der Vaart| (2000), Theorem 2.13),
pointwise convergence of characteristic functions to a characteristic function implies joint convergence in

distribution. Therefore, (Sq,Ty) RN (S,T) with S and T independent, as required.

A consequence thereof is that Py :=Sg + T}y Dos+T by the continuous mapping theorem since the map

(x,y) — x+y is continuous. Importantly, by the properties of the Gamma distribution, S+7T ~ Gamma(%, 2).

Using independence and E[Sy] = dE[X4] = 1 and E[Ty] = dE[Yy] = dz—fz, we have
€d o 1 _ 2
E b} = SEISJE[T)] = = — 0. (44)

1
Since % >0, E [|<¢|] = E [%] — 0. By definition, this means that < L5 0. Hence, & 2 0.

Using eq. , it follows that Qq — Py = —e¢q/d . By Slutsky’s theorem, we have Qg P.gs +T=Q
where Q ~ Gamma(2,2). O

2
Lemma 7. The families {Q}im}dzl and {Q;l/z}dzl are uniformly integrable.

35



Under review as submission to TMLR

Proof. For p > 0, we have

sup E[SY] = sup d’E[X7)] (45)
d d
L(G+p)T(5)
=supdf —2 /27 (by lemma [5] and eq. (23)) (46)
a TET(5+p)

d —-p
< max {E[Sf], sup Bpd? <2> } (for some B, < oo by lemmawith z= g >1) (47
d>2
< max {E[SY], 2B, } (48)
< 00. (49)
Similarly, for p > 0, we have
sup E[TY] = sup d’E[Y]] (50)
d d
I(1+p)T(1+9)
=supd? by lemma [5| and eq. (23 51
p T e a- (23)) (51)
, d\ " , _ d_ 3
<supB,d" ( 1+ 3 (for some B, < co by lemma |l| with z =1 + 3 > 5) (52)
d
<2’B/ (since dP [ 1+ d o 2 ’ < 2P ford>1) (53)
- 2) \d+2) — -
< 00. (54)

Since, for all p € (0,1], (a +b)? < aP +bP and, for all p > 1, (a + b)P < 2P~ (aP + bP), there exists a finite
constant A, such that Py < A,(SY +T7) for all p > 0. Taking expectations and using the above two bounds,
we have

supE[P]] < A, (supE[S’g] + Sup]E[Tg]> < 00, (55)
d d d
for any fixed p > 0. Since Q4 < P; by application of ¢; > 0 and eq. (41), sup, E[QY] < cc.

Set p = 1T+6 for some § > 0. Note that Qg4 > 0, hence Q4 = |Qq|. lemma [2 implies that {Q;/z}dzl is
uniformly integrable.

Since Py = Sq+ Ty > Ty from S; > 0, and x — z~? is decreasing on (0, 00) for ¢ > 0, we have qu < T(;q.
For any ¢ € (0,1), we have

supE[T; ‘] = supd E[Y, 7] (since g > 0) (56)
d d

L
= sgpd T (57)

(by lemma [5] eq. (23) and since ¢ < 1)

q
< e (BT, spar (- ) (145 -0) )
d>2 2

(58)

by Gautschi’s inequality (Olver, 2010, §5.6.4), Lz+q) <zlforz>1landqe (0,1
z)

I(

< max {E[qu], (2>q1“(1 - Q)}

< 00.

Thus, for any ¢ € (0,1), sup; E[P; 7] < cc.

36

(59)

(60)



Under review as submission to TMLR

The AM-GM inequality gives eq = SqTy < i(Sd +Ty)?% = PT‘?. Since 0 < Sy, Ty < d, we have 0 < Py =
Sq+ Ty < 2d. Using eq. Qi=Py— %4> Py~ Z—g =Py(1- %) > %. Consequently, we have the upper
bound Q;UZ < ﬂP;l/Q.

Pick any 6 € (0,1) and set ¢ = 1£2 so that ¢ € (1,1) € (0,1). Then,

SUpE[(Q )] = sup E[Q7 ) < sup 21T/ 2E(P 7] < oo. (61)
. . -1/2 . . .
lemma |2 implies that {Q, /" }4>1 is uniformly integrable. O
Lemma 8. As d — oo,
E 1/2
Bizy" = 22 1+ o), (©2
E[Z; %) = VAEIQ™?|[1 + o(1)), (63)
E[Z)? 2
Z+0(1)], 64
STRCHE. [ )] (64)

where o (1) is a function such that limg_, o(1) = 0. Here, E[Q'/?] = 2\/2 and BE[Q~1/?] = \/g

Proof. Since Qq o, Q (lemma EI) and the families {Q}/ 2} and {Q;l/ 2} are uniformly integrable (lemma ,
lemma 3 implies E[Q/*] — E[Q/?] and E[Q, %] — E[Q~/2].

From lemma |§| and the moments of the Gamma distribution (eq. ), it follows that E[Q/?] = 2\/2 and
E[Q~1/?] = \/g Since E[Q™1/2] > 0, we have

Elz,”) _ EQ/) _ EQYY _, (65)
1/2
as d — oo. Equivalently, EH?[ZZEI/% =2[1+o(1).
O

E.1.3 Lemmas for ellipsoids

Let the random vector vy € S?~1 be distributed uniformly on the unit sphere. Let A4 € R**? be a symmetric
positive definite matrix and define the quadratic form g4 := ngdvd > (. Note that g4 is a random variable.
Further define the first moment 14 := 3Tr(Aq) and second moment s4 := STr(A2%).

Lemma 9 (Convergence of quadratic forms). Consider a sequence of symmetric positive definite matrices
(Ag)a>1, each with spectrum {)\i’d}le and induced quadratic form qq. Assume that the spectrum of Ag is
bounded uniformly away from 0 and oo, i.e. there exist constants A_ and Ay with 0 < A_ < Ay < oo such
that for all d and alli € {1,...,d}, Ao < X q < Ay
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Then, as d — o0,

Bl = i/ + 0 (5). (66
i) =40 (). (67)
-2 o )
Var(gq) = O (2) , (69)

where the error bound is uniform in d, i.e. O (i) is a function such that there exists a finite d-independent
constant C with O (é) < % for all d.

Proof. The second moment E[v;v;] is a rank-2 isotropic symmetric tensor, so E[v;v;] = ad;; for some a.
Taking the trace gives 1 = E[|[v]|?] = ad, hence a = 1. The fourth moment E[v;vjv,v] is a rank-4
isotropic symmetric tensor, so E[v;vjuiv)] = b(0;;0k + dudjk + dixd5) for some b. Contracting gives

E[(3;07) (X2, v)] = E[(32;v7)%] = 1 = b(d® + 2d) so that b = m. Therefore, we are left with

1
Eluwy] = oy (70)
1

E[vivjvkvl] = m ((5ij(5kz + 5il(5jk + 5ik5jl) . (71)
(72)

The moments of gy are

Elga] = Z a;;Elvivy], (73)

E[q¢3] = Z a;japElvvjoiu). (74)
ikl

(75)

It follows that the moments of g4 are given by

Elga] = pa, (76)

dpZ + 2sq

Elg;) = —4——.
) = (77)
(78)

This implies that the variance is
2 2 2 Sd — M§

Var(ga) = E[(qa — pa)”] = Elga] — Elqa]” = 2-—5°. (79)

Since s4 = 527 )\? < )\i and ufl > 0, we have sq — ug < )\2+. Therefore

272
<t
Var(as) < 2% (50)
Let fi(z) = 2*/2. By Taylor’s theorem at fixed d and using that E[gq — ua] = 0,
1
E[f+(qa)] = fx(pa) + §fl(ud)VaT(Qd) + R 4, (81)
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where the Lagrange remainder is
1
Rya= BE[fl'(fd)(Qd — pa)’, (82)

for some &4 € [qq, pral-
Note that g4 = v] Agvg is a Rayleigh quotient, so g4 € [A_, \]. Further note that pq = E[qq] = éTr(Ad) is
the average eigenvalue, so ug € [A_, Ay]. Hence, the third derivatives are bounded uniformly in d:
3 < 3
8x5/2 -8 )\5/2
15 15

|f ()| = = Cy, (83)

Using that qq — pg < Ay — A_ implies |qq — pal®> < Ay — A2)(qa — 1a)?, we have

Ellga — pal®] < (A+ — X-)Var(qq) (85)
2(Ay — )\_)d)i:Q (by eq. (80)). (86)

In conclusion, the remainders satisfy the bound

Cy

1
|Rtal < = maX{C+,C VE[|qa — pal®] < 112

(87)

for some d-indepdendent constant C; depending only on A_ and Ay. Similarly, the second-order terms of the
Taylor expansion are bounded uniformly in d:

1., 1 Cy
Y Ven(an)| < g *Vartan) < . (58)
1 3 Cs
S Vartas)| < B artan) < . (%)

for constants Cy and C5 depending only on A_ and Ay. In summary, the errors in the Taylor expansion
(eq. (B1))) are uniformly bounded in d:

1
Bl =/ +0 (5. (90)
_ _ 1
Bl =i+ 0 (3). (91)
Since pg € [A—, A4], this can be rewritten as

Elgy”] = py*(1 + a), (92)
Elg; ) = uy? (1 + Ba). (93)

where |agy| < % and |Bq4| < % with constants Cy and Cy depending only on A_ and A,.

Since g4 € [A—, A1], we have E[g 1/2] > A2 as well as ucl/Q < )\iﬂ. Hence, rearranging eq. 1j gives
Els/2 N\ 1/2
14+ ag = [qld/2] > (i\\) =:¢9 > 0. (94)
Ky +

for all d. This implies for the ratio

1+68a | _
1+ ay

Ba —
1+ad

< 1Bal +laal _ |Bal +|aal _ C5+Ca
|1+0¢d| - Co - cod '

(95)
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Then,

Elg;"%) 11+ 8 _1{ (1)]
E[q;/Q] g ldag g L+0 d/|’ (96)

where the constant of the O () error term only depends on A_ and A;. Therefore, the error is uniform for
all d > 1.

O

Lemma 10 (Mean chord length in ellipsoids). Let E; = {x € R? : 2T Ayz < 1} be an ellipsoid with
Ay € R o symmetric positive definite matriz and define g = éTr(Ad). Consider a sequence of such
ellipsoids (E4)q>1 indexed by dimension. Let the spectrum of each matriz in the corresponding sequence
(Ag)a>1 satisfy the boundedness assumption in lemma @

Sample a point x uniformly from E4; and a direction v uniformly from the unit sphere. Define the chord
length as g := |{x +tv:t € R} N Ey4|. Then, the following leading order expansion holds:

2
E[¢ ] =4 1 1)]. 97
) = 4y = [1 +o(1) (97)
Further, define the normalised chord length Ry := ]Ef;d]. Then, Rq o, Ry as d — oo, where Ry := E[Qlil/;].

Proof. Draw xq uniformly from E, and a direction v € S¢~! uniformly on the unit sphere. Consider the line
z(t) = o + to.

We now solve for the intersection of z(t) and E;. Transform to the unit ball via z — A(li/ 2. Then

Yq 1= A(l/Qgco is uniform in the unit ball. Let yq = pqUq be the polar decomposition of y4 with pg € [0, 1] and

Uq € S% ! uniformly on the sphere. Define p := Atli/zv with g4 := ||p||> = vT Aqv. Define the unit direction

—=. In y-coordinates, the line is y(t) = yq + tp and the contraint is ||y4|| < 1. The line intersects
\/%I dinates, the line i t t d th traint i < 1. The line int t

the ball when ||yq + tp||?> = 1, which leads to the quadratic g4t> + 2(yq - p)t + (p% — 1) = 0 with roots

u = P =
[

ty = qld (—yd pE \/(yd p)?+(1— p?;)(ld) : (98)

Thus, the chord length is

fa = lats) — o(t) =ty — 1| = ﬁ pulUa -0 + (1= ) (99)

qd

Now define Z, := p%(Uq - u)? + (1 — p3) as in section so that the results therein are applicable. With

these definitions, we have
Z,
fam 2\/7 | (100)
qd

Crucially, y4 is rotationally invariant and independent of v. Conditional on v (equivalently, conditional on
u = u(v)), the law of (U, - u)? is the same for all unit vectors u by rotational invariance of U,. Hence the
conditional law of Z4 given v does not depend on v, and therefore Z; is independent of v and of gq = v7 Agv.
Therefore, the expectations factor:

Elta] = 2Elq; " *|E[Z;%). (101)

By lemma [§] and lemma [9] we obtain

1/2
Eft,] = QE[J%W] 1+ o(1)] = 4, /Wjddu +o(1)]. (102)
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The normalised chord length is defined as

_ b a7 (103)
Elta]  Elg;"* B2,/

Ry :

Because ¢4 € [A_, A+], we also have q;1/2 € [)\:1/2, )\;1/2]. Hence E[qgl/Q] € [)\:1/2, )\;1/2] is bounded away

1/2

from 0 and oo uniformly in d. Since the map =+ 2~1/2 is Lipschitz on [A_, \;] with constant —, we have
223/

Var(qd_l/Q) < 4;1 Var(qq). By eq. , Var(gq) = O(1/d), hence Var(qd_l/Q) — 0. By Chebychev’s inequality,

—1/2
P < e 1 e) = P (|a;"* ~ Blg; )| > eEla, ) (104)
Elg, 7]
Var(qgl/z)
Py, (105)
€ E[qd ]
< OV, —1/2
< CVar(g; ) (106)
0, (107)
-1/2
as d — oo for each fixed € > 0. Therefore W — 1.
d
Write
Z1/2
d71/2 = A By (108)
E[Z,""]

1/2

/
where Ay := % and By := E[](Eg[gi;)/f}ﬂ. By lemma@ Ay EEN W. By lemmaﬂ, B; — 1. Then, by

Slutsky’s theorem we obtain AyBy b, Q7

E[Q/2]"
A further application of Slutsky’s theorem yields for eq. (103]):
Ql/Q
Ry — B0’ (109)
O

Lemma 11 (Fixed-point contraction). Let Ry be the normalised chord length as in lemma with Ry ;D—> R.
For fized k > 0, define the function

hg:[0,00) = R, r—rln (l—i—i) (110)
r
with he(0) := 0 and, for fived Ry, define
1
Ty:[0,00) > R, K+ 3 + E[hs(Rg)]- (111)

Let kg be the solution of the fized-point equation kq = Ta(Kq).

Then, Ty — Ty pointwise for each kK > 0 and kg — Koo, where Koo is the unique fized point of Two,
Koo = Too(Koo)-

Proof. Note that h,; is continuous on [0,00). For r > 0, 0 < In (1 + %) < %, hence 0 < h(r) < k. Overall,
Sup,>q hw(r) < K, 0 hy is bounded on [0, c0).

By the portmanteau theorem, and since Ry EEN R (lemma and h, is bounded and continuous, we get
E[h.(Ra)] = E[hy(Rs)]. It immediately follows that

Tulw) = 5 + El(Ra)] = 5 + Elbe(Roe)] = Too (), (112)
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pointwise for each x > 0.

Define 4 as the unique solution of k = Ty(k) and K as the unique solution of k = T (k). We now prove
that kg — Koo-

To do so, we first prove that Ty and T, are contractions on [cg,0), uniformly in d, where we define
Co ::%>0. For any x > ¢y and any r > 0,

0 r T
<

%h”(r): r+K " r+co (113)
0 0 R R 1
4 = J— = d < d = —
T(k) = E [aﬁhn(Rd)} E |:Rd - ,J <E| gl =1-ak| g\ (114)

where we differentiated under the expectation using 0 < %hH(Rd) < 1. Since the map x — 2~ ! is convex on
(0, 00), Jensen’s inequality gives

[ L } >+ 1 (115)
Ry + co _E[Rd]—I-CO_l—‘rCO.
Therefore,
Ti(k) <1— —2 L <1 (116)
K — = =:
A= 1+cy 140 P

for all k > ¢g, uniformly in d. The same bound holds for T,,. It follows that Ty and T, are strict contractions

on [cg, 00) with the same contraction modulus p = ﬁ < 1, independent of d.

We now show the existence and uniqueness of rq and k. For each d, Ty maps [0,00) to [cg,00) and is
continuous and strictly increasing (7 > 0). Also, T4(0) = ¢ and Ty(k) — oo as k — oo: for each fixed
r >0, he(r) =rln(l + k/r) 1T 00 as kK — 00, so by monotone convergence E[h,,(Rz)] — oc. Therefore, Ty has
exactly one fixed point on [0, 00) and by the contraction property, it lies in [¢g, 00). Similarly for Th.

We now show that |kq — keo| — 0. Write

|K:d - K:oo‘ = ‘Td(ﬂd) - Too(’£oo)| (117)
< |Ta(ka) — Ta(koo)| + [Ta(Koo) — Too(Koo)| (118)
< pld = Kool + [Ta(kioo) — Too (Kool (119)
Hence,
g — oo < ﬁ\Td(Fm) T (k). (120)

Due to pointwise convergence of Ty, we have Tj(Kkoo) = Too(Koo) as d — 0o. Therefore the right-hand side
tends to zero and we conclude kg — Koo- O

E.1.4 Optimal scaling of hit-and-run slice sampling in ellipsoids

We now consider Hit-and-Run Slice Sampling (Neal, 2003)) with fixed width parameter w targeting the
uniform distribution on a domain C R?. We are interested in the expected cost, i.e. the number of likelihood
evaluations, per step. The intersection of the domain with the chosen line, restricted to the connected
component containing the starting point, is a single interval with length ¢. This holds for any domain
(whether connected or disconnected) if we only target the connected component containing the starting point.

Theorem 1 (Computational cost). Let the random variables Noy, and Nghrink denote the number of stepping-
out and shrinkage steps in Hit-and-Run Slice Sampling with fixed slice width parameter w. Let { be the width
of the interval of the current step. Then, we have the following conditional expectations:

E[Nout | ] = é (121)
E[Nowwink | = 1+26 () (122)
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where
¢(u):(1+u)1n(1+u)—u, (123)

u

and where the expectations are taken over the sequence of random variables gemerated in the algorithm.
Therefore, the expected number of likelihood evaluations per step, i.e. the computational cost, is

E[Novass | ] = g +1+20 (%) . (124)

Proof. We assume that the stepping-out and shrinkage procedures are used (Figure 3 and Figure 5 of [Neal
(2003)), respectively): Suppose the slice is given by S = [0, £] with £ > 0, i.e. we pick coordinates along the
slice such that S = [0, ¢]. We are given a current point inside the slice z¢ € (0,¢). The bracket is initialised
as [zg — U,zo — U + w], where U ~ Uniform (0, w), and then expanded in both directions sequentially until
we step outside the domain. This yields the initial bracket Iy = [—a, £ + b] with overshoots a and b satisfying
a,b>0.

The number of expansions to the left kj, is given by the smallest k& > 0 such that g — U — kw < 0, i.e.
kp = [%1 Similarly, the number of expansions to the right kg is given by the smallest £ > 0 such that

20— U+w+kw>0 e kp=[ZoUtw] _ rfozo _ (1-Y)]. Let V =Y ~ Uniform(0, 1) and define

w w

ap =72 and ag = Z_wx”. Then

k‘L: |_OéL—V-|, (125)
kr=lar—(1-V)]. (126)

Since for any a > 0, E[[a — V']] = o, we obtain

Blks | 20, = Effaz - V)] = az = =2, (127)
E[kr | 20,4 = E[[ag — (1 — V)]] = ar = ¢ _w‘”°7 (128)

since 1 — V' ~ Uniform(0, 1). Thus, the total expected number of stepping-out steps is
L
E[Nout | {E(),E] = E[kL + kg | {E(),E] = E (129)

In particular, this does not depend on xp and hence E[Nyy | £] = g, as well.

We now consider the distribution of the overshoot a. Let z = % = c¢— V with ¢ := 7 fixed. The
number of left steps is k;, = [z]. The overshoot is then given by a = krw — (g — U) = w([z] — 2). For
non-integer z, [z] —z = 1 — {z}, where {2z} is the fractional part (and the event that z is an integer has
probability 0 since V' is continuous). Since V' is Uniform(0, 1), the random variable {¢ — V'} is Uniform(0, 1)
since translation modulo 1 and reflection preserve the uniform distribution. Hence, 1 — {z} is Uniform(0, 1).
Therefore, a = w - Uniform(0, 1) ~ Uniform(0, w). By symmetry, we also have b ~ Uniform(0, w). Note that
a and b are dependent random variables, however they both have marginals Uniform(0, w).

In the shrinkage step, we repeatedly propose a point uniformly in the current bracket. If the proposal lies
outside the slice interval, the corresponding bracket end is moved to the proposal. This is repeated until a
point in the slice S with length ¢ = |S] is found. Choose coordinates such that the slice is S = [0, £]. Let the
current bracket be Iy = [—a, £+ b] with a > 0 on the left and b > 0 on the right and length T' = |Iy| = £+ a+b.
Define F'(a,b) to be the expected number of shrinkage proposals starting from the bracket I.

In the algorithm, at each step, we draw X uniformly on the current bracket. If X € [0, ¢], accept and stop
(corresponding to a cost of 1). If X < 0, move the left endpoint to X. If X > ¢, move the right endpoint to
X. Then this procedure is repeated with the updated bracket.

Condition on the first draw X ~ Uniform(—a, ¢+ b). If X € [0, /], we stop with cost 1. If X < 0, the new
left endpoint is u = —X € (0, a] while the right endpoint remains b. If X > ¢, the new right endpoint is
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v =X — L € (0,b] while the left endpoint remains a. Therefore, the following recursive relation holds:

F(a,b) =1+ E[l{x <o} F(=X,b) + 1 x>} F(a, X = )] (130)
1 0 2+b
=1+ = / F(—z,b)dx + / F(a,z — 0)dz (131)
T —a 4
1 a b
=1+= / F(u,b)du +/ F(a,v)dv|, (132)
T | Jo 0
where we changed variables to u = —z and v =  — £ in the last line. This is an integral equation to be solved

for F.

By symmetry between a and b, we use an additive ansatz

F(a,b) =1+ g(a) + g(b). (133)
Substituting into eq. gives
/a F(u,b)du = a + /a g(u)du + ag(b), (134)
0 0
b b
F(a,b)dv =b+bg(a) + / g(v)dw. (135)
0 0
Thus, \
Tg(a) +Tg(b) =a+b+ /0 g(u)du + /o g(v)dv + ag(b) + bg(a). (136)

Rearranging by grouping terms which depend only on a and b respectively, and noting that each group of
terms must be equal to a constant C' by separation of variables,

(0 + a)g(a) —a— /0 g(u)du = C, (137)

b
(L+b)g(b) —b— /0 g(v)dv = —C. (138)

The boundary condition F'(0,0) = 1, which is obtained by substituting a = b = 0 into eq. (132]), implies that
g(0) = 0. Substituting a = 0 into eq. (137) forces C' = 0. Therefore the two equations for a and b reduce to a
single integral equation for g with « > 0:

0+ a)g(x) -z — /O g(u)du = 0. (139)

Differentiating both sides with respect to x gives ¢'(z) = H% and hence g(z) = In(¢ + z) + C’ for some
constant C’. Applying the boundary condition g(0) = 0 finally gives g(z) = In (1 + £). Hence, the explicit

solution is ;
a
Fla,b) =1+1n <1+z>+ln <1+£>. (140)

We now show that the solution is unique, i.e. any solution equals the one given in eq. (140)). Suppose we
have another solution K. Define the difference H(a,b) := K(a,b) — F(a,b). Subtracting the two instances of
eq. (132)) for K and F' gives the equation

H(a,b)

1 a b
T ltatb /OH(Uvb)dqu/O H(a,v)dv]. (141)

For s > 0, define
M(s) :=sup{|H(a,b)| : a,b >0 and a + b < s}. (142)
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Note that M(s) is nondecreasing in s: Let 0 < s; < s5 and define the index sets R(s) := {(u,v) € [0,00)?
u+ v <t} Then R(s1) C R(s2) because if u+ v < s1 and $1 < s, then u + v < s5 as well. By definition,
this implies

M((s1) = sup{|H(u,v)| : (u,v) € R(s1)} <sup{|H(u,v)|: (u,v) € R(s2)} = M(s2). (143)

Fix s > 0 and a,b > 0 with a + b = s. From eq. (141)),

[H(a,b)| <

a b
/ \H(u,b)|du+/ |H(a,v)|dv]. (144)
0 0

For uw € [0, a], the pair (u,b) has the sum u + b < a+ b = s. Similarly, for v € [0, 5], the pair (a,v) has the
sum a + v < s. By definition of M(s), this implies |H (u,b)| < M(s) and |H (a,v)| < M(s). Therefore,

L [aM(s) + bM(s)] =

H(a,b)| <
|H(a, b)| < s £+ s

; M(s). (145)

+

Now take eq. (145) and allow s to vary over [0,]. Since M(s) is nondecreasing in s and the function ¢ — 74

is nondecreasing for ¢t > 0, it follows that for any (a,b) with a +b <t (i.e. with s :=a+b <1),

s t

[ (a, b)|_€+sM( )_£+t

M(t). (146)

Taking the supremum over all (a,b) with a + b < ¢ yields

M(t) < LM(t). (147)

Since 747 < 1 for every ¢ > 0, this inequality forces M(t) = 0. Hence H(a,b) = 0 for all a,b with a +b < t.
By arbitrariness of ¢, we conclude H(a,b) = 0 for all (a,b) € [0,00)?. Thus, K(a,b) = F(a,b) for all a,b >0
and F' is the unique solution.

We now compute the expected number of proposals in the shrinkage procedure, unconditional on a and b.
Recall that we previously showed that the expected number of proposals conditional on the initial bracket
[—a, £+ b] is given by eq. . Therefore, conditioning on ¢ and using the previously computed marginal
distributions of a and b,

E[Norink | 4] = E[F(a,b) [ {] (148)
:1+E[1n(1+Z)L}+E[1n<1+Z)L] (149)
—1+42E {m <1 + f)] (where T ~ Uniform(0,w))  (150)
:1+Z/Owln<1+2)dt (151)
:1+%[(€+w)ln(l+%)—w} (152)
=1+2¢ (%) , (153)

where ¢( ) (1+u)ln(1+u) u

Putting the above together, the expected total cost (stepping-out + shrinkage) conditional on £ is

ENovws | ) = ENoue | €+ ElNowsior | £ = =+ 1426 (%), (154
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Remark 1. This does not depend on the geometry of the domain beyond ¢. It is valid for any compact set
as long as we sample from the connected component containing the current point and use the randomised
stepping-out + shrinkage procedure. For nonconvex sets, the algorithm still samples from the component
containing the start. ¢ should be interpreted as that component’s length along the chosen line. If we wanted
to include other components on the line, costs and correctness would change.

Remark 2. Intuitively, we expect exponential contraction of the shrinkage step as it is effectively a randomised
bisection. This then implies that the number of likelihood evaluations scales logarithmically with the slice
width w.

Theorem 2 (Optimal slice width in a fixed slice). Consider Hit-and-Run Slice Sampling with fixed width
parameter w > 0 on a single connected slice interval of deterministic length £ > 0. Then, the expected number
of likelihood evaluations per step conditional on £ is

Ce(w) := E[Nevais | £] = g +1+2¢ (%) : (155)

where ¢(u) = % Moreover, Co(w) has a unique minimiser w, given by

Wy = U L, (156)
where u, > 0 is the unique solution to
1
e —In(1 4+ uy) = 2 (157)
equivalently,
we=—1—W_, (—6—3/2) ~ 1.357676674. (158)

Proof. The expression eq. (155)) is eq. (124]) from theorem |1} Set u := w/¢ and rewrite
1
Co(w) = c(u) :== ot 1+ 2¢(u), (159)

so that the minimisation over w > 0 is equivalent to minimisation over u > 0.

(u) _ (14w) In(1+u)—u

m , a direct calculation gives

We compute derivatives. Writing ¢

o) = LROHD (160
Therefore,
() = 5 + 29/ (u) = 1+ 20 ;m(”“)). (161)

Hence ¢’(u) = 0 if and only if u satisfies eq. (157)).
To show uniqueness, define g(u) := « — In(1 + u) for u > 0. Then ¢(0) = 0 and

1 _u
14w 14w

g (u)=1 >0 foru>0, (162)

so g is strictly increasing on (0, 00). Since g(u) — 0o as u — 00, the equation g(u) = % has a unique solution
us > 0. Moreover, from eq. (161)), the sign of ¢/(u) is the sign of —1 + 2g(w). Thus ¢/(u) < 0 for u < u, and
¢ (u) > 0 for u > wu,, S0 u, is the unique global minimiser of ¢. Consequently the unique minimiser of Cy(w)

is wy () = uyl.

For the Lambert-W expression, eq. (157) is equivalent to

1
In(l4+u)=u— ; = (14+u)e ™ =e 12 (163)

Let y := 1 4+ u. Then ye ¥ = e 3/2, ie. (—y)e ¥ = —e3/2. By definition of the Lambert-W function,
—y = W(—e3/2). The relevant solution has y > 1 and hence uses the W_; branch, yielding eq. (158). O
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Remark 3. The constant w, is the optimal ratio w/¢ for a deterministic slice length ¢. In contrast, the
constant K, in theorem [3]is defined by minimising the unconditional expected cost E[Ngya1s], which averages
over random chord lengths ¢ through R; = ¢/E[¢]. The two constants differ because E[¢(w/l)] # ¢(w/E[£])
in general.

Theorem 3 (Optimal slice width in an ellipsoid). Let Eq = {z € R¢ : 27 Agx < 1} be an ellipsoid with
Ag € R g symmetric positive definite matriz and define g = éTr(Ad). Consider a sequence of such
ellipsoids (E4)q>1 indexed by dimension. Let the spectrum of each matriz in the corresponding sequence
(Ag)a>1 satisfy the boundedness assumption in lemma @

Suppose we run Hit-and-Run Slice Sampling in E4. Then, the optimal choice of w, given by the minimiser of

the expected cost E[Neyals], is
2
« = 4Koo 1 1)], 164
w, =4k ded[ +o(1)] (164)

where Koo &~ 1.3035 and o(1) is a function such that limg,o o(1) = 0.

Proof. The unconditional expected cost C(w) for a single global w is given by

._ _ _ Eff w
C(w) = E[Newats] = E[E[Nowass | ] = =+ +1+2E [¢> (Z)] : (165)
using theorem [} Taking the derivative gives
. E[ 2 w
C(w)_—W+EE[w—L1n(1+ 4)} (166)
which is zero when w
G(w) = ~E[(] + 2E[w — L1n (1+ ?)} 0. (167)

Note that G(0) = —E[{] < 0 and G(w) — o0 as w — co. Also, G'(w) = 2E [Hiw] € (0,2), so G is strictly

increasing. Therefore, a unique root w, to eq. (167)) exists.
eq. (167)) can equivalently be written as the fixed-point equation

we = %E[ﬁ] +E [L In (1 + %)} . (168)

Define the dimensionless optimality constant kg via w. = kqE[{4]. Substituting into the fixed-point equation
for w, yields a fixed-point equation for k4,

- 1 Rd
ki = 5 +E[RaIn <1 + Rd>}, (169)

where we defined the normalised chord length Ry := ﬁ.

By lemma Kd — Koo Where Ko is the unique solution to

1 Koo
Koo = 5 + E[Rx In <1 + R<x>>] (170)

Equivalently, kq = koo + 0(1) as d — 0.

Combining this with the large d expansion of E[¢4] in lemma [10| gives

Wy = /{dE[fd] (171)

= 4K

de[l +o(1)]. (172)
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1/2
E[Ql/z] ’
where the distribution of @ is given in lemma |E| and E[Q'/?] = 24/2 (lemma . The integrand is then

written as f(r) :=E [Roo In <1 + R’;ﬂ Q1/2 / Vsln (1 n n]E{jgj/ﬂ) fs(s)ds, (173)

To compute ko, we numerically solve eq. 1) by fixed-point iteration. For this, recall that R, =

where fg is the Gamma(2,2) density, given by eq. , and iterating

1
Roon4+1 = 5 + f(”oo,n)v (174)
for any initial guess Koo,0 > 0. This yields ko ~ 1.3035. O

Remark 4. Since the expectation is taken over the target distribution (in our case, the uniform distribution
on the domain), the global geometry of the level set enters via the mean chord length E[¢]. The previous
result (theorem [1)) only depends on a particular slice, i.e. is valid locally.

Remark 5. Evidently, the optimal width in an ellipsoid scales as O(d’l/ 2). We only needed the constant
leading order term from the geometry of the ellipsoid (lemma E[) and the square-root scaling is a result of the
concentration of the probability mass in a high-dimensional ball (lemma . This can be seen from the proof
of lemma wherein only results for the ball were used (i.e. the proof is independent of A).

Another way to state this observation is that the prefactor o ,u(;l/ ? is determined by the mean eigenvalue pq
of the matrix Ay. The anisotropy 7 of the ellipsoid, i.e. the spread of the eigenvalues, only enters into the
negligible higher-order corrections. Correspondingly, we may say that the anisotropy is “washed out” in high
dimensions. The ellipsoid with semi-axes (s1,...,8q4), such that 44 = diag(%, . —3) behaves like a ball

with effective radius Reg given by the harmonic mean
1 1
— == - 175
Rgﬂ 12 (175)

Note that this is a global statement, since the expectations were taken over the entire ellipsoid, and should
not be taken to hold for e.g. a Markov chain exploring an ellipsoid locally.

For completeness, we specialise the above theorem to the case of the ball in the following

Corollary 1 (Optimal slice width in a ball). For a d-dimensional ball of radius R, the optimal slice width is

given by
/2
Wi = 4k Ry —[1 + o(1)], (176)
wd

Proof. This follows from theorem [3|applied to Ay = %I with I the identity matrix and Tr(A4y) = %. Note
that the spectrum of A, satisfies the boundedness assumption. O

where koo is given in theorem[3

E.2 Numerical tests

E.2.1 Optimal scaling

In this section, we test the theoretically derived expressions for the computational cost of slice sampling
(theorem [1)) and for the optimal slice width w, (theorem [3]).

To test the former, we consider the simplest example of slice sampling, namely sampling the interval [0, ¢]
uniformly for ¢ = 10. Numerically, we first pick a random starting point 29 ~ Uniform(0, £). We then run the
stepping out and shrinkage procedures according to Neal (2003) and record the total number of steps. This
allows us to compare directly with the theoretical prediction in eq. (124)).
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To test the latter, we consider three different ellipsoids. Firstly, the unit ball, secondly the unit ball but with
half of the axes shrunk by a factor of 10 (denoted by the semi-axis s = 0.1) and thirdly the unit ball but with
half of the axes shrunk by a factor of 100 (denoted by the semi-axis s = 0.01). Note that these ellipsoids,
when extended to a sequence indexed by dimension d (i.e. for each d, shrink half of the axes of the unit ball
by the appropriate factor), satisfy the boundedness condition required for theorem [3|to be applicable, i.e. the
eigenvalues are always bounded uniformly in dimension and do not diverge to infinity or zero. For each of
these ellipsoids we use the theoretically obtained eq. to calculate w,. For the numerical test, we scan a
range of w, and calculate the computational cost by simulating slice sampling, and thus numericlly find the
optimum w,.

For both tests, the numerics agree with the theory, within the statistical error.

e  Numerical wsx (Unit Ball) °  Numerical wx (s =0.1) °  Numerical wx (s =0.01)
=== Theory wx (Unit Ball) === Theory wx (s =0.1) == Theory wx« (s =0.01)

e i o

| ! Theoretical 100 = R
__ 1o ] ! Simulated ° = ° o
§ — ! Optimum 3 ] N
o 1 1 o °
E 8 t : % ° °
= i I = 1071 5 e ° o
"5 J : TS e o o
3 614 ! g
=] 1 =
: | 2 .
= 10 © .

44\ ! 102 5 = ° o

1 85 =
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0 2 4 6 8 10 10! 102

Slice width w/L Dimension d

Figure 10: Validation of theory against numerics. Left: The theoretical prediction (eq. ) is compared
against the cost obtained from numerical simulation of slice sampling. The optimum is given by eq. (158)).
Right: The theoretically obtained optimal slice width w, (eq. ) is compared against the numerically
calculated optimal w,, obtained by scanning through a range of values of w, and simulating slice sampling to
compute the cost.

E.2.2 Variance of the expected cost

In this section, we numerically analyse the standard deviation of the number of steps of Hit-and-Run Slice
Sampling. The standard deviation is taken across i.i.d. samples in the domain under considertation, as well
asl i.i.d. samples of the direction and any other source of randomness in the algorithm.

fig. [[1] shows the standard deviation for both the ball and cube and anisotropic versions thereof. Importantly,
we observe that the standard deviation remains of order 1 for a wide range of dimensions (here measured up
to d = 1000). For the cube, the standard deviation increases with dimension, albeit slowly.

F Comparison of constrained path samplers

In this section we review and numerically compare constrained path samplers.

F.1 Review of constrained samplers

Constrained path samplers implemented so far in the literature fall into two broad categories. Firstly, samplers
which do not use gradients of the likelihood and secondly those which use gradients at the boundary to reflect
the current position. Reflection-based algorithms are variants of the method described in [Neal (2003).
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Figure 11: The standard deviation in the expected number of steps is of order 1, for a wide range of dimensions
and anisotropies. Here, we compute the total number of steps of the stepping out and shrinkage procedures in
slice sampling and plot the standard deviation from all source of randomness of the algorithm. Left: Results
for ellipsoids (unit ball and with anisotropy introduced by shrinking half of the axes by a factor of 10). Right:
Results for the cube (unit cube and with anisotropy introduced by shrinking half the axes by a factor of 10).

As there is no empirical comparison of constrained samplers to date between these categories and since it is
therefore unknown how individual constrained samplers scale with dimension, the following were compared:

« Galilean Monte Carlo (GMC) (Algorithm [1]) [Skilling] (2012)), which uses gradients outside the boundary

to reflect a particle and reverses its velocity if the reflected particle is still outside the boundary,

o A variant of Galilean Monte Carlo published in 2019 (Galilean Monte Carlo (2019) (GMC-2019))
(Algorithm [2)) |Skilling (2019)), which uses gradients inside the boundary and also reverses its velocity
if the final point is rejected, however performs additional likelihood evaluations to remain in detailed
balance,

o Reflective Slice Sampling (RSS) (Algorithm [3) (2003), which is identical to Galilean Monte
Carlo, except that the entire trajectory is rejected and the velocity re-randomised,

o Slice Sampling (SS) (1984), which does not use gradient information and instead constructs a
straight line in a randomly chosen direction using the “stepping out” and “shrinkage” procedures in

(2003)), from which a point is then chosen uniformly.

GMC and SS are implemented in the software packages PYMATNEXT and POLYCHORD, respectively.
(2023)) implement Langevin dynamics with a drift term and a reflection update of the velocity as in
RSS.

Each sampler has hyperparameters which must be tuned for optimal performance, i.e. to decorrelate as fast
as possible from the initial point. To tune the step size €, PYMATNEXT targets the acceptance rate along a
trajectory, defined as the number of times a proposal is made inside the boundary divided by the trajectory
length. The step size is increased or decreased by a factor of 1.25 until the acceptance rate lies in the range
[0.25,0.5]. The velocity is re-randomised after L,,j = 8 steps. The total trajectory length, N Liyaj, is usually
tuned manually with heuristics given in Partay et al.| (2021). In comparison, SS is self-tuning with respect to
the width of the interval. POLYCHORD sets the number of velocity re-randomisations by default to 25n4ims-
In the following, the tuning of the step size in GMC and the POLYCHORD default setting for IV are adopted.
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Algorithm 1 Galilean Monte Carlo (Skilling), 2012])

Require: Initial position xg, step size e, trajectory length Li.,;, number of trajectories /N
1: X < X
2: for n < 1, N do
3: Sample velocity v ~ N(0, )

4: for i <— 1, Liya; do

5: X1 < X+ €V

6: if L(x;) < L, then > If proposed point is outside, try to reflect
~ L(x

l B e

8: v v —2(v-A)ih

9: Xg X1 +ev/

10 if L(x2) < L, then > If reflected point is also outside, go back

11: (x,v)  (x,—V)

12: else

13: (x,V) + (x2,V')

14: end if

15: else

16: (x,v) « (x1,V) > Keep moving forward

17: end if

18: end for

19: end for

Algorithm 2 Galilean Monte Carlo, 2019 variant (Skilling, |2019))

Require: Initial position xq, step size e, trajectory length Li.,;, number of trajectories /N
1: X < Xg
2: for n < 1, N do
3: Sample velocity v ~ N(0, )

4: for i < 1, Liyaj do
5: N+ L(x+ev)> L,
6: if N then
7: (%,V) < (x+ev,v) > Go North
8: else oL
9: N ng‘
10: v v —2(v-A)ih
11: E+ Lx+ev')>L,
12: W+ L(x—ev') > L,
13: S+ L(x—ev)>L,
14: if S and (F and not W) then
15: (x,v) < (x,V) > Aim East
16: else if S and (W and not E) then
17: (x,v) « (x,—V') > Aim West
18: else
19: (x,v) + (x,—V) > Aim South
20: end if
21: end if
22: end for
23: end for
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Algorithm 3 Reflective Slice Sampling (Neal, |2003])

Require: Initial position xg, step size €, maximum trajectory length L;sj, number of trajectories N
1: X < X
2: for n < 1, N do
3: Sample velocity v ~ N(0, )

4: A + True > Accept the trajectory unless a proposed point steps outside twice
5: X] ¢ X > X1 is the current position of the proposed trajectory
6: 141

7 while i < Ly;,; and A do

8: X] < X+ €ev

9: if L(Xl) < L, then

10: n ‘%7&3'

11: v+ v —2(v-h)ih

12: X9 X1 +ev’

13: if L(xs) > L, then

14: (x1,V) < (x2,V")

15: else

16: A < False > Reject trajectory and re-randomise velocity
17: end if

18: end if

19: if A then

20: X X > Accept trajectory
21: end if

22: end while

23: end for

F.2 Numerical comparison

Using each of the above samplers, the evidence Z was calculated in d dimensions with a uniform prior on the
cube [—7,7]4, where r = 5.14 is chosen as for the Rastrigin function [Rastrigin| (1974), and the test likelihood

La(0) = af(6) + (1 —a)g(0), (177)

where

70) = exp (10 (17%)

i=1

d
g(0) = exp (Ad + AZCOS(%TBZ-)) , A=10. (179)

The hyperparameter « € [0, 1] increases the multimodality and thus the difficulty of the sampling problem.
The evidence can be computed semi-analytically as

r d T d
Zy = 7(2i)d {a {/ eézzdx] + (1 —a)e=Ad {/ eACOS(QM)dx} } ) (180)

and the remaining one-dimensional integrals can be performed numerically with quadrature.

Figure [12[ shows the comparison in d € {2,4, 10, 30, 100, 300} dimensions for 1000 live points. It is seen that
SS remains correct for all dimensions, whereas all reflection-based samplers (GMC, GMC-2019, RSS), deviate
as the dimensionality increases. In particular, GMC starts to systematically deviate in d > 30 dimensions,
GMC-2019 as well but not as strongly and RSS already produces the wrong evidence in four dimensions.
Moreover, the evidence becomes systematically negative for all . This indicates that at each Nested Sampling
(NS) iteration, the density within the contour is not uniform but has an overdensity close to the boundary,
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Figure 12: Evidence In Z against difficulty hyperparameter o € {0,0.1,...,0.9,1} for different constrained
samplers. Each subplot shows a different parameter space dimensionality. The black crosses are the true
log Z values which all samplers must agree with. Small horizontal shifts of the log Z values are purely for
visualisation. The values a = 0 and o = 1 correspond to a unimodal Gaussian and a highly multimodal
likelihood, respectively. Notably, Slice Sampling (SS) remains correct in high dimensions while all other
algorithms start to deviate in dimensions d larger than = 30. Slight vertical offsets of the plotted points are
purely for visualisation purposes.

leading to lower likelihood values on average, as explained in [Kroupa et al| (2025]). This is consistent with
the fact that the deviation for GMC-2019 is smaller because the trajectories never leave the boundary and
thus move the density further to the centre of the level set.
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