Under review as a conference paper at ICLR 2025

ONLINE BANDIT NONLINEAR CONTROL
WITH DYNAMIC BATCH LENGTH AND
ADAPTIVE LEARNING RATE

Anonymous authors
Paper under double-blind review

ABSTRACT

This paper is concerned with the online bandit nonlinear control, which aims to
learn the best stabilizing controller from a pool of stabilizing and destabilizing
controllers of unknown types for a given nonlinear dynamical system. We develop
an algorithm, named Dynamic Batch length and Adaptive learning Rate (DBAR),
and study its stability and regret. Unlike the existing Exp3 algorithm requiring an
exponentially stabilizing controller, DBAR only needs a significantly weaker notion
of controller stability, in which case substantial time may be required to certify the
system stability. Dynamic batch length in DBAR effectively addresses this issue
and enables the system to attain asymptotic stability, where the algorithm behaves
as if there were no destabilizing controllers. Moreover, adaptive learning rate in
DBAR only uses the state norm information to achieve a tight regret bound even
when none of the stabilizing controllers in the pool are exponentially stabilizing.

1 INTRODUCTION

The multi-armed bandit (MAB) problem aims to minimize the total cost of pulling a series of arms
while receiving immediate cost feedback for each arm pulled. Given a finite number of arms, the
problem balances between exploration and exploitation of arms without knowing the exact cost
structure of each arm. On the other hand, the online optimal control problem considers a transition
dynamic 441 = f(2¢, us, wy) and a set of cost functions ¢; (¢, us), t =0, ..., T, where the goal is
to minimize the sum of costs over time, while both f and ¢, are fully or partially unknown. Basically,
MAB is a special type of the online optimal control problem in the sense that MAB is stateless
and simply selects an action each time, while the online control problem has a countable or an
uncountable number of states and selects a controller, acting as a function from states into actions,
each time without knowing the cost functions. Bandit algorithms can thus be leveraged for online
control, wherein the average cost incurred with a controller can be interpreted as the bandit feedback
of pulling the controller-arm (Lin et al., 2023 Li et al.| 2023).

In this paper, we address the online nonstochastic control problem where both a transition dynamic
f and cost functions ¢; can be unbounded, nonlinear, and adversarially chosen. We only have
knowledge about x; and the bandit feedback c;(z¢, u;) at time ¢, with adversarial disturbances w;
injected at each time step as in|Gradu et al.|(2020) and (Cassel & Koren|(2020). We operate the system
with a single trajectory where the system state cannot be reset. To overcome the difficulties of an
unknown nonlinear system, we are given a finite set of /V controllers in advance, where we are not
aware of whether each controller can stabilize the system but we are allowed to alternate between
these controllers within a single trajectory according to a specific logic. We refer to this problem as
the online bandit nonlinear control problem.

To deal with this online bandit nonlinear control, |Li et al.|(2023)) adopted their Exp3-ISS algorithm,
which uses the well-known Exp3 algorithm (Auer et al.,|2002) with a mini-batch approach (Arora
et al.,[2012)), while successively removing destabilizing controllers when detected in terms of input-
to-state stability (ISS). In this paper, we aim to significantly relax the requirement on the controllers
and yet guarantee asymptotic stability of the closed-loop system and sharpen the regret bound by
designing our algorithm DBAR (Dynamic Batch length and Adaptive learning Rate).
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Table 1: Summary of required controllers and results: I/ is the set of destabilizing controllers and |/|
denotes its cardinality. Polynomial factors on N and |U/| are hidden.

. Required Closed-loop system
Algorithm Cor?troller asymptoticpstefllaility Regret Bound
| |Chen & Hazan|(2021) | Exponential N/A O(T?*?) + exp(O(JU)))
| [Lietal[(2023) Exponential No O(T?*"?) + exp(O(JU)))
Dynamic Batching Asymptotic Yes O(T?/3) 4 o(T*3) - exp(O(|U]))
Algorithm(DBAR) Asymptotic Yes O(T?*3) + O(T~3) - exp(O(|U]))

Motivation and contribution. Our main contribution is to allow a broader class of controllers to
qualify as a stabilizing controller within a priori controller pool. For the motivation, consider a
continuous-time gradient flow in the vector space:

#(t) = =V F(x(t)), (1
where F' : R" — R is a smooth function. A merely convex F' can be extremely flat around its
minimum, leading to a slowly (asymptotically) converging trajectory unlike exponentially converging
behavior achieved for strongly convex F' (Khalil, 2015). In fact, assuming that a minimizer * of
F exists, the decay rate F'(x(t)) — F(z*) is O(1/(tlog” t)) if F is conve(Siegel & Wojtowytsch,
2023), and O(e™?) if F is strongly convex. In the machine learning literature, a loss function
I(g(x),y) of a gradient-based method is often given as a convex function in g (e.g., mean-squared
error or cross-entropy loss), but not necessarily strongly convex since g is often over-parameterized
and there could be a continuum of parameters corresponding to the value of g. Analogous to this
concept, one can consider F as f(x¢, 7(xt), wt), a dynamic governed by a given controller 7 and its
converging behavior as a (asymptotic or exponential) controller stability. Our work merely requires
the existence of at least one asymptotically stabilizing controller in the pool, which is far weaker than
exponentially stabilizing notions and represents a more realistic environment one may encounter.

The existing literature on online bandit control of linear dynamics with adversarial disturbance has
intrinsically assumed the existence of strongly stable controllers, which are exponentially stabilizing
controllers in our context, and achieves O(Tz/ 3) regret under general convex cost functions (Cassel
& Koren, 2020; (Chen & Hazan| 2021} |Ghai et al.l [2023). In this paper, we will achieve the same

O(TQ/ 3) regret bound even when none of the stabilizing controllers are exponentially stabilizing.

Algorithm Design. The idea of our algorithm is two-fold:

1. We adopt a dynamic batch length instead of a fixed length to certify the stability of the system
without requiring exponentially stabilizing controllers and achieve both asymptotic system stability
and a sublinear regret bound. The batch length is scheduled to be non-decreasing and growing
unboundedly over time, but its growth amount eventually saturates. However, the strategy suffers
from a resulting multiplicative exponential regret in return.

2. To alleviate the multiplicative exponential regret without requiring the conservative notion of
exponentially stabilizing controllers, we adopt a novel adaptive learning rate scheme that relies on
the system state norm, instead of a fixed learning rate. While the conventional way to apply the Exp3
Algorithm is to use a non-increasing learning rate, we decrease the learning rate if the state is unstable
and subsequently increase the learning rate if the state returns to a stable region. By implementing
this approach, we can alleviate the multiplicative exponential term in all cases. In particular, for a
specific class of stabilizing controllers beyond exponential notions, we attain a regret bound order
[O(T?/3) + O(T—1/3) - exp(O(JU|))] - (U] + 1)*, where o = 1/3 if || is known and o = 1/2 if
|| is unknown.

Table[T]shows a summary of our results with related works. Appendix [A]provides more details on the
intermediate step "Dynamic Batching", which operates under asymptotically stabilizing controller
assumptions, and on how we devised DBAR algorithm to avoid the multiplicative exponential term.

Related works. Optimal control problems have been widely leveraged in a variety of fields with
the influential dynamic programming approach (Bellman, [1957)). Recent successes of reinforcement

"Note that O(1/(t log® t)) is integrable at infinity. In the context of controllers, we also handle the challenging
case where f(z¢, m(x¢), w:) — infzern f(z, m(x), w:) may not be integrable at infinity. This corresponds to a
convex function without minimizers, such as a log-exp-type softmax loss function for classification.
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learning (RL) in safety-critical systems, such as aircraft (Razzaghi et al.l 2022), robotics (Ibarz et al.
2021)), and autonomous driving (Kiran et al.,|2021)), are also deeply rooted in optimal control methods
(Bertsekas|, 2019). The common idea to gain system stability of optimal control problems is to falsify
the detected destabilizing controller, meaning that one can completely remove those controllers
failing to satisfy certain stability criteria from the controller pool (Baldi et al., 2010; Battistelli et al.,
2010520145 2018; Stefanovic & Safonov, 2011} |L1 et al., [2023).

Online nonstochastic control considers a dynamical system with adversarial disturbances, which is
more challenging than having statistical noise. Early papers assumed full access to cost functions,
enabling us to leverage optimal policy structure with cost function gradients (Agarwal et al, 2019
Foster & Simchowitz,[2020;Hazan et al.,|2020; Hazan & Singhl[2022). Later, studies were generalized
to address the problem without cost gradients information (Gradu et al., [2020; (Cassel & Koren, |2020;
Ghai et al., [2023} [Sun et al.| |2023)); instead, they estimated the cost gradients, using the history of
scalar cost (bandit feedback) along the trajectory. However, the above research restricts the system
to linear transition dynamics. Instead, our work considers the candidate controller pool to handle
unknown nonlinear systems.

Multi-armed bandits with adversarial disturbances were first addressed in the pioneering work by
Auer et al.[(2002) under bounded costs in their notable Exp3 algorithm. |Arora et al.[(2012) later
improved the algorithm using the same controller within a mini-batch, attaining a regret bound
equivalent to the lower bound presented in |Dekel et al.[|(2014). As we have access to the candidate
controller pool in our problem setting, we adopt a bandit-related approach.

Dynamic batching gained considerable attention for training deep neural networks by increasing the
batch size over time and adaptively increasing the learning rate to maintain the ratio between the two
(Devarakonda et al.| [2017; |Bollapragada et al.l 2018];|Shallue et al., 2019} |[Ma et al., [2023). Although
this has been widely used in the machine learning literature, we adopt this idea to online control,
progressively increasing the batch length within a single trajectory to achieve asymptotic stability.

Adaptive learning rate in machine learning is generally determined by a set of gradients observed
so far (Ruder}, 2016). As we do not have access to the gradients in our problem, we focus on the
learning rate for bandit algorithms. Several works (van Erven et al., 2011;de Rooij et al.,|2014) in
hedge setting, an instance of multi-armed bandit problem, suggested using decreasing learning rate
as the batch length increases. Building on this idea, |Li et al.| (2023) proposed to use a non-increasing
learning rate over time, while no theoretical guarantee was presented. To the best of our knowledge,
this paper is the first work to provide theoretical guarantees for the adaptive learning rate scheme
based on the stability of state norm, where the rate is not necessarily non-increasing.

Outline. The paper is organized as follows. In Section [2| we formulate the problem and provide
necessary definitions and assumptions. In Section[3] we propose our DBAR algorithm. In Section 4]
we study the stability of the algorithm, the regret bound, and its applications in switched systems. In
Section[5] we present numerical experiments on the DBAR algorithm with an ablation study on batch
length and learning rate. Finally, concluding remarks are provided in Section [6]

Notation. For a vector z, ||z|| denotes the Euclidean norm of the vector. We use O(-) for the big-O
notation, o(-) for the small-o notation, and O(-) for the big-O notation hiding logarithmic factors.
Let E denote the expectation operator. For a set Z, we use |Z| for the cardinality and Z¢ for the
complement of the set Z. For a real number e, we use | e] for the floor and [e] for the ceiling of e.
Let R denote the set of real numbers and Z . denote the set of nonnegative integers. For e1,ea € Z
where e5 < ey, let iq, ., denote the set {i, : ea < e < ey,e € Z }. For the notations used in the
problem formulation and algorithm, see Appendix [B]

2 PROBLEM FORMULATION

Consider a general discrete-time dynamical system ;1 = f (x4, us, wy), t =0,...,T — 1, where
x; € R™ is the system state at time ¢, u; € R™ is the control input at time ¢ to be designed via an
algorithm. u; is determined by selecting a controller from a priori finite number of controller pool
consistingof m; : R — R™ ¢=1,..., N. w; € W C RY is the adversarial noise at time ¢, where
W ={w € RY : ||w|| < Wmax} and the bounding constant wy,, > 0 is assumed to be known. Each
time instance ¢ is associated with a cost function ¢; : R™ x R™ — R. The state transition is governed
by the dynamic f : R™ x R™ x RY — R. We have the following assumptions on the dynamic f.
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Figure 1: Tllustration of Assumption 2.3} (a) Our work does not require exponentially stabilizing
controllers, which allow the learner to detect the stability in O(log(1/€)) time. Instead, we only
require an asymptotically stabilizing controller of the true system, where the detectable time may
be arbitrarily long. (b) One can design stabilizing controllers for each parameter characterizing the
nonlinear system. While we know that at least one of them should work, we do not know which one
works, since the learner is unaware of the true parameter of the system. Assumption [2.5]is always
satisfied if the given pool contains a rich set of controllers, as long as the true system is stabilizable.

Assumption 2.1 (Dynamic). The transition dynamic f is L -Lipschitz continuous with Ly > 1;
e, |f(z,u,w) — f(Z,0,0)| < Lf(|lx — 2| + ||lu—a| + |w — @) forall z,Z € R™, u,u € R™,
w,w € W. Welet £(0,0,0) = fo.

We adopt the notion of locally Lipschitz continuous cost functions ¢; given in|Li et al.|(2023), which
contains quadratic tracking costs along an arbitrary bounded state trajectory and action sequence.

Assumption 2.2 (Cost functions). There exist L¢1, Leo > 0 such that |e(z,u) — (T, )]
(Ler (max{[z]l, [|2]1} + max{[|ul, |al[}) + Lez) (|2 — Z[| + [lu — al)) for all z, 7 € R",u,u
R™,¢ € Z. There exists co max > 0 such that |¢;(0,0)| < comax forall t € Z..

<
€

Input-to-state (asymptotic) stability (ISS) is a classic notion of stability implying that the controller
successfully stabilizes the system under any bounded noises (Sontag} [2008}; Khalill 2015). Incremental
(asymptotic) stability extends the input-to-state stability to describe the asymptotic behavior of some
trajectory towards a different trajectory (Tran et al.,[2016)). It is worth noting that|Li et al.|(2023) also
adopted these concepts under an exponential stability assumption; i.e., they require some controllers
to satisfy exponential ISS and exponential incremental stability. However, in practice, general
asymptotic concepts need to be considered for stabilizing controllers. We will address this controller
stability issue below.

Definition 2.3 (Input-to-state stable controller). A controller 7 is (asymptotically) input-to-state
stable (ISS) if there exists a non-increasing function 3() : Zy — R that satisfies 5(0) = 1E|with
lim; o B(t) = 0 and v > 0 such that for any 2:p € R™ and ||w;|| < wmyx for all ¢ > 0, the sequence
{x¢}1>0 determined by x4 = f(zy, w(2¢), wy) satisfies [|a¢|| < B(E)[|xo|| + YWmax-

Definition 2.4 (Incrementally stable controller). A controller 7 is (asymptotically) incrementally
stable if there exists a non-increasing function §(-) : Z; — R that satisfies §(0) = 1 with
lim;_,o B(t) = 0 such that for any ¢, Zo € R™ and ||w¢| < wpmax for all ¢ > 0, it holds that
|lze — Z¢]] < B(¢)||xo — Zol| for any two sequences determined by x¢11 = f(z¢, 7(x¢), w:) and
Tpy1 = f(i”t, (%), we).

Assumption 2.5 (Controller pool). Consider the candidate controller index set Py = {1,..., N},
in which there exists a controller satisfying Definitions and There exists 7o max > 0 such

In Figure 2] we illustrate a concept of the controller pool for the unknown system, and how general the
requirement of asymptotically stable notion is. For future use, we define the relevant sets regarding
controller stability below.

*This assumption in Definitions|2.3{and[2.4|is to guarantee 3(t)? < S(t) for all , which can be overcome by
a large . If we relax Assumption[2.2|on ¢; to be Lipschitz continuous, we can remove the assumption 5(0) = 1.
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Definition 2.6 (Stabilizing and destabilizing controller). Let S denote an index set of stabilizing
controllers that satisfy both of Definitions and We also let U denote an index set of
destabilizing controllers that do not satisfy Definition Thus, we have |S| > 1and S C U°.
Remark 2.7. Definition[2.4]is a stronger notion than Definition [2.3|due to the triangle inequality.
However, for a special case of linear systems with additive noise; i.e., f(x¢, w(x), w) = Axg+h(wy),
where A € R"*" and h : R9 — R", a controller 7 satisfying Deﬁnition also satisfies Definition
[2.4] In such a case, Assumption [2.5boils down to requiring at least one ISS controller in the pool.

Now, we define different notions of closed-loop system stability with bounded adversarial disturbances
wy, where ||w;]| < wmax holds. Asymptotic stability and finite-gain stability both shed light on the
connection between the disturbance input and the state output, where none of them implies the other
(Hill & Moylanl [1980). Hence, it is desirable to achieve both system stability notions.

Definition 2.8 (Asymptotic stability). A system is asymptotically stable if the sum of state norms
satisfies limy o0 7 ZtT:O 1z ]| < YWmax-

Definition 2.9 (Finite-gain stability). A system is finite-gain £; stable if there exist constants
Ay, As > 0 such that for all T € Z_, it holds that ZtT:O lze]] < Ay - wmaxT + As.

Recall that z; and u; denote the state and action sequence for the system according to the
algorithm. We also let z; and u; denote the optimal state and action sequence generated
by the best stabilizing controller i* that satisfies both of Definitions and e, ¥ =

arg min;cs E[Z;‘F:O ct(zy, m;(x¢))] subject to the dynamic f. Then, the regret of the algorithm
is defined as follows.

Definition 2.10 (Regret). The regret of the algorithm implementing the policy ;, at time ¢ =
0,...,T — 1is defined as Regret; = E;, ., Ztho[Ct(l’t, ug) — (@, uy))

3 ALGORITHM DESCRIPTION

Denote the number of batches in the algorithm by B. Denote by t; the start time for each batch
b=0,1,...,B — 1. We implement the same policy within the mini-batch.

Assumption 3.1 (Dynamic batch length). We design our batch length (7;,),>0 as follows:

1. 7, is non-decreasing in b and limy_, o, 7, = +00.

2. maxp>o % = :—[1) and limy_, o lertl =1

For example, 79 = |21(22)**| > 0 and 7, = [z1(vb + 22)**] for every b > 1 with the constants
21,22, 23, v > 0 satisfy Assumption [3.1] For future use, we refer to this type of formulation as
polynomial batches with (21, 22, 23, V).

Remark 3.2. As our dynamic batch length eventually grows unboundedly over time, excessively
strict controller stability criteria may result in most of the candidate controllers violating these criteria.
Thus, it is crucial to adopt (asymptotic) ISS and incremental stability as our criteria, instead of
exponential notions in|Li et al.|(2023)) and the literature on linear dynamics (Cassel & Koren, [2020;
Chen & Hazan| 2021} |Ghai et al.| [2023). Figure [d]in Appendix [A]strongly supports the necessity
of a growing batch length regardless of the noise assumption. On the other hand, our batch length
requires limp_, oo Tthl = 1, which means the ratio of two consecutive batch lengths should approach
1 as time goes by (e.g., geometric sequences are not acceptable). In other words, the batch length
is designed to increase over time but eventually saturates, which is used to ensure both asymptotic
system stability and a sublinear regret. We formally present both properties in Theorems .1 and 4.6

We propose our DBAR algorithm in Algorithm [I] (see Appendix [B]for the notations). Lines [3{9]
generate the state trajectory based on the selected controller 7, for the current batch b, and falsify
the controller if it is found to violate Definition[2.3} i.e., K, € U. Here, let U denote the number of
times that the Break statement in Line[/|is activated. In the rest of the paper, when we say the Break
statement is activated, it means that Line[7)of Algorithm [I]has been activated. As the controllers in
U° do not suffer from the Break statement, they always remain in the controller pool. Accordingly,
we have U < |U|.

Lines [TTH20|keep track of the state norm of x;; by determining a4, and s that indicates the
magnitude of the next batch’s initial state norm compared to ||x||. Note that we keep adjusting the
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Algorithm 1 DBAR
Input: 7. 19 > 0. (75)p>0- B(). 7. Wo(k) = 0forall k € Po. to = 0,s0 = 0.
A uniform distribution po; i.e., po (k) = % forallk € Py. o #0. ap > B(0) =1.6 > 1112?‘%).

1: for Batchb = 0,1,2,...,do 15: else
2:  Sample K}, from a distribution pp. Terminate the al-  16: Let sp+1 = sand let ap 1 = ap.
gorithm if Py, is empty. 17: end if
// Phase 1: Falsify a detected destabilizing controller ~ 18:  else
3: fort=tp,...,min(¢t, + 7 — 1,T) do 19: Let sp41 = Oandlet apy1 = p.
4: Implement 7, , observe ¢4 1. 20: end if
5: if |zeq1]| > B(t+1 —tp) ||zt || + YWmax then // Phase 2: Set or reset weight for each controller
6: Set Pyr1 = Pp — { K} 210 Letwy(Ky) = S3b ey (ae, i)
7: Break , wb<K§>
8: end if and wb(k) = u (k) I(Kb:k) for k € Pp.
9:  end for 22 if sp41 # sp then
10:  Lettpqyq =t+ 1. 23: Let Wy,41(k) = 0forall k € Py,
/I Record the magnitude of the state norm for Phase 2 24: else
11: if lze,, | > apllzoll + 0 then 25: Let Wy11 (k) = Wy (k) + wj (k) for k € Py.
12: Pick s > 1 that satisfies 26:  endif
(@) llzoll < [ty sy | =6 < (@p)*H ol 27:  Letmyir = no/(on41)2*0+1.
13: if s — s, > 1 then 28:  Forallk € Py, ]et< )
14: Let cpy1 be any > o, such that k) = XP(= b1 W41 i
aSan—IOH <oty |l — 6 < a2 ||zo| Po1 (k) Liepyyy P41 Wet1(9))
and let sp4.1 = sp + 1. 29: end for

value of ayy1 to avoid sp41 > sp + 1 (Line @), and the adjusted a4 is guaranteed to be bounded
by some constant (see Lemma|[C.3]in the Appendix). It is later discussed formally in Lemma [&.7] that
these observations cause s, # 0 to occur at most O(U) times throughout the algorithm.

Lines determine the weight W, (k) for each controller k. In Line 21} we use the sum of
costs at the current batch b to add up to the weight in Line[23] In Lines[22}26] we reset the weight if
Sp+1 7 Sp. This resetting weight idea to forget the costs in the past is also proposed in|van Erven
et al[(2011). In the scenario that the Lipschitz constant L is very large, it may help to forget the
time-varying costs co, . . ., ¢;—1 and restart gathering the information from the outset. Line 22| reflects
this case where the next batch’s state norm significantly deviates from the current state norm.

Lines calculate the adaptive learning rate n,1 = 19/ (cp+1)%+* for the next batch b + 1 used
to apply the Exp3 algorithm to our problem. Since (ay41)®+" increases when the state norm ||z, , ||
is large, and s;1 resets to zero for sufficiently small state norm, the corresponding learning rate
decreases in unstable states and increases back to the initial value when the state norm returns to a
stable region. Thus, the learning rate fluctuates depending on the state norm. However, it is essential
to note that the effective learning rate, determined by the ratio Z—:, indeed decreases as the batch length
increases even if s;11 = sp. The only plausible situation in which the effective rate may increase is
Spr1 < sp with (apy1)? > ”;Zl. Apart from this scenario, the effective learning rate experiences
a polynomial decay with polynomial batches defined in Assumption[3.1} which does not cause any
contradiction with the polynomially decreasing learning rate concept proposed in|Aubert et al. (2023).

Our adaptive learning rate stabilizes the cost of current batch, alleviating the multiplicative exponential
term in the regret bound (see Table [T). Moreover, since we run the algorithm along a single trajectory
with the selection of the policy only relying on the state norm as a context, we obtain a linear-time
algorithm by harnessing a form of contextual bandit without requiring strict assumptions.

4 MAIN RESULTS

4.1 STABILITY

In this section, we will present the stability results of Algorithm[I] which deeply hinge on Lemma
A3 (see the proof details in Lemma|[C.I)).

Theorem 4.1 (Asymptotic stability). In Algorithm suppose that 7.3 (10) < 1. Then, it holds that

lim7_ o0 % ZZ:O Hl't” < YWinax-
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Theorem 4.2 (Finite-gain stability). In Algorithm |I| suppose that %B(Tg) < 1. Assume that

lim; oo H(t) < 00. Then, Algorithm achieves finite-gain L4 stability; i.e., there exist constants
Ay, Ay > 0 such that forall T € 7,

Z?:o lzt|| < Ay - Wy T + As.

Lemma 4.3. Define H(t) := Zf;é B(i), which determines the scope of stabilizing controllers

throughout the entire horizon. Under Assumption we have lim;_, @ =0.

Proof sketch of Theorems and ' By Lemma we have lim;_, o, @ = 0. Using this
result with the non-decreasing property of both 7, and H (7, ), we obtain that Zf:_ol H(m) = o(T)
according to Assumption [3.1]for the dynamic batch length. This assumption further indicates that
falsifying destabilizing controllers in Lines 5}jg]results in the existence of a constant M > 0 such that
the following inequality holds for all 7" > 0:

T B—

ZthH < M+'7wmax'(O(ZH(Tb))+T)- (2

t=0

Thus, 25:701 H(7y) = o(T) along with (2)) proves both Theorems and More details about
the proof are provided in Appendix O
Remark 4.4. With a fixed batch length 7 as presented in|L1 et al.|(2023)), the resulting closed-loop
system cannot achieve asymptotic stability since limy_, o = ZtT:o [2¢]| = Ywma (1 + O(2)) >
YWmax- Thus, it is intuitively desirable to design as lim;_, o, 7, = 00 to achieve an asymptotic system
stability, validating our dynamic batch length strategy in Algorithm[I] This idea also results in having
lim7_,o B/T = 0 (see Lemma in the Appendix). It is crucial to note that we have achieved
asymptotic stability even when lim;_,~, H(t) = co. In addition, finite-gain stability can be achieved
for every () that satisfies H(-) < oo, which incorporates exponentially stabilizing controllers.

—

<o

4.2 REGRET

In this section, we will present the regret bound of Algorithm[I] where the regret defined in Definition
is equivalent to Eg,,_, . ZtT:O [ee(zy, ur) — ep(xf, u})], considering that the policy at each time
t 1s determined by the policy at the corresponding batch.

Theorem 4.5 (Regret Bound). In Algorithm suppose that 7- (3 (10))? < ﬁ Then, we have

L
B-1 ~ B-1

Regrery = O(U) + (Y. #(n)) + X2 o M N sy OU)O(r-1 (1)) + O ()
b=0 b=0

Theorem 4.6 (Regret bound with known |U{|). Consider Algorithmwith polynomial batches defined

2 (\U|+1)2/3)

in Assumptionwith proper parameters satisfying (5(70))? < ﬁ Then, withno = O (a7

‘u‘3/2
and T Z maX{W,
H(t) <O, 1) forall t > 1, we have

i=17

N(U| + 1)}, we achieve a sublinear regret bound. MoreoverH when

Regrety =[O(T*?) + O(T /%) exp(O([U])) | N/ (|| + 1)'/3.

The regret bound deeply relies on Lemma For the lemma, define £L:= {0 <b<B-1,b€
Zy : sp+1 7 sp} and Also, define V := {0 <b< B—1, b€ Zy : s, # 0}. In other words, |L]
is the number of transitions of s;, across the batches, and |V| is the number of batches whose sy, is
nonzero. It turns out that both quantities are bounded in terms of the number of the Break statement
activation. The proof details can be found in Lemma[D.3]

Lemma 4.7. In Algorithm suppose that (7o) < 1 and let U denote the number of times that the
Break statement is activated. Then, it holds that |L| = O(U) and |V| = O(U).

3 Among stabilizing controllers achieving O(T'%/%) regret bound, we also cover the case where H (t) can be
of the order of a harmonic series that is not summable at infinity.
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Proof sketch of Theorems[d.5and[d.6} By adopting the analysis performed in previous works (Cesa]
Bianchi & Lugosi, [2006; van Erven et al.l 2011} |de Rooij et al.l 2014}, we divide the expected
total cost into the mix loss fniu log(Eg~p, exp(—npwy (k))) and the mixability gap Ex.p, [w} (k)] +
n% log(Eg~p, exp(—mwy,(k))). The big difference between the previous analysis and our approach
is that we use different learning rates for the one in the denominator (79) and the other inside the

exponential term (7)) as we use an adaptive learning rate. The additional term introduced by using
different rates is in |£| and V|, which are bounded in terms of U by Lemma 4.7}

After bounding the expected total cost with cumulative mix loss and mixability gap, we need to

K (- K (%
study Egc, o S0 ?:*tt_l [%W — ¢z}, up)], where (i) and uf (i) for t =

tp, ..., tp+1 — 1 denote the state and action sequence generated by selecting the controllers before
batch b according to Algorithm [T} while selecting the controller ¢ at batch b. This does not produce
any exponential term since the costs are regularized with the factor (ay)2**. The additional term
introduced by regularization is also bounded by the order of U due to Lemma4.7] The proof details
are provided in Appendix O

Remark 4.8 (Lower bound). The regret bound O(T%/3N'/3(|U| + 1)'/3) provided in Theorem
@]is similar to the lower bound presented in|Dekel et al.[|(2014)), except that there is an extra term
(|| + 1)/3, reflecting the unbounded costs for the bandits. Moreover, a stability-agnostic nature
of the given controllers implies that any algorithm will normally encounter destabilizing controllers
and it is unavoidable to face the exponential term exp(O(|U/|)) in regret. To be more specific, our
work has an exponential term in the number of destabilizing controllers (|I/]), while the work |Chen &
Hazan| (2021) provides the lower bound involving an exponential term in L > kd,, (see Section 2.1
and Theorem 3), where d,, is the dimension of the action and k is the controllability index. Here, a
large controllability index implies that the system is complex to control as more stages of control
actions are needed to stabilize the system. Thus, together with a dimension of the controller action
dy, a large kd,, in their work is analogous to a large |I/| in our setting. Thus, due to the lower
bound, the exponentially increasing term can be tackled by reducing it by the inverse power term
on T at best. Theorem [.6|aligns with this idea since the resulting regret bound involves the term
O(T—1/3) - exp(O(|U|)) by factoring in every potential exponential term to be multiplied with the
initial learning rate no = O(T~2/3), which inherently serves as a mitigating factor. Note that instead
of dramatically reducing the regret bound, our main contribution is on significantly relaxing the
stability assumptions for required controllers (see Table[I|and Appendix[A).

Remark 4.9 (Nonlinear control). Our approach is useful to extend the stability and regret analysis
beyond linear dynamics, but if |I/| is too large, it would be difficult to reach good enough performance
as the regret bound depends on exp(O(|U|)). This occurs because we have focused on a discrete set
of controllers instead of a connected set as in linear dynamics. Note that in the linear dynamics case,
it is guaranteed that the set of stabilizing controllers is connected. However, adopting a discrete set
was inevitable to handle unknown nonlinear systems since the set of stabilizing controllers may not be
connected. To address this limitation, we believe that this issue can be mitigated by the formulation
where the problem of interest is |/| number of connected sets, where |U{| is not too large and each
set is disjoint from the others. The agent can apply techniques of continuous parameterization (e.g.
gradient descent) within a set and also transition between separate sets by leveraging our technique.
This mixture of algorithms for discrete and connected sets will be an interesting future work.

Now, a question arises as to what happens if |{/| is nor known in advance. With Algorithm one
can leverage |U/| + 1 < N to upper-bound the regret in Theoremand achieve O(T?/3N?/3) at
best (without considering exponential terms) by determining 1o and (75)p>¢ as if there were only
one stabilizing controller. It turns out that we can reduce the bound to O(TQ/ SNYB3(JU| +1)/2) by
adaptively changing the value of 7 as in Algorithm 2} where we increase the value of 1 if the Break
statement in Algorithm [Iis activated and keep it unchanged otherwise.

Theorem 4.10 (Regret bound with unknown |I/|). Consider Algorithm|2|with polynomial batches

defined in Assumptionwith proper parameters satisfying 7= (/3 (10))% < ﬁ Then, withy = 1,

_ 1 u®’
No = O(T2/3N1/3)’ and T > maX{N1/2(|u\+1)3/4’

Moreover, when H(t) < O(3'_, 1) forallt > 1, we have

N}, we achieve a sublinear regret bound.

Regrety =[O(T*?) + O(T /%) exp(O([U])) | N/ (| + 1)'/2.
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Algorithm 2 DBAR-unknown |/
Input: Add two more inputs po = 0. y > 0.

/I Modification 1: Add the following IF-ELSE Statement right after Line[]in Algorithm [T}
if Ppr1 =Py then ppi1 = pp. else ppyr1 = pp + 1. end if
// Modification 2: Incorporate ji;41 to set 1y41 in Line[27]in Algorithm [T}

_ no(mpy1+1)Y
Mb+1 = (ab+1)2sb+1 .

Proof sketch: Define 19, := 10+/r + 1. It turns out that for every r = 0,..., U, O( ) appears in

the regret instead of the integrated term O( |Ml“) in Theorem4.5| The constant |I/| + 1 is distributed
among each O( ) term. Under the constraints given by the disintegration rule using Lemma

/2
for each r, one can establish an upper bound of O(|u\+71)) on the sum of O( -) terms

over r = 0,...,U by attaining the coefficients of these terms with complementary slackness in
Karush-Kuhn- Tucker (KKT) conditions. The details are available in Appendix [E] O

Our DBAR algorithm can also be applied to scenarios such as those switched systems (Tousi
et al., |2008; Zhao et al., [2022)) in which the transition dynamics and the associated controller pool
change according to either the detection of a destabilizing controller or pre-determined time instants
(Battistelli et al., 2011), as well as the ballooning problem (Ghalme et al.,|2021)) where the controller
pool may expand. We proposed Algorithm [3] the switching version of DBAR, in Appendix

5 NUMERICAL EXPERIMENTS

To demonstrate the main results of this paper, we provide illustrative examples on both linear and
nonlinear dynamics with adversarial disturbances.

Example 1: Consider the following linear dynamical system with z; € R? and u; € R?:
2 1.2 1 03
xt+1:|:11 25:|mt+|:04 09:|ut+wt7 t=0,1,..., 3

where ¢ = [100,200]" and w; = [sin(-),sin(11-)]’. We consider a linear policy u; = Kz =

[Z; zj x, and a controller pool K’ = {K € R?*% : ky, kg, ky € {-3,-2, -1}, ko € {-1,0,1}}
that has |U/| = 53 out of 81 candidate controllers. The goal is to keep the state near the origin, where
the cost function is quadratic at each time, namely c; (v, uy) = ||z¢||%.

Falsifying destabilizing controllers moderately stabilizes the state norm (Li et al., [2023)). Compared
to their work, Figures [2(a)] and [2(b)] show that both integral components of our algorithm DBAR,
dynamic batch length and adaptive learning rate, further lowers the regret and stabilizes the system,
where approximately 2/3 of controllers in K’ are destabilizing the system. In this case, Figures
and [2(d)| both demonstrate that the two components of our algorithm mutually reinforce each
other, where each component stabilizes the state norm with or without time delay. This supports
the observations in Appendix [Al In Appendix [G.I] we also provide the experiment details and
simulation results with noise terms generated by uniform random walk, where w; — w;_1 has a
uniform distribution for ¢ > 1, as well as the results with truncated Gaussian noise for sanity check.

Example 2: Consider the following nonlinear noise-injected ball-beam system (Hauser et al.,|{1992):
= B(26% — 9.81sin6) + 3w,, 0=u,, B=0.7143, 4)

where  is the ball position, ¢ is the beam angle, u, is the action, and w,(t) = sm( ) To provide
the simulations for high-dimensional systems, we consider the leader-follower system (Morb1d1 et al.l
2011)), where the leader is represented by a ball-beam system, and the followers leverage the leader’s
state to stabilize themselves. Specifically, if the leader is controlled by destabilizing controllers, the
followers may also fail to stabilize. Consider the followers’ system:

i= Az, &, —9.81B, —9.81B0) + Az + u, + 3w., (5)
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Figure 2: The stability and the regret in the linear system under sinusoidal noise. Fixed T, fixed n
represents the algorithm in [Li et al.| (2023). Ablation study of the algorithm is presented.
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Figure 3: The stability and the regret in the leader-follower system under sinusoidal noise, where the
leader is represented by a ball-beam system. We selected 3(t) = min{10/¢1:%° 1} (see Definition
[2.3) and used squared sum of state and action norms as the cost.

where [z, &, 0, 0] € R* are the states of the leader given in (EI) 2 € R are the states of the followers,
u, € R% is the action of the followers, w, = [sin(z% ), sin(1f=),sin(:5),sin(),...] € R%,
and A, A are relevant random matrices. Note that the number of states in the entire system is 100.

For the action u,, we now adopt a broader notion of stabilizing controllers and choose the policy
class to be the nested saturating control (Teel, 1992), without considering exponentially stabilizing
notions. For the action u,, we consider a linear policy in z; however, the policy is inherently nonlinear
with respect to the entire state, as the leader’s system itself is nonlinear. In Figures [3(b)] and
we observe that dynamic batching does not necessarily stabilize the state norm by itself. However,
if an adaptive learning rate is additionally applied, DBAR effectively stabilizes the explosion of
the nonlinear system and enjoys the improved regret, even when we use a polynomially stabilizing
criterion O(1/t95) to define the stabilizing controllers (see Definition . We also provide the
simulation results with the other polynomially decreasing /3(-) series at a different rate. More
experiment details are available in Appendix [G.2}

6 CONCLUSION

In an online bandit nonlinear control problem, an agent makes decisions with the bandit feedback
information, while suffering from nonlinear dynamics and adversarial disturbances. To address
such challenges, this paper develops a novel Exp3-type algorithm with theoretical guarantees. The
proposed algorithm uses a dynamic batch length to achieve asymptotic stability of the system without
requiring an exponential assumption on stabilizing controllers in the pool. Our adaptive learning rate
scheme observes the stability of state norm to overcome the inherent multiplicative exponential term
in the regret, thereby improving the overall regret. Future directions include extending these results
to problems with explicit safety constraints while selecting the best stabilizing controller among a
continuum of candidate controllers.

10
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A NECESSITY OF DBAR UNDER WEAKER STABILITY NOTION OF REQUIRED
CONTROLLERS

To illustrate how significant the weaker controller stability notion is compared to the exponential
notions, let us further present a one-dimensional system, where the current system state is 1. The goal
is to achieve a state near 0, and we would like to detect this stability by observing whether one arrives
at a state less than 1 — ¢, where € is an arbitrarily small positive number. Exponentially stabilizing
controllers guarantee to detect the stability in O(log(1/€)) time. However, with an asymptotically
stabilizing controller, if the controller is designed to keep the system state unchanged for an arbitrarily
long time 7" and then collapse the state towards 0 afterward, one cannot detect the stability before
time 7" regardless of how small € is. In such a case, even though the controller ultimately achieves the
goal, it may take a lot of time to learn whether a closed-loop system would be stable or not.

Note that dynamic batch length is an important part of our work. If an exponentially stabilizing
controller is applied to a system, one can quickly certify the stability. However, if we only have the
asymptotically stabilizing controllers as in our problem setting, it may take a long time to observe
any abnormal behavior in the closed-loop system. Such an issue cannot be handled by a fixed batch
length and in that sense dynamic batch length is a necessary part of our work. In Table[I] we have
stated the intermediate step "Dynamic Batching" to achieve closed-loop system asymptotic stability,
which was not achievable by the previous works.

Figure 4| also demonstrates the necessity of a dynamic batch length regardless of the noise assump-
tion. The blue and orange lines represent the state norms generated by a fixed batch length and a
dynamic batch length, respectively. With both relatively easier statistical noise and more challenging
adversarial noise, the blue line shows a larger state norm than the orange line. Moreover, the blue line
occasionally has higher values than the red line, which is our asymptotic stability bound ywmax = 1.5,
while the orange line remains below the red line after a certain time.

fixed 7 fixed 7

dynamic 7 dynamic 7
0

state norm ||x;
state norm |||

of W

J‘WWM’GMHWMWMMH

000 G000
time ¢

(a) Statistical Noise (b) Adversarial Noise

Figure 4: The state norm with a fixed batch length compared to that with a dynamic batch length.
Zer1 = x¢ + 0.15u; + wy with uy = Kay where K € [-3.0,-2.9,-2.8,...,4.9,5.0]. We use
70 = 10,y = 3, and set wyax = 0.5. The noise wy is (a) i.i.d. sampled from Uniform[—0.2,0.5], and
(b) 0.15 4 0.35 sin(%).

However, it turns out that the resulting regret by dynamic batching contains the multiplicative term
o(T*/3) - exp(O(JU])), which is because a dynamic batch length induces H (75_;) to be necessarily
multiplied with exp(O([U|)). (see Corollary [D.10). Thus, we came up with a careful switching
strategy, an adaptive learning rate, to address this issue. The multiplicative term can be resolved
with splitting technique by introducing an adaptive learning rate, achieving both closed-loop system
asymptotic stability (by dynamic batch length) and the improved regret (by adaptive learning rate),
even though we have greatly relaxed the assumption on controller stability (exponential to asymptotic).
We developed this approach by factoring in every potential exponential term to be multiplied with the
initial learning rate 19 = O(T~2/3), which has a negative exponent on 7', thus inherently serving as a
mitigating factor (see Theorem 4.6{and the term "02N f;ol Erx, 1., (wi(i®))?in Lemma. Due
to Lemma[4.7] one can explain that the remaining terms produced by the splitting can be bounded by
O(|U|). More details can be found in Appendix D]

14
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B GLOSSARY

Before formally presenting the proofs, we provide a glossary to help readers understand the notations
of our algorithm DBAR (see Algorithm [T]).

Table 2: Glossary

| Notation || Meaning
Ty state at time ¢ in the algorithm
xy optimal state at time ¢
Uy action at time ¢ in the algorithm
uy optimal action at time ¢
ce(xe, ug) cost at time ¢

Winax the maximum norm of the noise
T the length of time in the algorithm
B the number of batches in the algorithm
ty the start time for each batch b
Ty the batch length at batch b
s learning rate at batch b
Ky the controller selected at batch b
N the number of controllers in the candidate pool

Wy, (k) the weight of controller £ at batch b

py(k) the probability of selecting controller & at batch b
Py a set of available controllers at batch b

Qp, Sp (aw)®® indicates the magnitude of the state norm at ¢, compared to |||

B{), v applying a stabilizing controller incurs [[z:]] < B(¢)[[xo]] + YWmax
Ly Lipschitz constant for the dynamic f
L, Lipschitz constant for any controller 7
U the number of times the Break statement is activated

bi,...,by the next batch after the Break statement is activated

C STABILITY PROOF

Let by, ..., by denote the next batch after the Break statement is activated; i.e., |2y, || > B(ts, —
to,—1)||7e,, o || + YWmax for every u = 1,...,U. For future use, let by = 0 and by1 = B.
Accordingly, ty, =to = O0and ¢y, =tp =T + 1.

Lemma C.1 (Restatement of Lemma . Define H(t) := Zf;é B(i). Under Assumption we
have
Ht
lim L =0.
t—o0

Proof. Recall that we designed 3(-) to be non-increasing and nonnegative. Then, we have 3(i) <
fiil B(x)dzx for every integer ¢ > 1. Using the inequality, one can write

t—1 t—1

0< H(t)=p(0)+)_B(i) <B0)+ pla)d. (6)

i=1 0

If limy o0 H(t) < oo, clearly lim;_, o @ = 0 holds. If lim; o, H(t) = oo, we leverage

L’ Hopital’s rule with 5(t) — 0 as t — oo to derive

t—1
H 0 d -1
i 2O o gy Oy Bl 1)
t—oo t t—00 t t—00 1
where the first inequality follows from (€)). O
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Lemma C.2. For0 < j < k, we have

H(m) _ 7
H(rj) =
Proof. For0 < j <k,
Te—1 .
H(n) B+ 2z, B0 (e —7) - Br) _ 7
H(rj) ~ H(ry) - 7j - B(75) 7
where the last inequality is due to the non-increasing property of 3(-). The equality holds when
ﬁ(()):...:ﬂ(q—k_l)_ O

Lemma C.3 (Sum of state norms in a single batch). In Algorithm[l] for each batchb = 0,1, ..., B—1,
the following inequality holds:

tyy1—1

Y el < Hm)lze, | + ywma(m - 1)

t=ty

Proof. Fort = ty,, we have ||z¢|| < 8(0)||xs, || since 5(0) = 1. Fort;, < t < tp41 — 1, we have

[[ze]| < B — to)l|we, || + Ytmax- @)
Summing up all inequalities gives
thy1—1
D llwell < H(toyr — o)l || + Yomax (o1 — to — 1).
t=t;
Since LineE]of Algorithmﬂ]is not satisfied, 7, = tp41 — tp. This completes the proof. O

Lemma C.4 (Weighted sum of state norms between the two consecutive Break statements). In
Algorithm |} suppose that :—;6 (10) < 1. For every next batch index after the Break statement
u=0,...,U, the following inequality holds:

byr1—1 bug1—1

1 Y Wmax
H(m)|ay, || < —————H(m,)|xs, || + — H(m).
bgb: ( )” th 1 _ 1;:: B(Tbu) ( )H tbu H 1 _ ﬁ(’rbu+1) b:;+1 ( )

Proof. Since we designed (73,)p>0 to have a non-decreasing 73, and non-increasing ”’;;1, notice

that we have 3(7,) < “245(m) < = B(1p-1) < 72B(10) < 1 for every b > 1 since A(:) is

- - Tb-1

non-increasing.

If by4+1 = by, + 1, the inequality clearly holds since T > 0. Otherwise, consider the

-1
—Lfl‘)rl B(7b,)
following inequality for b, < b < b, 41 — 1:
H(my)lle, | < H(mp) B(ro—1)l|e, | + H (7)Y wmax
_ H(Tb)
H(Tb_l)

where the inequality holds since Line [5] of Algorithm [I]is not satisfied. Recursively applying this
inequality, one arrives at

B(Tb—l)H(Tb—l) ||xtb71 || + H(Tb)ﬁywmaxv

H(r . b—1
H ()|, || < HZ;})H [1((T(7-+)1)5(T“) - H (1, )|ty | + H (7o) YWmax (1 + Z 3, 8(7a))
; a . b/ =b,+1
b1 [H(Tat1) 1 — bt
<, Hir) B(ra)| - H(mo) ey, Il + H()ywmas (L + Y [B(7,41)]"™")
a . b'=b,+1
<z} 20w t) g )] Hm, o, |+ H () s ®
e T = 8, 1)

16
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< Hb 1 |:Tll+1 3 :| CH H Y Wmax
228, [P 8)]  Hmlon, | + H ) =5
Ty, +1 b=bu YWmax

<l == . -0

—[ T, ﬂ(Tb“)] A, |+ H(m) 1 —B(Th,+1)’

where the second inequality comes from the non-increasing property of 5(+), the third inequality is
by 8 (Tb +1) < 1, the fourth inequality is due to Lemmau C.2] and the last inequality comes from the
non-increasing property of (7). Since b““ (1p,) < 1, summing up the above inequalities

forb, <b<byy1 —1 completes the proof. O

Lemma C.5 (Next state norm after the Break statement). Define My := L¢(1 4+ Lz)yWpax +
L (70, max + Wmax) + fo. Then, for everyu =1,...,U, we have

[0, || < Lp(1+ Lx)B(0) |2t _, [| + M.

Proof. Suppose we picked a controller 7, at time step ¢. Then, by Assumption [2.3] we have
luel| = llme () = 7(0) + 7 (0) | < flre () = me(O)} + 7 (O)} < Lrl|e || + 70,max-— (9)

Combining the above inequality with Assumption [2.I] one can write
1]l = [ (@4, ue, we) — £(0,0,0) + £(0,0,0)|
< (s wey wi) = £(0,0,0) 1+ [1£(0,0,0)[| < Ly (flwell + lluell + [lwel) + fo
< Ly([loell + L llzell + mo.max + wmax) + fo
= Lf(l + LTF)HII‘H + Lf(ﬂ-O,max + wmax) + fO-

Thus, for every u = 1, ..., U, we obtain that

| < Lg(1+ La)llwe,, —1ll + Lp(70,max + Wmax) + fo
< Lp(1+ Lz)(B(to, — to,—1 — Dll@e,, | + YWmax) + Ly (70,max + Wmax) + fo
= Li(1+ Lx)B(ty, —to,—1 — 1)||zs,, || + M
< Ly(1+ Ly)B(0)||2s,, _, || + My,

where the second inequality holds since Line |§| of Algorlthmm is not satisfied during ¢, 1 <t <
tp, — 1 and the equality holds for the last inequality when ¢,, = t;,_1 + 1. This completes the
proof. O

Lemma C.6 (Weighted sum of state norms along the Break statements). In Algorithm[l] suppose that
2LB(10) < 1. Define My := Ly(1+ Lz)B(0) 117[‘3"(”;*1) + M;. Then, there exists a constant C > 1
such that

i (1 + Le)B0)C]” ! —
ZH o, )Tt | < Ly(1+Ln)B0)C -1

([Ly(1+ Lr)BO0)C]Y — 1) M,

1
Hlkeol = L) s0 0= 1P

H(Tbu>
u=0

Proof. Since we designed T”T—:l to converge, there exists R > 0 such that T”T—:l < Rforall b > 0.

Moreover, since limy_; o T’:l: L =1and 5(79) < 1, there exists b* > 0 such that

« Th+1 1
b2V = — < . (10)
™ B(10)
Accordingly, for any two batches b’ > b > 0, we have
Ty _ '_1Ta Rb*
B < [Bro)) IS T < (11)

Tb Ta M’
con51der1ng that b = 0 and b’ = b* yields the largest possible upper bound due to . Now, define
C = B(T - Notice that we have C' > 1 since the left-hand side of 1| is greater than equal to 1
when b’ = b + 1. Then, for every u = 1,...,U, one can write
H(m,)

H(my, )@, | < Lyp(1+ Ln)ﬁ(o)m

H(7p,—1)|lze,, || + H(7p, )M

17
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H(n,) -2 [H(ras1)

< Lf(l + LW)B(O)H(T[, _1) a=by,_1 H(’Ta)

B(ra)| - Hmo, e, |

+Ly(1+ Lﬂ)ﬁ(O)H(Tbu)% + H(m, )M
< Ly(1+ L)) 2 (5 et H (e, ||+ H )Mo

H<Tbu71)
< L1+ B0 B, Pt Hm, o, |+ H ()M

u—1

< Li(1+ L)B0)C - H(m, ) l|2t,,, || + H(m, ) Ma

where the first inequality is due to Lemma[C.5] the second inequality is by (8) in Lemma[C.4] the
fourth inequality is due to Lemma|[C.2] and the last inequality is by (IT). Recursively applying this
inequality, one arrives at

u

H (), | < [L5(1+ L)BOCT Him) ol + Mz - 3L (1 + LSO H ()
< L1+ LBOC] Hr) o] + Mo, ) - (A=
MQH(T[,U) :|

Ly(1+ L)B0)C = 1]

where the second inequality comes from the non-decreasing property of H (-) and the equality holds

< [Ly(1+ L)BO)CT" [H(TO)H%H n

when H(7p,) = -+ = H(m, ). Notice that for b’ > b > 0, the case H(m,) = H(7) arises when
Ty =Tp0r f(m,+1) =--- = B(my) = 0. Since L(1 + L,)3(0)C > 1, summing up the above
inequality for u = 1, ..., U completes the proof. O

Lemma C.7 (Sum of state norms). In Algorithm suppose that :—(1) B(79) < 1. Then, we have

T

D llaell < O([Ly (1 + La)BO)C] (|0l + H (76,,))) + Ymar - (O H(m)) +T)

Proof Applying Lemma[C.3} [C:4] and [C.6]in turn, we have

U but1—1tp1—1

lewtll—z Yoo

u=0 b=b, t=tp
bu+171

0+ 1)

u=0 b=b,
U 1 yw but1—1
< X Ty e T 3 H ) it =1,
1 J 'ywmax = v
S % ;H(Tbu)nxtbu || + m(bzo H(Tb) — UZ:OH(Tbu)) + 'ywmax(T — U)
1 U yw B—-1
= 1— 2p(m) & Z Hm)lew N+ 7500 2 H(my) + ywmaT
(To)llxoll [Lf(l + Lr)B0)C]" ! —1 H(n,U) ([Ly(1+ Lr)B(0)C1Y — 1) M,
T 1-28(r) L1+ Lg)B0)C -1 1—28(r)  [Le(1+ Lyx)B(0)C — 12
B—-1
rywmax
+ 1— ﬁ(’rl) i H(Tb) + ’YwmaxT
B—1
= O(ILs(1 + Lx)B0)CTY (lzoll + H(m,))) + Ytwmax - (O H(m)) + T)
b=0

18
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where the equality holds for the fourth inequality when Line [5]of Algorithm [I]is not satisfied for the
entire horizon. O

Theorem C.8 (Restatement of Theorem [4.1] Asymptotic stability). In Algorithm[I} suppose that
ZLB(10) < 1. Then, it holds that

T—o00

T
. 1
lim T ; lze]] < YwWmax-

Proof. We mainly use Lemma [C.I|to prove the asymptotic stability. First, we have
H(mpy,) < H(tp—1) = o(tp-1) = o(T), (12)

where the first equality is due to Lemma[C.T|and 75_; = T" when there is only one batch over the
entire horizon. Now, consider the following relationship between the number of batch B and the time
horizon T":

B-1 B-U-1
n=T> Y 7+, (13)
b=0 b=0

where the second inequality is due to the non-decreasing property of 7,. Now, if ZbB:_Ol H(m) < o0,
clearly 25;01 H(m,) = o(T). Otherwise, define H(7p) = H(7p_1). Then, we have

B—1 B—1 B
H db
lim 7Zb:0 A(m) < lim —EB;EEO_IH(TZ)) < lim f%_Ug—b)
T—o0 T B—oo Zb:o T+ U ~ Booo 4 fO rydb + U
H(rp_ H(rg_
= lim 7(7-3 ) = lim 7(7—3 1)1-[(173:327(]7177'174-1
B—oo TB_U—1 B—oo Tp_1 - T
=0-1Y =0 (14)

where the second inequality leverages the non-decreasing property of both 7, and H (7} ), the remain-
ing equalities leverage L' Hopital’s rule, Lemma and limy_, o T’:;l = 1. Thus, with Lemma
we have

T

D llzell < OULg (1 + La)BO)C) (o]l + o(T))) + Ywmax - (T + o(T)).
t=0

This completes the proof. O
Lemma C.9. In Algorithm[I} we have

Proof. Recall the relationship stated in (T3] between 7" and B. Using the second inequality, we have

. B . B . B

0 S lim — S lim —B_U-1_ .. S lim B_U_-1
T—oo T = T—oo szo 7+ U~ Tooo gy 4 j;) rydb + U

= lim ——— =0,

T—oo TRB_U—-1
where the third inequality uses the non-decreasing property of 73, after which we use L’Hopital’s rule.
This completes the proof. O

Theorem C.10 (Restatement of Theorem [4.2] Finite-gain stability). In Algorithm[I} suppose that
ZLB(10) < 1. Assume that lim;_,oc H(t) < oc. Then, Algorithm|l|achieves finite-gain L1 stability;
i.e., there exist constants Ay, Ao > 0 such that for all T € 7,

T

t=0

19
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Proof. Since lim;_,~, H(t) < oo, there exists a constant ¢; that upper-bounds H (t); i.e., H(t) < q1
for all ¢ > 0. Likewise, by Lemma there exists a constant g that upper-bounds % Thus, with
LemmalC.7} one can write

T

D el < O([Ls (1 + Le)BO)C] (|20 ]l + 1)) + Yomar - (O(Bar) + 1)
t=0

= O([Ly(1 + Lz)B0)CT” (lwoll + q1)) + (1 + %0(%)) * Wmax T’
< O(ILy (1 + L) B0)C) (lzoll + q1)) + (1 + O(q102)) - Wi T
This completes the proof. O

D REGRET PROOF FOR ALGORITHM I]

Lemma D.1. In Algorithm|[I| we have
Exn_volws(Kb)] = Exp_yo [Erp, [wh ()],

Proof. Given K;_1, ..., Ky, we have

. wp ()
By [ (k)] = k;b Po(k) pbbuf;

which implies that wj (k) sampled from p, is an unbiased estimator of wy, (K3).

Liky=k) = wp(Kp), (15)

Thus, forallb=0,1,..., B — 1, one can write

Ekp_1.olwp(K)] = Ex,o [wp(K3)] = Ex, 0Bk, [wy (53) | Kp—1:0]
= EKb—l:OEKb []EkNPb [wé(k)] | belio]
= EKb:O [EkNPb [wé(k)“ = ]EKB—I:O[]Ekpr [U/f;(k)]]v

where the first equality is because Kp_1,..., K11 does not affect the value of wy,(K}) and the
remaining equalities are by law of total expectation and (T3]. O

Now, we let w/* (i) denote the cost incurred at batch b if one selects the controllers for batch
0,...,b— 1 according to Algorithm[l} and the controller for batch b to be i.

Lemma D.2. In Algorithm[I} for any i € Py, we have
]EKtho [’U);,(Z)] = EKBflzo [wf(%)}
and for some controller i® € Py, we have

Ex, .. [770 (wb(Kb))T < 7702N

K (:b\)2
2 po(Ks) Ere, 10wy (37))%

Proof. Forallb=0,1,...,B — 1 and for all : € Py, we have
Exnvolwp(i)] = Ex,o [wh(1)] = Ere, 0 [Exc, [wh(7) | Ky—1.0]]

wb(Kb)
=FE K Lk, —i
bel:o[KZ po(Ky) 0 (=)
»EPb

= EKb—l:O[wl{((i)] = Estlzo ['LUZ{((Z)}
where the first equality is because Kp_1, ..., Kp+1 does not affect the value of wl’)(z) and the last
equality is because Kp_1, ..., K} does not affect the value of wlf( (i). Next, we can also obtain that

1o (wp(K3))? 1o (wp(K3))? 1o (wp(K3))?
Kp-1:0 |: 9 pb(Kb) Ky.0 2 pb(Kb) Kp—1.0~Kp 9 pb(Kb) | b—1:0
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w 2
B 2 | o) MmO [ Ry

KyePy

for the controller i* = arg max;ep, (wf< (i))2. This completes the proof. O

In Algorithm define L:={0<b<B—-1,b€Z, : 841 # sp}and letb!,..., bl£l denote the
batch where Lineof Algorithmis satisfied; i.e., sp1 1 # s forl =1, ..., |L]|. For convenience,
weleth® = 0,011 = B —1,and sp = sp_1. Also, define V:={0<b< B—1,b€Z, : 5, #
0}.

Lemma D.3 (Restatement of Lemma . In Algorithm suppose that B(to) < 1 and let U denote

the number of times that the Break statement is activated. Then, it holds that |L| = O(U) and
V[ =O(U).

Proof. For every batchb =0,...,B — 1, we have

e, | < (aw)** ™ |zol| + 0 (16)
by Lines If the Break statement is not activated, since we designed § > %, it yields that

[ty | < Bro)llze, | + Ytomax < B(0) ()™ |zoll + B(70)8 + Ytwmax
< Blro) ()™ ol + 6 < (aw)**lzol| + 4,

where the second and the last inequalities are due to 8(7) < 5(709) < 1 and the third inequality is
by the formulation of §. Then, s41 > s cannot occur when the Break statement is not activated.
Also, Line@avoids Sp+1 > Sy + 1. As aresult, starting from sg = 0, the event s4; = s, + 1 can
occur at most U times. Accordingly, the event s;4; < 53, also can occur at most U times, leading to
|£] <2U.

Now, we observe the number of batches b needed to stabilize the state norm; ie., min{E >0 :
Spap < sp} when the Break statement is not activated. Starting from batch b and the corresponding
Sp, provided that the Break statement is not activated, one can write

”xth; H < /B(Tb+l~771)”ztb+{,,1 H + YWmax < 5(7—0) ||xtb+g,1 ” + Y Wmax

b—1

< (B(r0) s |+ yemas S (8(70))* < (B70)) | + 50
a=0
< (B(r0)) e, || + 8 < (8(r0))" ()™ o] + 6]+, (17)

where the first and third inequalities are due to not satisfying Line [3 iteratively when the Break
statement is not activated, the second and fourth inequalities are by 8(7,) < 5(79) < 1, and the last
two inequalities are by the design of § and . It is desirable to find the minimum value of b that
makes the right-hand side of (17) smaller than (cv)®® ||xo]| + J:

i 1 )
(B(10))°[(ew)** ol + 6] + 8 < ()™ [|lzoll +6 = ——= 2> ap+ 7=, (18)
(B(10))® (ap)®|[oll
where the right-hand side of lb can be upper-bounded by oy, + m since o > 1. Thus, if s # 0,
8 log(e + 127)
min{b>0:s,,: < sp} <| ——— 12 (19)
>0 845 < s} { ~log B(o)

when the Break statement is not activated. In other words, starting from a batch b where s, > 0,
within the number of batches on the right-hand side of (19)), either the Break statement is activated or
the value of s; decreases.

More specifically, consider two sets of batches: B; = {0 < b < B —1,b € Z;
the Break statement activated} and B = {0 < b < B —1,b € Z; : Sp41 < Sp}. Let B=B; U By
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be the set ordered by batch numbers. Then, the batch interval between two consecutive batches in B
is upper-bounded by (19). Thus, considering that |£| < 2U, we have

log (o + ”%OH)
—log (o)

which completes the proof. O

V| <(2U - 1){

Lemma D.4 (cumulative mix loss). In Algorithm for any controller i' € U° forl =0, ...,
cumulative mix loss is upper-bounded as follows:

B-1 L] b! -1 g

1 oU+1 wi (i
Exp_ 10 Z . IOg(Ekpr eXp(—ﬁbwé(k))) < (7) +Exs 1.0 Z Z . (25)
i o "o = oo ()

Proof. Givenl =0, ...,|L|, we can analyze a single mix loss forb = b'+1,...,b" Tt —1 as follows:

108 B, exp(—mth () = - log( 3= () exp(—mach k)

Mo kEP,

Ly S, eI expmu ()
7o > iep, eXp(—mW(i))

_ 1 1Og(2k€7?b eXP(—anb+1Fk)>
Mo > iep, eXp(=mWp(i))

)

)s (20)
while a mix loss for b = ' is as follows:

1
—%log(Ekwbexp(—nbzwéz(k)))=—*log > py (k) exp(—nywp (k)))
keP,,

1
= 10g(|P | Z eXp(_nblwl/)l<k)))
bt kEP1
log N 1
B2 log( Y exp(—mywy(k))) 1)
Mo Mo kePy,
log N 1

= ——1lo exp(—ny W, k))), 22
o o g(k;” Py bl+1( ) (22)

IN

where the last equality only holds when b'*! > b'+1. Now, notice that the batches b = b’ ... b+ —1
share the same learning rate; i.e., n,; = - - - = Mu+1_1 since the same s; yields the same «y, and thus
the same 7). Thus, in the case where b1 > bl 4+ 1, we have

pitt_q
1 log N 1 bt EkEPh_l exp(—ny W(k))
——log(Eg~p, exp(—mpwy,(k))) < — —log(II?_
b:Zbl 0 ( Po ( b( ))) 0 0 ( b=bl+1 Zkepb eXp<_77bl Wb(k))

,ilog( Z exp(—ny Wyi+1(k)))

"o kG'Pbl+171

log N 1
< o8 — — log( Z exp(—nu Wy (k))), (23)
"o "o kEPyi+1_4

where the first 1nequahty is by l ) and (22)) and the second 1nequahty comes from P, C Pp_;.
Considering both cases (21)) and (23, for any controller 1 .,ilFl € U¢, one can write

B-1 Ic| b1

Z1log<Ek~pbexp<nbw;,(k)))sZ[IOgN —ilog< TS wé(k)))}
—oL o o

b—o 0 KEPy 11, b=b!
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E (it
L] +1)log N 1 i
< (£[+Dlog N > —log(exp(—ny Y wi(i)))
Mo 1—=0 0 b=b!
‘[]‘ bl+1
Jowen Hetie o
Otbl Spl

where the first inequality considers Wy, (k) = Zb bl wb( ) in l) the second inequality is
because any controller i’ is an element of Py +1_1, and the last equality comes from the definition of

ny = Mo/ (a )%t and |£] = O(U) by Lemma Finally, by Lemma taking the expectation
of (24) with respect to K _1.9 completes the proof. O

Now, we consider the cumulative mixability gap.

Lemma D.5 (cumulative mixability gap). In Algorithm there exists a set of controllers i® € Py for

b=0,...,B — 1such that the cumulative mixability gap is upper-bounded as follows:
B-1 B-1
Eicp ro D Brop [wh (k)] +— 10g(Exnp, exp(—mpwy(k))) < +o= > By (wp (i)

P 70 210 2

Proof. Given the set V, we can analyze a single mixability gap for b ¢ V and b € V, respectively.
Since s, = 0 forb ¢ V, given Kp_1, ..., Koy, we have

1 1
Eop, [w1, ()] + o 108 (Ernp, exp(—npwy (k) = Brep, [wy (k)] + 75 108(Ernp, exp(—nowy(k)))

SEwmmw+%@wwmewmw—n

< By 18]+ - (B, DO
o

= 772—°Ek~pb[(w£(k))2}

) (wp(Kp)) o (wp(Kp))?
- ;kgbpb(k) (pv(K))? L=ty = 50 po(Kp)
(25)

where the first inequality uses log(z) < x — 1 for all z € R and the second inequality uses
e <l+x+ %2 for all x € R. Now, for b € V, given K_1, ..., Ky, we obtain that

EkNPAu4<k>]+»;%1og<Ek~pbexp<-—nbu¢<k>» SIEkNPJu4<k>}+—§;<Ek~pbexp<—nbu¢<k»-—1>
< B, [t ()
< Exopa [th(8)] & — (Bprepy TBE ity +

Mo
_ Mo pozr . L mo (we(Kp)? 1
- 2 Ek?"’pb [(wb(k)) ]+ 27]0 - 9 pb(Kb) + 27707 (26)

)

DN | =

where the second inequality uses e” < 1 for all z < 0 and the third inequality uses 7 + —|— >0
for all z € R. Since |V| = O(U) by Lemma|D.3} we have inequality (26) holding at most O( )
times and (23)) holding in the remaining batches among b = 0, ..., B — 1. Finally, by Lemma@
taking expectation of (25) and (26) with respect to Kp_1.9 completes the proof.

We let z; and u; denote the state and action sequence in the algorithm depending on the context.

We let 25 (i) and uf< (i) fort = t3,...,tp11 — 1 denote the state and action sequence generated by
selecting the controllers before batch b according to Algorithm [T} while selecting the controller i at
batch b. Accordingly, we have w{< (i) = i*’;ti_l ct(zE (i), uf (). We also let x} and u} denote
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the optimal state and action sequence generated by the best stabilizing controller ¢* that satisfies
both of Definitions mandm; i.e.,i* = arg min;cs ZtT:o ct(xt, m+ (24+)) subject to the transition
dynamics.
Lemma D.6. In Algorithm suppose that %(6(70))2 < ﬁ For any controller i® € Py, for
b=0,...,B—1, we have
B-1 B—
Ex, 1o (wp (i")* = exp(O(U))O(75-1H (T5-1)
b=0

H

o

=0

Proof. By Assumption[2.2] for all z € R™ and u € R™, we have
|Ct(:c7u)| = |Ct(x7u) - Ct(0,0) + Ct(070)| < ‘Ct(xau) - Ct(0,0)‘ + |Ct(0a0)|
< (Ley (2l + Nlull) + Lea) ([l ]l + llwll) + co.max
= Le, (]l + llull)® + Lea(ll]l + llll) + co,max
< 2Le, ([|2]l* + [full®) + Lea(llz]l + llull) + co,max, (27)

where the last inequality is due to Cauchy—Schwarz inequality. Thus, we can upper-bound (w{¥ (i®))?
for any controller i € Py, forb=0,..., B — 1 as follows:

tpr1—1 2 tpp1—1
<w£‘<z’b>>2=[ 3 ct<w5<ib>,uff(ib>>} < Y e (@), ul () trs — 1)

t=ty t=ty
tpy1—1
< (o1 —t) Y @Le, (I @)1 + lluf ()IP) + Lea(llzf @) + s @)1 + comax)?
t=ty
tpp1—1
<5(thyr — 1) Y, (AL (I @) + Nur @) + L2zt G + 1w @)1P) + 6§ ma)
t=ty
(28)
where the first and the third inequalities are due to Cauchy—Schwarz inequality.
From (7)), for t;, <t < ty41 — 1, we have
2 @)I17 < 2[8(t — )2 (1)1 + 27 wiex (29)
g (I)* < 8[B(t — t)]*lfy )" + 87 winax (30)
where the inequalities are by Cauchy-Schwarz inequality. Accordingly, we obtain that
tb+171
S zE )P < 2H (tor1 — t)[2f ()7 + 29wl (togr — 85 — 1) (31)
t=t,
tb+171
S lzE )1 < 8H(torr — t)[of (1)I* + 87 Wi (tog1 — B — 1), (32)
t=tp

where we use 3(+) < 1 to derive th“ lg)r < th“ “THB(1)] = H(tyer —ty) forp > 1.
From (), for t, <t < tp41 — 1, we have
g (I)1? < 2L2 |2 ()P + 278 (33)
Jug (I)|* < 8LA 2 (1) I* + 87 maxs (34)

where the inequalities are by Cauchy-Schwarz inequality. Now, we substitute (31)), (32), (33), (34).
and tp+1 — tp < 7 into the right-hand side of to upper-bound (w{* (i%))? as follows:

(wiy (i%))? < 57[32L2, (1 + 8Lz ) H (o) |lofy ()| + 2L2(1 + 2L7) H (m) oy (i) 1))+
57—1) [32Lcl((1 + 8Li)74w§1ax + 7T(%L,max) + 2L32((1 + 2L727)72w§1ax + ﬂ-g,max) + C(Q),max]
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= Msm H(m)||lps (i) |* + Mum H (7)||fs (i) ]|* + M5
= MaoH (1) ||, |I* + Mump H (1) |2, |* + M5y, (35)

where M3, My, M5 are constants determined by L1, Lco, L, 7Y, Wmax, T0,max, and o max. The last
equality comes from zf (i°) = x, for any i* € P,.

Meanwhile, one can upper-bound both ZBfol 7o H (13) (|24, |* and Zb B TbH(Tb)HIEtb |2 by succes-
sively applylng Lemmal|C.3] [C-4] and he same fashion as presented in the proof of Lemma

Since 712 (B(10))* < 1, by and lb there exists Cy, Cy > 1 such that
To

B-1

b=0

Y mHm) |z |t = O(BLF(L + La)*B0)* 1Y (lzoll* + 7oy H (7o) + 87 tiay - O(Z_: T H (7))

Y mH(m) e l? = O(2LF(1 + Lx)?8(0)>Co]” (lzo]1® + 7o, H (16,,)) + 27 was - O oH (1))

Substituting the equalities into the summation of (33) for b = 0,..., B — 1 yields

B-1 B-1 B-1
D (wi(i")? = exp(O(U))O(mo, H(my,,)) + O mH (1)) +O(Y_ (1)*).  (36)
b=0 b=0 b=0

Notice that taking expectation of (wf (i%))? with respect to Kj_1.9 does not affect the inequality.
Finally, 7, < 751 and H(7,) = o(7p) completes the proof. O

Lemma D.7. In Algorithm|[] for the best stabilizing controller i* € S, we have

—1tp41—1 Z* K(Z*D B-1
Exy. IOZ > O D a7, <)+ 0(X Hm)

Proof. Since x} is generated by a stabilizing controller, we have

Izl < B zoll + Ywmas < ,5’ 0)llzoll + Ywmax
1% < 28(8)%[lwoll* + 27 waay < 28(0)||lwoll® + 27 Wiy,

where the inequalities are by Cauchy-Schwarz inequality and the non-increasing property of 3(-).
Then, by (9), 27), and (33), we have
co(f,uf) < 2Le, (27 11” + uf %) + Lea(llay || + lugll) + co,max
< 2L, (1+ 2L 27 1% + 28 max) + Lea (14 L) 17 [ + 70 max) + o.max
< ALer (1 + 2L7)(B(0))lwol|* + Lea (L + L) B(0) |0 | + 4Lea (1 + 2L7)7 wi,
+ Lea(1+ L) YWmax + 4L017T(2)7max + Leamo,max + Co,max 1= Ms.

(37
In Algorithm m one can write
Tt, (ap)**HH|aoll + 6
< Y 38
(ap) Gy = wllwol+ (38)
Ty Bt)[[woll + YwWmax
< B0 xs 39
(ab)sb (ab)sb = ﬁ( )H(E()H + YWma 39)

where the equalities hold for the last inequalities of (38) and (39) when s;, = 0.
By Assumption 2.2} for the best stabilizing controller i* € S and for ¢, <t < tp41, we have

ﬁl%(xf(i*),ﬁ(i*)) — (g, )|
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1 * *
< o e {0l i ) + a0 1)+ Eea)lf 0°) = ] + ) —
1 s * -k *
< (o (B (1 L) mas [t} + o) + Lea)(1+ L) 0°) =
e (@) || || =t Lermomax + Lea || 25 (%) — a7
= (1 + Lx)(Ler (1 4 L) max{||=* , ¢ 4 el 7Omax T e ¢ t
(B (0 L) maxt [T |G P ™ @ e
< (14 LB — ty)Lur (1 + L) maef]| 75| |26 |ly
>~ T b cl T (Oéb)sb ) (Ozb)sb
n Lcl(l +L7r)’7wmaxthl7TO,max +Lc2) Bt — tb) M
(Ozb) b (Oéb) b
X 2
< Loy (14 L) 2Bt — 1) || Ty
< Lalt+ Lot - 02 (| 24| s
Lcl(1 +L7r)7wmax + Le1m0,max + L2 (1 +L xfb
(ap)se JRG (ap)®e

< Ler(1+ L )?B(t — t)?((an + B(0)) |20l + 0 + Yiwmax)?
+ (Lcl(1 + Lﬂ)'}/wmax + Lclﬂ'O,max + ch)(l + Lﬂ')ﬁ(t - tb)((ab + 6(0))“$0H +0+ ’Ywmax)
< MzB(t—1,)* + MsB(t — 1), (40)

where M7 and Mg are constants determined by L1, Lca, Lr, 70 max; 5(0), 9,7, Wmax and
maxpyeo,1,. 1} . Notice that vy, in Llne@ of Algorithmmis upper-bounded by some constant
by Lemma@ The second inequality is by (9], the third inequality is due to Definition[2.4] and by
leveraging the same stabilizing controller i* from ¢ for both trajectories #€ (i*) and x}, the fourth
inequality uses z7 (i*) = x4,, and the fifth inequality is by and (39). By combining and

(@0), we have

e (%), uf (%))

—c ($* U*) _ ct(th(z*),utK(z*)) Ct(xzk?u;fk) (ab)28b —1
()25 AT Tt

(ap) 2o - (ap) 250 - (ap) s ey, up)
s s * * (ab)st -1 * *
Jee(ary (i), uf (i) — colaf,ug) | + Wct(xtaut)

S (ab)st
_ | MEBG - ty)? + MspB(t — ty), if s, =0,
T\ MzB(t — ty)* + MgB(t — ty) + Ms, if s # 0.

Thus, one can conclude that

—1tp41—1 Z* K(’L*)) B-1
Z > [ QSZ —q(wiﬂui)] < MoV + S (Mr + Mo)H(tyi1 — 1)
b=0 t=tp b=0
B—1
=0(U)+0()_ H(mn)), (41)
b=0

where the first inequality uses 5() < 1 to derive th“ "Bt —t)]? < th“ "Bt —t)] =
H(ty+1 — tp) and the last equality uses t;+1 — tp < 75 and Lemma Takmg expectation of @)
with respect to K p_1.9 completes the proof. O]

Theorem D.8 (Restatement of Theorem 3] Regret Bound). In Algorithm [I| suppose that
(B (10))? < 2— Then, the regret bound is as follows:

1
T
Ekp o Y _lce(@e, ue) — col],uf)]
t=0
B-1 B-1
(U] + N
O +0(3_ Hir) ',,O 24 N exp(O(U1))Ors 1 Hrs )
b=0 b:0
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Proof. By Lemma|D.I] we have

T B—1tpp1—1 B-1
EKB—I:O th(xt’ut) = EKB—I:O Z Z ct(xtvut) = EKB—I:O Z[wb(Kb)]
t=0 b=0 t=ty b=0
B-1
=Ekp_ 10 Z [Ekwpb [wg)(k)”
b=0
~ [C] bttt LW
oU+1 0 N
< ( ) - ZEKb 1o(wb (7’ +]EKB 102 Z 29!,
o b=0 1=0 b—p!
O(U+1)  noN 5
s— 7 02 [exp(O(U)O(15-1H(t5-1)) + O()_(1)?)]
b=0
B-1 T
+OW)+ 0> H(m)) +Exp_r Y cila™ u"),
b=0 t=0

where the first inequality is due to Lemma [D.4]and [D.3] and the last inequality is due to Lemma@
and[D.7} Using U < [U/| completes the proof.

Theorem D.9 (Restatement of Theorem [4.6] Regret bound with known |U|). In Algorithm

let 19 = L(m)lﬂj and T, = f(%)l/ﬂ for every b > 1 with the/ constants
2/3
z,v > 0 that satisfies 1o > 0 and %(6(7’0))2 < 2\15. Also, let g = O(%) When
/2

T> max{w, N(|U]| + 1)}, we have

T ~
Exp vo Y [ci(@e,ue) = colay,up)] = O(T*ANY3 (U] + 1)1/%)) + o(1) exp(O(U])) + o(T),

t=0
which implies that we achieve a sublinear regret bound. Moreover, when H (t) < O(Z:Zl %) for all
t > 1, we have

T ~ ~
Ercp vo Y lee(we,ur) = colaf, uf)] =[O(T**) + O(T~*) exp(O(U)) | N2 (Ul + 1)V/2.

t=0
Proof. By the formulation of (73)5>0, we have

B-1 B-1 B—

(Vb + z)1/? (Vb + 2)1/?
_wwrE T<S W TH L p_1

N TRV TERREP Z N+ oy Y

where we can further use non-decreasing property of (-)'/2 to arrive at
224 Z[(v(B - 1)+ 2)3/% — 23/7] B 212 4 fOBfl(z/b + 2)Y2db
(N(l] +1))1/2 a (N(l] +1))1/2
Ji¥ b+ 2)Y/2db (B_1)= BB +2)%2 =22 B-1)
TN+ 1)) o (N(ul+ 1))t (;2)

thus we have B = O(T%/3N/3(|t| +1)"/3) from the first inequality and T = O(B3/2N~/2(|u| +
1)~1/2) from the second inequality and 7' > N(|U| + 1). Similarly, we can find the order of

5:701 (74)? as follows:

B-1 B—-1 9
2 M B (vb+ 2) 2(vb + 2)1/2
g(n) = ;{(N(|u|+1))1/2+1] S/0 [(N(|I/{|—&-1))+ (N(\U|+1))1/2+1 db
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B2

= O(W) = O(T*AN=3(u| +1)71/3),

(43)
where the last equality is by B = O(T?/3N'Y/3(|u| + 1)'/3). We also have

roes = (e 2] = OBYAN (Ul +1)71%) = O N /3 + 1))
(44)
Thus, we have
O(tp—1H(75-1)) = o((15-1)?) = o(T*3N~2/3(U| + 1)7%/3) = SS\)[ (45)
where the first equality is due to Lemma With T > % we have
noN exp(O(U]))O(Tp-1H (15-1)) = o(1) exp(O(IU])) (46)
o(u|) = O(T*PNY*(u| +1)'/?). 47)
With @3), @3), @6), and @7), we can apply Theorem [D.§]to derive
T B-1
Exp 1o Y lct(w,u)—ci(af,uf)] = O(T* PNV (U+1)*)+o(1) exp(O(UN)+O(Y_ H(m)).
t=0 b=0

Applying to O(Zf:ol H(7,)) achieves a sublinear regret bound.

Moreover, when lim;_, o, H (t) < 0o, there exists a constant ¢; that upper-bounds H (¢); i.e., H(t) <
q1 for all t > 0. Then, we have

B—1
Z H(m) < 1B = O(B) = O(T*3NY3(|[u| +1)1/3). (48)
b=0

Also, @3] and @6) can be modified to
tp1H(rp-1) < 17p—1 = O(T'AN"3(jU| +1)71/%),
0N exp(O(U)))O(rp—1H (t5-1)) = O(T N3 (U] + 1)V/?) - exp(O(U])).  (49)

Similarly, when H (t) = O(3_;_, 1) forall £ > 1, we have

B-1

>_ H(m) < BH(75-1) = O(Blogp1) = O(T*AN'(ju| +1)1/%), (50)

b=0

N exp(O(U|))O(rp-1 H(rp-1)) = O(T N3 (Ul + 1)2) -exp(O(U]).  (5D)
Using @8), @9), (50), and (51) completes the proof. O

Small modification provides the regret bound for the intermediate step "Dynamic Batching" mentioned
in Appendix [A]

Corollary D.10. Consider "Dynamic Batching" strategy without adaptive learning rate, i.e. s, = 0
forallb=0,... , B—1in Algorithmm Let 19, ...,Tp—1 and ng be the same quantity with Theorem

When T > max{%, N(U| + 1)}, the term o(1) exp(O(|U])) in the regret bound of

Theorem is replaced by o(T*/3) exp(O(|U])).

Proof. Since s, = 0 for all b, we need to modify Lemma|D.7| Equation is modified to

Jee(f (), uf (%)) = ee(at, uf)| < Lear(1+ La)*B(t = t0)* (e, || + 127, 1)* + Ler (1 + L) ytmax
+ Lermomax + Lea(1 4 L) B(t — t) (|24, | + [, 1),
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which incurs

tb+1—1

Yo leelai (i), uf (i) = eola, up)| < O(H(n)l|2e, |1%) + O(H ()|, |)) + O(H (7))

t=ty
Thus, it follows that

B—1tyy1—1

Do D el (@), u (i) — erlaf, ui)| < exp(O(UI)) (loll? + llzoll) + exp(O(U) H (75-1)

b=0 t=ty
= exp(O(U])) - o(T"?),
where the last equality is by the choice of 751 = O(B/?) = O(T"/3) and applying Lemma4.3|

This shows that o(1) exp(O(|i])) in Theorem |D.9|should be replaced by o(T"/3) exp(O(|U])) in
the algorithm without adaptive learning rate. O

E REGRET PROOF FOR ALGORITHM

Theorem E.1 (Restatement of Theorem Regret bound with unknown |U/|). In Algorithm
let 7o = [(%)Y?] and 7, = (((”Hz))l/g] for every b > 1 with the constants z,v > 0 that

satisfies 79 > 0 and L1(6(7’0))2 < %f Also, let ny = O(W) andy = 3. When T >
U|3/2

rnax{7]\[1/2(|w+1)3/4 , N}, we have
T

Ercp 1o Y lee(we, u)—ei(a],up)] = O(T*ENYA(UI+1)1/?)+o(1) exp(O(U)) (U] +1)*+o(T),
t=0

which implies that we achieve a sublinear regret bound. Moreover, when H (t) < O(Z:Z 1) for all
t > 1, we have

T
Excp 1o Y _lee(2e,w) = cila], ui)] =[O(T*?) + O(T ) exp(O(U|) NV (U| + 1)1/?
t=0

Proof. By the formulation of (73 )s>0, as in (#2), we can derive
B=0O(T?3NY3) and T =0O(B*?N~1/2)

when T' > N. We can also obtain

B-1
> (m)?=0(T*3N"%) and O(rp_1H(rp-1)) = o(T**N~?/%)
b=0

similar to ( b and . Now, define 19, := no(r + 1)¥ = nov/r + 1. Let B, denote the set of
batches where pp = 7506, B, ={0<b<B—-1,b€Z;:pu,=r}. Then one can write

72 ZUOTEKb 1:0 wb (Z S nTZ Z \ EKb 10(wb (Zb))2

r=0 beB,. r=0beB,
B-1
= VU +1-0(T*3N*/*)[exp(O(U))O(rp-1H (75-1)
b:O
< VUl +1 - [o(1) exp(O(U])) + O(T* N2, (52)
where the first equality holds by Lemma and the second inequality holds by U < |U|.
Recall the definition and the cardinality of £ = {0 < —1,b € Zy : Spy1 # Sbt
andV ={0<b<B-1,beZ;:s # 0} in Lernmam We focus on the mix loss and the
mixability gap with the denominator N0,ps i€, ——— log(IEkNpb exp(—mywy,(k))) and Eyp, [wy (k)] +
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nTl,r 10g(Egnp, exp(—mpwy(k))). Considering that ;2 still remains to be 7= as in Algorlthml

(e )

Lemma[D.4] can be modified to
U pllog N LVt
Exs_1.0 Z Z 1Og Ex~p, exp(— nbwb ) < Z +Exs 1.0 Z Z st ’
r—=0beB, o —o or 1=0 b=bl (ap)
(53)

where p!. denotes the number of batches in B, N £. Similarly, considering that 7. now depends on
the value of r, Lemma[D.5]can be modified to

Exp 10 Z Z ]EkNPb wb

log(]EkNPb exp(—mywy(k)))

r=0 beB, 770 r
N U
= Z s 5 2 2 B (W ()2 (54
770 r=0beB,
l
where p? denotes the number of batches in B, N V. Now, our goal is to upper-bound ZT 0 170 - =
7710 Zg o \/loiN in 1li and ZT 0 no - = i Zg 0 Tll in 1i It is straightforward to infer that

oh+ph+-- +pU<2U+1byLemma and 24), which also leads to pl +p} +---+pl < 2r+1

= - vy 1y loslent mgp)
forr =0,...,U. Similarly, we can infer that pjj = 0 and p{+---+p}; < (2U—1)[ —Tog () 1 by

log (o472
Lemmaand , which also leads to p} + -+ - 4+ p2 < (2r — 1)[%2;‘;;‘)] forr=1,...,U.

log(ap+ 1=+
Define My := [M

“Tog B(re) | and consider the following maximization problems to get the upper
bound.

l

U
I* = max Z LA v* = max Z
l l U v /r +

Por-PU g P1s--Py

s.t. pY < My

IA

,01 +p2 < 3M9

2]
-
i

[
L<1
b+

he)

S
IN
w

ph+pL+ oy <2U +1, Plf‘f'PS‘F A+ py < (2U —1)Mo.

We can easily achieve an optimal point of each linear programming (LP) problem by the well-known
Karush-Kuhn-Tucker (KKT) conditions. There exist positive constants Ag, ..., Ay, K1, - . -, Ky such
that

1 LI ! =DM DA o M (55)

\/5 \/m r=0 r=1
1 1 1 U U
N I \/U*H]:[;K" 2:;*@ ol oY

which yields \y = ky = ﬁ, Ar = Ky = ﬁ— ﬁ >0forr =1,...,U —1, and
A=1-— % Since every dual variable is positive, complementary slackness tells that there is no
slack for every inequality at the optimal solution. Thus, the optimal solutions are

,06:17 plT:27 r=1,...,U.
:Mg, p;):2]\497 ’1"22,...,Uv7

where the corresponding optimal objective values are

dr = O(VU + 1)

+Z <1+f+2/1U T1+1
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U U
2My My  2My / 1
v* < —= 4+ ——— +2M. dr=0WU+1),
AL TS st s P, Gt OVTED
where we leverage the non-increasing property of \/7 for the 1nequa11t1es Thus, we have both
U log N U
Yo ng = O(T*ANY3(U + 1)'/?) and =37, ﬁ = O(T*3N'V3(U + 1)/2).
Combining (52), (53), and with Lemma|D.7|and U < ||, one can write
T
Ekp o Y _lct(@e,u) — col],uf)]
t=0

B-1
= O(T*PN'3 (Ul +1)12) + o(1) exp(O(U) (] + 1)2 + O(U)) + O(Y_ H(m))
b=0

UJ

= O(T*PNY(Ju| +1)1/2) + o(1) exp(O(U|)) (U] + )1/2+0( H(m)),
b

Il
o

where the second equality holds when T' > Nl/#jl/jl)g“ Using shows a sublinear regret

bound. When H (t) < O(Zﬁzl 1) forallt > 1, (48) and are modified to
B—-1 _
Y H(n) < O(BH(r5-1)) = O(T**N'/3),
b=0
tp_1H(1p_1) < 7B_10(log(t_1)) = O(TY/3N~1/3),
noN exp(O(JU))O(r5-1H(1p-1)) = O(T~3N3) - exp(O(|U])).

Applying this equality to re-derive completes the proof. O

F APPLICATIONS: SWITCHED SYSTEMS

So far, we have used the best stabilizing controller i* € S for all time steps t = 0,...,T as the
baseline of regret. However, the proofs of the theorems stated above imply one can even use any
set of controllers {io, it .. .} € S as a baseline, where the controller is switched from il to ¢!t1
whenever the cumulative weight W (-) resets. This motivates the application of our DBAR algorithm
to scenarios such as the switched systems (Tousi et all) 2008} Zhao et al. 2022) for which the
transition dynamics and the associated controller pool may undergo changes, as well as the ballooning
problem (Ghalme et al., 2021) where the controller pool may expand up to some finite set. We
propose Algorithm [3] the switching version of DBAR, which resets the weight whenever the system is
faced with a finite number of O(U) switches. Here, we consider the regret with switching costs where

the unit cost d > 1 is additionally incurred when the controller is switched; i.e., d Zthl Liiy#ir_1)
done in|Altschuler & Talwar| (2018)) and |Arora et al.| (2019).

For an event A, 7( 4y denotes an indicator function, where Z 4y = 1 if an event A occurs and Z 4y = 0

otherwise. Pr(A) denotes the probability of an event A. Let z} and u; denote the state and action
sequence generated by our set of best stabilizing controllers {ig, . .. ,ii ﬁl} C S. We consider a

regret with switching cost where the unit switching costis d > 1;i.e., Ex,_, . [Zfzo[ct (e, ut) —
B-1 c
(o)) + A5 Tuepr ) — A5 T )]

Algorithm 3| can easily be generalized to the situation where we have O(U) number of system
switches or controller pool switches. In fact, we can simply add ZT L4t ZT ci+ow) € S to the
—3

set of best stabilizing controllers {ig, ..., } € S, where [£| = O(U) by Lemma|D.3| Thus, it

suffices to derive the regret bound of Algorithm [3] even in the context of general switched systems or
ballooning problem. We first provide a useful lemma to construct a regret bound.

. 2 vb+z
Lemma F.1. In Algorlthm let 79 = L(W)I/QJ and T, = ’—(JV((\Z/IH)I))UTL for every

b > 1 with the constants z,v > 0 that satisfies 79 > 0 and %(6(7’0))2 < 35 When
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Algorithm 3 DBAR-switching

// Modification: Use this IF-ELSE Statement to select the current policy in Line[2]in Algorithm|[T}
if b > 0and s, = sp_1 and P, = Pp_1 then
- _ : . exp(—=np Wp(Kp—_1))
Pick Ky = K31 with probability S W (K1)
exp(—n, Wy (Kp_1))
exp(=mp—1Wy—1(Kp—-1))"

Sample K3 from a distribution p;, with

probability 1 —
else

Sample K, from a distribution p,. Terminate the algorithm if P is empty.
end if

(o(exp(O(JU])))3/?
Tz (N(|Z|+1))1/2 , we have
B-1
Exaro D Lt ) = OU]) + O(noNT).
b=1

Proof. Forallb=1,...,B — 1such that s, = s5_1, given K_1, ..., Ko, we have

exp(—np Wi (Kp—1)) exp(—np 1 Wi (Kp_1))
Pr(K, Ky 1) <1-— <1-—
(K 7 Ki-) < exp(—mp—1Wo—1(Kp—1)) — exp(—np—1 Wo—1(Kp—1))
=1—exp(—m-1wp_y (Kp-1)) < 1 — exp(—nowy_; (Ky-1))
wy—1(Kp—1)

< nowy_1(Ky—1) = 1o (57

Po—1(Kp—1)’

where the second inequality is because 1, = 7,—1 When s, = s,_1, the third inequality uses 179 >
for all b > 0, and the last inequality uses 1 + = < e” for all z € R. Now, given a set of controllers

i € P,forb=0,...,B — 1, we can upper-bound Zf;oz wy(i%) by tpy1 — ty < 7 as follows:

B-2 B—2tp4+1—1 B—2tp4+1—1
> wy(i) Z o clmnu) <Y >0 2L ([l + lluel?) + Lea(llzell + [luel]) + co max
b=0 b=0 t=tp b=0 t=ty
B-2tp+1—1
<Y 2L (14 2L2) ) + 27 max) + Lea (14 L) || + T0,max) + Co,mas
b=0 t=ty

B—-2
< Z 2L, (1 + 2L3r)H(Tb)thb H2 + Lea(1+ L) H(m)[|2e, || + Tb[4L617T8,max + Lecamo,max + Co,max]
-0

B2 B-2
= O(exp(O(|U]))H (7v,,)) H(n))+0()_ ), (58)
b:O b=0

where the first inequality is due to @, the second inequality is by (9) and (33)), the third inequality
is due to using 3(-) < 1 to derive Zt*’;ol_tb B(1)]? < Zib:*(} ®[8(t)] = H(tp+1 — tp), and the last
1

equality can be derived in the same fashion with li With T > (o ()]f,gzﬁ/([?r(llg ‘1)/)2)3/2 , we obtain by

(@3) that

B-2 B-2
O(exp(O(UN)H (7,,) + O(D_ H(m)) + O ) < O(T). (59)
b=0 b=0
Thus, one can write
B-1 B-1 B-1
Exs_ 10 Z Lky£Ky_y) = Z Ex, oLk, #Ky 1) = Z Exy_10EBr, [ Lk 2K, 1) | Ko-1:0]
o b=1 b=1 b=1
= EKIFLUPT(Kb # Ky_q ‘ bel:o)
b=1
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o)

1
= Ex, 1.0[Pr(ss = sp—1,Po = Pp—1 | Kp—1:0)Pr(Kp # Kp—1 | sp = Sp—1, Pp = Pp—1, Kp—1.0)
b=1

+ Pr(sy # sp—100 Py # Py1 | Ky—1.0) Pr(Ky # Ky—1 | 5 # 51 0t Py # Pyp—1, Kp_1.0)]
B-1

=|L[+U + Z Er, 1.0[Pr(s0 = s6—1,Pp = Po—1 | Kp—1.0)Pr(Kp # Kp—1 | 86 = sp—1,Pp = Pp—1, Kp—1.0)
b=1
B-1

<I|L]+U+ Z Ere, .o Pr(Kp # Kp-1 | 5o = 5p-1,Pp = Po—1, Kp—1.0)
b=1
B-1

wp—1(Kp-1)
<L+ U+ Y By ot
P Po—1(Kp-1)

B-1 wy (K
= |‘C| +U + Z ]EKb—2:O]EKb—1 [770 el ainl

b=1
B-1
=L[+U+ ) Bk, oy Y. poo1(Kp1)
b=1 Ky 1€Py-1
B-1
<L +U+ D noNEx, owp1 (i) (60)
b=1

~1)
Yor1\Bo-1) ) pr
Po—1(Kp—1) | Ko-20

wy—1(Kp—1)
DPo—1(Kp—1)

for the controller i*~! = arg max;ep,_, Wp—1(2). The first equality is because Kp_1,..., Kpi1

does not affect on Z(x, £, ,) and the second inequality is by (57). Taking expectation of (58) with
respect to K3, 1,9 and applying it to (60) yields

B-1
EKB—I:O Z I(Kb#Kb—l) = |£| +U+ O(UONT)
b=1
by (59). Using |£] = O(U) in Lemma[D.3|and U < |U/| completes the proof. O

Algorithm uses the same distribution with Algorithm if b=0ors, # sp_10r Py # Pp_1. It
turns out that even if s, = sp_1 and P, = Pp_1, the distribution of policy from Algorithmmand@
are indeed the same, which is motivated by |Anava et al.| (2015). For the sake of completeness, we
state the lemma in this paper.

Lemma F.2. Let p, and py, denote the distribution of policy at batch b = 0, . .., B — 1 resulting from
Algorithm[I|and 3] respectively. Then, p and p are the same distribution.

Proof. Forb =0, po(k) = po(k) = + forall k € Py. Forallb=1,..., B — 1 such that s, # sp_1
or Py, # Pp_1, it holds that p, = py,. Thus, it suffices to prove the induction step forb =1,...,B—1
such that s, = sp—1 and P, = Pp_1. Define Y, := 3, p exp(—n,Ws(k)) and suppose that
Pyp—1 = Pp—1. Thus, we have

o _exp(=mWy(k)) _ __expEmW(@) s
Bl) =B )y P 2 O T ) PO
_ ~exp(=mWs(k)) _ _exp(=mWy(7)) | ;
=) ) TP 20 W) P
_ exp(=maWea (k)  exp(=mWy(k))
Y1 exp(—my—1Wp-1(k))
exp(—=n Wy (k)) _exp(=mWe(1)) | exp(—mp—1Wi-1(k))
RS TR Dk A W) L
_exp(—neWi(k)) | exp(—nWs(k)) exp(—np—1We-1(i)) — exp(=m W5 (i)
W, T w X Y
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_ exp(=m W (k)) L exp(=mWy(k)) Yo1 =Yy  exp(=mWi(k)) Vo1 — (k)

Y1 Y, Y1 Yy Yy ’
where the first equality is due to the law of total probability, the second equality is due to the induction
hypothesis, and the fifth equality is by P, = P,_1. Notice that s, = sp_; yields 7, = np_1 and

Wy(k) > Wy_1(k), and thus 0 < exszif;:i’f%if)()k)) < 1; i.e., the probability distribution is properly

defined for every batch. This completes the proof. O

Theorem F.3 (Regret with switching costs bound with known |U|). In Algorithm |3 let 79 =

() V2] and 7, = [( V|Z+|_’i)1))1/2] for every b > 1 with the constants z,v > 0 that

: 71 2 1 - (u|+1)%/°
satisfies 7o > 0 and 7H(B(10))" < 375 Also, let 1o = O(geanissgs) When T >

o(1)ex UNY3/2 uR’2q
max{( 3V(|Z£5‘+(1‘))|1)/)2) ) (N(l\u‘|+1))1/2 , N(|U| + 1)d}, we have

T B—-1 |L|
Exp 10 [Z[ct@ct,ut) — (@) up)l+d > Tiwyrm, ) — dZI@#;l)]

t=0 b=1 =1
= O(T?*BNY3(u| +1)'/3d"/3) + o(T),
which implies that we achieve a sublinear regret bound. Moreover, when lim;_, ., H(t) < oo and

ex 3/2
T > max{ p(d?/(ém))v (N(I|Z‘|+1%1/2’NW| +1)d}, we have

T B-1 ||
Expy .o [Z[ct(xt, up)—cr(zh,up)]+d I(Kb;éKbl)—dZI(i#i;_l)] — O(T?3NY3(jU|+1)V/3dM3).
t=0 b=1 =1

Proof. The distribution of policy is the same for Algorithm [T|and 3]by Lemma[F-2] Thus, we can use
Theorem [D.§ with Lemma[F 1] to achieve

T B-1 \c|
Exs 10 [Z[Ct(% u) = eo(@h u) +d Y T, rx, y) — dzz(i#i;l)]

t=0 b=1 =1

oo}
-

< O(|L:70+ DN ’702N [exp(O(U)O(r—1H(15-1)) + O(3_ (1)?)]
b

Il
=]

B—
O(Y H(m)) + O(dlU]) + O(dnNT), (61)
b=0

Ju

since d > 1 and ZzL 1Lz, ,) = 0. Notice that (Tb)b>0 is the same for Algorithm |1 and

Accordingly, we still have B = O(T%3NY/3(|U|+1)Y/3) by @2) and T > N (|| +1)d > N(|u\ +
2

1). We also still have (43)) and ( i Thus, with 7' > ( WeapOUUDN® o > U2

(N([U[+1))1/2 O (uD)y 72 W
obtain that

N exp(O([U))O(rp-1H(75-1)) = o(d~*) exp(O(U])) = O(T* N3 (|| + 1)"/2d~1/3).
O(d|U]) = O(T?BNY3(|u| + 1)M/3d'/3).
Also, with T > N (|U| + 1)d, we have
O(dnoNT) = O(T*PN'V3(Ju| + 1)Y/3d /3.
Combining all the above equalities with @), one can write

T B-1 1£|
Exp 10 lZ[ct(xt, up) = ce(@h up)] +d Y Ty — A Tagrig_ )
t=0 b=1 =1
B-1
= O(T*PN'3 (Ul + 1)V2d ) + O0(Y H(m))
b=0

Using shows a sublinear regret bound. When lim;_, o, H (t) < oo, is modified to
noN exp(O(U)))O(rp—1 H(tp-1)) = O(T**N3(ju| 4 1) /2d"/?),
only with 7" > M. This completes the proof. [
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G NUMERICAL EXPERIMENT DETAILS

In the two following subsections, we will present experiment details on linear and nonlinear systems,
respectively. Since our Algorithm [T|only hinges on the system state norm as a context, we can avoid
computational burden; thus, Apple M1 Chip with 8-Core CPU is sufficient for the experiments. The
error bars (shaded area) in all the figures in the paper report 95% confidence intervals based on the
standard error. We calculate the standard error by randomly sampling 100 seeds to consider the
variability of our experimental results. The first factor of variability is the randomness of selecting the
policy determined by the probability calculated in Algorithm[I] The second factor is the randomness
of adversarial disturbances stated in each experiment. For example, sinusoidal noise does not involve
any randomness but the uniform random walk contains the randomness in the difference between two
consecutive noises.

G.1 EXPERIMENTS FOR THE LINEAR SYSTEM

In this subsection, we introduce the implementation details and present more experiments on the
linear system (3] discussed in Example 1 of Section 5]

We consider three different noises for the experiments. To perform a fair comparison, the bounding

constant wy,x 1S set to 1.

() Sanity check: Gaussian noise with mean 0.3 and standard deviation 0.1, truncated to[—0.4, 1]

(b) Sinusoidal noise w; = {Sin (5%) ,Sin (ﬁ)} |

1 21 277
if d 1k, wh = Unifi - _ =z
(c) Uniform random walk, where wg = Uni orm{3 3T 3 + 3T]
9 12
d w; — w4 foll Unif -, —
and wy; — wy_1 follows Uni orm[ 3T’3T} ,

where T is time horizon. One can easily see that for uniform random walk, |wr| < 1 for any 7.
Notice that we use statistical (Gaussian) noise for the sanity check, and the rest are the adversarial
disturbances.

We perform the ablation study of Algorithm [I] which means that we consider four scenarios: (fixed,
dynamic) batch length and (fixed, adaptive) learning rate. For all the experiments implementing
the algorithm, we use 7' = 3000,790 = 0.025,7 = 2.5,a9 = 1.01, and zy = [100,200]’. For
the dynamic batch length, we consider 7o = 11 and 7, = [7o - (2£12)%%]. It is well known that
every (asymptotically) stabilizing controller in the linear system is indeed exponentially stabilizing
controller (Khalil,[2015). Hence, we use 8(t) = 0.99¢ without relaxing the assumptions on stabilizing
controllers. Finally, we use § = 11%’?;*{)) Since the sinusoidal noise case is already presented in
Figure[2] we only present truncated Gaussian noise case and uniform random walk case here.

In Figures 2] [5] and[6] we observe that each component of DBAR, a dynamic batch length and an
adaptive learning rate, jointly improves both the stability and the regret regardless of the noise form.
For example, a dynamic batch length delays the time that large state norms occur during learning,
but does not necessarily stabilize that state norm by itself (see Figures [6(a)] and [6(b)). However,
when applied together with an adaptive learning rate, a potential multiplicative exponential term is
mitigated (see Remark [4.8)) and the state norm is thus stabilized. This can be observed in Figures
2{d)} [5(d)} and [6(d)] when comparing fixed and dynamic batch lengths under an adaptive learning
rate. This results from using a non-decreasing batch length where the increasing ratio between two
consecutive batch lengths is determined to converge to 1 (see Assumption[3.1)). On the other hand,
an adaptive learning rate effectively lowers the state norm at the time that large state norms occur
without delay, since the learning rate adaptively decreases whenever the agent faces large state norm.
This can be seen in and[6(c)] the ablation study about the comparison between fixed and
adaptive learning rates under a dynamic batch length. Thus, DBAR effectively stabilizes the state
norm below ywnax and minimizes the regret, where the two components support each other.
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Figure 5: The stability and the regret in the linear system under truncated Gaussian noise. Ablation
study of the algorithm is presented.
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Figure 6: The stability and the regret in the linear system under Uniform random walk. Ablation
study of the algorithm is presented.

G.2 EXPERIMENTS FOR THE NONLINEAR SYSTEM

In this subsection, we introduce the implementation details and present more experiments on the
nonlinear ball-beam system introduced in Example 2 of Section[3} To study this continuous-time
nonlinear system, we first derive the first-order state representation of the leader system (@) with the

states (y1, Y2, Y3, ya) = (x, 2, —9.81B0, —9.81B6) € R* and the action v = —9.81Bu,:

2
Ys ) iy
9818/ ' B(9.81)2

Gi =2 g2 =9:81Bsin( +3w, s =ys Y=,

where w,, is a sinusoidal noise sin(%) and wp,x = 1. A nested saturating control policy is known to

successfully stabilize the leader ball-beam system if the correct parameters are given, but it does not
necessarily exponentially stabilize the system (Barbu et al.,|1997). This necessitates our approach of
extending the notion of stabilizing controllers beyond exponential assumptions. In this experiment,
we aim to learn the parameters of the best stabilizing controller. We choose a nested saturating control
policy v’ determined by three positive parameters (p, k1, k2):

L pi=p m=L m=2 p=
1+y%+y%7 1 ) 2 67 3 62’ 4
2=y F kYo +kys +ys, 22 =Yoo+ koys + Y4, 23 =Y3+Ya, 24 =Y4,

v’ = Opy (Z4 + Opy (23 + Op, (22 +0p, (21))))7

€ — P
€3’

where 0,(z) is the saturating function defined as p if z > p, —pif z < —p, and z if |2z| < p. We
consider the controller pool

V= {v':pe{2,16,30,44,58,72,86,100}, k; € {2,2.5,3,3.5,4,4.5,5,5.5,6,6.5},
ks € {1,1.5,2,2.5,3,3.5,4,4.5,5,5.5}},
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Figure 7: The stability and the regret in the noise-injected ball-beam system under sinusoidal noise
and the choice of 51 (¢) or 52(t).

which has a total of 800 controllers. Moreover, the follower systems are formulated by generating A, A
in (5) as random matrices, where each entry is independently sampled from Unif[0, 1]. For the action
u,, of the follower systems, we consider a linear policy as in Example 1. Then, the action is parameter-
ized by u, = K.z, where K, € R%*9_ We let K, be a multiple of identity matrix, and the diagonal
entry is selected from the pool {—45, —47.5, —50, —52.5, =55, —60, —70, —80, —90, —100}. Thus,
considering the actions of both leader and followers, the controller pool contains 8000 controllers.
Among them, we do not know if each controller stabilizes the system.

For simplicity, we perform forward-Euler discretization on the system with a sampling time 0.01.
The resulting discrete-time states and actions are denoted by [y, 2'] and [v}, v%] at ™ sampling time.

We use the cost function ¢, (y", 2%, v}, vt) = [ly'[|* + [|2"]|> + [[v}||* + ||[vL||* to stabilize the ball
position and the beam angle towards 0. We again perform the ablation study of Algorithm[I] For
the experiments implementing the algorithm, we use 7' = 5000, 9 = 0.25,v = 1.5, a9 = 1.01,
Yy = [—32,24,5.6,24], and 2° = [10,10,...] € R%. For the dynamic batch length, we consider

T0 = 9 and Ty = |_’7'0 . (71)-231)0'51.

Unlike the choice of 3(t) in Section we select the stabilizing controller only to satisfy (asymp-
totic) ISS in Definition [2.3] instead of exponential ISS. To deeply study this notion, we consider
different polynomially decreasing series (which is not exponentially decreasing) to be the candidates

for 5(t):
Bi(t) = min{tll‘((;, 1}, Ba(t) = min{tllpmg, 1}.

Figures [3(b)| and show the stability and regret analysis of the system under (3 (t). For the
completeness, we present the same pictures in Figures[7(a) and [7(b)]

In our experiment, there are 3400 controllers out of 8000 controllers that induces the system to
explode, starting from the initial state. However, there exist far more destabilizing controllers within
this pool, since most of 5600 controllers are only locally stabilizing controllers, meaning that the
system is stabilized only at some initial states. With only few stabilizing controllers in the pool,
Figure [7]illustrates that a dynamic batch length by itself still suffers from a multiplicative exponential
term regarding a series of destabilizing controllers. However, for both 31 (¢) and SB2(t), even though
H(t)and O(Y!_, 1) are close, one can observe that the combination of the two components of
DBAR effectively resolves this malignant term and the resulting closed-loop system enjoys both
asymptotic system stability and the improved regret (see Table|[T).

The behaviors of 51 (t) and B2(t) are slightly different, in the sense that while DBAR still performs
well, the system already appears stabilized even without some components of DBAR with [5(¢).
This stems from the amount of discarding the destabilizing controllers. 82(t) removes the controller
with more strict criteria than /31 (¢) since 1.08 > 1.05. This prevents the explosion of the nonlinear
system by eliminating potential destabilizing controllers not yet seen in an unstable region in advance.
However, in practice, if the given candidate controller set had not included any controller satisfying
the strict assumptions, the algorithm would have terminated, failing to keep the system running. This
finding again demonstrates why it is crucial to allow a broader class of controllers and still achieve a
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tight regret bound. Moreover, the experimental results strongly support that our algorithm DBAR
performs well for any choice of 3(t), which determines the scope of stabilizing controllers.
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