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ABSTRACT

In this paper, we analyze the convergence of gradient flow on a multi-layer linear
model with a loss function of the form f(W;Ws---Wp,). We show that when
f satisfies the gradient dominance property, proper weight initialization leads to
exponential convergence of the gradient flow to a global minimum of the loss.
Moreover, the convergence rate depends on two trajectory-specific quantities that
are controlled by the weight initialization: the imbalance matrices, which measure
the difference between the weights of adjacent layers, and the least singular value
of the weight product W = W1 Ws - - - Wp,. Our analysis provides improved rate
bounds for several multi-layer network models studied in the literature, leading to
novel characterizations of the effect of weight imbalance on the rate of convergence.
Our results apply to most regression losses and extend to classification ones.

1 INTRODUCTION

The mysterious ability of gradient-based optimization algorithms to solve the non-convex neural
network training problem is one of the many unexplained puzzles behind the success of deep learning
in various applications (Krizhevsky et al., 2012} |[Hinton et al.} 2012} Silver et al.|[2016). A vast body
of work has tried to theoretically understand this phenomenon by analyzing either the loss landscape
or the dynamics of the training parameters.

The landscape-based analysis is motivated by the empirical observation that deep neural networks
used in practice often have a benign landscape (Li et al.,[2018a), which can facilitate convergence.
Existing theoretical analysis (Lee et al., 20165 Sun et al., 2015} Jin et al.,|2017) shows that gradient
descent converges when the loss function satisfies the following properties: 1) all of its local
minimums are global minima; and 2) every saddle point has a Hessian with at least one strict
negative eigenvalue. Prior work suggests that the matrix factorization model (Ge et al.| {2017}, shallow
networks (Kawaguchil 2016), and certain positively homogeneous networks (Haeffele & Vidall [2015}
2017) have such a landscape property, but unfortunately condition 2) does not hold for networks
with multiple hidden layers (Kawaguchi, 2016). Moreover, the landscape-based analysis generally
fails to provide a good characterization of the convergence rate, except for a local rate around the
equilibrium (Lee et al., 2016} |Ge et al.,|2017). In fact, during early stages of training, gradient descent
could take exponential time to escape some saddle points if not initialized properly (Du et al., 2017).

The trajectory-based analyses study the training dynamics of the weights given a specific initialization.
For example, the case of small initialization has been studied for various models (Arora et al., [2019a;
Gidel et al., |2019; |Li et al., 2018b; |Stoger & Soltanolkotabil, 2021} [Li et al., 2021bga). Under this type
of initialization, the trained model is implicitly biased towards low-rank (Arora et al., 2019a} |Gidel
et al.,|2019; |Li et al., [2018b; Stoger & Soltanolkotabil [2021; |Li et al.,|2021b)), and sparse (L1 et al.,
2021a)) models. While the analysis for small initialization gives rich insights on the generalization of
neural networks, the number of iterations required for gradient descent to find a good model often
increases as the initialization scale decreases. Such dependence proves to be logarithmic on the scale
for symmetric matrix factorization model (Li et al., 2018b; |Stoger & Soltanolkotabil [2021}; [Li et al.,
2021b)), but for deep networks, existing analysis at best shows a polynomial dependency (Li et al.,
2021a)). Therefore, the analysis for small initialization, while insightful in understanding the implicit
bias of neural network training, is not suitable for understanding the training efficiency in practice
since small initialization is rarely implemented due to its slow convergence. Another line of work
studies the initialization in the kernel regime, where a randomly initialized sufficiently wide neural
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network can be well approximated by its linearization at initialization Jacot et al|(2018); |Chizat et al.
(2019); |Arora et al.| (2019b)). In this regime, gradient descent enjoys a linear rate of convergence
toward the global minimum (Du et al.,2019; |Allen-Zhu et al., 2019; |Du & Hu, 2019). However, the
width requirement in the analysis is often unrealistic, and empirical evidence has shown that practical
neural networks generally do not operate in the kernel regime (Chizat et al.,[2019).

The study of non-small, non-kernel-regime initialization has been mostly centered around linear
models. For matrix factorization models, spectral initialization (Saxe et al.| 2014;|Gidel et al., 2019
Tarmoun et al., [2021) allows for decoupling the training dynamics into several scalar dynamics. For
non-spectral initialization, the notion of weight imbalance, a quantity that depends on the differences
between the weights matrices of adjacent layers, is crucial in most analyses. When the initialization is
balanced, i.e., when the imbalance matrices are zero, the convergence relies on the initial end-to-end
linear model being close to its optimum (Arora et al.| |2018ajb). It has been shown that having a
non-zero imbalance potentially improves the convergence rate (Tarmoun et al., [2021; Min et al.|
2021), but the analysis only works for two-layer models. For deep linear networks, the effect of
weight imbalance on the convergence has been only studied in the case when all imbalance matrices
are positive semi-definite (Yun et al., 2020), which is often unrealistic in practice. Lastly, most of the
aforementioned analyses study the /5 loss for regression tasks, and it remains unknown whether they
can be generalized to other types of losses commonly used in classification tasks.

Our contribution: This paper aims to provide a general framework for analyzing the convergence of
gradient flow on multi-layer linear models. We consider the gradient flow on a loss function of the
form £ = f(W Wy .- W), where f satisfies the gradient dominance property. We show that with
proper initialization, the loss converges to its global minimum exponentially. More specifically:

* Our analysis shows that the convergence rate depends on two trajectory-specific quantities: 1) the
imbalance matrices, which measure the difference between the weights of adjacent layers, and 2)
a lower bound on the least singular values of weight product W = W W5 - - - Wp,. The former is
time-invariant under gradient flow, thus it is fully determined by the initialization, while the latter
can be controlled by initializing the product sufficiently close to its optimum.

* QOur analysis covers most initialization schemes used in prior work (Saxe et al.,|2014; [Tarmoun
et al.l 2021} |Arora et al.| | 2018ajb; [Min et al.,[2021}; Yun et al., 2020) for both multi-layer linear
networks and diagonal linear networks while providing convergence guarantees for a wider range
of initializations. Furthermore, our rate bounds characterize the general effect of weight imbalance
on convergence.

¢ QOur convergence results directly apply to loss functions commonly used in regression tasks, and
can be extended to loss functions used in classification tasks with an alternative assumption on f,
under which we show O(1/t) convergence of the loss.

Notations: For an n x m matrix A, we let AT denote the matrix transpose of A, o;(A) denote its
i-th singular value in decreasing order and we conveniently write o min(A) = Oumin{n,m}(A4) and let
oi(A) = 0if k > min{n, m}. We also let || A||2 = 01(4) and ||A||r = \/tr(AT A). For a square
matrix of size n, we let tr(A) denote its trace and we let diag{a;}?_, be a diagonal matrix with a;
specifying its i-th diagonal entry. For a Hermitian matrix A of size n, we let A\;(A) denote its i-th
eigenvalue and we write A > 0 (A < 0) when A is positive semi-definite (negative semi-definite).
For two square matrices A, B of the same size, we let (4, B) ,, = tr(A” B). For a scalar-valued or
matrix-valued function of time, F'(t), we write F, F'(t) or 4 F(t) for its time derivative. Additionally,
we use I,, to denote the identity matrix of order n and O(n) to denote the set of n x n orthogonal
matrices. Lastly, we use []; := max{-, 0}.

2 OVERVIEW OF THE ANALYSIS

This paper considers the problem of finding a matrix W that solves

i W), ()

with the following assumption on f.
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Assumption 1. The function f is differentiable and satisﬁeﬂ'

Al: f satisfies the Polyak-Lojasiewicz (PL) condition, i.e. |V f(W)||% > v(f(W) — f*),VW.
This condition is also known as gradient dominance.

A2: fis K-smooth, ie., |Vf(W)=ViV)|r < K|W = V|| ,YW,V, and f is u-strongly
convex, i.e., f(W) > f(V)+(Vf(V),W =V)p+ 5|W =V|F YW, V.

While classic work (Polyak, |1987) has shown that the gradient descent update on W with proper step
size ensures a linear rate of convergence of f(W) towards its optimal value f*, the recent surge of
research on the convergence and implicit bias of gradient-based methods for deep neural networks
has led to a great amount of work on the overparametrized problem:

min £ ({Wi}2,) = fW i Wa---Wp), )

{WZ}ZL=1
where L > 2, W; € Rlu-1xh j = 1 ... 'L, with hg = n,hy = m and min{hq,--- ,hp_1} >
min{n, m}. This assumption on min{hy,--- ,hz_1} is necessary to ensure that the optimal value

of (@) is also f*, and in this case, the product Hle W; can represent an overparametrized linear
network/model (Arora et al.l |2018b; Tarmoun et al., 2021} Min et al., [2021)

2.1 CONVERGENCE VIA GRADIENT DOMINANCE

For problem (2)), consider the gradient flow dynamics on the loss function £ ({W;},):

. 0
W= o0 £ (W) 1= 1, L ®

The gradient flow dynamics can be viewed as gradient descent with “infinitesimal” step size and
convergence results for gradient flow can be used to understand the corresponding gradient descent
algorithm with sufficiently small step size (Elkabetz & Cohen,|2021). We have the following result
regarding the time-derivative of £ under gradient flow (3).

Lemma 1. Under continuous dynamics in (3)), we have

£=~|IVL (W) IE = = (Towie, VIW), VFOW)) )

F

where W = Hlel Wi, and T{Wl}lL_l is the following positive semi-definite linear operator on R™>*™

L /-1 -1 T L+1 T /41
=1 i=0 i=0

i=l+1 i=l+1
Such an expression of ||V £||% has been studied in Arora et al.[(2018b), and we include a proof in
Appendix |C|for completeness. Our convergence analysis is as follows.

For this overparameterized problem, the minimum £* of () is f*. Then from Lemma [I] and
Assumption A1, we have

< min(Tgwyy 2 VW) 1% (min-max theorem (Teschl, 2014)) (5)

(A1)
< o (T V) = 1) = “Ain(Towgp, J9(E — £9).

If we can find a lower bound o > 0 such that )‘min(T{Wz(t)},L:l) > «,Vt > 0, then the following

inequality holds on the entire training trajectory % (L —L*) < —ay (L — L*). Therefore, by using
Gronwall’s inequality (Gronwalll, [1919)), we can show that the loss function £ converges exponential
to its minimum, i.e.,

L(t) — L* <exp(—ayt) (L(0) - L*),Vt>0. (6)

"Note that A2 assumes j-strong convexity, which implies A1 with v = 2. However, we list A1 and A2
separately since they have different roles in our analysis.
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Therefore, to show exponential convergence of the loss, we need to lower bound Amin (T{w, (1)} L ).

Most existing work on the convergence of gradient flow/descent on linear networks implicitly
provides such a lower bound, given additional assumptions on the initialization {W;(0)}/-, though
not presented with such generality. We revisit previous analyses to see how such a problem can be
solved for two-layer linear networks, then present our new results regarding deep linear networks.

3 LESSONS FROM TWO-LAYER LINEAR MODELS

In this section, we revisit prior work through the lens of our general convergence analysis in Section
A lower bound on Amin (Tyw, 1)} lL_l) can be obtained from the training invariance of the gradient
flow. We first consider the following imbalance matrices:

Dy = WIW, = Wi Wi, Il=1,--- ,L—1. (7

For such imbalance matrices, we have
Lemma 2. Under the continuous dynamics (3)), we have D, (t)=0,vt>0,l=1,--- , L -1

Such invariance of weight imbalance has been studied in most work on linear networks (Arora et al.,
2018a; |Du et al., |2018; [Yun et al.l [2020). We include the proof in Appendix [gfor completeness.
Since the imbalance matrices {D;};~," are fixed at its initial value, any point {W;(¢)}/, on the
training trajectory must satisfy the imbalance constraints Wy (t)" Wy (t) — Wi W/, = Dy(0), | =
1,---, L — 1. Previous work has shown that enforcing certain non-zero imbalance at initialization
leads to exponential convergence of the loss for two-layer networks (Tarmoun et al.,2021; Min et al.,
2021), and for deep networks (Yun et al., |2020). Another line of work (Arora et al.||2018aib) has
shown that balanced initialization (D; = 0, V1) haves exactly Amin (Tqw, ()32 ) = Lai;f / Low (),
where W (t) = H1L=1 Wi (t). This suggests that the bound on Amin (7w, (1))~ ) We are looking for
should potentially depend on both the weight imbalance matrices and weight product matrix.

Indeed, for two-layer models, a re-statemen of the results in (Min et al., [2022)) provides a lower
bound on Ain(7¢w,,w,}) With the knowledge of the imbalance and the product.

Lemma 3 (re-stated from [Min et al.|(2022)). When L = 2, given weights {W1, Wa} with imbalance
matrix D = W Wy, — WoWJ and product W = W1 W, define

A+: P‘l(D)]JF_[/\n(D)LL A= [Al(_D)]+_[)‘m(_D)]+ JA= [)‘n(D)]++[)‘m(_D)]+ . (8)

Then for the linear operator Tyw, w,y defined in Lemma we have

Amin( Tgwy wa}) = ( — AL+ V(AL H A2+ 402 (W) — AL+ V(A + A2 + 402, (W) )

€))

Min et al.|(2022) include a detailed discussion on the bound, including tightness. For our purpose,
we note the following:

Effect of imbalance: It follows from (9) that Apin (T{Wl,Wz}) > A since opmin (W) > 0. Therefore,
A is always a lower bound on the convergence rate. This means that, for most initializations, the
fact that the imbalance matrices are bounded away from zero (characterized by A > 0) is already
sufficient for exponential convergence.

N | =

Effect of product: The role of the product in (9) is more nuanced: Assume n = m for simplicity
so that o, ( WWT) = 0, (WIW) = 02, (W). We see that the non-negative quantities A, A_
control how much the product affects the convergence. More precisely, the lower bound in (9) is
a decreasing function of both A and A_. When A, = A_ = 0, the lower bound reduces to

A%+ 402 . (W), showing a joint contribution to convergence from both imbalance and product.

However, as A, A_ increases, the bound decreases towards A, which means that the effect of

’In [Min et al.| (2022), there is no general idea of lower bounding Amin (7—{W1,W2 }), but their analyses
essentially provide such a bound.



Under review as a conference paper at ICLR 2023

imbalance always exists, but the effect of the product diminishes for large A, A_. We note that
AL, A_ measure how the eigenvalues of the imbalance matrix D are different in magnitude, i.e.,
how “ill-conditioned" the imbalance matrix is.

Implication on convergence: Note that (9] is almost a lower bound for Ain (7'{W1 (t),WQ(t)}) ,t >0,
as the imbalance matrix D is time-invariant (so are A, A_, A), except the right-hand side of (9)
also depends on o, (W (t)). If f satisfies A2, then f has a unique minimizer W*. Moreover,
one can show that given a initial product W(0), W (¢) is constrained to lie within a closed ball

{W W —WH|F <y /%HW(O) - W*||F} That is, the product W (¢) does not get too far away

from W* during training. We can use this to derive the following lower bound on oy, (W (2)):

Omin (W (t)) > lamm(W*) - \/§||W(O) - W*|F] :=margin (See Appendix[A). (10)

+

This margin term being positive guarantees that the closed ball excludes any W with op,;, (W) = 0.
With this observation, we find a lower bound A,ip, (T{Wl(t),wz(t)}) ,t > 0 that depends on both the
weight imbalance and margin, and the exponential convergence of loss £ follows:

Theorem 1. Let D be the imbalance matrix for L = 2. The continuous dynamics in (3)) satisfy
L(t) — £ < exp (—azyt) (£(0) — L£7),¥¢ >0, (11)
where
1. If f satisfies only A1, then as = A;
2. If f satisfies both Al and A2, then

0= =B+ (8 A+ 4( o0 7~ VETRIW O - W] )’

A+ \/m_ + A +4( |om (W) = VE W (0) - W*HF]+ ). a2

with W (0) = Hlel Wi (0) and W* equal to the unique optimizer of f.

Please see Appendix [E]for the proof. Theorem|T]is new as it generalizes the convergence result in[Min
et al.[(2022) for two-layer linear networks, which is only for /5 loss in linear regression. Our result
considers a general loss function defined by f, including the losses for matrix factorization (Arora
et al.,[2018a)), linear regression (Min et al.| 2022), and matrix sensing (Arora et al.,[2019a)). Addition-
ally, |Arora et al.|(20184) first introduced the notion of margin for f in matrix factorization problems
(K =1, = 1), and we extend it to any f that is smooth and strongly convex.

Towards deep models: So far, we revisited prior results on two-layer networks, showing how
Amin (7w, ,w, ) can be lower bounded by weight imbalance and product, from which the convergence
result is derived. Can we generalize the analysis to deep networks? The main challenge is that even
computing Amin (7w}~ ) given the weights {Wi}E | is complicated: For L = 2, Ain (T, W) =
A (WAWE) + N, (W W), but such nice relation does not exist for L > 3, which makes the search
for a tight lower bound as in (9) potentially difficult. On the other hand, the findings in () shed light
on what can be potentially shown for the deep layer case:

1. For two-layer networks, we always have the bound A, (T{lewz}) > A, which depends only
on the imbalance. Can we find a lower bound on the convergence rate of a deep network that
depends only on an imbalance quantity analogous to A? If yes, how does such a quantity depend
on network depth?

2

min

2. For two-layer networks, the bound reduces to \/A? + 402, (W) when the imbalance is “well-

conditioned" (A, A_ are small). For deep networks, can we characterize such joint contribution
from the imbalance and product, given a similar assumption?

We will answer these questions as we present our convergence results for deep networks.
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4 CONVERGENCE RESULTS FOR DEEP LINEAR MODELS

4.1 THREE-LAYER MODEL

Beyond two-layer models, the convergence analysis for imbalanced networks not in the kernel regime
has only been studied for specific initializations (Yun et al.,[2020). In this section, we derive a novel
rate bound for three-layer models that applies to a wide range of imbalanced initializations. For ease
of presentation, we denote the two imbalance matrices for three-layer models, Dy and D, as

—Dy = WoW] —WIW, := Day, Dy =WIWy — WaW 1= Dys. (13)
Our lower bound on Awin (T{w,,w,,w,}) comes after a few definitions.
Definition 1. Given two real symmetric matrices A, B of order n, we define the non-commutative
binary operation A\, as AN, B = diag{min{X;(A4), Aiy1—r(B)}}7; , where \;(-) = +00,¥j < 0.
Definition 2. Given imbalance matrices (Day, Do3) € RM > x RP2Xh2 define
Dy, =diag{max{\;(D21), \;(D23),0}}/*,, Dy, =diag{max{\;(Da1), \i(Da23),0}}12,, (14)
- - - . 2
Agy =tr(Dp,) — tr(Dp, An Da1), A =tr(D},) — tr (Dn, A Da1)®),  (15)
- . - ~ 2
Ags=tr(Dp,) — tr(Dpy Am Das), AS) =tr(D2,) — tr (Dpy Am Da3)").  (16)

Theorem 2. When L = 3, given weights {W1, Wa, W3} with imbalance matrices (D21, Da3), then
for the linear operator Ty, w, w,} defined in Lemma |Zl we have

1 1
Amin (Twywa,wa}) > §(A§21) + A%) + Ao Ags + 5@% +A3;) (17)

Proof Sketch. Generally, it is difficult to directly work on Ay, (’T{Wth,WS}), and we use
the lower bound Amin (T{w,,wo,ws}) = Aa(WiWo WS W) + Xy (WaWT)A, (W Ws) +
>\7,,,(W3T WQT WoW3). We show that given D1, Dag, the optimal value of

. Hvlvinw A (WA Wo W W) 4+ Xy Wi WA (WL W) + A (W W W Ws) (18)

st. WoWI —WIW, =Dy,  WIW, — WsWT = Doy

is A*(Dag1, Da3) = %(Ag) + A3)) 4+ Ao Aoz + %(A%) + AZ,), the bound shown in (7). Please
see Appendix [F for the complete proof and a detailed discussion on the proof idea.

O

With the theorem we immediately have the following corollary.

Corollary 1. When L = 3, given initialization with imbalance matrices (D21, Da3) and f satisfying
Al, the continuous dynamics in (3)) satisfy

L(t) — L* <exp(—azyt) (L(0) — L"),Vt >0, (19)
where ag = L(AS) + AZ)) + Agi Agg + L(AS) + AZ,).
We make the following remarks regarding the contribution.

Optimal bound via imbalance: First of all, as shown in the proof sketch, our bound should be
considered as the best lower bound on Amin (7{w, (¢), W, (¢),ws(¢)} ) One can obtain given knowledge
of the imbalance matrices D2y and Dy3 only. More importantly, this lower bound works for ANY
initialization and has the same role as A does in two-layer linear networks, i.e., (T7) quantifies the
general effect imbalance on the convergence. Finding an improved bound that takes the effect of
product i, (W) into account is an interesting future research direction.

Implication on convergence: Corollaryshows exponential convergence of the loss £(t) if aig > 0.
While it is challenging to characterize all initialization such that az > 0, the case n = m = 1is
rather simpler: In this case, Dy, Ay Do1 = Doy and Dy, A1 Da3 = Dgsz. Then we have

}L]

Agy = tr(Dp,) = tr(Da1) = (Ai(Dhy) = Ai(D21)) + Any (Diy) = Ay (D21) = = Ay (Do),

=1
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and similarly we have AQS > —)\h2 (D2d) Therefore, Q3 > A21A23 > )\h1 (D21))\h2 (DQL;) >0
when both Dy and D3 have negative eigenvalues, which is easy to satisfy as both Do and Dog
are given by the difference between two positive semi-definite matrices. Such observation can be
generalized to show that ag > 0 when Dy, has at least n negative eigenvalues and Ds3 has at least
m negative eigenvalues. Moreover, we show that ag > 0 under certain definiteness assumptions on
D3y and D3, please refer to the remark after Theorem E| in Section @ A better characterization of
the initialization that has 3 > 0 is an interesting future research topic.

Technical contribution: The way we find the lower bound in is by studying the generalized eigen-
value interlacing relation imposed by the imbalance constraints. Specifically, WoWJ — W' W, =
Doy suggests that Ay, (WaWJ) < N\;j(Day) < Xj(WoW'), Vi because Wo W4 — Doy is a matrix of
at most rank-n. We derive, from such interlacing relation, novel eigenvalue bounds (See Lemma[F.6)
on A\, (W{Wy) and A, (W, WoW.J W) that depends on eigenvalues of both Wo W4 and Do;. Then
the eigenvalues of W>WJ can also be controlled by the fact that W, must satisfy both imbalance
equations in (T3). Since imbalance equations like those in (I3]) appear in deep networks and certain
nonlinear networks Du et al.[(2018)); Le & Jegelka| (2022)), we believe our mathematical results are
potentially useful for understanding those networks.

Comparison with prior work: The convergence of multi-layer linear networks under balanced
initialization (D; = 0, VI) has been studied in|Arora et al.|(2018a3b), and our result is complementary
as we study the effect of non-zero imbalance on the convergence of three-layer networks. Some
settings with imbalanced weights have been studied: |Yun et al.[(2020) studies a special initialization
scheme (D; = 0,l =1,--- ,L —2,and Dy_1 > A, _,) that forces the partial ordering of the
weights, and [Wu et al.| (2019) uses a similar initialization to study the linear residual networks.
Our bound works for such initialization and also show such partial ordering is not necessary for
convergence.

4.2 DEEP LINEAR MODELS

The lower bound we derived for three-layer networks applies to any initialization. However, the bound
is a fairly complicated function of all the imbalance matrices that is hard to interpret. Searching for
such a general bound is even more challenging for models with arbitrary depth (L > 3). Therefore,
our results for deep networks will rely on extra assumptions on the weights that simplify the lower
bound to facilite interpretability. Specifically, we consider the following properties of the weights:
Definition 3. A set of weights {Wl}le with imbalance matrices {D; := WlTVVl — WH_lWﬂl} lL:_ll
is said to be unimodal with index I* if there exists some I* € [L] such that
D=0, forl<l* and D; <0, forl>1I".

S Am(=Dy), P>
!

We define its cumulative imbalances {d V- ~" as d;y = : .
! ks e { (D), i<t

Furthermore, for weights with unimodality index ¥, if additionally, D; = d;Ip,,l =1,--- ,L —1 for
d >0, forl<l® and d; <0, forl>1",
then those weights are said to have homogeneous imbalance.

The unimodality assumption enforces an ordering of the weights w.r.t. the positive semi-definite cone.
This is more clear when considering scalar weights {wl}lel, in which case unimodality requires
wl2 to be descending until index [* and ascending afterward. Under this unimodality assumption,
we show that imbalance contributes to the convergence of the loss via a product of cumulative
imbalanaces. Furthermore, we also show the combined effects of imbalance and weight product when
the imbalance matrices are “well-conditioned" (in this case, homogeneous). More formally, we have:

Theorem 3. For weights {W,}£_| with unimodality index l*, we have

L—-1
Amin (T{wl}le) > [ dw- (20)
=1

Furthermore, if the weights have homogeneous imbalance, then

L—1 2 I
Auin (T{Wz}f:l) = (H d(i)) + (Laif/L(W)f, w=][w. 1)
=1 =1
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We make the following remarks:

Connection to results for three-layer: For three-layer networks, we present an optimal bound
1 1
Auin (T w2, w3) = 5 (A5 + A3) + Aon Ao + 5 (AL + Ay),

given knowledge of the imbalance. Interestingly, when comparing it with our bound in (20}, we have:
Claim. When L = 3, for weights {W1, Wa, W3} with unimodality index [*,

LOIFs =1, then L(AS) + AZ,) = [T diy and (A + A2) = AgiAgg = 0;

2. If1* = 2, then Mgy Agg = [[F5 sy and 3(AD) + AZ) = L(AD) + AZ) =0

301 =3, then 3(AS) + A3)) = [T disy and 3(AS) + AZy) = Aoy Agg = 0,
We refer the readers to Appendix [G]for the proof. The claim shows that the bound in (20} is optimal

for three-layer unimodal weights as it coincides with the one in Theorem [2] We conjecture that (20)
is also optimal for multi-layer unimodal weights and leave the proof for future research. Interestingly,

while the bound for three-layer models is complicated, the three terms %(Ag? + Agg), Ao Ass,

%(Ag) + A3)), seem to roughly capture how close the weights are to those with unimodality. This
hints at potential generalization of Theorem 2]to the deep case where the bound should have L terms
capturing how close the weights are to those with different unimodality ({* = 1,--- , L).

Effect of imbalance under unimodality: For simplicity, we assume unimodality index {* = L. The

bound HiL:_ll J(i), as a product of cumulative imbalances, generally grows exponentially with the
depth L. Prior work|Yun et al.|(2020) studies the case D; = 0,l =1,--- ,L—2,and D1 = A}, _,,

in which case HiL;ll cf(,;) > AL~=1. Our bound Hf;ll J(i) suggests the dependence on L could
be super-exponential: When \,,(D;) > ¢ > 0, forl = 1,--- ,L — 1, we have Hf:_ll J(i) =

125 S (D) > T105 le = €E1(L — 1)!, which grows faster in L than A“~1 for any \.
Therefore, for gradient flow dynamics, the depth L could greatly improve convergence in the presence
of weight imbalance. One should note, however, that such analysis can not be directly translated into
fast convergence guarantees of gradient descent algorithm as one requires careful tuning of the step
size for the discrete weight updates to follow the trajectory of the continuous dynamics (Elkabetz &
Cohenl, [2021)).

With our bound in Theorem|[3] we show convergence of deep linear models under various initialization:

Convergence under unimodality: The following immediately comes from Theorem
Corollary 2. If the initialization weights {W;(0) }L_, are unimodal, then the continuous dynamics in

@) satisfy
L(t) — L <exp(—aryt) (L(0) — L*),Vt >0, (22)

where
1. If f satisfies Al only, then af, = HZL:_ll d(i) ;

2. If f satisfies both Al, A2, and the weights additionally have homogeneous imbalance, then

L—1 2 2
5 2-2/L
ar = (H d<i>> + (L( [ (W) = VETulW(0) = W] )" ) ,
i=1
with W(0) = HzL:1 Wi (0) and W* equal to the unique optimizer of f.

Spectral initialization under [, loss: Suppose f = ||V — W||% and W = H1L=1 Wi. We write
the SVD of Y € R*™™ as Y = P [ZY 0} [Q] = PYyQ, where P € O(n),Q € O(m).

0 0|0 —
Consider the spectral initialization Wy (0) = R, ViT, Wi (0) = Vi.y VT, 1 =2, L — 1,
Wr(0) =V _131Q, where ¥;,1 = 1,--- , L are diagonal matrices of our choice and V; € R"*",

l=1,---,L—1with VZTV} = Iy,. It can be shown that (See Appendixfor details)
Wi(t) = REL(OVE, Wi(t) = Vi S()VT, 1=2,--- \L—1, Wr(t) = Vi 1 Z.(H)Q. (23)
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Moreover, only the first m diagonal entries of ¥; are changing. Let 0, ;, 05, denote the i-th diagonal
entry of ¥;, and Xy respectively, then the dynamics of {o;;}~ , follow the gradient flow on

Li{oiit,) =3

scalar weights: f(w) = |o;,, — w|?/2,w = H5L:1 w. Therefore, spectral initialization under I loss
can be decomposed into m deep linear models with scalar weights, whose convergence is shown
by Corollary 2] Note that networks with scalar weights are always unimodal, because the gradient
flow dynamics remain the same under any reordering of the weights, and always have homogeneous
imbalance, because the imbalances are scalars. The aforementioned analysis also applies to the linear
regression loss f = %HY — XW||%, provided that { X, Y} is co-diagonalizable (Gidel et al., 2019),
we refer the readers to Appendix [D.1|for details.

2
Oiy — Hlel 0| fori=1,---,m, whichis exactly a multi-layer model with

Diagonal linear networks: Consider f a function on R™ satisfying Al and £ = f(w; @ --- © wp),
where w; € R™ and ® denote the Hadamard (entrywise) product. The gradient flow on £ can not
be decomposed into several scalar dynamics as in the previous example, but we can show that (See

Appendix for details) £ = —[IVL||% < —(mini<;<n )\min(T{wlyi}lL:l))'y(E — L*), where wy ;
is the ¢-th entry of w;. Then Theorem gives lower bound on each )\min(ﬁwlyi}l[‘:1 ). Again, here the
scalar weights {wm}lL always have homogeneous imbalance.

Assumptions |/Arora et al.|(2018a)) | Yun et al.| (2020) Ours
Unimodal B T 1 L—1 5.
weights N/A A =1 4(d)
Homogeneous -1
imbalance N/A A \/( lL_—ll d(i))? + (Lafn;?/L(W)P
Balanced Lo>2TH(w) N/A

Table 1: Compare our rate bound with prior work on deep networks.

Comparison with prior work: Regarding unimodality, |Yun et al.|(2020) studies the initialization
scheme D; = 0,l =1,---,L —2and Dy_1 = A, _,, which is a special case (I* = L) of ours.
The homogeneous imbalance assumption was first introduced in Tarmoun et al.| (2021) for two-layer
networks, and we generalize it to the deep case. We compare, in Table |1} our bound to the existing
work (Arora et al.|,[2018a; [Yun et al.;[2020) on convergence of deep linear networks outside the kernel
regime. Note that|Yun et al.|(2020) only studies a special case of unimodal weights (I* = L with
d(i) > X\ > 0,V:). For homogeneous imbalance, [Yun et al.| (2020) studied spectral initialization
and diagonal linear networks, whose initialization necessarily has homogeneous imbalance, but the
result does not generalize to the case of matrix weights. Our results for homogeneous imbalance
works also for deep networks with matrix weights, and our rate also shown the effect of the product

Lafn:f / L(W), thus covers the balanced initialization (Arora et al.,[2018a) as well.

Remark 1. Note that the loss functions used in |Gunasekar et al.| (2018); |Yun et al.| (2020) are

classification losses, such as the exponential loss, which do not satisfy A1. However, they do satisfy
Polyak-Eojasiewicz-inequality-like condition |V f(W)||p > v(f(W) — f*),YW € R™ ™, which
allows us to show O (%) convergence of the loss function. We refer readers to Section4.3|for details.

4.3 CONVERGENCE RESULTS FOR CLASSIFICATION TASKS

As we discussed in Remark [T} the loss functions used in classification tasks generally do not satisfy
our assumption A1 for f. Suppose instead we have the following assumption for f.

Assumption 2. f satisfies (A1) |Vf(W)||p > v(f(W) — f*),YW € R™*™.

Then we can show O (1) convergence of the loss function, as stated below.

Theorem 4. Given initialization {W;(0)}L_, such that /\,,,Lm(T{Wl(t)}lL:l) >a, YVt >0,and f
satisfying (Al°), then

L(0) — L*
(L(0) — L¥ay?t+1°

L(t)—LF < 24)
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We refer readers to Appendix @for the proof. The lower bound on Ayyin (T, O}, ) can be obtained

for different networks by our results in previous sections. The exponential loss satisfies A1” (see
Appendix and is studied in|Gunasekar et al.|(2017);|Yun et al.|(2020) for diagonal linear networks.

5 CONCLUSION AND DISCUSSION

In this paper, we study the convergence of gradient flow on multi-layer linear models with a loss of
the form f(W1Ws--- W), where f satisfies the gradient dominance property. We show that with
proper initialization, the loss converges to its global minimum exponentially. Moreover, we derive a
lower bound on the convergence rate that depends on two trajectory-specific quantities: the imbalance
matrices, which measure the difference between the weights of adjacent layers, and the least singular
value of the weight product W = W W5 - - - W. Our analysis applies to various types of multi-layer
linear networks, and our assumptions on f are general enough to include loss functions used for
both regression and classification tasks. Future directions include extending our results to analyzing
gradient descent algorithms as well as to nonlinear networks.

Convergence of gradient descent: Exponential convergence of the gradient flow often suggests a
linear rate of convergence of gradient descent when the step size is sufficiently small, and |[Elkabetz
& Cohen| (2021) formally establishe such a relation. Indeed, |Arora et al.| (2018a)) shows linear rate
of convergence of gradient descent on multi-layer linear networks under balanced initialization. A
natural future direction is to translate the convergence results under imbalanced initialization for
gradient flow to the convergence of gradient descent with a small step size.

Nonlinear networks: While the crucial ingredient of our analysis, invariance of weight imbalance,
no longer holds in the presence of nonlinearities such as ReLU activations, [Du et al.|(2018) shows the
diagonal entries of the imbalance are preserved, and|Le & Jegelkal(2022) shows a stronger version
of such invariance given additional assumptions on the training trajectory. Therefore, the weight
imbalance could still be used to understand the training of nonlinear networks.
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A CONTROLLING PRODUCT WITH MARGIN

Most of our results regarding the lower bound on /\minT{Wl}’L:l are given as a value that depends

on 1) the imbalance of the weights; 2) the minimum singular value of the product W = HlL:r The
former is time-invariant, thus is determined at initialization. As we discussed in Section El, we require
the notion of margin to lower bound o,,;, (W (¢)) for the entire training trajectory.

The following Lemma that will be used in subsequent proofs.
Lemma A.1. If f satisfies A2, then the gradient flow dynamics (3) satisfies

Tmin (W (t)) > omin ( \/7||W —W*||F,Vt >0

where W (t) = l_[lL:1 Wi (t) and W* is the unique minimizer of f.

Proof. From Polyak|(1987), we know if f is u-strongly convex, then it has unique minimizer W*
and
* N“ *
FW) = f* = SIW = W%,

Additionally, if f is K-smooth, then
fW) = f* < S [W = WHf3.

This suggests that for any ¢ > 0,

K
2

K * * :u’ *
SIW() =W > £0) - £ 2 Syw - w3

Therefore we have the following

Omin (W (1)) = omin (W(t) = W* + W)

(Weyl’s inequality (Horn & Johnson| 2012} 7.3.P16)) > opin(W™) — ||W(t) — W*||2

> omin(W7) = [W(t) = W||r

(f is p-strongly convex) > opin (W*) — g(ﬁ(t) —L*)
I
2

(L(t) non-decreasing under ) > omin(W*) — / —(L(0) — L*)
I

(f is K-smooth) > opin(W*) — \/I;HW(O) - W%

= Omin (W*) — \/§||W(O) —WF.

O

Lemma A T|directly suggests

Umin(W(t)) 2 [Umln A [ — ||W W* ||F‘| = margzn

and the margin is positive when the initial product W (0) is sufficiently close to the optimal W*.
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B CONVERGENCE ANALYSIS FOR CLASSIFICATION LOSSES

In this section, we consider f that satisfies, instead of A1, the following
Assumption 3. f satisfies (Al°) the Lojasiewicz inequality-like condition

IVFW)lle =~ (f(W) = f*), YW € R™™.
Theorem 4 (Restated). Given initialization {W;(0)}}-_, such that
)\mmT{Wl(t)}lL:l >a, Vit >0,
and f satisfying (A1), then
£(0) — L*
(L(0) — L¥ay2t+1°

L(t) - L <

Proof. When f satisfies (A1), then (3)) becomes
£= (T VIW), VW)

< i (Towayee, ) IVFOV)II:
(AU) < “Ain (Tpwy, ) P2EV) = 92 = <Awin (Tpwye, ) 72(£ = £92.
This shows ) d
- _ * > . 2 > 2 .
(E _ £*)2 dt (‘c L ) = )\mm (ﬂWZ}ZL;l) Ty
Take integral f dt on both sides, we have for any ¢t > 0,
L > ar’t

I N ayt,

which is 200 p

~(L(0) = LYoyt + 1
O

Following similar argument as in|Yun et al.|(2020), we can show that exponential loss on linearly
separable data satisfies A1”.

Claim. Let f(w) = Zi\; exp (—y; - (zTw)), if there exists z € S~ and v > 0 such that
y1($?2) 2 77V’L = 1) aN7

then
IVf(w)llr > vf(w),Vw € R™.

Proof. Using the linear separability, we have

N 2

IV £ ()l =

N
(Cauchy-Schwarz inequality) > <z, Z exp (—y; - (z] w)) yimi>

Y
@
¥
3
N
&
=
=
S
=
2

as desired. O

Therefore, our convergence results applies to classification tasks with exponential loss.
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C PROOFS IN SECTION 2]

First we prove the expression for Lin Lemma

Lemma 1 (Restated). Under continuous dynamics in (3), we have

£ =—VL (W) I} = = (Towa, VHW),VEW))

where W = [],_, Wi, and T{Wl}fﬂ is a positive semi-definite linear operator on R™*™ with

L /-1 -1 T L+1 T /41
e =3 (T0w) (T ) 2 (T0w) (0 wi) e
=1 =1 =1

i=l+1 i=l+1

Proof. The gradient flow dynamics (3) satisfies
d 5 -1 T L+1 T
Wi ==L (W) =—[[W:| Vi) | I Wi (C.1)
dt oW i=1 i=l+1

where W =[], W; and W = L,, W11 = L.

Therefore

0 d
371[' (Wi},), dth>F

D
I
M=
PN

2

0

Tmﬁ ({Wl}lL:1> -

() e (5 ) (1) e (T ) )

i=l+1 i=l+1

in) i) oo i ) (1 ) 500),

i=l+1 i=l+1

() 1) (i) (i ) ),

i=l+1 i=l+1

D)

I I
M- -

Il

I
—
I

Next, we prove that the imbalance matrices are time-invariant

Lemma 2 (Restated). Under continuous dynamics (3), we have Di(t)=0,vt>0,l=1,--- ,L—1.

Proof. Each imbalance matrix is defined as
Dy =W'W, = WipaWihy, 1=1,--- ,L -1

We only need to check that <& (W,"W;) and 4 (W, W/ ,) are identical.
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From the following derivation, forl =1,--- , L — 1,
dt (VVI Wl)
= W'wW +w/ W,
L+1 1-1 -1 T L+1 T
i=l+1 i=1 i=1 i=l+1

L1 ! ! T L+1 T
= (H W)va ( WL> - <Hwi> VW) ( 11 Wz) :
=141 i=1 i=1 =141

d
T (Wi W)
= Wi Wiy + Wi Wi,

(i) oo (i ) - ()i

i=l+2 i=l+2 i=1
! T L+1 T L+1 l
<= (1) e (L) - (I ) w7 (1)
i=1 i=l+1 i=l+1 i=1

we know 4 (WIW;) = & (W, WL, ), therefore Dy(t) = 0,0 =1,--- ,L — 1
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D LINEAR MODELS RELATED TO SCALAR DYNAMICS

D.1 SPECTRAL INITIALIZATION UNDER [5 LOSS

The spectral initialization [Saxe et al.|(2014);|Gidel et al.| (2019); Tarmoun et al.| (2021} considers the
following:

Suppose f = 1Y — XW||% and we have overparametrized model W = HZL:I W,. Additionally,

we assume Y € RVX™ X ¢ RNX" (n > m) are co-diagonalizable, i.e. there exist P € RVX"
with PTP = I, and Q € O(m), R € O(n) such that we can write the SVDs of Y, X as Y =

P [EOY 8] [fﬂ = Py Oand X = PSyRT.

Remark 2. In Section we discussed the case f = ||Y — W|
the aforementioned setting with N = n and X = I,.

2, which is essentially considering

Given any set of weights {W;}£_, such that
Wi =RV, Wi=ViaZV,i=2- L1, W, =V,1%.Q,
where ¥;,1 = 1,-- -, L are diagonal matrices and V; € R"*™ [ =1,... | L — 1 with VZTV} = Ip,.
The gradient flow dynamics requires
_oc
oW,
Xy —xwywiw} ... wk
L
= —RExPT - (PSyQ — PExR" R[[2.Q) - Q"SLVioy - ViaSp Vi y - VoSV
1=1

W =

L L
-R <2X (zy - Nx H&) QQ" H&) v
1=1 1=2
L ool
—R(ZX (Zy—le—[21> {6” O]Hzl> VlT,
=1 1=2
which shows that the singular space R, V; for Wi do not change under the gradient flow, and the
singular values o; ;of Wy satisfies

L L
01 = Ui,y_gi,wHai,l Ui,xHUz‘,l,iZ 1, ,m,
=1 1=2

ando; 1 =0,i=m+1,--- ,n.

Similarly, we can show that

L
W=V, EX<Ey—EXHZi> [16” 8]1_[21 vii=2---,L—1,
=1 oy

L
. Im ~
W= Vi zx<zy—zxnzi>[0 8}]‘[21- Q.

i=1 iAL
Overall, this suggests that the singular space of {W;} lL:1 do not change under the gradient flow, and
their singular values satisfies, forz =1,--- ,m,

L L
d—i,l: Ui,yfai,r]:[gi,k Ui,r]:[o—i,kalzlv"' 7L'
k=1

k#l
Each dynamic equation is equivalent to the one from gradient flow on £;({o;;}f,) =

2
% Oiy — Ciz Hlel O’ivl‘ . Therefore, under spectral initialization, the dynamics of the weights
are decoupled into at most m dynamics discussed in Section[4.2]
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D.2 DIAGONAL LINEAR NETWORKS

The loss function of diagonal linear networks|Gunasekar et al.| (2017); Yun et al.|(2020) is of the form
flwr @---©wy), we write

L
ClwtE) = fn © - wp) = F®, o w™) (ku e Hw) ,
=1

i.e. f takes n variables w®), ... w(™ and each variable w(¥ is overparametrized into Hlel wy ;.
Then we can show that

L= ~|Viwyr Ll
oL

8wl,i

of
Ow®

Il
NE
™=

i=1 [=1

2 9w |
Oowy;

Il
NIE
M=

11=1

of
Ow(®)

of
Sw(®

n

min T, E
1<i<n {wlwi}lL1> 1
1=

min T{w,,%}fl) V=1 =- < min T{w,,j}fl) V(L —L7).

1<i<n 1<i<n

-
I

duw® |?
8wl_¢

I
M=

1

3

I
M:

7—{wl-,i}z[;l

.
I

/\/\»—A

IN

aw(z)
(f satisfies A1) < —

Moreover, the imbalances {d(z) = w}, — w},, ;}{=;" are time-invariant for each i = 1,--- . n

by Lemma Therefore, we can lower bound each 7, . 3E, using the imbalance {d( )} = 1 as in
Proposition[3] from which one obtain the exponential convergence of L.
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E PROOF FOR TWO-LAYER MODEL

Using Lemmal[3] we can prove Theorem T]

Theorem 1 (Restated). Let D be the imbalance matrix for L = 2. The continuous dynamics in (3))
satisfy

L(t) = £ < exp (—agyt) (£(0) — £7),¥¢ > 0, (E2)
where
1. If f satisfies only Al, then as = A;

2. If f satisfies both A1 and A2, then

ar= ~B [ + 87+ 4( [0 (7) ~ VETRIW (O - W] )

- a4 a1 4 [on 7)) - VETRIWO) - W] )P €

with W(0) = Hlel Wi (0) and W* equal to the unique optimizer of f.

Proof. As shown in (§) in Section 2} We have

d

%(ﬁ(t) — L) < =Amin Tyw, (6),wa ()3 Y (L£(E) — L7) .

Consider any {W;(t), W5 (¢)} on the trajectory, we have, by Lemma 3}

Lemmall] 1
Aminﬁwl (t),Wa(t)} Z 5

(—A+ + V(A4 +A)2 + 402 (W (L))
~A_+/(A_+ A2 + 402, (W(t)))

> %(—A“L\/M—A,ﬂ/m):é:w

When f also satisfies A2: we need to prove

o (W) 2 |ow (W) = VEu|W(0) = W] . (E4)
o (WD) > [0 (W) = VEJu|W(©O) = W] . (E:5)

When n = m, both inequalities are equivalent to
Fuin(W (1) 2 [oain (W) = VETulW(0) = W[l .
which is true by Lemma[A-T]
When n. # m, one of the two inequalities become trivial. For example, if n > m, then (E.4) is
trivially 0 > 0, and (E.3) is equivalent to
Ouin(W (1)) 2 [ min (W) = ETulW(0) = W[l .

which is true by Lemmal[A.T]
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Overall, we have
)\minﬁwl (t),Wa(t)}
Lemmall 1
=2 (_A+ + V(A4 +A)2 + 402 (W (1))

—A_+/(AZ+A)? + 402, (W(t)))

> 1 (_A++\/(A++A)2+4<[an (W*)—\/M||W(O)—W*||F]+>2

=2

A+ \/(A_ a4 [on 7)< VETRIW(O) - W*HFL)Q)

= Q9.
Either case, we have 4 (L(t) — £L*) < —azy(L(t) — L), and by Gronwall’s inequality, we have

L(t) = L7 < exp(—a7t)(L£(0) = £L7).
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F PROOFS FOR THREE-LAYER MODEL

In Section[F.1] we discuss the proof idea for Theorem 2] then present the proof afterwards. In Section
[Gl we show a simplified bound when the weights can be ordered w.r.t. positive-semidefiniteness.

F.1 PROOF IDEA

We first discuss the proof idea behind Theorem [2} then provide the complete proof. Consider
the case when n = m = 1, we use the following notations for the weights {w{, W5, w3} €
RIXh1  Rhaxha oy Rh2X1 The quantity we need to lower bound is

)\min,]-{wz"’wzﬂug} = wlTWngTwl + wlTwl . wgwg + w?WQTWng
W3 wrl|* + flws | [ws]|* + [[Waws |,
where our linear operator 7f{w1T7W2 ,wg} Teduces to a scalar. The remaining thing to do is to find

min (W wi | + flws |*[lws|* + | Waws]|? (F.6)

wl Wa,ws
s.t. WQWQT - wlw? = D21
W2TW2 — wgwg = Dgg
i.e., we try to find the best lower bound on )‘minT{wRWz,ws} given the fact that the weights have to
satisfies the imbalance constraints from Dy, Do3, and )\min7T{wIT7W27w3 ) is related to the norm of

some weights ||w ||, ||ws]| and the “alignment” between weights ||[W4 wy ||, ||[Waws|.

The general idea of the proof is to lower bound each term ||[W4 wy||?, |w1]|?, [|ws]?, |[Waws]||?
individually given the imbalance constraints, then show the existence of some {wf, Wy, w3} that
attains the lower bound simultaneously. The following discussion is most for lower bounding
l|lwy ||, [|W4 w, || but the same argument holds for lower bounding other quantities.

Understanding what can be chosen to be the spectrum of Wy W (WL Ws) is the key to derive
an lower bound, and the imbalance constraints implicitly limit such choices. To see this, notice
that WQWQT — wlwlT = Dy; suggests an eigenvalue interlacing relation (Horn & Johnson, 2012,
Corollary 4.39) between WoWJ and Dy, i.e.

Ay (Da21) < Apy (WaW3) < Apy1(Da1) < -+ < Ap(WalW3) < Ay (Dar) < A (WaW).
Therefore, any choice of {\;(Wo W4 )}, must satisfy the interlacing relation with {\; (Do)}, .
Similarly, {\; (W W5)}"2, must satisfy the interlacing relation with {\;(Da3)}"2,. Moreover,

N (Wi hll and {\;(WLWy) h21 agree on non-zero eigenvalues. In short, an appropriate

1= 1=
choice of the spectrum of Wo W (W4 W3) needs to respect the interlacing relation with the eigenval-
ues of Do and Dog.

The following matrix is defined
Dy, = diag{max{\;(Da1), \i(D23),0}}1,
to be the “minimum” choice of the spectrum of Ws WzT (W2T Ws) in the sense that any valid choice
of {X\i(Wo W)} | must satisfies
Ni(WaW3') 2 Xi(Dny) 2 Xi(Dar) i =1, by
That is, the spectrum of Dy, “lies between” the one of WQWE and of Dy;. Now we check the
imbalance constraint again WoW4 — wyw] = Doy, it shows that: using a rank-one update wiw?,

one obtain the spectrum of Dy starting from the spectrum of WoW4 , and more importantly, we
require the norm ||w; ||? to be (taking the trace on the imbalance equation)

tr(WolWy) — wi|* = tr(Da1) = Jwil® = tr(WaWy) — tr(Da).
Now since Dy, “lies inbetween”, we have
[wsl* = tr(We W) — tr(Dar)
(changes from \;(WaWy') to A\i(Day))
(changes from \;(WoW) to A\j(Dy,)) + (changes from \;(Dp,, ) to \;(Da1))
(changes from \;(Dp, ) to A;(D21)) = tr(Dp,) — tr(Da21) ,

Y
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which is a lower bound on ||w ||?. It is exactly the Aoy in Theorem 2] (It takes more complicated
form when n > 1).

A lower bound on ||W4 w;||? requires carefully exam the changes from the spectrum of Dy, to the

one of Day. If Ay, (D21) < 0, then “changes from \;(D) to A\;(D21)” has two parts

1. (changes from \;(D) to [\;(Da1)]+) through the part where w; is “aligned" with W,
2. (changes from 0 to Ay, (D21)) through the part where w is “orthogonal" to W .

Only the former contributes to || w1 ||? hence we need the expression Aézl) + A3,, which excludes
the latter part. Using similar argument we can lower bound |lws||2, || Waws||?. Lastly, the existence
of {w¥, Wy, w3} that attains the lower bound is from the fact that Dy, (Dp,) is a valid choice for the
spectrum of WoW3'(WJ Wy).

The complete proof of the Theorem [2| follows the same idea but with a generalized notion of
eigenvalue interlacing, and some related novel eigenvalue bounds.

F.2 PROOF OF THEOREM[Z]

Theorem [2)is the direct consequence of the following two results.
Lemma F.1. Given any set of weights {W1, Wy, W3} € R™*M x RPixhz x Rh2Xm e haye

Amin Tiwy W, wa} = A (WaiWa WS W) + Xy (WA W) (W W3) + X (W3 WS Wa W) .

(Note that A\pin Tyw, s, w5} does not have a closed-form expression. One can only work with its
lower bound A, (Wi WoWF W) + Xy (Wi W) A (WS W) + A,y (W W5 WoWs).)

Theorem F.2. Given imbalance matrices pair (D1, Da3) € R ¥M x Rh2Xhz then the optimal
value of

[ min 2 (A (WAWoWT W) + Xy WiWE )N (W W3) + X (W W W W3))
1 2, 3

st. WoWI —WIW, = Dy
WIWy — WsWi = Dag
is
A*(Dy1, Do) = AR + A2, + 2701 Ags + A + A2,
Combining those two results gets Apin Trw, o, wiy} = A% (Da1, Da3)/2, as stated in Theorem
The Lemma [F1]is intuitive and easy to prove:

Proof of Lemma Notice that Ty, w,,w,} is the summation of three positive semi-definite linear
operators on R"*™ j.e.
72W1,W2,W3} = 7-12 + 7—13 + 7-25 5
where
Ti2E = Wi\WoWIWIE, TisE = WiW]LEW] Ws, TosE = EWI Wl W,Ws,
and >\mzn7-12 - An(W1W2WgWF), )\mzn7-13 = )\n(WIWF))\m(WgWS)s )\mzn7-23 -
)\m(W?)TWQTWgWg).

Therefore, let Eypin With || Eyyin || = 1 be the eigenmatrix associated with Apin Tw, w1} We
have

Amin Tews, wa.way = (Tiwy,wa, st Emin) o
<7-127 Emin>F + <7-137 Emin>F + <7—237 Emin>F
)\min7-12 + )\mzn7—13 + )\min7-23 .

\%

The rest of this section is dedicated to prove Theorem [F.2]

We will first state a few Lemmas that will be used in the proof, then show the proof for Theorem[F.2]
and present the long proofs for the auxiliary Lemmas in the end.
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F.3 AUXILIARY LEMMAS

The main ingredient used in proving Theorem is the notion of r-interlacing relation between
the spectrum of two matrices, which is a natural generalization of the interlacing relation as seen in
classical Cauchy Interlacing Theorem (Horn & Johnson, [2012, Theorem 4.3.17).

Definition 4. Given real symmetric matrices A, B of order n, write A >, B, if
Aigr(A) < Ai(B) < Ai(A), Vi
where Aj(-) = 00,7 < 0and \j(-) = —o0,j > n. The case r = 1 gives the interlacing relation.
Claim. We only need to check
Aigr(A) < Xi(B) < Ai(A), Vi € [n],
for showing A =, B.

Proof. Any inequality regarding index outside [n] is trivial. O

The following Lemma is a direct concequence of Weyl’s inequality (Horn & Johnson, |2012} Theorem
4.3.1), and stated as a special case of (Horn & Johnson, 2012} Corollary 4.3.3)

Lemma F.3. Given real symmetric matrices A, B of order n, if A — B is positive semi-definite and
rank(A — B) <7, then A =, B
The converse is also true

Lemma F.4. Given real symmetric matrices A, B of order n, if A =, B, then there exists a

positive semi-definite matrix X X with rank(X XT') < r and a real orthogonal matrix V such that
A-XXT =vBVT,

Proof. The case r = 1 is proved in (Horn & Johnson, 2012, Theorem 4.3.26). The case » > 1 is
proved in (Wang & Zheng, |2019, Theorem 1.3) by induction. O

Specifically for our problem, we also need the following (D, and Dy, are defined in Section

Lemma F.5. Given imbalance matrices pair (D21, Da3) € Riaxhi sy RP2xh2 \we have Dy, =, Day
and Dh2 tm D23.

In our analysis, the weights W7, W, W3 are “constrained” by the imbalance Ds;, D3, such con-
straints leads to some special eigenvalue bounds (The operation A, was defined in Section [):

Lemma F.6. Given an positive semi-definite matrix A of order n, and Z € R™ ™ with r < n, when
A-7ZTZ2=1B,
we have
M(Z2Z7) > tr(A) — tr(A A, B),

and

22 (ZAZT) > tr (A2) —tr (A A, B)?) + (tr(A) — tr(A A, B))?
and this bound is actually tight
Lemma F.7. Given two real symmetric matrices A, B of order n, if A =, B (r < n), then there
exist Z € R™*"™ and some orthogonal matrix V€ O(n), such that

A-7Y7 =VvBVT,

and

M(ZZT) = tr(A) —tr(A A, B),

20 (ZAZT) = tr (A%) — tr (A A, B)?) + (tr(A) — tr(A A, B))? .
Remark 3. 7o see how Lemma@is used, let A = WQWQT and Z = W1, B = Ds1, one obtain a
lower bound on \,.(W WlT ) that depends on the entire spectrum of WQWQT and Doq. This bound
is strictly better than \.(WoW4') — X1 (Day), the one from Weyl’s inequality (Horn & Johnson,

2012). This should not be suprising because we have “more information” on WoW4 and D2y (entire
spectrum v.s. certain eigenvalue).
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F.4 PROOF OF THEOREM [E.2]

With these Lemmas, we are ready to prove Theorem @

Proof of Theorem[F2] The proof is presented in two parts: First, we show A*(Dqy, Dog) is a lower
bound on the optimal value; Then we construct an optimal solution (W;*, W5, W) that attains
A*(Da1, Da3) as the objective value.

Showing A*(Dsy, Dy3) is a lower bound: Given any feasible triple (W7, W5, W3), the imbalance
equations

WoWy — Wi Wy = Doy, (E7)
Wy Wy — W3Wi = Do, (F8)
implies W2W2 >n D21 and W2 Wa =m Das by Lemma These interlacing relation shows
N(WoW3) > Xj(Da1),  Ai(W3 Wa) > Xi(Dag), Vi,
which is
N (WoW) = Xi(Wg Wa) > max{\;i(D21), \i(Da1),0} = \i(Dyp,) > 0,¥i € [hy]  (E9)
Now by Lemma [F.6] imbalance equation (F7) suggests
A (WAWE) > tr(Wo Wy ) — tr(WaWJ A, Day),
and
20, (Wi WoWa W)
> tr (WaWid)2) — tr (WaWE A D21)?) + (te(Wa W) — tr(WoWS A, Dar))”
Notice that
A (WIWE) > tr(WoWyq ) — tr(WoWS A, Day)

hy
= > (W Wy) — min{ A (WaW3'), Aiy1-n(D21)}
=1
h1
= Z max{/\l(WQWQT) - /\i+1—n(D21)a O}
=1

hiy
> Z max{X;(Dp,) — Ait1-n(Da21),0}

= tr(Dhl) — tr(Dp, An Da1) = Aoy, (F.10)
where the inequality holds because (F9) and the fact that ReLU function f(z) = max{z,0} is a
monotonically non-decreasing function.
Since Ay; can be viewed as summation of ReLU outputs, it has to be non-negative, then also
suggests
(te(WaWT) — tr(WaWid A, Dag))” > A2, . (F.11)
Next we have
22X, (Wi Wo WL Wi
2
> tr (WaW))?) — tr (WaW3 Ay Da1)?) + (tr(WoW) — tr(WoW3 A, Dar))
ED
= A3+t (WaW3)?) = tr (WaWy Ay D21)?)

h1
= A3+ Y RWeWY) — (minfA(We W), Aip1-n(D21)})”

i=1

h1
A3+ 3" N (D) — (min{Ai(Dr, ), Mis1-n(D21)})

i=1

A2 +tr (D2,) — tr (Dny An Don)?) = A2 + AR

Y
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where the last inequality is because (F.9) and the fact that the function

. 0, r<a
olo) = =~ Gminfea)? = {0, T2
is monotonically non-decreasing on R for any constant a € R.
At this point, we have shown
AWAIWT) > Aoy, 20, (WAWaWEIWT) > A2 + AP (F.12)
We can repeat the proofs above with the following replacement
Wy — W3, Wi — W4, Doy — Das, Dy, — Dy, ,

and obtain
Am(WEW3) > Aoz, 20 (W WIWoWs) > A2, + AD) . (F.13)

These inequalities (FI2)(F13) show that
A*(Da1, Dag) = AS) + A2 + 200, Mgy + A5 + A2,

is a lower bound on the optimal value of our optimization problem. Now we proceed to show
tightness.

Constructing optimal solution:

By Lemma we know Dhl >n D21, and by Lemma there exists Z; € R"*"1 and orthogonal
Vi € O(hy) such that

Dy, — 7Yz, =viDy V', (F.14)
and most importantly,
M(Z1ZT) = Dp1, 20 (Z1Dp, ZT) = ALY + A2 (F.15)

Similarly, by Lemma Lemma we know DhQ >m Da3, and by Lemma there exists Z3 €
R™>*hz2 and orthogonal V3 € O(hz) such that

D, — Z3 Zs = V3Da3Vy (F.16)
and most importantly,
Mn(ZsZ8) = Nos, 20 (ZsDn, Z1) = AR + A2, (F.17)
Let
VlT Dz Ohlx(hZ*hl):| Vs, hy =M
Wy = Hi :
’ VlT bz Vs, ha < hy
O(hy—ho)xhs

where D = diag{max{\;(D21), \i(D21), 0}}2;1{}“’h2}, and
Wi =2z, Wi=Vz],

we have
W5 (W3)" = (W)W = Vi Dy, Vi = Vi Z{ Z:Vi = Doy
(W3) W5 = W3 (W3)" = V' Dy, Vs = V5 2325 Vs = Doy,
and
AWy WHT) = M(212]) = Aay
/\771((W§)TW§) = )‘m(Z:‘?ZI%) = Aog3,
2 (W W (W) T (W)T) = (21D, 27) = A + A3,
(W) (W3 W5 W3) = A(Z5 DiaZs) = A + A3,
Therefore the lower bound A*(Da1, Do3) is tight. O
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F.5 PROOFS FOR AUXILIARY LEMMAS

We finish this section by providing the proofs for auxiliary lemmas we used in the last section.

Proof of Lemma@ Since (Da1, Da3) is a pair of imbalance matrices, there exists Ws WQT , such
that
WoW3 =, Do1, W Wa =, Dag, (F.18)

because at least our weight initialization W1 (0), W5(0), W5(0) have to satisfy Wo(0)W,(0)T —
W (0)W:1(0) = Doy, W3 (0)W2(0) — W5(0)W5'(0) = Das.
Therefore, for0 < ¢ < hy — n,

Aitn(Dp,) = max{ it (D21), Nisn(Da3), 0} < A (W2 W5) < Xi(Da1) < Ai(D,),

where the first two inequalities uses (FI8) and the fact that \; 1, (WoW4) = A\, (WS W3). Also
the last inequality is from the fact that A;(Dp,) = max{\;(D21), \i(D23),0},Vi € [hq].

For hy > i > h; — n, we still have
—00 = Aign(Dny) < Xi(D21) < Xi(Dy,),

Overall, we have ~ ~
Xitn(Dpy) < Xi(D21) < Xi(Dn,y) , Vi,

which is exactly Dy, =, Da;.
Similarly, for 0 < i < hg —m
)\i+m(Dh2) = maX{>‘i+m(D21) )\i—i-m(D23) 0} < /\i+m(W2TW2) < A'(DZ?)) < )\(Dhg)

where the first two inequalities uses (FI8)) and the fact that A; 1, (WaW3') = \j 1 (W Wa). Also
the last inequality is from the fact that \;(Dp,) = max{\;(Da1), \i(Da3), 0}, Vi € [ha].

For hy > i > ho — m, we still have
—00 = Ajitm(Dny) < Xi(D23) < Ai(Dp,),

Overall, we have ~ ~
Nitm(Dhy) < Xi(Da3) < Xi(Dp,) , Vi,

which is exactly th =m Das. O

Proof of Lemma[F6] Notice that rank(Z T7Z) < r, hence we consider the eigendecomposition
AV Z N(ZT Z)yvol
=1

where v; are unit eigenvectors of Z7 Z. Then we can write
A=\ (ZT Z)vv Z (2T Zywl = B

Welet D = A — \.(ZT Z)v;v}, then by Lemma we know A =1 D, and D =,_; B, which
suggests that V7,
Air1(A) < Xi(D) < X\i(A) (F.19)
Aivr—1(D) < Xi(B) < M\(D). (F.20)
In particular, we have \;(D) < X\;(A) from (EI9) and \;(D) < Xi+1-,(B) from (E20), which

suggests
Ai(D) < min{Ai(A), Aip1-(B)} = Xi (AN B), Vi,

Hence
tr(A A, B) > tr(D) = tr(A) — \(ZT Z)tr(viv] ) = tr(A) — \.(Z27 Z).

This proves the first inequality.
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For the second the inequality, let  be the unit eigenvector associated with \,.(ZAZT), then
M(ZAZT) = 2T ZAZT . Now write

A— Zxa" 2T — Z(I — 22™)Z" = B.
Let D = A — ZazaT Z7, then again by Lemmawe have A =1 D,and D >=,_; B.
Notice that
D? = (A— ZzaTZT)?
= A% 4 (Za2" 772 — AZxa" 7T — ZaaT ZT A.
Taking trace on both side of this equation and using the cyclic property of trace operation lead to
tr(D?) = tr (A%) + || Zz|* — 2\ (ZAZT). (F21)

We only need to lower bound [|Z z||* — tr(D?), for which we write the eigendecomposition D using
eigenpairs {(\; (D), u;)}7, as

n n—1
D =Y NDyuu! = N(D)uu! + An(D)unul
i=1 j=1

Then we have

| Zz)|? = tr(ZzaT Z7) = tr(A) — tr(D)

n—1
j=1

v

- ni: Nj(AA, B) =\ (D)
j=1

tr(A) — tr(A A, B) + M (A A, B) — Ay (D),
where the inequality follows similar argument in the previous part of the proof and uses
Ai(D) < min{\;i(A),\iz1-+(B)} = \i (AA, B) , (F.22)

from the fact that A =4 ﬁ, and D =r_1 B.

Now examine the right-hand side carefully: The first component tr(A) — tr(A A, B) is non-negative
because A\;(A) > \;(A A, B),Vi. The second component A, (A A, B) — A, (D) is non-negative as
well by (E22). Therefore the right-hand side is non-negative and we can take square on both sides of
the inequality, namely,

- 2
[Wyz|* > (tr(A) —tr(A A, B) + An(A A, B) — /\n(D)) . (F23)
We also have

tr(f)?):ZA? D)+ \2(D)

< Z M (A A, B) +22(D)

= tr ((AA, B)?) = A2(A A, B) + \2(D), (F24)
The inequality holds because fori =1,--- ,n — 1,
0 < Aig1(4) < N(D) < X(AA. B),

where the inequality on the left is from A =, D and the inequality on the right is due to (F22).
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With those two inequalities (F23)(F:24), we have (For simplicity, denote Ax := A, (A A B), A =
An(D))

IWha|* — tr(D?) — [(tr(A) —te(AA, B)? —tr ((AA, 3)2)]

> A2 4 A2 =20 A+ 20 — A (tr(A) —tr(A A, B)) 4+ A2 — )2

= 222 — 22X\ A+ 2(An — A)(tr(A) — tr(A A, B))
2(An — A)(tr(A) — tr(A A, B) +Ap0) >0,

where the last inequality is due to the facts that A, > A by (E22) and

tr(A) —tr(A Ar B) + An
n—1

= ST OA) = MA A B)) £ An(4) 2 0.
This shows _
| Zz||* — tr(D?) > (tr(A) — tr(A A, B))? —tr (A A, B)?) .
Finally from (F21)) we have
20 (ZAZT) = tr ((A)?) + || Zz|* — tx(D?)
tr ((A)%) —tr (A A, B)?) + (tr(A) — tr(A A, B))?

Y

To proof Lemma[F7] we need one final lemma

Lemma E.8. Given two real symmetric matrices A, B of order n, for any r < n, if A >, B, then
A¥ry1 (AN, B)and (AN, B) =,_1 B.

Proof. Denote D := A A, B, weshow A =1 D and D =,_; B. The following statements holds for
any index ¢ € [n].

First of all, we have
Ai(D) = min{A;(A), \iy1--(B)} < A\i(4), (F.25)

and
Ai-}-l(A) S mln{)\l(A), )\i+1—7-(B)} = Al(D) 5 (F26)

where \;11(A) < Aiy1-(B) is from A =, B. (E23)(F26) together show A =1 D.

Next, notice that

where \;(B) < A\;(A) is from A =, B, and
)\i-i-r—l(D) = mil’l{AH_T_l(A), )‘i (B)} S )‘i (B) (F28)
(E27)(E28) together show D »,_1 B. O

Then we are ready to prove Lemma[F.7]

Proof of Lemma(F7] Denote D := A A, B. We have shown in Lemma [F§| that A =; D and
D o1 B.

With the two interlacing relations, we know there exist z € R™*! X e R™*("=1) and some
orthogonal matrices V7, Vo € O(n) such that

A —zzt = VDV, D - XX =v,BV), (F.29)
then let V := V1 V5, we have
A—z2t —ViXXTVE =viVvuBVIVE =vBVT . (F.30)
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Notice that

T
T Ty, T T
zr + VXXV =z VX [ } ,
1 L =1 1 X] XV
then with ZT := [z V41 X] € R™ ", we can write

A-ZY7 =\VaBVy VI =vBVT.

It remains to show A.(ZZ7) and 2),.(ZAZ™) have the exact expressions as stated.

Notice that A — za? = V; DV{T, then we have
|z||? = tr(zaT) = tr(A — V1DV = tr(A) — tr(D).
Moreover, taking trace on both sides of (A — zz™)? = (V; DV{)? yields
tr ((A)?) — 22" Az + ||z||* = tx(D?),

from which we have

20T Az = tr(A) — tr(D?) + ||z]|* = tr(A) — tr(D?) + (tr(A) — tr(D))* .

Finally, notice that the first diagonal entry of

xT l|lz||? mTX}

XTvlT] o ViX]= [XTx XTX
is ||2]|?, we have, by (Horn & Johnson, 2012} Corollary 4.3.34),
M(ZZT) < ||z|* = tr(A) — tr(D) = tr(A) — tr(A A, B).

ZZT—[

Since we have already shown in Lemma [F.] that

M(Z2Z7) > tr(A) — tr(A A, B),
we must have the exact equality \,.(ZZ7T) = tr(A4) — tr(A A, B).
Similarly, the first diagonal entry of

T T T
A |2t Axr 2t AX
ZAZ" = [XTVA Ale MX] = |:XTAI XTAX]

is 7 Az, then we have, by (Horn & Johnson, 2012, Corollary 4.3.34),

2A(ZAZT) < 22T Az = tr (A2) —tr (A A, B)?) + (tr(A) — tr(A A, B))? .

(F31)

(F32)

Again, Lemma[F.6|shows the inequality in the opposite direction, hence one must take the equality

20 (ZAZT) = 2T Az = tr (A?) — tr (A A B)?) + (tr(A) — tr(A A, B))? .
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G SIMPLIFICATION OF THE BOUND IN THEOREM [2] UNDER UNIMODALITY
ASSUMPTION

Consider weights {W7, Wy, W3} with unimodality index [*, there are three cases:

I* =1: Dy1 =0, D93 20

Definiteness of imbalance matrix put rank constraints on the weight matrices:

Since Wi Wy — W3WI' = Da3 < 0, rank(W3 W) < m implies rank(Da3) < m. (Da3 can only
have negative, if non-zero, eigenvalues and any negative eigenvalue is contributed from W3 W)

rank(Dy3) < m and Dy3 = 0 together implies rank(W4 Wy) < m (WS W, having positive
invariant subspace with dimension larger than m will give positive eigenvalue to Ds3), which is
equivalent to rank(WJ Ws) < m.

rank(WQT W3) < m forces rank(Da1) < m. (Dao can only have positive, if non-zero, eigenvalues
and any positive eigenvalue is contributed from W3 W5.)

In summary, we have rank(Ds3) < m and rank(Ds;) < m, which implies,

=0, 1<i<hy—m+1
<0, ho—m+1<i<hy’

>0, 1<i<m

Ai(Das) = { Ai(Day) = {

We also have
Dy, = diag{max{\;(D21),0}}%; = diag{\i(D21)}%,, Dn, = diag{max{\;(D21),0}}}2,
Then
Ai(Da1), 1<i<m-—1
Dy, An D21 = Dy, , Dpy Ay Dag =} 0, m < i< hy
Ahot1—m(D23), i =hs
hence Ay = A(221) =0, and
Aoz = Ap(D21) — Apgt1—m(Das)
2
AL = N2(Da1) — A2y, (Das)
A3+ AR = 200 (D21) Am(D21) = My g1-m(D3s)) -

[* =3: D3 = 0, D9 20

Similar to previous cases, (by considering unimodal weights {W3, W W'})
Ags = AF) = 0,23, + AT = 20, (Daz) (An(Das) — M, 41-n(Da1)) -

" =2: Dy3 20,D91 X0

Do3, Do being negative semi-definite implies rank(Da1) < n, rank(Da3) < m.

In this cases, - -
Dhl :07D}L2 = 07

and
_ 0, 1<i<h = {O, 1<i< hy
Di. AwDay = ) . Dp, A Dos = _ ,
& 21 {/\h1+1—n(D21), 1=hy h 2 Aat1—m(D23), @ =hy

then

Aoi = =Apy+1-n(Do1), Aoz = =Apyt1-m(Do3),

AP = )2 D AP = )2 Do3) =0

51 = —Ahyt1-n(D21), 53 = ~Ahot1-m(D23) = 0.

Therefore

2801805 = 2 (~Any1-n(D21)) (~Anpr1-m(D23)) L A% + A = A2, + AL
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H PROOFS FOR DEEP MODELS

We prove Theorem [3]in two parts: First, we prove the lower bound under the unimodality assumption
in Section Then we show the bound for the weights with homogeneous imbalance in Section

H.1 LOWER BOUND ON /\min(T[Wl}lLﬂ) UNDER UNIMODALITY

We need the following two Lemmas (proofs in Section [H.3):

Lemma 4. Given A € R™" B € R"*™ and D = ATA — BBT € R"". [frank(A) < r and
D > 0, then

1. rank(B) < r, and rank(D) < r.

2. There exists Q € R " with QT Q = I,., such that
AQQTB = AB, AQQT AT = AAT, BTQQTB = BT B,
and \;(QTDQ) = \i(D), i =1,--- 7.
Lemma 5. For W, € R™M W, e Rxhz ... W, € Rhe—2xhi—1 gng W, € Rhe—1xhe gych
that
Dy =W'W, - WiaWi, =0, I=1,--,L—1
we have

AN (WiWo - - W WE - WEWT) > A (D).

Then we can prove the following:
Theorem H.1. For weights {W,}£_| with unimodality index I*, we have

L—-1
Muin (Towe, ) = T deo - (H33)
=1
Proof. Recall that

L /-1 -1 T L+1 T /41
Towye B = Z (H Wi) (H Wi) E < H Wi) ( H Wi> Wo =1, Wri1 = Iy,
=1 =1 i=1

=141 i=l+1
For simplicity, define p.s.d. operators
-1 -1 T L+1 T /L1
TE = (HWZ) (HW) E(H Wi) (H Wi>,l:1,--~,L
i=1 i=1 i=l+1 i=l+1

L
Then ’r{Wz},,L:l = 21:1 T

When [* = L, we have, by Lemma 3]
L-1L-1 -1

Amin (Tgwiye ) = Amin(T2) = Aa(Wa - W W W) > T Y M0 = [ deoy -

i=1 1= =1

When [* = 1, we have, again by Lemma@
L-1L-1
)\min(ﬂwl}{;l) 2 /\min(’]-l) = Am(Wg e W2TW2 e WL) Z H Z )\m(*DL—l)

i=1 =i
L—1L—i

= [[ > wn(=D1)
i=1 1=1
L—1 i L-1

= H Z/\m(—Dl) = H dg)y -

=1

=1 =1
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(To see Lemma [5|applies to the case I* = 1, consider the following
WL =Wy, W =W W = W,

and this naturally leads to —Dy,_; — D;. The expressions on the right-hand side of the arrow are
those appearing in Lemma [5])

Now for unimodality index 1 < [* < L, we have
Amin(Tgwiye ) 2 Amin(Tis) = A (W1 -+ Wi A WE - W) A (W W Wie gy - W)
Now apply Lemmato both {Wy, -+, Wie_y, Wis} and {W}],--- WL |, WL}, we have

"—11"-1 "—1

An(Wy e Wi aWE W) > T D An) = ] doy » (H.34)
=1 Il=1 i=1
and

L—1* L—1*

A WL o WE Wiy - W) > An(=Dp_))
i=1 =i
L—I* L—1i

= Z )‘m(_Dl)

=1 |=I*
L—-1 1 L—-1

= [ID_an(=D) =] d- (H.35)
Combining (H.34) and (H.33)), we have

An(Wi o W WE - WA (WL - WE  Wgr - W) > ] diy (H.36)

which leads to )\min(T{Wl}lL:l) > Hf:_ll J(i). The proof is complete as we have shown

Amin(Tpwye ) 2 Hf:_ll (Z(i) for any unimodality index [* € [L]. O

H.2 LOWER BOUND ON Apin (T{Wl}fﬂ) UNDER HOMOGENEOUS IMBALANCE

We need the following Lemma (proof in Section [H.3):

Lemma H.2. Given any set of scalars {w;}£_, such that diy = wi—w?>0,i=1,---,L—1,
we have
L L2 L—1 2 ,
2 = . 2-2/L
STt -3 = (o) + (e )
1=1 il 1=1 i=1

L
where w = [],_, w;.

Then we can prove the following:

Theorem H.3. For weights {V[/'l}lL:1 with homogeneous imbalance, we have

L1 2 L
Aain (Tiwiye, ) = (H %) + (Lobad! L(W))27 w =[] wi. (H.38)
=1 =1

Proof. When all imbalance matrices are zero matrices, this is the balanced case (Arora et al., [ 2018b))
and \in (T{Wz}f,l) = Lai;nz/L(W)_ Here we only prove the case when some d; # 0.

Notice that given the homogeneous imbalance constraint

W Wy = Wi Wiy = dil,
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W W, and W11 W/ | must be co-diagonalizable: If we have Q7 Q = I such that QT W/ W;Q is

(Cilie}gonal, then QT W, VVEHQ must be diagonal as well since QTWlTWlQ — Q"W VVEAQ =
11

Moreover, if the diagonal entries of QTWITWZQ are in decreasing order, then so are those of

QTWZHWEHQ because the latter is the shifted version of the former by d;.

This suggests that all W;,l = 1,--- | L have the same rank and one has the following decomposition
of the weights:

Wi=Qia%iQi (H.39)
Here, >;,l = 1,- - , L are diagonal matrix of size k = min{n, m} whose entries are in decreasing

order. And Q; € R >min{n.m} with QlTQl = I. (hg = n, hy, = m). From such decomposition, we
have

L
W =W W = Qo%1Q{ Q15:Q5 - - QL 13.Q] = Qo (H 21> Q7 (H.40)

=1
thus

Jmin(W) = )\min(El) . (H4l)

=

~

1
Regarding the imbalance, we have

QLW Wi = Wi Wli)Qu=dl = X}-3, =dl, (H.42)
which suggests that
Min(Z) = A (Si1) =dil=1,--- | L—1. (H.43)
Now consider the set of scalars {w; - ;:
w; = Amin(zl)al = 17' o 7l* -1
w; = /\Inin(zl-i-l)al = l*a e aL -1
wr, = AInin(zl*) .
Then {w; }/ , satisfy the assumption in Lemma|H.2}
w}—wi =dy >0,i=1,--,L—1, (H.44)

where J(i) is precisely the cumulative imbalance. Then Lemma gives ((H.41) is also used here)

L L—1 2
> Ifwi= (H Jm) + (Lo2 2 w))’ (H4S)
=1

1=1 il

Recall that

L /-1 -1 T L41 T /141
7—{Wl}lL:1E = (H Wl) (H Wz) E < H Wz) ( H Wz> ,WO = In;WL-l-l = Im .
i=0

=1 \i=0 i=l+1 i=l+1

For simplicity, define p.s.d. operators

o i) i) () (1) -

i=l+1 i=l+1
Then Ty, | = ST

Notice that the summand [ ], ” w? exactly corresponds to one of Ay, (77). For example,

L
)\Hlil’l(ﬂ) - )\min(WLT e W2TW2 e WL) = >\min <Q,£ <H Z%) QL) = H wZQ . (H46)

1=2 i#1
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More precisely, we have

£l

Amln(ﬂ) = H wy', I >1*
itl—1

)\mln(ﬁ) = H w?, [ =1*
i£L

Therefore, we finally have

L L L 2
Amin(Towiy ) zz win(T0) = > _ [[w? > (H %) +(LoZ2 o))

i=1

O

H.3 PROOFS FOR AUXILIARY LEMMAS

Proofs for Lemma@ The proof is rather simple when n = hy = ho = --- = hy_;: Notice that
A (WiWs - W W[y - W W)

> A (W aWE_) XN (WAWa - Wy oWy - WY W)

> AW i W) Mg (W o WEy) - XM (WiWa - Wi s Wiy W W)

L—1

i=1
Then it remains to show that A, (W, W) > Zf;il An(Dy) fori=1,--- L —1.
Suppose A, (W W) > ZZL;,: Ai(D) for some k € [L — 1], then we have

A (Wiea Wi y) = MW Wi1)
= /\n(Wka + Dy 1)
> )\n(Wka + A (Dg—1)
L-1 L—1
> > D)+ M(Dir) = Y Aa(Dy).
=k l=k—1

Therefore, we only need to show \,(W,_1WZ ) > X, (Dp_1) then the rest follows by the
induction above. Indeed

An(Wr—aW ) = A(WE_ Wir_1) = AW W[ + Dp_1) > An(Dr—1),
which finishes the proof for the case of n = h; = hg =--- = hp_;.

When the above assumptions does not hold, Lemma allows us to related the set of weights {W; } £

to the one { Wl} L | that satisfy the equal dimension assumption. More specifically, apply LemmaE
using each imbalance constraint

Dl:WZTWl_VVl+1VVl::»1tO7 l:17"'7L_17

to obtain a (; € R"*™ that has all the property in Lemma (). Use these Q;,1 = 1,--- ,L — 1 to
define

Wl:qulllelalzlv"' aLa
Dl:VT/ITI;Vl_lelWl+17l:17'” 7L_1

)
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where Qo = I, Q1 = I. Now {Wl}le satisfies the assumption that n = hy = --- = hp_1, then
o ) ) o L-1L-1 )
MWW W W] W) > [ D (D). (H.48)

i=1 =i
Using the properties of Q; € RM>*" [ =1,... L — 1, we have
MWWy - W W - WIWT
= A(W1Q1QTW2Q2 - QT _sWi1Qr1QF Wi, Qf 5~ Q3 WS Qi@ W)
=\ (Wi Wy W W - WEwT,

and
L—-1L-1 - L-1L-1

HZMM=H2 @D = [ Y M0

1=1 l=1 =1 l=1 =1 l=1¢

Therefore, (H.48)) is exactly
A (WiWy - W WE - WIwT H Z An(D (H.49)

O

Proofsfor Lemmaf) Since rank(A) < r, A has a compact SVD A = PY4Q7 such that Q € R"*"
and QT Q = I,.

This is exactly @ we are looking for. Let Q@ QT = I;, — QQT be the projection onto the subspace
orthogonal to the columns of (). Then

D=ATA-BB" = Q"DQ, =QTATAQ, - QTBBTQ, = QTDQ, +QTBBTQ, =0.
QTDQ, and QT BBT(Q, are two p.s.d. matrices whose sum is zero, which implies

QIDQ. =0, DQ. =0, QIBB"Q. =0, B'Q, =0.
QEDQ 1 = 0 shows that the nullspace of D has at least dimension h — r, i.e., rank(D) < r.

Moreover
AQQ"B = A(I, - Q.QT)B=AB
AQQT AT = A(I, — Q.QT)AT = AAT
BTQQ"B=B"(I,-Q.Q1)B=B"B
The last equality BT B = BTQQ™ B shows that rank(B) < r

Lastly, we have, fori =1,--- |,

X(QTDQ) = \i(QQTD) = N\i((In — QLQT)D) = Xi(D).

Before proving Lemma[H.2] we state a Lemma that will be used in the proof.

Lemma H.4. Given positive x;,© = 1,--- ,n, we have
n n 1/n
aza(Ils)
i=1 i=1

Proof. This is from the fact that arithmetic mean of {x;}?_, is greater than the geometric mean of
{l'i ?:1. O]

We are ready to prove Lemma
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Proof of Lemma|H.2] We denote

L
T, = Y [Jw? (H.50)

1=1 il

Notice that w? = w? + Z ; (w —w}, ;) = wi +dg). Let d(r) = 0, we write the expression for
T as

L L
Tewye, = > 1wl =Y T[T (wi +dw) = r(wi; {dw ") -

1=1 il 1=1 il

Therefore, when fixing {d(i) }{“;11, 7 can be viewed as a function of w%

When w = 0: one of w; must be zero, and because w? has the least value among all the weights, we
know w? = 0. Then

L—1
T{wl}iLzl = T(O’ {d(l)}sz_ll) = H d(z) )
i=1

i.e. we actually have equality when w = 0.
When w # 0: then w? # 0 and we write

L L—1
w? = [Jwi =wi [] (wi +da) = pwi;{du}"),
=1 =1

2 is a function of w? when {d(i)}iL:_ll are fixed. Here we use p to denote w? for

Las long as p > 0,

which shows w

simplicity. Moreover, function p: R>9 — Rx>( has differentiable inverse p~
because

(Lemma[IT4)
emnr_m (pL_l)l/L > 0’

B S i +do) =TT

1=1 i#l 1=1 i#l

and inverse function theorem (Rudinl [1953)) shows the existence of differentiable inverse. Whenever,
p~ 1 exists, it derivative is

-1

ZH ’LUL—|-d(Z =71,

=1 i#l

Now pick any 0 < py < w? we have, by Fundamental Theorem of Calculus,

Thwge, = T 07 (@) {do o)

P w?) g
= 72(p71(p0)5{d(i)}iL:_11)+/ dizTQ(w%;{d(i)}zL:_ll)dw%
p~(po) wL
For the first part, we have
2(p (po); {d(iy } )
2 2 9
L—1
= ZH Hpo) +dw) | = TT @7 o) +d@) | 2 (H d(i)) v
=1 il i£L i=1
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and for the second part, we have

R
/ —Tzdw%
p

P~ (w?) L » )
=[S
p~1(po) 1=1 i#l [ )
1, T
P~ (w?) L »
(Lemmal[H4) > / 27L(L —1) HH 5 dw?
p~1(po) =1 i Vit

w2

_ (LwQ—Q/L)2 _ Ut

Po Po

Overall, for any 0 < pg < w?, we have

L1 2
2
2 2—-2/L 2 2-2/L
e > (H d(i)> + (Lw / ) — LY
i=1
+

2
Let po — 0, we have 72 > (HZL:_ll d(i)> (LwQ’Q/L)Q, ie.

L-1 2
T > (H d(i)> + (sz_z/L)Q.
=1
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