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Abstract

Adaptive federated learning, which benefits from the characteristic of both adaptive op-
timizer and federated training paradigm, has recently gained lots of attention. Despite
achieving outstanding performances on tasks with heavy-tail stochastic gradient noise dis-
tributions, adaptive federated learning also suffers from the same data heterogeneity issue as
standard federated learning: heterogeneous data distribution across the clients can largely
deteriorate the convergence of adaptive federated learning. In this paper, we propose a
novel adaptive federated learning framework with local gossip averaging to address this
issue. Particularly, we introduce a client re-sampling mechanism and peer-to-peer gossip
communications between local clients to mitigate the data heterogeneity without requiring
additional gradient computation costs. We theoretically prove the fast convergence for our
proposed method under non-convex stochastic settings and empirically demonstrate its su-
perior performances over vanilla adaptive federated learning with client sampling. Moreover,
we extend our framework to a communication-efficient variant, in which clients are divided
into disjoint clusters determined by their connectivity or communication capabilities. We
exclusively perform local gossip averaging within these clusters, leading to an enhancement
in network communication efficiency for our proposed method.

1 Introduction

Federated learning (FL) (McMahan et al.,[2017)) has gained tons of attraction recently with the development
of edge computing and edge devices such as IoT devices and smartphones. It enables clients to collaboratively
learn a machine learning model by iteratively synchronizing with the central server without sharing their local
private data. Standard SGD-based federated learning methods such as FedAvg (McMahan et al.| [2017)) work
by aggregating the local-updated models via stochastic gradient descent. Recently, as the demand for training
large-scale models such as BERT (Devlin et al.l 2018), GPT-3 (Brown et al.l |2020), and ViT (Dosovitskiy!
et al., 2021)), adaptive optimizations such as Adam (Kingma & Ba) |2014)) and AMSGrad (Reddi et al., 2018))
show their efficiency compared to stochastic gradient descent (SGD). This led to the development of adaptive
federated learning methods such as FedAdam (Reddi et al., 2020) and FedAMS (Wang et al. 2022b) which
take the advantage of efficient iterative synchronization and stable adaptive optimization methods.

Despite achieving superior model training performances on tasks with heavy-tail stochastic gradient noise
distributions, adaptive federated learning still suffers from the same data heterogeneity issue as standard
SGD-based federated learning. Specifically, the statistical heterogeneity of data distribution across clients can
lead to overfitting issues of local models and degradation of global model convergence for adaptive federated
learning. This data heterogeneity issue becomes noticeable, especially in practical cases where clients are
not able to participate in each local training iteration due to system heterogeneity such as computational
capabilities. Despite that various attempts have been made in solving the data heterogeneity issue for
standard federated learning (Karimireddy et al., |2020bja; [Khanduri et al., |2021)), few studies are tackling
this issue in adaptive federated learning, especially for partial participation case where only selected clients
have participated in each round of the training process.

In this work, we aim to develop a novel federated learning framework, Adaptive Federated learning with local
Gossip Averaging (AFGA), that addresses the challenges of statistical heterogeneity in the adaptive federated
learning setting. AFGA introduces a client re-sampling strategy and peer-to-peer gossip communication



Under review as submission to TMLR

between clients during local training steps to reduce the dissimilarity between local models, thus tackling the
data heterogeneity issue. Note that AFGA does not incur extra communication between the central server
and the sampled clients, and it also does not result in extra local gradient computations. Our contributions
can be summarized as follows:

o We propose a novel adaptive federated optimization method, which benefits from both the client re-
sampling strategy and decentralized gossip averaging, to mitigate the impact of data heterogeneity
in adaptive federated optimization methods.

o We theoretically provide convergence guarantees of our proposed method in the stochastic non-
convex settings with data heterogeneity under partial client participation cases. Specifically, we
prove that our proposed method can achieve a faster convergence rate than Fed AMSGrad (Wang
et al., [2022b) in partial participation settings.

e Moreover, we also extend our framework to a communication-efficient variant, CAFGA, where clients
are divided into disjoint clusters and the local gossip communications are only performed within the
clusters, thus leading to an overall efficient communication network. We demonstrate that CAFGA
can achieve comparable performance and final accuracy to AFGA while simultaneously enhancing
overall communication efficiency.

o Extensive experiments on several benchmark datasets demonstrate the proposed AFGA and CAFGA
achieving outstanding performance with heterogeneous data in low client participation ratios.

2 Related Work

Federated learning. Federated learning (Kone¢ny et al.l [2016) play a critical role in collaboratively
training models at edge devices with potential privacy protections. Basic optimization methods for federated
learning include SGD-based global optimizer, e.g., FedAvg (McMahan et al., [2017)) (a.k.a. Local SGD (Stich,
2018) and its variants (Li et al. |2019a; Yang et al., [2021), adaptive gradient optimization based global
optimizer such as FedAdam, FedAdagrad, FedYogi (Reddi et al., |2020), FedAGM (Tong et al., |2020) and
FedAMS (Wang et al.l 2022b)). While these optimization methods for federated learning show their ability
on achieving stable results when data are heterogeneously distributed, they rarely study data heterogeneity
itself. Recently, several works address the data heterogeneity issue through several aspects. For example,
FedProx (Li et al. 2020a) adds a proximate term to align the local model with the global one, and FedDyn
(Acar et al., |2021) involves dynamic regularization term for local and global model consistency. FedNova
(Wang et al., 2020b) proposes a normalized averaging mechanism that reduces objective inconsistency with
heterogeneous data. Moreover, several works study to eliminate the client drift caused by data heterogeneity
from the aspect of variance reduction such as [Karimireddy et al.|(2020bza); Khanduri et al.|(2021); Cutkosky!
& Orabona| (2019). They introduce additional control variables to track and correct the local model shift
during local training, but they require extra communication costs for synchronizing these control variables.
Besides, FedDC (Gao et al., [2022) involves both dynamic regularization terms and local drift variables for
model correction.

Recent studies extend the decentralized training paradigm to federated learning with various adaption. For
example, |(Guo et al.| (2021) considered heterogeneous communications for modern communication networks
that improve communication efficiency, and hierarchical federated learning algorithms (Liu et al.||2020; |Abad
et al., [2020; |Castiglia et al.,|2020) develop frameworks by aggregating client models to edge servers first before
synchronizing them to the central server. E|

3 Proposed Method

3.1 Preliminaries

In federated learning, we aim to minimize the following objective through N local clients:

1Due to space limitations, we leave the detailed related work for decentralized learning in Appendix.
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ilé%}l f(z) = N;ﬁ( z:: o, [fi(2: )], (1)

where x denotes the model parameters, d denotes the dimension of model parameters z, f;(x) =
Eep, fi(x, &) is the local loss function corresponding to client ¢ and let D; denotes the local data dis-
tribution associated with client ¢. In this work, we focus on the non-convex optimization problem with
heterogeneous data distributions, i.e., f; are non-convex and the local data distribution D; are non-i.i.d.
distributed among clients. FedAvg (McMahan et all [2017) is a basic optimization algorithm to solve Eq.
with the sequential implementation of local SGD updates and global averaging.

Adaptive federated optimizations. Adaptive federated learning is proposed to incorporate adaptive
optimization methods (such as Adam (Kingma & Baj [2014) and AMSGrad (Reddi et al., [2018))) to global
optimizer by replacing the global averaging step in FedAvg. |Reddi et al.| (2020) summarizes several adaptive
federated learning algorithms, and |Jin et al.| (2022) proposed FedDA, a momentum decoupling adaptive
optimization method from the perspective of the dynamics of ODEs. FAFED (Wu et al., 2022) also studied
adaptive federated learning but in the context of full participation. Fed AMSGrad (Tong et al.l |2020; Wang
et al., 2022b) considers local SGD updates and global AMSGrad (Reddi et al 2018) update on the central
server. Specifically, at global round r € [R], the server broadcasts the model @, to selected clients in the set
S,. The selected client i conducts Z steps of local SGD updates with local learning rate 7 and obtains the
local model :ET 7. Then for the selected client 4, it obtains a model difference Al = il:r + — x, and sends to
the server. The server aggregates A’ then updates the global model 1 by taking A, as a pseudo gradient
for calculating momentum m,. and variance v, for AMSGrad optimizer, and performs one step AMSGrad
update with global learning rate 7, i.e.,

m, = 61m7‘71 + (1 - ﬁl)Am'Ur = 52”7"71 + (1 - 62)A

m,

Vo )

U, = max{V,_1,0,},Tpy1 = Tr + 7

the server finally obtains model x,; by global round r. It’s worth mentioning that if the set of selected
clients S, contains all clients, i.e., |S.| = N, it is known as full participation or without client sampling, and
if |S;] = M < N, we denote it as partial participation or with client sampling,.

Heterogeneous and inconsistency. Previous works show that FedAvg suffers from convergence degra-
dation when data is non-i.i.d. distributed on local clients (Karimireddy et al.l |2020bsa; [Wang et al., 2020b).
Several works on adaptive federated learning (Reddi et al.,|2020; |Wang et al.,2022b)) empirically demonstrate
that the unbalanced data distribution across clients may lead to worse performance, which implies these adap-
tive federated methods, unfortunately, do not escape from the convergence degradation as well. Theoretically,
it has been shown that when the local data are heterogeneously distributed among clients, Fed AMSGrad
(Wang et al., 2022b)) under partial participation setting is proved with convergence rate O(vZ/vVRM) w.r.t.
global communication rounds R, local update iterations Z and the number of participated clients M which
has a certain gap between the desired rate O(1/v RZM). Although several works apply variance reduction
techniques to show their ability to reduce the effect of data heterogeneity in federated learning (Karimireddy!
et all 2020a3b), they are less compatible with the global adaptive optimizer. This motivates us to develop
a new framework for mitigating the model inconsistency caused by data heterogeneity in adaptive federated
learning.

3.2 AFGA: Adaptive Federated Learning with Local Gossip Averaging

To reduce the inconsistency between local models and achieve a better convergence rate under heterogeneous
data in partial participation settings, we proposed a novel Adaptive Federated Learning with Local Gossip
Averaging (AFGA) method with peer-to-peer gossip communication and client re-sampling framework. The
peer-to-peer gossip communication implies that clients are able to communicate their local model without
help from the server. Suppose there are in total IV clients, we study the same objective function as other
adaptive federated learning methods with a similar global framework but a different local updating process.
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Algorithm 1 AFGA: Adaptive Federated Learning with Local Gossip Averaging
Input: initial point @1, local step size 7; and global step size n, Optimizer hyperparameter S, 82, €

1: mg <+ 0, v9g <0

2: for r=1to R do

3:  Randomly sample a subset of clients S, for collecting local updates in round r

4:  Clients Init: clients in S, receive x, from the server and broadcast to all clients with local communi-
cations

5. fort=0,..,.7—1do

6: Randomly re-sample a subset of clients S, ; for gradient computation
7: for cach client ¢ € [N] in parallel do

8: if i € S, then

0 Compute gi, = VE(a!,; ¢ )

10: Ty =Ty — MG

11: else

12: @, =z,

13: end if

14: Gossip:  x),41 = D e pni (W)iga)
15: end for

16:  end for
17: Clients i € S, send Al = CE?I — x, to the server
18:  Aggregate model updates: A, = ﬁ Yies, A
19: m, = 51mr—1 + (1 - Bl)Ar
20: U, = 52’1)7”,1 + (]. — /BQ)AZ
21: U, = max(V,_1,v,) and V, = diag(v, + €)
22: dat = —m—
Server update x,1 = @, + nm
23: end for

If we take a deeper look at the local update steps (Lines 5-16), the major difference between AFGA and
FedAMSGrad is the re-sample step (Line 5) and the gossip communication step (Line 14), which we will
discuss in detail in the following.

Client re-sampling. Note that for each global training round, we have already sampled a subset of
participating clients S,. Normally (e.g., in Fed AMSGrad), this will be the fixed chosen subset of clients who
actually performs local gradient computations throughout this global training round. Yet for AFGA, we
perform client re-sampling at each local iteration to obtain a new subset S, ; and only the selected clients
in the subset S, ; are active for gradient computation in that local iteration, while the other clients will stay
idle. Note that such a design does not incur extra local gradient computations as the size of S, ; is the same
as S;.

Gossip communications. After finishing the local gradient computations and model update with respect
to the selected subset of clients, AFGA introduces a gossip communication step that allow each client to
communicate their model weights with their connected neighbors (defined by mixing matrix W'). Note this
gossip communication step is conducted by all local clients despite being selected in S, or not.

Note that if we remove the re-sampling step by setting S, ; = S; and remove the gossip communication step
by setting !, , = wi,t/, AFGA will reduce to standard FedAMSGrad algorithm.

Remark 3.1. Our AFGA algorithm benefits from both gossip communications and client re-sampling while
preserving the stable behavior of adaptive gradient methods. The steps of re-sampling in each local iteration
help reduce the impact of data heterogeneity. It allows more clients to be included and participate in local
training, which results in training a global model with a more balanced data distribution than without re-
sampling. The peer-to-peer gossip communication is inspired by the recent advancement in decentralized
optimization (Lian et all 2017; Koloskova et al., [2020; |Chen et al., |2021bf), which has shown the ability
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to reduce the data heterogeneity issues between clients. By involving gossip communications in adaptive
federated learning, it enables local models to average with their neighbors, thus preventing over-fitting
on local data. The frequent re-sampling and gossip communications make AFGA effectively reduce the
inconsistency between local clients, thus accelerating the overall convergence especially when the number
of local steps increases. AFGA is also crucial to practical scenarios as it is compatible with low client
participation ratios and limited local gradient computation capability while addressing the challenge of
statistical heterogeneity in adaptive federated methods.

4 Convergence Analysis

In this section, we provide the theoretical convergence analysis of the proposed AFGA method. Before
starting with the main theoretical results, let us first state the following assumptions based on stochastic
optimization and adaptive gradient methods. For vector & and matrix A, we let ||z| = ||z|2 and ||A] =
||Al|F. and || A]|2 represents the spectral norm of A. We denote 1 as vector with all elements equal to 1, and
I as the identity matrix, with appropriate dimension.

Assumption 4.1. Each local objective function is L-smooth, i.e., V&,y € R%, | f;(x) — fi(y) — (Vfi(y), = —
y)| < L|j@ — y||?,Vi € [N]. This also implies the L-gradient Lipschitz condition, i.e., |V fi(z) — V fi(y)|| <
Lijz -yl

Assumption 4.2. The stochastic gradient on each client has a bounded local variance, i.e., V& € R, i € [N],
there is E[||Vf¢(w,£) — Vfi(m)HQ] < o2

Assumption to are standard assumptions in centralized and federated non-convex stochastic opti-
mization problems (Kingma & Bal, 2014} |Li et al., [2019a; [Yang et al.l 2021} [Reddi et al., [2020).

Assumption 4.3. Each local objective function f;(x) has G-bounded stochastic gradient on ¢, i.e., for all
&, we have |V fi(z,€)|| < G,Vi € [N].

Note that Assumption [£.3is a standard assumption in non-convex adaptive optimization problems for under
centralized and federated learning settings (Kingma & Bal [2014; Reddi et al.| |2018; (Chen et al.| |2020; Reddi
et al.l |2020; Wang et al., [2022ajb)

Assumption 4.4. The dissimilarity between client’s objective function and the global objective function is
bounded, i.e., Vz € R?, there is & Zf\;l IV fi(z) — Vf(@)|? < op.

Assumption 4] capture the objective dissimilarity in the cluster and between clusters. Similar data het-
erogeneity assumption, which considers the variance between local clients, is common in federated learning
(Reddi et al., [2020; [Yang et al., 2021)) and decentralized learning (Lian et al.,[2017} |Li et al., [2019b; |Koloskova,
et al.l |2020)).

Assumption 4.5 (Spectral gap). When gossip communications, clients are connected in the graph G, and
the corresponding weighting matrix W is a doubly stochastic matriz: W € [0,1]"*" W1 =1,1TW =17
and null(I — W) = span(1). We further assume the spectral gap p satisfies: there exists p € [0,1) such that
W — 31172 < p.

Assumption [.5] is highly related to the gossip communication update process and is usually assumed for
decentralized learning framework (Koloskova et al., [2020; |[Chen et al., [2021b; |Guo et al., 2021)). Specifically,
p = 0 means the matrix W with all elements %, corresponding to a fully connected centralized graph G and
p — 1 means the matrix W tends to be elements with either 0 or 1, corresponding to a graph that is nearly
disconnected. Several works (Lian et al., 2017; [Li et al.l |2019b)) alternatively assume the spectral gap p of
a weighting matrix W as the second largest eigenvalue of a doubly stochastic matrix W, i.e., p = |A2(W)],
and this spectral gap holds the same role for revealing the connectivity of the graph.

Theorem 4.6 (Convergence analysis for Algorithm (). Under Assumptions if the local learning rate
n=0O(N+I/M) and nq; = O(1/V RI?), and the network spectral gap satisfies p < MLJFN, then the iterates
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of Algorithm[1] in partial participation scenarios satisfy

1 & )
z ;E[Ilvf(wr)ll ]

— 0(\/];17]\4 {[fo — [+ (o} +02)(1+ CJXZ)D +0(11% {GQ—FLQ,OQJ? + p??) +6(R§/2), (3)

where (5() hides all the absolute constants and problem dependent constants including p, o, Ug,Z, M,N.

Remark 4.7. Theorem suggests that with sufficient amounts of global communication rounds R, i.e.,

R > TM, our proposed method achieves a convergence rate of (9( \/RlIW \/\I/%iM)

of adaptive federated optimization methods under partial client participation (Wang et al.| [2022b). This
suggests that AFGA can indeed bring accelerated convergence through local gossip communications.

), which improves the rate O (

Remark 4.8. The second and third terms in the convergence rate Eq. equation [3]contain terms with spectral
gap p of the gossip communication network. A larger value of p corresponds to a sparser network, which
results in a larger variance term in the convergence rate, indicating that the dissimilarity variance has not
been completely eliminated. Specifically, when p = 0, i.e., all clients are fully-connected, we have the second
term in Eq. equation [3| reduce to O(%), which indicates that the non-dominant variance term of the
convergence rate can be further reduced by sufficient local communications.

5 Communication-efficiency: Clustered-clients AFGA and Further Adaptation

Algorithm 2 CAFGA: Clustered-Client Adaptive Federated Learning with Local Gossip Averaging
Input: initial point x1, local step size 7; and global step size n, Optimizer hyperparameter S, 82, €

1: my 0, v9 <0

2: forr=1to R do

3:  for each cluster k € [K] in parallel do

4 Randomly sample a subset S* for collecting local updates in round r

5: Init: clients in Sff receive x, from the server and broadcast x, to all local neighbors
6 fort=0,....,Z7—1do

7

Randomly re-sample a subset of clients Sﬁt for

gradient computation

8: for each client 7 € V}, in parallel do

9: if i € SF, then

10: Compute g., = VF(x} ;&)

11: ‘Bi,t/ = wi,t - Ulgi,t

12: else

13: x =,

14: end if

15: Gossip Comm: @, ,, = e (W)i,ja:f,,t,
16: end for

17: end for

18: Clients i € S* send Al = @) 7 — x, to the server

19: end for

20:  Aggregate: A, = & >kelK] |$71i‘\ > iesk Ar

21:  Server update follows Lines 19-22, Algorithm
22: end for

CAFGA. While the frequent gossip communications enhance the overall performance of heterogeneous
federated learning, it indeed involves extra peer-to-peer communication overhead, which makes our proposed
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AFGA less efficient in communication especially when clients are densely connected. Recent studies
let al.| |2021} [Yuan et al. [2020) show that clients can be gathered into neighboring clusters based on locations
or network capabilities, in which gossip communications are less expensive than communicating with the
whole network. A similar idea of dividing clients into clusters has recently been studied in federated learning
(Guo et al.| 2021; Malinovsky et al., 2022; Long et al., 2022) and receives a lot of attention. Note that
under a cluster-clients design, part of the network clients are grouped in a cluster, and clients within the
cluster can be connected through high-bandwidth peer-to-peer communications, leading to an efficient gossip
communication network and a relatively smaller spectral gap. This leverages the communication efficiency
for applying gossip communications while maintaining comparable performance for our proposed AFGA.

Suppose there are still in total N clients, we study the same objective as Eq. equation [I] but we partition
the clients into K disjoint clusters where each of them has n clients (N = Kn). We denote V;, as the set of
local clients in cluster k, k € [K] and denote the neighbors for client i € V), as A}i. Similar to Algorithm
we denote the weighted matrix of gossip averaging as Wy, and the corresponding spectral gap pi. We then
refer pmax as the maximum spectral gap among all clusters to represent the overall density in the network.

Algorithm [2| summarizes the proposed Clustered-clients paradigm AFGA (CAFGA). At the beginning of
global round r, the server sample total M clients (for convenience, uniformly sampled m clients in each
cluster) for global synchronization. The update rule inside each cluster follows the similar local update
rule as Algorithm [1| with clients re-sampling and gossip communications in each local iteration, all clusters
perform the training process parallelly. To be specific, at the ¢-th local iteration in cluster k, clients in the
re-sampled subset Sﬁ . are active for gradient computation, while the unselcted clients stay idle. All clients
in cluster k then perform a gossip communication step with mixing matrix Wj. The leftover global update
process of the clustered-client framework is the same as Algorithm [I] and FedAMSGrad.

We also provide a complete theoretical convergence analysis for the Clustered-clients paradigm of AFGA
(CAFGA); due to space limits, we referred interested readers to Appcndix@l for more details. In a nutshell,
our theoretical analysis suggests that the convergence of CAFGA is related to pp,q; which aligns with the
convergence rate of Algorithm [I} and implies that more densely connected gossip communications can help
reduce the impact of data heterogeneity. Empirically we observe that under the same gossip communica-
tion structure (e.g., ring topology), the clustered-clients paradigm obtains performance improvement since
grouping the whole network into disjoint clusters making the local clients more densely connected thus have
smaller p values. The clustered-clients paradigm enables efficient and dense connections for adequate model
averaging, which keeps the benefits of further mitigating the effects of data heterogeneity.

Communication-adapted: reduce the communication frequency. Despite AFGA achieves a faster
convergence rate, one noticeable drawback is that it requires all clients to stay online to conduct frequent
gossip averaging, even if some of the clients do not participate in local training (gradient computation).
We want to emphasize that this design is mainly for the ease of theoretical analysis. In practice, we can
avoid this issue by enforcing gossip communications only on selected clients in each roun(fl As shown in
the next Section, such a communication-adapted AFGA actually enjoys similar model training performances
compared to the original AFGA algorithm without requiring dense gossip communications for all clients.
Also, note that this communication-adapted can also be applied here to CAFGA for further improving
communication efficiency while achieving similar model performances.

6 Experiments

Datasets and models. We conduct experiments on CIFAR-10 (Krizhevsky et al., 2009), CIFAR-100
(Krizhevsky et al., |2009) and Shakespeare (Caldas et al) [2018) dataset with various data sampling levels
and client participation settings. We evaluate experiments on non-i.i.d. data distributions by a Dirichlet
distribution partitioned strategy with parameter o = 0.6 similar to [Wang et al.| (2020afb)). For image clas-
sification tasks on CIFAR-10 and CIFAR-100 datasets, we adopt a ConvMixer-256-8 network

’For example, suppose we train AFGA with a ring topology and select M out of N clients to participate in each round. We
can form a new ring topology over the M selected clients and only ask them to communicate over the new ring topology. In
this way, the gossip communications only include these active clients while other unselected clients do not need to stay online
and participate in the training process.
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& Kolter, [2022), which shares similar ideas to vision transformer (Dosovitskiy et al., |2021)) to use patch
embeddings to preserve locality and similarly, and is trained via adaptive gradient methods by default. For
the next-character prediction task on Shakespeare, we adopt a 2-layer LSTM network, with 80-dimensional
word embedding and 256 hidden units per layer, and follow a dropout layer with dropout rate 0.5.
Baselines and methods. We compare our method with several federated learning and adaptive feder-
ated learning baselines including FedAvg (McMahan et al.| |2017)), FedAdam (Reddi et al.| |2020), Fed AMS-
Grad(Wang et al.| 2022b)), SCAFFOLD (Karimireddy et al. 2020b)) FedProx (Li et al., 2020b|) and FedDyn
(Acar et al.l |[2021)).

Implementation overview. The number of local training iterations Z on each client is set to 24 for ex-
periments on CIFAR-10 and CIFAR-100 datasets, and Z = 100 for experiments on the Shakespeare dataset,
and the batch size is set to 50 for all experiments by default. We report 500 rounds for the CIFAR 10
and the Shakespeare datasets and 600 rounds for the CIFAR-100 dataset. For local update, we use the
SGD optimizer with a learning rate from {0.1, 1} for SGD-based global optimization methods (FedAvg,
SCAFFOLD, FedProx, and FedDyn), and use SGD optimizer with a learning rate from {1,2,10} for adaptive
global optimization methods. For a fair comparison, the local SGD updates apply no momentum and no
gradient clipping steps for all methods. We set the global learning rate as 1 for SGD-based global update,
and set the global learning rate as 0.01 for global adaptive optimization, FedAdam, Fed AMSGrad, and our
proposed AFGA. See Appendix [C] for more details about the experimental setup including datasets, models,
and hyperparameter details.

6.1 Main Results

Table 1: The test accuracy of different methods on CIFAR-10 and CIFAR-100 datasets. Setting 1: 100
clients, 5% participation. Setting 2: 50 clients, 10% participation. We take the average of the last 5 global
rounds to represent final accuracy.

‘ CIFAR-10 ‘ CIFAR-100
Method Setting 1 Setting 2 Setting 1 Setting 2
Ace.  R# (78%)  Ace.  R# (78%) | Ace. R# (52%) Ace. R# (52%)

FedAvg 74.08 313 77.26 180 50.28 600+ 51.34 600+
FedAdam 77.13 425 78.72 157 51.15 6004 51.98 375
FedAMSGrad | 76.75 388 79.67 154 50.35 600+ 52.59 278
SCAFFOLD 76.06 273 78.44 146 51.97 396 53.71 235
FedProx 74.30 500+ 76.99 180 49.38 600+ 51.18 600+
FedDyn 77.69 297 78.27 160 51.97 396 51.21 600+
AFGA 78.80 302 82.61 152 52.09 436 53.03 369
CAFGA 80.20 233 83.03 112 54.10 380 54.57 230

We summarize the performance of our proposed methods and other federated learning baselines in Table
and Due to space limits, we leave the learning curves and most ablation studies in Appendix [C} Our
experiments based on two settings, Setting 1: 100 clients with 5% participation ratio and Setting 2: 50
clients with 10% participation ratio. For the Clustered-clients AGFA (CAFGA), we evenly partition clients
into 5 clusters for both settings, i.e., for Setting 1: there are 20 clients in each cluster with participate
ratio 5%, and for Setting 2: there are 10 clients in each cluster with participate ratio 10%. We set ring
topology as the default gossip communication topology.

Results on CIFAR-10 and CIFAR-100. Table [I] shows the overall performance on training CIFAR-10
and CIFAR-100 datasets with ConvMixer-256-8 model. We observe that AFGA shows improvement upon
other baselines, and the proposed CAFGA achieves better performance than AFGA.

For Setting 1 on CIFAR-10, AFGA shows approximately 2.5% improvement in accuracy compared to
SCAFFOLD, and 2% improvement compared to FedAMSGrad, The proposed CAFGA, our extension on
clustered-clients setting, further improves 1.4% accuracy based over AFGA. For Setting 2 on CIFAR-10,
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Table 2: The test accuracy of different methods on Shakespeare datasets. Setting 1: 100 clients, 5%
participation. Setting 2: 50 clients, 10% participation. We take the average of the last 5 global rounds to
represent final accuracy.

Setting 1 Setting 2
Method Acc.  R#&(B2%) | Ace. R (52%)
FedAvg 1977 500+ | 4959 500+
FedAdam 5236 301 | 5211 189
FedAMSGrad | 52.55 239 | 52.00 220
SCAFFOLD | 50.51 5004 | 52.98 166
FedProx 571 252 | 5191 229
FedDyn 50.47 500+ | 50.84 500+
AFGA 53.00 121 | 5320 108
CAFGA 5295 152 | 53.54 91

AFGA demonstrated around 4% increase in accuracy over SCAFFOLD and 3% increase over Fed AMSGrad.
In both settings, AFGA and CAFGA show their superior performance in achieving desired test accuracy. This
demonstrates our proposed AFGA and CAFGA achieve overall better performance than adaptive federated
learning methods and other federated learning baselines in both settings.

In experiments on CIFAR-100, for Setting 1, AFGA roughly obtains similar performance as SCAFFOLD
and FedDyn, while CAFGA can significantly outperform all baselines with more than 2% increase over
SCAFFOLD. For Setting 2, our proposed CAFGA still outperforms other federated learning baselines
while AFGA is slightly inferior to SCAFFOLD and FedDyn.

Results on Shakespeare. Table[2]shows the overall performance of training the Shakespeare dataset with
a 2-layer LSTM network. For Setting 1 on Shakespeare, AFGA shows approximately 2.5% improvement
in accuracy compared to SCAFFOLD, and 0.5% improvement compared to Fed AMSGrad. The proposed
CAFGA achieves very similar final accuracy as AFGA and is also significantly better compared to other
baselines. For Setting 2 on Shakespeare, AFGA addresses increasing in accuracy over Fed AMSGrad,
while CAFGA outperforms AFGA in final results. In both settings, AFGA or CAFGA show their superior
performance in achieving desired test accuracy.

6.2 Communication run-time simulations

Table [3] presents a simulation study as a substitution of the real-world measurement similar to [Guo et al.
(2021). Consider a limited bandwidth setting where the average time of client-to-client communication cost
is 1.8 seconds, and the average time of client-to-server communication cost is 18 seconds. Table [3] suggests
that even when considering client-to-client communication costs, our proposed AFGA and CAFGA can
still efficiently achieve high accuracy with less overall communication costs. This implies that though our
proposed methods incur extra local gossip communications, it helps mitigate the impact of data heterogeneity
thus improve the overall performance.

Table 3: The communication time under for CIFAR-10. Setting 1: 100 clients, 5% participation ratio.

Test Accuracy ‘ 70% 75% 78% 80%
FedAMSGrad time (h) | 76.0 128.0 194.0 281.0
AFGA time (h) 91.76  130.98 223.48 250.86
CAFGA time (h) 76.22 102.86 172.42 179.82

6.3 Ablation Studies

Sensitivity of gossip averaging and client re-sampling. We conduct experiments studying how the
individual components, gossip averaging and re-sampling, and the clustered-clients framework contribute
to the proposed AFGA and CAFGA. Table [4] presents the ablation study of the contribution of individual
components, which indicates that the gossip averaging and client re-sampling simultaneously contribute to
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the accuracy improvements of AFGA. Furthermore, by the results from Table |4 (also with the observation
of the learning curves in Appendix [C]), it shows that the clustered-clients paradigm further improves overall
accuracy. These results show our intuition of utilizing gossip averaging and client re-sampling can effectively
mitigate data heterogeneity, and also address the benefit of the clustered-client framework that consistently
helps improve the performance. In addition to the aforementioned ablation studies, we have also conducted
further ablation studies to investigate the effect of data heterogeneity, examine different gossip averaging
topologies to understand the impact of the spectral gap on model performance, and explore the effects of
varying the number of local iterations. Due to constraints on space, we provide detailed ablation studies and
results in Appendix.

Table 4: Ablation of components at the last 5 rounds (in total 500 rounds) in training CIFAR-10 on
ConvMixer-256-8 model.

Methods (Fed AMSGrad) | Acc.
FedAMSGrad Only 79.67
+Gossip 81.65
+Gossip + Re-sampling (AFGA) 82.61
+Gossip + Re-sampling 4+ Clustered (CAFGA) | 83.03

6.4 Communication-Adapted AFGA and CAFGA

Table [5] shows the test accuracy and the total global round to reach target test accuracy of communication-
adapted AFGA and communication-adapted CAFGA which we have discussed in the previous Section. We
can observe that both communication-adapted methods achieve similar test accuracy compared with their
original version. This suggests that in practice we can still solve the data heterogeneity issue without
requiring all clients to participate in gossip communications. Due to space limitations, we left additional

Its_of the CIFAR-100 dataset in A di
Nable 5 The test accuracya( ggt) “and'the totatglobal rounds (R#) to reach 78% test accuracy of different

methods when training ConvMixer-256-8 model on CIFAR-10 dataset, where (a) denotes the communication-
adaptive version. Setting 1: 100 clients, 5% participation. Setting 2: 50 clients, 10% participation.
Setting 3: 100 clients, 10% participation. Setting 4: 50 clients, 20% participation. We take the average
of the last 5 global rounds to represent final accuracy.

Setting 1  Setting 2
Method Acc. R# Acc. R#
AFGA 78.80 302 82.61 152
AFGA (a) 76.59 419 81.51 259

Setting 3 Setting 4
Method Acc. R# Acc. R#
CAFGA 81.56 142 83.15 69
CAFGA (a) | 81.15 194 8299 136

7 Conclusions and Future Works

In this paper, we propose a novel adaptive federated optimization algorithm, AFGA, that addresses data
heterogeneity across clients and mitigates local model inconsistency by introducing gossip communications
and client re-sampling during local training steps. We present a completed theoretical convergence analysis
for the proposed AFGA. We prove that AFGA achieves a faster convergence rate than the previous adaptive
federated optimization method for partial participation scenarios with heterogeneous data under non-convex
stochastic settings. We extend AFGA to a more communication-efficient clustered-clients paradigm, where
clients are divided into disjoint clusters and we only perform local gossip averaging within the clusters.
The extended CAFGA algorithm is aimed at reducing the communication overhead introduced by gossip
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communications while maintaining the benefits of client re-sampling and gossip communications under het-
erogeneous data. Experiments on several benchmarks and ablation studies backup our theory.

Despite successfully tackling the data heterogeneity issue among clients by introducing gossip communica-
tions and client re-sampling, our current proposed methods also have certain limitations. First, extending
the theoretical analysis to the communication-adapted versions is challenging and highly non-trivial. More-
over, gossip communications also incur extra challenges if attempting to further apply secure aggregation
schemes to our method. Also if not all clients are trusted and there exist malicious clients, the frequent
gossip communications between clients may increase the risks of model poisoning or privacy attacks. We
leave those new challenges as future works.
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A Appendix

B Related Work

Federated learning. Federated learningKonecny et al.| (2016]) play a critical role in collaboratively training
models at edge devices with potential privacy protections. Basic optimization methods for federated learning
include SGD-based global optimizer, e.g., Fed Avg McMahan et al.|(2017)) (a.k.a. Local SGD and
its variants|Li et al.| (2019al)); | Yang et al.|(2021)), adaptive gradient optimization based global optimizer such as
FedAdam, FedAdagrad, FedYogi [Reddi et al.| (2020), Fed AGM |Tong et al.| (2020) and Fed AMS
. While these optimization methods for federated learning show their ability on achieving stable
results when data are heterogeneously distributed, they rarely study data heterogeneity itself. Recently,
several works address the data heterogeneity issue through several aspects. For example, FedProx [Li et al.|
adds a proximate term to align the local model with the global one, and FedDyn |Acar et al.| (2021
involves dynamic regularization term for local and global model consistency. FedNova Wang et al.| (2020b
proposes a normalized averaging mechanism that reduces objective inconsistency with heterogeneous data.
Moreover, several works study to eliminate the client drift caused by data heterogeneity from the aspect of
variance reduction such as|Karimireddy et al.| (2020bza)); [Khanduri et al.| (2021);|Cutkosky & Orabonal (2019).
They introduce additional control variables to track and correct the local model shift during local training,
but they require extra communication costs for synchronizing these control variables. Besides, FedDC
involves both dynamic regularization terms and local drift variables for model correction.

Decentralized learning and beyond. Decentralized learning studies a distributed machine learning
paradigm without a central server. It can been tracked back from gossip averaging techniques [Tsitsiklis|
(1984); Boyd et al| (2006). Decentralized (gossip) SGD algorithms [Lian et al.| (2017); [Li et al] (2019b)); Boyd
let al.| (2006); [Tang et al.| (2018) are then proposed that consider client-to-client communications after each
step of SGD update on the client for decentralized learning. [Lu & De Sa| (2021)) proves a tight lower bound
for decentralized training under the non-convex setting. [Teng et al.| (2019)) proposes a leader-distributed SGD
algorithm that pulls workers to the currently best-performing model among all models. There are recent
studies generalized various distributed SGD algorithms under unified frameworks, where Wang & Joshi
@ included reducing communication costs and decentralized training in i.i.d. settings, and |Koloskova,
et al. (2020) studied a general network topology-changing gossip SGD methods that summarize several
algorithms in distributed and federated learning.

—_

Recent studies extend the decentralized training paradigm to federated learning with various adaption. For
example, (Guo et al.| (2021) considered heterogeneous communications for modern communication networks
that improve communication efficiency, and hierarchical federated learning algorithms Liu et al.|(2020); Abad|
let al| (2020); [Castiglia et al. (2020) develop frameworks by aggregating client models to edge servers first
before synchronizing them to the central server.

C Additional Experiments

In this section, we present additional empirical results for our proposed algorithm AFGA and CAFGA in
training ConvMixer-256-8 model [Trockman & Kolter| (2022) on CIFAR-10/100 Krizhevsky et al. (2009)
datasets, and in training LSTM model on Shakespeare (Caldas et al.| (2018) dataset. All experiments in this
paper are conducted on 4 NVIDIA RTX A6000 GPUs.

C.1 Additional Experimental Results

Additional Experimental Results on CIFAR-10. Figure |l| shows the overall test accuracy curves of
experiments on CIFAR-10. It demonstrates that our proposed AFGA and CAFGA achieve overall better
performance than adaptive federated learning methods and other federated learning baselines in both set-
tings. Furthermore, we provide the test accuracy of multiple runs with different seeds on CIFAR-10 in Table
[6] for better verification of the effectiveness of our proposed method.
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Table 6: The test accuracy of different methods on CIFAR-10 datasets. Setting 1: 100 clients, 5% partici-
pation. Setting 2: 50 clients, 10% participation. We report the average and the standard derivation over

3 runs with different random seeds.

Setting 1 Setting 2
Method Acc. & std Acc.& std
FedAvg 75.57 £ 1.10 76.85 £+ 1.69
FedAdam 77.07 £ 0.05 78.46 + 0.19
FedAMSGrad | 77.53 £0.60 79.59 + 0.76
SCAFFOLD 76.94 £ 1.17  76.46 £+ 3.95
FedProx 75.63 £1.24 76.91 + 1.39
FedDyn 77.68 £ 0.06 78.55 £+ 0.36
AFGA 78.45 £ 0.58  80.02 £ 2.00
CAFGA 79.18 +£ 1.02 82.10 + 0.67
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Figure 1: The test accuracy for AFGA and CAFGA with several federated learning baselines in training
CIFAR-10 data on ConvMixer-256-8 model.

Additional Experimental Results on CIFAR-100. Figure[2]shows the empirical result for our proposed
AFGA and CAFGA together with several federated learning baselines on training CIFAR-100 ConvMixer-
256-8 model. They demonstrate that our proposed AFGA and CAFGA achieve overall better performance
than adaptive federated learning methods and other federated learning baselines in both settings.
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Figure 2: The test accuracy for AFGA and CAFGA with several federated learning baselines in training
CIFAR-100 data on ConvMixer-256-8 model.

Additional Experimental Results on Shakespeare. Figure |3| shows the training curves for our
proposed AFGA and CAFGA together, along with several federated learning baselines, in training a 2-layer
LSTM network on the Shakespeare dataset. These results indicate that our proposed methods outperform
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adaptive federated learning methods as well as other federated learning baselines in both experimental
settings.
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Figure 3: The test accuracy for AFGA and CAFGA with several federated learning baselines in training
Shakespeare data on LSTM model.

C.1.1 Ablation Studies and Other Comparisons

Ablation on data heterogeneity. We further conduct experiments to investigate the impact of data
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Figure 4: Ablation study with different heterogeneity degree of CAFGA in training CIFAR-~10 on ConvMixer-
256-8 model.

heterogeneity as theoretically both Fed AMSGrad and our proposed AFGA show that the convergence rate is
highly related to the model dissimilarity. We use Dirichlet(«) distribution for data partitioned in experiments,
where « represents the degree of heterogeneity (smaller o implies more heterogeneous data distribution),
and we choose a from {0.3,0.6} together with the i.i.d. data partitioned setting for ablation study. The
rest of the experimental setup is the same as CAFGA in Table ] Figure [f] shows the learning curves for
different non-i.i.d. degrees. We observe that the data heterogeneity across clients still significantly affects the
convergence and generalization performance for our proposed CAFGA, as a more balanced data distribution
attains faster convergence and higher accuracy.

Ablation of gossip averaging topology. We also conduct ablation studies on how the gossip averaging
topology affects the overall performance in the clustered-clients paradigm (CAFGA). Figure [5| shows the
ablation study on clusters’ maximum spectral gap p.

We follow the setting of CAFGA in experiments shown in Figure[[]and Table[]]with 50 clients to 5 clients with
a participation ratio of 0.1. Specifically, we compare various of pmax from pmax = {0,0.335,0.766,0.873}
calculated by balanced fully-connected, unbalanced fully-connected EI, random, and ring typologies corre-
spondingly. We observe that the fully-connected topology (relatively small pax value) contributes to faster
convergence, which aligns with the theoretical result that smaller p can help reduce the impact of data
heterogeneity.

3This means that clients in the cluster are connected with all their neighbors but with random weighted averaging elements.
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Figure 5: Ablation study with different heterogeneity degree of CAFGA in training CIFAR-10 on ConvMixer-
256-8 model.

Ablation of local iteration. We further study how the local iteration affects the convergence of our pro-
posed CAFGA algorithm. Figure [6] shows the ablation study about local iterations, we compare the number
of local iterations Z from Z = {12,24,48}. We observe that larger Z indeed helps accelerate convergence on
training loss and helps to obtain a higher test accuracy. This result backs up our theory that the increasing
number of local steps would help the overall performance.
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Figure 6: Ablation study with different heterogeneity degree of CAFGA in training CIFAR-10 on ConvMixer-
256-8 model.

Comparisons to Decentralized Methods. = We have briefly discussed decentralized learning in the
related work in the main paper, here we provide more discussion about our proposed methods and the
decentralized algorithms. Decentralized learning can certainly prevent single point failure without a central
server, its performance is not on par with the conventional server-client FL setup, especially when data are
heterogeneous distributed. In sharp contrast, the periodic synchronization between server and clients in our
proposed method can help align local models for better convergence and ease the data heterogeneity issue
in adaptive federated learning, which is mainly focus of this paper. Moreover, the central server setting
allow us to easily apply adaptive optimizer for stable performances, while decentralized learning methods
are mostly limited to SGD-based update as the adaptive optimizer needs the alignment of gradient update,
otherwise suffers from some divergence issue |Chen et al.| (2021a)).

We provide some experimental results comparing our proposed methods with decentralized algorithms in-
cluding DSGD |[Lian et al. (2017), DAdam [Nazari et al| (2019); |Chen et al|(2021a) and PGA
(2021b) under the same training settings. The following table shows the comparison result for several de-
centralized methods and our proposed AFGA and CAFGA. It shows that our proposed AFGA and CAFGA
indeed attains better test accuracy results comparing to other decentralized baselines.

17



Under review as submission to TMLR

Table 7: Comparison to decentralized algorithms.
Method | Test Accuracy(%) Rounds (78%)

DSGD 80.23 50
DAdam 70.37 227
PGA 80.93 210
AFGA 82.16 152
CAFGA 83.03 112

C.2 Hyper-parameters Details

Hyper-parameter Settings. We conduct detailed hyper-parameter searches to find the best hyper-
parameter for each baseline. We grid over the local learning rate n; € {0.001,0.01,0.1,1.0}, and the global
learning rate n € {0.001,0.01,0.1,1.0,2.0,5.0,10.0} for each method. For the global AMSGrad optimizer,
we set 81 = 0.9, 81 = 0.99, and we search the best € from {1071°,1078,107¢,10~*}. Table [§] summarizes
the hyper-parameter details in our experiments.

Experiments are set up with Setting 1: 100 total clients, and Setting 2: 50 total clients in the network.
For CAFGA, clients are equally divided into 5 clusters. The partial participation ratio is set to p = 0.05 for
Setting 1 and p = 0.1 for Setting 2, and the gossip communication topology is ring topology by default.
For each method, we conduct Z = 24 iterations of local training with a batch size of 50 by default.

Table 8: Hyper-parameters details.

Setting 1 (100 clients 5% participation)

‘ FedAvg FedAdam FedAMS SCAFFOLD FedProx FedDyn AFGA CAFGA
Data m n m n m n m n m n m n m n m n
CIFAR-10 0.1 1.0 1.0 0.01 1.0 1.0 0.1 1.0 0.1 1.0 0.1 1.0 0.01 2.0 0.01 2.0
CIFAR-100 0.1 1.0 1.0 0.01 1.0 1.0 0.1 1.0 0.1 1.0 0.1 1.0 0.01 1.0 0.01 1.0
Shakespeare 1.0 10 10 001 10 10 O0.1 1.0 0.1 10 0.1 1.0 0.01 100 0.01 10.0
Setting 2 (50 clients 10% participation)

‘ FedAvg FedAdam FedAMS SCAFFOLD FedProx FedDyn AFGA CAFGA
Data&Model | n m n m n m n m n m n UL n YL ”
CIFAR-10 0.1 1.0 1.0 0.01 1.0 1.0 0.1 1.0 0.1 1.0 0.1 1.0 0.01 2.0 0.01 2.0
CIFAR-100 0.1 1.0 1.0 0.01 1.0 1.0 0.1 1.0 0.1 1.0 0.1 1.0 0.01 1.0 0.01 1.0
Shakespeare 1.0 1.0 1.0 0.01 1.0 1.0 0.1 1.0 0.1 1.0 0.1 1.0 0.01 10.0 0.01 10.0

D Convergence Analysis for Clustered-clients framework

We re-state two cluster related assumptions, the assumption of inter-client dissimilarity and the assumption
of gossip mixing spectral gap, and the theorem in the following.

Assumption D.1. The dissimilarity between client’s objective function and corresponding cluster’s objec-
tive function is bounded, i.e., for all x,k € [K], there is >, |V fi(z) — Vfi(x)||* < of. Similarly,
clusters’ objective function the global objective has a bounded dissimilarity variance: for « > 1 and 0. > 0,
there is % 3y e) IV Fx(@)[2 < 02|V f(@)|]? + 2.

Assumption D.2 (Intra-cluster spectral gap). Local clients in cluster k are connected in the graph Gy
with weighting matrix W, satisfies same characteristic as Assumption [.5] We assume the spectral gap pi
satisfies: there exists p; € [0,1) such that [|[W, — 2117, < py.

We further denote 5l2 = % Zszl O']% as the average dissimilarity between local clients in the same cluster,
and denote pmax = maxie[x] pr as the maximum spectral gap among all K clusters.

Theorem D.3. Under Assumptions and [D23, if the local learning rate satisfies specific con-
straints, and the mazimum spectral gap satisfies pmax < 7735, then the iterates of Algorithm (1| in partial
participation scenarios satisfy
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b:J \

2 ste) =0 ( 1+ (7 ) (1577 ) )
+ O(R [GQ + L2(02 + p2G2) + ’%I"UQD + 6(}331}/2) (4)

where (5() hides all the absolute constants and problem dependent constants including p, o, ag,I M,N, and
additionally we denote % = 0® 4+ 67 + 2 as the variance summation.

E Preliminaries

We define the following auxiliary sequences, w.r.t. «,, ;7 ,. Firstly, we denote the average model on cluster
k as

jlﬁ,tJrl = :E]:,t - mgf,t, (5)
where gff, = 1 Yicy, 95+ We also define the global average model

N

_ _ 1 i
Trit+1 = Trt — UZN Z;gr,t' (6)

We next define sequences related to model differences, we denote the average model difference on cluster k
as AF and the average global model difference A, without sampling consideration.

T-1
Av’f:%ZAi:%Z(a)ilfmr):i:flfmr—w ngrt r:*m;gﬁt

1€ Vg 1€V
B SR DN PR SR ST )
ke[K zevk ke[K t=0 ke[K]i€Vk

recall the definition of A,

DD B S S (8)

ke[K] €Sk ke [K]ieSk

note that for A,, we have the following result, which shows that A, in the algorithm is the unbiased
estimation of global average model difference A,.

N
Es [A] =A== Z Z:c T, = Jb;mf@ —x,. (9)

keK] i=1

F Proof of Theorem

Proof of Theorem[{.6 From Section [E] we have the following results,

1K
b R 8 Y S ek 30

k=14ieSk k=1icSk
I-1
Al = Al = . ; 10
r = ( T,I - wT) - E gr,t' ( )
zesfC zesﬁ ieSk t=0 jesk
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Since we have two sampling process: sampling clients for global communication per global round r, and
sampling selected clients for local gradient update per local iteration t, hence we state the following auxiliary
equations

7€SZ”T =1
1 & 1 & 1 1 Ea— 1
Es,[Ar] =Es, T > Alﬁ] =% > Eslak] = I > Es {m ng;t]
=1 i=1 i=1 'LES]S t=0 zesf,,,

I
=
] >
=
[
3|
]
M1
3|3
1Y
Iﬁ—l
|
| -
M=
&
SM‘,_.
2
M=
Q
ILI

K
m 1 i m <
= % Z ) Gir = A W

Thus, --A, is the unbiased estimate of A,. Similar to previous works (Zhou et all|2018; [Chen et al., [2020)),
we introduce a Lyapunov sequence z,: assume xg = x1, for each r > 1, we have

B1 1 B1

= —XLy_1) = — 1. 12
z wr"'l_ﬁl(mr Ly 1) 1_51*731" 1_51-737“ 1 ( )
For the difference of two adjacent element in sequence z,, we have
1 b1
Zr4l — Zr = E(wr+1 - wr) - 1_ Bl (wr - $r,1)
1 ~ b1 S5—1/2
= V 1/2m7~ _ V7 m,_—
lfﬁl(nr ) g5,V 1
_ 1 V172 |:ﬂlmr—1 (- Bl)Ar] ! WV
1—5 1-5
— g V12A, - U% <‘77)—_11/2 B ﬁ1/2) "1,
— b1

By Assumption with the property of L-smoothness, for r € [R], taking conditional expectation at global
round r, we have

Elf (zr01)] — f(22) < BV F(20): 20s1 — 20)] + ZE[[[2r1 — 2]/

2

(e 47| (e 2 60

PLlollg-12n B (g2 p-v/ ’
i EHV Vs, - o (Ve - Ve

= nE [<Vf(wr>, ff;”%}} —nE KVf(zr), - 5 5 (Vo2 - 17;1/2)m”>}
I II

n*L -1/ B o-1/2 -1/ ?

+2EHVr VI, = T (V- VR e
III

| (1) = V(). T2, (13)

v
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F.1 Bounding [

We have

Ve )|
A,

<
-e(vren. e (e B ) o

For the first term in Eq. recall that A, = ZA, = -7 . 1 Zl 1 Zt o 9.1, we have

Aot
S (e i)

/821}7" 1 +€

_nmm (15)

KW NZW >}

where the last equation above holds by the unbiasedness of stochastic gradient, then we have

Py E i)

{

iEKm’Ni PR
(3
-#[(3

oy )]
\/52% e \/ﬁzvr 1+eN ZVfZ T

V() < Zsz ) ;{évﬁ(m’;’t)»} (16)

Y/ BoOr—1 + € \/ﬁzvr 1+e
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Since we have inequalities, (,b) = [|||* + [|b]|> — || — b]|? and (,b) < £|[||* + 1||b]|, then we have

o e 53 hiet)
VBt +e N &

Vf(z, 2
Su e

I/\
m

\/52% 1+€NZVf1 N

2

1 1 ) 2 1 Vi(x,)
e [V f(x,) — — (., _z
H \4/5217r—1+€< fla) NZVf (@ ’ )> ] 4 H‘ /BaUr_1 + €

ﬁ (Vf (@) - é;vw’w) 2}
1Y P E

: ﬂzv,« o <N >Vl - K};ka@r,t))
] |:HKvak(:r’l:,t) T

}+EW”%2wzm1

], (17)

\4/ ﬂ2vr 1 +€K Zka

+Nﬁ$?ﬁﬁ ﬁ{

1 1
< - BV @I - 1B |5 Zsz )

]

1 1< .
v “E[wa - 2 Vet

[HNZW ;) Zka

where the second inequality holds by the property of variance v,: ||z[?Cy' < ||=||?(B20,-1 + €)7V/2 <
[|||%€!/2. The last three terms above are highly related to bound the inter-cluster consensus error ||z, — & ||
and intra-cluster consensus error || &5, — «. ||. For the second term in Eq. we have

B (V60 o )

<V IIE|| s~ | 1]
< nivl;ﬂ?G]E[HATH?]’ (18)

where the second inequality holds by Assumption [£.3] Lemma [G.§ and Lemma
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Merging two parts together, we have the following result for bounding I

| (e - )

I =nE |:<Vf($r), /7526 Lt

MmN 2 LK 9
STCOEZ l: [”Vf(a?r || H]\[z:v‘f2 rt _HKvak(ikt) :|
t=0 1

]

+jygmz { [Hw z) —%vaww ]m[Hva(wr)—;ém(w )
]} + =BGy e

+]EH'ZW; z!,) Zka

<ﬂﬁzf E[|V f(x,)]] Zw 2— iivmk)z
=10 nt:o r N i 'r‘t Kkzl kLt

+ Z {E[HVf(wr) £ S Vit - fvi V(i) 2]
k:21 N - K 2
| ] +e ]| 5 S vsteto - g L vaek| |}

1 &
+ IEH'Vf(:cr) — 2 2 Vi@
k=1
L= Pl a2

+

€
e m 2 1 & 2
A i r (=k
<! n_[ Bl /(e )I) - E| ; NZWW —HKZka(mM) }
-1 K
nm m 2L7? 2L
TR LS S PERE S 5D S AN
4\/E " t=0 K k=1 k=14i€Vy
HL S ; I G
Bl 1 LSy ek, - il + 222 pa
k=11€Vy
m mI_1 1 & 2
l F o=k
< o _|l=
_4cont_0[ [V (e, ) HNZVL zi,) HKvaM) }
-1 9 K
nm m 3L 3L
+ e T e sl ;;ﬁwm 2]
/1 — G
+ B[ A )
e m 2 1 & 2
A i r (=k
< - . =
< o 3 | v |3 Nz;sz(mm) Fonh i

+ %— [ LPT2Conf (T + plisc Ha p) (QPE||V f(,) > + 02) + BL2T2Ch s He, 157
2 mn—-m)__ nv1 — B2G
2=mg )| + DAy, 2,

F LT e + 3CUT + 12, )i (S + 5
(19)

nin—1)

where the last inequality holds by Lemma [G.1] and [G.2]
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F.2 Bounding I]

Bounding I1 mainly follows by the update rule and definition of virtual sequence z,.,

Il = —7)E[<Vf(zr)’ - fl (‘77:11/2 _ ";;1/2)m7n1>]

B1

= B [(V(e0) = Vi) + i) 2 (0 T m, )
< nE{ =V m, ]

LBz =l | 25 (02 = 0 ym, |

B1

_ nE[HVf(wr)n\ (V9 )m, |

+ nzLE[H =1 flﬁl : 13161 V. 2=V m, }
< {2 G|V -V T e 9 - 9 o)

where the first iequality holds by Assumption [4.] and the last one holds by Assumption [I.3] and Lemma
about bounding V f(«,) and m,.

F.3 Bounding 1]

For bounding I11, use the similar way for bounding I17,

2
III—]E|: 1/2A 4 fﬂ (V 1/2_‘7,‘—1/2)m’r71 :|
2
<PEE(V o) || P (7 7 ]
L 2 2 ~_ -
TR + L P L GRR |V - 9, (21)

where the first inequality holds by Cauchy-Schwarz inequality, and the second one follows by Assumption
and Lemma about bounding V f(x,) and m,..

F.4 Bounding IV

Similarly, we bound the last term in equation

IV =E[(V/(z,) = Vf(@.),nV, /A, )]
<E[IV£(z) = Vi (@)l||n¥ 2|

< LE|:||ZT - 337"” ‘77‘/}7“7 T ]

2 2 9

-1/2,, n LE ‘ V-1/2A H

= [H151V ]+ ol e

2

77 2 n-L 2

<= AL _gim, TZgia,12, 22
< T sl |+ BEE(IA ) (22)
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where the first inequality holds due to Young’s inequality, and the second one follows from Assumption
and the definition of virtual sequence z,. By Lemma [G.7 we have

R R

> Ellm.|] < Yl I (23)

r=1 =

Therefore, the summation of IV term is bounded by

Merging I to IV together, we obtain the following result for bounding equation [I3]

E[f(zr4+1)] — f(21)
. -1 1 N )
< Zgl{ — IE(|V f (2] - ZEH’N ;Vﬁ(mlﬁt)

t=0

1

| Eells e
t=0 k=1

m _
4Lz [3L2:f2cm? (T + P Hr,p) (PE|V f (@,)||> + 02) + BL*T2C1 Ry Hr pn} 67

dyen
2 —
BT e 4 SC(T 2, )it (D + 52 )|
eIl 2 ﬁl 2 ~2 —1/2) vLl/2 _yr-1/2

—nZG —L AlE Vv, -V,

o e e 19,77 =¥
2 ~ A~

L R 92 - 9 )

To_A i oy

2 2 2 2
7L L L nI-BG
+( A= BG Vg P,
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then substituting the bound of ||A,||? in Lemma and by applying Lemma then we have

— Z f(zr1)] = f(z1)]

R I-1

N
R ZE 195l i 33 B | v
=1

r:l t=0

]

m R I-1 1 K 2

1 _

- %ZZE[HKZ%%» }
r=1t=0 k=1

o Z BLTCURE + st VBT ()| + 02) + 3L T i

2

272 2 2 2 2 2 2 2 2( 0 m(n —m)
+ 3L°T 017710 pmax+3L C’l(I +HI,p‘pmax)77l (n + n(n_l)lal>]

(o e o P ) S99
r=1

i m 2722 —1/2 v-1/2)?
+n L —n?T?G? Y E[||V.Z vl
P tire | &
R
+ "L B +2+2 nv1-—p5G Z 27T 2+6477121(”*m)0
2 (1—f1)? € € N n(n—1)
2n(n —m)  64n?ZL*(n —m)
m?(n —1) n(n—1)

r=1

e 1>2L2) [zolnfﬂz,pp;ax<a2E[||Vf<mr>] 12 +0%)

H2 L mn—m
IO Ha s+ OO P + T 5 (% + =2 757 )|

A L2 ’
P I B BNV S|+ o) + T (54 7ot )|

Coaln—1) n(n—1)
+%§E[H}b§m@(m;t) T SmImZ]EH';{éka(mk ) 2” (25)

we need the certain constraint on local learning rate
2 _ 2
Com 16n; (m—1)  2(Z+2)pim <
’ N2 (n-1) N2n 4C)

4 (m-1)  2AT+2m -t
_4000,377 N2 (’I’L—l) N2n ’

=m < (26)

b g /31)2 + 377L + 27”1:826:) = O(max{n, 1}), we further need the requirement of n;, which

is same as the requirement in full participation settings

where Cg ,, = (”L

2n(n —m)  32n?L%*(n —m)

T L3LPTP O (T + paxHrp) 0 + ( )CB,nUIQCWfHZ,pP?naXOZQ

1/e m?(n — 1) n(n—1)
= %\ESLQICW? (T + P Hr p)a® + (3:52( (n_nll)) 3277;?; (f 1_) ) ) CpnZOVMHT i’
%(Jﬁ JT2Cima? < Séo (27)
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m =< v ’ @)
VIBL2CoC\I(T + o Hr )0

thus we have

A
T ZE IV £ ()2

8CoR
n nm _
< = [Elf ()] = f(20)] + 15 le [3L21201n%<z+p?mHz,p>a§ + BLPTC1 s Hr 11} 07
+ 3L*I*Cinfo? phay + 3L°Ch (I + HE - p? % )I5l2 + b nIZG? d
max P max n n _ 1) 1_ B R\ﬁ
Bt 202 [T od (77 L 51 L n*L n\/l—ﬁgG){in
+2—————n*n LT G L e s o2
T 2 (1- 617 ¢ N
2n(n —m) 6477[21L2(n —m) 5 9
dn; (T IC P H.
(mQ(n —1) n(n—1) + 4/ (T+1 1M HZ,pPmax%

_ Hz o> m(n—m)__
+ ZC10} He pPiax i + ZOUN; a0 + ZC1} IQ  Ponax (n + n(nl)IUzzﬂ

2

5,2 (n—m) 2 g m(n—m)__, 640/ Z(n —m) _, 2
+ 6407 L (711){23017”0 +I2Cyn} ( +n(nl)Ial)] +ﬁ[al +Ug]} (29)

since there is Hz , = min{—— - p I} <7 and ppax <1,

1 R
mZE[HVf(%)HQ]

n 1
< Bl (ers)] - S(21)) + 1 O PRI+ Hr )0
5, m(n—m) 1
+ C- L217121<p?naxHI,pgl2 + mlal +o prnax( n)):| + CBGQ \[ =+ 205 LT]'I’}[IG —
n—

m) 647712IL2(n —m)

+ 4n? (T + 1)2L2>

+(77!3 i +@+nL v1—52G>{2m 2 < n(
(1—=p4)2 € € 2(n— ) n(n—1)
H2 2
H , o m(n—m)__
|:01an1_ Ppmaxgg + Clanzyﬂpmnxal + Clnlpm'lxa + 01771 T2 pmax (n + n(n — 1) Ial2>:|
64(n —m) 2 372 2 o s (0%  mn—m)__, ) 2
n(n—l) |:ClL I O'g+ClL T]IZ ;+ngl +7710'l +7710'g y (30)

where (' is a constant irrelevant to parameters and pmax = maxye(k] px, Hz,, = min {#,I}, Cp = 15;1&
and 67 = % Ele o2. This concludes the proof.

If we further apply the constraint of

n(n —m) 1
—_ 7 < = 31
mQ(n o 1) I,Ppmax - TL7 ( )
where the condition Eq. implies that the spectral gap pmax satisfies
2 2
pmax < mi (32)

1- Pmax o n2
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With the condition of Eq. then we assume there is pmax < 705,

n(n —m) 2 _n(n—m) pha

m2(n— 1) P T 2 1) T prna
2

n(n—m) m
“m2(n—1) (m+n)n

1
< —.
< (33)
Also by choosing a constant C , we have
R
Z IV £ ()%
E - 1 2 202y ILG?dm
< sy [ MEU )] — fz0)] | 1(CsGd | 2Cm
nmRIm R\ e en
CL*n} 2 2 2,2 m(n—m)_5_,
+ 4\/’ I:I(I+ HI,P)UQ + (IpmaxHI Pgl + 71 Pmax + mz ) ):|
L B 3L 2T-BGY
N e (1—751)2 € €
Csm (nL B3 377L 2¢/1— /BQG _9 9
sl S Wb LB g o
Comy (nL 3% 3nL 21— 526' o2  m(n—m)Hz,
+ - <6(1—ﬁ1)2+ . + —i—l-l-a +HIpI2 +n(n—1) 7O
CsL?nPT (nL B} 3nL  2y/1— 3G
+ — +—
n e (1-p1)? € €
@+ H )o? + H Gyt o o mnom o,
z Ppmax U z Ppmax n Pmax? n n(n 7 1) Ul
Cy(Z+1)*nPm (nL B3 3nL 21— B.G 5o 9 o o2 m(n—m)Hzg, ,
i bl S M e il o, — o AT,
+ n 6(1—B1)2+ € + € Tgtoitont I’p12n+n(n—1) 7 7
(34)
By adopting learning rates n = ©(n./ %) and n; = @(ﬁ), then we have
R
1 1 o? Gvm
=Y E[|Vf(z: 2—0({ —*+<U2+02+02—|—>(1+ )])
7 BNV I @) = O e | 1o = £+ (o7 o )+ ) (1422
2 2
2 2 —2 Pmax? 1
+O< |:G +L(O’ +pmax )+I:|)+O<R3/2) (35)
then we concludes the proof. O

G Supporting Lemmas

Lemma G.1 (Inter-cluster consensus error). For local learning rate which satisfying the condition n; < SI s
denote C7 =1+ % . 41171 , recall the definition for @ in Eq. @ the inter-cluster model difference after s local

steps satisfies
1 X
7 2 Bl —

K 2

g
? E — . ||” + 8Inf (E[|V f () ||*] + 03) + 7712?' (36)
k

| /\
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Proof. Note that the following proof is similar to Lemma 3 in (Reddi et al.,[2020). By definition and auxiliary
sequences, we have

E|y ;1 — @l = B2, — 2 — mgr.|

2
_ me =
=E||z}, -z, (.Qrt:F Z Vi(z,.,) F ka( ):anfk(mr))
ieSk,
1 ) 2
< (e gt — el +ofat - L S ek +a0 e | S (9AGeh) - k)
165" ieSk,
1 m_ - 2 - =
+A(1 -+ ZE’n D VL) = V@) + 40y DREV fe(@re) = Y fi(n) ]

€Sk,

+4(1 + T EV fi(zr) %]

_ 02 _ _ _ 1 - i _
< (Ut NENEL, — 2 ® + 07— + 40+ LRy, — 2 |® + 40+ L2 Y Bl — 2]
m(n — m)4(1 + 7_1)7]202
nin—1) Ik

_ _ _ 1« P
<[ +7) + 4+ 07 L) Ellay, — a|® + 40+ 97 )L~y By, — 2|
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+A(1+ BV fi(z) 7] +

m(n —m

2 _
+ 7712% +2(1+ 771)7712E[||ka(33r)”2] + 11(71—1))4(1 + 771)7712‘7% (37)

where the first equality holds by Eq. @ The first inequality holds due to g', is an unbiased estimator

of Vfi(z,) and Young’s inequality. The second inequality holds by Assuml;tion and also the
independency with gi’t and gfn’t for i # j.

Averaging Eq. over k =1,..., K clusters, we have

L
T ZEHiﬁ,t—H — |
k=1

K
_ 1 _
<[ 47) + 40+ )07 L) 5 D EINE, — 2l + 41+~ nfL IEIIfIZM—fmll2
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2 _
AL QBT @)+ o)+ T a1 (38)
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where the second inequality holds by Assumption [4.4. Choosing v = —7 with the condition of n; < S%L,
we have
| X
I R
k=1
1 1
< (1 E A7 + 16Zn? E ko2
<(tFtaEen)® Z @, w2 + 16207 L kz S et )
1€V
a2 m(n—m) _
+ 16Zn; (@®E[||V f(z,)[*] + 05) + 7712? + mlﬁzﬁffﬁz
K K
= Crop S BNk, —a P + 16T LA S0 3 Bl — k|7 + 16T (PE[|V ()] + 02)
K r,t N . r,t r,t g
k=1 k=1i€Vy
2
20 m(n —m) 2-2
—+ ——=167 39
+n—+ n(n—1) 0o (39)
where Cz =1+ 2 5 . This concludes the proof. O

G.1 Lemma for intra-cluster consensus error

, n —k P2 k, L2
Lemma G.2. The intra-cluster consensus error Y ., €3, — . ,||?, also known as || X" ||%, has the fol-
lowing upper bound,

*EZ X 2

S(}g%pk(HCk ) +np -4L? maX{plier ) ZEH X5

+ 0 juax {ph(1+ Cp)} - ALE||&y, — |1 + 1} ]?el?*;{(]{pk(l + G} AQCEV f ()| + o))
K

Z 1+ Ck 4gk + 771 g p12nax7 (40)
k:

where (i, is some constant related to the Young’s inequality, and it could be uniformly chosen for all k =
1., K.

PIEEEY)

Proof. By definition we have X, = (), ..., ;)" and Xff;’tl = X} (I, — J), where J = 11, - 1],. Thus we
have

ZH.’I%t*.’B

=@y 2 )T = J) Lo - (I = ) (@ g, ) |

s

= 1X5 (T = J) - (In = Xl
= X5 X e
= X5 3 (41)
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Recall the update rule of AFGA, there is Xf”til =W, —J) (Xf”tJ‘ —mGE,), then we have

E| X557 = EE((We — J) (X5 — mGE )P Fre-1))
=EE(|(We — )X = mVF(XE) +mVF(XE) = mGE )P Fri1))
= EE(| (Wi — J) (X5 = mVE(XE) [ Fri1))
+PEE( (Wi — J)(VE(XE,) — GE )P Fri-1))
<E(|(We = I)(XN = mVE(XED)?) + nEpino?
< AR+ G EIXS I 4 pE (1 + GOnPEIVE(XE )2 + nipino?, (42)

where the VF,(X*) € R"*? is associated to cluster k by stacking V f;(x?) for i € V), row-wise. The third
equality is due to the unbiasedness of stochastic gradient. The first inequality holds by Assumption [£:2] and
[VF(XF,) = Gillp = > IIVfi(xl,) — gi,|I>. For the Frobenius norm, there is |AB||p < ||All2||B]|F-
The second inequality holds by Young’s inequality with some parameter ¢, > 0 and ||AB||r < ||All2||B|#
as well. For VF,(X},), by definition, we have

IVERXEDIE = D IV filer )]

1€V

= IVfiml,) = Vi@E,) + Vii@h,) — V@) + V@) - Vi) + Vi)
1€Vg

<> [4||Vfi(€c5-,t) = V@I + 4V (@) — V@) I? + 4V fu(@s,) = V()|

1€Vg
i 4||vfk<mr>||2]

<y [4||Vfi<w’:¢> L@ P+ AL, — 22 4 A2, — |+ AV )P
1€V

<AL XN + AL 2E, — @) + 4n||V fi(z,) |2 + dno?, (43)
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where the first inequality holds by Cauchy inequality, and the last inequality holds by Assumption
Averaging Eq. over k=1, ..., K, we have the following iteration

1 K
kL
= D EIXELR

K K
1 _ 1
< 5 2RI+ EIXE + NZ (1 + G EIVEX ) +nfo® Zpk
k=1
1 & X
_ k, L k,L
Sﬁ;pi(lJerl)'EHXm [ Z A1+ Ck) -ALE(| X))
1 & 1 B
+n?g2pi(1+<k)-4L2E||5:’ﬁ,t—wr||2+7712?2/)i(1+<k>'4]E”ka(“3r)”2
k=1 k=1
1 K

>
Il
—

< (g o200+ G0 4 42 s R0+ GO} ) ZEH X5

0 max {pf(1+ o)} - ALE| &, — | + 0] max{pku + )} APV f ()] + 02)
€[K] ke[K]

K

1
117 2 D PR (L G)A0T + 17 0% Pl (44)
k=1
This concludes the proof. O

G.2 Lemma for summation of intra-cluster and inter-cluster consensus errors

Lemma G.3. If the local learning rate satisfies the condition: n; < SIL, the for all local round s =0, ..., T—1,
there is

K 1 K
k,L —
o BN+ & > Elet, - ol
k=1
<+ 1)CnH(Z+ pmatz @BV f (@) + o) + (¢ + D CrpacHr i o7
H% 02 mn—m)___
+ (t+ DO P + (t+1)Cy (1 =5 P >nl2<n+n((n_1))zaf), (45)

where C is a constant independent to parameters.

Proof. Denote an auxiliary vector

K T
1 1 _
M_( ZEH R Y Bl ) (46)
k=1

From Lemma and [G.2], we have the following inequality which is defined element-wise for s =0, ...,Z —1

Mr,t+1 S G- Mr,t + BT,t7 (47)
where
o = (maxke) PR+ G ) Hnfpr AL wfpr - AL (48)
16Zn? L* Cr

Brt:

)

dprni(a QEIIVf(wr)IP+02)+4p§n?ﬁ§+0302p?m _ (bU))
167 (o2E||V f(2,)|? + 02) + p & + Lo 7252 '
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Consider the eigen-decomposition of matrix G,

= 1 M—Cr X—-0Cf ) A1 O ) 16Inl2L2 X +C1 (50)
T 16Zn2L2 (M — \o) \16Zn7L* 16In7L? 0 Ao —16Zn?L? N —C1 )’

where we assume A\; < Ao, thus we have

B 1 M—Cz X—Cz\ [ M 0 16Zn? L2 —A2+CI b
T 16ZnPL2 (M — Ao) \U6Zn7L* 16In7L?) \ 0 Ay) \—16In7L? -Cz ) \b®

_ 1 (M1 — Cr)(MI6Zn? L2bM) + X (= X2 + C1)b?) + (A — Oz)(—)_\§16Inl2L2b(1) + N (M -
16Zn? L2 (A1 — A2) \ 16Zn? L2(N16Zn? L*b™M) + N (=2 + O7)bP)) 4+ 16Zn? L2 (=M, 16Zn? L2b™M) + (A —
(51)
Therefore the sum of two elements has the following result
_ , , J_\J
(1L,1)G B,y = Mo + \p? + % (16Inl2L2b(1) + 4nprL2b<2>)
y —
S L@y BN 2 1 25(1) 24(2)
< NOBWY +b )+ﬁ 16Zn; L*b™Y) + 4nfpr, L?b (52)
Therefore, we have the following result
. S
i pM) (2) Ay — M 2725(1) 2 27(2)
leGBM]<Z Ny (by) s+ by )+ (16Zn2L2b™ + dnfp  L*@) ). (53)
J J Ao — A
j=0 3=0
Since Ay > C7 > 1, we have
P D AR = Vi Ay : 1
=\ =) <A mi 13 < Xymin{ ———1 54
N — A2 ; PP R B VD VLY (R ke D VSO VLY & (54)

thus we have
t t ) 1
ST DG By < S NOU) L+ 67 + Xymin { ————, 1+ (16Zn2L20M + 4n2p, L22)) ).
= = i A2 — A1
(55)

By the definition of pr, = maxy¢(x) p2(1+ () and by the Gershgorin’s theorem, since 7; > 0, we have the
upper bound for Ao,

Az < max { max pr(L+ ¢ +nipr - 8L%,Cr + 16In?L2}
€

2
201+ ¢! PL__ 4 56
<maX{]gr€1?;(<]pk( + G )+(4171)2I7 ATaEEE (56)

where the last inequality holds by the bound of 7712 <3 4112 = < 67 421 ER Define a distance constant
Hr p = min {I

} Next we consider two cases: small or dense communlcatlon network with pmax <

7 1= pmax
1—= and large and sparse communlcatlon network with ppax > 1 — f
Casel For ppax < 1— 7, e,lpa < Z, thus we have Hz , = ﬁ Let ¢k = 1
Pi pr 2
max pz (1 + = Pmax; = max =X — e Hz,, 57
ke[k]p"( ) = pmaxs L= ke[k]{l_Pk} 1= poua e TEr (57)
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where the middle part of the second equality holds by the monotonically increasing of *—. Then the bound
for Ay is formalized as

2
Prax 3
Ay < max B 1
2 = max {p o 2T — 1) 2T = 1) }

1 (1—2) 3
Smax{lI+2(I—Il)’1+2(41—1)}

3
1 -
< +4I—1’ (58)

where the second inequality holds by pmax < 1 — 7. Then by s < Z and Ay > 1 (just by the definition of
matrix G can get this result), we can obtain the followmg bound

t v t t

: 2

! (1) )
ST NbE < <(1+41_1) >§ B <3y . (59)
Jj=0 j

We also have

max 1 1_l2
P 1 -2 o (60)

2 2
max 4L S max S - = =
Pmax 1 PL Pmax ST —1)AT 7A@z -1

where the second inequality holds by the upper bound for pn.x. By the definition of matrix G, we bound
the difference of Ay — Ay,

A2 = A1 = C1 — pmax — 1 pLAL?

Pmax
> _
= O <Pmax * (1 - pmaX)(ﬂ - 1)41)

>C + Sk
= Lz Pmax Pmax m

1 1
>1 - max max * - 41
=t T (” te 41-1)

1
=1~ max 1
(1 pow) (14 777 )

2 1- Pmax- (61)

where the first and second inequality hold by the defined notations. Then we have

t
S (L )E B, < ZAJ )+ b)) +Z (/\] mln{ — }(mzn L2+ anpr L0 ))
7=0 7=0

(1) (2 2(1) 27 (2) 1
<Z3b + 08 +Z3n (16ZL*b,,; +4pr L7, )(mIH{AQ,\l’I}>
7=0

t
< Z 3060 + 02N + 3 3n? (167L%) + aH2 p2,, L))
~ =

t
) (2) ~ Hz, (1) (2)
< ZS(bm + 02 + Z 67T — 1) - (48Zb, ) + 12Hz ppl o by))

t
(1) (2) I, (2)
< 24(br,j + br,j) + Z Izp : maxbrj . (62)
j=0 Jj=0
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Then by the definition of b(") and b, we have

(1,1)G'B,.4—;

M-

7=0
t m(n = m)
< Z4<(4PL7712 +16Z07 ) (B[ V f(=,)||* + 05) + 4p1ni a7 + 170 pax + 771 + 16ﬁfnz i )
=0
~Hi, , 2/ 2 2, 2 502 m(n —m)
+ Z ZQ’ " Pmax 16177l (a EHVf(wr)” + Ug) + m— + 1671’[% o’l
=0 n n(n—1)

2
H7 ,

IQ

— (4 1) [(4<4pwf L 16T0) + Ee 2 16Ty )( 2R||V f(@,) |2 + 0?) + 16911757

13 m(n—m) ;5]
1670 (7 + 2 i ) (4 167 152

S (t + 1) |:(16p12naxHI,pnlz + 6417712 + 1677l2HI,/J : p?nax) (OZ2E||Vf(SBT)H2 + 03) + 16p12naXHI,Pnl25l2

2 2 2 2 H% o’ m(n—m)__,\]
+ 1677l0 pmax 477[ + 72 pmaxnl ; + 16mzal

< (t+ DO (T + proaxcHr o) (@ZE|V f(2,)[]” + 07) + (t + 1)Cipax Hr o117 57

Hz a2 m(n—m)
t+1)Cynto?p? t+1)0; (1 Lo 2 H— —————2T57 63
+( + ) 1Mo pmax+( + ) + 72 Pmax | n + n(n_ 1) oy | ( )
where C is some universal constant. The inequality holds by pr = pmaxHI pand Hr , <T.
Case 2: In this case we have pmax > 1 — %, which means Hz , = 7. Let (; = (4Z — 1), thus we have
max PRI+ G = Phax(L+ (AT = 1)7), pr = 4TphnHr p- (64)

The upper bound for Ay has the form of

Ao < max{ max pi(l + Ck_l) + 7712PL . 8L2,C’1}
kE[K]

_ 2p? 3
< 2 1 47 — 1 1 max 1

<1 .
<1+ 71 (65)
By the fact of min { e l} <1 = Hz,, we have
t
1
S (L) B, < ZAJ )+ b)) +Z ()\7 mln{)\ o z}nf.zxpLL?bit J)
=0 i=0 =0 2=
t
< 23 o)+ 6 + 302 - 16pmaxHz ,L26 - 3Hz,,
j=0
OGN 2 3 H
1 2 2 T.p
< 23(% +61%) +;16pmaxﬂz,pbl 5
)L @) L Y y@ Hi
- Z 3(by.) +b,) + Z 3Pmaxb) IQ”, (66)

where the above inequalities hold by the fact that p;, = 4Zp2,,, = 4Hz ,p2., and the constraint on step size
m. Thus we can get a similar upper bound as Eq. [63]in Case 1. This concludes the proof. O
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Lemma G.4. With the similar condition in Lemma [G.3, we have the corresponding bound for the intra-
cluster consensus error ||Xrt %,

K
Z i 1P < (E+ V)OI He, piar (B[ V £ ()]|* + 05) + (¢ + 1) Cunf Hppoax]
k:
H2 o2 m(n —m) HZ
2 2 Zp, 2 ~2
+ (t+1)C1n} piaxo? + (t+1)Ch 72 0} D — el (t+1)C Can=1) " Prnax T

(67)

Proof. With the same definition of the auxiliary vector M,.; and the matrix G and B, ; in the proof of
Lemma there is

1 K T
M= ZEH L LBl - adl)

k=1
t
¢ =G M, o+ Z G'Bryj = Z G'Bysj, (68)
§=0 §=0
hence we have
K t _
Z S = (1,0) - My = (1,0)- Y "GIBry;
—1 j=0
t
-y )\Jb(l) SRRl 22 Snzp L2b<2>
pardl| A2 — A1 |
t
< )\] b(l) )\ )\1 4,,7 oL L2b(2)
- =t Ao — A\ ]
t -
<3 [ ¢ MMy )] (69)
ol )\2 )\ ’J_

with the similar proof techniques as in Lemma [G.3] there is

K

o~

1 1 2
Z XA < 3 (300 + 522 )
=1 j:O
t
< [Mpml (OZEIV (@I +02) + 12007267 + 3170
% 2 2 2 m(n —m) o’
+ 72 pmax 161771 ( ]E[va(wr)]” + Ug) + 16ﬁznl Ul + 77l
S (t + 1)Clnl2HI’prnax(a2]E[”vf(mr)]”2 +o ) + ( )01771 HI,Ppmax6l
H% 0'2 mn—m HI _
+ (¢ + DO prax0” + (E+ 1)1 —5 Proax—— + (t+ 1)Ca nin — 1)) N Pnax 01
(70)
This concludes the proof. O

G.3 Lemmas for model difference A,

There is a corresponding Lemma about model difference A, for the partial participation settings.
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Lemma G.5. The global model difference A, = Zk 1 ZlECS Al in partial participation settings satisfies
E[

27711 , Z—l]E | X i 2 2
SN +2771<I_1); [HNZVfi(wr,t) ~1) }

w8 L )(}ijmx )+ 2 (). (71)

A1)

Proof. Recall the definition in [E| there are &,; = + Zivzl x., (without consideration of client sampling)

; = _ ok —k —k _ 1 '
and the intra-cluster average &, = &, — MT; 4141, Where T2, = = > iy, Gry-

For the model difference A,, we have

1 &1 2
il 2 =B 3 o S eho - o |
k=1 263,’}
1 &1 2
:E|:HKZ m:"7I:F£T‘,I:F:i’I”,Ifl:F”':Fj’l",l_w’r‘ :|
=1 " iesk
K

IA

] (72)

o]

where the inequality holds by Cauchy-Schwarz inequality. For the first term in Eq. we have

-’i’r,Z + -'i'r,I—l F--F :i’r,l — Ty

22| 75 00 5 a2

2
] N <NK Z > Elllzlz - 20z]?]

k=1i€Vy

1 & ,
2l X ot o

k=14ieSk

For the second part in Eq. we have

[y
r n I_—l K 2
l i
B[ A e |
LY 4=0 k=1 ies*
r n -1 K 2
4
B[ %S S @+ Vaeh)| |
LY 4=0 k=1 iesk
r n -1 K 2 n -1 K 2
4 l i
—E|| %Y St - Vi@ |45 XY S vhe)] |

] , (74)




Under review as submission to TMLR

where
. -1 K 2
A i
]EH N Z Z v.ﬂ(mr,t) :|
t=0 k=1icSk
-1 m K 771 K mM 2
=E|| > (NZ VH@) F oy ) D, V@ vaz ) }
t=0 k=1icSk k=14ieSk
-1 0 K mM N 2
I _k I _k
< QE{ Z (NZ vfi(wr,t) N2 val(wrt)> }
t=0 k=1icSk i=1
I_lﬁm K 2 -1 0 K 2
1 l i -
DR ]+4E{ > (230 S wateh - vaek)| |
t=0 k=1 t=0 k=14eS8k
-1 0 K 77 M 2
I _k I
<23 B[ F 3 X vaa, val ]
t=0 k=1ieSk
! mm n
I
+4(Z-1) ZEH Zwk k) }+4 ~1) ZH 12 ZZ [llar e — &)1
t=0 k= 1168k
-1 " K 2 -1 mM N 2
§4ZEH NZ Vfi(xy,) }+4Z]EH Wzvfi(jf,t) }
t=0 k=1icSk t=0 i=1

K
> D Ellley, — &P

-1 n K 77M 2
I i _
t=0 k=1ieSk i=1
ons I-1 K
ny M
+4(Z-1L? leg S Elfw rtll”]
t=0 k=1icSk
-1 7 K 77M 2
I I
SSZEHNZA Vii(x }+4IZ H Zsz ]
t=0 k=1ieSk
-1
niM

K
Nz 22 2 Elllwr, - ah,

-1 n K 2
l
421&“ L SD SR }
t=0 k=14eSk
-1 r 7 K 2
I
=13 B[] 250 S wheho v e ]
t=0 - k=14ieSk
-1 n K 2 -1 - K 2
I i
<8) E||x> > Vi) ] 8) E HNZZVﬂ = Vfilz,,)] }
t=0 - k=14cSk t=0 k=14icSk
-1 n K 2 T]QM I-1 K
I i i »
<83 E||%S 3 vael)| | +s IS Y Ellal, - akl?
t=0 - k=14ieSk t=0 k=1ieSk
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and we use the characteristic of conditional expectation, where we use the characteristic of conditional
expectation, i.e., E[Es, [# Zle >iest VSfil®r )] = [mM Zk 1 > iev, Vii(xy, k)], Update the expectation
term, that is E[Es, [% S5 e Vii(@k,) — & SN V(@ )] =0 and Vr # s,i € SF is independent
with i € S¥. Then we have

K

n i
Nl Z Z vfi(mr,t)

-1 ‘
k=1ieSk

]

82[&‘,[
; zvj P{i € S§}V fi(l,)

ek

M [ ]
82K IlK
< === n_l NS S BV

t=0 k=11€V)

-1
%TH(L E{szﬂ z!,)

}

2
N2 n(n - t= k=1i€Vy
8772Km 1—1 N 877 1—1 N ' 2
=7 Y ENVA@L )P+ ZE S Vi) |, (77)
t=0 i=1 t= =1

where the inequality holds by Lemma,

N
|

1

N
D ElIVSilal )]

iy

t=0 =1
-1 N ‘ B B
=Y > E(IVfil=i,) F V@) F fr@E,) F felz)]?)
t=0 =1
-1 K B
<O EMLYXS | 4+ ALk, — 0)? + 40|V fi(2,) | + 4not]
t=0 k=1
-1 K
<O MALPE[IX ) + ALPE[|2F, — @0]1%) + 4na”E[|[V £ (,)[%] + 4nof + 4nog].  (78)
t=0 k=1
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Then combining the previous terms, we have

E[[| A%
1 K . 2 2
<2E|:H]szz w;,I_a_:r,I :| +2E[ :ir,I:Fjr,Ifl:F"':Fjr,l — Ty :|
k=1 ZESk
2K m(n _ 2n? IM
( 1) ZZE||:B7I_$7'I|| } l 2
k=1i€Vg
m -1 K . 2
' QEU OB WIICN |
t=0 k=1cS*
2K m(n —m) < METM
[ = 2 1 2
T, — T, + ——=—0
< N n(n = ;; 2.z = 2 zlI"] + =75
-1 n ) 2 -1 mm K B 2
. sz[ LSS Vel [y | S vt ]
t=0 k=1icSk t=0 k=1

211 K

Z ZEert_wrtH]
€S,

t=0 k=1

+8(Z+1)

2K m(n— 22T M
(N nn ZZE”er T,I|‘2]+§V720-2
p k=1i€Vy

167712Kmn m) = ) —

16
) S S BV A )+ e =) ZE[

]

N .
Z vfz'(‘”i,t)

1)
t=0 i=1 t=
-1 o K 2 2 I-1 K
!
+SIZEH|NZVJ% [ 8@+ ) EEE ST S Blla, - k)
= k=1 t=0 k=11i€S,
K
2K m(n— Z]E 2 2anM 2
~— (Np)? n(n— N2
I-1 K
1692 K m(n —m 2 kL 2 2
o T S S LB I+ AL B8, —
t=0 k=1
167 m(m — 1) = al 2
2 2 2 2 i i
-1 2 n2ML2 I-1 K
Wlm r /= ML i _
+8IZJEH’ Zm(:niit) ]+8(I+1> Nz 2o 2 D Elllan, — 2507,
=0 k=1 t=0 k=14€S,
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where we have

Ifl K
167712Km (n—m Z 4L2E ‘X ”2] +4L2n]E[||:E’“ . ||2]
N? ’I’L n-— 1 rt r
t=0 k=1
-1 K
1602 K m(n —m) . o 2
N2 n(n—1) > ALPE[| X517 + ALPnE[|[2F , — a0, [|?)
t=0 k=1
K -1 K
647712[,2 m) -1 k J_ 2 647712[,2 m(n —m) . ,
E[| 5 C
N 1) 2 2 I P+ =y 2 2 BllEn el
t=0 k=1 =
m(n —m) = [ 1 —
— a2 ™) *ZE 12 ZEert_er]
n?(n —1) N
t=0 k=1
2 2m m) 2 2 2 2 5 9 5 o
< oy L2 T PO (T4 Rz ) 0BV ) [+ 02) + TC e
H% 0'2 m(n—m)___
Pt + 00 (147 e )t (5 + S99 |
we have
2K m(n m) K
— E[]| X" 2
(NP2 n(n—1) g (1% 11
K
2 (n—m) Lo
[ E X s
Ko 1) 2 2%z 1)
2(n —
< ((_]_; |:ICI771 HI,Ppma,x( Hlvf(wr)]H2 + o, ) +IC1771 HZvamax 2
H% 0'2 min—m 3
IO o™ + 20002 s+ T 292 |
and
2I-1 K
8Z+1) m 3 ST E[ad, - 2k
t=0 k=11€S,
2I-1 K
<38 E i =k o2
o ( Z Hmr,t a:T,tH]
t=0 k=1i€V}
2 2 Z-1 K
nymL 1 -
=8Z+1) ln > % DElXS
t=0 k=1
2 -1
=82+l [ (t + VO He, o (0B V F @ )]I2 + 02) + (¢ + ) C1it Hr s}
t=0
HZ o2
+ (84 1)1} phrax0” + (8 4+ 1) Crf =2 'p‘%““n]

npmL? _
AT + P [ 202 Hy PB4 02) 4 O

H3 a2 m(n—m)
IOV} PR 0 + IO =52 - P | — + ———T57 ) |
+ 1] Pmax?® + 17 72 Pmax n + n(n—l) ]
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Then by merging pieces together, we have

Ell A7
22T M 2(n—m AT +1)2n?mIL>? _
< M gr g (20 MU | 26002 Hy i (OPEIIV S @]+ 03) + TR H

, HZ a2 m(n—m)
TC n2p2 24 70 Zp 2 T52
+ 17} Pmax? T 177[ 72 Pmax n —+ ’I’L(TL — 1) I

min—m
" 64nfL2n§(n_1)) [I2C17Iz2 (T + P2 Hz ) (0PE|V ()| + 02)

H2 2 _
+1201pmaxHI Pnl CTl +:z’-20177202p12nax + 7:201771 1+ =L p?nax i + MI&?
7?2 n n(n—1)

171 K
16m? K m(n —
N2 n(n—1) ;;471% +4n0
Z—l

]

val rt

2771 IM o2+ 64771 Im(n - m) 52

2 21 1
} B T [sza:,»
=1

t=0

2
N2 n?(n—1) L+
2(n —m m(n —m AT +1)2n?mL>
(P b oanpr2 Tt =y A 260 2 (PRI ()] + )

H? a2 m(n
+Icl771 Hz Ppmaxal +ICl7h pmaxa +ICI771 IQ’pprznax( n + ((1)>Ial >:|

a2 [0 Q]EIIVf(wr)IIQ+0§)+120177;2(0;+TMI@2H
2 I— 2 2 2 I—-1 _ 2
| Zwl D I | - Zm@’:,t) J (53)
t= =1

Thus it concludes the proof.

G.4 Additional Supporting Lemmas

Lemma G.6 (Cluster sampling). For model weights yr ' Yk € [K],i € Vir € [R),t € [Z), there is

2

Kl ) S 5 S EC

n—l
k=1i€Vy

Z ZH{Z € Sityyt

ke[K] i=1

IR =)

?
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Proof.

K
> Plie Sty

2
f| |-
k=1i€V}

_E{p{zesk}zzuy Piriziesty Y (v

k=1i€Vy k=1i#j€V}

+PlieSLieSIkAIe K> D Y (v yfl}

k#L i€V jJEV,

SIS 3 ol A RRUELD ol S

k=1i€eVg k=1i#jEV}

+ﬁzzzwww}

k#lL i€V jevl

- { e

k=1i€Vy

G IPIPIC w]

k:7$l 1€V JEV]

Zn: > i€ Syt

=1 1€V

T

K

n_l WSS

k=1i€Vy

2

K

nzn_”f)ZZZ( [ || Jl|| )] (85)

k#Li€VL JEV;

where the third equation holds by the probability of random sampling with replacement, i.e., P{i € S} =
nP{i #j e S} = 2(7] ) ) P{i € Spjoe Stk #1 € K]} = m®  The forth equation holds by {

— n2

n K i
o) = Sl + 1Bl = = Bl%], 5 3l — 5l = iy nllall® = 1325 12, and || 302 Xiey, vl =

K ; Y . .
Dot 12w, yki? + Ek# D iew, devl (yFiyld). The last inequality holds by ‘b < %HH2 + %Hb”2 Re-
organize the last item,

TS S S (Sl ) = e - SR

2
k;ﬁl i€VE JEV; n (n k=1i€eVy
> > _HiesSiy

[,wl
i apars

cozec)

then we have

]

ZZH s

k=1i€Vy k=1i€V)
m(n —
+ W Z > Ml }
k=1i€V}
m — Km (n—m
S D o Rl o) S Pl 7
k=1i€Vy k=1i€Vy
This concludes the proof. O
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Lemma G.7 (Lemma for momentum term in the update rule). The first order momentum terms m, in
Algorithm [1] hold the following relationship w.r.t. model difference A,.:

R R

> E[[lm.|?] Z (A7), (88)

r=1 r=1

Proof. By the updating rule, we have

t

Ellm, 2 = & WS

]

<(1-p1) de:JEKZB§ A) }

<(1-p)? :lJEKZﬁ ) (;ﬁi‘%ii)]
<(1 61)§B§‘“E[Aul2], (89)

summing over t = 1,..., T, we have

R R t
S E[Ime? = (1= 51) DY BTUE[ Al
r=1 r=1u=1
T T
=(1-81)> > B El|Au]’]
u=1t=u
Lo
< (-8 Y 75 EllA
u=1 1
T
= E[[|Aul’] (90)
u=1
This concludes the proof. O

Lemma G.8. Under Assumptz'ons for AFGA, we have |V f(x)|| < G, |A|| < nZG, |m.|| < nZG
and ||v.|| < nPT>G>.

Proof. Since f has G-bounded stochastic gradients, for any x and &, we have |V f(x,&)| < G, we have
V(@) = BV f (2, )l < Eel|Vf(z, &) <G.
For AFGA, the model difference A* on cluster k satisfies,

Ak _ =k _ ~k
Al = Ly =Ly =11 E 9rts

t=0

therefore,

1A% =

Ulz Zgrt

levk

<nZaG,

-1
Z -

m 9rt
t=0
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for the global model difference A,

1 _
ad=| 5 3 3 <wze

ke[K]

Thus we can obtain the bound for momentum m,. and variance v,.,

¢ ¢
el == ) 3 A7A ] < wz6, ol = |- 5 Y 5572 < e
=1 =1
This concludes the proof. O]
Lemma G.9. For the variance difference sequence ‘A/T__lm - ﬁ_1/2, we have
o o] < 4 Se g g 2 d
;VH S v ;v —Vo <o (91)

Proof. The proof of Lemma is exactly the same as the proof of Lemma C.2 in (Wang et al.| [2022b)). O

1—
1 we have |W,|| < @HATH

Lemma G.10. For the element-wise difference, W, = \/v1+€ — NG —,
r 2Vyr_1T€E

Proof. The proof of Lemma is exactly the same as the proof of Lemma C.1 in (Wang et al.| [2022b)). O
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