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Abstract
Systematic under-counting effects are observed
in data collected across many disciplines, e.g.,
epidemiology and ecology. Under-counted ten-
sor completion (UC-TC) is well-motivated for
many data analytics tasks, e.g., inferring the case
numbers of infectious diseases at unobserved loca-
tions from under-counted case numbers in neigh-
boring regions. However, existing methods for
similar problems often lack supports in theory,
making it hard to understand the underlying prin-
ciples and conditions beyond empirical successes.
In this work, a low-rank Poisson tensor model
with an expressive unknown nonlinear side infor-
mation extractor is proposed for under-counted
multi-aspect data. A joint low-rank tensor com-
pletion and neural network learning algorithm is
designed to recover the model. Moreover, the
UC-TC formulation is supported by theoretical
analysis showing that the fully counted entries of
the tensor and each entry’s under-counting prob-
ability can be provably recovered from partial
observations—under reasonable conditions. To
our best knowledge, the result is the first to of-
fer theoretical supports for under-counted multi-
aspect data completion. Simulations and real-data
experiments corroborate the theoretical claims.

1. Introduction
Tensor completion (TC) has been a workhorse for a large
variety of data analytics tasks, e.g., image/video inpaint-
ing (Liu et al., 2013), hyperspectral denoising (Wang et al.,
2018), sampling and recovery in magnetic resonance imag-
ing (MRI) (Kanatsoulis et al., 2020), and multimodal data
mining (Papalexakis et al., 2017)—just to name a few. In
the past decade, theory and methods of TC progressed
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significantly—aspects such as recoverability, sample com-
plexity, optimal algorithm design were extensively studied
under various tensor models, e.g., Tucker decomposition
(Mu et al., 2014), canonical polyadic decomposition (CPD)
(Kanatsoulis et al., 2020; Sørensen & De Lathauwer, 2019),
and block-term decomposition (BTD) (Zhang et al., 2020a;
Ding et al., 2020). The vast majority of classic TC meth-
ods were proposed for handling real-valued data, but TC
algorithms designed for integer data, e.g., binary data (Gha-
dermarzy et al., 2018) and count data (Chi & Kolda, 2012),
also exist. This is because such data often arise in real-world
problems, e.g., movie recommendation (Karatzoglou et al.,
2010), knowledge graph completion (Balazevic et al., 2019),
and social network analysis (Kashima et al., 2009).

However, less attention has been paid to integer data TC
problems where the observed entries suffer from system-
atical under-counting—but (strong) under-counting effects
are encountered in many disciplines, e.g., epidemiology and
ecology. In epidemiology, the cases of an infectious disease
(e.g., COVID-19) may be under-counted due to the existence
of symptom-free patients and the lack of testing (Schnei-
der, 2020). In ecology, when an observer sees a species
at a certain location, the observer likely just observes a
small portion of this species’ population (MacKenzie et al.,
2006; Tylianakis et al., 2010). Hence, taking under-counting
effects into consideration for TC is meaningful in these do-
mains. For example, recovering the “true” (fully counted)
number of COVID-19 cases at a certain location and time
helps estimate/understand the infection situation. The task
of under-counted tensor completion (UC-TC) is naturally
more challenging than the conventional (integer data) TC,
as it implicitly involves an extra task of compensating the
unknown under-counting effect.

1.1. Prior Work and Challenges

In the literature, there exist some limited efforts towards
dealing with under-counted data completion/prediction. For
example, the line of work for user exposure matrix com-
pletion considered link prediction under undetected links
and unobserved links simultaneously (Liang et al., 2016).
The work on “zero-inflated” matrix/tensor factorization and
related models (Billio et al., 2022; Simchowitz, 2013; Du-
rif et al., 2019) considered a similar scenario, where the
datasets’ observed entries are zeros with a certain non-zero
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probability. The recent work by (Fu et al., 2021) proposed
an approach to tackle under-counted matrix completion (UC-
MC) using a Poisson-Binomial matrix factorization model
—which was inspired by the species’ abundance modeling
in ecology (Joseph et al., 2009; Royle, 2004; Hutchinson
et al., 2011).

Challenges. The existing works by (Liang et al., 2016;
Billio et al., 2022; Simchowitz, 2013; Durif et al., 2019; Fu
et al., 2021) were shown effective on many UC-MC tasks.
With proper modifications, these computational frameworks
may be generalized to handle tensor data. However, some
notable challenges remain. First, how to effectively model
the under-counting effect has been an open question. For
example, the works by (Liang et al., 2016; Billio et al.,
2022; Simchowitz, 2013; Durif et al., 2019) all considered
zero-inflated MC models, which dealt with a special case of
under-counting, i.e., the observed matrix entries are either
the true counts or zeros. For more general under-counted
data (i.e., the observed counts are smaller than or equal
to the true counts), the recent work by (Fu et al., 2021)
proposed to model the probability of missing a count (e.g.,
an interaction of a pollinator and a plant) as a linear func-
tion of side attributes, e.g., the location, temperature, and
humidity—which is reminiscent of the classic species dis-
tribution models (SDMs) (Hutchinson et al., 2011). How-
ever, using simple linear functions is a compromise between
model expressiveness and computational convenience. Sec-
ond, the existing works demonstrated their effectiveness
only empirically. It has been unclear under what conditions
the underlying true counts and some key model parame-
ters (e.g., the detection probabilities of the counts) could be
provably recovered.

1.2. Contributions

In this work, we propose a UC-TC framework based on
the Poisson-Binomial model (Joseph et al., 2009; Royle,
2004; Hutchinson et al., 2011) as in the MC work by (Fu
et al., 2021). Unlike (Fu et al., 2021) that used a simple side
information model and was largely empirical, we address
a number of key challenges in modeling, computation, and
theory. Our contribution is twofold:

UC-TC with Nonlinear Incorporation of Side Informa-
tion. To model and learn the under-counting effect in tensor
data, we propose a UC-TC framework with neural network-
based incorporation of attributes. Specifically, we extend the
UC-MC idea in (Fu et al., 2021) to the higher-order tensor
regime and model the underlying fully counted data as a
Poisson tensor that admits a low-rank canonical polyadic
decomposition (CPD) (Harshman, 1970); the Poisson tensor
is then under-counted via a Binomial detection procedure.
Different from the existing work that uses a linear function
to model the relationship between the attributes and the

detection probability of a count, we represent the relation-
ship as an unknown nonlinear function, which substantially
generalizes the modeling capacity. We recast the UC-TC
problem as a maximum likelihood estimation (MLE) crite-
rion, where the unknown nonlinear function is represented
by a neural network (NN) for side information incorporation.
We also design a block coordinate descent (BCD) algorithm
(Razaviyayn et al., 2013) to tackle the formulated MLE
effectively.

Recoverability Analysis of UC-TC. We present theoretical
characterizations of the proposed UC-TC criterion under the
Poisson-Binomial framework. We show that, under reason-
able conditions, the fully counted tensor is recoverable, and
the associated detection probabilities of all the entries are
identifiable—both are up to a global scaling/counter-scaling
ambiguity. Our analysis reveals interesting performance-
deciding factors such as the similarity of the under-counting
effects across some entries. The result also shows that the
nonlinear incorporation of side information imposes an in-
tuitive trade-off between model complexity and recovery
accuracy, given a fixed amount of samples—which also jus-
tifies our proposal of using neural nonlinear models. To our
best knowledge, this is the first provable learning criterion
for under-counted factor analysis models.

We conduct extensive evaluation of the proposed approach
on synthetic data to validate our theoretical findings. We
also test our approach on real-world prediction tasks in
epidemiology (Zhang et al., 2020b) and ecology (Seo et al.,
2022; Daly et al., 2019).

2. Background
2.1. UC-TC: Problem Statement

A Kth-order tensor Y ∈ RI1×...×IK is a multi-way array
whose entries are indexed by K coordinates. An entry of
such a tensor can be expressed as follows:

yi = [Y ]i, i = (i1, . . . , iK) ∈ [I1]× . . .× [IK ]. (1)

Tensors are widely used to represent multi-aspect data. For
example, in a four-aspect epidemic data, yi can represent
the number of recorded infected cases in city i1, during
week i2, among age group i3 and ethnicity group i4.

TC and MC tasks naturally arise in many applications, where
multi-aspect data are only observed partially. A classic use
case is recommender systems (Hu et al., 2008; Karatzoglou
et al., 2010), where the ratings that users provide to prod-
ucts are used to predict the unseen ratings—which can be
done via completing the rating matrix/tensor. TC problems
were primarily considered for continuous data (Gandy et al.,
2011; Montanari & Sun, 2016; Yuan & Zhang, 2016; Zhang
& Aeron, 2017; Sørensen & De Lathauwer, 2019; Zhang
et al., 2020a), but TC for other data formats (e.g., binary
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and integer data) were also studied in the literature (Gha-
dermarzy et al., 2018; Chi & Kolda, 2012; Lee & Wang,
2020)—as the latter found many applications in real data
analytics problems, e.g., 5-star rating-based recommender
systems (Karatzoglou et al., 2010), adjacency network anal-
ysis (Acar et al., 2009) and traffic flow prediction (Tan et al.,
2016).

In this work, our interest lies in integer TC problems where
the partially observed tensor data suffer from systematical
under-counting. To be specific, we consider integer tensor
data as in (Chi & Kolda, 2012; Lee & Wang, 2020). Like
in conventional integer TC problems, the observed tensor
Y is highly incomplete; i.e., Ω ⊆ [I1] × . . . × [IK ] are
the indices of the observed entries, where |Ω| ≪∏K

k=1 Ik.
The key difference from conventional integer TC is that in
our setting, the observed entries are smaller than or equal to
their actual values, i.e., yi ≤ ni, i ∈ Ω, where ni = [N ]i,
N ∈ ZI1×...×IK

+ represents the (unobserved) true-count
tensor, and yi ∈ Z+ is the observed and under-counted
version of ni.

We assume that for each entry of Y , there is an associated
attribute/feature vector zi ∈ RD, capturing side information
regarding the observation. The attributes reflect the detec-
tion probability of each count in ni. We note that such entry
attributes are often available in real-world applications. Two
examples are as follows:

• Epidemiology Data: Consider tensor data in epidemi-
ology that records infected case counts. The count tensor
could be indexed by ‘city’×‘age group’×‘profession’. Then,
zi may contain observation-affecting features such as the
testing capacity of city i1, population of age group i2, and
the level of exposure to the virus for profession i3.

• Ecology Data: In ecology, the counts of interactions
between pollinators and plants at different times could be
represented by a tensor (i.e., a ‘pollinator’×‘plant’×‘time’
tensor). There, zi could contain the properties of the polli-
nator i1 and plant i2, the temperature, humidity and other
observation-affecting factors of site i3.

In this work, we assume that the entry features zi are avail-
able for a subset of entries indexed by Ξ ⊆ [I1]×. . .×[IK ].
Note that Ξ and Ω need not be identical.

2.2. Existing Work: The Poisson-Binomial MC Model

The work in (Fu et al., 2021) proposed an MC framework
with the following generative model for the under-counted
entries of a pollinator-plant interaction count matrix:

ni,j ∼ Poisson(λi,j), λi,j = u⊤ivj , ui,vj ≥ 0, (2a)

yi,j ∼ Binomial(ni,j , pi,j), pi,j = z⊤i,jθ, (2b)

where ui ∈ RF ,vj ∈ RF and θ ∈ RD are the model
parameters to estimate. To be more specific, ui and vj are
the F -dimensional latent representations of pollinator i and
plant j. The parameter λi,j stands for the average number
of interactions between pollinator i and plant j, and the
ground-truth number of interactions ni,j is the realization
of a Poisson sampling process with parameter λi,j . The
observed data yi,j is under-counted through a Binomial
detection process, with the detection probability pi,j . The
detection probability pi,j was modeled as a linear function
of the entry features zi,j . Under this model, Λ = UV⊤

where [Λ]i,j = λi,j is a low-rank matrix model if F is
relatively small. Hence, estimating ui’s, vj’s, and θ can be
regarded as a variant of Poisson matrix completion problem.

2.3. Challenges

To extend the Poisson-Binomial model to tensor cases
and more general settings, there are a couple of key chal-
lenges to be addressed. First, the linear model in (2b), i.e.,
pi,j = z⊤i,jθ, may not be expressive enough, as the relation
between the features and the detection probability is highly
likely to be nonlinear. The linear model assumption was
used for computational convenience, but is a performance-
limiting factor in the model of (Fu et al., 2021) (as will
be seen in the experiments). Second, perhaps more impor-
tantly, there were no theoretical characterizations of the
Poisson-Binomial model, despite of its popularity in ecolog-
ical data analysis (Fu et al., 2021; Hutchinson et al., 2011;
Royle, 2004; Dennis et al., 2015). In the context of UC-MC,
it is unclear if the underlying Poisson parameters λi,j for
all (i, j) could be recovered from a subset of observations
yi,j , (i, j) ∈ Ω. The recoverability analysis can not be
covered by existing TC theory, as the “extra” task of esti-
mating pi,j makes UC-TC a much harder learning problem
compared to the traditional TC problems.

3. Problem Formulation
In this work, we generalize the Poisson-Binomial model to
cover tensor data, with nonilinear attribute incorporation—
and more importantly—with recoverability support.

3.1. Generative Model

We generalize the model (2) by considering under-counted
tensors with a size of I1 × · · · × IK generated as follows:

λi =

F∑
f=1

K∏
k=1

Uk(ik, f), Uk ≥ 0,∀k ∈ [K], (3a)

ni ∼ Poisson(λi), (3b)
pi = g (zi) , 0 ≤ pi ≤ 1, (3c)
yi ∼ Binomial(ni, pi), (3d)
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where i = (i1, . . . , iK) is a shorthand notation as defined
before, Uk(ik, :)∈ RF denotes the F -dimensional latent rep-
resentation of entity ik of aspect k, yi denotes the observed
count indexed by i, ni is the corresponding true count, λi

stands for the Poisson parameter (which is the expectation
of the true count), and pi represents the detection proba-
bility as in the model of (2). The vector zi ∈ RD collects
the features of entry i. The unknown nonlinear function
g(·) : RD → [0, 1] is used to model the dependence be-
tween the detection probability pi and zi. In (3), we have
imposed nonnegativity constraints on Uk’s in order to make
sure that the Poisson parameters are all nonnegative.

Given yi for i ∈ Ω ⊂ [I1]× . . .× [IK ] and zi for i ∈ Ξ ⊂
[I1]× . . .× [IK ], our goal is to estimate λi and pi for all i.

3.2. Maximum Likelihood Estimation-Based UC-TC

Assuming that yi’s are independently sampled from the gen-
erative model in (3), the log-likelihood of the observations
can be expressed as follows:

log
∏
i∈Ω

Pr(yi;λi, pi)

= log

(∏
i∈Ω

∞∑
n=yi

Pr(Ni = n;λi)Pr(yi|Ni = n; pi)

)

=
∑
i∈Ω

log

( ∞∑
n=yi

(
λn
i e

−λi

n!

n!pyi

i (1− pi)
n−yi

yi!(n− yi)!

))
=
∑
i∈Ω

[yi log λi + yi log pi − λipi − log yi!] ; (4)

see the detailed derivation in the supplementary material in
Sec. B. Under the generative model in (3), we have pi =
g(zi). Since g(·) is unknown and nonlinear, we represent it
using a neural network denoted as gθ : RD → [0, 1]:

gθ(z) = σ(w⊤
Lσ(WL−1σ(. . .σ(W1z)))), (5)

where Wℓ ∈ Rdℓ×dℓ−1 denotes the weight matrix at
ℓth layer (d0 = D), wL ∈ RdL−1 denotes the last
layer’s weights, θ denotes the parameters of the NN
({Wℓ}L−1

ℓ=1 ,wL), and σ(·) = [σ(·), . . . , σ(·)]⊤ denotes the
activation function with a proper dimension. Hence, combin-
ing (4) with (3a) and (3c), we formulate the MLE criterion
as follows:

minimize
{Uk},θ,{pi}

L(U ,θ,P ) :=
∑
i∈Ω

[( F∑
f=1

K∏
k=1

Uk(ik, f)

)
pi

−yi log
( F∑

f=1

K∏
k=1

Uk(ik, f)

)
− yi log pi

]
, (6a)

subject to Uk ∈ Uk, ∀k ∈ [K], (6b)
pi = gθ(zi), ∀i ∈ Ξ, gθ ∈ G, (6c)

where Uk is a constraint set that encodes the prior knowledge
of Uk (e.g., nonnegativity), and G represents the function
class where gθ is taken from. Given the formulated MLE,
there are a couple of key aspects that are of interest. First,
if one solves the formulated learning criterion in (6), can
the optimal solution recover the latent parameters λi and pi
over all i? This question will be answered in Sec. 4. Second,
the criterion (6) presents a challenging optimization prob-
lem that involves tensor decomposition and neural network
learning—both are nontrivial problems. A BCD algorithm
to effectively tackle this problem will be proposed in Sec. 5.

4. Recoverability Analysis
Our goal is to show that the optimal solution given by (6)
provably recovers λi’s and pi’s under the generative model
(3) (up to certain reasonable ambiguities).

4.1. Analysis Setup

To better present the analysis, we use “♮” to denote the
ground-truth parameters in the model (3)—e.g., λ♮

i and
p♮i denote the ground-truth Poisson parameter and ground-
truth detection probability of entry i, respectively. We
have the corresponding tensor notations [Λ♮]i = λ♮

i and
[P ♮]i = p♮i. The “hat” notation is used to denote the terms
constructed from the optimal solution given by (6). For in-
stance, {Ûk}Kk=1, ĝθ and p̂i,∀i denote the estimates given
by the solution obtained from solving (6). We consider the
following assumptions:

Assumption 4.1 (Bounded Parameters). There exist
scalars pmin, pmax, βu, αu > 0 such that p♮i = g♮(zi), 0 <

pmin ≤ p♮i ≤ pmax, ∀i and 0 < βu ≤ U ♮
k(ik, f) ≤

αu, ∀ik ∈ [Ik], f ∈ [F ], k ∈ [K]. In addition, the con-
straints in (6), namely, Uk and G satisfy Uk = {U ∈
RIk×F | βu ≤ U(ik, f) ≤ αu, ∀ik, f} and G = {gθ :
RD → [pmin, pmax]}, respectively.

Assumption 4.2 (Approximation Error). Assume that
there exists g̃θ ∈ G such that |g̃θ(z) − g♮(z)| ≤ ν for all
z ∈ RD, where 0 ≤ ν < ∞. In addition, assume that the
class G has a complexity measure RG .

Assumption 4.3 (Similar Attribute Subset). There exists
an index set Θ whose elements are sampled uniformly at
random (without replacement) from [I1]× . . .× [IK ] and a
scalar ζ > 0 such that maxi,j∈Θ ∥zi − zj∥2 ≤ ζ.

Assumption 4.4 (Lipschitz Continuity). Assume that the
ground-truth function g♮ and any function gθ ∈ G are Lip-
schitz continuous, i.e., for certain Lg, Lθ > 0 and for any
pair of zi, zj , |g♮(zi) − g♮(zj)| ≤ Lg∥zi − zj∥2, and
|gθ(zi)− gθ(zj)| ≤ Lθ∥zi − zj∥2 hold.

Assumption 4.2 requires that the neural network class G
contains a function g̃θ that is closer to the ground-truth func-
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tion g♮. In practice, if deeper/wider neural networks are
employed, the value of ν is smaller. For the complexity
measure RG used in Assumption 4.2, we use the sensitive
complexity parameter introduced in (Lin & Zhang, 2019).
For deeper and wider neural network function classes, the
parameter RG gets larger—also see supplementary material
Sec. M for more details. Assumptions 4.3-4.4 together
imply that there exists a set of pi’s that are similar. For ex-
ample, in an epidemic dataset (e.g., the COVID-19 dataset
(Zhang et al., 2020b)) that records the number of detected
infectious disease cases, when the testing capacity and the
population of a number of locations are similar with each
other, it is reasonable to assume that the corresponding
detection probabilities pi’s are similar. The Lipschitz conti-
nuity assumption on gθ given by Assumption 4.4 requires
that the learned gθ is smooth enough, which can be achieved
via bounding (or penalizing) the norm of the neural network
parameter θ during the learning process.

4.2. Main Result

Our main result is as follows:

Theorem 4.5. Suppose that the Assumptions 4.1-4.4 hold
true. Assume that the entries of index sets Ω and Ξ are
sampled from [I1]× . . .× [IK ] uniformly at random with re-
placement and satisfies Ω ⊆ Ξ. In addition, let zi, . . . ,ziS
be the set of observed features. Assume that each zi is
drawn from a distribution D. Then, for δ > 0, the following
hold with probability of at least 1− 5δ − 3e−α(e2−3):∥∥∥Λ♮ − ξ̂Λ̂

∥∥∥2
F∏

k Ik
≤ O

(
1

p2min

ϱ1

)
, (7a)

E
zi∼D

[
(p♮i − 1/ξ̂ĝθ(zi))

2
]
≤ O

(
pmax

βp2min

ϱ1 + ϱ2

)
, (7b)

where ϱ1 = FαK
u

(
η + ζ2(Lg + Lθ)

2 +
√

log(1/δ)
|Θ|

)
,

ϱ2 =

√
log(1/δ)

S
+

(∥Z∥FRG)
1/4

√
S

,

η2 =
K
∑

k Ik + ∥Z∥FRG√
T

+ c

√
log(1/δ)

T
+ αν,

c = αmax{| log β|, logα}, α = FαK
u pmax, β =

FβK
u pmin, Z = [zi1 , . . . ,ziS ] ∈ RD×S , T = |Ω|, and

ξ̂ denote the global scaling ambiguity.

The proof of Theorem 4.5 is relegated to the supplementary
material in Sec. D. The result reveals several interesting
insights. First, the results in (7) show that the proposed MLE
criterion can correctly recover the average true counts λ♮

i’s
and the detection probabilities p♮i’s, up to a certain global
scaling ambiguity between the entries. Second, the bounds

indicate that the estimation accuracy is better when there
are more observations (i.e., larger |Ω|) and more similar
features (i.e., smaller ζ and larger |Θ|). Third, the result
suggests that an appropriate choice of the neural network
class plays a role in ensuring good estimation accuracy. This
is because if one uses deeper/wider neural networks, the
approximation error ν becomes smaller, but the complexity
paramater RG is larger. Hence, there is a trade-off to strike
while choosing the network architecture of gθ.

5. Algorithm Design
The proposed MLE in (6) is a combination of Poisson tensor
decomposition and neural network learning—both are hard
optimization problems. To tackle this problem, we design
a BCD-based (Razaviyayn et al., 2013; Bertsekas, 1999)
algorithm. We first re-formulate (6) using a regularized
form by considering nonnegativity constraints for Uk’s:

minimize
{Uk},θ,{pi}

1

|Ω|L(U ,θ,P ) +
µ

|Ξ|
∑
i∈Ξ

ℓ(gθ(zi), pi),

(8a)

subject to Uk ≥ 0,∀k ∈ [K], (8b)
0 ≤ pi ≤ 1, ∀i ∈ Ω ∪Ξ, gθ ∈ G, (8c)

where µ > 0 is a regularization parameter and ℓ(·, ·) denotes
a certain distance/divergence measure, e.g., the least squares
function ℓ(x, y) = (x− y)2.

Note that in the re-formulated problem (8), we did not ex-
plicitly use the bounds on Uk and G in Assumption 4.1. The
reason is twofold: First, the bounds serve for analytical
purposes, yet not easy to know exactly in practice. Second,
ignoring the bounds is inconsequential in terms of perfor-
mance (as will be seen in experiments), but substantially
simplifies the algorithm design. Nonetheless, as one will see,
the update of Uk naturally results in positive and bounded
solutions, under reasonable conditions (cf. the comments
after Eq. 10). In addition, as gθ can be constructed to have
a sigmoid output layer, the value of gθ(zi) is naturally
bounded away from 0 and 1.

Also note that we adopt this regularized optimization design
since it gives flexibility to handle different cases such as
Ω ⊆ Ξ and Ω ⊃ Ξ—as we will see in the following
section. Our BCD updates are designed as follows:

The Uk-Subproblem. When θ, pi, Uj , j ̸= k are fixed,
the subproblem w.r.t. Uk is given by

minimize
Uk≥0

∑
i∈Ω

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)
pi

− yi log

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

) . (9)
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From (9), the update for Uk is as follows:

Uk(ik, f)←
∑

i∈Ω yiα
(f)
i∑

i∈Ω

∏
j ̸=k Uj(ij , f)pi

, ∀i, f, (10)

where α
(f)
i =

Uk(ik,f)
∏

j ̸=k Uj(ij ,f)∑F
f=1 Uk(ik,f)

∏
j ̸=k Uj(ij ,f)

and Uk denotes

Uk from the previous iteration. Note that the above solution
is always strictly positive if Uk > 0 for all k and pi > 0 for
all i. Our update rule design for Uk follows the ideas in
(Chi & Kolda, 2012; Fu et al., 2021), which is essentially a
majorization minimization step w.r.t. Uk; see Sec. C in the
supplementary material.

The p-Subproblem. To update pi, we fix Uk’s and θ and
consider different cases.

Case 1. When both yi and zi are available, i.e., i ∈ Ω ∩Ξ ,
pi is updated via optimizing the following subproblem:

min
pi∈[0,1]

1

|Ω| (λipi − yi log(pi)) +
µ

|Ξ|ℓ(gθ(zi), pi), (11)

where λi =
∑F

f=1

∏K
k=1 Uk(ik, f) is obtained using the

current estimates of Uk’s.

Case 2. Suppose that the observation yi is not available, but
zi is available, i.e., i ∈ Ξ −Ω ∩Ξ . Then, we consider the
following subproblem to update such pi’s:

min
pi∈[0,1]

ℓ(gθ(zi), pi). (12)

If we choose a convex ℓ(·) in (11)-(12), the problems can
be optimally solved using any standard techniques such as
projected gradient decent. Moreover, if we set ℓ(·) to be
one of the popular choices such Euclidean distance and
KL divergence, closed-form solutions for the problems in
(11)-(12) exist—see Table 6 in the supplementary material.

Case 3.1 When yi is observed, but zi is not accessible, i.e.,
i ∈ Ω −Ω ∩Ξ, we update pi via solving the following
subproblem:

min
pi∈(0,1]

λipi − yi log(pi), (13)

which gives the update rule for pi as pi ← [yi/λi][0,1].

The θ-Subproblem. By fixing the Uk’s and all the pi’s,
the subproblem for updating θ is as follows:

min
θ

∑
i∈Ξ

ℓ(gθ(zi), pi).

1Our recoverability analysis is built upon the assumption Ω ⊆
Ξ; see Theorem 4.5. However, in practice, there are cases where
yi is observed, but zi is not available (i.e., Ω−Ω ∩Ξ ̸= ∅). Our
algorithm can still operate under such cases.

This is an unconstrained neural network learning prob-
lem. Many off-the-shelf neural network learning algorithms
that use gradient, e.g., Adam (Kingma & Ba, 2015) and
Adagrad (Duchi et al., 2011), can be used to handle this
subproblem.

More design details and the description of the algorithm are
provided in supplementary material in Sec. C. The proposed
algorithm is referred to as the Under-Counted Data Pre-
diction Via Learner-Aided Tensor Completion (UncleTC)
algorithm.

A remark is that our algorithm uses a batch (instead of
stochastic) update rule for the Uk’s. This can also be re-
placed by stochastic tensor decomposition algorithms (see,
e.g., (Fu et al., 2020a; Pu et al., 2022) and the references
in (Fu et al., 2020b)). Using stochastic algorithms for the
Uk-subproblems may further improve efficiency.

6. Experiments
In this section, we evaluate our proposed method
through a series of synthetic and real data ex-
periments. The source code is available at
https://github.com/shahanaibrahimosu/
undercounted-tensor-completion.

Baselines. We employ a number of low-rank tensor
completion-based baselines, namely NTF-CPD-KL(Chi &
Kolda, 2012), HaLRTC (Liu et al., 2013), NTF-CPD-LS
(Shashua & Hazan, 2005), BPTF-CPD (Schein et al., 2015),
and NTF-Tucker-LS (Kim & Choi, 2007). Among them,
both NTF-CPD-KL and BPTF consider Poisson modeling,
but they do not have a Binomial detection stage in their
models to accommodate the under-counting effect. We also
consider two recent NN-based tensor completion methods,
CostCo (Liu et al., 2019) and POND (Tillinghast et al.,
2020), as baselines. In order to incorporate the side fea-
tures, the CostCo method is slightly modified from its
original implementation by concatenating side features with
the indices of the observed entries as the input to their net-
works. In addition, we also include a tensor version of (Fu
et al., 2021), where a linear function gθ(zi) = θ⊤1zi + θ2
is used to learn g function. This baseline is referred to as
UncleTC(Linear). More details on the implementation
are provided in the supplementary material in Sec. N.

6.1. Synthetic-Data Simulations

Data Generation. The data generating process follows
(3). We first generate Uk ∈ RIk×F , ∀k by randomly
sampling its entries from a uniform distribution between
0 and κ. We fix K = 3, F = 3 and Ik = 20, ∀k, un-
less specified otherwise. We also fix κ = 15 so that λi’s
are not unreasonably small. The feature vectors zi ∈ RD
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Table 1. Average MAEp and MAEλ over 20 random trials under
various values of γΩ ; γΞ = 0.3, γΘ = 0.2,SNR = 40dB with
Θ ∪Ω ⊆ Ξ.

Algorithm Metric γΩ = 0.05 γΩ = 0.1 γΩ = 0.3

UncleTC
MAEp 0.156 ± 0.055 0.111 ± 0.038 0.063 ± 0.047
MAEλ 0.104 ± 0.063 0.063 ± 0.041 0.037 ± 0.031

UncleTC(Linear)
MAEp 0.231 ± 0.072 0.189 ± 0.046 0.193 ± 0.180
MAEλ 0.135 ± 0.069 0.092 ± 0.039 0.090 ± 0.089

NTF-CPD-KL MAEλ 0.306 ± 0.119 0.258 ± 0.128 0.190 ± 0.124
BPTF MAEλ 0.547 ± 0.143 0.493± 0.161 0.345 ± 0.104
HaLRTC MAEλ 0.503 ± 0.382 0.495 ± 0.391 0.436 ± 0.282
NTF-LS MAEλ 0.742 ± 0.462 0.684 ± 0.421 0.403 ± 0.099

NTF-Tucker-LS MAEλ 0.639 ± 0.494 0.526 ± 0.299 0.341 ± 0.072
CostCo MAEλ 0.964 ± 0.235 0.853 ± 0.213 0.809 ± 0.147
POND MAEλ 0.841 ± 0.146 0.877 ± 0.098 0.885 ± 0.087

Table 2. Average MAEp and MAEλ over 20 random trials under
various values of ζ; γΩ = 0.2, γΞ = 0.3, γΘ = 0.2 with Θ ∪
Ω ⊆ Ξ.

Algorithm Metric SNR = 0dB SNR = 10dB SNR = 40dB

UncleTC
MAEp 0.154 ± 0.007 0.047 ± 0.018 0.035 ± 0.001
MAEλ 0.089 ± 0.010 0.026 ± 0.007 0.023 ± 0.001

UncleTC(Linear)
MAEp 0.304 ± 0.012 0.109 ± 0.041 0.129 ± 0.049
MAEλ 0.193 ± 0.054 0.052 ± 0.016 0.065 ± 0.020

NTF-CPD-KL MAEλ 0.299 ± 0.055 0.111 ± 0.001 0.107 ± 0.001
BPTF MAEλ 0.420 ± 0.051 0.414 ± 0.047 0.427 ± 0.070
HaLRTC MAEλ 0.423 ± 0.068 0.441 ± 0.109 0.440 ± 0.126
NTF-LS MAEλ 0.479 ± 0.062 0.474 ± 0.057 0.472 ± 0.046

NTF-Tucker-LS MAEλ 0.366 ± 0.047 0.375 ± 0.050 0.378 ± 0.045
CostCo MAEλ 0.987 ± 0.256 0.876 ± 0.432 0.890 ± 0.357
POND MAEλ 0.824 ± 0.096 0.785 ± 0.131 0.837 ± 0.087

with D = 10 are generated by randomly sampling its en-
tries from the standard normal distribution. We use the
ground-truth nonlinear function (unknown to our algorithm)
g(z) = sigmoid(ν⊤(0.5z3 + 0.2z)), where the vector
ν ∈ RD is generated by randomly sampling its entries
from the uniform distribution between 0 and 1. We ob-
serve only a subset of yi’s such that each i belongs to Ω
with probability γΩ ∈ (0, 1]. Similarly, only a portion
of zi’s are observed such that each i belongs to Ξ with
probability γΞ ∈ (0, 1]. We also make a subset of zi’s
similar such that zi = φ + ni, i ∈ Θ, Θ ⊆ Ξ, with
each i belongs to Θ with probability γΘ ∈ (0, 1]. Here,
φ ∈ RD is a random vector whose entries are drawn from
the standard normal distribution and ni denotes additive
noise whose entries are zero mean Gaussian with variance
σ2. Under this setting, we define the signal-to-noise (SNR)
ratio SNR = 10 log10

(
∥φ∥2

2/Dσ2
)
dB. As the value of SNR

increases, the feature vectors zi ∈ Θ are more similar.

Metric. To characterize the performance of recovering pi’s
and λi’s, we employ mean absolute error (MAE) which
is defined as MAEλ = 1/

∏
k Ik
∑

i

∣∣λ̂i/λ̂(avg) − λ♮
i/λ♮(avg)

∣∣ ,
where λ̂i is the estimated value corresponding to λ♮

i, and
the subscript (avg) denotes the average across all values,
e.g., λ(avg) = 1/

∏
k Ik
∑

i λi. Note that the metric MAEλ

involves entry-wise normalization of the estimates and the
ground truth by the average in order to remove the scaling
ambiguity. The metric MAEp is defined in the same way,

Table 3. Average MAEp and MAEλ over 20 random trials under
various values of γΘ; γΩ = 0.2, γΞ = 0.7, SNR = 40dB with
Θ ∪Ω ⊆ Ξ.

Algorithm Metric γΘ = 0 γΘ = 0.3 γΘ = 0.5

UncleTC
MAEp 0.163 ± 0.007 0.126 ± 0.044 0.104 ± 0.076
MAEλ 0.062 ± 0.003 0.055 ± 0.028 0.054 ± 0.148

UncleTC(Linear)
MAEp 0.231 ± 0.005 0.252 ± 0.029 0.201 ± 0.081
MAEλ 0.078 ± 0.005 0.104 ± 0.041 0.214 ± 0.174

NTF-CPD-KL MAEλ 0.185 ± 0.006 0.107 ± 0.002 0.156 ± 0.078
BPTF MAEλ 0.381 ± 0.024 0.445 ± 0.092 0.473 ± 0.174
HaLRTC MAEλ 0.436 ± 0.030 0.533 ± 0.212 0.561 ± 0.352
NTF-LS MAEλ 0.434 ± 0.030 0.472 ± 0.068 0.644 ± 0.412

NTF-Tucker-LS MAEλ 0.345 ± 0.039 0.411 ± 0.080 0.564 ± 0.337
CostCo MAEλ 0.876 ± 0.178 0.814 ± 0.301 0.987 ± 0.239
POND MAEλ 0.926 ± 0.158 0.851 ± 0.165 0.859 ± 0.112

with all the λ-terms replaced by their p counterparts..

Implementation Settings. To learn the nonlinear function,
we use a neural network gθ(·) with 3 hidden layers and
20 ReLU activation functions in each hidden layer. The
regularization parameter µ is fixed to be 2000. More imple-
mentation details and experiments using different µ’s are
provided in the supplementary material in Sec. N.

Results. Table. 1 shows the performance under various
γΩ’s of all the methods under test. Note that for the base-
lines that do not take detection probability into their models,
only the MAEλ results are presented. The results show that
all the non-Poisson baselines including the NN-based meth-
ods struggle to estimate the true counts λi. This shows the
importance of tailored modeling for integer data. Among the
algorithms using Poisson models, the proposed UncleTC
mothod estimates λi’s with much higher accuracy relative to
NTF-CPD-KL, as our method explicitly models the under-
counting effect. One can also note that UncleTC signifi-
cantly outperforms UncleTC(Linear), in terms of both
MAEp and MAEλ. This is due to the ability of UncleTC to
better handle the nonlinear relationships between the detec-
tion probabilities pi and the side information zi, by using its
NN-based learning. In addition, we note that as γΩ is higher,
i.e., more observations are available, the performance be-
comes better, as expected and indicated in our theoretical
claim.

In Table 2 and Table 3, we show the performance of the al-
gorithms under vairous SNR and γΘ , respectively. In Table
2, as SNR increases from 0 to 40dB, i.e., ζ in Assumption
4.3 becomes smaller and the feature vectors zi’s become
more similar, the MAEs decrease noticeably. The impact on
MAEp is obviously spelled out, as a reduction of around 7
times is observed. Table 3 shows that as the size of Θ gets
larger, the estimation accuracy of the proposed method is
positively impacted. Both tables echo the results presented
by Theorem 4.5.

Table 4 validates a key result from Theorem 4.5. That is,
there exists a global scaling factor and a counter-scaling
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Table 4. Statistics of λ̂i/λ♮
i

and p̂i/p♮
i

for different trials of the
proposed UncleTC with settings γΩ = 0.3, γΞ = 0.3, γΘ =
0.2, ζ = 40dB, and g(z) = sigmoid(ν⊤(0.1 log(z2) + 0.1z2))

#Trial mean±std of λ̂i/λ♮
i mean±std of p̂i/p♮

i mean±std of λ̂ip̂i/λ♮
ip

♮
i

1 1.16 ± 0.04 0.86 ± 0.08 0.99 ± 0.08
2 1.29 ± 0.04 0.78 ± 0.08 1.00 ± 0.07
3 0.98 ± 0.03 1.02 ± 0.06 0.99 ± 0.07
4 1.33 ± 0.05 0.76 ± 0.10 1.00 ± 0.09
5 1.09 ± 0.03 0.93 ± 0.06 1.00 ± 0.06
6 1.16 ± 0.05 0.86 ± 0.11 0.99 ± 0.12
7 1.07 ± 0.03 0.94 ± 0.07 1.00 ± 0.06
8 1.24 ± 0.03 0.81 ± 0.05 0.99 ± 0.05
9 0.83 ± 0.02 1.21 ± 0.05 1.00 ± 0.04

10 0.80 ± 0.02 1.23 ± 0.06 0.99 ± 0.07

factor for λi and pi, respectively. In other words, assuming
perfect estimation for λ̂i and p̂i by the proposed UncleTC,
we have λ̂i = ξλ♮

i, p̂i =
1/ξp♮i,∀i for a certain scalar ξ > 0.

To see if the UncleTC algorithm attains good estimation
of λi and pi up to a global scaling/counter-scaling ambi-
guity, we report the mean and standard deviation of λ̂i/λ♮

i

and p̂i/p♮
i taken over all the i’s in each random trial. One

can see that only small standard deviations exist in all the
trials, suggesting that the scaling/counter-scaling factors are
approximately identical over all the indices. Similar obser-
vations are made on p̂i/p♮

i. One can also note that the scaling
factors of λ̂i and p̂i are approximately reciprocal to each
other (cf. the last column of Table 4). This observations
corroborate the findings in Theorem 4.5.

6.2. Real-Data Experiments

COVID-19 Data. The dataset is obtained from the COVID-
19 impact analysis platform hosted by the University of
Maryland, College Park, United States (Zhang et al., 2020b).
The dataset includes the number of reported COVID-19
cases of about 2270 US counties during 2020-2021, with 25
different attributes such as social distancing index, popula-
tion density, testing capacity and so on. In order to extract a
count-type tensor from the COVID-19 dataset, we represent
each county using two coordinates, i.e., the rounded value
of latitude and longitude of its geographical center. This
way, we obtain an integer tensor of size 43× 80× 60 (with
18.42% of entries observed), recording the COVID-19 case
numbers of 642 counties over 60 days from January 1, 2021
to March 1, 2021.

Pollinator-Plant Interaction (PPI) Data. The Plant-
Pollinator Interaction (PPI) dataset is a publicly available
dataset, collected by the researchers at the H.J. Andrews
(HJA) Long-term Ecological Research site in Oregon, USA
(Seo et al., 2022; Daly et al., 2019). We consider a subset
of the dataset by selecting 50 plants and 50 pollinators that
have the highest numbers of interactions. This leads to a
50× 50× 37 integer tensor with 22.06% observed entries.

Table 5. The rRMSE of various methods on the COVID-19 and
PPI datasets.

Method COVID-19 PPI
UncleTC 3.52 ± 0.38 9.89 ± 1.67
UncleTC(Linear) 3.90 ± 0.33 10.21 ± 1.45
HaLRTC 6.14 ± 0.45 10.77 ± 1.25
BPTF 6.72 ± 0.42 11.02 ± 1.39
NTF-CPD-KL 3.61 ± 0.52 10.17 ± 1.12
NTF-CPD-LS 7.00 ± 0.38 11.25 ± 1.27
NTF-Tucker-LS 6.82 ± 0.48 11.22 ± 1.27
CostCo 7.12 ± 0.34 11.01 ± 1.14
POND 6.92 ± 0.51 10.95 ± 1.31
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Figure 1. The top-10 counties that have the highest UncleTC-
estimated average detection probabilities (left) and lowest average
detection probabilities (right) for COVID-19. Inside the bar, we
show the average numbers of COVID-19 tests done per 1000
people during the selected period.

The dataset also includes about 37 entry attributes corre-
sponding to each observation, such as flower color of the
plant, pollinator tongue length, weather conditions, and so
on.

For both datasets, since the features are in different numeri-
cal units and range, we normalize each feature value using
min-max normalization (Jain et al., 2005), across all obser-
vations. More details on the datasets and tensor construction
are given in the supplementary material in Sec. N.

Quantitative Evaluation. Since the ground-truth λ♮
i’s and

p♮i’s are unknown for real data, we employ a count data pre-
diction metric, i.e., relative root mean square (rRMSE)
(Fu et al., 2021) for evaluation. Let {yi}i∈∆ be the set
of actual holdout observations and {ŷi}i∈∆ be the corre-
sponding predicted values. Then, the rRMSE is defined
as rRMSE = 1/y

√∑
i∈∆ |yi−ŷi|2/|∆|, where y is the mean

value of the actual observations {yi}i∈∆. Note that, for
the proposed method, the observations are predicted via
ŷi = λ̂ip̂i.

Table 5 presents the performance of various approaches on
the COVID-19 and PPI datasets. One can see that the pro-
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posed UncleTC exhibits promising performance on both
datasets. One can also see that the performance of the Pois-
son model-based method NTF-CPD-KL has a comparable
rRMSE performance relative to our method. This is ex-
pected, as the Poisson-Binomial model with parameters
λ and p can be considered as a Poisson model with the
parameter λp (see Lemma B.1). Nontheless, our method
still outperforms NTF-CPD-KL, as the incorporation of the
entry attributes in our framework may be beneficial. Com-
pared to the non-Poisson methods, our approach stands out
with obviously lower rRMSEs, which is similar to what
was observed in the simulations. It can also be noted that
UncleTC outperforms its linear function-based counterpart
UncleTC(Linear) in both cases, which is also consis-
tent with our simulation results.

Qualitative Evaluation. In Fig. 1, we analyze the detection
probabilities output by the proposed UncleTC for COVID-
19 dataset. Here, we present the top 10 counties having the
highest and lowest detection probabilities for COVID-19
cases found by the proposed UncleTC (averaged over all
days). Note that the estimated detection probabilities have
a global scaling ambiguity—see Theorem 4.5—but their
relative ranking order is not affected by this ambiguity. We
also report the average number of COVID-19 tests done per
1000 people during the selected period (we removed this
feature while training the model to avoid correlated results).
One can see that the counties with more tests done are
mostly aligned with higher detection probabilities estimated
by our algorithm. Also, most counties reported with high
detection probabilities are populous, urban counties, which
enjoy better infrastructure. These observations suggest that
the proposed algorithm outputs plausible results for the
detection probabilities—also see the detection probability
results for the PPI dataset in the supplementary material in
Sec. N.

7. Conclusion
We proposed an under-counted tensor completion frame-
work, which is motivated by the commonly seen under-
counting effects in data acquisition across many domains,
e.g., ecology and epidemiology. Our model uses a Poisson-
Binomial data-generating perspective as often advocated
in computational ecology, where the true integer data are
under-counted by a Binomial detection process. Unlike ex-
isting approaches that treat the under-counting effects using
relatively simple models, we used a neural network-based
design to account for a wide range of unknown nonlin-
ear relations between the side information (attributes) and
the under-counting effects. More importantly, we showed
that the proposed under-counted tensor completion criterion
can provably recover the underlying Poisson tensor and its
entries’ under-counting characteristics, under reasonable

conditions—which is the first theoretical result of its kind.
We validated our theorem and algorithm using simulated
and real data and observed intuitively plausible results from
our real data results.

Limitations. A key limitation lies in the model assump-
tion that the under-counted probabilities are functions of
observed side attributes. However, such attributes may not
always be available. Provable UC-TC criteria that do not
rely on such assumption are highly desirable, yet the current
formulation and analysis cannot cover such settings without
substantial changes and re-design.
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Supplementary Material of “ Under-Counted Tensor Completion with Neural Incorporation of Attributes”

A. Notation
The notations x, x, X and X represent a scalar, a vector, a matrix, and a tensor, respectively. xi denotes the ith element of
the vector x. [X]i,j and X(i, j) both mean the (i, j)th entry of X . Similarly, [X]i belongs to the ith entry of the tensor
X ∈ RI1×...×IK where i = (i1, . . . , iK). Z+ denote the set of all nonnegative integers. x ≥ 0, X ≥ 0, and X ≥ 0 imply
that all the associated entries are greater than 0. ∥x∥2, ∥X∥F and ∥X∥F all mean the Euclidean (Frobenius) norm of the
augment. ∥[X]Ω∥F indicates the Euclidean norm of the vector formed by concatenating the entries indexed by all unique
i’s belonging to Ω, i.e., ∥[X]Ω∥2F =

∑
i∈Supp(Ω) x

2
i , where Supp(Ω) denotes the set of all unique entries in Ω. ∥X∥∞

denotes the max norm of X such that ∥X∥∞ = max
i

[X]i. [I] means an integer set {1, 2, . . . , I}. ⊤ and † denote transpose

and pseudo-inverse, respectively. x ◦ y denotes the outer product of two vectors x and y, i.e., x ◦ y = xy⊤. ⊛ denotes the
element-wise product (also known as Hadamard product). The function sigmoid(x) represents 1

1+exp(−x) . The constant e
denotes the Euler’s number. [x][0,1] denotes min{max{x, 0}, 1}.

B. MLE Formulation
Assuming that yi’s are independently sampled from the generative model in (3), the log-likelihood of the observations can
be expressed as follows:

log
∏
i∈Ω

Pr(Yi = yi;λi, pi) = log

(∏
i∈Ω

∞∑
n=yi

Pr(Ni = n;λi)Pr(yi|Ni = n; pi)

)

=
∑
i∈Ω

log

( ∞∑
n=yi

(
λn
i e

−λi

n!

n!pyi

i (1− pi)
n−yi

yi!(n− yi)!

))
, (14)

where Yi denotes the random variable associated with the observation yi and Ni denotes the random variable associated
with the true count ni. To circumvent the infinite sum in the log-likelihood, we invoke the folowing lemma:

Lemma B.1. (Dennis et al., 2015) Assume that the observation y follows the below generative model:

n ∼ Poisson(λ), (15a)
y ∼ Binomial(n, p). (15b)

Then, the model in (15) is equivalent to y ∼ Poisson(λp).

Lemma B.1 states that the Poisson-Binomial model admits an equivalent Poisson model whose Poisson parameter is the
multiplication of the original Poisson parameter and the detection probability. The derivation is based on an interesting
equality:

∞∑
n=y

λne−λ

n!

n!py(1− p)n−y

y!(n− y)!
=

(pλ)ye−λp

y!
;

see the derivation in (Fu et al., 2021).

Applying the above equality in (14), we obtain:

log
∏
i∈Ω

Pr(Yi = yi;λi, pi) =
∑
i∈Ω

log

(
(piλi)

yie−λipi

yi!

)
=
∑
i∈Ω

[yi log λi + yi log pi − λipi − log yi!] . (16)

Here, the MLE is formulated and derived under the same spirit of the MC case in (Fu et al., 2021).
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C. More Details on Algorithm Design
In this section, we provide more details on the implementation of the proposed algorithm UncleTC. Our formulation is
given below:

minimize
{Uk}K

k=1,θ,{pi}

1

|Ω|
∑
i∈Ω

[( F∑
f=1

K∏
k=1

Uk(ik, f)

)
pi − yi log

( F∑
f=1

K∏
k=1

Uk(ik, f)

)
− yi log pi

]
+

µ

|Ξ|
∑
i∈Ξ

ℓ(gθ(zi), pi),

(17a)

subject to Uk ≥ 0,∀k ∈ [K], (17b)
0 ≤ pi ≤ 1, ∀i ∈ Ω ∪Ξ, (17c)

where µ > 0 is a regularization parameter and ℓ(·, ·) denotes a certain distance/divergence measure, e.g., the least squares
function ℓ(x, y) = (x− y)2.

C.1. The Uk-Subproblem

The subproblem for each Uk is given below:

minimize
Uk≥0

w(Uk) :=
∑
i∈Ω

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)
pi − yi log

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

) . (18)

To obtain the update rule for Uk from (18), we have the following result:

Lemma C.1. Let Uk denote the current estimate of Uk. Then, the objective function in (18) can be upper-bounded by the
following function:

s(Uk;Uk) =
∑
i∈Ω

[(
F∑

f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)
pi − yi

F∑
f=1

α
(f)
i log

(
Uk(ik, f)

∏
j ̸=k Uj(ij , f)

α
(f)
i

)]
, (19)

where α
(f)
i =

Uk(ik, f)
∏

j ̸=k Uj(ij , f)∑F
f=1 Uk(ik, f)

∏
j ̸=k Uj(ij , f)

.

The construction of the surrogate function s(Uk;Uk) follows the idea in (Chi & Kolda, 2012; Fu et al., 2021); The
differences include that the model in (Chi & Kolda, 2012) did not have pi terms and that the work in (Fu et al., 2021) did not
consider the tensor case. Here, we use the Jensen’s inequality to construct a “tight” upper bound, i.e., w(Uk) ≤ s(Uk;Uk)
and the equality can be attained at Uk = Uk; see Sec. L for the proof of Lemma C.1. To be more precise, the update of Uk

is through solving the following subproblem:

Uk ← arg min
Uk≥0

s(Uk;Uk). (20)

By taking the derivative of s(·;Uk) w.r.t. Uk and equating the derivative to zero, we obtain:

Uk(ik, f)←
∑

i∈Ω yiα
(f)
i∑

i∈Ω

∏
j ̸=k Uj(ij , f)pi

. (21)

For efficient implementation of the above updates in the presence of missing data, we adopt a strategy proposed in (Chi &
Kolda, 2012) for handling sparse tensors.

C.2. The p-Subproblem

Table 6 summarizes the update rules for the pi-subproblem in Sec. 5 under different choices of the regularization function
ℓ(·). The complete description of the proposed UncleTC algorithm is provided in Algorithm 1.
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Table 6. Updates for pi subproblems for different loss functions
ℓ(x, y) = (x− y)2 ℓ(x, y) = x log x

y − x+ y

Case 1: ∀i ∈ Ω ∩Ξ pi ← (2µ̄gθ(zi)−λ̄i)+
√

(2µ̄gθ(zi)−λ̄i)2+8µ̄ȳi

4µ̄ pi ← ȳi+µ̄gθ(zi)

λ̄i+µ̄

Case 2: ∀i ∈ Ξ −Ω ∩Ξ pi ← gθ(zi) pi ← gθ(zi)
Case 3: ∀i ∈ Ω −Ω ∩Ξ pi ← [yi/λi][0,1] pi ← [yi/λi][0,1]

µ̄ = µ/|Ξ|, λ̄i = λi/|Ω|, ȳi = yi/|Ω|

Algorithm 1 UncleTC

input :Observations yi,∀i ∈ Ω, feature vectors zi, ∀i ∈ Ξ, Initializations θ(0), p(0)i , ∀i ∈ Ξ, and U
(0)
k , ∀k.

1 t← 0;
2 repeat
3 λ

(t+1)
i ←∑F

f=1

∏K
k=1 U

(t)
k (ik, f), ∀i;

4 p̃
(t+1)
i ← gθ(t)(zi), i ∈ Ξ;

5 p
(t+1)
i ← argminpi∈[0,1]

1
|Ω| (λ

(t+1)
i p

(t)
i − yi log(p

(t)
i )) + µ

|Ξ|ℓ(p̃
(t+1)
i , p

(t)
i ), ∀i ∈ Ω ∩Ξ;

6 p
(t+1)
i ← argminpi∈[0,1] ℓ(p̃

(t+1)
i , p

(t)
i ), ∀i ∈ Ξ −Ω ∩Ξ;

7 p
(t+1)
i ← [yi/λ(t+1)

i ][0,1] , ∀i ∈ Ω −Ω ∩Ξ;

8 θ(t+1) ← argminθ
∑

i∈Ξ ℓ(gθ(zi), p
(t+1)
i );

9 for k = 1 to K do
10 r ← 0;
11 repeat

12 α
(f)
i ← U

(r)
k (ik,f)

∏
j ̸=k U

(t)
j (ij ,f)∑F

f=1 U
(r)
k (ik,f)

∏
j ̸=k U

(t)
j (ij ,f)

, ∀i, f ;

13 U
(r+1)
k (ik, f)←

∑
i∈Ω yiα

(f)
i∑

i∈Ω

∏
j ̸=k U

(t)
j (ij ,f)p

(t+1)
i

, ∀ik ∈ [Ik], f ;

14 r ← r + 1;
15 until the stopping criterion is reached;
16 U

(t+1)
k ← U

(r)
k ;

17 U
(0)
k ← U

(r)
k ;

18 end
19 t← t+ 1;
20 until the stopping criterion is reached;

output :estimates {Ûk}Kk=1, θ̂, and p̂i, ∀i ∈ Ω ∪Ξ

D. Proof of the Main Result (Theorem 4.5)
Let us first construct the following constraint sets:

L = {Λ | Λ =

F∑
f=1

U1(:, f) ◦ . . . ◦UK(:, f), ∥Uk(:, f)∥2 ≤ u, Uk ≥ 0,∀k, f}, (22a)

M =
{
M = Λ⊛ P |β ≤ [M ]i ≤ α,∀i,Λ ∈ L, [P ]i = gθ(zi), gθ ∈ G, zi ∈ RD, ∀i ∈ Ξ

}
. (22b)

Under Assumption 4.1, we can choose the parameters u, α, and β as follows:

u =
√
Fαu, α = FαK

u pmax, β = FβK
u pmin. (23)

Using these notations, the MLE in (6) can be re-expressed as follows:

M̂ = arg minM∈M

∑
i∈Ω

f(mi; yi, zi), (24)

where f(mi; yi, zi) = mi − yi logmi, where mi = λigθ(zi).
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Estimating ∥M♮−M̂∥F/∏k Ik: Our goal is to characterize the estimation accuracies of λ♮
i and p♮i. To achieve this goal,

we first characterize the term ∥M ♮ − M̂∥F. We have the following result:

Theorem D.1. Suppose that the assumptions of Theorem 4.5 hold true. Let T = |Ω|. Assume that {yi}i∈Ω are i.i.d.
samples under the generative model (3) and that zi1 , . . . ,ziS are the set of observed features. Then, under (24), with
probability at least 1− 2δ − 3e−α(e2−3), we have the following relation, for any 0 < δ < 1:

∥M ♮ − M̂∥2F∏
k Ik

≤ C(α, β)

(
2RT (F) + (5fmax − fmin)

√
2 log(4/δ)

T
+ FαK

u

(
1 +

pmax(e
2 − 2)

pmin

)
ν

)
, (25)

where C(α, β) = 4αγ
1−e−γ , γ = 1

8β (α− β)2, fmax ≤ α(1 + (e2 − 2)max{| log β|, logα}), fmin = β − α(e2 − 2) logα,

RT ≤

 4√
T

+
12√
T

√
F
∑
k

Ik log
(
6KLf

√
T (Fαu)K

)
+
(
FαK

u Lf

√
T∥Z∥FRG

) ,

Lf = 1 + α(e2−2)
β , Z = [zi1 , . . . ,ziS ] ∈ RD×S , and RG denotes the complexity measure of the class G.

The proof is relegated to Appendix E.

Estimating ∥[M♮−M̂ ]Θ∥F/|Θ|: Next, we proceed to estimate ∥[M♮−M̂ ]Θ∥F/|Θ| using the result in Theorem D.1.

Consider the following result:

Lemma D.2. Assume that i ∈ Θ is drawn from [I1]× . . .× [IK ] uniformly at random (without replacement). Consider
that M1,M2 ∈ {M |M ∈ RI1×···×IK

+ , ∥M∥∞ ≤ α} holds. Let us define

τ(Θ;M1,M2) =

∣∣∣∣∣ 1√
|Θ|
∥(M1 −M2)Θ∥F −

1√
IK
∥M1 −M2∥F

∣∣∣∣∣ .
Then, with probability greater than 1− δ, we have

τ(Θ;M1,M2) ≤ α

(
log

(
2

δ

)(
1− (|Θ| − 1)∏

k Ik

)
1

2|Θ|

)1/4

.

The proof is provided in Appendix J.

Combining Lemma D.2 (here, α = FαK
u pmax using Assumption 4.1) with Theorem D.1 and denoting η =

1√∏
k Ik

∥∥∥M ♮ − M̂
∥∥∥
F

, we have the following with probability at least 1− 3δ − 3e−α(e2−3):

∥∥∥[M ♮ − M̂
]
Θ

∥∥∥
F√

|Θ|
≤ η + τ(Θ;M ♮,M̂), (26)

where η2 is given by (25) from Theorem D.1.

Recovering λi’s: Next, we proceed to characterize the estimation accuracies of λi’s using the result in (26). Under
Assumptions 4.3 and 4.4, we have the following representation:

p♮i = g♮(zi) = ξ + si, |si| ≤ ζLg, ∀i ∈ Θ,

p̂i = ĝθ(zi) = ξ′ + s′i, |s′i| ≤ ζLθ, ∀i ∈ Θ,

where 0 ≤ ξ, ξ′ ≤ 1 are certain scalars.
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Hence, we get the following relation, with probability at least 1− 3δ − 3e−α(e2−3):

(η + τ(Θ;M ♮,M̂))
√
|Θ| ≥

∥∥∥[M ♮ − M̂
]
Θ

∥∥∥
F
=

√∑
i∈Θ

(m♮
i − m̂i)2

=

√∑
i∈Θ

(λ♮
ip

♮
i − λ̂ip̂i)2 =

√∑
i∈Θ

(λ♮
i(ξ + si)− λ̂i(ξ′ + s′i))

2

=

√∑
i∈Θ

(ξλ♮
i − ξ′λ̂i + siλ

♮
i − s′iλ̂i)2

≥

∣∣∣∣∣∣
√∑

i∈Θ

(ξλ♮
i − ξ′λ̂i)2 −

√∑
i∈Θ

(siλ
♮
i − s′iλ̂i)2

∣∣∣∣∣∣ .

Since |si| ≤ ζLg , |s′i| ≤ ζLθ, and λi ≤ FαK
u , ∀Λ ∈ L by (23), the above relation can be further expressed as

(η + τ(Θ;M ♮,M̂))
√
|Θ|+ ζ(Lg + Lθ)FαK

u

√
|Θ| ≥ ξ

√∑
i∈Θ

(λ♮
i − ξ′/ξλ̂i)2

= ξ
∥∥∥[Λ♮ − ξ′/ξΛ̂

]
Θ

∥∥∥
F

=⇒

∥∥∥[Λ♮ − ξ′/ξΛ̂
]
Θ

∥∥∥
F√

|Θ|
≤ (η + τ(Θ;M ♮,M̂)) + ζ(Lg + Lθ)FαK

u

ξ

≤ (η + τ(Θ;M ♮,M̂)) + ζ(Lg + Lθ)FαK
u

pmin
. (27)

Let ξ′/ξ = ξ̂. Our next goal is to characterize
∥∥∥Λ♮ − ξ̂Λ̂

∥∥∥
F

using the result in (27). To proceed, consider the term

τ(Θ;Λ♮, ξ̂Λ̂) =

∣∣∣∣∣∣∣
∥∥∥[Λ♮ − ξ̂Λ̂

]
Θ

∥∥∥
F√

|Θ|
−

∥∥∥Λ♮ − ξ̂Λ̂
∥∥∥
F√∏

k Ik

∣∣∣∣∣∣∣ . (28)

We again invoke Lemma D.2 for characterizing the term τ(Θ;Λ♮, ξ̂Λ̂), and obtain that with probability of at least 1− δ,

τ(Θ;Λ♮, ξ̂Λ̂) ≤ FαK
u

(
log

(
2

δ

)(
1− (|Θ| − 1)∏

k Ik

)
1

2|Θ|

)1/4

. (29)

Combining the result in (28) and (29) with (27), we obtain the following result with probability at least 1− 4δ− 3e−α(e2−3):

∥∥∥Λ♮ − ξ̂Λ̂
∥∥∥
F√∏

k Ik
≤ τ(Θ;Λ♮, ξ̂Λ̂) +

(η + τ(Θ;M ♮,M̂)) + ζ(Lg + Lθ)FαK
u

pmin︸ ︷︷ ︸
η′

.
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Recovering pi’s: Next, we proceed to bound the estimation accuracies for pi’s. Consider the following chain of
inequalities:

∥M ♮ − M̂∥F =
∥∥∥Λ♮ ⊛ P ♮ − ξ̂Λ̂⊛ 1/ξ̂P̂

∥∥∥
F

=
∥∥∥Λ♮ ⊛ P ♮ −Λ♮ ⊛ 1/ξ̂P̂ +Λ♮ ⊛ 1/ξ̂P̂ − ξ̂Λ̂⊛ 1/ξ̂P̂

∥∥∥
F

≥
∣∣∣∥∥∥Λ♮ ⊛ (P ♮ −⊛1/ξ̂P̂ )

∥∥∥
F
− ∥(Λ♮ − ξ̂Λ̂)⊛ 1/ξ̂P̂ ∥F

∣∣∣
≥ λmin

∥∥∥P ♮ − 1/ξ̂P̂
∥∥∥
F
− ∥(Λ♮ − ξ̂Λ̂)⊛ 1/ξ̂P̂ ∥F

≥ β

pmax

∥∥∥P ♮ − 1/ξ̂P̂
∥∥∥
F
− ∥(Λ♮ − ξ̂Λ̂)⊛ 1/ξ̂P̂ ∥F,

where λmin = mini λi =
mini mi

maxi pi
= β

pmax
. The above inequalities imply that with probability at least 1− 4δ − 3e−α(e2−3)∥∥∥P ♮ − 1/ξ̂P̂
∥∥∥
F√∏

k Ik
≤ pmax

β


∥∥∥Λ♮ − ξ̂Λ̂

∥∥∥
F

pmin

√∏
k Ik

+
∥M ♮ − M̂∥F√∏

k Ik

 ,

=
pmax

β

(
η′

pmin
+ η

)
, (30)

where we have used the result that ∥(Λ♮ − ξ̂Λ̂)⊛ 1/ξ̂P̂ ∥F ≤ 1
pmin

∥∥∥Λ− ξ̂Λ̂
∥∥∥
F

, since [1/ξ̂P̂ ]i = 1/ξ̂p̂i = ξ/ξ′p̂i ≤ 1/pmin.

Next, we proceed to characterize the generalization error of the learned nonlinear function ĝθ . Towards this, we first bound

the term
∥[P ♮−1/ξ̂P̂ ]Ξ∥

F√
S

using the result in (30). Let us consider

τ(Ξ;P ♮, 1/ξ̂P̂ ) =

∣∣∣∣∣∣∣
∥∥∥[P ♮ − 1/ξ̂P̂

]
Ξ

∥∥∥
F√

S
−

∥∥∥P ♮ − 1/ξ̂P̂
∥∥∥
F√∏

k Ik

∣∣∣∣∣∣∣ .
By applying Lemma D.2 combined with (30), we get that with a probability greater than 1− 5δ − 3e−α(e2−3)∥∥∥[P ♮ − 1/ξ̂P̂

]
Ξ

∥∥∥
F√

S
≤ τ(Ξ;P ♮, 1/ξ̂P̂ ) +

pmax

β

(
η′

pmin
+ η

)
, (31)

where

τ(Ξ;P ♮, 1/ξ̂P̂ ) ≤ pmax

(
log

(
2

δ

)(
1− (S − 1)∏

k Ik

)
1

2S

)1/4

.

Using the result in (31), we proceed to bound the generalization performance of the learned nonlinear function ĝθ . Towards
this goal, consider the following result:

Lemma D.3. Under the Assumptions given by Theorem 4.5, the following holds with probability greater than 1− δ:

Ez∼D
[
(g♮(z)− 1/ξ̂ĝθ(z))

2
]
≤

∥∥∥[P ♮ − 1/ξ̂P̂
]
Ξ

∥∥∥2
F

S
+

32 (2∥Z∥FRG)
1
4

S5/8
+ 4

√
2 log(4/δ)

S
, (32)

where Z = [zi1 , . . . ,ziS ] and RG denotes the complexity measure as given by Assumption 4.2.

The proof is given in Appendix K.

Combining Lemma D.3 with (31), we get the final bound for Ez∼D
[
(g♮(z)− 1/ξ̂ĝθ(z))

2
]

with probability greater than
1− 6δ − 3e−α(e2−3).
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E. Proof of Theorem D.1
For a set Ω = {i1, . . . , iT }, we assume that Ω ∼ Π where Π is uniform, i.e., each yi is observed independently at random
with probability 1/(

∏
k Ik)

2. Hence, we define the expected risk as follows:

DΠ(M ;Y ) := EΩ∼Π [f(mi; yi, zi)] =
∑
i

1∏
k Ik

f(mi; yi, zi). (33)

Accordingly, we define the empirical risk as follows:

DΩ(M ;Y ) =
1

T

∑
i∈Ω

f(mi; yi, zi). (34)

Eq.(24) implies that

DΩ(M̂ ;Y ) ≤ DΩ(M̃ ;Y ) (35)

where [M̃ ]i = λ♮
ig̃θ(zi) and g̃θ is given by Assumption 4.2.

To proceed, consider the following chain of inequalities:

Ey[DΠ(M̂ ;Y )−DΠ(M
♮;Y )] = Ey[DΠ(M̂ ;Y )]−DΩ(M̂ ;Y ) +DΩ(M ♮;Y )− Ey[DΠ(M

♮;Y )]

+DΩ(M̂ ;Y )−DΩ(M̃ ;Y ) +DΩ(M̃ ;Y )−DΩ(M ♮;Y )

≤ Ey[DΠ(M̂ ;Y )]−DΩ(M̂ ;Y ) +DΩ(M ♮;Y )− Ey[DΠ(M
♮;Y )]

+ |DΩ(M̃ ;Y )−DΩ(M ♮;Y )|
≤ sup

M∈M
|DΩ(M ;Y )− Ey[DΠ(M ;Y )]|+ |DΩ(M ♮;Y )− Ey[DΠ(M

♮;Y )]|

+ |DΩ(M̃ ;Y )−DΩ(M ♮;Y )|, (36)

where expectation is taken w.r.t. yi’s and the first inequality is by (35).

Let us consider the L.H.S. of (36):

Ey[DΠ(M̂ ;Y )−DΠ(M
♮;Y )] =

1∏
k Ik

∑
i

Ey

[
(m̂i − yi log m̂i)− (m♮

i − yi logm
♮
i)
]

=
1∏
k Ik

∑
i

[
(m̂i −m♮

i log m̂i)− (m♮
i −m♮

i logm
♮
i)
]

=
1∏
k Ik

∑
i

[
m♮

i log
m♮

i

m̂i
− (m♮

i − m̂i)

]
:= KL(M ♮||M̂), (37)

where the second equality utilizes Lemma B.1 to get E[yi] = λ♮
ip

♮
i = m♮

i.

Upper-bounding the first term on the R.H.S of (36). Next, we characterize the first term on the R.H.S. of (36). Towards
this, we invoke the following theorem (Theorem 26.5 in (Shalev-Shwartz & Ben-David, 2014)) :
Theorem 1. (Shalev-Shwartz & Ben-David, 2014, Theorem 26.5) Assume that for all y and for all x, we have |f(x; y)| ≤
fmax. Then for any M ∈M, the following holds with probability greater than 1− δ:

|DΩ(M ;Y )− Ey[DΠ(M ;Y )]| ≤ 2RT (F) + 4fmax

√
2 log(4/δ)

T
, (38)

2Here, the set Ω can be a multiset, meaning it can contain multiple copies of an index since the the assumed sampling scheme is with
replacement.
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where F denotes the set

F ≜
{
[f(mi1 ; yi1 , zi1), . . . , f(miT ; yiT , ziT )]

⊤ |M ∈M, it ∈ Ω
}

and RT (F) denotes the empirical Rademacher complexity of the set F .

Applying Theorem 1, with probability greater than 1− δ, we have

sup
M∈M

|DΩ(M ;Y )− Ey[DΠ(M ;Y )]| ≤ 2RT (F) + 4fmax

√
2 log(4/δ)

T
. (39)

Let us characterize fmax in (39).
Lemma E.1. Let f(mi; yi, zi) = mi − yi logmi where mi = λipi = λigθ(zi). Then, under Assumption 4.1, the
maximum and minimum value taken by the function f(mi; yi, zi), denoted as fmax and fmin are given by

fmax = α+ cmax{| log β|, logα}
fmin = β − c logα,

with probability greater than 1− e−α(e2−3) where c = α(e2 − 2).

The proof of the lemma is given in Appendix G.

Next, we aim to characterize the Rademacher complexity RT (F). Towards this, we have the following result:
Lemma E.2. Suppose that the assumptions of Theorem 4.5 hold true. Let Ω = {i1, . . . , iT } and T = |Ω|. Assume that the
observations yit’s are i.i.d. samples under the generative model (3) and that zi1 , . . . ,ziS are the set of observed features.
Consider the set

F = {f ∈ RT | f = [f(mi1 ; yi1 , zi1), . . . , f(miT ; yiT , ziT )]
⊤|mit = [M ]it , it ∈ Ω, M ∈M}.

With probability greater than 1− e−α(e2−3), the empirical Rademacher complexity of F is bounded by

RT (F) ≤

 4√
T

+
12√
T

√
F
∑
k

Ik log
(
6KLf

√
T (Fαu)K

)
+
(
FαK

u Lf

√
T∥Z∥FRG

) ,

where Lf = 1 + α(e2−2)
β , Z = [zi1 , . . . ,ziS ] ∈ RD×S and and RG denotes the complexity measure of the class G.

The proof is provided in Appendix F. By combining Lemma E.1 and Lemma E.2, we completely characterize (39).

Upper-bounding the second term on the R.H.S of (36). Next, we upper bound the second term on the R.H.S of (36).
Let us consider the Hoeffding’s inequality
Lemma E.3. Let F1, . . . , FT be independent bounded random variables with Ft ∈ [fmin, fmax] for all t where −∞ <
fmin ≤ fmax <∞. Then for all t ≥ 0,

Pr

(
1

T

T∑
t=1

(Ft − E[Ft]) ≥ q

)
≤ exp

(
− 2Tq2

(fmax − fmin)2

)
.

To use Lemma E.3, let us define the random variable Ft as follows:

Ft ≜ f(mit ; yit , zit).

Then, invoking Lemma E.3, one can obtain

Pr
(∣∣∣DΩ(M ♮;Y )− Ey[DΠ(M

♮;Y )]
∣∣∣ ≥ q

)
≤ exp

(
− 2Tq2

(fmax − fmin)2

)
. (40)

where fmax and fmin are given by Lemma E.1. Hence, by substituting q = (fmax − fmin)

√
log( 1

δ )
2T , where δ ∈ (0, 1) in

(40), we get that with probability greater than 1− δ∣∣∣DΩ(M ♮;Y )− Ey[DΠ(M
♮;Y )]

∣∣∣ ≤ (fmax − fmin)

√
log
(
1
δ

)
2T

. (41)
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Upper-bounding the third term on the R.H.S of (36). Consider the following chain of equations:

∣∣∣DΩ(M̃ ;Y )−DΩ(M ♮;Y )
∣∣∣ = ∣∣∣∣∣ 1T ∑

i∈Ω

f(m̃i; yi, zi)−
1

T

∑
i∈Ω

f(m♮
i; yi, zi)

∣∣∣∣∣
=

1

T

∣∣∣∣∣∑
i∈Ω

(m̃i − yi log m̃i)− (m♮
i − yi logm

♮
i)

∣∣∣∣∣
=

1

T

∣∣∣∣∣∑
i∈Ω

(λ♮
i(g̃θ(zi)− g♮θ(zi))− yi

(
log λ♮

ig̃θ(zi)− log λ♮
ig

♮
θ(zi)

)∣∣∣∣∣
=

1

T

∣∣∣∣∣∑
i∈Ω

(λ♮
i(g̃θ(zi)− g♮θ(zi))− yi

(
log g̃θ(zi)− log g♮θ(zi)

)∣∣∣∣∣
≤ max

i
λ♮
i|g̃θ(zi)− g♮θ(zi)|+max

i
yi
|g̃θ(zi)− g♮θ(zi)|

pmin
,

≤ (cλ + c/pmin)ν,

= FαK
u (1 + pmax(e

2 − 2)/pmin)ν, (42)

where the first inequality employs the triangle inequality and the Lipschitz continuity of the log function. The first inequality
also employs the Assumptions 4.1 that the lowerbound of both g̃θ(zi) and g♮θ(zi) are pmin. The second inequality is
obtained by applying cλ = FαK

u from Assumption 4.1, c = α+ α(e2 − 3) from Lemma H.1 with probability greater than
1− e−α(e2−3) and α = FαK

u pmax.

Putting Together. Combining (36), (37) with the upperbounds (39), (41), and (42), we get with probability greater than
1− 2δ − 3e−α(e2−3).

KL(M ♮||M̂) ≤ 2RT (F) + (5fmax − fmin)

√
2 log(4/δ)

T
+ FαK

u

(
1 +

pmax(e
2 − 2)

pmin

)
ν, (43)

where fmax = α+ cmax{| log β|, logα} and fmin = β − c logα given by Lemma E.1 .

By (Cao & Xie, 2015, Lemma 8), we have

KL(M ♮||M̂) ≥ ∥M
♮ − M̂∥2F

C(α, β)
∏

k Ik
, (44)

where C(α, β) = 4αγ
1−e−γ and γ = 1

8β (α− β)2. Hence, combining (43) and (44), we have the following with probability

greater than 1− 2δ − 3e−α(e2−3):

∥M ♮ − M̂∥2F∏
k Ik

≤ C(α, β)

(
2RT (F) + (5fmax − fmin)

√
2 log(4/δ)

T
+ FαK

u

(
1 +

pmax(e
2 − 2)

pmin

)
ν

)
. (45)

F. Proof of Lemma E.2
Let us consider the following vector f :

f = [f(mi1 ; yi1 , zi1), . . . , f(miT ; yiT , ziT )]
⊤∈ F ,

where it ∈ Ω, ∀t and

F = {f ∈ RT | f = [f(mi1 ; yi1 , zi1), . . . , f(miT ; yiT , ziT )]
⊤|mit = [M ]it , M ∈M}. (46)

The Rademacher complexity of set F , denoted as RT (F), is defined as follows:
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Definition F.1. (Shalev-Shwartz & Ben-David, 2014) The empirical Rademacher complexity of a set of vectors F ⊂ RT is
defined as follows:

RT (F) =
1

T
E

[
sup
f∈F

T∑
i=1

ϵifi

]
, (47)

where expectation is w.r.t. ϵi’s which are i.i.d. Rademacher random variables taking values from {−1, 1}.

By Definition F.1, the empirical Rademacher complexity of the set F defined in (46) is given by

RT (F) =
1

T
Eσ

[
sup
f∈F

T∑
i=1

σif(mi; yi, zi)

]
. (48)

To characterize the Rademacher complexity RT (F), we proceed to characterize the covering number of F which is defined
as follows:

Definition F.2. (Vershynin, 2012) The ε-net of a set F represented by Fε is a finite set such that for any f ∈ F , there is a
f ∈ Fε satisfying

∥f − f∥2 ≤ ε.

The covering number of F is N(F , ε) = |Fε|.

Consider the following:

∥f − f∥22 =
∑
i∈Ω

(f(mi, yi, zi)− f(mi; yi, zi))
2

≤
∑
i∈Ω

L2
f (mi −mi)

2

≤ L2
fT∥[M −M ]Ω∥2F

≤ L2
fT∥

[
M −M

]
Ξ
∥2F. (49)

where f ∈ Fε belongs to an ε-net for F , M ∈ Mε belongs to an ε-net of M, mi = [M ]i, and T = |Ω|. The last
inequality is by applying the assumption that Ω ⊆ Ξ. To characterize the term Lf in (49), we have the following result:

Fact F.3. Assume that there exist two real numbers β > 0 and α < ∞ such that β ≤ mi ≤ α for all i ∈ Ω. Then, the
following hold for all i ∈ Ω with probability greater than 1− e−α(e2−3):

|f ′
i(mi; yi, zi)| ≤ 1 +

α(e2 − 2)

β
.

The proof is provided in Appendix H.

Hence, applying Fact F.3, in (49), we have the following relation with probability greater than 1− e−α(e2−3),

Lf = 1 + (α(e2 − 2))/β. (50)

Next, we consider the term ∥[M −M ]Ξ∥2F in (49):

∥[M −M ]Ξ∥F =
∥∥[Λ⊛ P −Λ⊛ P

]
Ξ

∥∥
F

=
∥∥[Λ⊛ P +Λ⊛ P −Λ⊛ P −Λ⊛ P

]
Ξ

∥∥
F

≤
∥∥[(Λ−Λ)⊛ P ]Ξ

∥∥
F
+
∥∥[Λ⊛ (P − P )]Ξ

∥∥
F

≤max
i∈Ξ

pi∥[Λ−Λ]Ξ∥F +max
i∈Ξ

λi

∥∥[P − P ]Ξ
∥∥
F

≤max
i

pi∥Λ−Λ∥F +max
i

λi∥gθ([Z]Ξ)− gθ([Z]Ξ)∥F
≤∥Λ−Λ∥F + cλ∥gθ([Z]Ξ)− gθ([Z]Ξ)∥F, (51)
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where gθ([Z]Ξ) = [gθ(zi1), . . . , gθ(ziS )]
⊤, gθ ∈ G, gθ([Z]Ξ) = [gθ(zi1), . . . , gθ(ziS )]

⊤, gθ ∈ Gε belongs to the ε-net
of G, zi1 , . . . ,ziS are the set of observed features, and Λ ∈ Lε belongs to an ε-net of L. The first inequality uses the
triangle inequality and the last inequality uses the facts that maxi pi ≤ 1 and maxi λi ≤ cλ where we have cλ = FαK

u

under Assumption 4.1.

Eq. (49) and (51) imply that that if there exists an ε/2cλLf

√
T -net covering for G ◦Ξ, where

G ◦Ξ = {gθ([Z]Ξ) = [g(zi1), . . . , g(ziS )]
⊤, gθ ∈ G}, (52)

and an ε/2Lf

√
T -net covering for L, then we can construct an ε-net to cover F . Since Λ which is a low-rank tensor, we

invoke the following result to get the covering number of for L:

Lemma F.4. (Fan et al., 2020) Let L = {X ∈ RI1×...×IK | X =
∑F

f=1 U1(:, f) ◦ . . . ◦ UK(:, f), ∥Uk(:, f)∥2 ≤ u}.
Then, the covering number of L with respect to the Frobenius norm satisfies

N(L, ε) ≤
(
3K

ε
(Fu2)K/2

)F
∑

k Ik

. (53)

The proof of Lemma F.4 is also detailed in Sec. I.

Invoking Lemma F.4, we have:

N(L, ε/2Lf

√
T) ≤

(
6KLf

√
T (Fαu)

K

ε

)F
∑

k Ik

, (54)

where we have applied ∥Uk(:, f)∥2 ≤
√
Fαu. The covering number of the set G ◦Ξ is given by Lemma 14 of (Lin &

Zhang, 2019) (cf. Lemma M.1 in Sec. M) as below:

N(G ◦Ξ, ε) ≤ exp

(∥Z∥FRG

ε

)1/2

, (55)

where Z = [zi1 , . . . ,ziS ] ∈ RD×S and RG denotes the complexity measure of the class G. Applying (55), we get

N(G ◦Ξ, ε/2cλLf

√
T) ≤ exp

(
2cλLf

√
T∥Z∥FRG

ε

)1/2

. (56)

From (54) and (56), combined with (49) and (51), one can obtain that

N(F , ε) ≤ N(L, ε/2Lf

√
T)× N(G, ε/2cλLf

√
T)

≤
(
6KLf

√
T (Fαu)

K

ε

)F
∑

k Ik

× exp

(
2cλLf

√
T∥Z∥FRG

ε

)1/2

. (57)

To characterize the Rademacher complexity RT (F) using the covering number N(F , ε), we invoke the following lemma:

Lemma F.5. (Bartlett et al., 2017, Lemma A.5) The empirical Rademacher complexity of the set F ⊂ RT is upper bounded
as follows:

RT (F) ≤ inf
a>0

(
4a√
T

+
12

T

∫ √
T

a

√
logN(F , µ)dµ

)
. (58)
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Applying Lemma F.5, we have the following set of relations:

RT (F) ≤ inf
a>0

(
4a√
T

+
12

T

∫ √
T

a

√
logN(F , µ)dµ

)

≤ inf
a>0

(
4a√
T

+
12√
T

√
logN(F , a)

)

≤ inf
a>0

 4a√
T

+
12√
T

√√√√F
∑
k

Ik log

(
6KLf

√
T (Fαu)K

a

)
+

(
cλLf

√
T∥Z∥FRG

a

)
≤

 4√
T

+
12√
T

√
F
∑
k

Ik log
(
6KLf

√
T (Fαu)K

)
+
(
FαK

u Lf

√
T∥Z∥FRG

) , (59)

where the second inequality is obtained since
√
logN(F , µ) increases monotonically with the decrease of µ and hence

∫ √
T

a

√
logN(F , µ)dµ ≤

√
T
√
logN(F , a),

the third inequality is by applying (57), the last inequality is by setting a = 1, applying cλ = FαK
u and Lf is given by (50)

with probability greater than 1− e−α(e2−3).

G. Proof of Lemma E.1
We start by noting that β ≤ mi ≤ α (see (22) and (23)). By Lemma H.1, we have

Pr (yi ≤ c) ≥ 1− e−α(e2−3), c = α(e2 − 2). (60)

Also, if β < 1, we have fi = mi − yi logmi ≤ α + c| log β|. Suppose β ≥ 1, we have fi = mi − y logmi ≤
mi + yi logmi ≤ α+ c logα. Similarly, we get that fi ≥ β − c logα. Hence, we get

fmax ≤ α+ cmax{| log β|, logα}
fmin ≤ β − c logα,

which hold with probability greater than 1− e−α(e2−3).

H. Proof of Fact F.3
We have

fi(mi) = mi − yi logmi.

Hence, we get

f ′
i(mi) = 1− yi

mi
. (61)

To proceed, we invoke the following lemma:

Lemma H.1. (Cao & Xie, 2015), Lemma 9 (Tail Bound of Poisson) For y ∼ Poisson(m) with m ≤ α, we have

Pr(y −m ≥ t) ≤ e−t (62)

for all t ≥ t0 where t0 = α(e2 − 3), where e is the Euler’s number.
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Utilizing Lemma H.1, it can be seen that

Pr(yi − α ≥ α(e2 − 3)) ≤ e−α(e2−3)

=⇒ Pr(yi ≤ α(e2 − 3) + α) ≥ 1− e−α(e2−3).

Combining this result with (61), we get that with probability greater than 1− e−α(e2−3),

|f ′
i(mi)| ≤ 1 +

yi
mi
≤ 1 +

α(e2 − 2)

β
,

where the last inequality uses the assumption that mi ≥ β.

I. Proof of Lemma F.4
Let Lε denote the ε-net of L. Consider X ∈ Lε. In addition, let us define the following set:

Rk = {U ∈ RIk×F | ∥U(:, f)∥2 ≤ u}.

Let Uk belongs to ε-net ofRk such that ∥Uk−Uk∥F ≤ ε. Then, the cardinality of the ε-net ofRk is given by (Wainwright,
2019)

N(Rk, ε) ≤
(
3
√
Fu2

ε

)IkF

. (63)

In order to derive the covering number of the set L, we consider the following chain of relations:

∥X −X∥F =

∥∥∥∥∥∥
F∑

f=1

U1(:, f) ◦ . . . ◦UK(:, f)∥F −
F∑

f=1

U1(:, f) ◦ . . . ◦UK(:, f)

∥∥∥∥∥∥
F

(64a)

≤

∥∥∥∥∥∥
F∑

f=1

(
U1(:, f)−U1(:, f)

)
◦U2(:, f) . . . ◦UK(:, f)

∥∥∥∥∥∥
F

+

∥∥∥∥∥∥
F∑

f=1

U1(:, f) ◦

 F∑
f=1

U2(:, f) . . . ◦UK(:, f)−U2(:, f) . . . ◦UK(:, f)

∥∥∥∥∥∥
F

(64b)

≤ (
√
Fu2)K−1

∥∥∥∥∥∥
F∑

f=1

(
U1(:, f)−U1(:, f)

)∥∥∥∥∥∥
F

+
√
Fu2

∥∥∥∥∥∥
F∑

f=1

U2(:, f) ◦ . . . ◦UK(:, f)∥F −
F∑

f=1

U2(:, f) ◦ . . . ◦UK(:, f)

∥∥∥∥∥∥
F︸ ︷︷ ︸

QU1

(64c)

≤ (
√
Fu2)K−1∥U1 −U1∥F +

√
Fu2QU1 . (64d)

In a similar way as followed in (64), we can derive upper-bounds for every QUk
, k ∈ [K]. Then, we can finally establish the

below relationship:

∥X −X∥F ≤ (
√
Fu2)K−1

K∑
k=1

∥Uk −Uk∥F. (65)
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The result in (65) implies that if there exists an ε/K(
√
Fu2)K−1-net to cover eachRk, then we can construct an ε-net to cover

L. Then, the cardinality of the ε-net of L is given by

N(L, ε) ≤
K∏

k=1

N (Rk, ε/K(
√
Fu2)K−1)

≤
(
3K

ε
(Fu2)K/2

)F
∑

k Ik

,

where the inequality is by applying (63). Hence the proof.

J. Proof of Lemma D.2
Let us define

û =
1

|Θ| ∥[M1 −M2]Θ∥
2
F
, (66a)

u =
1∏
k Ik
∥M1 −M2∥2F . (66b)

Next, we consider the following lemma which is the Serfling’s sampling-without-replacement extension of the Hoeffding’s
inequality (Serfling, 1974):

Lemma J.1. Let X1, X2, . . . , XM be a set of samples taken without replacement from {x1, x2, . . . , xN} of mean µ. Denote
a = mini xi and b = maxi xi. Then

Pr

[∣∣∣∣∣ 1M
M∑
i=1

Xi − µ

∣∣∣∣∣ ≥ t

]

≤ 2 exp

(
− 2Mt2

(1− (M − 1)/N)(b− a)2

)
.

One can see that u in (66b) denotes the mean of
∏

k Ik terms of (m̂i −m♮
i)

2, û denotes the mean of |Θ| samples randomly
drawn from {(m̂i −m♮)2} without replacement. Hence, using the assumption that i ∈ Θ is drawn uniformly at random
from [I1]× . . .× [IK ] and invoking Lemma J.1, we have

Pr [|û− u| ≥ t] ≤2 exp
(
− 2|Θ|t2
(1− (|Θ| − 1)/

∏
k Ik)α

4

)
.

where we also applied (m̂i −m♮
i)

2 ≤ α2.

Let δ = 2 exp
(
− 2|Θ|t2

(1−(|Θ|−1)/
∏

k Ik)α4

)
, we have the following result with probability 1− δ:

|û− u| ≤α2

√
log

(
2

δ

)(
1− (|Θ| − 1)∏

k Ik

)
1

2|Θ| . (67)

Using |√a−
√
b| ≤

√
|a− b| for nonnegative a and b, we have∣∣∣√û−√u∣∣∣ ≤√|û− u|,

which implies that ∣∣∣√û−√u∣∣∣ ≤ α

(
log

(
2

δ

)(
1− (|Θ| − 1)∏

k Ik

)
1

2|Θ|

)1/4

, (68)

holds with probability greater than 1− δ.
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K. Proof of Lemma D.3
First, let us define the following notations w.r.t the loss function ℓ(p1, p2) = (p1 − p2)

2, p1, p2 ∈ [0, 1] and the observed
features Z = [zi1 , . . . ,ziS ] where each zis is sampled i.i.d. from the distribution D:

LZ(ĝθ) ≜
1

S

S∑
s=1

ℓ(g♮(zis), 1/ξ̂ĝθ(zis)) =
1

S

S∑
s=1

(g♮(zis)− 1/ξ̂ĝθ(zis))
2 =

∥∥∥[P ♮ − 1/ξ̂P̂
]
Ξ

∥∥∥2
F

S
(69a)

LD(ĝθ) ≜ Ez∼D
[
ℓ(g♮(z), 1/ξ̂ĝθ(z))

]
= Ez∼D

[
(g♮(z)− 1/ξ̂ĝθ(z))

2
]
. (69b)

We invoke Theorem 26.5 in (Shalev-Shwartz & Ben-David, 2014) and get that with probability greater than 1− δ:

LD(ĝθ) ≤ LZ(ĝθ) + 2RS(ℓ ◦ G ◦Ξ) + 4c̄

√
2 log(4/δ)

S

=⇒ Ez∼D
[
(g♮(z)− 1/ξ̂ĝθ(z))

2
]
≤

∥∥∥[P ♮ − 1/ξ̂P̂
]
Ξ

∥∥∥2
F

S
+ 2RS(G ◦Ξ) + 4

√
2 log(4/δ)

S
(70)

where the last inequality utilizes the definitions in (69), the contraction lemma (Lemma 26.9 from (Shalev-Shwartz &
Ben-David, 2014)) and also applied c̄ = 1 since |ℓ(f ,y)| ≤ 1 in our case. The term RS(G ◦Ξ) denotes the empirical
Rademacher complexity of the function class G ◦Ξ (see its definition in (52)) which is upperbounded via the sensitive
complexity parameter RG as follows (Lin & Zhang, 2019):

RS(G ◦Ξ) ≤ 16S−5/8 (2∥Z∥FRG)
1
4 .

This completes the proof.

L. Proof of Lemma C.1
Consider the following fact due to the cocavity of the log function and Jensen’s inequality (Boyd & Vandenberghe, 2004):
Fact L.1. Assume that αf ’s are certain scalars such that αf > 0,

∑
f αf = 1. Then, for any uf > 0,

log
∑
f

αfuf ≥
∑
f

αf log uf .

To proceed, we define the following scalars for our case:

α
(f)
i :=

Uk(ik, f)
∏

j ̸=k Uj(ij , f)∑F
f=1 Uk(ik, f)

∏
j ̸=k Uj(ij , f)

, ∀f

One can see that
∑F

f=1 α
(f)
i = 1, α(f)

i > 0, ∀f . Hence, we can use Fact L.1 to have the following inequality:

log

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)
≥

F∑
f=1

α
(f)
i log

(
Uk(ik, f)

∏
j ̸=k Uj(ij , f)

α
(f)
i

)
.

Applying the above relation, we immediately have

w(Uk) ≤ s(Uk;Uk), ∀Uk. (71)

By substituting Uk = Uk in s(Uk;Uk), we have

s(Uk;Uk) =
∑
i∈Ω

[
F∑

f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)pi − yi

F∑
f=1

α
(f)
i log

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)]

=
∑
i∈Ω

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)
pi − yi log

( F∑
f=1

Uk(ik, f)
∏
j ̸=k

Uj(ij , f)

)
= w(Uk), (72)
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where the second equality is due to
∑

f α
(f)
i = 1.

By taking the derivative of s(Uk;Uk) w.r.t. Uk(ik, f), we have

∇Uk(ik,f)s(Uk;Uk) =
∑

i−k∈Ω−k

[∏
j ̸=k

Uj(ij , f)pi

− yiα
(f)
i

(
α
(f)
i

Uk(ik, f)
∏

j ̸=k Uj(ij , f)

)(∏
j ̸=k Uj(ij , f)

α
(f)
i

)]

=
∑

i−k∈Ω−k

[∏
j ̸=k

Uj(ij , f)pi − yi

(
α
(f)
i

Uk(ik, f)

)]

=
∑

i−k∈Ω−k

[∏
j ̸=k

Uj(ij , f)pi

− yi

(
Uk(ik, f)

∏
j ̸=k Uj(ij , f)

Uk(ik, f)(
∑F

f=1 Uk(ik, f)
∏

j ̸=k Uj(ij , f))

)]
, (73)

where i−k = (i1, . . . , ik−1, ik+1, . . . , iK), Ω−k collects all i−k’s such that the corresponding yi’s are observed and the last
equality (73) is obtained by substituting the definition of α(f)

i . Further, by taking the derivative of w(Uk) w.r.t. Uk(ik, f),
we get

∇Uk(ik,f)w(Uk) =
∑

i−k∈Ω−k

[∏
j ̸=k

Uj(ij , f)pi − yi

( ∏
j ̸=k Uj(ij , f)

(
∑F

f=1 Uk(ik, f)
∏

j ̸=k Uj(ij , f)

)]
. (74)

From (73) and (74), one can see that

∇Uk(ik,f)w(Uk) = ∇Uk(ik,f)s(Uk;Uk). (75)

M. Characterization of the Complexity Measure RG

The work in (Lin & Zhang, 2019) introduces a complexity measure, called the sensitive complexity and denoted as RG , to
assess the expressive power of various families of neural network classes. For example, regrading the fully connected neural
network function classes, the following result is presented:

Lemma M.1. (Lin & Zhang, 2019, Lemma 14) Consider the following function class:

G = {gθ : RD → [0, 1] | gθ(z) = σ(w⊤
Lσ(WL−1σ(. . .σ(W1z + b1) + . . .) + bL)), ∀z ∈ Rd},

where σ(·) = [σ(·), . . . , σ(·)]⊤ denote the activation function, L denotes the number of layers, Wℓ ∈ Rdℓ×dℓ−1 , d0 = D,
bℓ ∈ Rdℓ , and θ represents the parameters such that θ = ({Wℓ, bℓ}L−1

ℓ=1 ,wL, bL). Then, the covering number of G ◦Ξ
with respect to the Frobenius norm satisfies

N(G ◦Ξ, ε) ≤ exp

(∥Z∥FRG

ε

)1/2

, (76)

where

G ◦Ξ = {gθ([Z]Ξ) = [g(zi1), . . . , g(ziS )]
⊤, gθ ∈ G},

Z = [zi1 , . . . ,ziS ] ∈ RD×S represents the training data and

RG =

(
2

L∏
ℓ=1

ρℓsℓ

)(
L∑

ℓ=1

d2ℓd
2
ℓ−1aℓ

sℓ

)
L2,

where ∥Wℓ∥F ≤ aℓ, ∥Wℓ∥2 ≤ sℓ, the activation function σℓ is ρℓ-Lipschitz and σℓ(0) = 0.

28



Under-Counted Tensor Completion with Neural Incorporation of Attributes

0 25 50 75 100
iterations

10−1

M
A
E
p

UncleTC

UncleTC (Linear)
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Figure 2. Average MAEp (top) and MAEλ (bottom) over 20 random trials plotted against iterations for different settings Ω ⊂ Ξ , Ω = Ξ ,
and Ω ⊃ Ξ,. K = 3, Ik = 20, ∀k, F = 3, D = 10,SNR = 40dB, g(z) = sigmoid(ν⊤(3z3 + 0.2z)), where the vector ν ∈ RD is
generated by randomly sampling its entries a uniform distribution between 0 and 1.

N. More Details on Experiments
N.1. Synthetic Data Experiments - Implementation Settings.

To learn g(·), we use a neural network gθ(·) with 3 hidden layers and 20 ReLU activation functions in each hidden layer.
The optimizer for handling the subproblems of θ is Adam (Kingma & Ba, 2015) with an initial learning rate of 10−3.
The optimizer uses a batch size of 1024. The subproblems are stopped when the relative change in the corresponding
objective functions is smaller than 10−6. Also, the algorithm is stopped if the relative change in the overall objective
function is less than 10−6 or if 100 BCD iterations are completed. We fix the regularization term in the loss function to be
ℓ(x, y) = (x− y)2. The regularization parameter µ is chosen to be a high value, i.e., µ = 2000 across all experiments.

N.2. Additional Synthetic Data Experiments

In Fig. 2, we compare the performance of the proposed approach and two baselines by plotting MAEp and MAEλ over
iterations, under different conditions such as Ω ⊂ Ξ , Ω ⊃ Ξ , and Ω = Ξ . The baseline NTF-CPD-KL does not consider
the detection probability in their model. Hence, we only plot its MAEλ. It can be observed that UncleTC outperforms the
baselines after around 10 iterations under all the settings under test.

Table 7 shows the results on a different synthetic dataset. Here, we consider another nonlinear function for the data
generation, i.e.,

g(z) = sigmoid
(
ν⊤(0.1 log(z2) + 0.1z2)

)
,

where the vector ν ∈ RD is generated by randomly sampling its entries from the uniform distribution between 0 and 1. We
fix γΩ = 0.2, γΞ = 0.3, γΘ = 0.2, SNR = 40dB, and vary the rank F of the ground-truth tensor Λ♮. One can note that
under these settings, the proposed algorithm still consistently gives better performance relative to the baselines.

Table 8 shows the results where wrong tensor ranks F̂ ’s were used in our algorithms. In practice, the underlying data
generation process is unknown and hence, the true rank F is hard to know or estimate. Hence, it is of interest to understand
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Table 7. Average MAEp and MAEλ over 20 random trials under different values of F . K = 3, Ik = 20, ∀k,D = 10, γΩ = 0.2, γΞ =
0.3, γΘ = 0.2, SNR = 40dB, g(z) = sigmoid

(
ν⊤(0.1 log(z2) + 0.1z2)

)
.

Algorithm Metric F = 5 F = 7 F = 10

UncleTC
MAEp 0.059 ± 0.001 0.049 ± 0.029 0.030 ± 0.002
MAEλ 0.058 ± 0.007 0.052 ± 0.021 0.074 ± 0.001

UncleTC (Linear)
MAEp 0.148 ± 0.018 0.187 ± 0.026 0.077 ± 0.005
MAEλ 0.102 ± 0.024 0.202 ± 0.024 0.131 ± 0.014

NTF-CPD-KL MAEλ 0.166 ± 0.050 0.214 ± 0.085 0.120 ± 0.001

Table 8. Average MAEp and MAEλ over 20 random trials for different F̂ with true rank F = 7. K = 3, Ik = 20, ∀k,D = 10, γΩ =
0.2, γΞ = 0.3, γΘ = 0.2, SNR = 40dB, g(z) = sigmoid

(
ν⊤(0.1 log(z2) + 0.1z2)

)
.

Algorithm Metric F̂ = 3 F̂ = 5 F̂ = 7 F̂ = 10 F̂ = 12

UncleTC
MAEp 0.052 ± 0.015 0.042 ± 0.014 0.046 ± 0.024 0.051 ± 0.018 0.046 ± 0.019
MAEλ 0.125 ± 0.008 0.084 ± 0.011 0.060 ± 0.018 0.075 ± 0.019 0.076 ± 0.019

UncleTC (Linear)
MAEp 0.110 ± 0.041 0.108 ± 0.057 0.130 ± 0.045 0.112 ± 0.041 0.116 ± 0.046
MAEλ 0.141 ± 0.017 0.120 ± 0.039 0.140 ± 0.046 0.155 ± 0.064 0.197 ± 0.143

NTF-CPD-KL MAEp 0.151 ± 0.029 0.134 ± 0.046 0.159 ± 0.071 0.157 ± 0.072 0.151 ± 0.069

the algorithm’s robustness to using a wrong F̂ . One can see that the MAE values are worse when F̂ < F but become better
when F̂ ≥ F . This makes sense since underestimating the rank means that less information of the true model is captured by
the algorithms.

Table 9 shows the performance under various µ’s, i.e., the regularization parameter of ℓ in UncleTC. The settings follow
those of Table 7 with rank F = 3. The results indicate that using reasonably large µ (µ ≥ 1000) may be preferable, as we
hope that the regularization term can enforce equality. In practice, one may also use a validation set to choose µ.

N.3. Real Data Experiments - Dataset Details.

COVID-19 Data. The dataset (Zhang et al., 2020b) includes the number of reported COVID-19 cases of about 2270 US
counties during 462 days in 2020-2021. The dataset has 25 attributes, including social distancing index, percentage of
people staying home, trips per person, percentage of out-of-county trips, percentage of out-of-state trips, transit mode share,
miles per person, work trips per person, non-work trips per person, COVID exposure per 1000 people, percentage of people
older than 60, median income, percentage of African Americans, percentage of Hispanic Americans, population density,
number of hot spots per 1000 people, total population, percentage of people working from home, imported COVID cases,
hospital beds per 1000 people, testing capacity gap, tests done per 1000 people, unemployment rate, cumulative inflation
rate, and unemployment claims per 1000 people.

In order to extract a count-type tensor from the COVID-19 dataset, we adopt the following procedure: Each county is
represented using two coordinates, i.e., the rounded value of latitude and longitude of its geographic center (we collected
this information from a publicly available website3). The rounded value of latitude points ranges between 20 and 69, out
of which 43 values correspond to the latitudes of at least one county. On the other hand, the discretized longitude points
ranges between -165 and -69, out of which 80 discrete points correspond to the longitudes of at least one county. The third
coordinate of the tensor is the dates on which the COVID-19 cases were reported. Hence, each entry of the tensor represents
the number of reported COVID-19 cases associated with a latitude point and a longitude point on a particular day. We use
the data corresponding to 60 days from January 1, 2021 to March 1, 2021. We form a 43 × 80 × 60 tensor, which has
19.73% of observed entries, out of which 15.43% are nonzeros entries and 4.30% are zeros.

Pollinator-Plant Interaction (PPI) Data. The Plant-Pollinator Interaction (PPI) dataset is a publicly available dataset,
collected by the researchers at the H.J. Andrews (HJA) Long-term Ecological Research site in Oregon, USA (Seo et al.,
2022; Daly et al., 2019). The dataset comprises plant-pollinator interactions observed at about 12 meadows over a period of
seven years. Each meadow was visited 5-7 times per year by student researchers. The dataset contains interactions between
69 plant species and 215 pollinator species observed during 37 visits. Only 1.07% of the entries are recorded. The counts in

3https://public.opendatasoft.com/explore/dataset/us-county-boundaries
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Table 9. Average MAEp and MAEλ for UncleTC over 20 random trials under different µ values. We fix K = 3, F = 3, D = 10, γΩ =
0.2, γΞ = 0.3, γΘ = 0.2, SNR = 40dB, g(z) = sigmoid

(
ν⊤(0.1 log(z2) + 0.1z2)

)
Settings Metric µ = 100 µ = 500 µ = 1000 µ = 2000

Ik = 20, γΩ = 0.3, γΞ = 0.3
MAEp 0.184 ± 0.025 0.074 ± 0.024 0.052 ± 0.011 0.042 ± 0.004
MAEλ 0.171 ±0.031 0.067 ± 0.029 0.042 ± 0.014 0.028 ± 0.004

Ik = 25, γΩ = 0.3, γΞ = 0.3
MAEp 0.198 ± 0.054 0.083 ± 0.030 0.056 ± 0.015 0.054 ± 0.013
MAEλ 0.184 ± 0.049 0.069 ± 0.029 0.039 ± 0.013 0.033 ± 0.010

Ik = 20, γΩ = 0.1, γΞ = 0.3
MAEp 0.238 ± 0.069 0.151 ± 0.085 0.108 ± 0.074 0.080 ± 0.044
MAEλ 0.256 ± 0.087 0.166 ± 0.097 0.113 ± 0.084 0.078 ± 0.047

Ik = 25, γΩ = 0.1, γΞ = 0.3
MAEp 0.260 ±0.038 0.156 ± 0.073 0.141 ± 0.079 0.121 ± 0.079
MAEλ 0.305 ± 0.045 0.203 ± 0.111 0.194 ± 0.126 0.201 ± 0.134

0.56 0.565 0.57 0.575 0.58

Detection probability p

Clarkia amoena--Bombus melanopygus

Hieracium cynoglossoides--Mordella atrata albosuturalis

Rudbeckia occidentalis--Calliprobola pulchra

Mimulus guttatus--Syrphus opinator

Gilia capitata--Bombylius major

Eriophyllum lanatum--Euphydryas colon

Angelica arguta--Platycheirus stegnus

Collinsia parviflora--Halictus rubicundus

Anaphalis margaritacea--Asemosyrphus polygrammus

Senecio integerrimus--Apis mellifera

0.43 0.435 0.44 0.445

Detection probability p

Eriogonum nudum--Lytta moerens

Cerastium arvense--Dialictus sp 2

Perideridia gairdneri--Lepturopsis dolorosa

Aquilegia formosa--Tapinoma sessile

Potentilla gracilis--Plebejus acmon

Mimulus tilingii--Anaspis rufa

Lomatium martindalei--Muscoid genus 1

Aquilegia formosa--Heringia sp 1

Prunella vulgaris--Megachile perihirta

Aquilegia formosa--Bombus flavifrons

Figure 3. The top 10 plant-pollinator interactions having highest average detection probabilities (left) and lowest average average detection
probabilities (right) as identified by the proposed UncleTC.

this dataset are widely believed to be under-counted (Fu et al., 2021; Seo & Hutchinson, 2018). We consider a subset of the
dataset by selecting 50 plants and 50 pollinators that exhibit the highest number of interactions. This leads to a 50× 50× 37
integer tensor with 22.06% observed entries, out of which 4.01% are nonzero entries and 18.05% are zero entries. The
zero entries indicate that the plant and pollinator were both observed by the researcher during the visit, but they were not
observed to be interacting with one another.

The dataset has 37 attributes:

• 12 plant species static traits: the estimate of reward per flower, the basic ecological life form of a plant, floral structure,
peduncle feebleness, the level of exclusion, exclusion by flower color, exclusion by pendant position, time of diel availability,
size of pollen grain, the ability of the inflorescence to support the arrival of the flower visitor, the possible affinity of plant
species to edaphic characteristics, and dispersal mechanism.

• 11 pollinator species static traits: the length of a species body size, the width of a species body size, the depth of a
species body size, individual biomass, size, energy requirement, a species behavior characterized by active time, the level of
exclusion, an indicator showing whether the platform is required to approach flowers, tongue length, and tube size.

• 1 plant temporal feature: flower abundance

• 4 temporal features: month, day, wind, and cloud

• 7 temperature features: mean, max, min, max time, min time, cumulative degree days with 5 degrees, and cumulative
degree days with 10 degrees.

• 2 precipitation features: daily precipitation, and antecedent with k = 0.9
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Figure 4. (left) The detection probabilities of the interaction pair Senecio integerrimus–Apis mellifera, which is reported by our algorithm
to have the highest average detection probability. (right) The detection probabilities of the pair Aquilegia formosa–Bombus flavifrons,
which is reported by our algorithm to have the lowest average detection probability.

N.4. Real Data Experiments - Implementation Settings.

For the proposed UncleTC, we fix ReLU as the neural network activation function and Adam as the the optimizer.
Other parameters such as rank F , the regularization parameter µ, batch size, learning rates, and neural network size are
selected via the grid search hyper-parameter tuning strategy on the validation set where the rRMSE is used to measure the
validation score. For the proposed UncleTC, we choose the rank F of the tensor from [5, 10, 15, 20], the regularization
parameter µ from [500, 1000, 2000, 3000], the number of hidden units from [10, 20, 30], the number of hidden layers from
[1, 3, 5], the learning rate from [0.001, 0.005, 0.01] and the batch size from [256, 512, 1024]. For all the low-rank tensor
decomposition-based baselines, we select the rank from [5, 10, 15, 20]. In addition, the sparsity parameter of the BPTF-CPD
(Schein et al., 2015) is selected from [0.02, 0.05, 0.1, 0.2] and the regularization parameter of the HaLRTC (Liu et al., 2013)
is selected from [10−7, 10−6, 10−5, 10−4], based on the recommended range of values from the respective papers. The
number of iterations to stop training all the iterative algorithms is also chosen using the validation sets.

In the experiments, we perform 5-fold cross-validation to characterize the prediction performance with k chosen to be 5,
where 3 splits serve for training, and the other two for validation and testing, respectively. The roles of the sets are switched
in a cyclical way in different trials.

N.5. Real Data Experiments - Additional Results.

Fig. 3 displays the top 10 interactions with the highest and lowest average detection probabilities, as discovered by our
proposed UncleTC method. Generally, interactions involving larger, more common species are more likely to have higher
detection probabilities, while smaller, rarer species tend to have lower detection probabilities. The species with the highest
average detection probabilities have a larger number of observed interactions compared to those with the lowest average
detection probabilities. However, it is worth noting that not all species follow this trend. Other factors such as species
rareness, environmental conditions, or seasonal variability may contribute to these differences (Dorado et al., 2011; Chacoff
et al., 2012).

In Fig. 4, we present the periodic variation of detection probabilities for specific species interactions over the years. Both
figures illustrate temporal variation across visits and years for two different interactions—one with the highest average
detection probability and the other with the lowest. Despite the variations, the overall range remains relatively consistent,
with probabilities ranging from approximately 0.4 to 0.8 in the left figure and from 0.2 to 0.6 in the right figure, ultimately
leading to the highest and lowest average detection probabilities.

Considering the exceptions where detection probability does not align with species activity levels, we further examined
interactions that show the most and least significant variations in detection probabilities over time. Fig. 5 plots the detection
probabilities over visits for interactions with the highest (left) and lowest (right) standard deviation of detection probabilities

32



Under-Counted Tensor Completion with Neural Incorporation of Attributes

1 2 3 4 5 6 7

#visit of the year

0

0.2

0.4

0.6

0.8

1
D

e
te

c
ti
o
n

 p
ro

b
a

b
ili

ty

2012

2013

2014

2015

2016

2017

2018

1 2 3 4 5 6 7

#visit of the year

0

0.2

0.4

0.6

0.8

1

D
e

te
c
ti
o
n

 p
ro

b
a

b
ili

ty

2012

2013

2014

2015

2016

2017

2018

Figure 5. (left) The detection probability of the interaction Gilia capitata–Apis mellifera over different years, which is reported by our
algorithm to have the highest standard deviation of the detection probability across 37 visits. (right) The detection probability pattern
for the interaction Eriophyllum lanatum–Bombus mixtus, which is reported by our method to have the lowest standard deviation of the
detection probability across 37 visits.

across visits and annually. The left figure confirms that the detection probability of the interaction between two well-known
common species (Gilia capitata and Apis mellifera) is significantly influenced by the time of year, resulting in a relatively
lower average detection probability. The right figure provides another example of an interaction between another plant and
pollinator species (Eriophyllum lanatum and Bombus mixtus), with relatively lower detection probabilities over time. Such
variation may be a product of the phenology of the species (i.e., when flowers are blooming and when insects are flying).
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