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Abstract

Discrete diffusion models have gained increasing attention for their ability to
model complex distributions with tractable sampling and inference. However,
the error analysis for discrete diffusion models remains less well-understood. In
this work, we propose a comprehensive framework for the error analysis of dis-
crete diffusion models based on Lévy-type stochastic integrals. By generalizing
the Poisson random measure to that with a time-independent and state-dependent
intensity, we rigorously establish a stochastic integral formulation of discrete dif-
fusion models and provide the corresponding change of measure theorems that
are intriguingly analogous to It6 integrals and Girsanov’s theorem for their con-
tinuous counterparts. Our framework unifies and strengthens the current theoret-
ical results on discrete diffusion models and obtains the first error bound for the
T-leaping scheme in KL divergence. With error sources clearly identified, our
analysis gives new insight into the mathematical properties of discrete diffusion
models and offers guidance for the design of efficient and accurate algorithms for
real-world discrete diffusion model applications.

1 Introduction

Diffusion and flow-based models designed for discrete distributions have gained significant attention
in recent years due to their versatility and wide applicability across various domains. These models
have been proposed and refined in several key works [, 2, 3, &, 8, B, [, 8, U]. Starting from molecule,
protein, and DNA sequence design [0, I, 2, I3, @4, 05], discrete diffusion models have also
proven effective in many other applications, including text, image, sound, motion [I6, 7, ¥, T9],
and have synergized with other methodologies, e.g. tensor networks [1]. These developments
highlight the growing importance of discrete modeling in advancing both theoretical understanding
and efficient implementations. We refer to Appendix [l for a more detailed review of related works.

Partly due to the absence of a discrete equivalent to Girsanov’s theorem, the error analysis for dis-
crete diffusion models remains underdeveloped compared to their continuous counterparts. [21]
conducts a Markov chain-based error analysis for 7-leaping in total variation distance, with further
advancements for the particular state space X = {0, 1} by [22]. In this work, our goal is to establish
a comprehensive framework for discrete diffusion models through a stochastic analysis perspective,
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completely different from previous works. Drawing on tools from Lévy processes and methodolo-
gies for analyzing chemical reaction simulations [23, 4], we extend Poisson random measures to
those with evolving intensities, i.e. both time-inhomogeneous and state-dependent intensities [23],
introduce Lévy-type stochastic integrals [’6], and articulate corresponding change of measure theo-
rems, which are analogous to the Itd integrals and Girsanov’s theorem in continuous settings.

We further demonstrate that discrete diffusion models, both the 7-leaping and uniformization
schemes, can be formulated as stochastic integrals w.r.t. Poisson random measures with evolving
intensity, which allows for a unified error analysis framework. This new framework, marking a first
for discrete diffusion models, is especially convenient and straightforward for decomposing infer-
ence error, drawing satisfying parallels with state-of-the-art theories for continuous diffusion model
theories [ZZ, P8]. Our approach thus provides intuitive explanations for the loss design and unifies
the error analysis across both schemes. Notably, we achieve stronger convergence results in KL
divergence, relaxing some of the stringent assumptions previously required, thereby paving the way
for the analysis of a broader class of discrete diffusion models of interest and providing valuable
insights and tools for designing efficient and accurate algorithms tailored to the practical demands
of discrete diffusion models in real-world applications.

1.1 Contributions
Our main contributions are summarized as follows:

* We develop a rigorous framework for discrete diffusion models using Lévy-type stochastic inte-
grals based on the Poisson random measure with evolving intensity, including formulating dis-
crete diffusion models into stochastic integrals and establishing change of measure theorems that
facilitate explicit log-likelihood ratio calculations;

* Our framework extends to a comprehensive, continuous-time analysis for error decomposition
in discrete diffusion models, drawing clear parallels with the methodologies used in continuous
models and enabling more effective adaptations of techniques across different model types;

* We unify and fortify existing research on discrete diffusion models by deriving the first error
bound for 7-leaping in terms of KL divergence, provide a comparative study of 7-leaping and uni-
formization implementations, and shed light on establishing convergence guarantees for a broader
spectrum of discrete diffusion models.

2 Preliminaries

In this section, we introduce the basic concepts of discrete diffusion models. A brief review of
continuous diffusion models and their error decomposition and analysis is provided in Appendix B
for comparison.

In discrete diffusion models, instead of an Itd process, one considers a continuous-time Markov
chain (z¢)o<¢<7 in a space X of finite cardinality as the forward process. We denote the probability
distribution of x; by a vector p; € A*!, where Al denotes the probability simplex in RI*|. Given
the target distribution pg, the Markov chain satisfies the following master equation:

dp; _ _ [ x %

T Qip:, where Q= (Qu(y,7))zyex €R (2.1
is the rate matrix at time ¢. The rate matrix Q; satisfies the following two conditions: (i) Q¢(z,z) =

In the following, we will use a shorthand notation Qt to denote the matrix @; with the diagonal
elements set to zero. It can be shown that the corresponding backward process is of the same form
but with a different rate matrix [29]:

do o o Eg(y) 2 X
Ps _ qu)w where Qg(y,x) — P, (x) Qs(xi’y)v VY 7& [IESID: (22)
ds o ) 7Zy’;é;[; Qs(y/7x)a Vx:yGX

The rate matrix @ is often chosen to possess certain sparse structures such that the forward process
converges to a simple distribution that is easy to sample from. Several popular choices include the
uniform and absorbing transitions [B(].



The common practice is to define the score function (or rather the score vector) as s;(z) =

(s¢(x,y))yex = m Vz € X, and estimate it by a neural network 3¢ (z), where the neural
network @ is trained by minimizing the score entropy [B1, BU]:
T =0
0 =argmin | Giq,p, [Z ( log &M 1 4 & g;’;’jg) su(x, y)Qt(x,y)]dt. (2.3)
0
yF#w

Similar to the continuous case, the backward process is approximated by the continuous-time
. . . . . 4
Markov chain with the following master equation with gy = P, and rate matrix Q:

dg, =9 =9 < -
d‘i = Q.qs, where Q,(y,z) = 5.(2,y)Q,(z,y), Yz #y € X. (2.4)

and sampling is accomplished by first sampling from the distribution p., and then evolving the
Markov chain accordingly.

3 Stochastic Integral Formulation of Discrete Diffusion Models

In this section, we introduce the stochastic integral formulation of discrete diffusion models. The
goal is to establish a path evolution equation analogous to It6 integral (or equivalently, SDEs), with
the master equation (Z11) and (Z22) analogous to the Fokker-Planck equation, in the continuous case.

3.1 Poisson Random Measure with Evolving Intensity

In the following, the Poisson distribution with expectation X is denoted by P ().

Definition 3.1 (Poisson Random Measure with Evolving Intensity). Let (2, F,P) be a probability
space and (X, B,v) be a measure space and \(y) is a non-negative predictable process on Rt x

X x Q satisfying for any T > 0, fOT S LV Iy VIyPAe(y)v(dy)dt < oo, a.s.. The random measure
N[N(dt,dy) on RT x X is called a Poisson random measure with evolving intensity A;(y) if

(i) Forany B € Band 0 < s <t, N[A|((s,t] x B) (] I A (y)v(dy dT)

(ii) For any t > 0 and disjoint sets {B;}icin) C B, {N¢[\|(B;) := N[A((0,t] x B;)}
independent stochastic processes.

ic[n) are

The well-definedness of this definition is non-trivial, with further details provided in Appendix Cl.
The Poisson random measure defined admits Lévy-type stochastic integral (cf. Figure M), It6 isome-
try, Itd’s formula (Theorem [9), and Lévy’s characterization theorem (Theorem [R), for which we
refer readers to Appendix 2 for details.

Now we turn to the setting of discrete diffusion models, where the state space X is finite endowed

with the natural o-algebra B = 2% and the counting measure v = > yex Oy

Proposition 3.2 (Stochastic Integral Formulation of Discrete Diffusion Models). The forward pro-
cess in discrete diffusion models (Z-1) can be represented by the following stochastic integral:

Ty = xo + / / — x- )N[A[(dt, dy), with \i(y) = Qvt(ya Ty ), 3.1

and the backward process in discrete diffusion models (Z2) can be represented by the following
stochastic integral:

=0t [ = 5N, with () = 5.5 Q) G
where X,— denotes the left limit of a cadlag process X at time t.

The proof of Proposition B2 is provided in Appendix 4. We would like to remark that the stochas-
tic integral formulation in Proposition B is tantalizingly close to the It6 integral in continuous
diffusion models in the form of SDEs (c¢f. (Bl) and (B2)). Recalling that in the continuous case,
Girsanov’s theorem is applied for deriving the score-matching loss (B=4) and the error analysis, one
may wonder if similar techniques can be applied to discrete diffusion models. The following section
provides an affirmative answer to it.



3.2 Change of Measure

The following theorem provides a change-of-measure argument for stochastic integrals w.r.t. Pois-
son random measures with evolving intensity, analogous to Girsanov’s theorem for Itd integrals w.r.t.
Brownian motions.

Theorem 3.3 (Change of Measure for Poisson Random Measure with Evolving Density). Let
N[X](dt,dy) be a Poisson random measure with evolving intensity A(y) in the probability space
(Q, F,P), and hi(y) be a positive predictable process on RT x X x Q. Suppose the following
exponential process is a local Fi-martingale:

Zy[h) = exp ( / t [ tozhu ) NNt x ) — t [t - 1>At<y>u<dy>) SEEY

and Q is another probability measure on (2, F) such that Q < P with Radon-Nikodym derivative
dQ/dP|z, = Z:[h|. Then the Poisson random measure N[\](dt,dy) under the measure Q is a
Poisson random measure with evolving intensity M (y)hi(y).

Then it is straightforward to derive Corollary C_T1l, which was derived in [B1] with a different tech-
nique with Feller processes and adopted in [30, 2Z] in the design of loss functions. Proofs will
be provided in Appendix C3. One should recall that in the continuous case with Itd integrals, the
proximity of two paths in KL divergence only requires a small difference between the drift terms
by Girsanov’s theorem, and therefore, the score function can be trained with the mean squared er-
ror loss (B=4) [37], while in the discrete case, it requires the likelihood ratio to be close to one,
accounting for a more complicated score entropy design in the loss (E23) [B1, B0].

4 Error Analysis of Discrete Diffusion Models

In this section, we first introduce two different implementations of the discrete diffusion models,
namely 7-leaping [B3] and uniformization [34], derive their stochastic integral formulations as in
Proposition B2, and provide our main results for their error analysis.

4.1 Algorithms

A straightforward algorithm for simulating the backward process is to discretize the integral in (B22)
with an Euler-Maruyama scheme; this leads to the 7-leaping algorithm summarized in Algorithm [.
As shown in the following proposition, 7-leaping can be formulated as a stochastic integral.

Proposition 4.1 (Stochastic Integral Formulation of 7-Leaping). The T-leaping algorithm (Algo-
rithm M) is equivalent to solving the following stochastic integral equation:

7. =g+ | / (y = Go)- INTA] ) (ds. dy), (.1
0

where the evolving intensity i (y) is given by i, (4) = 504, (G101 9)@ o) Gs)-»9) = 7, (), in
which we used the symbol | s| = s, for s € [y, Sp11). We will call the process Us the interpolating
process of the T-leaping algorithm and denote the distribution of ys by Q.

Another algorithm considered for simulating the backward process in discrete diffusion models is
uniformization. The algorithm is summarized in Algorithm B, Appendix 4. The uniformization
algorithm also admits a stochastic integral formulation, as shown in the following proposition.

Proposition 4.2 (Stochastic Integral Formulation of Uniformization). Under the block discretization
scheme (sp)pejo,B) With so = 0 and sp = T — 0, and for any s € (sp,sp41], we define \; =
SUDse (550 11] Jx 1 (y)v(dy). Then the uniformization algorithm (Algorithm D) is equivalent to

solving the following stochastic integral equation in the augmented measure space (X x [0, \], B®

B([0,\]), v @ m):

Ys = Yo + / /X/]R(y - ys*)]'OSESfX ﬁf(y)l/(dy)N[ﬂe}(d& dy7 df)a (4‘2)
0

where the evolving intensity i (y) is given by i (y) = ?g@‘s, Qs (Ts— ).



Based on Proposition B, one can show that the uniformization algorithm simulates the backward
process in discrete diffusion models accurately (¢f. Theorem [CTJ), and the proofs of the claims
above will be provided in Appendix C4.

4.2 Assumptions

For simplicity, we assume the rate matrix Q; is time-homogeneous and symmetric, i.e. Q; = Q for
any t > 0.

Assumption 4.3 (Regularity of the Rate Matrix). The rate matrix Q satisfies the following condi-
tions:
(i) Forany x,y € X, Q(z,y) < Cand D < —Q(z,x) < D for some constants C, D, D > 0;

(ii) The modified log-Sobolev constant p(Q) of the rate matrix Q (cf. Definition D3) is lower
bounded by p > 0.

Assumption 4.4 (Bounded Score). The true score function satisfies si(x,y) < 1V t=1, while the

learned score function satisfies 3°(z,y) € (0, M], for any z,y € X.

Assumption 4.5 (Continuity of Score Function). Foranyt > 0 andy € X such that Q(xs-,y) > 0,

”I::(S’)') = Z:Eis&gﬁ;? - 1‘ < 1V t77, for some exponent v € [0,1].

we have

Assumption 4.6 (e-accurate Score Estimation). The score function s¢(x) is estimated by the neural

network 8¢ (x;) with e-accuracy, i.e.
N-1

SIS

n=0

We refer to Appendix ET for discussions on these assumptions.

ng;f

5@ ~
o

) A -
) 5 0 ()| <

o

4.3 Error Analysis
4.3.1 7-Leaping

Theorem 4.7 (Error Analysis of 7-Leaping). Suppose the time discretization scheme (s;);c(o,N]
with so = 0 and sy =T — 0 satisfies fork € [0: N — 1], Sg41 — Sk < K (1 V(T — sk+1)1+7_’7),
where the exponent 1 satisfies v < 1 < 1 —T7' when v < 1, and 1 = 1 when ~y = 1. Under
Assumptions EZD, B, [E23, and [EZ4, we have the following error bound

~ —2
Dyt (psllr—s) S exp(—pT) log[X| + ¢ + DT,

and under the following choice of the order of parameters:

T—0 <10g(5_1logx)) k= 1) ( ep ) ’ 5 _ {0, v < 1, (43)

P D log(e~1 log |X]) Q(eiﬁ), v=1,

where the mixing time tix is defined in Definition D11, we have Dxy,(ps||gr—s) S € with N =
52p2 log? (671 log |X\)

KIT =0 ( - ) total steps.

The derivation (as provided in Appendix E4) and conclusions are analogous to the error bound for
continuous diffusion models (¢f. Theorem Bl). We would like to point out the main differences
between the continuous and discrete diffusion models:

* Truncation Error: While the Ornstein-Uhlenbeck process converges exponentially fast in the
continuous diffusion models, the exponential convergence of the forward process in discrete dif-
fusion models is non-trivial for general graphs G(Q). In practice, Assumption ETll should be
verified for the specific problem at hand;

* Discretization Error: In continuous diffusion models, the analysis of the discretization error is
based on the It6 integral and Girsanov’s theorem, while in the discrete case, the Poisson random
measure with evolving intensity (c¢f. Definition B) and change of measure (¢f. Theorem B3) that
we developed above are employed instead. Early stopping schemes are discussed in Remark ETT1.



In Theorem B2, the coefficient D roughly translates to the dimension d when the discrete diffusion
model is applied to X = [S]¢, where S is the number of states along each dimension. Plugging

= log |X| = O(d) into the results, we obtain that the total number of steps N = O(d?). This
recovers the dependency described in [Z1, Theorem 1] for 7-leaping with a completely different
set of techniques, and importantly, our results do not rely on strong assumptions such as a uniform
bound on the true score. We also reduce assumption stringency by relating our assumption on the
estimation error (Assumption E4) more closely to the training loss rather than requiring an L°-
accurate score estimation error. Most notably, we provide the first convergence guarantees for 7-
leaping in KL divergence, strengthened from total variation distance, for discrete diffusion models.

4.3.2 Uniformization

The error analysis of the uniformization algorithm requires the following modified assumption on

the accuracy of the learned score function 57 (z;):

Assumption 4.6’ (e-accurate Learned Score). The score function si(xy) is estimated by the neural
network 59 (x;) with e- accuracy, ie.

Theorem 4.8 (Error Analysis of Uniformization). Suppose the block discretization scheme
(sb)bejo,n) With s = 0 and sy = T — § satisfies for k € [0 : N — 1], spy1 — sp <
K(LV (T = sky1)) . Under Assumptions ED, B2, [E33, and BB, we have the following error bound

Dxv(psllar—s) S exp(—=pT) log [X] + ¢,
-1
where the mixing time tuyiy is defined in Definition DI1. Then with T = O log(c* log [XI)

p

§ = Q(e~T), we have Dx1,(ps||qr—s) < e with E[N] = O (W) steps.

The proof of Theorem ER is deferred to Appendix EX. Following a similar argument for Theo-
rem B2, the dimensionality dependency of the uniformization scheme is O(d), confirming the result
for the special case X = {0,1}¢ in [22]. Theorem B2 and ER offer a direct comparison of the
efficiency of the 7-leaping and uniformization implementations for discrete diffusion models. Our
proof reveals that the less favorable quadratic dependency in the 7-leaping scheme arises from the
truncation error, which is not present in the uniformization scheme, illustrating a possible advantage
of the latter in reducing computational complexity.

Recalling the current result for continuous diffusion models (Theorem B) is (5((1), we conjecture

that O(d) is also the optimal rate in the discrete case. In the continuous case, the linear dependency
is shown to be achievable with Euler-Maruyama schemes via an intricate stochastic localization
argument [28]. The corresponding argument for the 7-leaping scheme of discrete diffusion models
would be a possible refinement on Proposition E-, which we believe is of independent interest and
will be explored in future work.

5 Conclusion

In this paper, we have developed a comprehensive framework for the error analysis of discrete dif-
fusion models. We rigorously introduced the Poisson random measure with evolving intensity and
established the Lévy-type stochastic integral alongside change of measure arguments. These ad-
vancements not only hold mathematical significance but also facilitate a clear-cut analysis of dis-
crete diffusion models. Moreover, we demonstrated that the inference process can be formulated
as a stochastic integral using the Poisson random measure with evolving intensity, allowing the er-
ror to be systematically decomposed and optimized by algorithmic design, mirroring the theoretical
framework for continuous diffusion models.

Our framework unifies the error analysis of discrete diffusion models and provides the first error
bounds for the 7-leaping scheme in KL divergence. Our results lay a theoretical groundwork for the
analysis of discrete diffusion models, adaptable to broader contexts, such as time-inhomogeneous



and non-symmetric rate matrices. We also hope our work will inspire further research on the practi-
cal aspects of discrete diffusion models and their applications in various fields.
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A Related Works

Discrete Diffusion Models. The appeal of such models stems from their potential to address chal-
lenging problems in fields like computational biology, where they have shown promise in tasks
such as molecule, protein, and DNA sequence design [0, 71, BY, 072, B6, 37, 13, 14, 19, B8, B9].
Additionally, these approaches have proven effective in combinatorial optimization [20], modeling
retrosynthesis [&1], image synthesis [22, B3], text summarization [#4] along with the generation of
graph [45, 46, &7, 48], layout [2Y, BU], motion [IY, 51, sound [I¥], image [52, 1], speech [63]
and text [54, BY, 56, 57, BX, 6, 59]. Discrete diffusion models also synergize with other method-
ologies, including tensor networks [20], enhanced guidance mechanisms [bl, b1, 6Z], structured
preferential generation [63], and alternative metrics, e.g. the Fisher information metric [b4]. These
developments highlight the growing importance of discrete modeling in advancing both theoretical
understanding and efficient implementations.

Continuous Diffusion Models. Continuous diffusion models have been one of the most active
research areas in generative modeling. Earlier work on continuous diffusion models and probability
flow-based models include [, B3, b6, 67, B2, 6BX, 6Y, [0, (71, [72]. It has shown state-of-the-art
performance in various fields of science and engineering. For some recent work and comprehensive
review articles, one may refer to [[/3, [74, 75, [/6, [[7, [78, (79, K0, 81, B2].

Theory of Continuous Diffusion Models. In addition to the huge success achieved by diffu-
sion models in empirical studies, many works have also tried to establish sampling guarantees
for diffusion and probability flow-based models, such as [R3, 84, RS, R, &7, 88]. Regarding
the theoretical analysis of continuous diffusion models, [8Y9] provided the first sampling guaran-
tee under the smoothness and isoperimetry assumptions. Follow-up work removed such assump-
tions [90, 7, O1] and obtained better convergence results [28, 92, 03, 94, O5]. For the probability
flow-based implementation, sampling guarantee was also established and further refined in many
recent work [96, 97, @R, Q9]

B Review of Continuous Diffusion Models

In this section, we provide a brief review of continuous diffusion models and their error analysis.

B.1 Continuous Diffusion Models

In diffusion models, the forward process is designed as an Itd process (x)o<¢<7 in R? satisfying
the following stochastic differential equation (SDE):

dx; = by(xy)dt 4+ gidw,, with  x ~ py, (B.1)

where (w;);>0 is a standard Brownian motion. The probability distribution of x; is denoted by
D¢, and the distribution pg at time ¢ = 0 is the target distribution for sampling. The time-reversal
(Zs)o<s<r of (B) satisfies the backward process:

Az, = |~b(&,) + 5.5, Vlog 5, (%) | ds + g,dw,, (B.2)

where % denotes *p_s, with py = pr and pp = po.

One of the common choices for the drift b; and the diffusion coefficient g is b;(x) = —%Bt:ct and

g = 0+/B:I, under which (B) is an Ornstein-Uhlenbeck (OU) process converging exponentially,
i.e. pr = Poo := N(0,02%I), and the forward process (B-Il) and the backward process (B=2) reduce
to the following form:

1 < |1 .
dx; = —iﬂt:ctdt + o+/prdw,, and ds = 5, [2558 + U2V10g‘ﬁs(:§s)] ds + o4/, dws. (B.3)

In pratice, the score function s;(x;) := V log p;(x;) is often estimated by a neural network 3¢ (z;),
where 6 denotes the parameters, and trained via denoising score-matching [I00]:

T
0= argemin/ Ui Ea, op, [HVlogpt(act) - §?(wt)|‘2} dt (B.4)
0
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where pt‘o(wt|w0) is the transition distribution from x( to &y under (B33) with an explicit form as
N (ps,02I), where p; = moe*% Jo Bedt gnd o =o° (1 —e b Btdt) , (B.5)

and v, is a weighting function for the loss at time ¢. After obtaining the NN-based score function
8?(x,), the backward process in (B33) is approximated as:

1
dys = |:2y8 + gg(ys):| ds +dw,, with Yo ~ qo = N(07 JQI)' (B.6)

B.2 Error Analysis of Continuous Diffusion Models

For continuous diffusion models, the error analysis is often conducted by considering the following
three error terms:

* Truncation Error: The error caused by approximating pr by p~o, which is often of the order
O(dexp(—T)) due to exponential ergodicity;

* Approximation Error: The error caused by approximating the score function V log p;(x+) by a
neural network 8¢ (z;), which is often assumed to be of order O(€), where e is a small threshold,
given a thorough training process;

* Discretization Error: The error caused by numerically solving the SDE (B) with Euler-
Maruyama scheme or other schemes, e.g. exponential integrator [TOT].

Then, the total error is obtained from these three error terms with proper choices of the order of the
time horizon 7" and the design of the numerical scheme. We extract the following theorem from the
state-to-the-art theoretical result [Z8] for later comparison:

Theorem B.1 (Error Analysis of Continuous Diffusion Models). Suppose the time discretization
scheme (8;)ico,N) With so = 0 and sy = T'—0 satisfies sp11—5 < k(T —sp41) fork € [0: N—1].
Assume cov(pg) = I, and the score function V log p;(x;) is estimated by the neural network 89 (x;)

with e-accuracy, i.e.

2

‘ <e
Then, under the following choice of the order of parameters

T = O(log(de™1)), kK = O(d~ e log * (de™ 1)), N = O(de ' log(de™ 1)),

N—-1

> (sut = 50)8s,, o, |[ V1087, (B0~ 8, (210)
k=0

then we have Dk, (ps||Gry) < € where Gy, is the distribution of the approximate backward pro-
cess (B4) implemented with exponential integrator after N steps.

C Mathematical Framework of Poisson Random Measure

In this section, we provide a mathematical framework for Poisson random measure with evolving
intensity, which is crucial for the error analysis of discrete diffusion models in the main text.

C.1 Preliminaries

We first provide the definition of the ordinary Poisson random measure.

Definition C.1 (Poisson Random Measure). Let (2, F,P) be a probability space and (X, B,v) be
a measure space satisfying that

/ 1V Jy] v [yv(dy) < oo,
X

The random measure N(dt,dy) on RT x X is called a Poisson random measure w.r.t. measure v if
it is a random counting measure satisfying the following properties:

(i) Forany B € Band0 < s <t, N((s,t] x B) ~ P (v(B)(t — s));
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Figure 1: Example trajectories of stochastic integrals (Bl) w.r.t. Poisson random measure with
different evolving intensities. The intensity is chosen as A;(y) = 50f; if |y — x4~ | = 1 or otherwise
0, as shown in dashed lines. Intuitively, A\, controls the rate of jumps at time ¢ and location y.

(ii) For any t > 0 and pairwise disjoint sets {Bi}ic[n) C B, {Ni(B;) := N((0,] x B;)}; ¢, are
independent stochastic processes.

The following definition of predictability will be frequently used for the well-definedness of stochas-
tic integrals w.r.t. Poisson random measure, and thus the extension from ordinary Poisson random
measure to Poisson random measure with evolving intensity.

Definition C.2 (Predictability). The predictable o-algebra on R™ x X is defined as the o-algebra
generated by all sets of the form (s,t] x B for 0 < s < tand B € B. A process X is called
predictable if and only if X, is predictable w.r.t. the predictable o-algebra above.

In the following, we will define the Poisson random measure with evolving intensity, which is a
special case of random measures [0, Definition 1.3].

Definition C.3 (Poisson Random Measure with Evolving Intensity). Ler (2, F,IP) be a probability
space and (X, B,v) be a measure space. Suppose A\i(y) is a non-negative predictable process on
R* x X x Q satisfying that for any 0 < T < T,

T
/ / LV |yl V |y (y)v(dy)dt < oo, as..
0o Jx

The random measure N [\|(dt, dy) on RT x X is called a Poisson random measure with evolving in-
tensity A\¢(y) w.r.t. measure v if it is a random counting measure satisfying the following properties:

(i) Forany B € Band 0 < s <t, N[A((s,t] x B) ~P (f: I /\T(y)u(dy)dT);

(ii) For any t > 0 and pairwise disjoint sets { B;};c|n) C B,
{N[A(Bi) == N[AI((0, 2] x Bi)}iepm
are independent stochastic processes.

Theorem C.4 (Well-definedness of Poisson Random Measure with Evolving Intensity). The Poisson
random measure N[\|(dt, dy) with evolving intensity \i(y) is well-defined under the conditions in
the definition above.

Proof. We first augment the (X, B, ) measure space to a product space (X x R, B x B(R), v x m),
where m is the Lebesgue measure on R, and B(R) is the Borel o-algebra on R. The Poisson random
measure with evolving intensity \;(y) can be defined in the augmented measure space as

t
NIN((s,8] x B) := / /B / Loceen, (o N(dr, dy, de), €.
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where N (dr, dy, d¢) is the Poisson random measure on RT x X x R w.r.t. measure v(dy)d¢.

Then it is straightforward to verify the two conditions in the definition of Poisson random measure
with evolving intensity by noticing that for pairwise disjoint sets {B; }icfn) C B, {Bi x R}igpn) C
B x B(R) are also pairwise disjoint.

The Poisson random process N[A](d¢, dy) with evolving intensity A;(y) is well-defined up to an

eventual explosion time
mf{/ /)\t v(dy)dt = oo, a.s.}.

We refer the readers to [23] for a more rigorous detailed version of the proof. O

Remark C.5 (Relation to the Cox process). The Poisson random measure with evolving intensity
shares multiple similarities with the Cox process [I03, [[04], including being a point process and
with the intensity being a random measure. The main difference is that the Cox process is defined
on a general measure space, while the Poisson random measure with evolving intensity is defined on
the product space (X x R, B x B(R), v x m) and the intensity function is required to be predictable
to ensure the well-definedness of its stochastic integral.

C.2 Stochastic Integral w.r.t. Poisson Random Measure

The following theorems provide the properties of stochastic integrals w.r.t. Poisson random measure
with evolving intensity. The proofs are based on the observation that with the augmentation of the
measure space argument (C), the stochastic integral w.r.t. Poisson random measure with evolving
intensity in (X, B, v/) can be reduced to the stochastic integral w.r.t. homogeneous Poisson random
measure in (X x R, B x B(R), v x m), and under certain conditions on the measure space (X, 5, v),
to the well-known Lévy-type stochastic integral [Z6]. For simplicity, we will work on the interval
t € [0, T] with T < T and the following regularity conditions of the Poisson random measure:

0< essinf A (y) < esssup A (y) < +oo.
7€[0,T],yeX r€[0,T],yeX

One can easily generalize the following results to their local versions on [0, T) by considering its
compact subsets.

Theorem C.6 (Stochastic Integrals w.r.t. Poisson Random Measure with Evolving Density). For any
predictable process Ki(y) on RT x X x ), the stochastic integral w.r.t. Poisson random measure
with evolving intensity \¢(y)

has a unique solution, for which the followmg properties hold:

(1) (Expectation) For any t > 0, we have

o[ [romnsn] - [ [somomas

(2) (Martingale) For any t > 0, we have

//Kt A|(dt, dy) : //Kt A|(dt, dy) — //Kt e (y)v(dy)dt

is a local Fi-martingale;

(3) (Ito Isometry) For any t > 0, we have
t 2 t
E [( I/ m@)N[A}(dt,dy)) ] — [ | KwPn iy
0 JX 0 JX
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Proof. We first write the integral (CZ2) in the augmented measure space (X x R, B x B(R),v x m)
as

t
Ty = o + / / / Kt(y)logfg)\,(y)N(dt7 dy, dg), (C.3)
0 JXJR

and since K(y)1o<e<n,(y) is a predictable process, the desired properties can be derived from the
corresponding properties of the stochastic integral w.r.t. Poisson random measure in the augmented
measure space.

The subsequent proof will follow a similar argument as the proof of the stochastic integral w.r.t.
Brownian motion (e.g. in [[05]) by starting from proving the properties for elementary processes,
which in our case refer to working with the elementary predictable processes of the following form:

n—1 m I
= Z Z Z Ziajvk(w)lte(t'i7ti+l]1yEBj 1§ECk’
i=0 j=1k=1
where 0 = tyg < --- < t, = T is a partition of [0,T], B; € B for j € [m] are a parti-

tion of X with v(By) < oo, and C;, € B(R) for k € [l] are a partition of the time interval
[0, esssup, (o, 17,yex A (y)] with m(Cy) < oo, and K; j is bounded and J,-measurable, on
which the stochastic integral is defined as

n—1 m

t l
| [ 2 0Nt dnae) = 35757 2N (0t B, % ).

i=0 j=1k=1

Then, it is straightforward to verify the properties of the stochastic integral for the elementary pre-
dictable process Z;“ (y,&), using the definition of Poisson random measure (Definition CT). For
general predictable processes Z;(y, &), we write Z;(y, &) = Z; (y,€) — Z; (y,€), where Z; (y, )
and Z, (y,&) are positive and negative parts of Z;(y,§), and apply the results to Z; (y,€) and

Z; (y, &) separately.

Finally, we take Z;(y,§) = K(y)1lo<¢<x,(y) to derive the properties of the stochastic integral w.r.t.
Poisson random measure with evolving intensity.

We refer readers to [T06, Section 2.2] for detailed arguments. For the uniqueness of the solution to
the stochastic integral, we also refer to [23, Theorem 3.1]. O

Proposition C.7. Define the list of jump times (t,,)ncn recursively as
to = O7 tn-&-l = 1nf{t > tn|Al‘t 7& 0}, n Z O,

the Poisson random measure N[\ (dt, dy) with evolving intensity A\:(y) can be written as
1(dt, dy) = Z 6¢, (dt)dy, (dy), (C.4)

and the stochastic integral (C2) is cadlag and can be rewritten as a sum of jumps:

N N
ze=x0+ Y Az, =30+ > Ky (V) (C.5)

where N is a random variable satisfying t y <t < tni1, and Axy, are the jumps Axy, = x¢ —T,-
with z,- = lim__,,- z,.

Proof. To see the solution is cadlag, we notice the following right limit at time ¢:
lim (rse — 20) = / Ky(y) NN (dt, dy) — 0
=0 (t,t+¢]

and the left limit at time ¢:

Azy = 21_{% (ﬂﬁt - xtfe) = /

Ki(y) N(dt, dy) — / K.(y)NN({t} x dy),  (C6)
(t—e,t]xX X
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where the notation N [A]({¢} x dy) should be understood as N [A]({t} x dy) = 0if ¢ & {t,, }nen, Or
otherwise V;, = N[A]({t,,} x dy) is a random variable on X.

Since the Poisson random measure N [A](d¢, dy) with evolving intensity \:(y) is a random counting
measure, it can be represented as a countable sum of Dirac measures as in (C4), and thus we have

a:t—xo—l—//Kt Al(dt, dy)

N
:my+ALéKK@Z;&J&ﬁHQM):mm+g;KﬁO’

By the definition of Poisson random measure, (t,),e[n] are also the jump times of the homo-
geneous Poisson random measure N (d¢,dy,d€) in the augmented measure space (X x R, B x
B(R),v x m) w.r.t. measure v(dy)d¢{. Therefore, with a slight abuse of notations, we will assume
(tn; Yn,En)nen) are ii.d. random variables with probability measure proportional to dtv(dy)d¢,
for each of which E,, < A (Y7,) holds because otherwise the jump would not occur.

Then the distribution of Y,, can be derived as a conditional probability of the jump location Y;, given
the jump time ¢,, and =,, < Ay, (Y},):

fR dy 1':n<>‘tn (y) d{ _ )\tn, (y)l/(dy)
Jo Jxv(Ay)1z, <x, (ndE [ Ar, (y)r(dy)’

and the proof is complete. O

P(Y, = y)v(dy) =

(C.7

The following theorem gives the martingale characterization of Poisson random measure with evolv-
ing intensity, which will be crucial for the proof of the change of measure arguments:

Theorem C.8 (Martingale Characterization of Poisson Random Measure with Evolving Density).
Let N[\|(dt, dy) be a Fi-adapted process in the probability space (2, F,P). Then N[X|(d¢t, dy) is

a Poisson random measure with evolving intensity \i(y) if and only if the complex-valued process

Mm:m(//ﬁ A (dr, dy) + //1—WwA(M@w) (C.8)

is a local martingale for any predictable process f.(y) satisfying that f.(y) € L*(X,v), a.s

Proof. By Proposition 71, we rewrite the stochastic integral as a sum of jumps:

[ [ swnir,an = S

n=1

where (t,,Yn,Zn)nen) are iid. random variables with probability measure proportional to
dtv(dy)dg, for each of which Z,, < A, (Y7,) holds, following a similar argument as in the proof of
Proposition C7A.

Then, it is straightforward to derive the following probability of the jump time ¢,, = 7:

_ Jx P(Yn =y, t, = 7)v(dy) Jx Ar(y)v(dy)dr
fg J5x P(Yn =y, tn = 7)v(dy)dr fo Jx A (y)v(dy) dT

and by the definition of the Poisson random measure, we have the following probability of the total
number of jumps N = n:

v S (- [ [tuvianar) ([ rivianar)
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Without loss of generality, we only verify E[M;[f]] = 1 as follows, and general cases are similar by
Markov property:

E exp< / / fe. (W) NN (dr, dy))}
(o )
E e 0|2, < A, (Y,)]

{ X eizy)AT(zi)(lé(dy) b = TH

(// eSO (y)v(dy dT) exp< //)\ v(dy dT)

I
=
o)
[}
ol

En <\, (Yn), Vn €[N ]1

L
=

3
I
—

I
=
— =
=

3

HMES
3‘»—! ,U.

which immediately yields the desired result E[M;[f]] = 1.
On the other hand, for any 0 < s < ¢t and B € B, we set

Zi(y) = ulie(s,lyen,

where u € R, and by assumption, we have

E [M,[7]] = {exp(// N(dr, dy) // (1-e7w) )\()z/(dy)drﬂ
=E [exp <zu / /B N[A|(dr, dy) + / /X (1—e™) )\T(y)y(dy)drﬂ

= [exp (N Dot < B) + (1) 0= 5) [ Atowian )| =1

i.e. the following holds for any u € R:

E exp (N[N ((5, 1] x B))] = (€% — 1) (t — 5) / M ()(dy),

which by Lévy’s continuity theorem implies that

NN((s,1] x B) ~ (t—s /)\ )

and thus N[\](dt, dy) is a Poisson random measure with evolving intensity A:(y) by Definition Cl.
O

Theorem C.9 (It6’s Formula for Poisson Random Measure with Evolving Density). Let
N[X](dt,dy) be a Poisson random measure with evolving intensity A(y) in the probability space
(Q, F,P) and K(y) be a predictable process on RT x X x €. Suppose a process x; satisfies the
stochastic integral

Ty = To +/ /Kt 1(dt, dy), (C.9
then for any f;(y) € C(RT x X) with probability 1, we have

e = foao) + [ onfitoar+ [ [ (o + Kolo) = £ ) N @rd),
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Proof. By Proposition C1, we again rewrite the stochastic integral as a sum of jumps:

N
T+ = o —+ ZKtn(Y
n=1

where (t,,)ne[n are the jump times with tp = 0 and ty <t < tx 41, and (Y, ),e[n) are the jump
locations. Consequently, it is easy to see that x,~ =z = x¢,_, fort € (tn—1,tn] and n € [N].

Then we have the following decomposition:

fe(ze) — folzo)

N

=fiw0) = fux (1 Z(ftn 21,) = foo (@) + Fo @) = oo (20,0

/ (9 fT Tty dT—FZ/ 6 f7— T, 4 dT—FZ ft" Tt, +Ktn(Y )) —ftn(xtnfl)),

and for the last term in the above equation, we have

N

N
> (ot + Ko (00) = fuwn, ) = 3 (fu o + Ko (00) = fu )

:/O \/X (‘fT(x"'7 + K"’(y)) - f'r('r'r*)) N[A](dT, dy)

Combining the above results, we have the desired result. O

Lemma C.10. Denote the trajectory obtained by simulating the master equation (2-1) of the forward
process of the discrete diffusion model as x., then the time interval At,, = t,, 1 — t, is distributed
according to the following distribution:

P(At, > 7) = exp </ Q. (xtn,xtn)dT’) , (C.10)
0
and the jump location xy, ,, is distributed according to the following distribution:

Qtn+1 (y7 T, )

—e R C.11
Qt, . (T1,, T4, (@10

P('rtwrl = y) = -

Proof. The results can be found in [0, Section 1.2]. While a fully rigorous proof can be conducted
by discretizing the time-inhomogeneous continuous-time Markov chain into 2" uniform steps and
taking the limit as n — oo, following the approach in [TOX], we will provide a more intuitive proof
here for completeness.

Set p;, = ey, , where e, is the y-th unit vector in RIXI. then the x;, -th entry of () yields

d

dtP( Ty,) = pt Tt,, ZQt T, Y)Pe(Y),

yeX
which, by the assumed continuity of the rate matrix @, implies
P(Aty > 7) = P(24,47 = x¢,) = 1+ Q, (21, 24, )7 + 0(7),

and thus

dilogP(At >7) = lim

7'—>0

integrating the above equation yields the desired result.
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Similarly, by setting p;,,,—» = €, ,we have forall y € X\ {z;, }:

P(@t, 1, =Y) = Pt (¥)
o Paes )+ Qe m) + of7)
=0 3 ex\{wr, } (Ptnr—r(Y) + Qs —r (y, 20,)7 + 0(7))
Qi (Y, 1,) _ Qu(yme,)
Zyex\{mm}Qtnﬂ(%xtn) B Qtoir (Tt 21,)]

and the result follows. ]

C.3 Proofs of Change of Measure Related Arguments

Proof of Theorem B3. In the following, we will denote the expectation under the measure P by Ep
and the expectation under the measure Q by Eq.

By Theorem R, to verify that the Poisson random measure N [A](d¢,dy) with evolving intensity
At(y) is a Poisson random measure with evolving intensity \:(y)h:(y) under the measure Q, it
suffices to show that for any f € L*(X, ), the complex-valued process

My[f] = exp ( / t / F () N[N (dr, dy) + / t / (1- o) AT<y>hT<y>u<dy>dr)

is a local martingale under the measure Q.

To this end, we perform the following calculation:

Eq [M[f]] = Ep [M:[f])Z:[R]]

—E; exp( / [ s@xanay + | t / (1—eif<y>)AT(y)hT<y)v<dy)dr)
e / [ 1ot Npae < an - [ t [ttt = Drtovtan) ) |
& i [ / ) +logm ) Nardn + [ [ (1= ) nwtan )]

=Ep [M[f + log h]]

and by assumption, f+logh € L'(X,v), a.s., which implies that M;[f +log h] is a local martingale
under the measure P again by Theorem 8. Consequently, M;[f] is a local martingale under the
measure Q, and the result follows. O

Corollary C.11 (Equivalence between KL Divergence and Score Entropy-based Loss Function). Let
Do.r and qo.T be the path measures of the backward process (Z2) and the approximate backward
process (I4), then it holds that

Dicw(rllar) < Dict.(porlldorr)
S0 (% . /e ~ C.12
/ / ( . )ss<xs,y>Qs<xs,y>u<dy>dt, (12

where K (x) = x—1—logx > 0, and the expectation is taken w.r.t. paths generated by the backward
process (B2). Consequently, minimizing the loss (I3) is equivalent to minimizing the KL divergence
between the path measures of the ground truth and the approximate backward process.

=Dxk1(Pollq0) + E

Proof of Corollary CI1. With a similar argument as in the proof of Proposition B2, we have the
following stochastic integral representation of the approximate backward process with the learned
neural network score function 5¢:

Ys = Yo + / / Y — yus )N[E')(ds, dy), with 2%(y) = 2 (e, 1)@ (g ) = B2(y). (C.13)
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By the data-processing inequality and the chain rule of KL divergence, we have

Dxw(prllar) < DxL(po.rllgo.r) = DxL(Pollg0) + E [DkL(Po.rllg0:71T0 = yo = y)] -

Then notice that conditioning on the alignment of the initial state Ty = yo = y for any y € X, the
second term in the above equation can be expressed as

—

o:7 1’
xo—yo—y} lE{logZT1 [”
T %

where the last equality is by the change of measure in Theorem B3 from the stochastic integral
formulation (B2) of the backward process () with the true score function 5 to the stochastic
integral formulation (CCI3) of the approximate backward process with the learned score function 57.

o - dpg
Dk (Po.rllgor|Zo =yo =y) = E |:10g 1

Plug in the expression of Zr in (B3) and notice that

B S )Qs(yasy) _ 50y, y)
Hs § (ys ay)Q (ys_7y) g (yg ’y)

we have

E 1ogZ;1[ ”
E //loﬁys,y [}(dxd)+/T/ §6’(ys,y) 1| pa)v(dy)d
S ys 7y 0 X Ss (ya ay)
T =
_E / / is(ys—,y)_l_log s(Ys—y)
0 X Ss(ys—ay) s\YUs—»

=0
=K -/ / ( ys 7y (ys_ay) (ys 7y) log SS(y)) @s(ys—7y)u(dy)d31 ,

3

55 (Ys- 1) Qs (v, y)(dy)ds

| W

55(ys—»y)

rearranging the terms in the above equation yields the desired result. O

C.4 Proofs of Stochastic Integral Formulations

Proof of Proposition B2. In the following, we will denote the trajectory obtained by simulating the
master equation () of the forward process of the discrete diffusion model as z; and the trajectory
obtained by the stochastic integral (Bl) as x;, with ¢ = 2. We will also use the notation - to denote
the quantities associated with the trajectory ;. The goal is to show that x; and z; are identically
distributed for any ¢ € [0, 7.

We prove this claim by induction. We assume that for any ¢ € [0,t,], where n € N and ¢,, is the
n-th jump time with ¢, = 0, the two trajectories z; and z, are identically distributed. For simplicity,
we realign the two processes z; and z; at time ¢,, by setting x;, = Ty, .

We first consider the process z; generated by the discrete diffusion model (). Recall the definition
At(y) = Q¢(y, 7, ), we have that

/X Mv(dy) =Y Qu(y, Te-) = —Qu(Te-, Tp-) = —Qu(Fr,,, T1,,), fort € (tn, tnya].
yeX

By Lemma 10, the time interval A?L = t~n+1 — Zn is distributed according to (CI0), i.e.

#(07,> r)=ew  [[ Qo m i) = o~ [ [rotamianr’).

Similarly, the jump location T, 41 18 distributed according to (CCT), i.e.

Qtn+1 (y7 %tn) _ /\tn+1 (y)
Qtn+1 (Etn ) 5tn) fX )‘tn+1 (y)l/(dy) '

]P)(%twrl = Z/) = -
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Now we turn to the stochastic integral (B8l). By definition of the Poisson random measure, we have

P(At, > 7) = P(N[A\((tn, tn + 7] X X) = 0) = exp < / / v(dy) dT) ,
and the jump location is distributed according to (C32), i.e.

_ y) _ )‘tn+1 (y)
e fx /\tn+1 )V( )

Comparing the arguments above, we conclude that the two processes x; and z; are identically dis-
tributed for any ¢ € [0, ¢,,+1], and the induction is complete.

P(l‘t

The proof of the equivalence between the backward process of the discrete diffusion model governed
by () and the corresponding stochastic integral (B=2) can be conducted similarly, and the result
follows. O

C.4.1 T7-Leaping

The 7-leaping algorithm is summarized in Algorithm [I.

Algorithm 1: 7-Leaping Algorithm for Discrete Diffusion Model Inference

Input: 7y ~ qo, time discretization scheme (s;);c[o.n] With sp = 0 and sy = T — 0, intensity

function 7i? defined in Proposition BT, and neural network-based score function

estimation 7.

Output: A sample Js, ~ iy -
1 forn=0to N —1do

P Ge & W= T )PEFs, ) (5041 — 50)); (C.14)

yeX
3 end

Proof of Proposition E-l. Without loss of generality, we give the proof for s = sy, and the general
case can be proved similarly.

The stochastic integral (B-) can be partitioned by the time discretization (si)ie[(): n1 into N intervals
along which the evolving intensity is constant, i.e.

=t [ [ =T N TAL s )
N s
n+3 [ / (.. N7, )(ds,dy)
=Yo + Z/ Nlis, 1 ]((si-1, 81, dy),

which given X is finite, can be further decomposed into the following sum of jumps:

N
=it Y [T N (sl dy)
i=1

N
=0+ 33— T N (151 )

1=1 yeX
N
~o+ > (=T, IP((si = 5im)Tsi 1 (9):
1=1 yeX
which is exactly ((CCT4) in the 7-leaping algorithm (Algorithm ). O
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C.4.2 Uniformization

The uniformization algorithm is summarized in Algorithm B, in which o ,,,) denotes the m-th order
statistic of the M uniform random variables on [0, 1], and the randomness in (CCI3) should be
understood as sampling a categorical distribution and updating the state accordingly. The main idea
is to simulate the backward process by a Poisson random measure with a piecewise constant intensity
upper bound process and then sample the behavior of each jump according to the intensity 72 (y) at
time s.

Algorithm 2: Uniformization Algorithm for Discrete Diffusion Model Inference

Input: gy ~ qo, time discretization scheme (s )e[o, 5] With so = 0 and sp = T' — 0, intensity
upper bound process ), intensity function 72 defined in Proposition BT, and neural
network-based score function estimation 3¢.

Output: A sample x5, ~ ¢,,.

1 forb=0to B —1do
2 M ~P(Ng,,, (Sp41 — ), Om ~ Unif ([0, 1]) for m € [M];
3 for m =1to M do

4 . y,  with prob. ﬂ§b+g(m) (Y)/Aspsrs fory € X, ©15)
Sb+0(m -~ o > N :
b0 (m) Ys,» Withprob. 1—37 & ,uzbJr(,(W) W)/ Aspiss

5 end

6 end

Theorem C.12 (Accurate Simulation by Uniformization). The uniformization algorithm (Algo-
rithm B) with its stochastic integral formulation in (B2) is equivalent to the approximate backward
process with its stochastic integral formulation in (CI3).

Proof of Proposition B2 and Theorem ICI2. For simplicity, we only consider the stochastic inte-
gral (E72) within the time interval (s, $p+1].

We rewrite the stochastic integral (E2) as a sum of jumps:

Ysprr = Ysp + Z “Ys; . 10§En§fx e, (yv(dy)
where by Proposition T2, sy, )ne[n) are the jump times and (Y,,, =5, )ne[n) are the jump locations
that are distributed according to

~0 ~0
N S ) R— v T
Je g, v(dy) [ g S, v (dnA

Therefore, the n-th jump is not performed if [ ﬁng (y)v(dy) < E, < A, which is of probability

- S B2 (y)v(dy) A= Jx RS, (v)v(dy)
= 0 .
P(Hn > Msb,n (ys;n)) fX ,U/Sb . y)l/(dy) X
e )
= X ,

and is to the state y with probability

P (Yn =Y En < /X//’Zzsb’n (y)V(dy))

R A Wy B ()
S 12, (y)v(dy) ) h
which coincides with (CI3) in the uniformization algorithm (Algorithm [).

)
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By conditioning on the occurrence of each jump, i.e. 0 < =, < fx u55h v(dy), with slight
abuse of notation, we have that

- i, ()
P (Yn = y‘O <E,< / 14 (y)V(dy)> b%L
x obn Jx 18, (y)v(dy)’
which again by Proposition T2 implies that y, also satisfies the stochastlc integral (CCI3) corre-
sponding to the approximate backward process, and vice versa, and the result follows. O

D Results for Continuous-Time Markov Chain

In this section, we will provide some results for the continuous-time Markov chain (CTMC), in-
cluding the mixing time, the spectral gap, the modified log-Sobolev constant, etc. We will use the
notation G(Q) to denote the graph corresponding to the rate matrix Q, i.e.

9(Q) = (X, E(9(Q)), Q), where E(G(Q)) = {(z,y) € X x X[z #y,Q(z,y) > 0},
and the weight of the directed edge (z,y) € E(G(Q)) is Q(z,y). We will assume that the
continuous-time Markov chain is irreducible and reversible on the state space X, and the corre-
sponding stationary distribution is 7r.

D.1 Spectral Gap

Definition D.1 (Spectral Gap). Let L = —Q be the graph Laplacian matrix with D = diag L,
corresponding to the graph G(Q). with

0=:A1(L)<:A2(L)f§...§,MXKl» < 2n¥%§[K13x)::211
the spectral gap \(Q) of the rate matrix Q is defined as the second smallest eigenvalue of the graph
Laplacian L, i.e. A\(Q) = Xo(L).

Remark D.2 (Asymptotic Behavior of the score function s;). Assume Q is symmetric with the
following orthogonal eigendecomposition:

Q=-UAUT,
where U = (u1,ua, ..., u‘x‘) is an orthogonal matrix, and the distribution p; has the following
decomposition w.r.t. the eigenvectors of the graph Laplacian L:

X

= Zat(i)ui =Ua(t),

then the solution to the master equation (1) is given by

X
P = exp(tQ)po = U exp(—tA)U "po = U exp(—tA)ag = > u; exp(—tA;)ao (),
j=1
i.e. oy = exp(—tA) g and thus for any i € [|X]],
X
p(i) — po(i) = Zuj(i)(—l + exp(—tA;) Zuj ) (§)A;0(t).
j=1 g>1
Therefore, we have
_ ) _ 2o = T s WooNO0

St (.’L‘, y) - - .
pe(@)  po(@) = 3 s uj(@)an(5)A;0)
given that the following condition is satisfied

which only depends on the initial distribution po and the rate matrix Q.

Especially, the bound sy(x,y) < 1 for any v € X s.t. po(x) > 0 and sy(x,y) < t=1 for those s.t.
po(z) = 0.
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Definition D.3 (Conductance). The conductance ¢(G) of a graph G is defined as

: 2oesygs A, Y)
¢(G) = min ’ '
SCX in {Ezes D(z,x),3,¢s D(y, y)}

Theorem D.4 (Cheeger’s Inequality). Denote the normalized graph Laplacian matrix by L =
D~'2LD~'/2 with eigenvalues

0< ML) <A(L)<...<A\x(L) <2

then the conductance of the graph G(Q) can be bounded by

S2(D) < 6(6(@) < \/20u(D)

D.2 Log-Sobolev Inequalities

Definition D.5 (Modified Log-Sobolev Constant [[009]). For any function f,g : X — R, we denote
the entropy functional Ent(f) of f as

Entr(f) := Ex[flog f] — Ex[f]log Ex[f],
and the Dirichlet form Ex(f, g) as
Ex(f,9) =Ex[fLTgl:=) fly Wr(y) = > fy)L(z,y)g(x)m(y),
yeX z,yeX

where the Laplacian L = Q. Then the modified log-Sobolev constant of the rate matrix Q is defined

as
f { = (f, logf

p(Q) = Eni.

’f X — R, Enty (f)>0}

Theorem D.6 (Theorem 2.4, [[09]). For any initial distribution py, we have for any t > 0,

Dx1(pel|7) < Dxw(polm) exp (—p(Q)1),

i.e. the KL divergence converges exponentially fast with rate p(Q).

Proof. Noticing that Ent(2%) = Dy (p;||7), we differentiate Dy, (p;||7r) with respect to ¢ to
obtain that

d pe() pi(z) B pe(z) d pi()
g P (pllm) =4 Z () ( (3:) ) m(x) = (log (@) + 1> (@) (@)

reX
pe(2) pt(:E
= 1 log
z( e - 3 a2t
zeX D.1)
pe( x
t (Z L (x))> n(y)
yEX zeX
=—&x (—t,log *) < —p(Q)Dxw(pt ),
T ™
and the result follows by applying Gronwall’s inequality to both sides above. O

Then, the following proposition connects the modified log-Sobolev constant with the spectral gap.

Proposition D.7 ([I0Y, Proposition 3.51). The modified log-Sobolev constant p(Q) of the rate matrix
Q is bounded by the spectral gap \(Q), i.e. p(Q) < A(Q).
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Proof. Below we provide a sketch of the informal proof of the proposition above for the sake of
completeness. Let f : X — R be an arbitrary function and ¢ > 0 be any positive number. From the
definition of the modified log-Sobolev constant, we have

Ex (e, CF) > p(Q)Ent, (7). (D.2)

Under the limit ¢ — 0", we may apply Taylor expansion to the two terms on the LHS and RHS,
which implies
En(e. () = En(1+CF + O(C?).CS)
= CEn(L, f) + CPEx(f. f) + O(C%) = CPEx(f. f) + O(S%)
Ent(e¢) = Ex[eS/Cf] — Ex[e¢]log Ex[e¢]]

=Er [(1+Cf +0(6*) ¢f] = Exl[l + (f + O] log Ex[e*]
= (Er [f] + <2Eﬂ' [fQ} + O(Cd)
- (1 + CEﬂ'[f] =+ 0(42)) log (1 + CEﬂ'[f] + O(<2))
= (Ex[f] + CEx[f’] + O(¢%) — (1 + CEx[f] + O(¢?)) (CEx[f] + O(¢?))
= ¢* (Ex[f*] = E«[f]?) + O(¢%)

Substituting (03) into (O2) and taking the limit { — 07 then yield the following inequality

Ex (S,
HQ < i

for any non-constant function f : X — R. Taking infimum on both sides above with respect to all f
then indicates

D.3)

Enlff) o &)

<inf ————"——— < inf ——===X(L)=A\ (D.4)
Q) < E TP —Eal7P = rabthoo Balp] — 20 =A@
where the last two equalities above follows from the definition of spectral gap, as desired. O

In general, the lower bound of the modified log-Sobolev constant p(Q) and the spectral gap A\(Q)
depends on the connectivity and other specific structures of the graph G(Q), and the related research
is still an active area on a graph-by-graph basis [T0Y].

The properties of the spectral gap A(Q) are better known in the literature, as it is closely related to the
conductance of the graph G(Q) via Cheeger’s inequality (Theorem D), and thus when D = DI,
the spectral gap A\(Q) satisfies

%/\(Q) = %)\2(f) < 6(6(Q)) < \/m _ QAJ(DQ)'

However, as shown in Proposition D72, the lower bound on the modified log-Sobolev constant p(Q)
is hard to obtain, as the KL divergence, the exponential convergence of which is controlled by p(Q),
is stronger than the total variation distance, the exponential convergence of which is controlled by
A(Q), via Pinsker’s inequality. The following theorem gives a rough lower bound on d-regular
graphs.

Theorem D.8 ([T0Y, Proposition 5.4]). Suppose G is a d-regular graph on X with unit weights and
Q is the corresponding rate matrix such that G(Q) = G, then the modified log-Sobolev constant
p(Q) of the rate matrix Q satisfies

NQ)
log [X|

8dlog |X]
<p(Q) < W7

where diam(G) is the diameter of the graph G.

For some specific graphs, the modified log-Sobolev constant p(Q) and the spectral gap A(Q) can
be explicitly calculated, such as the following examples:
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Example D.9 (Hypercube [I10]). Let X = {0,1}% and Q be the rate matrix for which the graph
G(Q) is a hypercube, and for any two states v,y € X, the rate Q(x,y) = 1 if x and y differ in
exactly one coordinate. Then the modified log-Sobolev constant p(Q) and the spectral gap \(Q)

are given by
p(Q) =NQ) =4,
which is dimensionless.
Example D.10 (Asymmetric Hypercube [[11]). Let X = {0, 1}% and Q be the rate matrix for which
the graph G(Q) is a hypercube, and for any two states x,y € X, the rate Q(x,y) = pif x and y

differ in exactly one coordinate and x is the state with 0 in that coordinate, and Q(z,y) =qg=1—p
if with 1 in that coordinate. Then the modified log-Sobolev constant p(Q) and the spectral gap \(Q)

are given by
2(p —q) 1

p(Q) = Ma and )\(Q) = @

Further results on log-Sobolev inequalities related to finite-state Markov chains are beyond the scope
of this paper, and we refer the readers to [I12, T3, T4, IT5, IT6, IT7] for more detail.

D.3 Mixing Time
Definition D.11 (Mixing Time). We define the mixing time tyix(€) of the continuous-time Markov

chain with rate matrix Q as the smallest time t such that starting from any initial distribution py,
the KL divergence Dxr,(p:||7) is less than e, i.e.

tmix(e) = inf {t S R+

Dxu(pi||m) = Dxw(e”"9po||m) < 6} ’

Similarly, we define the mixing time tyix Tv(€) as the smallest time t such that starting from any
initial distribution py, the total variation distance TV (py, ) is less than €, i.e.

tmix,Tv (€) = inf {t eR,

TV (ps, ) = TV(G_tQp(),Tl') < 6} .

With a slight abuse of notation, we will also denote the e~!-mixing time as tmix = tmixkr(e™")
and tmix,TV = tmix,TV(eil)-

Proposition D.12. The mixing time t.,ix(€) of the continuous-time Markov chain with rate matrix
Q is bounded by the modified log-Sobolev constant p(Q), i.e.

tmix(€) S p(Q) " (loge ' +loglogm, ),
And the mixing time tmix Tv (€) is bounded by the spectral gap A\(Q), i.e.

tmix, TV (€) S )\(Q)*l (log ¢! +loglog m:l) .

Proof. Define 7, = mingex m(x), we first bound Dk1,(po||7) as follows:

po(z) -1
Dxr(pollpee) < %m@ log “ 7 < logm.”, (D.5)
and thus by Theorem DA, we have
Dk (pi|7) < Dxw(pol|w) exp (—p(Q)t) < logm, ' exp (—p(Q)t) . (D.6)

Therefore, by setting the right-hand side of (ID-6) to be €, we have the desired result for the mixing
time
1
tmix(ﬁ) < — log 671 + log log 7T;1 .
p(Q) ( )

For the mixing time ¢;x Tv (€), we use the Pinsker’s inequality to obtain:
TV(pi, ™) < 2¢/Dkr(pi||7) < 24/log 7' exp (—p(Q)1),
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and therefore,

1 1
tmix )< —1log (e 1y/lo 7T*_1> < —— (loge™! +loglogm,1).
w10 % gy ton (M owms?) 5 g (one +ogton )
O

Corollary D.13. The e~ '-mixing time t,,ix and tmix, TV Of the continuous-time Markov chain with
rate matrix Q satisfy

tmix g p(Q)_l IOg IOg Tr*_la and tmix,TV 5 )‘(Q)_l IOg 1Og 71-*_17

and thus tmix 2 tmix, TV-

E Proofs of Error Analysis in Section 8.3

In this section, we provide the proofs of the main results in Section B3. We first introduce the
assumptions in Section B and then provide the proofs of the main results in Section ??.

E.1 Discussions on Assumptions in Section 2.2

We need the following assumptions to ensure the well-definedness of discrete diffusion models. For
simplicity, we assume the rate matrix @ is time-homogeneous and symmetric, i.e. Q; = Q for
any ¢ > 0. In fact, the results can be easily extended to the time-inhomogeneous case of the family
Q; = (:Q with a rescaling factor 3;, and asymmetric cases will be left for future works.

Assumption E.1 (Regularity of the Rate Matrix). The rate matrix Q satisfies the following condi-
tions:

(i) Forany x,y € X, Q(z,y) < C and D < —Q(z,x) < D for some constants C, D, D > 0;

(ii) The modified log-Sobolev constant p(Q) of the rate matrix Q (cf. Definition D3) is lower
bounded by p > 0.

Statement (i) assumes the regularity of the rate matrix, which is often trivially satisfied in many
applications, while Statement (ii) ensures the exponential convergence of the forward process in
discrete diffusion models. In general, p(Q) may depend on the connectivity and other structures of
the corresponding graph G(Q) (¢f: Definition D). Such lower bound has been obtained for specific
graphs (e.g. Example D9 and DT0), and general results are in active research [[[13, [0Y9]. We refer
readers to Appendix O for further discussions on the literature of the modified log-Sobolev constant,
as well as its relation to the spectral gap, the mixing time, efc..

Assumption E.2 (Bounded Score). The true score function satisfies s¢(z,y) < 1V t71, while the
learned score function satisfies 3°(x,y) € (0, M], for any z,y € X.

The first part on the asymptotic behavior of the true score corresponds to the estimation E[||s¢]|?] ~
E[||lx; — pel|?/o?] ~ 1V ¢! in the continuous case [7, Assumption 1] and further justification
is provided in Remark D72, The bound on the estimated score can be easily satisfied by adding
truncation in post-processing in the implementation of the NN-based score estimator.

Assumption E.3 (Continuity of Score Function). Foranyt > 0andy € X such that Q(xs-,y) > 0,

Pyt (V) pe(z,—)Q(xe,y)
e (y) pt(wt)Q(Jth \Y)

we have

- 1‘ S 1V 77, for some exponent -y € [0, 1].

Assumption E3 corresponds to the Lipschitz continuity of the score function (c¢f. [90, Assumption
1], [Z7Z, Assumption 3]) for continuous diffusion models, and is in light of the postulation that ad-
jacent vertices should have close score function and intensity values. In the worse case, assume

T,Y) = , then a naive bound would be | ~—t—5~ St(Tg, Tp— Vit~ * withy = 1. How-
O(1), th bound would be 4ct )| < <1vtlwithy=1.H

ever, when the initial distribution is both upper and lower bounded, v may be as small as 0, and we
plan to investigate how this (local) continuity of the score function affects the overall performance
of discrete diffusion models.
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Assumption E.4 (e-accurate Score Estimation). The score function s (x;) is estimated by the neural
network 5% (x;) with e-accuracy, i.e.

= g\gn (Es_’y) - - e
Z (Sn+1 = 5n)E / K| =" 5. (SCS; ) y)Q(xs; yv(dy)| <e.
n=0 X SST,, (IS; ) y)

This assumption assumes the expressive power and sufficient training of the NN-based score estima-
tor and is standard in diffusion model-related theories [90, 272, X, 96].

E.2 Truncation Error

Theorem E.5 (Truncation Error). The forward process (Z) converges to the uniform distribution
Poo = 1/|X| exponentially fast in terms of the KL divergence, i.e.

1
Diapilo) = D (| 7 ) o .

where |X| is the size of the state space, and t,ix is the mixing time of the continuous-time Markov
chain corresponding to the rate matrix Q defined in Definition D1

Proof. Since @Q is symmetric, we have the stationary distribution w# = 1/|X| and thus
DxL(Pi|poc) = Dxr(pel|7), and m, = 1/[X].

By Assumption ETl and Corollary D13, we have
Dy (pe||m) < e P Dyy, (po||m) < e P logm, ! < e P log[X],
where the last inequality is by (ID3). O

E.3 Discretization Error

Denote the shorthand notation G(z;y) = z(logx — logy) — x; it is easy to check that G'(x;y) =
logz — logy.
Proposition E.6. For any y € X, we have

105G (10 (y); 1], ()] S (log C +log (1 V (T = 7)) +log M) 1o (y)D (1 V (T —0)7?) .

Proof. By the chain rule, we have

0o G1e(); 1ils, (1) = G (1o (v); i, | (4)) Do o (y) = (log po(y) —log il | (y)) o 11 (1)
We first compute O, 1, (y) as

aUMU (y) = é((j”_ ’ y)80§0 (:(EO'_ ) y) = é(fd_ ) y)@" (w)

Q0w 0) (50 )~ 220, o)

:Qv(ig*,y) _(_(ﬁo(y) Z 50(3‘/’) Q(yﬂ/) + h(ﬁn(yi Z ‘_ﬁai(vy/) Q(l'gfﬂ/)

—t1o(y) | = D 5o W:¥)QW,¥) + Y 5o(r0-,¥)Qz0,9) |

y'eX y’exX

by which we have

0otte W) S o) | D AV (T =0)"2) Q@0 ¥)| | S 1oy)D (1V (T —0)7?),
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and thus

(o (9): ., ()] < 108 10 () = Yog i, (1) 10110 (1)

~ .
< (I 1og Q(Z,-,y)| + | log 56 (%o, y)| + |log Q(F,- , y)| + | log 5, (xspy)l) 0ot (y)]
Sto(y) (logC +log (LV (T —0)™ ') +log M) D (1V (T —0)7?).

O
Proposition E.7. Forany 0 < s < t < T, we have
//MU v(dy')do < (LV (T — ") D(t - ).
Proof
//MU v(dy dr/ [ 50 )@ 5ty o
S@vT-17 / /X Qy, T, v(dy')do (E.1)
§(1\/(T—t)1)/tQ(EJ,EU)|da§ (1v (T — ) ™) Dt - ).
O

Proposition E.8. For any y € X, we have

E[|Gui i, 1) = Glueily W)
S (1og € +log (1V (T = su41)™") +10g M) 1o () D(s = s) (1V (T = s41) ™ 7) .

Proof. Applying Theorem 9 to the backward process (32), we have

Gl (4) =Gl 0y )+ | 0 Glo )57, ()

[ (Gl )5 ) = Gl w057,y 00)) Nl )

where we adopt the notation p,+(y) as the right limit of the caglad process iy (y), i.e. po+(y) =
50 (Zo, Y)Q(To, y)-
For the first term, we have by Proposition E-f that

0,G (1o (0}l ()| <
Sn Sn

g/s (log C +log (1V (T — 0)71) +log M) po(y)D (1V (T — 0)72) do

n

05 Glpto (y); 1, (9)| do

< (logC +1log (1V (T = sp41) ") +1og M) pig(y)D(s — s,) (1V (T — 5n+1)71) .
For the second term, we have
(Gl )30, () = Glio W): 0, )]

=[G, ) o 0) = 1) =

(log € —1og il (1)) (tto-+ (4) — 110 (1))|

< (1o 0+ ()] + oo 0] + o, 0] )| 2222 1 o0

S(logC+1log (1V (T —0) ") +logM) (1V (T —0)77) poly),
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where the first equality follows from the mean value theorem and the last inequality is by Assump-
tion EX3.

Therefore,
_ 9 . ~0
B [[Glosi il ) = Gl i )]

| oGttt e
+E//ﬁmﬁ e (00) — G, )| Nl 0|

10gC’+log (1\/ — Sp+t1) 1) +10gM) to(y)D(s — s,) (1\/(Tfsn+1)*1)
+/ / (logC +1log (1V (T — o)) +log M) o (y) (1 V(T — o)) po (v )v(dy')do
< (logC +1og (1V (T — sp41) ") +1og M) pus (y) D(s — sn) (1V (T = sp41)7 ")
+ (logC + log (1 — Sp+t1) 1) + log M) Lo (Y) (1 V(T — sn_H)*l*”) (s —sp)D
S (log O+ og (1v —waﬁﬂ%mwwmw%mvwﬂwwmm
where the second to last inequality is by Proposition E3. O

Proposition E.9 (Discretization Error). The following bound holds

T—6
| L]t o) - G il )] apas

< EznT, v <1,
D’k (T +1log?671), v=1,

KT, vy<1
kYT +logd™t), v=1
when v = 1. In particular, in the former case, early stopping at time T' — ¢ is not necessary, i.e.
0 =0.

with N = { steps, by takingy <1 <1 —T" wheny < 1,andn =1

Proof. We have by Proposition EZ that

[ [ 160t 00 = G 0y ) it

S/sjm/xua(y)V(dy)

(108C 10 (1 (T~ s001)™") + 10 M) Di(s ) (1 (T 301 =7) ds
S (log C +log (1V (T — sp41) ") +log M) D ($n11 — 50)° (LV(T = spp1)” 7).

s Casel: y<n<1—-T71
The following bound holds

/sn+1/‘G (s () Bl | () — Glus, (9); A0, (y))‘u(dy)ds

(1 +log (1 V(T = sn41)” 1)) D K(Spy1 — 5n) (1 V(T — sn+1)_1_ﬂy+n) )
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and thus, the following error

%f/Mﬂ/pwﬂmﬁw@»—amxwm@@WW@mS

Z (1+1og (LV(T = snt1)7Y)) bQK(Ser —sn) (LV(T = spgq) " 717)
n=0

51
<D’k <T+/ t—1—7+nlogt—1dt> <D’k (T+/ === logtdt>
5 1

5@2/1 (T + 6" 7 log 5*1) — EznT, asd — 0,
is achievable with finite number of steps IV, i.e.

T 1
1 1
Ng/ 7dt§/<_1T+n_1/ tAdt < kT + —— ) <k7IT,
s KAL) P 1—mn

where we take <1 — T~

e Case2:v=n=1

We have the following bound

[ [ 160t 60 = G, (0 ) it

S(1+10g (1V (T = 5011) ™)) D' k(5041 — ) (1V (T = 5051) 1) ,

and similarly

Z/SW/‘G (ns ()i 1, (v ))_G(ﬂsn(y);ﬁfsj(y))’V(dy)ds
N—
—2

Z (14+1og (1V (T = sn41) ")) D K(Snt1 — 8n) (1V (T = $p41) ")
n=0

-
<D’k <T+/ tllogtdt> <Dk (T +1og?571) .
1

However, the number of steps NV is now bounded by

T
1
N < < kYT +1ogd™1).
N/g n(l/\t)dtwﬁ (T +1logd™ )

E.4 Overall Error Bound

Theorem E.10. Let by, and qo.1 be the path measures of the backward process with the stochastic
integral formulation (B22) and the interpolating process (B) of T-leaping algorithm (Algorithm (1)),

then it holds that
/ / <Ms ) log L2 (‘z/) — p1s(y) + Al (y)> V(dy)dt] :
Ay W)
(E2)

Dk (Po.71go:r) = Dxr(Pollo) +E

where the expectation is taken w.r.t. paths generated by the backward process (B2).

Now, we are ready to present the proof of Theorem BE72.
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Proof of Theorem BZ4. We first rewrite the integral in (EZ) as

/ / < )log A;(?)) — pa(y) + 7l <y>> V(dy)ds
His)\Y

/ o / (usn )log M:J(()) ps () + 1) (9)

Gl A, (1)) — Clus, ()2, (y»)u(dy)ds.

Therefore, the overall error is bounded by
Dxr.(Po.r—sl1Go:7—5)

T—6
/ / <u y) log N/f"jg) usn(y)+ﬁfsnj(y)> V(dy)dtl

+/M+1 /X ’G(,Us(y);ﬁﬁsnj(y)) — G(Msn(y);ﬁfsJ (y))|v(dy)ds

SDkL(pr—s51Poo)
N-—1

+E[ > (Sn41 = sn)

n=0

SDxwL(Dollqo) + E

N-1
+ Z (log C + log M) ﬁz,‘i(snﬂ — 8p)

< Jexp(=pT)log [X| + € + ﬁ2f<aT, v <1,
exp(—pT) log [X] tet+ Dk (T +1log®67Y), v=1,
where in the last inequality we used results for the first term (Truncation error, ¢f. Theorem E3), the

second term (Approximation error, ¢f. Assumption E4) and the third term (Discretization error, cf.
Proposition E9).

1 ~log X
o)) (e )
p D" log (e~ 1log|X])

deploying the time discretization scheme withy < 7 <1 —T-! wheny < 1, and = 1 when
v = 1, and performing early stopping as

0, v <1,
’= {Q (ep(-—vD)). =1,
we have Dy (pr_5(|qr) < Dxw(Po.r—sl|Go:r—s) < € with
D log” (¢! log |X]) )
€p?
steps. O

By taking

N,S/f_lT:O(

Remark E.11 (Remark on Early Stopping). As in Assumption E3, the true score function may
exhibit singular behavior as s — T, due to possible vacancy in the target distribution py. To handle
this singularity, two different regimes are considered for the time discretization scheme depending
on the continuity parameter vy of the score function (Assumption E23). The main intuition is that (a)
in the worse case v = 1, early stopping at time s = T — § is necessary; (b) if the target distribution
Ppo is such well-posed (e.g. both upper and lower bounded) and the rate matrix Q is constructed
in a way that the score exhibits certain (local) continuity reflected by v < 1, one may choose an
appropriate shrinkage 1, with which finite discretization error can be achieved with finite steps.
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Proof of Theorem B3. Due to the equivalence of the stochastic integral formulation (BE2) of the
uniformization scheme and the approximate backward process (CI3) established in Proposition B,
the error for the uniformization scheme is directly bounded by the error (EZ) in Corollary LT, i.e.

Dx1.(Po.r—s5l90:7-6)

/ o / ( (f,) () +af§<y>) v(dy>dt]
SDx1(pr||pes)

/T 5/ 1 § (i_s 7y) =0 N
s(Ts-,y) og§9 5s(Ts—,y) +85(Ts—,y) | Q(Ts—, y)v(dy)ds

(75— y)

<Dxur(pollqo) + E

<IX| exp(—pT) + €.

The expectation of the number of steps NV is bounded by

B-1

B—1 —
Z P (X8b+1 (5b+1 - Sb))] = Z XSb+1 (Sb-‘rl - Sb)
b=0 b=0

B
<D DAV(T = sp41)) " (sp41 — 50)

§D(T+/ t‘ldt> D(T +1logé™t).
S

By taking

-0 (W) L 5= Q(exp(-T))

we have Dk, (pr_sllgr—s) < Dxr(Po.r—sllq0:7—5) S € with

Dlog (e ' log |X|)>
p

]E[N]z(’)(

steps. O
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