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ABSTRACT

Bilateral trade models the problem of facilitating trades between a seller
and a buyer having private valuations for the item being sold. In the online
version of the problem, the learner faces a new seller and buyer at each
time step, and has to post a price for each of the two parties without any
knowledge of their valuations. We consider a scenario where, at each time
step, before posting prices the learner observes a context vector containing
information about the features of the item for sale. The valuations of both
the seller and the buyer follow an unknown linear function of the context.
In this setting, the learner could leverage previous transactions in an at-
tempt to estimate private valuations. We characterize the regret regimes of
different settings, taking as a baseline the best context-dependent prices in
hindsight. First, in the setting in which the learner has two-bit feedback and
strong budget balance constraints, we propose an algorithm with O(log T)
regret. Then, we study the same set-up with noisy valuations, providing a

tight O(T*?) regret upper bound. Finally, we show that loosening budget
balance constraints allows the learner to operate under more restrictive
feedback. Specifically, we show how to address the one-bit, global budget
balance setting through a reduction from the two-bit, strong budget bal-
ance setup. This established a fundamental trade-off between the quality
of the feedback and the strictness of the budget constraints.

1 INTRODUCTION

Bilateral trade models scenarios in which a seller and a buyer, both having a private valu-
ation for a good, are interested in trading it in order to maximize their respective utilities
(Vickrey, [1961; Myerson & Satterthwaite, |1983). We study the online bilateral trade prob-
lem introduced by |Cesa-Bianchi et al.|(2021). At each time ¢, a new seller and buyer arrive,
with private valuations s; and b;, respectively. The seller’s valuation s; is the lowest price
they are willing to accept for the item. Analogously, the buyer’s valuation b; represents
the highest price they are willing to pay for the item. The learner, without any knowledge
about the private valuations at the current time ¢, posts two (possibly randomized) prices:
pt to the seller and g; to the buyer. A trade happens when s; < p; and g¢ < by, so both
agents agree to trade. The gain from trade (GFT) for a pair of prices (p, q) at time ¢ is

GFTi(p,q) = I{st < p}I{qg < bi}(br — s¢). 1)

This represents the net utility gain generated by the trade. Following online bilateral trade
literature (see, e.g., |[Cesa-Bianchi et al.| (2021} 2023); Bernasconi et al.| (2023)), we assume
the learner aims to maximize trade gain or equivalently minimize regret relative to the
best hindsight policy|!| A key challenge in online bilateral trade is the inherently limited
feedback: under two-bit feedback, the learner receives feedback (I{s; < p;}, I{b; > g¢}), and
under one-bitf feedback the learner only observes whether the trade occurred, thatis I{s; < p¢}-

1We note that gain from trade and social welfare (i.e., the sum of the utilities of both agents if the
trade occurs, or the seller’s utility if it does not) result in the same notion of regret.



I{b;: > gq:}. Both provide far less information than traditional bandit feedback, since the
learner cannot even reconstruct the gain from trade received for the prices it posted.

In the standard model of bilateral trade, the platform lacks information about the seller,
buyer, or the item being sold. However, this scenario is unrealistic in practice, where some
information is usually available to the learner. In contexts like online marketplaces, where
products are often differentiated, the learner can observe product features upfront and
base pricing decisions on them, using past trade data to estimate feature values and inform
future pricing.

We introduce the feature-based online bilateral trade problem, in which the learner observes
a feature vector x; € RY before posting prices for round t. Building on the traditional
feature-based dynamic pricing framework (see, ¢.g.,/(Cohen et al.|(2020); Javanmard| (2017);
Javanmard & Nazerzadeh|(2019); Keskin & Zeevi (2014); [Xu & Wang| (2021)), we study the
setting in which private valuations are of the form xtTQ + &, where 6 € R? is an unknown
vector denoting the importance of each feature, and &; is an i.i.d. noise term. Following
the set-up of(Cohen et al.|(2020), feature vectors x; are chosen adversarially by nature. This
ensures that our solution is robust to scenarios where features are correlated and where the
set of relevant features evolves over time.

1.1 OUR CONTRIBUTIONS

In this paper, we introduce the feature-based online bilateral trade model, and characterize
the regret for various scenarios with adversarially generated feature vectors.

First, we focus on the scenario in which the learner has two-bit feedback and strong budget
balance constraints (the learner has to set the same price to the seller and to the buyer,
ie, pr = q; at each round t). As a preliminary warm-up, we begin by considering the
deterministic setup where, at each ¢, the seller’s valuation is s; = xtTQS and the buyer’s

valuation is by = x;60”. We show that in this case, it is possible to adapt techniques
proposed by Cohen et al.|(2020) in the context of feature-based dynamic pricing. The main
difference here is that we need to maintain separate ellipsoidal uncertainty sets for the seller
and the buyer, respectively. Our analysis yields a regret of order O(log T) (Proposition[T).

Two-bit, noisy valuations. Then, we consider the case of noisy valuations in which s; =
xtTGS + éf and b; = xtTGh + éf, where 5? and cff are ii.d. noise terms independent from
xt, with bounded support and densities. We start by decomposing the expected gain-
from-trade into components that can be individually estimated using two-bit feedback

(Lemma . Then, we describe an explore-or-commit (EOC) algorithm with regret O(T)
(Theorem [I) (this algorithm will be employed in the subsequent reduction to the one-bit
setting). Finally, we devise a ScouTinG BaNDITS WiTH INFORMATION POOLING algorithm, which
makes a more efficient use of the information collected during the learning phase. This

algorithms achieves a regret 6(T2/ *)(Theorem , which is minimax optimal up to poly-
logarithmic factors and dependence on d. Indeed, there exists a matching Q(T*?) lower

bound for the stochastic bilateral trade problem without features in the case of independent
valuations with bounded densities and support|Cesa-Bianchi et al.| (2021).

One-bit reduction. Finally, we provide a general black-box reduction that demonstrates
how the difficulty of maintaining a per-round budget balance can be traded for the ability to
operate under more demanding feedback conditions. In particular, given a two-bit explore-
or-commit algorithm guaranteeing strong budget balance and sublinear regret, we show
that it is possible to construct a no-regret algorithm that works under one-bit feedback, and
is global budget balanced (Theorem [3). The one-bit regret guarantees are dependent on a
natural measure of the social welfare generated by the market.

1.2 RELATED WORKS

Bilateral trade. In the offline setting, Myerson & Satterthwaite|(1983) showed the existence
of instances where a fully efficient mechanism that satisfies incentive compatibility, individ-



ual rationality, and budget balance does not exist. Subsequent research focused on finding
approximately efficient mechanisms in the Bayesian setting Blumrosen & Dobzinski (2014);
Kang et al.| (2022); McAfee| (2008); [Blumrosen & Mizrahil (2016); Brustle et al.|(2017); Deng
et al.| (2022); Fei| (2022).

Online bilateral trade. Cesa-Bianchi et al. |Cesa-Bianchi et al. (2021); (Cesa-Bianchi et al.
(2024) study the case in which valuations are drawn i.i.d. from some fixed unknown dis-
tribution and the learner has to enforce strong budget balance. They provide sublinear
regret guarantees in the full-feedback setting, and under partial feedback when valuations
are i.i.d. samples from a smooth distribution, independently for the seller and the buyer. If
the learner is only required to enforce weak budget balance (i.e., p; < q; for each t), then|Azar
et al.| (2022) provide an algorithm achieving a tight sublinear 2-regret when the sequence
of valuation is generated by an oblivious adversary. Cesa-Bianchi et al. (2023) show that
sublinear regret can be achieved beyond thei.i.d. stochastic setting under a o-smooth adver-
sary model. |[Bernasconi et al.| (2023) show that sublinear regret can be achieved in the fully
adversarial setting if the learner enforces global budget balance constraints (i.e., the con-
straint has to hold over the entire time horizon). A related setting to online bilateral trade
is online brokerage (Boli¢ et al.,|2024). This model has some key structural differences from
the standard online bilateral trade framework by |Cesa-Bianchi et al|(2021). For instance,
traders can act as both buyers and sellers depending on market conditions, and their valu-
ations are i.i.d. from the same unknown distribution. |Bachoc et al.[(2024) recently studied
a contextual brokerage model where traders’ valuations are zero-mean perturbations of a
market price that is linear in the feature vector.

Feature-based pricing. The one-dimensional version of the problem was introduced by
Kleinberg & Leighton|(2003)), while|/Amin et al.|(2014)) introduced the problem in the contex-
tual, multi-dimensional set-up under i.i.d. contexts. Cohen et al,|(2020) study a model with
adversarial contexts for which they provide O(d?log T) regret guarantees in the noiseless
setting, improving over the O(VT) guarantees obtainable with general-purpose contextual
bandits algorithms|Agarwal et al.(2014). Moreover, they provide O(T?°) regret guarantees
for scenarios with adversarial contexts and additive noise generated from a known sub-
Gaussian distribution. Further improvements in the achievable rates were later provided
by [Lobel et al.| (2018); Leme & Schneider| (2018); Liu et al.| (2021). Further instantiations of
the feature-based pricing model can be found in the survey of Den Boer| (2015).

2  PRELIMINARIES

For any k > 1, we compactly denote the set {1,2,...,k} as [k]. We denote by LJ(H) the
Léwner-John ellipsoid of a convex body H (i.e., the minimal volume ellipsoid that contains

H). For a positive definite matrix M € R4 and x € R?, we denote VxTMux by [|x|lm. In
our proof sketches, we write At < Br if there exists a problem-dependent constant ¢ such
that At < c¢Br.

Learning protocol. At each round f, a new buyer and a seller arrive, characterized by

private valuations b; and s;, respectively. After observing a feature vector x; € RY, the
learner posts two prices: p; to the seller and g; to the buyer. The trade happens if both
agents accept the proposed prices, thatis s; < p; and q; < b;. When the trade happens the
learner is awarded the gain from trade GFT;(p;, q;), defined as per Equation . Feature
vectors x; are generated by an oblivious adversary.

Valuations. We consider two models to describe how features impact on the seller’s and
buyer’s valuations. In the first setting, valuations are a deterministic function of the context.
At each round t € [T], the valuations of the seller and of the buyer are given by

si=x;0° and by =x]0°, 2)
respectively, where 0%, 0" € R? are unknown to the learner. We assume that both the
contexts x; and the parameters 6 and 0° are bounded.

Assumption 1. There exist A, B > 0 such that max(||6°]|, ||6”||) < A, and ||x;|| < B.



In the second setting, we consider noisy valuations. At each round ¢t € [T]], the valuations
are given by

bi=x70"+& and s =x]0°+&, €)
where Ef and &; are ii.d. centered noise terms independent from the context x;, with
densities f and f*, respectively. We denote by F* the c.d.f. of &, and by DY the demand
function of Ef: forall x € R, Db(x) :== P (éff > x). We make the following assumption on
the densities of & and & i’ .

Assumption 2. Both & and &P are supported in [~C, C], and have densities bounded by L.

We observe that under Assumption[I|and 2] the valuations of the seller and the buyer are
bounded in [-P, P], where P := C + AB The bounded densities assumption is standard in
repeated bilateral trade problems with stochastic valuations, and there exists linear regret
lower bounds for the case in which this assumption is lifted (Cesa-Bianchi et al., 2024).

Feedback models. After posting prices (p¢, q:), the learner does not observe directly the
GFT or the valuations, but receives some feedback z; about the transaction. We focus on
two feedback models: (i) Two-bit feedback, where both the buyer and the seller reveal their
willingness to accept the prices offered by the learner (i.e., z; is composed by the two bits
(I{st < p¢}, I{q¢ < bt})); (il) Ome-bit feedback: the learner only observes whether the trade
happened or not (i.e., z; = I{s; < p:} - I{g¢ < b+}). Both feedback models have the desirable
property of revealing minimal information about agent’s private valuations.

Regret. Our objective is to develop dynamic policies that perform well in terms of mini-
mizing regret. In the deterministic setting, the worst-case regret for learning algorithm A
is defined as

Rr(A) = max ( x[ (6" — 6°) - GFTi(p:, qt))'
(6°,0")€[-A,Al,me[-C,CI" tez[[T:]] [ t ]

In the noisy model, we compare against a benchmark that maximizes the expected gain
from trade. Let EGFT(x,p,q) := E[GFT(p,q)|x: = x]. The pseudo-regret for the noisy
setting is defined as

Rr(A) = Z maﬁszGFT(xt,p,q) - Z EGFT(x¢, pt, qt)-
telT] (V'q);[s‘q P] telT]

A property that directly follows by definition is that, for any feature vector, there exists a pair

of identical prices that maximize the expected gain from trade. To simplify the notation,

we omit the argument g of GFT; and EGFT if the same price is posted to both agents.

3  WARM-UP: TWO-BIT FEEDBACK, STRONG BUDGET BALANCE, NO NOISE

In this section, we consider the simplest set-up in terms of the information available to
the learner, by focusing on the setting with two-bit feedback and deterministic valuations
following Equation . We adapt the ELLiPsoIDPRICING algorithm, originally proposed by
Cohen et al.| (2020) for feature-based dynamic pricing, to our bilateral trade problem. The
key distinction lies in managing separate uncertainty sets for the seller and the buyer, while
carefully setting prices consistent with both estimations. In this set-up, we can update these
uncertainty sets separately. Algorithm |1| describes the main step of ErLiPsoIDPRICING FOR
BiLateraL TraDE (EP-BT).

Proposition 1. Assume that the seller’s and buyer’s valuations follow Equation ). Under Assump-
tion [1} Algorithm|1|with € = ABA?/T has regret bounded by Rt < 10ABd?log (20(d + 1)Td"2).

We observe that the algorithm explores only whenever the estimations are not precise
enough. In the proof (Appendix[B), we show that this happens in at most O(log T) rounds.

2For simplicity, we work within [P, P]. If non-negative prices are required, a translation suffices.



Algorithm 1 ErLirsorDPRICING FOR BiLaTErRAL TrRADE (EP-BT)

1: Input parameter € > 0, bound A.
2: Initialize KJ, K? « d-dimensional ball of radius A, E{ = LJ(K]) and Ei’ = L](Ki’).
3: for t € [T] do
4: Sets; = mingegs x!0 and 5; = maxgeks x 0 and compute (bt, b_t) analogously
if 5y < b; then post price p; = (5f + b;)/2
else if s__t— sy > € then o

Post price_pt =(5r+s4)/2

Update K}, accordirTg to the seller’s feedback, set E} , = LJ(K}
else if b; — by > e then
10: Post price p; = (b + bt)/2
11: Update K? , according to the seller’s feedback, set E?,, = LJ(K?

t+1 - t+1 t+1
12:  else post price p; = (5t + bt)/2

)

4 NOISY VALUATIONS WITH TWO-BIT FEEDBACK

In this section, we consider bilateral trade with two-bit feedback and noisy valuations. We
introduce key components that we exploit in the analysis, before integrating them into an
explore-or-commit framework which ensures a regret O(T”*). Finally, we show a careful
re-design of the last phase of the algorithm yields a tight regret upper bound of O(T*?).

We rely on the following decomposition lemma, which extends Lemma 1 of Cesa-Bianchi
et al|(2024) to contextual settings. The proof can be found in Appendix[E.1}

Lemma 1. Under Assumptions[I|jand 2} the expected gain from trade for x at price p is given by
EGFT(x, p) = I(8")F*(6°) + ] (6")D"(6"), “)
where 5% = p —x6°, 6" == p - xtTQb, 1(6) = féc DY (u)du, and J(5) := f_éc Fé(u)du.

Lemma [I| emphasizes that the expected gain from trade for a price p depends on the pair
of price increments (6°, o?), or equivalently, on the pair (6°, A;), where the difference in
average valuations A; is defined as Ay := xtT(Gb — 0°). This shows that items with the same
At have the same optimal seller’s price increment 6;: if p = x,' 0° +6; maximizes EGFT(x;, -),
and if x[ (0% — 6°) = x] (0" — 0°), then p’ = x 6% + 6] maximizes EGFT(xy, -). However,
knowing the optimal increment 6; for a specific A; is not sufficient to determine the optimal
increment for a different A; (see Appendix . Thus, finding the optimal price increment
across various A; values might require us to precise estimate the reward function over a
broad range of increments. This is a notable departure from the non-contextual stochastic
bilateral trade problem discussed in|Cesa-Bianchi et al.[(2024), where precise estimation of
the reward function around the optimal price suffices. Since accurately estimating functions
suchas F*, D, I, and ] across a wide range of arguments complicates the problem, the regret
might be higher than the O(T*") rate achieved in Cesa-Bianchi et al.[(2024). Surprisingly,
we show that with careful coordination of the various estimation procedures, the optimal
rate for the non-contextual case can still be attained.

4.1 BUILDING BLOCKS: SUBROUTINES FOR LEARNING PARAMETERS

We first present the sub-routines to estimate the parameters 0° and 6%, and the functions F?,
DY, I and ] used in the EGFT decomposition of Lemma|ll These sub-routines serve as the
base components for the subsequent algorithms. The first sub-routine, EsT-Par, estimates
the parameters 6° and 6°. Tt uses the fact that, if p; ~ U([-P, P]), then 2P (I{p; < s;} —1/2)
is an unbiased estimate of x6° (similarly for 6°). Then, we can rely on classical results
to estimate the parameters (see Lattimore & Szepesvari| (2020, Chapter 19)). The second



Algorithm 2 EsTIMATION SUBROUTINES

1: procedure Est-Par(7 P?") >Update estimate of parameters 0%, 0°
:  Draw price p; ~ U([-P, P]) and post (p:, pt)

»

3 Ve Yjeqrar X1x] + 1y
& 05— 2PV S ({pr < si} - 1) )
5 00 2PV Y e (Hpr < bi} - 3) 0
6: procedure Est-InT(7 ) »>Update estimate of integrals I, |
7:  Draw price p; ~ U([-P, P]) and post (p:, p+)
8 fork e K do
9: ’]}(—%Zle(rintﬂ{uﬁspl Ske+xf§s}.
10: T* T 2,E7~im11{ke +x] 0" <py < bl}
11: procedure EST-F(‘TkF, grid point k € K) »>Update estimate of F*

12:  Post price p; = x:é\s + ke. Then update Fk 2167;1:1[{51 < Pl}/|TkF|

13: procedure Es-D(7,P, grid point k € K) »Update estimate of D"
14:  Post price p; = x:é\b + ke. Then update DF Zierp 1{br 2 pi}/ 1T ]

sub-routine, EsT-INT, estimates the integrals I(0) and [(6) over a grid of price increments
{ke : k € K}. The third and fourth sub-routines, Est-F and Est-D, provide estimates of the

c.d.f. F* and the demand function D? at ke for a given increment level k € K, respectively.

4.2 ExpLORE-OR-COMMIT FRAMEWORK

First, we consider a natural Explore-Or-Commit (EOC) algorithm which uses each round
either to compute estimates for the terms in Equation (4), or to greedily play the empirical
best action. This strategy is described in Algorithm [3] Our algorithm is not a standard
Explore-Then-Commit algorithm. Indeed, it resorts to the estimation subroutine Est-Par
(Line[) whenever the estimation is not “good enough” and not only in the first rounds. The
other estimation subroutines are executed until a certain number of updates is reached. We

show that the number of necessary exploration rounds is upper bounded by O(T**). This
will be useful in section Section 5] to handle one-bit feedback. Finally, in Lines[10and [11]the
algorithm selects the best price increments according to the current estimates (z.e., “commit”
rounds), and posts price p; build accordingly to both agents. Theorem Theorem [T|bounds
the regret of EOC-BT. Its proof is postponed to Appendix [C, where we provide explicit

bounds on T and C.

Theorem 1. Set € = (logm)l/4 o = (T(74:+32P€_1))_1 = e(P4/dlo (ﬂ) +A)_l

. T 7 4 lu g o 4

Tint = [%], and TFP = [21%(21/5)]. Then, under Assumptionsand @ Algorithmveriﬁes
Ry < CT**log(T)!/*

with probability at least 1 — T~ when T > T, where T and C are constants depending respectively
onA,B,and C,and on A, B, C, and d.

Sketch of the proof. For some € > 0 to be chosen later, let K = [-P /¢, P/¢e]. Using standard

arguments |Abbasi-Yadkori et al.| (2011); Carpentier et al.| (2020), we can show that 5(6_2)
samples are sufficient for Est-Par to ensure that, with high probability, for all t ¢ 7P the

errors |x(0° — §f )| and |xtT(9b - é\f )| are smaller than e. When this happens, classical
concentration arguments ensure that O(e~2) samples are sufficient for Est-INT to estimate
I(ke) and J(ke) with precision € uniformly for k € K. By contrast, O(|%|e~2) samples are



Algorithm 3 ExpLORE-Or-Commir FOR BrLaTeErRAL TRADE (EOC-BT)

1: Input: parameter y, length of estimation phases T™™, TFP, discretization error €, confi-
dence 6.
2: Initialize: K = [2P/e]+3, K « [-K, K], TPr=T =T F=TP=g forallk € K,V = 1,.
3: whilet < T do
if ||x¢||y-1 > p then 7P « TP U {t}, Es-Par(7 P?")
else if |70t < T then 77 «— 770t U {t}, Ese-InT(71)
else if for some k € K, |7.F| < T'° or |7,P| < T'" then
if |7.F| < T™ then 7.F — 7F U {t}, EstF(7F, k)
else if |7°| < T'° then 7.° «— 7,P U {t}, Est-D(7,”, k)
else »>Exploitation phase
100 A (k) e K2k = | (ke —x7 (07 - 7)) |

11: Choose (k;, k}) € arg maXx . p)eq, FFTX + f)kﬂ and post price p; = xfés + kie

necessary for Est-F and Est-F to estimate F*(ke) and D’ (ke) with precision € uniformly for
k € K. Thus, with high probability, after O(||¢~2) rounds of exploration, the expected gain
from trade for prices x:é\f + ke is estimated with precision O(e) uniformly for k € K. Now,
Assumption[2]ensures that the reward function is Lipschitz-continuous, so the discretization
error is also O(¢). By choosing € = T™"/*, we balance the estimation and discretization errors
with the regret of the exploration phase, thereby obtaining a regret O(T*). o

4.3 CLOSING THE GAP: SCOUTING BANDITS WITH INFORMATION POOLING

The O(T**) regret of the EOC strategy is mainly due to the cost of estimating the c.d.f.
F* and demand function D’. To bypass this costly estimation, an alternative approach
is to first estimate 6%, 6%, I, and ], then run independent scouting bandit algorithms (as
described in [Cesa-Bianchi et al.[(2024)) for each (rounded) value of A; = xtT(Qb - 6%). As
shown in Appendix this strategy also achieves O(T) regret. This regret rate is higher
than the rate O(T%?) achieved in non-contextual stochastic bilateral trade. Surprisingly, by
combining the strengths of both strategies, we achieve a regret of O(T?*). This reveals that

the contextual stochastic bilateral trade problem is no more difficult, in terms of regret, than
its non-contextual counterpart, although the comparison is against a stronger benchmark.

To achieve this optimal regret rate, we design a scouting bandit strategy with information
pooling across different values of A;, presented in Algorithm 4 Information pooling is

related to cross-learning, developed for bandits with graph feedback Balseiro et al.| (2019).

In particular, after having estimated xtT 6%, xtTGb, I and |, we run a successive elimination

algorithm for each value of A;. Then, to estimate the reward of a price corresponding to
increments 6° and 6%, we use the feedback from rounds where these increments have been
selected across all values of Ay.

Theorem 2. Under Assumptions (1| and 2| Algorithm 4| with € = (d*log(T)?/T)?, 6 =
38 + L2)(T + 1) _1, = ¢ (P, [dlog (BT + A)™! and Tt = [—SPZ log(1/6)] verifies
€ H g 0 €2

Rr < C(dlog(T)T)??

with probability at least 1 — 1/T when T > T, where T and C are constants depending respectively
onA,B,and C,and on A, B, C, and d.

The regret rate of Algorithm@matches the lower bound Q(T*?) established by Cesa-Bianchi
et al.| (2021) for the simpler problem of non-contextual stochastic bilateral trade under
similar assumptions (i.e., independent valuations with bounded densities and support).



Algorithm 4 Scouting BanDIT wiTH INFORMATION PooLInG (SBIP)

1: Input: parameter p > 0, length of scouting phase T™, discretization size €, confidence
6>0.

2: Initialize: TP =T =g V=1, K =[2P/e] +3, K = [-K, K], € = (12PL + 7)e,

3: Nks = Nkb = Fk = DK = 0 forall k € K. Let p: N 3 1 = +21og(6-1)/n

4: whilet <T do

5. if ||x¢|ly-1 > y then

6: TP — TP U {t}, BEsT-Par(7 P")

7:  elseif |7 < T™ then ‘

8: gt gty {t}, Est-INT(71)

9: else >Run Successive Elimination
1. for(k,K) e A = {(k,k') eK2:K = [(xj (97 - é?) + ke) e—lj} do
11: UCB (k, k') « I¥'F¥ + J*DF + &+ 2P (B(N**) + B(N¥"P))
12: LCB;(k, k') « I¥Ff + J¥DF — &~ 2P (B(N**) + B(N¥"P))

13: K = {(k, k') € A; : UCB(k, k') = max(, e, LCBq(l, ll)}

14 Choose (ki, k|) € argming 4 cq, min{N**, N¥"} and post price p; = 1 6 + kie
15: Observe feedback and update:
k , Ak k’,b "‘k;
fkf(_NtSFf+]I{StSPt} and 5k;<_N[ Dt+][{bt2pt}l

Nkes +1 Nkt +1
16: Nks « Nks 11 and NKb — NKb 41

Thus, aside from the constant 6, the dependence on the dimension d, and logarithmic
factors, Algorithm |4/ achieves minimax-optimal regret. We outline the proof of this result

below, with the full formal proof as well as bounds on T and C deferred to Appendix @

Sketch of the proof. Let r(x,p) = max, EGFT(x,p’) — EGFT(x,p), and TP* = [7P%|. The
regret is bounded by 2PTP% + 2PTnt 4+ tggparygrine 1(Xt, pr). The elliptical potential Lemma
(Carpentier et al., 2020) implies that TP*" < d?log(T)?e~2, so TP + T™™ < d2 log(T)?e 2. By
using concentration arguments and exploiting the Lipschitz continuity of the reward, we
can show that, forallt ¢ 7PUT ™ and (k, k) € Ay, [LCB;(k, k’), UCB;(k, k’)] is a valid con-
fidence interval for EGFT(x;, xtT 0° + ke). Now, we want to show that r(x;, p;) < 0 (\/1/th/5 +
VINKY + e). To prove this claim, we define (k;, k;*) € argmax y\cq, EGFT(x;, x;gs + ke).
The Lipschitz-continuity of the reward ensures that the discretization error is of order
O(e). Moreover, [LCB;(k:, k;), UCB;(k;, k7)] and [LCB;(k}, k;*), UCB;(kj, k;")] are confi-
dence intervals for EGFT(x;, p;) and EGFT(x;, xtT 0% + kie), respectively, and LCB; (k;, k;*) <
UCB; (kt, k;) by Line Then, it holds that EGFT(x;, xtT 0° + kie) — EGFT(x;, p;) is of order
UCB;(kt, k]) = LCBy (k¢, k) + UCBy (k;, k;*) — LCBy(k;, k;*). Our choice of (k¢, k}) ensures that
min{N**, N¥*} < min{N*-*, N¥"*} (Line . Then, by definition of UCB and LCB, and
since the discretization is at most O(¢), we get r(x;, pt) < 5(\/1/N"tf5 + YN 4 €).

To bound the regret of the Successive Elimination phase, we consider separately the rounds
(indexed by 7,°) where the bound is dominated by +/!/N** and k; = k, and the rounds
(indexed by ka’ ) where it is dominated by +/I/N¥* and k; = k’. Then, we decompose
the regret of this phase as };gqparygine (X, pr) = Zke’K(Zte’Tks r(xe, pe) + Zte(];h r(xt, pr)).
Choosing r, = 27" and r; = €, we consider the decreasing sequence of intervals (r;),<;. The
previous result implies that if N** € [0(1/2), 5(1/r§+1)], then r(x;, pt) < 14. Thus,

Z r(xe, pe) S 5(rf + Z Ta (rir1 - ri) + ra|7‘k5|).

te7’ 1<a<a-1



This sum is of order T; € +log('/s)/e. We sum over (k, k') € K, and use the fact that 3y T} +
TZ < T while | K| ~ €7}, to conclude that Ry = O(T??). O

5 TRADING OFF BUDGET BALANCE CONSTRAINTS FOR FEEDBACK

In this section, we show that it is possible to relax the budget balance constraints in order to
handle scenarios with limited feedback. In particular, we show that any EOC-like algorithm
for two-bit feedback (for instance, Algorithms[l|and [3) can be suitably adapted to handle
settings with one-bit feedback. To achieve this, we resort to the notion of global budget
balance recently introduced by Bernasconi et al.| (2023) and we show that budget can be
exploited to compensate for the lack of feedback. The notion of global budget balance
requires the learner to be budget balanced only “overall” (i.e., over the whole time horizon).
In particular, let Proriri(p, q) = I{s; < p}I{q < b;:}(g — p) be the profit extracted by the
learner at time t by posting prices (p, ). Then, the learning algorithm is global budget

balanced if the following inequality holds: !, Prorrr(p;, q¢) > 0.

Given an EOC-like algorithm for the two-bit strong budget balance set-up, the idea is to
simulate its exploration rounds by doing separate updates for the seller and the buyer,
each using a single bit of feedback. In particular, each time in which the two-bit algorithm
uses the seller’s feedback I{s; < p}, the one-bit algorithm needs to actively collect that
information by posting (p, —P) instead of (p, p). Notice that, even under one-bit feedback, if
the learner posts price (p, —P) it is able to observe I{s; < p} since the buyer is always going
to accept the trade. Analogously, when the two-bit algorithm would employ I{b; > p}, the
one-bit algorithm has to collect that information by posting (P, p). For instance, instead
of executing Est-Par, the one-bit algorithm runs two exploration phases: one in which it

updates only 6° (Lineof Est-Par) by posting (p;, —P), and one in which it updates only 6"
by posting (P, py). The same happens for the other estimation subroutines.

The one-bit algorithm simulates finer-grained feedback by posting pairs of prices (P, p),
(p, —P), resulting in a negative GFT. By enforcing global budget balance, we allow the
learning algorithm to set prices that are not budget balanced individually, as long as the
overall budget balance is maintained. To do that, we add an initial “budget-collection”
phase, allowing the algorithm to accumulate enough profit for subsequent exploration
rounds. In the following, we demonstrate how sufficient profit can be accumulated during
the budget-collection phase without incurring excessive regret relative to GFT. This allows
us to provide sublinear regret guarantees under one-bit feedback, with rates depending on
some natural characteristics of the underlying market. This approach is specifically suited
for EOC-like algorithms, which require a limited number of learning rounds before starting
to set greedy prices without requiring further feedback. By contrast, algorithms such as
Algorithm {4{rely on two-bit feedback in each round to continuously refine their estimates
of D and F. Accumulating sufficient budget to emulate two-bit feedback throughout the
entire time horizon would yield linear regret, rendering the reduction scheme inapplicable.

Collecting budget. Let B be the budget required by the one-bit algorithm to cover the
rounds in which it must post either (P, p) or (p, —P) to collect information (the value of 8 will
be set later). Therefore, the budget collection phase ends as soon as ; Prorrr(py, ;) = B.
We denote by 7 the random variable indicating the last round of the budget-collection phase.

Moreover, let 78 := [t] be the random set of rounds designated for budget collection. For
each round t € 78, the algorithm samples a price p; uniformly from [P, P], and a value
it uniformly from [0,log T]. Then, it posts a pair of prices (p;, g;), where q; = p; +27. We
start by providing a lower bound to the per-round expected profit obtained in this way.

Lemma 2. For each round t € T8 such that by > s;, it holds: B[ProFiTy(pt, qt)] = (st _ 2

= 8PlogT T~
where the expectation is with respect to the choice of (py, qi).

Our guarantees for the one-bit feedback case will depend on instance-dependent properties
of the market. We measure this by looking at the per-round GFT that be extracted on
sufficiently long windows of time.



Definition 1. Given a sequence of valuations {(s;, by)}!_,, a is defined as

_ +
a ;= min —[bt si] .

t’Zlothe[[t’]] t

Intuitively, « measures how easily the learner can accumulate budget. The budget-collection
phase will have at least length of order log T since 7 > 8/2p, and 8 = Q(logT) even in the
setting without noise. Then, we can show that the profit accumulated by time 7 is at least
a factor of 1/1log T of the cumulative GFT up to that point, assuming all trades up to t had
occurred.

Lemma 3. For t > logT, it holds with probability at least 1 — 1/T that

Z ProriT(pt, q¢) = #ga,) Z [b; —s¢]" - \/4P2 log(T) Z [by —s¢]t = 2.

tel7] te[lt] te[lt]

Now let A be a two-bit algorithm such that, with probability at least 1 — 1/T, it requires

at most T exploration rounds, and has regret for the commit phase of R(T2 P We set the
overall budget to be collected to

B = max{2048P*a210g’ T, 2PTF } [ (5)

The first argument is used in the following proof to establish an upper bound on concen-

tration terms, while the second accounts for the exploration costs over TF rounds. Then,
the resulting one-bit learning algorithm has the following guarantees.

Theorem 3. Given the two-bit algorithm A, the corresponding one-bit learning algorithm satisfies
global budget balance and, with probability at least 1 — 1/T, has regret

(1 bit - 2)
R(™ <0 (a T 10g'T) + RY.

The guarantees above rely on the specific characteristics of the market, represented by the
parameter @. When a = (1) the market is well-behaved, meaning that trade opportunities
arise frequently enough. This occurs, for example, when buyers are willing to pay more
than the seller’s asking price, even if only by a small margin. When a = )(1), the guarantees
of Theorem [3| can be effectively leveraged. For instance, under the set-up of Section 4}, we

can use Algorithm [3| as the two-bid algorithm A. Then, 8 < 4PTE = 4P - 2P(|7; +1r| +
T 4 2|%|TP), which is of order O(P*dT?*). Therefore, the final regret bound in the noisy,
one-bit setting with global budget balance is of order O(T%4). A similar argument shows
that in the noiseless setting of Section [3|the regret is of order polylog(T).

When the market is not well-behaved, we can still establish sublinear regret guarantees
under one-bit feedback and global budget balance. Indeed, through steps analogous to
those of Lemma [3} we can show that

2tefr] PROFITL(pt, q1) = Q(T_l (Ztegep (b — St)]+)2) - O(VT).

Moreover, we can exploit the fact that we can decompose the one-bit regret as

R(T1 b < Diepeplbr — sl + \/Wlog(T) +2TF + R(Tz) (see proof of Theorem 3).
Then, if we take the budget B (or, equivalently, TF) to be log T, the expression above yields
Dieeplbr —se]T < O(7'/2T'/4). In the worst case we have T = T (i.e., the market does not
allow to collect enough budget), which yields a regret of order O(T**) in the deterministic

set-up of Section [3| By setting 8 ~ T”/* we achieve a regret of O(T”?) in the noisy set-up
of Section 4] Clearly, the rates are worse compared to the case where & = Q(1), due to
the difficulty in accumulating sufficient budget to cover the cost of posting non-budget
balanced prices.

3With probability at most 1/T, the budget B may be insufficient for TF exploration rounds. In this
case, we halt exploration and begin posting arbitrary strong budget-balanced prices.
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A Basic FACTS ABOUT ELLIPSOIDS
An ellipsoid E with center ¢ € RY and positive definite matrix M € R™ is defined as
EM,c) = {x eR?: |lx — [y < 1}.

Given an hyperplane H(a,c) := {x € R? : aT(x — ¢) < 0}, the minimal volume ellipsoid
containing K = E(M, c) N H(a, c) can be computed in closed form as follows. The new

center is 1 .
d=c—-—— Ma,
d+1 7T Mua
and the new positive definite matrix is
M = d? 2 Maa'™M
dz-1 d+1 a™Ma

Then, the Léwner-John ellipsoid LJ(K) of the half ellipsoid K is the ellipsoid E(M’, ¢’).
Going from E(M, c) to E(M’, ¢’) the volume shrinks by the following amount:

vol(E(M, ¢)) < e P'vol(E(M, c)).
An in-depth analysis of these results can be found in Grotschel et al.|(1993).

B Proor or Prorosition 1]

Before proving Proposition [1, we begin by provide a high-level view of Algorithm
This algorithm maintains two ellipsoidal uncertainty sets E; and E’t’ (see Appendix |A| for
some basic facts about ellipsoids). The key idea is that, at each update, the volume of an
uncertainty shrinks “fast enough” to yield a good estimate of the true parameter in a small
number of iterations. The problems of computing the maximum and minimum possible
valuations of the seller and buyer (Line |4) admit a simple closed-form solution (see, e.g., ,
Grotschel et al.| (1993, Chapter 3)).

Ateachround ¢, given the current uncertainty sets we compute the maximum and minimum
possible valuations of the seller for the current product as

St = mingeg; x/0 and 5 = maxgek; x0. (6)

The maximum and minimum possible valuations of the buyer, denoted by b; and b_t, are

computed analogously. All of these optimization problems admit a simple closed form
solution (see, e.g., ,|Grotschel et al.| (1993, Chapter 3)).

If the smallest possible valuation for the buyer b; is above the highest possible valuation for

the seller 5; (Line5), the algorithm can post any price between these two values, ensuring
that the trade will occur. If sy and s; are far apart (Line @, the algorithm performs a binary

search step (a.k.a. “explore” step), and posts a price p; which is halfway between the seller’s
minimum and the maximum possible valuations. Then, we update the seller’s uncertainty
set as follows: if the seller accepts the sale, it implies that x6° < p;, and we define the

half-ellipsoid K3, = E; N {0 : x; 0° < p;}. Otherwise, we set K;,, = E; N {0 : x[0° > p;}.
Finally, we round this half-ellipsoid by replacing it by its Léwner-John ellipsoid, i.e., the
ellipsoid containing K; , with the smallest volume. We proceed similarly for the buyer
(Line @). If the highest and lowest possible valuations of both the buyer and seller are
close to each other, and the buyer’s minimum valuation is lower than the seller’s maximum
valuation, then the difference of valuations between the two parties is small, resulting in
a negble gain from trade. Therefore, in this case, we can safely post an arbitrary price
12

(Line[12).

Proposition 1. Assume that the seller’s and buyer’s valuations follow Equation ). Under Assump-
tion [1} Algorithm|I|with e = ABd?|T has regret bounded by Rt < 10ABd?log (20(d + 1)Td"2).

13



Proof. The proof of Proposition [I] relies on the fact that when the algorithm updates E; or
E f, it behaves as the ELLipsobPricING algorithm of [Cohen et al.|(2020). More precisely, we

first note that under Assumption |1} E] and Ell’

straightforward induction shows that if E{ contains 6°, then K
does Ef , (similar reasoning applies to 0% and Ef )-

contain 6% and 6%, respectively. Moreover,

;.1 also contains 6°, and so

This implies that for all rounds, st < s; <'s¢,and by < b; < b;. In particular, if the condition
in Lineis verified, we have s; < p; < b, and so the instantaneous regret at that round is 0.

We also underline that Algorithm [Tjonly explores to estimate 6° (Line6) if the condition

maxx, 0 —minx, 0 > €
O€E; O€E;

is verified, or equivalently if
xT

max ——6 — min ——
oeE; B oeE; B

-
Xy

0>

S| o

Since the normalized contexts % are bounded in norm by 1 by Assumption we can apply
Lemma 1 by|Cohen etal.|(2020). This Lemma states that Algorithm[Tjwill execute the steps in

Lines|7i8|at most 2d* 1og(20A(d + 1)/ §) times, after which the condition in Line|6|will never
be veritied again. A similar reasoning allows us to bound the number of exploration rounds
for the buyer’s parameter 6° (Line @) Therefore, the total number of exploration rounds is
bounded by 2 x 242 log(20A(d + 1)/ 7). We notice that Assumption [1{also implies that the
valuations are in [-AB, AB], and so the instantaneous regret is bounded by 2AB. Thus, the
regret of the exploration phase (Lines |§I and @) is bounded by 8ABd? log(20A(d + 1)/ 7)

Finally, if the conditions on Lines E] and E] are not verified, it implies that

bt—StSEt—St
<b +e-5+e
< 2e.

Then, the instantaneous regret at that round is at most 2¢, and the total regret for these

steps is at most 2eT. Choosing € = A%dz yields the result. m]

C Proor or THEOREM

In order to prove Theorem(} we provide a more detailed version of the ExrLore-Or-Commrr
algorithm in Algorithm 5| Note that we adopt the convention 1/0 = +co.

Before analyzing the ExpLore-Or-Commit algorithm, we define the various quantities used
within it. Specifically, 7,7"" represents the set of indices from previous rounds that were

dedicated to estimating the parameters 6° and 6° (Line . We denote by @f and é:? the
estimates for the parameters, and V; is the corresponding empirical covariance matrix at
the beginning of round ¢. The set 7™ contains the indices of the rounds used to estimate

the integrals I and J (Line . Moreover, T* is the estimate of (ke), and ?‘ is the estimate of
J(ke). The quantities F k and D* represent our estimates of F*(ke) and DY (ke), respectively.

We use the following lemma to bound the total duration of the parameter exploration phase
(the proof can be found in Appendix[E.2).

Lemma 4. Almost surely, the length of exploration phase 7}2? is bounded as

dlog(TTJ“d)

7P < i

T+1
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Algorithm 5 ExpLore-Or-Commir (detailed version)

1: Input: parameter u > 0, length of exploration phases T'™ and TP, discretization size
¢, confidence level 6.

2: Initialize: 7" = 7 = @, 65 = 04, ) = 04, V1 = I3, K = [2P/e] +3, K = [-K,K],
7F=7P =@ forallk e K, F¥ = D" =0forall k € K.
while t < T do
if ||xt||v;1 > u then »Estimate the parameters 6% and 6°
Draw p; ~ U([-P, P]) and post prices (p;, pt)
Update 7;5? — 7;par U {t}

par
€7

8: Update parameter estimates

-1
7: Update Vi, = ( D xlxlT + Id)

—~ 1 ) 1
9f+1 =2PV;1 Zﬁr (I[{pl <st- E) X1, 9t+1 =2PV;1 Zar (]I{pl <b}- E) X]
1e7.5y le7,})
9: elseif |7™| < T then »Estimate the integrals [ and |
10: Draw p; ~ U([-P, P]) and post prices (p;, pt)
11: Update 70t « 770ty {¢}

12: if |70t = TI™ then
13: Compute estimate of integrals I and |
14: fork € K do
~ 2P ~ ~ 2P ~
= — Z H{ke+xlT9b <p < bl}, J* = =T Z I[{Sl <p < k€+x;—95}.
[eT int Jegint
15:  else if for some k € K, |‘TkF| < T'P then >Estimate Fj
16: Setp; = x/ 0° + ke and post (p:, pt)
17: Update 7.7 « 7.7 U {t}
18: if |‘TkF| = T then set

19:  else if for some k € K, |TkD| < T'P then >Estimate Fj
20: Set p; = x?@’ + ke and post (p:, pt)

21: Update 7,° « 7,° U {t}

22: if |7.°| = T then set

D* = 25 Sieqo Lipt < b}

23:  else »Post greedy price
xf (éf—é;b)+ke

24: set Ay = {(k, k) e K?: k' = —_—

25: kl‘ = argmaxkﬂk,,(k,k,)eﬂf ﬂ,fk +j\k5k,.

26: Set p; = x[ 0; + k;e and post (p;, pr)
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The following lemma provides bounds on the estimation errors for 6%, ov, 1, J, F*,and D?
for the values of , T, and TFP specified in Theorem 2| Let & be the event

& = {Vk €K, vt g TP U T |37 (0F - eb)| < cand

x:(é\f - 0°)| <eand

T _ I(ke)‘ <2¢and

?( - ](ke)| < 26}.
Let us define the exploitation (i.e., commit) phase as

r]-C — [[T]] \ (7}Par U Tint U (7213 U 7;1))) )
kekK
Moreover, let EEOC be the event

SEOC = 5 {Vk e K, VteTC,

Fr Fs(ke)| <(L+1)eand (Bk - Ds(ke)| <(L+ 1)6}.

Then, we can lower bound the probability of event EFOC

to Appendix|E.3).

-1
Lemma 5. For the choice i = € (P1 |dlog (%) + A) , T = 8P21log(1/6)/€?, and TP =

2log(1/5)e™2, it holds that

as follows (the proof is postponed

p (SEOC) >1-26- 852K +1).

Note that the choice 6 = (T(74 + 32P€‘1))_1 ensures that the event EFC happens with
probability at least 1 — T,

p= x:’@\f + ke on the high-probability event EFOC (the proof is presented in Appendix|E.4).
Lemma 6. On the event EFOC, forall t € T, and all (k, k') € A,

I¥F* + J*D¥ — EGFT(x;, x] 6; + ke)| < (10PL + 4P + 7)e.

The following Lemma bounds the error for estimating the gain from trade of a irice

Next, we bound the discretization error. Let us define
(k}, k") € argmax EGFT(x;, x 07 + ke).
(k,k)eA;
Then, the following result holds (see Appendix|E.5|for its proof).

SEOC

Lemma 7. On the event , we have that

< 2LPe.

max EGFT(x;, p) — EGFT(x, x:é\ts + kje)
P

We are now ready to prove Theorem ForpeR, x € R4, we define
A(x, p) = maxEGFT(x, p’) — EGFT(x, p).
p/

We begin by decomposing the regret as
Rr= )" AGi,p)+ Y. A, p+

teﬁ[_):‘lr tETint
DD AGup)+ Y A p) [+ D) A, po).
keX \ te7F teTP teTC
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Using the fact that A(x;, p¢) < 2P, we obtain

Ry <2P (|TP”| 4 Tint +2|7<|TFD) £ A, p).

T+1

teTC
dlog( T4 .
%. For the choice u =

On the one hand, Lemma H implies that |‘7}Ifllr <

1/2 -1 .
€ (P (d log (#)) + A) , T = 8P2log(1/6)e~2, and TP = 21log(1/6)e~?, this implies

that
2

2
Ry szpdlog(TTJ”’l) p,/dlog(“éB T)+A 2 +16P% log(1/6)e 2+

8P (% + 9) log(1/6)e™2 + Z A(xt, pr)-

teT €

Note that the first term is of order € > when € is small enough. On the other hand, on the
event EEOC) by Lemma [7|we have

Z A(xt, pt)

teTC
= Z Alxe, X7 0 + kie) + Z EGFT(x;, x] 0 + ki) — EGFT(x;, x] 0% + kie€)
teTC teTC
<2TLPe+ )" (EGFT(x, x7 6 + kie) - EGFT(x,, x] 6; + kie)),
teTC

Moreover, our choice of k; ensures that for k; such that (kt, ki ) € A,
TR L JHBH = VS + HDH
By Lemma @ this implies that, on event EFOC,
EGFT(x;, x; 05 + ki) — EGFT(x;, x] 07 + ke) < (20PL + 8P + 14)e.

Thus, on the event EEOF,
2

2
Rt $2Pdlog(T+d) P dlog(“f T)+A €2 +16P%log(1/6)/€*

d

+8P (g + 3) log(1/6)e™2 + 2TLPe + T(20PL + 8P + 14)e.

Substituting the values of € and 0 as per Theorem [l| and using Lemma [5| allows us to
conclude the proof. In particular, the result in Theoremholds with C = 22PL + 26P + 15,
provided that T > 74 + 32P, that T > 1 + B?, that T > d, 5P?dlog(T) > 1, and that
160P%d? + 36P% < T4 1og(T)>/*.

D Proor orF THEOREM

D.1 DeTAILED ALGORITHM

In order to prove Theorem [2, we provide a more detailed version of the Scouring BanDIT
witH INFORMATION PooLING algorithm in Algorithm[6l Note that in Lines 16 an 17, we adopt
the convention 1/0 = +oco when computing the upper- and lower- confidence bounds for
increment levels k, k' that have not yet been selected.
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Algorithm 6 Scouting Banprits witH INFORMATION PooLinG (SBIP) (detailed version)

1: Input: parameter p > 0, length of scouting phase T™, discretization size €, confidence
level 6. _ _
2: Initialize: 7,7 = 7 = @, 6° = 04, 00 = 04, V1 = I3, K = [2P/€] + 3, K = [-K,K],

T =75 = g forall k e K, N* = N/’ = 0forall k € K, F¥ = Df =0 forall k € K.

3: whilet < T do
4: if ”xt”V;l > u then »Estimate the parameters 6% and 0°
5: Draw p; ~ U([-P, P]) and post (p:, pt)
6: Update ‘7;5;“ = ‘7;par U {t}
-1

7: Update Vi1 = (Zleﬂ‘f’ir xlx[T + Id)
8: Update parameter estimates

0741 =2PVia Eyerer (Hpr < 51} = 3) x1, 0L, =2PV, Lierre (Hpr <1} - 3) x
9: elseif |7 < T then >Estimate the integrals I and |

10: Draw p; ~ U([-P, P]) and post (p:, p¢)
11: Update 70t = 77int y {¢}

12: if |77t = T then

13: for k € K do

IF= %ZzeTinf]I{kGfolT@ <prs bz}, Tk = %Z,E(rimﬂ{sl <p < ke+x7§5}

14: else »>Run Successive Elimination
15 Set A = {(k, K) e K2 K = {(x?(gf—@b)%e)/e”
16: for (k, k') € A; do

UCB(k, k') = T FF + J*DF + (12PL + 7)e + 2P (\/Zlogﬂ/é)/Nf'k + 4 /210g<1/6>/fok’) ,
LCB (k, k') = T FF + J*DF — (12PL + 7)e — 2P (\/ﬂog(l/é)/w + ,/2log(1/é>/fok’)

7. Set G = {(k, k') € A : UCB(k, K') > max{LCB:(, ') : (I,I') € A}
18: Set k; = arg min {Nf’k :(k, k) e 7@}, and ktb = argmin {Ntb’k’ :(k, k) € 7@}

. kS b,kb
19:  ifN;"' <N,"" then
20: ki = k{, and set k; to be such that (k;, k}) € %;
) SE _ -SE
21: T =T Y {t}
22: else
23: ki = kf, and set k; to be such that (k;, kj) € K;
) SE _ SE
24: 7;’](; = ‘7;,,(; U {t}
25: Set p; = x[ 0; + k;e and post (p;, pr)
- ke,s ke e PN
26: Update Ffil = N E Asisp) F’k:}{stsm, Dtil = N D ibezp D‘k,zﬂ{btzm}
N7+ N+l
ki,b ki,b
27 Update N% = Nf* +1,and N, = N, +1

28:  Quantities that have not been updated during round ¢ are kept the same for round
t+1
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Before analyzing the SBIP algorithm, we introduce the different quantities appearing in the
algorithm. In words, 7?par is the set of indices of the previous rounds that have been spent
estimating the parameters 6° and 0" at the beginning of round t. Similarly, 5?, é\f, and V;
are the estimates of the parameters and the corresponding empirical covariance matrix at
the beginning of round ¢. The set 7™ consists of the indices of the rounds used to estimate
the integrals I and J. Moreover, T* estimates I (ke), and ]7‘ estimates [(ke). The quantities F f
and D} represent our estimates of F*(ke) and D" (ke) at the beginning of round ¢. Similarly,
N; & (resp., N, tb *) counts the number of rounds in the successive elimination phase where
~ g
1Y
to ke), and where we gained information on F*(ke) (resp., on D¥(ke)). The set A; collects
the pairs (k, k') € K such that x] 6 + ke ~ x] 0 + k’e is a possible price (within [P, P]).
Then, for (k, k') € A;, the quantities UCB;(k, k') and LCB;(k, k”) provide upper and lower
confidence bounds on the expected gain from trade corresponding to this price.

the increment p; — x;" 0] was equal to ke (resp., where the increment p; — x was close

The third phase is a successive elimination phase: at each round, we consider a set of possible
optimal prices, with corresponding upper confidence bound larger than the highest lower
confidence bound. This set is denoted by X;. In order to ensure sufficient exploration of all
potentially optimal price increments (ke, k’e) for (k, k) € K;, we choose the price increment
with the widest confidence interval: this corresponds to choosing the pair (k, k') € K; such

that either N; Kor N tb * is the lowest of the set. We denote (k;, k;) the pair of increments
chosen in such way. In order to analyze this phase, we store the indexes of the rounds

where we chose this pair because N} * was the smallest in the set T, Sk]f. Analogously, the

SE

. . b,k .
rounds where we chose this pair because N, "' was the smallest are stored in the set 7,7%).
7t

D.2 REeGRET ANALYSIS

The beginning of the proof of Theorem P2]is similar to that of Theorem[I] As in the previous
case, we define the event

&= {Vke X, vt ¢ TRy T, |y, X (05 - 6%)| <e,

xT(é\i7 - Qb)) <eg,

|77‘ - I(ke)) < 2e,

I —](ke)| < 26}.
Moreover, we define a new event EB as
e = &\ {Vk ek, Vg TRY U™, |FE - Folke)| < [FEC 4 Le,

yﬁk - DS(ke)| < [Hosl/0) 2Le}.
N 7!

t

The following Lemma shows that the event ESBI” happens with large probability. The
detailed proof can be found in Appendix[E.6]

1/2 -1 .
Lemma 8. For the choice i1 = € (P (d log (%)) + A) and T™ = 8P2log(1/6)/€?, it holds

that
P (SSBH’) >1-26 - 46(2K +1) — 452K + 1)T.

Note that the choice 6 = (T(38 + 16Pe™! + 16Pe™'T + 36T))_l ensures that the event ESBIP
happens with probability at least 1 — T~1.

The following Lemma (whose proof is located in Appendix [E.7) shows that the upper and
lower confidence bounds used in Algorithm [6| hold conditioned on the high-probability

event ESBIP
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SSBIP

Lemma 9. Under the assumptions of Lemma and conditioned on the event , we have that

forall t ¢ TET UT™, and all (k, k') € Ay;
LCB, (k, k') < EGFT(x;, x; 6; + ke) < UCB (k, k').
Moreover, it holds that (k}, k;*) € K;, where we recall that

(k}, k") € argmax EGFT(x;, x 07 + ke).
(k,k)eA;

Finally, we bound the number of times a sub-optimal price increment ke can be selected.
ForpeR, x € R4, recall that we defined

r(x,p) = max EGFT(x, p") — EGFI(x, p).
p/

Lemma 10. Conditioned on the event B, if t € TSE, then the following condition holds

2l0g(1/5
r(xt, pr) < (50PL +28)e + 16P /%
t

Similarly, if t € ‘7;5}3 then the following condition holds

iz
210g(1/0
r(xi, pi) < (50PL +28)e + 16P #kl/).
NP

The proof for this result can be found in Appendix
We are now ready to bound the regret of SBIP. We begin by decomposing the regret as

Rr = Z r(xe, pr) + Z r(xe, pe) + Z r(x¢, pe).

par int par int
te7}+1 teT” t¢7}+1 vy

Since the gain from trade is bounded by 2P, this implies
Ry < 2PITET|+2PIT™+ > r(xe,po).
ey
27\ \ /2 ! ;
Then, using Lemma by setting p = € (P (d log (%)) + A) and T™Mt
8P2log(1/6)/€e* we have

2

2
Rr<e? 2Pdlog(T;d) P dlog(1+53 T)+A +

166 2P log(1/6) + > rxi,p). ()

rerfuT
To bound the third term (i.e., the regret of the successive elimination phase), we decompose
it as
S =3 Y e XY rwp
T E Uit keK teT SE k'eK te7,SE
For k € K, let us partition 7;SkE as follows. We denote by Tssf =17, SkEl, and we define
t1,...,trse the rounds where t € ’CskE More formally, we have t; < f5 < ... < tTSE’ and
s,k 4 S,/

{t1, ..., tTS},f} = 7;55 We define a = |_— log, (2(50PL + 28)€)J, and for a € [[1, 4], we define

t, = 2log(1/6) - (32P27)*.
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With these notation, we have

Z V(lept)z Z 7’(xt,-/Pt1)

teT S i<t ATSE
a-1
+Z Z r(xfi/pti)+ Z r(xti/pti)'
=1 AT <isten AT (tr+)ATSE <i<TSE

Forl<ac<gu,ift, <i< TSSE, by definition of t,, we have

2log(1/6)

s,k
ti

—a
(50PL + 28)e < 16P < 27

and Lemma [10|implies that, conditioned on the high-probability event ESBIP,
r(xfi’pti) <27
Using the fact that r(x;, pt) < 2P, we obtain

a-1
D, " p) S 2Ptk Y 2ty = [ta] + 1) +277 T
T a=1
a-1 B
< 2PH + Z 27 (a1 —ta + 1) +277 - T5E,
a=1
Then,
a-1 a-1
27 (tye1 — t,) = 6log(1/8) - (32P) Z 20
a=1 a=1

= 6log(1/0) - (32P)? 27
_ 3log(1/8) - (32P)?
= (50PL + 28)e

Moreover, we have that
277 T2; < 2(50PL +28)eTy.
Therefore,

3log(1/0) - (32P)>
(50PL + 28)e

> rlx, pi) < 4Plog(1/6) - (128P) +

SE
te‘7;’k

SE
+1+2(50PL +28)eTSE.

We proceed similarly to bound Zte(rbs;: r(xt, pt), and we obtain that

3log(1/6) - (32P)*
(50PL + 28)e

Z r(xt, pr) < 4P log(1/0) - (128P)* +

SE
te?;,k

+1+2(50PL + 28)eT.

Summing over k € K and k’ € K, and using the fact that Y;cqc T5F + ToF < T, we find

bk S
3log(1/6) x (32P)>
2
<
; | r(xt, pre) < 2|K| |4P log(1/6) X (128P)" + (GOPL+28) !
tf]}ﬁ-l ygint
+2(50PL + 28)T. ®
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Combining Equations (7) and (8), we find that, conditioned on the event EIT,

2
2Pdlog (L2) (P, [dlog (ZET) + A
d Og( a )( Ve Og( 5 )+ , 18P*log(1/0)

€2 €2

T <

3log(1/6) x (32P)>
(50PL + 28)e

+2|K| (4P log(1/6) x (128P)* + + 1) +2(50PL + 28)eT.

By setting € = (d?log(T)?/ T)5 and § = ((38 + 16Pe™1)(T + 1)2)_1, and using the definition
of K, we find that there exists a constant C’ depending on A, B C, and L such that with
probability 1 — 20T~2/3,

Ry < C'(dlog(T)T)*.

This concludes the proof of Theorem Note that we can choose C = 461P3+100PL+56, and
the result holds provided that T is large enough (namely, that T > 2(38+16P), that 10 < P/e,

that P2 x Ldlog(T) > A, that P*log(T) > 1, that B2 + 1 < T, and that (T/log(T)?)/® >
3312/102 x P?).

E PRrROOFS OF AUXILIARY LEMMAS

E.1 Proor or Lemma[ll
Lemma 1. Under Assumptions[I|land 2} the expected gain from trade for x at price p is given by
EGFT(x, p) = I(6")F*(6°) + ] (6")D"(&"), 4)

where 5° = p —x6°, 6" == p—x] 0%, 1(5) = féc DY(u)du, and J(5) := f_éc Fé(u)du.

Proof. The proof relies on the characterization of the gain from trade given by Lemma 4.1
in Cesa-Bianchi et al.| (2021). Recall that, under Assumption (I, we have & € [-C, C], and

cff € [-C, C]. Then, denoting f° and f b the densities of & and éf, we have
EGFT(x, p)

/ (b—s){s < p <b}fP(xTOV —5)f*(xTO° —5)ds db.
(s,b)€[xTO—C,xTOs+C|x[xTO'-C,xTOV+C]

Let f' : b > f'(xT0" —s)and f* : s > f5(xT6° — s5) be the densities of s; and b;
conditionnally on x; = x, and note that outside of [xTOV—C,xTO!+C]x[xTO-C,xTO°+C],
F5(s)f(b) = 0. With these notation, we have

EGFT(x,p) = /( b P]z(b —s){s <p <b}f°(b)f*(s)dsdb

b s
=/ (/ du—/ du)fS(s)fb(b)dsdb.
(s,b)e[-P p]x[p,P] \J/-P -P

EGFT(x,p) = / ( / Fo(s)fl(b)ds db) du
[-P,P] (s,b)e[-P,p]x[pVu,P]

—/ (/ fs(s)fb(b)dsdb)du.
[-P,p] \J(s,b)e[u,p]x[p,P]
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This yields

EGFT(x, p) :/ (/ fs(s)fb(b) ds db) du
[=P,p] \J(s,b)e[-P p]x[p,P]
+/ (/ Fo(s)fP(b)ds db) du
[p,P] \J(s,b)e[-P,p]x[u,P]

—/ (/ fs(s)fb(b)dsdb)du.
[-P,p] \J(s,b)e[u,p]x[p,P]

This, in turn, implies that

EGFT(x,p) = / ( / fs(s)fb(b)dsdb)du
[=P,p] \J(s,b)E[-P,u]x[p,P]

+/ (/ fs(s)fb(b)dsdb)du
[p.P) \J (s b)el-P px[u,P]

= ft(b)dd / f5(s)ds du
[p.P] [-P,p] J[-P,u]

+/ fS(s)ds/ fo(b)db du.
[-P.p] [p,P] [u,P]

By using the change in variables & = s —x760% u® = u — x70%, & = ph—xT0", and
u® = u — xT0", and the definition of f* and f?, we get

EGFT(x, p) = fenad [ f F(E) de* du
[p-xT6,P-xT O] [-P,p] J[-P—xT 0% ,u—xT 6%]
v f ferae [ f Fe) et du
[-P-xT 05, p—xT 05) [p,P] J[u-xT0% P—xT O]
= / f(ghde / / F(&°)de® du?
[p—xTOb,P—xT O] [-P-xT 05, p—xTO5] J [-P—xT 05 ,u’]

+ / f(&)de / / F(ebydel dut.
[-P—xT O ,p—xT 5] [p—xTO,P—xT O] J[ub,P—xT O]

Now, under Assumption f b and f* are null outside of [-C, C]. Moreover, P — xTob > C
and =P — x70° < —C. Thus,

FGFT(x, p) = flehad [ [ e ar
[p-xT6",C] [-C,p—xT05] J[-C,us]

v f feyae [ F(&) et du?
[-C,p—xTo5] [p-xTob,C] Jub,C]

p—xT0° C
=Dh(p—xT6b)/ F*(u®) du® +Fs(p—xT95)/ Db (u?) du®.
_C p

—xTgb

Using the definition of 6° = p — x70° and 6” = p — xT0?, we obtain the desired result. O
E.2 Proor or LEmma @]
Lemma 4. Almost surely, the length of exploration phase 7}1?; is bounded as

dlog(TT”l)

|75 < o

T+1
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Proof. The elliptical potential Lemma (see, e.g., Proposition 1 in |Carpentier et al.| (2020))
implies that almost surely,

par
par T+1
7 Nl o mﬂw%——7—~
Zle,]?par xix) +lg

Since for all t € 7.7 ||xt||(

T+17 )-1 > u, this implies that

ZleTpar x;x,T +14
t

r r |7-Par
W$WSJW$Mb44%T—-

Now, almost surely, |7}Iflr| < T. This implies in particular that

par
|7-7:+1 | =

which concludes the proof. ]

E.3 Proor oF LEMMa

-1
Lemma 5. For the choice i = € (P1 |dlog (“BZT) + A) , T = 8P21og(1/6)/€?, and TP =

2log(1/5)e™2, it holds that

P (SEOC) >1-26- 852K +1).

Proof. The Lemma is a consequence of the following two auxiliary results, bounding re-
spectively the error for estimating the parameters 6° and 0%, and the integrals I and J.

Lemma 11. Let &1 be the event :

& = {vt ¢ 7Y, NG

xtT(é\tb - Qb)‘ <e and

< e}.
12 -1
Then, for the choice u = € ( (d log (“BZT)) + A) , we have P (E1) = 1 —20.

The proof of the above lemma is deferred to Appendix
Lemma 12. Let &, be the event:

& = {|frint| < T or Vk € K ’17 - I(ke)‘ <2¢and (?f - ](ke)‘ < 26} né&r.

" -1
Then, for the choice u = € ( (d log (1+B T)) + A) and T = 8P%1og(1/6)/€?, we have

P (&) > 1-26 — 46(2K +1).

The proof of the above lemma is deferred to Appendix

Next, we control the error |f k_ Fs(ke)| uniformly for k € K. The results for |13k — DY (ke)|
follow from similar arguments. To do so, we rely on the following well known result (for
the sake of completeness, we provide a proof in Appendix [E.1I).
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Lemma 13. Let (y:)i>1 be a sequence of random variables adapted for a filtration ¥, such that
Yt — Byl Fi-1] € [m, M]. Assume that for t € N,, 1, € {0,1} is F;_1-measurable, and define
N; = Y t, and [y = Nt‘1 2i<t ulyr = Elyi|Fi-1]) if N > 1. Then, for any t € N, and
6€(0,1),

_ log(1/6
P(Ntzo or |p] < (M —m) ng(Nt/ ))21—2t5.

Moreover, for any t > 0and 6 € (0,1),

_ log(1/6
P(Ntzt and |G| > (M - m) O‘C;(N/ ))51—25.
t

For t < T, we define 1; = I[{t € ‘Cf}, yr = I{s; < p:}, and we observe that for ; =

o ((x1,. -, xp1, {51 < p1}, b1 < p1}), ..., (st < pe}, {br < pi})), 1t is Fi-1-measurable,
and y; is ¥+ adapted. Moreover,
WELy: | Fioa] = uP (5] 0° + & < x76; + ke)
=y F® (xtT (éf - 65) + ke) .

Using Lemma we find that with probability 1 — 26, either |7,7| < T'P, or

o st ttl (7 (61 - 0°) +ke) _ [2log(1/5)
t TFD - TFD :

Moreover, on the event &1, for all t ¢ TP, |JctT(§ts — 0%)| < e. Using the fact that F° is
L-Lipschitz, we find that

F («7 (85 - 0°) + ke) - F* (ke)| < Le.

Thus, with probability 1 — 26, either |‘TkF| < T or

~ fZlog(l/(S)
k
|Pt — Fs(k€)| < TT + Le.

Using Lemma(IT|and[12} along with a union bound over k € K yields the desired result for
the choice TP = 21og(1/6)e~2. o

E.4 Proor orF LEMMaA

Lemma 6. On the event SEOC,for all t € TC, and all (k, k') € A,

|P<’f’< +J5D¥ — EGFT(x, x7 ¢ + ke)| < (10PL + 4P + 7)e.

Proof. The proof relies on the following result :

Lemma 14. On the event EFTC, for all (k, k') € A, and p = xféf + ke, we have
|EGFT(xt, p) - (?(’f" +?‘5"’)| < 6PLe + 3¢ + 2P (|ZF| + |ZD|) + AL+ [A]

where we define AI = I(k'e) = I¥, A] = J(ke) — J¥, AF = F(ke) — F¥, AD = D(k’e) — D',
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The proof of this intermediate result is in Appendix

To conclude the proof of Lemma@ it remains to bound the gaps AF , ZD, Al ,and Z] on the
event EFTC. By definition of the event EFTC, on this event Al < 2¢, AD < (L + 1)e, A] < 2¢
and AF < (L + 1)e. Thus, on the event EFTC,

EGFT(x;,p) — (T’('?k +?<Bk')| < 6PLe + 3¢ + 4P(L + 1)e + 4e.
This concludes the proof. O
E.5 Proor or LEMma

Lemma 7. On the event EEOC, we have that

< 2LPe.

max EGFT(x;, p) — EGFT(x;, x] 6¢ + ke)
p

Proof. By definition of A;,

sup EGFT(x;,p) > EGFT(x;, x] 6} + kje).
Pe[_P/P]

Since the mapping p — EGFT(x, p) is continuous, we can define

v - 70 7 (0 - 0) + ke

, and E’t =

p; € argmaxEGFT(x;,p), ki = [ c
p

We now show that (Et, IE;) € A;. By Lemma we have that p} —xtTGS > —C,and p; —xtTQb <
C (otherwise EGFT(x¢, p;) = 0). This implies that p; — x0° € [-2P,2P], and similarly that
p; —x] 6" € [-2P,2P].

On the one hand, on the event EETC, <esop;—x; §f € [-2P —¢€,2P +€].

Thus, k; € K. On the other hand,

x! (GS - 5;)

x; (§f - 5;’) + ke = (x:é\f + ke —p:) +(p;—x] 0% +x] (Gb - é}’) .
Then, on the event EETC,
X7 (6 - 87) + Foe € [-2P — 2¢,2P + 2¢],
,s0 ki € [-2P — 3¢, 2P + 3€]. Therefore, E; € K. This implies that (Et, IZ;) € A;, so

EGFT(x;, x] 6} + kie) > EGFT(x;, ] 65 + kre).

Finally, Lemma [1] and Assumption [2| imply that the function p +— EGFT(x;,p) is 2LP-
Lipschitz continuous. This, in turn, implies that

EGFT(x¢, p;) — EGFT(x;, x] 6} + k;€) < 2LPe.

This proves the statement. o

E.6 Proor orF LEMMA

1/2 -1 .
Lemma 8. For the choice i1 = € (P (d log (%)) + A) and T™ = 8P%log(1/6)/€?, it holds

that
P (gSBH’) > 1-25— 452K + 1) - 46(2K + 1)T.
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Proof. The proof relies on Lemma (11| and On top of these results, we have to control
the error |ff — F*(ke)| uniformly for k € K. To do so, we rely on Lemma Fort < T,
we define ; = I[{t ¢ 7inty 7}2? and k; = k}, vyt = I{s: < p¢}, and we note that for 7; =
o ((x1, ..., xe41, Ms1 < p1}, b1 < p1}), ..., (M{se < pe}, I{br < pt})), 1t is Fr—1-measurable,

and y; is ¥+ adapted. Moreover,
uB[ye | Fio1] = uP (xf@s +& < xfé? + ke)
= (,F® (xtT (5; - 65) + ke) .

Using Lemma we find that with probability 1 — 26¢, either N} K=0or

2 2is<t UF? (xtT (9ts - QS) + ke) - 2log(1/6)
! Nk S\ Nk

(where we recall that we adopt the convention 1/0 = c0). Moreover, on the event &, for all
t ¢ TP, |x[(6; — 0°)| < e. Since F* is L-Lipschitz, this implies

IF® (xtT (5; - 95) + ke) _F° (ke)| < Le.

Thus, with probability 1 - 26t,

_ 2log(1/6
|Pf - FS(ke)| < Lk/) + Le.
N;

Using a union bound over k € K and t ¢ 7™ U 7}?; yields the desired result.

Next, we can bound |15f — DP(ke)| using similar arguments. In particular, we define

=1 {t ¢ 7inty 7}2? and k; = k}, yt =I{bs > p;} and note that

LtE []/t |7:f—1] = LtP (x;rgb —+ éf > x;ré\ts + kte , 7_7_1)

~ X705 — xT 0! + ke
xtT(Gf—Qh)+ke+e(t L é e —k)).

ltDb

THs_.TAb
By definition of A;, we have that if 1; = 1, then M — k| < 1. Using the Lipschitz

continuity of DY, this implies that, conditioned on the event &,
tt |E [y | Fia] — DP(ke)| < 2Le.

The rest of the proof follows similarly. m]

E.7 Proor oF LEMMA

Lemma 9. Under the assumptions of Lemma and conditioned on the event ESP'T, we have that
par ini ’ .
forallt ¢ 75, UT tand all (k, k') € Ay;
LCB;(k, k') < EGFT(x;, x; 0F + ke) < UCB;(k, k).

Moreover, it holds that (k}, k;*) € K;, where we recall that

(kj, k;*) € arg max EGFT(x;, x/ gf + ke).
(k,k")eA;
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Proof. Let us prove the first part of Lemma[9 By Lemma[I4} and by definition of the event
ESBP we have for all (k, k') € A;, and all t ¢ 7}3“; U gint,

EGFT(x;, p) - (Tk'f’f +T"13’<’)|

< 6PLe + 3¢ + 2P (\/Zk’g(l/é) + \/21°g(1/6) + 3Le) +4e

s,k b,k
Nt t

t

< (12PL +7)e + 2P ( \/ 210g(1/0) \/ZIOgb(lk,/ 6)) ‘
N N/

This concludes the first part of Lemmal9] The second claim follows immediately by noticing
that by definition, (k}, k") € Ay, and that, for all (k, k) € A;,

LCB;(k, k') < EGFT(x;, x] 67 + ke) < EGFT(x;, x; 05 + ki€) < UCB,(k}, k}").

This concludes the proof. m]

E.8 Proor orF LEMMa

Lemma 10. Conditioned on the event EPT, if t € 7;SkE/ then the following condition holds

2log(1/5
r(xt, pr) < (50PL + 28)e + 16P %.
\ N

Similarly, if t € ‘7;SE then the following condition holds

’k//
21og(1/0
r(xi, pr) < (50PL + 28)e + 16P #k//)_
NP

Proof. Assume thatt € ’CskE Then, our choice of k; together with Lemma E ensures that,
conditioned on the event ESBIY,

UCB (k¢, k;) > LCBy(kj, k7).
This implies that
LCB;(kt, k;) + (UCBy(k, k;) — LCBy(ky, k) >
UCB;(k;, k") + (LCB(k;, k;*) — UCBy(k}, k}")) -
Using again Lemma|[9) this implies that
EGFT(x;, xf@s + ki€) + (UCBy(k;, k;) — LCBy(ky, kj)) + (UCBy(k}, k;*) — LCBy(k}, k"))
> EGFT(x;, x] 6° + k).
Thus,
EGFT(x;, x] 0° + ki¢) — EGFT(x;, x] 0° + k)
< (UCB(k¢, k;) — LCBy (k¢ , k7)) + (UCBy (k;, k;*) — LCBy (k;, k1)) -

Then, conditioned on the event &BIY,

s,k Nh,k

UCB; (ks k}) — LCBy(ks, k}) < 2(12PL + 7)e + 4P (\/
t t

210g(1/0) \/210g(1/6))
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. b,k!
Since t € ‘CskE, we know that N,"' > N, f ki Then, we have that

2log(1/6)

UCB; (ks k) = LCBy(ks, k) < 2(12PL +7)e + 8P, |[—2 .
N

.. . b,k* s, k;
Similarly, since t € 7;%{]5, we have that N,"" > N; i and N, > N; * 's0 we also have

2log(1/6)

UGB (k;, k;') = LCBy(K;, k') < 2(12PL + 7)€ + 8P |[—2 .
NS

Thus,

_ _ 2log(1/5
EGFT(x;, x7 0° + k¢) — EGFT(x;, x] 0° + kre) < 4(12PL + 7)e + 16P %.
\ N

By Lemmal(7] this implies

2log(1/0)

r(x;, x] 0° + ki€) < (50PL + 28)e + 16P —r
t

The proof of the second claim follows from similar arguments. m]

E.9 Proor or LEmma [I1]

Lemma 11. Let &1 be the event :

& = {Vt ¢ 7P

T4+17 xf(@f - 0°)

X7 (OF - Gb)| <e and

< e}.
-1

1/2
Then, for the choice u = € (P (d log (%)) + A) , we have P (E1) = 1 - 20.

Proof. Let us prove the bound |x;(§f — 0°)] < e with high probability; the bound on

|xf(§f — 6%)| will follow from similar arguments.

We introduce the variables

t+1

#=xI{teT"} and § =2PI{te T} (1[ {pr <se} - %)

and the g-algebra 7 = 0 ((x1, ..., xp41, IU{s1 < p1}, H{b1 < p1}), ..., A{s: < pe}, I{br < pi})).
With these notation, we have that X; and {t € ﬁfir} are Fi-measurable. Moreover,

ar : d
E[§:|Fi-1] = I{t € 7,1} }-(zp/ P[u 55t|ﬁ_1]£—P)
-P
P C
=1[{te7;§§f}-(/ / 1{u3x395+5}f5(g)dgdu—1>)
-P J-C
C E+x] 67
=]I{t€7;fir}-(/ / dufs(é)dé—P)
-C J-P

C
1fre TP (x:es «f aﬁ(a)&s)
—C
I{t e 777"} x] 6°

t+1
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where in the last equality we used that /_ CC Ef°(&)dE=E [éf] = 0. Thus, conditionally on
Fi-1, e — 552— 0° is centered and it belongs to [P, P], which implies that it is P-subgaussian.
Now, for allt € {1,...,T}, we have

-1

§f =2P Z x;xlT+Id Z (]I{pt Zst}—%) x|

1e75Y seT

.
= (Z f[fl—r + Id) Z 71X

I<t I<t

T+1

Using the fact that, for all + < 1, ||%|| < B and ||6°|| < A, and applying Theorem 2 by
Abbasi-Yadkori et al.| (2011)), we find that for all f > 0, with probability 1 - 0o,

~ 1+ B2T
”61‘5 _95||Zs<,flf;r+ld <P dlog( 5 ) +A.
Note that our definitions of ¥; and #j; ensure that
”9? - Qsllzseﬁpa]r XlxlT-*—Id = ”9? -0° “ZK, flfIT+Id'
Moreover, for all ¢,
X[ (67 — 0°)] < Ix/ || - 167 — 6% Y
(Z gpar X[XIT"'Id) (ZSETpar XX, +Id)
ES T+1 T+1

In particular, if t ¢ 7.7 [l

T+17 )-1 < u, so with probability 1 -9,

Z_ par X]XT+Id
( ’ETTH !

—~ 2
|xj(95—95)|3y(13 dlog(1+(SB T)+A .

-1
For the choice u =€ (P, [dlog (%) + A) , this implies that

Ix[ (6 - 0°)] < e,

which concludes the proof. m]
E.10 Proor oF LEmma [12]
Lemma 12. Let &, be the event:

& = {|frint| < T or Vk € K |?< - I(ke)( <2¢and (W - ](ke)| < 26} ne&.

1/2 -1 .
Then, for the choice u = € (P (d log (#)) + A) and T™ = 8P2log(1/6)/€?, we have

P(&) > 1-25-456(2K +1).

Proof. We control the error ’?‘ -1 (ke)) uniformly for k < K; the result for )77‘ - ](k(—:)‘ can be

proved analogously.
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For k < K, and t < T, let us define ; = ]I{t € Ti“t}, Y = 2PI {ke + x:’@\f <p < bt} and
note that for 7 = o ((x1,..., xt+1, (I{s1 < p1}, H{b1 < p1}), ..., (st < pi}, H{br < pi})), 1 is
Fi-1-measurable, and y; is F;-adapted. Moreover,

Byl Fi1] = 2P [ke + ] 6] < py < by | Fi1]
’ ¢ Tob b du
=2P/ /.Hx69+52u (£)déE
ke 6] J-C t b 2P

P
=/ D* (u—xf@b)du.
ke+x] 67

e+x, t
Using the change in variables u’ = u — x] 6%, this implies that

P-x] b

E [yl Fi-1] = / DY () du’.

ke+x] 0P —x[ ob

Moreover, under Assumptionsand P-x76" > Cand, foru’ € [C,P-x]6%], D’(u’) = 0.
Thus,
c

E[y:|Fi-1] = / DY (u')du’

ke+x,T§£’—x[T€b
= I(ke + x] 67 — x] 6").
Finally, note that y; — E [y¢|%¢-1] is in [-2P, 2P]. Then, using Lemma we find that
Zteq'int I (ke + x;- (é\f - Gb))
Tint

log(1/6
5 4p |18/ | s

P| |77 = T™ and |I* - > :
2T11’1t

To conclude our proof, note that on the event &, for all t € 7™, [x [ (é‘f — 0%)| < €, so with
probability 1 — 26, either |7™| < T or

|I (ke+xtT (é\tb_eh))—l(ke)|: /kke+x7(§f—9b) (1—Fh(/\)) i

€

IN

/ ke+x/ (éf—eb) i
k

€

IN

(07 - o)
<e€.

Using the same reasoning to control the error in estimating ], taking a union bound for
k € K, and using Lemma we find that on an event &, C &; of probability larger than

1-26 —45(2K + 1), either |7™] < T or

1
osl1/0)
2Tlnt

|?< - I(ke)| <4p

and

I
w10
2T11’1t

)?f - ](ke). < 4D

simultaneously for all k € K. For the choice T™™ = 8P?1og(1/5)/€?, we obtain the desired
result. O
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E.11 Proor oF LEMMma

Lemma 13. Let (y;)i»>1 be a sequence of random variables adapted for a filtration F, such that
Yt — Byl Fi-1] € [m, M]. Assume that for t € N,, 1, € {0,1} is F;_1-measurable, and define
N; = Yy u, and @y = N7V Yo u(yr — E[yi|Fi-1]) if Ne > 1. Then, for any t € N, and
5€(0,1),

_ log(1/6
P(Nt=0 or |p] < (M —m) ng(Nt/ ))21—2t5.

Moreover, for any t > 0and 6 € (0,1),

~ log(1/6
P(Ntzt and |u¢| = (M —m) 0‘2(N/ ))51—26.
t

Proof. Let us define Z; = Y, u(yi — Elyi|Fi-1]), and for all x € R let M; =

exp {x Zi — %x2(M - m)2Nt}. We begin by showing that M; is a super-martingale. In-

deed, we have that

E [exp{x t(yr — B[yt Fi-1D} | 7’?—1] =E [lt exp{x(y: —E[y:|Fi-1])} + (1 - 1s) ) 7‘?—1]

< exp{M} +(1-1)

2 _ 2

where we use the fact that (y; — E [y | 7¢-1]) is bounded in [m, M] together with the condi-
tional version of Hoeffding’s Lemma. Noticing that

2 M — 2
My = Moy explx sty - BlyFia)) - L,

this proves that M; is a super-martingale, and so E [M;] < E[Mp] = 1.

Now, foralle > 0and all / € N, and all x > 0, by a Markov-Chernoff argument,
P(Z;>eand N, =) =P (]I{Nt =1y ex% > ee")

< e 'E (]I{Nt =1} efo)

2 2
x=(M-m)“l
e—€X+  —

2 (M2
E(E{Nt:l}.exzt_ (M8 )I).

Using the previous result, we have that

XZ _mZ 12 7}712
E H{Nt — l} . eth— (MS ) I) _ E(I[{Nt _ l} ‘exzt_(Mg)Nt)
<E (e"zt—xz(MsnOZNt )
=E(M})
< E(Mp) =1.

This yields

2(M-m)?1
-85

P(Z; > eand Ny = 1) < ™%
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In particular, for € = (M — m)/ 22802 IOg U9 and x = Z(M4_€m)2/
[1-log(1/6
P(th(M—m) #andNtzl)sé

This proves the first part of the Lemma. Summing over the values of [ from 1 to ¢, we find

that
Nilog(1/6
P(Zt > (M—m)\/%(/) and N; > 1) <16.

Similar arguments can be used to prove that

N¢log(1/6
P(—Zt Z(M—m)ﬂ%(/) and N; > 1) < 0.

In order to conclude the proof we observe that Z; = {1;N;, we normalize by N;, and observe
that adding the case N; = 0 can only increase the probability. ]

E.12 Proor or Lemma [T4]
Lemma 14. On the event EFTC, for all (k, k') € A, and p = x| 65 + ke, we have
|EGFT(xt, p) - (?"fk +j7<5k’)| < 6PLe + 3¢ + 2P (IAFl + |AD|) +1AI] + |2S]|
where we define Al = I(k’e) - A] J(ke) — AF F(ke) — Fk AD = D(k’e) —
Proof. By Lemma for any price p = x?@f + ke and k’ such that (k, k') € A;, and &° =
p—x]0°%,6° = p—x 6%, we have that

EGFT(x;, p) = I(6")F5(6°) + J(5°)D?(5°).
Then,

EGFT(x,p) = (I(k’e) +1(8%) - I(k'e)) (F*(ke) + F5(6°%) — F*(ke)) +

(J(ke) +](5) = J(ke) (D" (K'e) + D"(5") = D (k'e) ..

Moreover, by letting AI = I(6?) — I(k’e), AF = F3(5°) — Fé(ke), A] = J(5°) — J(ke) and
AD = D¥(5%) — D?(K’¢), this yields

EGFT(x;, p) =I(k'e)F*(ke) + J(ke)DP(k'€) + I(5")AF+
F5(ke)AI + J(8°)AD + Db (K'€)A].
Since I and | are bounded by 2P, and F and D are bounded by 1, this implies that
EGFT(x;, p) — (I(k’e)FS(ke) + ](ke)Db(k’e))

< 2P|AF| + |AI| + 2P|AD| + |A]].
Now, let us introduce e = &° — ke, and e? = 6” — k’e. Then, we have
e’ = (xTés + ke) (ke + x[6%)
=X, (95 6%).

On event EFTC we have |e°| < e. Since F is L-Lipschitz continuous, and AF = F5(ke +
e®) — F°(ke), this implies |AF| < Le. Similarly, | is 1-Lipschitz continuous, and A] =
J(ke + e°) — J(ke), so |A]| < e. Similarly,

el = (xf@f + ke) - (xtTGb + k’e)

(xf(@f—é}’)+ke) kK'e+x](6F - 6").
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By definition of A;, under the event EFTC we have |e’| < 2e. Since D is L-Lipschitz

continuous and AD = D(k’e + ¢) — D¥(k’e), |AD| < 2Le. Similarly, I is 1-Lipschitz
continuous, Al = I(k’e + e’) — I(k’e), so this implies that |AI| < 2¢. Putting everything
together, we find that on the event EETC,

|EGFT(xt, p) - (I(k’e)Fs(ke) + ](ke)Db(k/e))| <6PLe + 3.

Similarly, denoting Al = I(k'€) —1¥,AD = D(k’e)— D, Z] = ](ke)—/]\k and AT = F(ke) —Fk,
we have

.I(k’e)Fs(ke) +J(ke)D"(K'e) — (?"ﬁk +?<15’<’)‘ < 2P|AF| + |AI| + 2P|AD| + |A]|.

This concludes the proof. m]

F  MOTIVATING EXAMPLE

Lemma [I| emphasizes that the expected gain from trade at a given price p depends on
the quantities 6° = p —x[ 6% and 6" = p - xf@h. Remember that the difference in average
valuations A is given by A = x[ 6% —x 6, and with this notation, 6° = &° — A. Therefore, the
expected gain from trade can be rewritten as a function of the pair (6°, A). As animmediate
consequence, we see that the optimal increment 6° only depends on the difference in
average valuations A: if p = x76° + 6° maximizes EGFT(x,p), and if x’ is such that
X'TOP — x'TO° = xTOY — xT6%, then p’ = x’T0° + 6° maximizes EGFT(x/, p’).

On the other hand, the following example shows that there no explicit dependence of the
optimal price increment 6° on the difference in average valuations A. In words, when A is
small, we might prefer to choose an increment 6° that leads to trade happening with lower
probabilities but corresponds to higher rewards. By contrast, as A increases, similar values
of the increment 6° will correspond to higher gains if the trade happens. Then, we might
choose to post prices corresponding to a smaller increment 0° to increase the probability
that the trade happens.

This reasoning demonstrates that knowing that an increment 6° is optimal for a difference in
average valuations A does not allow us to determine the optimal increment 6’ corresponding
to a different value A’ of the difference in average valuations. This implies that to precisely
identify the optimal price increment 6° for all differences in average valuations A, it may be
necessary to have accurate estimates of the functions F° and I for a broad range of values of

6°. Similar arguments can be employed to argue that precise estimates of the value of DY
and ] for a wide range of values of 6’ = A — 6° might also be necessary.

To illustrate this phenomenon, we construct an example where different levels of A lead
to entirely different choices of the optimal price increment 0°. Specifically, we consider a
scenario where, for certain values of (s1,s2,53) € R3, (by,b2,b3) € R3, (a1, a2, a3) in the
simplex, and 6 > 0 (to be defined later), the density f* (resp. f?) of the seller’s noise &°
(resp. buyer’s noise &’) is given by:

I{x € [s1,51 + O] U [s2, 50+ O] U [s3,53 + O]}

30
(Xﬂ{X € b1, b1 + 9]} + CYQ]I{X € [by, by + 6]} + 0(3]1{3( € [bs, b3 + 9]}
0

HOE
£0(6) =

The setting in illustrated in figure

We assume that (s1, s2, s3) and (b1, by, bs) verify s; + 60 < by, b1 + 0 < sz, s + 6 < by,
by + 6 < s3,and s3 + 0 < b3. Then, it is straightforward to see that while A > 0, and A is
small enough so that b1 + 6 + A < s and by + 0 + A < s3, the optimal increment belongs to
the set {01, 02, 03}, where 81, 02, and 63 belong respectively to [s1 + 6, b1], [s2 + 8, b2], and
[s3 + 6, bs].
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We also assume that a1 is much larger than a;, which in turn is much larger than as. Then,
the increment 61 is such that the trade happens with the highest probability: indeed, if
6° = 8” > by, the buyer rejects the trade with a high probability. For the same reasons, the
probability of a trade happening at an increment 0, is much lower, and the probability of a
trade happening at increment 63 is the lowest.

Finally, we assume that b3 — s3 is much larger than by — s, which in turn is much larger
than by — s1. Then, the gain from any trade happening at increment 01 is small compared
to the gain from trades happening at increment 0, which in turn is small compared to the
gain from a trade happening at increment 93.

$1 by Sy by S3 bs

Figure 1: Tllustration for the c.d.f. f° and f? corresponding to the example described in
Section The c.d.f. f° is represented in red, the c.d.f. f’ is represented in blue.

For some well-chosen values of the parameters specified below, when the average gain
from trade of the seller and the buyer are both zero (x] 0° = x] 6 = 0), the most profitable
increment is 03: the probability of the trade happening is less likely, but when it occurs, it
is more profitable.

Now, to obtain the probability of a price p = x76° + 6° being accepted by the buyer, it
is sufficient to translate the cumulative distribution function (c.d.f.) of &° (represented in
Figure 1) by the quantity A = xT(6" — 0°). In particular, when A > 0 is small enough so
that by + 0 + A < sy and by + 0 + A < s3, we observe that, on the one hand, the probability
that the trade happens for the increments 6° € 01, 62, 63 remains unchanged; however, the
corresponding gains if the trade occurs all increase with A. For some well-chosen values
of the parameters, if A is positive but sufficiently small, the expected gain from trade is
maximized by 6° = 62. When A is large, the expected gain from trade is maximized by
choosing 6° = 51: in other words, this choice of increment ensures that the sale happens
with the highest probability, and each sale leads to a reward of at least A. In Figure [2, we
plot the expected gain from trade for different values of A as a function of 6°. The values
chosen for the parameters are as follows: (s1,s2,53) = (0,2,6), (b1, b2, b3) = (0.01, 3,20),
(a1, 2, 3) = (0.85,0.11,0.04), and 6 = 0.001. With these values, for A = 0, the optimal
increment is 63 = 10; for A = 1, itis 62 = 2.5; and for A = 1.5, it is 6% = 0.01.

G Proors or SEcTion 5

Lemma 2. For each round t € T8 such that by > sy, it holds: E[ProFiT(pt, q¢)] > g;;l_(fé); - %,

where the expectation is with respect to the choice of (p:, q:).
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Figure 2: Expected gain from trade for different values of increment 6° and difference in
average valuations A.

Proof. To simplify notation, and since we focus on a single round f € 7 2, we omit the explicit
dependence on ¢ from py, g, it, s¢, and b;. We consider two cases. First, if b —s < 2/T,
the inequality is immediately satisfied since the lhs is non-negative while the rhs is < 0.
Second, if b — s > 2/T, let & be the event in which p € [s, (s + b)/2]. Since p ~ U([0, P]) we
have P(E) = (b — s)/2P. Moreover, we have

. 1 1
(= poss5 ) 1) - e

which is well defined since

<8 +b <b- l
Pe—H =77
Let & denote the event in which i = [log(1/(b — p))]. Under & and &' we get
b-p _prt b
i [log(1/(b-p))] > (log(1/(b—p))+1) — L
g=p+27"=p+27 p+2- =p+— > >
Therefore, when b > s + 2/,
E[ProFit(p, )] = (g — p) _bos
PAT==F) 3plogT
p+b b-s
= -p
2 2PlogT
(b —s)?
~ 8PlogT’
This concludes the proof. m]

Lemma 3. For T > logT, it holds with probability at least 1 — 1/T that

Z ProrFTy (pe, qt) = P log(T) Z —s]" - \/4P2 log(T) Z [b; —s¢]* —

te[[7] tef[7] tellzl

Proof. First, we observe that given the sequence (b;, st)tefry, and a time step 7, by Azuma-
Hoeffding inequality we have that, with probability at least 1 — 6,

> Prowrri(py, qr) > E[Prorrm(p, )] - \/210g(1/6) D (b= s
tel7] tex]
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Then, by applying a union bound, the above inequality holds simultaneously for all possible
7 with probability at least 1 — 6T. Then, by setting 6 = T?, with probability at least 1 — 1/T,
it holds:

Z Prorrty (pt, qt)

tel 7]
> " E[Prormy(p, q)] - [410g(T) ) ([b; = si]*)?
tel[z] tellzl
([bs = s:]*)? _ 2 _ RS PRV
> 3 (—SPIOgT 2) - Jaioga/e) 3 (b -si1) (by Lemma[2)
telzl telr]
([br = s:]%)? _ 42
> D, “5pTogT ~/4108M D, (b =sil)
tellt] tellzl
_ 1 ([bs = s:]")? _ — 5, ]+)2 —
=1 Z T 8PlogT 4log(T) Z ([br = st1*)
teliz] tellr]
o s\
T e =Sl | a2 , .
> 3P logT( Z . ) \/4log(T) Z ([br —s¢]*)> =2 (by Jensen’s Inequality)
tel 7] tel 7]
— 5142 = it
8P10g(T) Z [b; — \/410g(T) Z ([br —st]*)?2 -2 (by Definition [)
te[zll tef7]
[bt 4p2 IOg(T) [bt - St]+ - 2.
8P log(T) tz[[:]] t;}]
This concludes the proof. ]

Theorem 3. Given the two-bit algorithm A, the corresponding one-bit learning algorithm satisfies
global budget balance and, with probability at least 1 — 1/T, has regret

(1bit) - 4 2)
R(™ <0 (a T 10g'T) + RY.

Proof. The one-bit algorithm is global budget balanced by construction (see choice of B).

Then, we condition the high probability regret bound on the following events:

e With probability 1 —1/T the two-bit EOC algorithm guarantees a number of explo-

ration rounds smaller than |7 E| and regret at most R(T2 ) ;

* With probability 1 — 1/T, it holds the inequality in Lemma
¢ By Azuma-Hoeffding, with probability at least 1 — 1/T it holds

Zmax EGFT(x;, p) < Z[bt — 5]" + 4/16P27 log(T).

t=1 t=1
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Then, the regret can be bounded as follows

Rr = Z max EGFT(x;, p) — ; EGFT(x;, pt)
T

< ;mpax EGFT(xt,p) + ) (mpax EGFT(x;, p) — EGFT(x;, p1)

t=t+1

T
E (2)
< Z max EGFT(x;, p) +2TF + Ry

=1
T
< N'[br = s:]* + \[16P27log(T) + 2TF + RY
B
< > b —st]++aT+2TE+R;2)
=1
T
< [bt —St]++2TE+R¥),

t=1
where in the second-to-last inequality we use that, since 7 > $/2P, it holds that 7 >
16P?a~2log T (by Equation @) The last inequality is by definition of & on the interval [7].

Then, by Lemmaland since Yi_;[br — s¢]* > Xi_; ProFiry(py, q;) > 2048P*a~2 log’ T, we
have

Z Prorrr(py, 4t) = 8P1 (T) Z 5] - \/4P2 log(T) Z [by —s¢]t —
te[t]] tellzl teft]

Z 8P log(T) log(T) PHUEEIE \/8P2 log(T) ) [br =s:]*

tellt] tellt]

> b =i

Z S
16P log(T) G

Then, since 8 < 2048P*a2TF log® T and Y- PrOFITi (P4, q¢) < B + 2P, by substituting in
the expression above we obtain the desired bound on 3;cy[br — s¢]*. In particular, we
have

T
Ry <2 [bi = 5" + 2|75 + Ry
t=1

32PlogT
< 220080 Z Prorrts (pt, qt) +2TE +R(T2)

tellt]
PSlog! T
SM—gTE 2% 4+ R?),
a

with M is a numeric constant independent on the problem instance. m]

H ALTERNATIVE ALGORITHM FOR NOISY VALUATIONS WITH TWO-BIT FEEDBACK

The regret of Algorithm 3]is primarily driven by the estimation of the c.d.f. F* and demand

function D? uniformly over a grid of increments. We now present an alternative sub-optimal
approach. Specifically, to leverage the fact that the optimal increment 6° only depends on
the difference in average valuations A;, we could first execute the sub-routines Est-Par and

Est-InT, yielding estimates of x] 0%, x 6%, I and ] up to precision € using O(e7?) samples.
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Then, we could round the value of A; on a grid of size €, and run independent Scouting

Bandit algorithms (as described in (Cesa-Bianchi et al. (2024)) for each of the ¢! rounded
values.

The grid size implies a discretization error of order O(e). The highest regret occurs when
each of the e independent Scouting Bandit algorithms runs for the same number of
rounds T = Te. Each algorithm incurs a regret 5(T€2/ °), so their combined regret is
5(T62/ *.e ) = O(Te™P). For e = T4, this strategy also results in a regret of order
O(TH).
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